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ABSTRACT

The aerosol single scattering albedo (SSA) is the dominant intensive particle parameter determining
aerosols direct radiative forcing. For homogeneous spherical particles and a complex refractive index in-
dependent of wavelength, the SSA is solely dependent on size parameter (ratio of particle circumference
and wavelength) and complex refractive index of the particle. Here, we explore this dependency for the
small and large particle limits with size parameters much smaller and much larger than one.

We show that in the small particle limit of Rayleigh scattering, a novel, generalized size parameter
can be introduced that unifies the SSA dependence on particle size parameter independent of complex
refractive index. In the large particle limit, SSA decreases with increasing product of imaginary part of
the refractive index and size parameter, another generalized parameter, until this product becomes about
one, then stays fairly constant until the imaginary part of the refractive index becomes comparable with
the real part minus one. Beyond this point, particles start to acquire metallic character and SSA quickly

Mie theory

increases with the imaginary part of the refractive index and approaches one.

© 2017 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.orgflicenses/by-nc-nd/4.0/)

1. Introduction

The aerosol single scattering albedo (SSA) is the dominant
intensive particle parameter determining aerosol direct radiative
forcing. Chylek and Wong [6] have given a simple analytical equa-
tion that estimates aerosol radiative forcing as function of SSA and
the aerosol upscatter fraction. This equation becomes very use-
ful when the aerosol upscatter fraction is properly related to the
aerosol backscatter fraction or the asymmetry parameter [17]. Re-
cently, the aerosol radiative forcing equation of Chylek and Wong
[6] has been compared with the output of a global Monte-Carlo
Aerosol Cloud Radiation (MACR) model and been found adequate
for cloud-free conditions [8].

For homogeneous, spherical particles, the SSA can easily be ob-
tained from Mie theory [13] calculations as function of the particle
complex refractive index m with

m=n+ik, (1)
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where n and « are the real and imaginary parts of the refractive
index, respectively, and the size parameter x with
D

x=5-, (2)
where D is the particle diameter and A the wavelength of the
incident light. Note that the bulk or material absorption coeffi-
cient o« =4mk /X is directly related to the imaginary parts of the
refractive index. For a complex refractive index independent of
wavelength, the SSA is solely dependent on size parameter x and
complex refractive index m. We build upon the initial discussions
of aerosol SSA size dependence by Moosmiiller and Arnott [15],
Moosmiiller et al. [16], and Sorensen [19]. In Fig. 1, we show a
log-log plot of single scattering albedo (SSA) calculated with Mie
(solid lines) and Rayleigh (dashed narrow lines) theory as function
of size parameter x for several different values of the imaginary
part k of the particle refractive index and a typical real part (i.e.,
n=1.5). In this figure, three different regimes can be distinguished
and are approximately separated by vertical dashed lines: (1) The
Rayleigh regime where x << 1 and consequently the incident light
wave uniformly penetrates the particle and light scattered by the
different sub-volumes of the particle is in phase, with ampli-
tudes coherently adding. This leads to scattering and absorption
cross-sections proportional to particle volume squared and volume,
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Fig. 1. Single scattering albedo 554 as function of size parameter x for a refractive index m = 1.5 +i & with Mie and Rayleigh calculations shown as solid and dashed lines,
respectively. Vertical dashed lines indicate approdimate boundaries bebween Rayleigh, peak, and geometric regimes. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)

respectively, and to an 55A quickly increasing with size parame-
ter x; (2] The “peak™ regime, where for small imaginary parts of
the refractive index (i.e., & <<1), the 554 peaks and shows ripples;
and (3) the geometric optics regime of our everyday visual expe-
rience, where the 55A is independent of size parameter x. In the
following, we will discuss the small and large particle limits of 554
in the context of Fiz. 1.

2. Small parvicle limit

In the small particle limit (x <= 1) we can use Rayleigh the-
ory for a simpler and more understandable description of particle
scattering and absorption than given by Mie theory [4]. Rayleigh
theory uses the Lorentz-Lorenz factor LL{m) [11,12] given by
m*—1
m:+2’
with E{m) and Fim) conventionally used to denote imaginary part
and complex square of LI, respectively [19] as
E(m) = Im{LL(m)} and F(m) = |LL{m)]*. (3b)

In the Rayleigh regime (x == 1), Rayleigh particle scattering ef-
ficiency meﬁry and absorption efficiency Qﬂhs_m}. (both ratios of
optical to geometric cross-section) can be written simply as

Qsca_Ray (X, M) = gx"}'(m] and (4a)

LL(m) = (3a)

Qars_ gy (X, M) = AXE(m). (4b)
The 55A, the ratio of scattering and extinction cross-sections

(where the extinction cross-section is the sum of scattering and
absorption cross-sections) can be written in terms of efficiencies

(5a)

where (o is the extinction efficiency. Using the explicit expres-
sions for Q‘m_‘m and Qﬂﬂ_ﬂﬂ}. given in Eq. (4) yields Eﬁﬂ.h, the 55A
in the Rayleigh regime as

-1
55Apgy (x, M) = [1 - Fr%} . (5b)
(m)

Defining a function f of the complex refractive m as the ratio of
F(m) and E(m)

F
fam) = % (50)

allows one to write

-1
1.5
SSApn (X, M) = | 1 4 = 5d
By (X, ) [+Hm”3] : (5d)
where the dependence of 584y, on size parameter x and refractive
index m is cleanly separated. This expression can be expanded into
a power series with respect to size parameter x as

SSARy (X, 1) = 3 SN — S (MY + 2 fM* — ., (5€)

where for x << 1, 55Ag,, is proportional to x* and to f{m). With in-
creasing x, higher order terms come into play and 554gy, converges
monotonically to one (Fig. 1) However, as x increases, we leave the
Rayleigh regime and Eq. (5) are no longer valid; the Rayleigh solu-
tion diverges from the Mie result (Fig. 11

Within the Rayleigh regime, the refractive index function fim)
determines the dependence of the SS.H.EE}. on the refractive index
m. For a common real part of the refractive index, that is n=15,

fim) and therefore have one minimum (i.e., local and global;
see Fig. 2) for & gp(n=15)=04673 with

Smin(1.5+1 k) = f(1.5+1 0.4673) = 0.7204 and consequently

(6a)
SSAgy_min (1.5 +1 k) = S5Apgy (1.5 +1 0.4673)
= [1 P ]_1 (6b)
B 072043 |

A plot of this minimum 554gy, as function of x for £ =04673 is
included in Fig. 1.

Obwiously, the imaginary part of the refractive index vielding
minimum fim) for any size parameter in the Rayleigh regime is
a function of the real part n of the refractive index. Fig. 3 shows
a contour plot of the refractive index function fim) as function of
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Fig. 3. Contour plot of the refractive index function fim) as function of the real
part m [x-axis) and the imaginary part & of the complex refractive index m. The
values of fim) are indicated by labeled contours and by a color scale shown on
the right. The red linge shows kmn(n). that is, the imaginary part of the refractive
index as function of the real part of the refractive inde: at which the minimum
of fim) occurs. Mote that this is where the slopes of the contours are infinite so
that as one moves vertically with & [at constant n), 2 minimum in f{m} occurs. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

the real part n (x-axis) and the imaginary part x (v-axis) of the
complex refractive index m. The minimum of 554y, for a given
size parameter x occurs at an imaginary part of the refractive in-
dex K gg(n), which in Fig. 3 is indicated as red line. Note that this
line crosses 55A contour lines at their maximum n. A simple ana-
lytical approximation of the function xg;,(n) is useful to estimate

at what combination of real and imaginary parts of the refractive
index 55Agyy is minimized; it is given for 1 <n<2 by a guadratic
function as

Kmin(M) = —1.159 4+ 1.312 n— 0.1517 n’. (7

An alternative view considers 554y, as a function of a novel,
generalized Rayleigh size parameter (which we define here)

£ py(x,m) with

P %f{m]x, (8a)

yielding Sﬂh only depending on this generalized size parameter
as

-1
SSARy (. m) = [1 4 £y | = Eiy, (8h)
with a single unified 554 curve within the Rayleigh regime [see
also Eq. (114) in [19]]. In Fig. 4, this is demonstrated by plotting
the Mie calculations from Fiz. 1 not as a function of size param-
eter ¥ but as function of the generalized Rayleigh size parameter
Eqgy(x,m), resulting in a single curve 58 py (ie., for x <= 1) for all
refractive indices shown, as obvious from Eg. (8). Mote that this
generalized Rayleigh size parameter is distinctly different from the
internal coupling parameter p', previously proposed to describe
scattering (but not absorption) from absorbing spheres [9].

3. Large particle limit

In the large particle limit (x == 1), we can use geometric op-
tics plus diffraction theory for a simpler and more understand-
able description of particle scattering and absorption than given
by Mie theory. Fiz. 1 indicates that for x == 1, the 554 is indepen-
dent of size parameter x, having comverged toward the geometric
limit 554ges(m), which is exclusively a function of the complex re-
fractive index m. 554 ge;(m) is the ratio of the scattering efficiency
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Fig. 4. Mie calculations of the single scattering albedo SSA (Fig. 1) as function of the novel, generalized Rayleigh size parameter &g, (x,m) for a refractive index m=(1.5+1i
k). Note that within the Rayleigh regime (£gq <<1), SSAgqy depends exclusively on the generalized Rayleigh size parameter &,y Vertical dashed lines indicate approximate
boundaries between Rayleigh, peak, and geometric regimes. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of

this article.)

Qsca_geo(m) and the extinction efficiency Qext geo (M) in the geomet-
ric regime (x>>1). It is generally accepted that Qext_geo =2, inde-
pendent of the complex refractive index m [e.g., [4]]; this is known
as extinction paradox and commonly explained by geometric op-
tics plus diffraction [20]; however, other viable explanations have
been recently put forward [2]. The large particle limit Qscq_geo Of
the scattering efficiency Qsc; has been the subject of some discus-
sion in the sixties and seventies [1,3,5,7,10]. Bohren and Huffman
[4] have summarized this discussion concluding that the scatter-
ing efficiency Qsca_geo(m) = Qqigr + Qren(m) =1+ Qpeg(m), where the
diffraction efficiency Qgyy=1 and Q,p(m) is the geometric optics
external reflection efficiency. Note that this approximation, used by
[3] and by us, ignores transmission and internal reflections which
is appropriate for large, sufficiently absorbing spheres because all
light entering the sphere is absorbed before reemerging. An ex-
plicit example is a sphere with infinite diameter and size parame-
ter and any non-zero imaginary part of the refractive index [4].
Let us first revisit Fig. 1 of Bohren and Herman ([3]; repro-
duced as Fig. 7.4 in Bohren and Huffman [4]), the data of which
are shown with some additions in our Fig. 5. This figure shows, for
a complex refractive index m=13+1i 0.1, the scattering efficiency
Qscq as function of the inverse size parameter x~!, thereby simpli-
fying the visualization of x— oo or x~1 — 0. The original results by
Bohren and Herman [3] obtained with Mie code and geometric op-
tics plus diffraction are shown as crosses and dashed line, respec-
tively; our calculations (labeled “M & S”) are added as solid lines
for both cases, and the 0° Fresnel reflection plus diffraction result
by Herman [10] as dotted line. Geometric optics plus diffraction
and 0° Fresnel reflection plus diffraction results are independent
of size parameter. For geometric optics plus diffraction, Bohren
and Herman [3] give Qscq geo(1.3+i1 0.1)=1.0647; however, the
same figure, reprinted as Fig. 7.4 in Bohren and Huffman [4] gives
Qsca_geo(1.3+1 0.1)=1.067 in the figure caption, this is likely a ty-
pographical mistake that is in clear disagreement with the figure
itself. Our geometric optics plus diffraction calculations are based
on the equations summarized by Moosmiiller and Arnott [14] and
yield a slightly (~0.2%) larger value of Qscq_geo(1.3 +1 0.1)=1.06488,
probably due to differences in the numerical integration. For Mie

calculations, again the Qyq pmie(x, m=13+1i 0.1) values of Bohren
and Herman [3], digitized from their Fig. 1, are in good agreement
with our (M & S) Mie calculations as shown in Fig. 5. However, we
have extended our Mie calculations by three orders of magnitude
beyond their maximum size parameter of Xmgy ~ 10% to Xmax = 107,
which (in Fig. 5) shows much more clearly the convergence of Mie
and geometric optics plus diffraction calculations for the x — oo or
x~1— 0 limit with Qgeq pie(x =107, m=13 +i 0.1)=1.06492 within
0.004% of our geometric optics plus diffraction result. Either set of
calculations clearly shows the discrepancy with the results of the
early “flat sphere” approximation by Herman [10].

Next, we explore SSAgeo(m) as function of m, that is as a func-
tion of real and imaginary refractive indices n and «, respectively.
In Fig. 1 it can be seen that for x=10* and n=1.5, SSA increases
with increasing imaginary part « of the refractive index for x be-
tween 0.01 and 1.0. This is explored in more detail in Fig. 6 where
SSAgeo(m) is calculated from Mie theory for a very large sphere (ge-
ometric limit, size parameter x=107) and plotted as function of
imaginary part « of the refractive index (upper x-axis) and as func-
tion of xx (lower x-axis), the ratio of particle radius and skin depth
[18,21]. Note that for very small (10~3) kx, SSA=1; as kx increases,
SSA rapidly decreases, reaching a near constant value at xx ~ 1.
The geometric optics plus diffraction interpretation is that diffrac-
tion, external reflection, and transmission including internal reflec-
tion all contribute to particle scattering for kx << 1. As kx grows
toward one (indicated in Fig. 6 by a vertical, dashed line) the trans-
mission is virtually eliminated because the skin depth is now com-
parable to the particle radius and scattering is due to diffraction
with scattering efficiency of Qgy=1 and Fresnel reflection with
scattering efficiency of Q..z(m), while all the light entering the par-
ticle is absorbed with Qgps(m)=2— (Quen(m )+ Qqy)- For real parts
of the refractive index 1<n <2 this leads to 0.5 <SSA <0.6. The
higher n, the higher SSA in this region due to increased Fresnel
reflection. However, above kx ~ 1, SSA becomes fairly indepen-
dent of the imaginary part of the refractive index « because the
skin depth is very thin compared to the radius and hence effective
regardless of its depth. However, once x becomes comparable to
n - 1 (indicated in Fig. 6 by a vertical, dashed line for x =0.5, as
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appropriate for n = 1.5), particles start to acquire metallic character
with greatly increased Fresnel reflection and 55A quickly increases
with x, and approaches one (Fiz. £). In summary, Fig. & shows how
the imaginary part of the refractive index « first causes absorption
to decrease the 554, the absorption saturates when xx = 1, but ul-
timately large ¥ combines with the real part n to cause significant
metallic reflection which causes the 55A to increase again and to
approach one.

4. Conclusions

In conclusion, we have shown that in the small particle limit
of Rayleigh scattering (x <= 1), a novel, generalized size parameter
can be introduced that unifies the single scattering albedo (554)
dependence on particle size parameter x independent of complex
refractive index. In the large particle limit (x == 1), 554 becomes
independent of size parameter and decreases with increasing prod-
uct of imaginary part of the refractive index and size parameter kx,



H. Moosmiiller, C.M. Sorensen/Journal of Quantitative Spectroscopy & Radiative Transfer 204 (2018) 250-255 255

another generalized parameter, until kx ~ 1, then stays fairly con-
stant until k becomes comparable with n — 1. Beyond this point,
particles start to acquire metallic character and SSA quickly in-
creases with k and approaches one.
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