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Abstract 

The analysis of multiple dependent degradation processes is a challenging research work in the reliability field, 
especially for complex degradation with random jumps. To integrally handle the jump uncertainties in degradation 
and the dependence among degradation processes, we construct multi-dimensional Lévy processes to describe 
multiple dependent degradation processes in engineering systems. The evolution of each degradation process can be 
modeled by a one-dimensional Lévy subordinator with a marginal Lévy measure, and the dependence among all 
dimensions can be described by Lévy copulas and the associated multiple-dimensional Lévy measure. This Lévy 
measure is obtained from all its one-dimensional marginal Lévy measures and the Lévy copula. We develop the 
Fokker-Planck equations to describe the probability density in stochastic systems. The Laplace transforms of both 
reliability function and lifetime moments are derived. Numerical examples are used to demonstrate our models in 
lifetime analysis.  
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1. Introduction 

In the financial and actuarial science fields, many applications involve stochastic processes with random jumps in 
both one-dimensional and multi-dimensional cases. Similarly, these phenomena happen in the engineering fields, 
especially the degradation-based reliability engineering field. It is common to observe degradations with random 
jumps in one-dimensional or multiple-dimensional cases. Typically, the multi-dimensional degradation processes are 
dependent with each other due to the internal and external conditions of the systems. 

Lévy processes have been widely applied to describe financial and insurance time series with jumps. More 
specifically, non-decreasing financial time series can be modeled as Levy subordinators. This process can be well 
used in describing degradation processes of engineering systems. The first study of Lévy processes in degradation 
analysis was introduced by Cinlar [13]. Shu et al. derived the reliability function of degradation processes described 
by Lévy subordinators and the results of life time distributions of degradation processes, respectively, based on 
Fokker Planck Equation (FPE) [2]. However, their results consider only one-dimensional degradation processes. For 
modeling multiple-dimensional Lévy degradation processes, the challenge is how to consider the internal 
dependence structures.  

Lévy copula was introduced here since it separates the margins and the dependence structures of multiple-
dimensional Lévy measures and described by Sklar’s theorem [1]. Sklar’s theorem explains that the tail integral of 
any multiple-dimensional Lévy process can be expressed by a function of all its marginal tail integrals; and the rule 
of function is the Lévy copula. Moreover, pair copulas need to be introduced between each pair of two dimensions 
in three of higher dimensional Lévy processes [4]. Multiple dimensional Lévy processes with Lévy copulas have 
been widely applied in actuarial and insurance analysis. In reliability studies, multiple degradation processes have 
not been commonly represented by multivariate Lévy processes with Lévy copulas.   

This paper is organized as follows. Some concepts and preliminaries of multiple dimensional Lévy processes and 
Lévy copulas are introduced in Section 2. In Section 3, we build high-dimensional copulas for multiple dependent 
degradation processes described by Lévy subordinators. Section 4 presents the high-dimensional Lévy measures, the 
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reliability function and lifetime moment based on the high-dimensional copulas in Section 3. Some simulations are 
given in Section 5, and conclusions are given in Section 6. 
 
2. Preliminaries 

In this section, we introduce some fundamental concepts and related properties of Lévy processes and Lévy copulas, 
based on mR+  space. 

Definition 1 [6]. A ( 1)m m ≥ -dimensional Lévy process ( 0)m
tL t >  is a stochastic process with 0 0mL = and satisfies 

the following properties: 

1. Independent increments: for a time sequence 0 ,....., nt t  , the increment random variables 

0 1 0 1
, ,.....,

n nt t t t tL L L L L
−

− −  are independent.  

2. Stationary increment: the law of t h tL L+ −  does not depend on t .  

3. Stochastic continuity: 0ε∀ >  , 
0

( ) 0lim t h t
h

P L L ε+
→

− ≥ = . 

From the first and second properties, we can generate a random walk 
1

( 1)
0

( )
n

n k k
k

S L L
−

+ ∆ ∆
=

∆ = −∑  . 

If n t∆ = , then ( )t nL S= ∆  can be represented as a sum of n i.i.d. random variables. Therefore, the distribution of tL   
can be divided into n i.i.d. parts with the same distribution. More specifically, Lévy subordinators are a type of Lévy 
processes having values on [0, )∞  with a non-decreasing path.  
 
3. Lévy Copulas and Lévy Measures 

[7] indicated that the definition of regular copulas can be extended to Lévy copulas for multi-dimensional Lévy 
measures, with different domains and ranges.  

Definition 2 [6]. A function C:
m

R R→  is called Lévy copula if: 

1. 1( ,...., )mC u u ≠ ∞  for 1( ,...., ) ( , ,..., )mu u ≠ ∞ ∞ ∞ , 
2. 1( ,...., ) 0mC u u =  if 0iu =  for at least one { }1,....,i m∈  (grounded) 
3. C is m-increasing, 
4. ( ) ( )iC u u=  for any { }1,2,...., ,i m u R∈ ∈ (uniform marginal)  

If we change the domain and range from 
m

R R→  to
m

R R+ +→ , it becomes a positive Lévy copula.  
 

[8] found out that the relationship between Lévy copulas and the associated Lévy measures can be considered as 
image mapping. First, define a bijection under a multi-dimensional space: 

1 1 1
1 2 1 2: [0, ] [0, ] ,       ( , ,...., ) ( , ,...., )m m

m m mQ x x x x x x− − −∞ → ∞ 
.                                                        (1) 

 Using the fact that a Lévy copula C  is uniform marginal, we can find the measure: 

1([0, ] [0, ] [0, ] ) ( ,...., ,...., ) , 1, 2,...,k m k
C k k kx C x x k mχ − −∞ × × ∞ = ∞ ∞ = = .                                         (2) 

The Clayton Lévy copula family is widely considered in multi-dimensional Lévy subordinators. We assume the 
positive Lévy copula of a Lévy subordinator { }1 ,...., m

t t tL L L=  is a m-dimensional Clayton Lévy copula C defined 

on
m

R R+ +→ : 

 
 



Shi, Shu, Feng 
 
 

1

1 2( , ,...., ) ( )
m

m i
i

C u u u u θ θ
−

−= ∑ ,                                                                                (3) 

where (0, )θ ∈ ∞  is the dependence parameter. The higher value of θ  represents the stronger dependence. 

From the Sklar’s theorem, we know Lévy copulas can separate the margins and the dependence structures of multi-
dimensional Lévy measures. It gives us the Sklar’s theorem for the case of positive Clayton Lévy copulas such that: 

1

1 1 1 1 1( ,...., ) ( ( ),....., ( )) [ ( ) ..... ( ) ]m m m m mF x x C F x F x F x F xθ θ θ
−

− −= = + + .                                                                (4) 

For any Boral set 1[ , ]*...*[ , ]mB x x= ∞ ∞  in [0, ]m∞ ,  

1 1 1 1 1
1 1 1 1 1([ , ] ... [ , ]) ([ , ]...[ , ]) ([0, ]....[0, ]) ( ,....., ) ( ,...., )C m C m m C m m mv x x Q x x x x C x x F x xχ χ− − − − −∞ × × ∞ = × ∞ ∞ = = = .  (5) 

This is a Lévy measure for the m-dimensional Lévy subordinator { }1 ,...., m
t t tL L L= . 

Moreover, for any m-dimensional Lévy measure Cv , its m margins, 1,...., mv v  are all one-dimensional Lévy measures. 
We can get one dimensional Lévy measure that 

1
1 , 1, 2,...,i iv Q i mχ −= × = .                                                                                  (6) 

 

4. Reliability Function and Lifetime Moments 

For a system/device with multiple degradation processes modeled by a multi-dimensional Lévy subordinator
1( ) [ ( ),...., ( )]mX t X t X t= , it fails when any one of the degradation processes exceeds a failure threshold. The 

lifetime of the system can be defined as 1 1inf{ : ( ) ,...., ( ) }x m mT t X t x X t x= > > . The multi-dimensional Laplace 
transform of both reliability function and lifetime moments ( , )XR x t  and ( , )n

XM T x ( 1( ,......, )mx x x= ) can be 
derived by Fokker-Planck Equation (FPE) and represented by Lévy measures [2].  

Lemma 1 For any multiple dimensional degradation processes with random jumps described by Lévy subordinators, 
the Fokker-Planck equation is  

1 1 1
1

11 1
1

( , ) ( , ) ( , )...... ( ( ,...., , ) ( , )) ( )

( , ) ( , )(1 .... 1 ) ( ),

m

m

m m m
m R

my y
mR

p x t p x t p x tb b p x y x y t p x t v dy
t x x

p x t p x ty y v dy
x x

+

+

< <

∂ ∂ ∂
= − − − + − − −

∂ ∂ ∂

∂ ∂
+ + +

∂ ∂

∫

∫
              (7) 

Where 1( ,...., )mx x x= , and 1( ) ( ,..., )mv dy v dy dy=  is a m-dimensional Lévy measure.  

Shu et al. derived the relationship between the reliability function ( , )LLR u w  and the probability density function
( , )LLp u w  in terms of Laplace transform, and the relationship between the lifetime moments and the derivative of 

reliability function in one-dimensional case.  These can be naturally extended to multi-dimensional situations. 
Theorem 1. For any multiple dependent degradation processes with random jumps described by a multi-
dimensional Lévy subordinator, the multi-dimensional Laplace transform of reliability function ( , )XR x t  is  

,1 * 1( , ) { , ( 1) ( )}
m

u yLL

R

R u w u w b u e v dy
+

−− −= × + − −∫ ,                                   (8) 
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where * * *

1
1

( ) ( ,......, )m
y

b b yv dy b b
<

= − =∫  is a m-dimensional constant vector, 1 2( ) ( ........ )mv dy v dy dy dy=  is a m-

dimensional Lévy measure, and m is the number of dimensions.  

The Laplace transform of reliability function is a monotonous function with time transform w in a sense that it 
decreases monotonously as w increases when the threshold is fixed.  

 

5. Simulation and Numerical Examples  
To illustrate the multiple degradation processes, we implement the simulation and sampling of the subordinators’ 
series representation using the pair copula construction algorithm [5, 6]. We begin with two-dimensional case 

1 2{ ( ), ( )}L t L t  where 1( )L t and 2 ( )L t  are dependent based on their two-dimensional Clayton Lévy copula
1

1 2 1 2( , , ) ( )C u u u uθ θ θθ
−− −= +  whereθ  is a parameter representing the dependence of absolute values of jumps in two 

marginal processes. We also assume both marginal processes are α-stable such that 1 1 1 1( )F x x yα−= =  and 

2 2 2 2( )F x x yα−= =  with the notation that 1

1( )
(1 )

v dx dx
xκ

κ
κ +=

Γ −
,  0 1κ< <  .The simulation results are shown 

in Figure 1 and 2. We choose 2θ =  and 5θ =  to represent the weak and strong dependence relationship, 
respectively. These figures show that a larger dependence parameter θ  indicates stronger dependence between two 
degradation processes than a smaller dependence parameter does. 

 

Time 

Figure 1: Two-dimensional Lévy subordinator ( 5θ = ) 
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  Figure 2: Two-dimensional Lévy subordinator ( 2θ = ) 
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From (4) and (5), the two-dimensional Lévy measure can be described as the second derivative of the Lévy copula 

( )
1 1 1 2 2 2

1 1

11 21

1 2
1 2 ( ), ( ) 1 2 1 1 2 2 1 1 2 2 1 2

1 2 2 2

( , )
( , ) 1y F x y F x

x x x x

C y yv x x v v v dz v dz v dz v dz v v
y y

θ

θ θ θ
θθ

−

− − − −− −∞ ∞ ∞ ∞
−

= =

    ∂
= = + +    ∂ ∂        

∫ ∫ ∫ ∫ .      (9) 

From Theorem 1, we can derive the Laplace transform of reliability function:  

( ) ( )( ) ( ) ( ) ( ) ( )1 1 2 2

2

1121 1( )1 * * 1 2 1 21 2
1 2 1 1 2 2 1 1 2 2 1 1 2 2 1 2

1 2

( , ) ( ) * 1 1 (1 ) (1 ) (1 ) (1 )u y u yLL

R

R u w u u w b u b u e y y y y dy dy
y y

θ θ θ θ θκ κ κ κκ κ
θ κ κ κ κ

+

−
− −+ +− +−

   = + + − − + Γ − Γ − Γ − + Γ −     
∫ .  (10) 

We choose a simple case where 1( )
2

πΓ = , which means 1 2 0.5κ κ= = .  When 2θ = , the integral part of the   

Laplace transform of reliability function can be derived as: 

( )( ) ( ) ( ) ( ) ( )

( )( )

1 1 2 2

2

1 1 2 2
2

121 2 1 2 2 2 2( ) 1 2 1 21 2
1 1 2 2 1 1 2 2 1 2

1 2

3 35 2 2
( ) 1 22

1 2 1 2
1 2

1 1 (1 ) (1 ) (1 ) (1 )

3 1
4

u y u y

R

u y u y

R

e y y y y dy dy
y y

u ue y y dy dy
u u

κ κ κ κκ κθ κ κ κ κ

π

+

+

− −+ +− +

−
− +

 − + Γ − Γ − Γ − + Γ −  

−
= − + = −

−

∫

∫
(11) 

When θ  takes other values, the formula in (11) can be derived in the similar manner.  

   

w  

 Figure 3: Laplace transform of reliability function for 2-D Lévy subordinator ( 2θ =  ) 

 

t  

Figure 4: Reliability function for 2-D Levy subordinator ( 2θ =  ) 

 
  

  

 
 



Shi, Shu, Feng 
 
 
Figure 3 illustrates the Laplace transform of the reliability function for a 2-D Lévy subordinator, which decreases 
monotonously as the time transform w increases, as we discussed in Theorem 1. Figure 4 shows the reliability 
function for a 2-D Lévy subordinator that decreases as time t  increases when we fix the failure thresholds for the 
two degradation processes. 

 

6. Conclusions 

In this article, we presented a new model describing the multiple dependent degradation processes by extending the 
one-dimensional case in [2]. The multiple degradation processes can be represented as multi-dimensional Lévy 
subordinators, while each marginal dimension is a one-dimensional Lévy subordinator. We derived the reliability 
function in Laplace transform based on Fokker Planck equation. In this article, we represent the dependence among 
different dimensions using Clayton Lévy copula. In the case of three or higher dimensions, however, some 
dependence between each pair of dimensions needs to be considered. For future research, pair Lévy copulas 
representing the dependence relationship between each pair of dimensions can be used to construct multiple 
dependent degradation processes.   

Acknowledgements 
This paper is based upon work supported by USA National Science Foundation (NSF) under Grant no. 1728321. 
 
References 

1. J. Kallsen and P. Tankov, 2006, “Characterization of dependence of multidimensional Lévy processes 
using Lévy copulas,” Journal of Multivariate Analysis, 97(7), 1551-1572. 

2. Y. Shu, Q. Feng, E. Kao and H. Liu, 2016, “Levy-driven non-Gaussian Ornstein-Uhlenbeck processes for 
degradation-based reliability analysis,” IIE Transactions, 993-1003. 

3. J.L. van Velsen, 2012, “Parameter estimation of a Lévy copula of a discretely observed bivariate compound 
Poisson process with an application to operational risk modelling,” Cornell University Library (submitted). 

4. H. Joe, 1996, “Families of m-Variate Distributions with Given Margins and m(m-1)/2 Bivariate 
Dependence Parameters,” Institute of Mathematical Statistics, Vol. 28, 120-141. 

5. K.  Aas, C. Czado, A.  Frigessi and H. Bakken, 2009, “Pair-copula constructions of multiple dependence,” 
Insurance: Mathematics and Economics, 44(2), 182-198. 

6. R. Cont and P. Tankov, 2004, Financial Modeling with Jump Processes, Chapman & Hall/CRC. 
7. R. B. Nelsen, 2006, An Introduction to Copulas, 2rd Edition, Springer. 
8. O.E. Barndorff-Nielsen and A.M. Lindner, “Levy copulas: dynamics and transforms of Upsilon-type,” 

Scandinavian Journal of Statistics, 34(2), 198-316. 
9. O. Grothe and S. Nicklas, 2012, “Vine Construction of Levy Copulas,” Cornell University Library 

(submitted). 
10. J. Piotr, D. Fabrizio, H. Wolfgang, K and R. Tomasz, 2010, Copula Theory and Its Applications, Springer. 
11. X. Sun and J. Duan, 2012, “Fokker-Planck equations for nonlinear dynamical systems driven by non-

Gaussian Levy processes,” Journal of Mathematical Physics, 53, 072701. 
12. C. Soize, 1994, The Fokker-Planck Equation for stochastic dynamical systems and its explicit steady state 

solutions, World Scientific. 
13. E. Cinlar, 1977,  “Shock and wear models and Markov additive processes,” In Theory and Applications of 

Reliability, I. N. Shimi and C. P. Tsokoseds, Academic Press, New York: 193-214. 

 
 


