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Abstract 
A mixed-integer linear programming (MILP) operability approach is developed for the 
design of high-dimensional and nonlinear systems. For the approach formulation, 
classical operability concepts are extended to attain process intensification towards 
system modularity. Motivated by natural gas utilization processes, a catalytic membrane 
reactor for the direct methane aromatization (DMA-MR) conversion to hydrogen and 
benzene is chosen as case study. The DMA-MR is described by a system whose design 
is challenged by complexity, including nonlinearities and a highly-constrained 
environment. A DMA-MR subsystem is addressed, for which 80% reduction in 
membrane area and 78% reduction in reactor volume is obtained when compared to a 
base case with equivalent performance. The proposed approach presents a computational 
time reduction greater than 3 orders of magnitude compared with previously introduced 
nonlinear programming-based operability approaches. These results indicate that the 
proposed approach is computationally efficient and thus can be extended to address 
higher dimensional cases. 
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1. Introduction 
Modular systems are promising technologies characterized by versatility. They provide 
an alternative for the traditional industry by considering small modules of higher 
efficiency. As these modules can be shipped and assembled, the exploitation of resources 
in remote and originally untapped areas becomes feasible. A DMA-MR for methane 
conversion to hydrogen and benzene can be considered as a potential candidate system 
for modular natural gas utilization that could be transported to stranded gas fields. In this 
case, the concept of process intensification characterized by the enhanced reaction and 
separation phenomena in the membrane reactor may enable high efficiency units for 
modular system applications. Additionally, a substantial decrease in cost and 
environmental footprint are key outcomes of system modularity that are also associated 
with process intensification. The design of a modular energy system, however, is 
challenged by its complexity, including nonlinearities, system dimensionality and a 
highly-constrained environment. An MILP-based operability approach is proposed here 
to overcome these challenges. Operability was first described as a mapping between 
inputs and outputs of a system that was established to measure the ability of a design to 
achieve specified desired operating states. The aim in the new formulation is to extend 
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classical operability concepts and tools to attain process intensification targets and ensure 
system modularity in a computationally efficient manner.  

Process operability was initially used for the assessment of low-dimensional nonlinear 
systems. The expansion to high-dimensional nonlinear systems was successfully 
addressed by employing optimization algorithms based on nonlinear programming (NLP) 
[1,2]. However, previously proposed approaches were challenged by the system 
dimensionality in terms of high computational expense. The novelty in this work consists 
of the fully utilization of MILP tools to tackle systems of similar complexity, with the 
advantage of computational time reduction. 

2. Process Operability Concepts 
In traditional process operability concepts, inputs (𝑢𝑢) and outputs (𝑦𝑦) are respectively 
represented by the Available Input Set (AIS) and Achievable Output Set (AOS). The 
desired operating region for the outputs and the corresponding region for the inputs in 
order to achieve such outputs are called Desired Output Set (DOS) and Desired Input Set 
(DIS), respectively. For a given set of inputs, the calculation of the corresponding outputs 
is performed by direct mapping employing a first-principles process model, 𝑀𝑀.  
Conversely, the inverse model, 𝑀𝑀−1, represents the pathway from the outputs to inputs. 
For an 𝑚𝑚 x 𝑛𝑛 dimensional input-output system, the operability sets are generically 
represented by: 

𝐴𝐴𝐴𝐴𝐴𝐴 = �𝑢𝑢|𝑢𝑢𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖 ≤ 𝑢𝑢𝑖𝑖 ≤ 𝑢𝑢𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚;  1 ≤ 𝑖𝑖 ≤ 𝑚𝑚�; 𝐷𝐷𝐷𝐷𝐷𝐷 = {𝑢𝑢|𝑢𝑢 = 𝑀𝑀−1(𝑦𝑦); 𝑦𝑦 ∈ 𝐷𝐷𝐷𝐷𝐷𝐷}; 

𝐴𝐴𝐴𝐴𝐴𝐴 = {𝑦𝑦|𝑦𝑦 = 𝑀𝑀(𝑢𝑢);  𝑢𝑢 ∈ 𝐴𝐴𝐴𝐴𝐴𝐴};  𝐷𝐷𝐷𝐷𝐷𝐷 = �𝑦𝑦|𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝑦𝑦𝑖𝑖 ≤ 𝑦𝑦𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚; 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛�; 

Nonlinear systems require a nonlinear model 𝑀𝑀. The derivation of 𝑀𝑀−1 may be complex 
and sometimes not straightforward. One contribution of this work is the numerical 
computation of 𝑀𝑀−1 employing computational geometry tools, overcoming the 
challenges associated with the analytical calculation of 𝑀𝑀−1. The description of such 
computation can be found in section 3 below, along with the proposed approach. 

3. MILP-Based Operability Approach 
In the developed framework, the operability mapping accounts for design variables 
(physical dimensions, feed and operating conditions) as inputs and measures of 
production (production rates and efficiency) as outputs. Such mapping is established by 
dividing the original nonlinear space into several linear subspaces described by linearized 
models. This task is performed with the utilization of computational geometry techniques 
such as Delaunay-triangulation. The properties of the obtained subsets are then analyzed 
to find the minimum number of divisions that is needed to adequately represent the 
original system. Using such divisions, an optimization algorithm based on MILP concepts 
is formulated, considering all process constraints and specific targets associated with 
process intensification. The steps of the developed framework can be summarized as 
follows: 

1) The nonlinear system is simulated, generating input-output data points. First-
principles models for the application of interest are considered for this task. 

2) Using a computational geometry-based technique, e.g., Delaunay-triangulation, sets 
of triangles are obtained. Each triangle in the AIS has a counterpart in the AOS. This 
step can be repeated, with gradual reduction in number of considered data points, 
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Table 1. Trade-off performed between computational time and relative error for proposed 
approach when compared to NLP-approaches. 

Approach CPU Time               
(hr:min:sec) 

# 
Initial 
Points 

Reactor 
Length 

(cm) 

Tube 
Diameter 

(cm) 

Relative 
Error       
(w.r.t. 

membrane 
area) (%) 

Gain 
in CPU 
Speed 
(times)

** 

NLP-based 
Approach 

[2,4] 

00: 06: 30.60 25 18.00 0.600 10.23 - 

00: 25: 21.15 100 17.38 0.577 2.31 - 

06: 11: 04.35 1444 17.26 0.570 0.50 - 

10: 35: 50.21 2500 17.14 0.571 0 - 

Proposed 
MILP-
based 

Approach 

00: 00: 00.03* 24 18.02 0.601 10.50 12,844 

00: 00: 00.03* 100 17.63 0.588 5.74 44,773 

00: 00: 07.29 1444 17.03 0.568 1.28 3,051 

00: 00: 32.00 2500 17.00 0.567 1.66 1,191 

*Rounded values; ** for the same number of initial points 

6. Conclusions 
The developed MILP-based operability approach was successfully applied to attain 
process intensification towards footprint reduction and system modularity. When 
compared to NLP-based operability approaches, it performed faster at any scenario with 
minimal errors, especially for a higher number of initial points. As computational cost 
was not a tractability barrier for the developed approach, this approach will be extended 
next to address higher dimensional cases.  
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