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Abstract

In this paper, we adapt the control theoretic con-
cept of dissipativity theory to provide a natural
understanding of Nesterov’s accelerated method.
Our theory ties rigorous convergence rate anal-
ysis to the physically intuitive notion of energy
dissipation. Moreover, dissipativity allows one to
efficiently construct Lyapunov functions (either
numerically or analytically) by solving a small
semidefinite program. Using novel supply rate
functions, we show how to recover known rate
bounds for Nesterov’s method and we generalize
the approach to certify both linear and sublinear
rates in a variety of settings. Finally, we link the
continuous-time version of dissipativity to recent
works on algorithm analysis that use discretiza-
tions of ordinary differential equations.

1. Introduction

Nesterov’s accelerated method (Nesterov, 2003) has gar-
nered attention and interest in the machine learning com-
munity because of its fast global convergence rate guaran-
tees. The original convergence rate proofs of Nesterov’s
accelerated method are derived using the method of es-
timate sequences, which has proven difficult to interpret.
This observation motivated a sequence of recent works
on new analysis and interpretations of Nesterov’s acceler-
ated method (Bubeck et al., 2015; Lessard et al., 2016; Su
etal., 2016; Drusvyatskiy et al., 2016; Flammarion & Bach,
2015; Wibisono et al., 2016; Wilson et al., 2016).

Many of these recent papers rely on Lyapunov-based sta-
bility arguments. Lyapunov theory is an analogue to the
principle of minimum energy and brings a physical intu-
ition to convergence behaviors. When applying such proof
techniques, one must construct a Lyapunov function, which
is a nonnegative function of the algorithm’s state (an “in-
ternal energy”) that decreases along all admissible trajec-
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tories. Once a Lyapunov function is found, one can relate
the rate of decrease of this internal energy to the rate of
convergence of the algorithm. The main challenge in ap-
plying Lyapunov’s method is finding a suitable Lyapunov
function.

There are two main approaches for Lyapunov function con-
structions. The first approach adopts the integral quadratic
constraint (IQC) framework (Megretski & Rantzer, 1997)
from control theory and formulates a linear matrix equal-
ity (LMI) whose feasibility implies the linear convergence
of the algorithm (Lessard et al., 2016). Despite the gen-
erality of the IQC approach and the small size of the as-
sociated LMI, one must typically resort to numerical sim-
ulations to solve the LMI. The second approach seeks an
ordinary differential equation (ODE) that can be appropri-
ately discretized to yield the algorithm of interest. One can
then gain intuition about the trajectories of the algorithm
by examining trajectories of the continuous-time ODE (Su
et al., 2016; Wibisono et al., 2016; Wilson et al., 2016).
The work of Wilson et al. (2016) also establishes a gen-
eral equivalence between Lyapunov functions and estimate
sequence proofs.

In this paper, we bridge the IQC approach (Lessard et al.,
2016) and the discretization approach (Wilson et al., 2016)
by using dissipativity theory (Willems, 1972a;b). The term
“dissipativity” is borrowed from the notion of energy dis-
sipation in physics and the theory provides a general ap-
proach for the intuitive understanding and construction
of Lyapunov functions. Dissipativity for quadratic Lya-
punov functions in particular (Willems, 1972b) has seen
widespread use in controls. In the sequel, we tailor dissi-
pativity theory to the automated construction of Lyapunov
functions, which are not necessarily quadratic, for the anal-
ysis of optimization algorithms. Our dissipation inequality
leads to an LMI condition that is simpler than the one in
Lessard et al. (2016) and hence more amenable to being
solved analytically. When specialized to Nesterov’s accel-
erated method, our LMI recovers the Lyapunov function
proposed in Wilson et al. (2016). Finally, we extend our
LMI-based approach to the sublinear convergence analy-
sis of Nesterov’s accelerated method in both discrete and
continuous time domains. This complements the original
LMI-based approach in Lessard et al. (2016), which mainly
handles linear convergence rate analyses.
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An LMI-based approach for sublinear rate analysis simi-
lar to ours was independently and simultaneously proposed
by Fazlyab et al. (2017). While this work and the present
work both draw connections to the continuous-time results
mentioned above, different algorithms and function classes
are emphasized. For example, Fazlyab et al. (2017) de-
velops LMISs for gradient descent and proximal/projection-
based variants with convex/quasi-convex objective func-
tions. In contrast, the present work develops LMIs tai-
lored to the analysis of discrete-time accelerated methods
and Nesterov’s method in particular.

2. Preliminaries
2.1. Notation

Let R and R denote the real and nonnegative real num-
bers, respectively. Let I, and 0, denote the p x p identity
and zero matrices, respectively. The Kronecker product of
two matrices is denoted A ® B and satisfies the properties
(A®B)T = AT®BT and (A®B)(C®D) = (AC)®(BD)
when the matrices have compatible dimensions. Matrix
inequalities hold in the semidefinite sense unless other-
wise indicated. A differentiable function f : RP — R
is m-strongly convex if f(z) > f(y) + Vf(y)"(z —
y) + 2|z — y||? for all z,y € RP and is L-smooth if
IVf(x)=Vf(y)| < L|lz—y| forall z,y € RP. Note that
f is convex if f is O-strongly convex. We use x, to denote
a point satisfying V f(z,) = 0. When f is L-smooth and
m-strongly convex, z, is unique.

2.2. Classical Dissipativity Theory

Consider a linear dynamical system governed by the state-
space model

Ekr1 = A&k + Bwy. )

Here, &, € R"™¢ is the state, w, € R™v is the input, A €
R7¢X"¢ g the state transition matrix, and B € R"?¢X"w
is the input matrix. The input wy can be physically in-
terpreted as a driving force. Classical dissipativity theory
describes how the internal energy stored in the state &
evolves with time k as one applies the input wy, to drive
the system. A key concept in dissipativity theory is the
supply rate, which characterizes the energy change in &
due to the driving force wy. The supply rate is a function
S : R™ x R™ — R that maps any state/input pair (£, w)
to a scalar measuring the amount of energy delivered from
w to state . Now we introduce the notion of dissipativity.

Definition 1 The dynamical system (1) is dissipative with
respect to the supply rate S if there exists a function V :
R™ — Ry such that V(€) > 0 for all £ € R™ and

V(€kg1) — V(&) < Sk, wi) 2

for all k. The function V' is called a storage function, which
quantifies the energy stored in the state &. In addition, (2)
is called the dissipation inequality.

The dissipation inequality (2) states that the change of the
internal energy stored in & is equal to the difference be-
tween the supplied energy and the dissipated energy. Since
there will always be some energy dissipating from the sys-
tem, the change in the stored energy (which is exactly
V(&k+1) — V(& )) is always bounded above by the en-
ergy supplied to the system (which is exactly S(&x, wg)).
A variant of (2) known as the exponential dissipation in-
equality states that for some 0 < p < 1, we have

V(€pt1) — PPV (Ek) < S(&,wy), (3)

which states that at least a fraction (1 — p?) of the internal
energy will dissipate at every step.

The dissipation inequality (3) provides a direct way to con-
struct a Lyapunov function based on the storage function.
It is often the case that we have prior knowledge about how
the driving force wy, is related to the state &;. Thus, we may
know additional information about the supply rate function
S(&k, wy,). For example, if S (&, wy) < 0 for all & then (3)
directly implies that V (£,11) < p?V (&), and the storage
function V' can serve as a Lyapunov function. The condi-
tion S(&k,wk) < 0 means that the driving force wy, does
not inject any energy into the system and may even extract
energy out of the system. Then, the internal energy will
decrease no slower than the linear rate p? and approach a
minimum value at equilibrium.

An advantage of dissipativity theory is that for any
quadratic supply rate, one can automatically construct the
dissipation inequality using semidefinite programming. We
now state a standard result from the controls literature.

Theorem 2 Consider the following quadratic supply rate
with X € Rietnw)x(netnw) gng X = XT.

S(E,w) = HTX H . )

w w
If there exists a matrix P € R™¢*"¢ with P > 0 such that

[ATPA —p*P ATPB

BTPA BTPB:|_X<07 (5)

then the dissipation inequality (3) holds for all trajectories
of () with V(€) := £TP¢.
Proof. Based on the state-space model (1), we have
V(§k+1) = fl;r+1pfk+1
= (A&, + Bwyg)" P(A&, + Buy,)

[&]T[ATPA ATPB] [&
o W BTPA BTPB Wi ’
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Hence we can left and right multiply (5) by [{,I wg] and

[¢] wf]", and directly obtain the desired conclusion. m

The left-hand side of (5) is linear in P, so (5) is a linear
matrix inequality (LMI) for any fixed A, B, X, p. The set
of P such that (5) holds is therefore a convex set and can be
efficiently searched using interior point methods, for exam-
ple. To apply the dissipativity theory for linear convergence
rate analysis, one typically follows two steps.

1. Choose a proper quadratic supply rate function S sat-
isfying certain desired properties, e.g. S(&x, wy) < 0.

2. Solve the LMI (5) to obtain a storage function V/,
which is then used to construct a Lyapunov function.

In step 2, the LMI obtained is typically very small, e.g. 2x2
or 3 x 3, so we can often solve the LMI analytically. For
illustrative purposes, we rephrase the existing LMI analysis
of the gradient descent method (Lessard et al., 2016, §4.4)
using the notion of dissipativity.

2.3. Example: Dissipativity for Gradient Descent

There is an intrinsic connection between dissipativity the-
ory and the IQC approach (Megretski et al., 2010; Seiler,
2015). The IQC analysis of the gradient descent method
in Lessard et al. (2016) may be reframed using dissipativ-
ity theory. Then, the pointwise IQC (Lessard et al., 2016,
Lemma 6) amounts to using a quadratic supply rate .S with
S < 0. Specifically, assume f is L-smooth and m-strongly
convex, and consider the gradient descent method

Tpt1 = xp — oV f(xg). (6)

We have 1 — o4 = 2 — 2y —aV f(xy), where x, is the
unique point satisfying V f(x,) = 0. Define §, := x, — x4
and wg := Vf(xr). Then the gradient descent method
is modeled by (1) with A := I, and B := —al,. Since
wy = V (& + x4), we can define the following quadratic
supply rate

s =[] [0, " [8]

)

By co-coercivity, we have S(§x,wy) < 0 for all k. This
just restates Lessard et al. (2016, Lemma 6). Then, we can
directly apply Theorem 2 to construct the dissipation in-
equality. We can parameterize P = p ® I, and define the
storage function as V (£x) = p||€x||? = pllxr — 2. ||?. The
LMI (5) becomes

(1—p*)p —ap —2mL m+L
<[ —ap a?p Tlmrr 2 ©I < 0.

Hence for any 0 < p < 1, we have p||lzp1 — z,]]? <
p*pllxr — 242 if there exists p > 0 such that

[(1 —p)p

—ap —2mL m+ L
—ap a’p

A EUNC
The LMI (8) is simple and can be analytically solved to
recover the existing rate results for the gradient descent
method. For example, we can choose (a,p,p) to be
(£,1— 2 L?) or (Lf_m, ﬁ_—z, 1(L + m)?) to immedi-
ately recover the standard rate results in Polyak (1987).

Based on the example above, it is evident that choosing a
proper supply rate is critical for the construction of a Lya-
punov function. The supply rate (7) turns out to be inad-
equate for the analysis of Nesterov’s accelerated method.
For Nesterov’s accelerated method, the dependence be-
tween the internal energy and the driving force is more
complicated due to the presence of momentum terms. We
will next develop a new supply rate that captures this com-
plicated dependence. We will also make use of this new
supply rate to recover the standard linear rate results for
Nesterov’s accelerated method.

3. Dissipativity for Accelerated Linear Rates
3.1. Dissipativity for Nesterov’s Method

Suppose f is L-smooth and m-strongly convex with m >
0. Let . be the unique point satisfying V f (z,) = 0. Now
we consider Nesterov’s accelerated method, which uses the
following iteration rule to find x,:

Try1 = Yk — OV f(Yr), (9a)
v = (14 B)ag — Prg—1. (9b)

‘We can rewrite (9) as

[$k+1 —w*} _a { T — T, } © Bup  (10)
T — Tx Tp—1 — Tx

where wy, := V f(yx) = Vf (1 + B)zr — Brr_1). Also,
A:=A®I, B:=B® I, and A, B are defined by

A= F*ﬁ _5], B {_00‘]. (11)

1 0
Hence, Nesterov’s accelerated method (9) is in the form of
. T
(1) with &, = [(atk —z )" (rp_1 — a:*)T} )

Nesterov’s accelerated method can improve the conver-
gence rate since the input wj depends on both zj and
z—1, and drives the state in a specific direction, i.e. along
(14 8)xy — Bxk—1. This leads to a supply rate that extracts
energy out of the system significantly faster than with gra-
dient descent. This is formally stated in the next lemma.
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Lemma 3 Let f be L-smooth and m-strongly convex with
m > 0. Let x, be the unique point satisfying V f(x,) = 0.
Consider Nesterov’s method (9) or equivalently (10). The
following inequalities hold for all trajectories.

_J)k—x*_T _xk—x*_
Tp—1 — 2| X1 |Th—1 — 2| < flaw) — f(@rgr)
L V£(yk) | L Vi£(ye) |
[ e —a |0 [ ek —ay ]
o1 — Tu | Xo |Th—1 — x| < flax) — f(Thy1)
L V£(yk) | L Vi£(ye) |

where X; = X; ® I, fori=1,2, and X; are defined by

o [#m —m -
X =< [=f*m B*m B (12)
2l -8 B al2-La)
[ @+8Pm =B+ B)m —(1+B)
X5 = 3 —B8(1+B)m B%m B8 (13)
| —(1+0) Ié] a(2 — La)

Given any 0 < p < 1, one can define the supply rate as
(4) with a particular choice of X := p?* X1 + (1 — p?) Xo.
Then this supply rate satisfies the condition

Sk wi) < p°(f(zr) — f(0))
— (f(zrgr) — flza)). (14

Proof. The proof is similar to the proof of (3.23)-(3.24)
in Bubeck (2015), but Bubeck (2015, Lemma 3.6) must be
modified to account for the strong convexity of f. See the
supplementary material for a detailed proof. ]

The supply rate (14) captures how the driving force wy, is
impacting the future state z;y,. The physical interpreta-
tion is that there is some amount of hidden energy in the
system that takes the form of f(xx) — f(x,). The supply
rate condition (14) describes how the driving force wy, is
coupled with the hidden energy in the future. It says the
delivered energy is bounded by a weighted decrease of the
hidden energy. Based on this supply rate, one can search
Lyapunov function using the following theorem.

Theorem 4 Let f be L-smooth and m-strongly convex
with m > 0. Let x, be the unique point satisfying
V f(xx) = 0. Consider Nesterov’s accelerated method (9).
Foranyrate0 < p < 1, set X := p2X1+(1—p2)X2 where
)~(1 and Xg are defined in (12)—(13). In addition, let fl, B
be defined by (11). If there exists a matrix P e R2*2 with
P > 0 such that

ATPA - p?P
BTPA

then set P := P ® 1, and define the Lyapunov function

Vi 1= [ 7 = T ]P[ Tk =~ } T f) - fl),

Te_1 — Tx Tr—1 — Tx
(16)

which satisfies Vi.w1 < p?Vy, for all k. Moreover, we have
f(zr) — f(z) < p?*Vy for Nesterov’s method.

Proof. Take the Kronecker product of (15) and I,,, and
hence (5) holds with A = A ® I,, B = B ® I, and
X=Xl ». Let the supply rate .S be defined by (4). Then,
define the quadratic storage function V(&) = &J P&
and apply Theorem 2 to show V(&.41) — p?V (&) <
S(&k, wy ). Based on the supply rate condition (14), we can
define the Lyapunov function Vy, := V (&) + f(zr) — f(24)
and show Vi1 < pQVk. Finally, since P > 0, we have
Flaw) — fx.) < V. .

We can immediately recover the proposed Lyapunov func-
tion in Wilson et al. (2016, Theorem 6) by setting P to

. m\/g _ { L \/g_\/g} (17)
2

Clearly P > 0. Now define x := L Given o = 1,

8 = ﬁ;i, and p? = 1 — /™, it is straightforward to

verify that the left side of the LMI (5) is equal to

]

-1 1 0
Ml_lo

206+VE) g 0 o

which is clearly negative semidefinite. Hence we can
immediately construct a Lyapunov function using (16) to
m

prove the linear rate p? = 1 — T

Searching for analytic certificates such as (17) can either
be carried out by directly analyzing the LMI, or by using
numerical solutions to guide the search. For example, nu-
merically solving (15) for any fixed L and m directly yields
(17), which makes finding the analytical expression easy.

3.2. Dissipativity Theory for More General Methods

We demonstrate the generality of the dissipativity theory
on a more general variant of Nesterov’s method. Consider
a modified accelerated method

Tpy1 = (14 B)zr — Brr—1 — oV f(yr),
yr = (1 +n)xr — nrg_1.

(18a)
(18b)

When 5 = 7, we recover Nesterov’s accelerated method.
When 17 = 0, we recover the Heavy-ball method of Polyak
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(1987). We can rewrite (18) in state-space form (10) where
wy =V f(ye) = V(1 +n)oe —nre—1), A= A1,
B := B ® I, and A, B are defined by

=] e[

Lemma 5 Let f be L-smooth and m-strongly convex with
m > 0. Let x, be the unique point satisfying V f(x,) = 0.
Consider the general accelerated method (18). Define the
state &, = [(x —2.)"  (Th—1 — x*)T]T and the input
wy = Vf(yr) = V(1 + n)xr — nrr—1). Then the
following inequalities hold for all trajectories.

{iﬂT(Xl +X2) Efj < flon) = f(err)  (19)

EﬂT (X1 + Xs) Eﬂ < flan) = flan)  Q0)

with X; == X; ® I, fori=1,2,3, and X, are defined by

[ L2 —(1-La)s
X1 == L§? —Lo? (1 - L)
2|-(1-La)d (1-ILa)§ o2-La)
g [ Pm —Pm
Xo == |-n’m n’m n
2
L -7 n 0
[ G+wPm =@ n)m —(1+m)
Xy =5 |=n(l+m)m n*m n
| —(1+1n) n 0

with § := B — n. In addition, one can define the supply
rate as (4) with X := X1 + p?> X + (1 — p?)X3. Then for
all trajectories (£, wy,) of the general accelerated method
(18), this supply rate satisfies the inequality

S (&, wi) < p(flzk) — fa))
— (f(zry1) — flze)). 21)

Proof. A detailed proof is presented in the supplementary
material. One mainly needs to modify the proof by taking
the difference between (3 and 7 into accounts. ]

Based the supply rate (21), we can immediately modify
Theorem 4 to handle the more general algorithm (18).
Although we do not have general analytical formulas for
the convergence rate of (18), preliminary numerical results
suggest that there are a family of («, 8, 7) leading to the
rate p> = 1 — /7%, and the required value of P is quite
different from (17). This indicates that our proposed LMI
approach could go beyond the Lyapunov function (17).

Remark 6 It is noted in Lessard et al. (2016, §3.2) that
searching over combinations of multiple IQCs may yield

improved rate bounds. The same is true of supply rates.
For example, we could include \1, Ay > 0 as decision vari-
ables and search for a dissipation inequality with supply
rate \1S1 + AoSo where e.g. Sy is (7) and S5 is (21).

4. Dissipativity for Sublinear Rates

The LMI approach in (Lessard et al., 2016) is tailored for
the analysis of linear convergence rates for algorithms that
are time-invariant (the A and B matrices in (1) do not
change with k). We now show that dissipativity theory can
be used to analyze the sublinear rates O(1/k) and O(1/k?)
via slight modifications of the dissipation inequality.

4.1. Dissipativity for O(1/k) rates

The O(1/k) modification, which we present first, is very
similar to the linear rate result.

Theorem 7 Suppose f has a finite minimum f,. Consider
the LTI system (1) with a supply rate satisfying

Sk, wr) < —(f(2r) = f+) (22)

for some sequence {zy}. If there exists a nonnegative
storage function V such that the dissipation inequality (2)
holds over all trajectories of (&, wy), then the following
inequality holds over all trajectories as well.

T

> (f(zk) = f2) < V(&) (23)

k=0
In addition, we have the sublinear convergence rate
_ Vi)
—T+1
If f(zk+1) < f(zk) for all k, then (24) implies that

Fz) = fo < Y& forall k.

min (f(zx) - f+)

k:k<T (24)

Proof. By the supply rate condition (22) and the dissipation
inequality (2), we immediately get

V(€kt1) = V(&) + f(z) — fo <0.

Summing the above inequality from £ = 0 to 7" and using
V' > 0 yields the desired result. ]

To address the sublinear rate analysis, the critical step is
to choose an appropriate supply rate. If f is L-smooth
and convex, this is easily done. Consider the gradient
method (6) and define the quantities & = xr — Ty,
A := I,, and B := —ad), as in Section 2.3. Since f is
L-smooth and convex, define the quadratic supply rate

T 1
seewo = |t | ¥ ] o)
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which satisfies S(k,wr) < fo — f(zg) for all k (co-
coercivity). Then we can directly apply the LMI (5) with
p = 1 to construct the dissipation inequality. Setting
P = p ® I, and defining the storage function as V(&) :=
plléxll? = pllzx — x4]|?, the LMI (5) becomes

0 —ap i
(14 s b)enen

which is equivalent to

= O

2L

0 —ap—i—l]
<0. 25
{—aﬁé -5 )

We can choose o« = % and the bound (24) becomes

. Lljzo — z]?
_ < 2020 ol
Since gradient descent has monotonically nonincreasing it-
erates, that is f(zgy1) < f(xy) for all k, we immediately
recover the standard O(1/k) rate result.

4.2. Dissipativity for O(1/k?) rates

Certifying a O(1/k) rate for the gradient method required
solving a single LMI (25). However, this is not the case
for the O(1/k?) rate analysis of Nesterov’s accelerated
method. Nesterov’s algorithm has parameters that depend
on k so the analysis is more involved. We will begin with
the general case and then specialize to Nesterov’s algo-
rithm. Consider the dynamical system

&1 = Apér + Brwy, (26)

The state matrix Ay and input matrix Bj, change with the
time step k, and hence (26) is referred to as a “linear time-
varying” (LTV) system. The analysis of LTV systems typ-
ically requires a time-dependent supply rate such as

&) 5 [€
. k k
Sk (Eks wr) = [wlj Xk [MJ (27)
If there exists a sequence { Py} with P, > 0 such that
AlP, 1A, — P, AlP...B
k 'er k k fﬂr k+15k | X, <0 (28
Bk Pk;_;,_lAk Bk Pk_;,_lBk

for all k, then we have Vi1 (&k11) — V(&) < Sk (&k, wi)
with the time-dependent storage function defined as
Vie(&r) = & Pi€g. This is a standard approach for dis-
sipation inequality constructions of LTV systems and can

be proved using the same proof technique in Theorem 2.
Note that we need (28) to simultaneously hold for all k.
This leads to an infinite number of LMIs in general.

Now we consider Nesterov’s accelerated method for a con-
vex L-smooth objective function f (Nesterov, 2003).

(29a)
(29b)

Trr1 =Yr — axVf(Yr),
yr = (14 Br)xr — Brar—1.

It is known that (29) achieves a rate of O(1/k?) when
ay, = 1/L and B is defined recursively as follows.

L+ y/THAG
; k
2

_ G111
G
The sequence {C;} satisfies (7 — ¢, = (7_,. We now

present a dissipativity theory for the sublinear rate analysis
of Nesterov’s accelerated method. Rewrite (29) as

[xkﬂ - ”3} = A, Lf’“ T ] + Bywe  (30)

¢-1=0, C41=

Tk — Tx k—1 — Tx

= Vf(ye) = V(14 Br)zr — Bexr-1),

where Wk _
Ay = A, ® I, By, := By, ® I, and Ay, By, are given by

i |[L+ B —bk B |
Hence, Nesterov’s accelerated method (29) is in the form
of (26) with &, = [(zx —x)"  (zp—1 — x*)T]T. The
O(1/k?) rate analysis of Nesterov’s method (29) requires
the following time-dependent supply rate.

Lemma 8 Let f be L-smooth and convex. Let x, be a
point satisfying V f (x) = 0. In addition, set f, := f(x,).
Consider Nesterov’s method (29) or equivalently (30). The
following inequalities hold for all trajectories and for all k.

T — Ty T i T — Ty i

Tp—1 = Tu | My |Tp—1 — 20 | < flag) — f(@p41)
Vi (yk) | Vi (k)
T — Ty T i T — Ty i

Tp—1 — Tx | Ni |Th—1 — 2| < f(20) = f(Th41)
Vi (yk) | V£ (k)

where My, = Mk ® Ip, N = Nk ® I, and Mk,Nk are
defined by

I — 3Bk

My, = B | 31)
=38k 3Bk 5
[ 0 —3(1+5)

N = 0 0 1By . (32
|—3(14Be) 3Bk 5
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Given any nondecreasing sequence {j}, one can define
the supply rate as (27) with the particular choice Xy, =
My + (pe+1 — k) Ni for all k. Then this supply rate
satisfies the condition

S(&kswr) < p(f(xn) — f+)

— pr1 (f(Trg1) — f). (33)

Proof. The proof is very similar to the proof of Lemma 3
with an extra condition m = 0. A detailed proof is pre-
sented in the supplementary material. ]

Theorem 9 Consider the LTV dynamical system (26). If
there exist matrices { Py, } with P, > 0 and a nondecreasing
sequence of nonnegative scalars { .} such that

Al Py A — Py
Bl Py 14y

Al Py+1By
Bl Py11By,

— My, — (prr — )N <0 (34)

then we have Vi1 (§k+1) — V(&) < Sk(Ek, wi) with the
storage function Vi (&) = §;ka§k and the supply rate
(27) using Xy, = purp My + (pp+1 — ) Ng for all k. In
addition, if this supply rate satisfies (33), we have

o (f(zo0) — fx) + Vo(&o)

f(xk)ff*g in

(35)

Proof. Based on the state-space model (26), we can left
and right multiply (34) by [¢} w/] and [¢] wﬂT, and
directly obtain the dissipation inequality. Combining this
dissipation inequality with (33), we can show

Vier1 (§rv1) + perr (frr — o) < Vi(€e) + pn(fre = f)-

Summing the above inequality as in the proof of Theorem 7
and using the fact that P, > 0 for all £ yields the result. m

We are now ready to show the O(1/k?) rate result for
Nesterov’s accelerated method. Set y := ({_1)? and
p=1L [1 Ckgl ] [Ck—1 1 —Cr—1]. Note that P >0
— Gk—1

and 41 — pg = g- Itis straightforward to verify that this
choice of { Py, ux } makes the left side of (34) the zero ma-
trix and hence (35) holds. Using the fact that (1 > k/2
(easily proved by induction), we have u; > k?/4 and the
O(1/k?) rate for Nesterov’s method follows.

Remark 10 Theorem 9 is quite general. The infinite fam-
ily of LMIs (34) can also be applied for linear rate analy-
sis and collapses down to the single LMI (5) in that case.
To apply (34) to linear rate analysis, one needs to slightly
modify (31)—(32) such that the strong convexity parameter

m is incorporated into the formulas of My, Ni. By setting
pr = p~2F and Py := p~2FP, then the LMI (34) is the
same for all k and we recover (5). This illustrates how the
infinite number of LMIs (34) can collapse to a single LMI
under special circumstances.

5. Continuous-time Dissipation Inequality

Finally, we briefly discuss dissipativity theory for the
continuous-time ODEs used in optimization research. Note
that dissipativity theory was first introduced in Willems
(1972a;b) in the context of continuous-time systems. We
denote continuous-time variables in upper case. Consider a
continuous-time state-space model

A(t) = A(t)A(t) + B(t)W(t) (36)
where A(t) is the state, W (t) is the input, and A(t) denotes
the time derivative of A(t). In continuous-time, the supply
rate is a function S : R™* x R"" x R, — R that assigns
a scalar to each possible state and input pair. Here, we
allow S to also depend on time ¢t € R. To simplify our
exposition, we will omit the explicit time dependence (t)
from our notation.

Definition 11 The dynamical system (36) is dissipative
with respect to the supply rate S if there exists a func-
tion V : R™ x Ry — Ry such that V(A,t) > 0 for
allA € R™ andt > 0 and

V(A t) < S(A, W, t) (37)
for every trajectory of (36). Here, V denotes the Lie
derivative (or total derivative); it accounts for \’s depen-
dence on t. The function V is called a storage function,
and (37) is a (continuous-time) dissipation inequality.

For any given quadratic supply rate, one can automatically
construct the continuous-time dissipation inequality using
semidefinite programs. The following result is standard in
the controls literature.

Theorem 12 Suppose X (t) € Ratrw)x(matnw) gpqg
X(t)T =X (t) for all t. Consider the quadratic supply rate

S Wt = |2 Tx[A forallt.  (38)
Wot) =1y W orall t.
If there exists a family of matrices P(t) € R"*™ with
P(t) > 0 such that

ATP+PA+P PB
—X<
BTp 0 X <0 forallt. (39)

Then we have V (A, t) < S(A, W, t) with the storage func-

tion defined as V (A, t) := AT PA.
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Proof. Based on the state-space model (36), we can apply
the product rule for total derivatives and obtain

V(A,t) = ATPA + ATPA + ATPA
(AT [ATP+PA+P PB][A
W B™P 0 Wil

Hence we can left and right multiply (39) by [AT WT]

and [AT WT] T and obtain the desired conclusion. m

The algebraic structure of the LMI (39) is simpler than that
of its discrete-time counterpart (5) because for given P, the
continuous-time LMI is linear in A, B rather than being
quadratic. This may explain why continuous-time ODEs
are sometimes more amenable to analytic approaches than
their discretized counterparts.

We demonstrate the utility of (39) on the continuous-time
limit of Nesterov’s accelerated method in Su et al. (2016):

Y + %YJFW(Y) =0, (40)

which we rewrite as (36) with A := [YT yT - JJI]T,
W = Vf(Y), x, is a point satisfying V f(x,) = 0, and
A, B are defined by

- _élp Op . _[p
Al) = [ Itp Ozj  BlO= {Op } .
Suppose f is convex and set f, := f(x,). Suetal. (2016,
Theorem 3) constructs the Lyapunov function V(Y,t) =
(f(Y) = fo)+2||Y + LY — x,||? to show that V < 0 and
then directly demonstrate a O(1/t?) rate for the ODE (40).
To illustrate the power of the dissipation inequality, we use
the LMI (39) to recover this Lyapunov function. Denote
G(Y,t) == t3(f(Y) — f.). Note that convexity implies

fY) = fo < VFY)T(Y — z,), which we rewrite as
v 170, 0, 0,][ Vv
Qt(f(Y) - f*) <Y — x4 Op Op tIp Y —z,
w | o, t, 0,]| W
Since G(Y,t) = 2t(f(Y) — f.) + 2V (Y)Y, we have
. T 2 .
. Y 0, 0, ShL|[ Y
Gely—a| |0, 0, to||v—a
2
w £I, tI, 0, w

Now choose the supply rate S as (38) with X (¢) given by

Op Op %Ip
X({t)y=—10, 0, tI
2

cI, tI, 0,

—G(Y,t). Now we can choose

» Ip]. Substituting P and X

(39) becomes identically zero.
Therefore, V(A,t) A, W,t) < —G(Y,t) with the
storage function V(A t) = ATPA. By defining the Lya-
punov function V(Y,t) := V(Y,t) + G(Y,t), we imme-
diately obtain V < 0 and also recover the same Lyapunov
function used in Su et al. (2016).

Clearly S(A,W,t) <

P(t) =2 (31, Ip] [51
into (39), the left side of
S(

Remark 13 As in the discrete-time case, the infinite fam-
ily of LMIs (39) can also be reduced to a single LMI for
the linear rate analysis of continuous-time ODEs. For fur-
ther discussion on the topic of continuous-time exponential
dissipation inequalities, see Hu & Seiler (2016).

6. Conclusion and Future Work

In this paper, we developed new notions of dissipativity
theory for understanding of Nesterov’s accelerated method.
Our approach enjoys advantages of both the IQC frame-
work (Lessard et al., 2016) and the discretization approach
(Wilson et al., 2016) in the sense that our proposed LMI
condition is simple enough for analytical rate analysis of
Nesterov’s method and can also be easily generalized to
more complicated algorithms. Our approach also gives an
intuitive interpretation of the convergence behavior of Nes-
terov’s method using an energy dissipation perspective.

One potential application of our dissipativity theory is for
the design of accelerated methods that are robust to gradi-
ent noise. This is similar to the algorithm design work in
Lessard et al. (2016, §6). However, compared with the IQC
approach in Lessard et al. (2016), our dissipativity theory
leads to smaller LMIs. This can be beneficial since smaller
LMIs are generally easier to solve analytically. In addition,
the IQC approach in Lessard et al. (2016) is only applicable
to strongly-convex objective functions while our dissipa-
tivity theory may facilitate the design of robust algorithm
for weakly-convex objective functions. The dissipativity
framework may also lead to the design of adaptive or time-
varying algorithms.
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Supplementary Material
We will make use of the following result throughout this section.

Proposition S1 Suppose f is L-smooth and m-strongly convex. Then for all x,y the following inequalities hold.

m
F@) = F) 2 Vi) (@ ) + S llz -yl (S1)
L
F) = F@) = Vi) (-2 = Slly - =l (82)
Proof. These inequalities follow from the definitions of L-smoothness and m-strong convexity. [ ]

A. Proof of Lemma 3
Applying (S1) with (x,y) — (zk, yr), we obtain

Few) = Fge) 2 V) @ = w) + 5l — ol
Applying (S2) with (z,y) — (yx — aV f(yk), yr), we obtain

o) = Fl = aVF) = 52— La)|[VF (o) %

Summing these inequalities, we obtain:
m o
Flan) = Fe = aV @) = VL) (@ =) + 5 loe =l + 5@~ LIV @)2 (83

Substituting zx+1 = yx — aV f(yg) in the left-hand side of (S3), we can rewrite it as

Loy — uk T/ m 1 T — Yk
2 [Vf(yk)} ([1 a2 — La)} ® Il’) [Vf(yk)} < flog) = f(@k41) (S4)
Substituting y, = (1 + 8)x — Bx—_1 into (S4), we obtain

T

NEE" Bm —p*m =P Tk~ T
s | Te—1 — 2k —B*m  *m B @I | [Tr-1—2u | < flzk) — f(TE11),
Vi(yr) -B B a2-La) Vi (yr)
which directly leads to the formulation of X, in Lemma 3. Similarly, we apply (S1) with (,y) — (2, y%) and obtain
L o= 1T [ a48)Pm =B+ B8)m  —(1+5) Tk — T
= | Zp—1 — Tu —B(1 4 B)m B*m B L | |zp—1 — x| < fzy) = f(@ht1)
Vf(yk) -(1+5) g (2 - La) Vf(yk)

which directly leads to the formulation of X, in Lemma 3. The rest of the proof is straightforward. Actually, we can
choose X := p?X; + (1 — p?) X3 and we directly obtain

T — Ty i 5 T — Ty
o —oe| (ROL) [y o] < =(Fons) = F@a) + 27w — F().
Vf(yk) Vf(yk)

Specifically, X may be computed as

(1+8)?m— (1+28)mp*> (P> —1-8)pm p>—-1-4
(p*> —1-p)Bm B2m 3
pP=1-p B a(2 — La)

o1
X==:
2
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B. Proof of Lemma 5

Applying (S2) with (z,y) — (2g+1,yk), and making the substitutions z 1 = (1 + )z — Srr—1 — aVf(yx) and
yr = (1 +n)xg — nrK—1, we obtain:

Flur) = F(@rg1) = V) (ye — Trgr) — §||33k+1 —yel?

= Vf(yr) (B —n)(zp—1 — z1) + aV f(yr)) — g”(ﬁ —n)(@p—1 — zk) + V f (ye)|I?
" T —L(B —n)? L(B—n)? —(1 = La)(B—n) Tp — Tu
=3 Thol — Ty L(B —n)? —L(B8 —n)? (1-La)(f—n) | @1, Th_1 — Ty (S5)
V£ (yx) —(1=La)(B—n) (1—La)(B—n) a(2 - La) Vf(yx)

Applying (S1) with (z,y) — (2, yr) and substituting yx, = (1 + 1)z — NTK—1, We obtain:

Fx) = Fln) 2 V)" (= o) + 5 e — el
2
=V f() (s — ) + 75 e — el

.
T) — Ts n”?m - —n’m - T — Ta

== |2p_1 — s —n?’m  *m | @I, | |Th—1 — 2k (S6)
Vf(yx) -1 n 0 Vi(yk)

Applying (S1) with (x,y) — (2, yx) and again substituting yx, = (1 + 1)z — nzr_1, we obtain:
m
Fle) = Flon) = V) (@ = ve) + 5 loe = wil)®

= =) (1 +n) (2 = 2) = 0l - 2.)) + %H(l + ) (e = 22) = n(zr-1 — 2|

wp—x | ([ A+n)?m —n(L+n)m —(1+n) T — 2
== |zpo1 — s —n(l+n)m n*m " @I, | |zp-1— . (S7)
Vi (yr) —(1+n) U 0 Vi (yw)
By adding (S5)—(S7) with the definitions of X1, X5, and X3 in Lemma 5, we obtain:
- =T - -
T — Ty B B T — Ty
Th—1 — T ((X1 +X2)® Ip) Tp—1 — x| < flown) — f(@rt1)
L V() L Vi) |
B [z — 2, ]
Th_1 — Ty ((Xl +X3)®Ip) Tro1 — Tu | < f(28) = f(Tha1)
L V£(yk) | L Viye) |
The rest of the proof follows by substituting above expressions into the weighted sum with p?. [ ]

C. Proof of Lemma 8§

Since f is L-smooth and convex, we can use the same proof technique as in Lemma 3 while setting m = 0 and o =
We can thus obtain the following inequalities that parallel (S4).

] ([ 2y on) i) = oo sia

] ([ 4o B 21

The conclusion of Lemma 8 follows once we substitute yr, = (1 — Bx)zxk + Spxr—1. [

1
I

o= N



