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Flappingflightdynamicsconstitutesa multi-body,nonlinear,time-varyingsystem. The
two majorsimplifyingassumptionsintheanalysisofflappingflightstabilityareneglecting
thewinginertialeffectsandaveragingthedynamicsovertheflappingcycle. Relaxingthe
firstassumptioninvokesa multi-bodyformulationoftheequationsof motion.Inthiswork,
thefull,multi-body,equationsofmotiongoverningthelongitudinalflappingflightdynamics
nearhoverareconsidered. Theaerodynamicloadsarerepresentedthrougharelatively
simpleanalytical modelthataccountsforthedominantcontributions;e.g.,leadingedge
vortexandrotationaleffects. Thedynamicandaerodynamic modelsarecoupledtogether
toaccountfor mutualinteractions.

I. Introduction

Theflightdynamicsofflapping-wingmicro-air-vehicles(FWMAVs)constitutesanonlinear,time-varying,
multi-bodydynamicalsystem.Itisalsoamulti-scaledynamicalsystembecauseoftheassociatedtwotime
scales;thetimescaleofthefastflappingmotionandtheassociatedaerodynamicloads,andtherelativelyslow
timescaleofthebodymotion.Theinteractionbetweentheperiodicaerodynamicloadsandthebodymotion
mayinducesomeinterestingstabilizingmechanisms[1,2].Alloftheseinterestingdynamicalbehaviorsand
challengesledtoarecentflurryintheresearchontheflightdynamicsofFWMAVs.
TwomajorassumptionsareusuallyadoptedintheflightdynamicanalysisofFWMAVs[3].Theseinclude

neglectingthewinginertialeffectsandaveragingthedynamicsovertheflappingcycle.Thefirstassumption
maybejustifiablebecausethemassofthewingisquitesmallwhencomparedtothatofthebody(less
than5%[28]). Moreover,adoptingthisassumptionremovesthemulti-bodynatureoftheproblemand
yieldsequationsofmotionofexactlythesameformasthosegoverningtheflightdynamicsofconventional
aircraft.Assuch,mostofthepreviousworkondynamicsandcontrolofflappingflighthaveneglectedthe
winginertialeffects[4–12].Sunetal.[13]derivedthefulldynamicequationsofflappingflightandshowed
thespecifictermsthatareomittedbyneglectingthewinginertialeffects. Theysimulatedthereduced
system,quantifiedtheseeliminatedterms,andshowedthatthesetermsareofasmallmagnitudeand,hence,
justifiedsuchanassumption.Ontheotherhand,fewattemptshaveaimedatinvestigatingtheeffectsofwing
inertia. OrlowskiandGirard[14]showedthatneglectingthewingmassmaybeproblematicindynamics
andcontrolstudiesasitmayleadtodifferentdynamicalbehaviors.Also,Bolender[15]concludedthatfor
properdevelopmentofcontrollawsforFWMAVs,thewingmassshouldbeincluded. WeihuaandCesnik
[16]studiedthedynamicstabilityofflexibleFWMAVsincludingthewinginertialeffects.Theyfoundthat
increasingthewinginertialeadstodestabilizingeffectsinbothofthelongitudinalandlateraldynamics.
Formoredetailsabouttheinertialeffectsofthewingmotiononthedynamicsofflappingflight,thereader
isreferredtothereviewarticlebyTahaetal.[3]andthereferencestherein.
Inthiswork,thefull, multi-body,equationsofmotiongoverningthelongitudinalflightdynamicsof

FWMAVsnearhoverareconsidered. Arelativelysimple,analyticalaerodynamicmodelthataccountsfor
thedominantcontributions(e.g.,leadingedgevortexandrotationaleffects)isadopted.Combiningthesetwo
models,thenonlinear,multi-body,time-varyingmechanicalequationsarederived. Thederivedequations
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willthenbeusedfortrimandstabilityanalysisofhoveringFWMAVs/insectsinthesecondpartofthis
work.

II. WingKinematics

Fourreferenceframesarerequiredtostudytheflightdynamicsofarigid-wingFWMAV:aninertialref-
erenceframe{xI,yI,zI},abody-fixedreferenceframe{xb,yb,zb},astrokeplanereferenceframe{xs,ys,zs},
andawing-fixedreferenceframe{xw,yw,zw}
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foreachoftheflightvehicle’swings.Becauseonlylongitudinal
flightisconsideredinthiswork,symmetricwingmotionsareassumed.

Figure1. AschematicdiagramforaFWMAVhoveringinageneral
orientation.

Byconvention,thexb-axispointsfor-
warddefiningthevehicle’slongitudinal
axis,theyb-axispointstostarboard,and
thezb-axiscompletestheright-handed
frame. Theconventionalyaw-pitch-roll
(ψ-θ-φ)Euleranglesequence,tradition-
allyusedwithfixed-wingaircraft[17],is
adoptedheretodescribethebody’siner-
tialorientation.Becauseonlylongitudi-
nalflightisconsidered,however,onlythe
body’spitchangleθisrequired.
Thestroke-planeisinclinedtothe

horizontalplanewithastrokeplanean-
gleβ. Thatis,thestrokeplanerefer-
enceframeisobtainedfromtheinertial
framethrougharotationbyanangleβ
abouttheyI-axis.Thewing-fixedframe
isdefinedsuchthatitisalignedwith
thestrokeplaneframeatzerowingkine-
maticangles. Thewingmotionistypi-
callydescribedusingthreeEulerangles:
theflappingangleϕ(describingbackand
forthmotionalongthestrokeplane),the
plungingangleϑ(describingoutofstrokeplanemotion),andthepitchingangleη(describingrotationof
thewingaboutachordline).Consistentwithobservationsofbiologicalflyers[18,19],thewingmotionis
restrictedsuchthattheplungingangleϑremainszero.Figure1showsaschematicdiagramforaFWMAV.

III. Equationsof Motion

Sincethetwowingsmovesymmetrically,theequationsofmotionaredefinedintermsoffivegeneralized
coordinates:q=[x,z,θ,ϕ,η]T,wherexandzaretheinertialcoordinatesofthebodycenterofmass
alongthexIandzIaxes,respectively.Inthefollowingsubsections,theprincipleofvirtualpower[20]isused
toderivetheequationsofmotion

i=b,w

[mi(̇vi+ρ̈ci)−fi]·
∂vi
∂̇qj
+[ḣi+miρci×v̇i−M i]·

∂ωi
∂̇qj
=0, (1)

wherej={1,...,5},miisthemassofthei
thrigidbody,viistheinertialvelocityvectorofitsreference

point(thereferencepointsofthebodyandwingframesarethebody’scenterofgravityandthehingeroot,
respectively),ρciisthevectorpointingfromthereferencepointofthei

thrigidbodytoitscenterofgravity,
ωiandhiaretheangularvelocityvectorofthei

thrigidbodywithrespecttotheinertialframeandthe
correspondingangularmomentumvector,respectively,andfiandM iaretheexternalforceandmoment
vectorsappliedontheithrigidbodyatitsreferencepoint.
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A. Body

Thelinearvelocityofthereferencepointofthebodyaxissystem(thebody’scenterofgravity)andthe
correspondingangularvelocityarewrittenas

vb=̇xiI+̇zkI and ωb=θ̇jb=θ̇jI,

wherei,j,andkareunitvectorsalongthex,y,andzdirectionsintheaxis-systemindicatedbythe
subscript.Thus

∂vb
∂̇x
=iI

∂vb
∂̇z
=kI

∂vb

∂̇θ
=0

∂vb
∂ϕ̇
=0

∂vb
∂̇η
=0

∂ωb
∂̇x
=0

∂ωb
∂̇z
=0

∂ωb

∂̇θ
=jI

∂ωb
∂ϕ̇
=0

∂ωb
∂̇η
=0 ,

and
v̇b=̈xiI+̈zkI.

Theangularmomentumvectorofthebodyaboutthebodycenterofgravityanditsinertialderivativeare
givenby

hb=Iybθ̇jI, ḣb=Iyb̈θjI.

Theaerodynamiccontributionofthebodyisneglectedand,hence,thebodyexhibitsgravitationalforces
onlywithnomoments.Thus,thebodyforceintheinertialframeiswrittenas

f
(I)
b =[0,0, mbg]

T.

B. Wing

Thelinearvelocityofthereferencepointofthewingframe(thehingeroot)anditsangularvelocityare
writtenas

vw=(̇x−xhθ̇sinθ)iI+(̇z−xhθ̇cosθ)kI, ωw=θ̇jb−ϕ̇ks+̇ηjw.

Thus

∂vw
∂̇x
=iI

∂vw
∂̇z
=kI

∂vw

∂̇θ
=−xh(sinθiI+cosθkI)

∂vw
∂ϕ̇
=0

∂vw
∂̇η
=0

∂ωw
∂̇x
=0

∂ωw
∂̇z
=0

∂ωw

∂̇θ
=jI

∂ωw
∂ϕ̇

=−kb
∂ωw
∂̇η
=−jw ,

and
v̇w=[̈x−xḧθsinθ−xhθ̇

2cosθ]iI+[̈z−xḧθcosθ+xhθ̇
2sinθ]kI.

Therotationmatricesfromthethestrokeplaneframetothewingframeare

Rϕ=






cosϕ −sinϕ 0

sinϕ cosϕ 0

0 0 1




 ,Rη=






cosη 0 −sinη

0 1 0

sinη 0 cosη




,

and
Rws=RηRϕ.

Thewingangularvelocityvectorinthewingframeis

ω(w)w =






ω1
ω2
ω3




=Rws






0

θ̇

−ϕ̇




+






0

η̇

0




=






ϕ̇sinη−θ̇cosηsinϕ

θ̇cosϕ+̇η

−ϕ̇cosη−θ̇sinηsinϕ




.
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Thepositionvectorpointingfromthehingeroottothewingcenterofgravityisρcw=−diw+rcgjwwhere
dandrcgarethedistancesbetweenthewingroothingepointandthewingcenterofgravityalongthe
negativexw-axisandtheyw-axis,respectively.Thus,theinertialaccelerationisobtainedas

ρ̈c
(w)
w =






ρ̈1
ρ̈2
ρ̈3




=






d(ω22+ω
2
3)−rcg(̇ω3−ω1ω2)

−d(̇ω3+ω1ω2)−rcg(ω
2
1+ω

2
3)

d(̇ω2−ω1ω3)+rcg(̇ω1+ω2ω3)




.

Assumingthewingreferenceframeisfixedinthewingprincipalaxes,theinertialtimederivativeofthe
angularmomentumvectorrepresentedinthewingframeiswrittenas

ḣ
(w)

w =






ḣ1
ḣ2
ḣ3




=






Ixω̇1+(Iz−Iy)ω2ω3
Iyω̇y+(Ix−Iz)ω1ω3
Izω̇3+(Iy−Ix)ω1ω2




.

Thewingissubjecttoaerodynamicandgravitationalforces. Notingthattheyb-componentsofthe
aerodynamicforceoneachwingareequalandopposite,theforcevectorappliedonthewingiswrittenas

fw=






Fx
0

Fz






(w)

+






0

0

mwg






(I)

,

whereFxandFzaretheaerodynamicloadsinthexwandzwdirections,respectively.Themomentvector
comprisesthreecontributions:aerodynamic,gravitational,andthecontroltorque. Theaerodynamiccon-
tributionMawisdeterminedbyintegratingtheradialdistributionsoftheforcesFxandFzoverthewing.
Thatis,Maw=Mxiw+Myjw+Mzkw,where

Mx=2
R

0

Fz(r)rdr, My=2
R

0

Fz(r)dac(r)dr,andMz=−2
R

0

Fx(r)rdr,

whereFx(r)andFz(r)arethetwo-dimensionalaerodynamicloadsonanairfoilthatisatdistancerfromthe
wingrootanddac(r)isthedistancebetweenthehingelineandthequarter-chordlineateachairfoilsection
alongxwdirection.ItshouldbenotedthatMxandMzwillnotcontributetothebodydynamicsbecause
theycanceloutduetosymmetryofbothwings. However,theywillcontributetothewingdynamics.
Clearly,theactuatingtorqueshavetoovercomethesehingemoments. Thegravitationalcontributionis
writtenasMgw =(−diw+rcgjw)×mwgkI. Thelastcontribution(thecontroltorque)iswrittenas
Mcw =−τϕks+τηjw,whereτϕandτηaretheactuatingtorqueintheflappingandpitchingdirections,
respectively.
Constructingalltherequiredtermstoapplytheprincipleofvirtualpower(1),theequationsofmotion

areobtainedas

mw ρ̈1(cosβcosηcosϕ−sinβsinη)+ρ̈3(cosβsinηcosϕ+sinβcosη)+ρ̈2cosβsinϕ+

− xḧθsinθ−xhθ̇
2cosθ +mvu̇=Fx(cosβcosηcosϕ−sinβsinη)+Fz(cosβsinηcosϕ+sinβcosη)

(2)

− mw ρ̈1(sinβcosηcosϕ+cosβsinη)+ρ̈3(sinβsinηcosϕ−cosβcosη)+ρ̈2sinβsinϕ+

+ xḧθcosθ−xhθ̇
2sinθ +mv(̇w−g)=−Fx(sinβcosηcosϕ+cosβsinη)+

− Fz(sinβsinηcosϕ−cosβcosη)

(3)
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mw −xh θ̈d(cosβcosηcosθcosϕ+sinβcosηsinθcosϕ−sinβsinηcosθ+cosβsinηsinθ)+

− θ̈rcgsinϕcos(β−θ)+̇θ
2(−rcgsinϕsin(β−θ)+dcosηcosϕsin(β−θ)+dsinηcos(β−θ))+

+ u̇(−sinβrcgsinϕ+dsinβcosηcosϕ+dcosβsinη)+

+ ẇ(−cosβrcgsinϕ+dcosβcosηcosϕ−dsinβsinη)+

+ Iybθ̈+xhmw ρ̈3sinβsinηcosθcosϕ+ρ̈1(cosηcosϕsin(β−θ)+sinηcos(β−θ))

− ρ̈3(cosβsinηsinθcosϕ−cosβcosηcosθ−sinβcosηsinθ)+ρ̈2sinϕsin(β−θ)+gcosθ+

+ xḧθ−u̇sinθ−ẇcosθ−ḣ3sinηsinϕ−ḣ1cosηsinϕ+ḣ2cosϕ=

= τηcosϕ−Fzxh sinβ(cosηsinθ−sinηcosθcosϕ)+cosβ(sinηsinθcosϕ+cosηcosθ)+

+ Fxxh(cosηcosϕsin(β−θ)+sinηcos(β−θ))−Mxcosηsinϕ+Mycosϕ−Mzsinηsinϕ
(4)

rcgxhmwcosϕ θ̈cosθsinβ−θ̈sinθcosβ−2̇θ
2cosθcosβ−2θ̇2sinθsinβ +

+ rcgmwcosϕ u̇cosβ+uθ̇sinβ−ẇsinβ+wθ̇cosβ +

+ dxhmwcosηsinϕ θ̈cosθsinβ−θ̈sinθcosβ−2θ̇
2cosθcosβ−2θ̇2sinθsinβ +

+ dmwcosηsinϕ u̇cosβ+uθ̇sinβ−ẇsinβ+wθ̇cosβ +ḣ1sinη−ḣ3cosη=

= τϕ+Mxsinη−Mzcosη

(5)

dxhmw θ̈sinηcosθcosϕsinβ−θ̈sinηsinθcosϕcosβ−θ̈cosηcosθcosβ−θ̈cosηsinθsinβ+

− 2θ̇2sinηcosθcosϕcosβ−2θ̇2sinηsinθcosϕsinβ−2θ̇2cosηcosθsinβ+2θ̇2cosηsinθcosβ +

+ dmw u̇sinηcosϕcosβ+̇ucosηsinβ+uθ̇sinηcosϕsinβ−uθ̇cosηcosβ−sinηcosϕsinβẇ+

+ ẇcosηcosβ+wθ̇sinηcosϕcosβ+wθ̇cosηsinβ +ḣ2=τη+My,

(6)

wheremv=mb+mw

IV. Aerodynamic Model

Weuseanaerodynamicmodelsimilartothatdevelopedinanearlierwork[21,22],whichisbasedon
[23–25].However,thederivationhereisclearer,morerigorous,andmoregeneral.Thismodelaccountsfor
thedominantcontributions(i.e.,leadingedgevortexandrotationalcontributions)usingaquasi-steady,strip
theoryformulation.
Atwo-dimensionalairfoilundergoingatranslationalmotionwithvelocitycomponentsVxandVzinthe

wingframeandarotationalpitchingmotionωyissubjectedtothefollowingforces[23–25]

Fx = πρc∆xVzωy
Fz = −12ρa0cV

2sinα−πρc∆xVxωy
, (7)
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wherecisthechordlength,∆xisthedistancebetweenthepitchingaxis(hingeline)andthethree-quarter
chordpoint,a0isthetwo-dimensionalliftcurveslopethatwillbereplacedbythethree-dimensionallift
curveslopewhenintegratingoverthewholewing,αistheangleofattackthatisgivenbyα=tan−1VzVx,

andV2=V2x+V
2
z.

Usingthekinematicsdescribedabove,thevelocityofawingsectionthatisadistancerfromthewing
rootiswrittenas

V(w)(r)=[Rws][Rβ]v
(I)
w +ω

(w)
w ×rjw, (8)

wheretherotationmatrixRβiswrittenas

Rβ=






cosβ 0 −sinβ

0 1 0

sinβ 0 cosβ




.

Weusethefollowingapproximationfor V2sinαinordertoberepresentedintermsofthestatevariables

V2sinα=V2
Vz
|V|
=|V|Vz=(|V|Vz)

0

+
3

i=1

∂(|V|Vz)

∂xi xis=0

∆xi, (9)

wherexisarethebodystatevariables;u,w,andθ̇.Assuch,weobtain

V2sinα = r2sinηϕ̇|̇ϕ|+u 2rcosβsinηcosϕ|̇ϕ|+rsinβcosη|̇ϕ|+

+ w rcosβcosη|̇ϕ|−2rsinβsinηcosϕ|̇ϕ|+

+ rθ̇|̇ϕ|−rcosηsinϕ+2xhsinβsinηcosθcosϕ−2xhcosβsinηsinθcosϕ+

− xhcosβcosηcosθ−xhsinβcosηsinθ.

(10)

TheAerodynamicmodel,accountingforthenonlineardependenceofthenon-autonomousaerodynamic
loadsontheaerodynamicstatevariables(u,w,q),canbewrittenasfollows











1
mw
X(x,t)

1
mw
Z(x,t)

1
Ix
L(x,t)

1
Iy
M(x,t)
1
Iz
N(x,t)











=










X0(t)

Z0(t)

L0(t)

M0(t)

N0(t)










+










Xu(t) Xw(t) Xq(t)

Zu(t) Zw(t) Zq(t)

Lu(t) Lw(t) Lq(t)

Mu(t) Mw(t) Mq(t)

Nu(t) Nw(t) Nq(t)















u

w

θ̇




+










Xnl(t)

Znl(t)

Lnl(t)

Mnl(t)

Nnl(t)










, (11)

whereX(.),Z(.),L(.),M(.),andN(.)aretheforcesandmomentsinthewingframe.Itshouldbenotedthat
inthismodel,weassumeageneralstrokeplaneangleβ,andageneralvariationinthewingpitchangleη.
Assuch,weobtainthefollowingforcesandmomentsderivatives

X0=ρπkI11−
1
4I12 sinηη̇̇ϕ , Z0=−

1
2ρCLαI21sinηϕ̇|̇ϕ|−ρπkI11−

1
4I12 cosηη̇̇ϕ

L0=−
1
2ρCLαI31sinηϕ̇|̇ϕ|−ρπkI21−

1
4I22 cosηη̇̇ϕ

M0=
3
4 −

1
2ρCLαI22sinηϕ̇|̇ϕ|−ρπkI12−

1
4I13 cosηη̇̇ϕ −kZ0 , N0=−ρπkI21−

1
4I22 sinηη̇̇ϕ

Xu=ρπkI01−
1
4I02 (cosβsinηcosϕ+sinβcosη)̇η

Xw=−ρπkI01−
1
4I02 (sinβsinηcosϕ−cosβcosη)̇η

Xq = ρπkI11−
1
4I12 sinηcosϕϕ̇−ρπxh kI01−

1
4I02 (cosηcos(β−θ)−sinηcosϕsin(β−θ))+

+ cosηsinϕkI11−
1
4I12 η̇
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Xnl = ρπcosϕθ̇kI01−
1
4I02 u(cosβsinηcosϕ+sinβcosη)+w(cosβcosη−sinβsinηcosϕ)+

− ρπxhcosϕkI01−
1
4I02 (cosηcos(β−θ)−sinηcosϕsin(β−θ))+cosηsinϕkI11−

1
4I12 θ̇2

Zu = −12ρCLαI11(2cosβsinηcosϕ+sinβcosη)|̇ϕ|−ρπkI01−
1
4I02 (cosβcosηcosϕ−sinβsinη)̇η

Zw = ρπkI01−
1
4I02 (sinβcosηcosϕ+cosβsinη)̇η−

1
2ρCLαI11(cosβcosη−2sinβsinηcosϕ)|̇ϕ|

Zq = 1
2ρCLαI21cosηsinϕ|̇ϕ|+

+ ρCLαI11|̇ϕ|xhsinβsinηcosθcosϕ+
1
2cosβ(2xhsinηsinθcosϕ+xhcosηcosθ)+

+ 1
2xhsinβcosηsinθ +ρπxhcosηcosϕsin(β−θ)

1
4I02−kI01 η̇+

+ ρπxhsinηcos(β−θ)
1
4I02−kI01 η̇−ρπsinηsinϕkI11−

1
4I12 η̇−ρπcosηcosϕkI11−

1
4I12 ϕ̇

Znl = −ρπcosϕθ̇kI01−
1
4I02 u(cosβcosηcosϕ−sinβsinη)+w(sinβcosηcosϕ+cosβsinη)+

+ θ̇2 2πρxhcosϕ
1
4I02−kI01 (cosηcosϕsin(β−θ)+sinηcos(β−θ))+

− 2πρsinηsinϕcosϕkI11−
1
4I12

Lu = −12ρCLαI21(2cosβsinηcosϕ+sinβcosη)|̇ϕ|−ρπkI11−
1
4I12 (cosβcosηcosϕ−sinβsinη)̇η

Lw = ρπkI11−
1
4I12 (sinβcosηcosϕ+cosβsinη)̇η−

1
2ρCLαI21(cosβcosη−2sinβsinηcosϕ)|̇ϕ|

Lq = 1
2ρCLαI31cosηsinϕ|̇ϕ|+ρCLαI21|̇ϕ|xhsinβsinηcosθcosϕ+

+ 1
2cosβ(2xhsinηsinθcosϕ+xhcosηcosθ)+

1
2xhsinβcosηsinθ+

+ ρπxh
1
4I12−kI11 η̇ cosηcosϕsin(β−θ)+sinηcos(β−θ)+

− ρπ kI21−
1
4I22 sinηsinϕη̇−cosηcosϕϕ̇
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Lnl = −ρπcosϕkI11−
1
4I12 (cosβcosηcosϕ−sinβsinη)θ̇u+

+ ρπcosϕkI11−
1
4I12 (sinβcosηcosϕ+cosβsinη)θ̇w+

+ θ̇2 2ρπxhcosϕ
1
4I12−kI11 (cosηcosϕsin(β−θ)+sinηcos(β−θ))+

− 2ρπsinηsinϕcosϕkI21−
1
4I22

Mu = 3
4 −

1
2ρCLαI12(2cosβsinηcosϕ+sinβcosη)|̇ϕ|−ρπkI02−

1
4I03 (cosβcosηcosϕ−sinβsinη)̇η+

− kZu

Mw = 3
4 ρπkI02−

1
4I03 (sinβcosηcosϕ+cosβsinη)̇η−

1
2ρCLαI12(cosβcosη−2sinβsinηcosϕ)|̇ϕ|+

− kZw

Mq = 3
4
1
2ρCLαI22cosηsinϕ|̇ϕ|+ρCLαI12|̇ϕ|xhsinβsinηcosθcosϕ+

+ 1
2cosβ(2xhsinηsinθcosϕ+xhcosηcosθ)+

1
2xhsinβcosηsinθ+

+ ρπxhcosηcosϕsin(β−θ)
1
4I03−kI02 η̇+ρπxhsinηcos(β−θ)

1
4I03−kI02 η̇+

− ρπsinηsinϕkI12−
1
4I13 η̇−ρπcosηcosϕkI12−

1
4I13 ϕ̇ −kZq

Mnl = 3
4 −ρπkI02−

1
4I03 cosϕθ̇u(cosβcosηcosϕ−sinβsinη)−w(sinβcosηcosϕ+cosβsinη)+

+ θ̇22ρπxh
1
4I03−kI02 cosϕ(cosηcosϕsin(β−θ)+sinηcos(β−θ))+

− 2ρπkI12−
1
4I13 sinηsinϕcosϕ −kZnl

Nu = −ρπkI11−
1
4I12 (cosβsinηcosϕ+sinβcosη)̇η

Nw = ρπkI11−
1
4I12 (sinβsinηcosϕ−cosβcosη)̇η
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Nq = ρπxh kI11−
1
4I12 (cosηcos(β−θ)−sinηcosϕsin(β−θ))+cosηsinϕkI21−

1
4I22 η̇+

− ρπkI21−
1
4I22 sinηcosϕϕ̇

Nnl = −ρπkI11−
1
4I12 cosϕθ̇u(cosβsinηcosϕ+sinβcosη)+w(cosβcosη−sinβsinηcosϕ)+

+ ρπθ̇2 xhcosϕkI11−
1
4I12 (cosηcos(β−θ)−sinηcosϕsin(β−θ))+cosηsinϕkI21−

1
4I22 ,

wherek=cr(1−xor),cristherootchord,xoristhepositionofthehingepointalongxwnormalizedbythe
rootchord,andxhisthedistancefromthevehiclecenterofmasstotherootofthewinghingeline(i.e.,the
intersectionofthehingelinewiththexb-axis).Also,ρistheairdensity,CLα isthethree-dimensionallift

curveslopeofthewing,c(r)isthespanwisechorddistribution,Risthewingradius,Imn =2
R

0
rmcn(r)dr.

V. Aerodynamic-DynamicInteraction

AsexplainedinSec.IIIandSec.IV,theaerodynamicloadsgeneratedbythewingoscillatorymotion
arerepresentedasafunctionofthewingvariables;ϕandη,aswellasthebodyvariables;u,w,andθ,in
additiontothestrokeplaneangleβ.Assuch,theinteractionbetweenthebodymotionandthegenerated
aerodynamicloadsbythewingcanberevealed. ThisinteractionisexplainedinFig.V.Thisallowsfor
amoreaccuratetrimandstabilityanalysis. Moreprecisely;theintuitivenotionofachievingaveragedlift
overtheflappingcycleequalstothevehicleweightissufficienttoachievebalanceathoverhasbeenrefuted
byTahaetal.[26

+
Wing speed,AoA& Pitching Vel

V
Z
,Vx,andωy

Aerodynamic ModelAerodynamic Loads

Fx,Fz,and Moments

Input TorquestΦ tη&

Coupled Wing-Body

Dynamics

Wing Motion

η(t) Φ(t)and

Body Motion

,w(t) θ(t)andu(t)

]byrevealinganegativeliftingmechanismemanatingfromanaerodynamic-dynamic
interactionsource. Assuch,usingtheabovedevelopedmodelforarigoroustrimandstabilityanalysis
allowsforabetterscrutinyofthecomplexbehaviorofsuchasystemwhichisconsideredinthesecondpart
ofthiswork.

Figure2. Aschematicdiagramfortheaerodynamic-dynamicinteractioninaFWMAV.

VI. Simulation

Inthissection,anopen-looptimesimulationisperformedforthefullflightdynamicmodel.Thecontrol
inputtorquesareassumedtobesinusoidalasfollows

τϕ = Uϕ cosωt

τη = Uηsinωt

whereUϕ andUηaretheflappingandpitchingtorques’amplitudesrespectively.Inthissimulation,the
Hawkmothmorphologicalparameters,giveninAppendixA,areadoptedwithzero-strokeplaneangle,i.e.,
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Figure3. Fullflightdynamic modelsimulationusingthe Hawkmothparametersoverthreeflappingcycles.

β=0. Figure3showsatimesimulationforthefullflightdynamicmodeldevelopedearlierandusing
theHawkmothmorphologicalparameters.Itisnotedfromthesimulationthattheopen-loopdynamicsis
unstableespeciallythebodypitchingandwingpitchingmodes.Theflightstabilityofareduced-ordermodel
isscrutinizedinthesecondpartofthiswork.

VII. Conclusion

Thelongitudinalflightdynamicsofflapping-wingmicro-air-vehicles(FWMAVs)/insectsisconsidered.
Theequationsofmotionofthemulti-bodyproblemincludingthewinginertialeffectsarederived.Asimple,
analyticalaerodynamicmodelthatcapturesthedominantcontributions(leadingedgevortexandrotational
contributions)isadopted.Inthesecondpartofthiseffort,Theflightdynamicmodelisthenrepresentedina
mechanicalcontrolframeworkinordertorigorouslyanalyzethebalanceproblemandassessthelongitudinal
flightstabilitynearhover.
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Appendix

A.Hawkmoth MorphologicalParameters

ThemorphologicalparametersandthewingplanformfortheHawkmoth,asgivenin[13]and[27],are

R=51.9mm,S=947.8mm2,c=18.3mm,

r̂1=0.44,̂r2=0.525,f=26.3Hz,Φ=60.5
◦,

αm =30
◦, mb=1.648gm,andIyb=2080mg.cm

2,

whereRisthesemi-spanofthewing,Sistheareaofonewing,cisthemeanchord,fistheflapping
frequency,Φistheflappingangleamplitude,mbisthemassofthebody,andIybisthebodymomentof
inertiaaroundthebodyy-axis.Themomentsofthewingchorddistributionr̂1andr̂2aredefinedas

Ik1=2
R

0

rkc(r)dr=2SRkr̂kk.

Asforthewingplanform,themethodofmomentsusedbyEllington[27]isadoptedheretoobtainachord
distributionfortheinsectthatmatchesthedocumentedfirsttwomomentsr̂1andr̂2;thatis,

c(r)=
c

β

r

R

λ−1

1−
r

R

γ−1

,

where

λ=̂r1
r̂1(1−r̂1)
r̂22−r̂

2
1
−1 ,γ=(1−r̂1)

r̂1(1−r̂1)
r̂22−r̂

2
1
−1,

andβ=
1

0
r̂λ−1(1−r̂)γ−1d̂r.

Themassofonewingistakenas5.7%ofthebodymassaccordingto Wuetal.[28]andisassumeduniform
withanarealmassdistributionm Theinertialpropertiesofthewingarethenestimatedas

Ix=2
R

0
mr2c(r)dr,Iy=2

R

0
md̂2c3(r)dr

,Iz=Ix+Iy,andrcg=
2 R
0
m rc(r)dr

mw
=I11
2S,

whered̂isthechord-normalizeddistancefromthewinghingelinetothecenterofgravityline.
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