SPECULATIONS ON HOMOLOGICAL MIRROR SYMMETRY FOR
HYPERSURFACES IN (C*)»

DENIS AUROUX

ABSTRACT. Given an algebraic hypersurface H = f~1(0) in (C*)", homological
mirror symmetry relates the wrapped Fukaya category of H to the derived category
of singularities of the mirror Landau-Ginzburg model. We propose an enriched
version of this picture which also features the wrapped Fukaya category of the
complement (C*)™ \ H and the Fukaya-Seidel category of the Landau-Ginzburg
model ((C*)™, f). We illustrate our speculations on simple examples, and sketch a
proof of homological mirror symmetry for higher-dimensional pairs of pants.

1. INTRODUCTION

Let H = f~10) C (C*)" be a smooth algebraic hypersurface (close to a maximal
degeneration limit), whose defining equation is a Laurent polynomial of the form

(1.1) flan,. ) =) e @aft ol

acA
where A is a finite subset of Z", ¢, € C*, 7 € R, is assumed to be sufficiently small,
and p: A — R is a convex function.

More precisely, we require that p is the restriction to A of a convex piecewise linear
function p defined on the convex hull Conv(A) C R™. The maximal domains of
linearity of p define a polyhedral decomposition P of Conv(A), whose set of vertices
is required to be exactly A. We further assume that all the cells of P are congruent
under the action of GL(n,Z) to standard simplices; this ensures that the limit 7 — 0
corresponds to a maximal degeneration, and that the mirror is smooth.

[t was first proposed by Hori and Vafa [15] that H should arise as a mirror to a toric
Calabi-Yau manifold Y, or more precisely, a toric Landau-Ginzburg model (Y, ).
A careful construction of the mirror following the philosophy of the Strominger-Yau-
Zaslow conjecture is given in [6]. The outcome can be described as follows.

Consider the piecewise linear function ¢ : R® — R obtained by “tropicalizing” f,

(1.2) p(€) = max{(a, &) — p(a) [a € A},
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and the (noncompact) polytope Ay C R™™! defined by

(1.3) Ay ={(n) eR"®R[n = ¢()}.

Let Y be the (noncompact) (n + 1)-dimensional toric variety defined by the moment
polytope Ay. Equivalently, Y is described by the fan Xy C R"®R whose rays are gen-
erated by the vectors (—a, 1), @ € A, and in which the vectors (—aq,1),..., (—ay, 1)
span a cone if and only if aq, ..., a; span a cell of P. Finally, we define

(1.4) W = 20001 ¢ O(y).

The irreducible toric divisors of Y are indexed by the elements of A; denote by Z,
the divisor which corresponds to the ray (—a, 1) of Xy, i.e. to the facet of Ay given
by the graph of ¢ over the region where the maximum in (1.2) is achieved by a. The
superpotential W is then (up to sign) the toric monomial which vanishes to order 1
on each toric divisor Z,. Hence W1(0) = (J,c 4 Za (the union of all toric strata).

The direction of homological mirror symmetry that we shall concern ourselves with
predicts an equivalence between the (derived) wrapped Fukaya category of H [8, 3]
and the derived category of singularities of the Landau-Ginzburg model (Y, W) [19],
i.e. the quotient D% (Z) := D*Coh(Z)/Perf(Z) of the derived category of coherent
sheaves on the singular fiber Z := W~1(0) = J,c4 Za by the full triangulated sub-
category of perfect complexes:

Conjecture 1.1. (Homological mirror symmetry)
~ b
(1.5) W(H) ~ D;,(Z).

(The other direction of homological mirror symmetry, relating coherent sheaves on
H to the Fukaya category of the Landau-Ginzburg model (Y, W), is established in
work in progress of the author with Mohammed Abouzaid [4]; the methods used to
approach the two directions are completely unrelated.)

It is possible, and even likely, that Conjecture 1.1 should in fact be stated at the
level of the idempotent completions of the derived categories on each side of (1.5);
for simplicity we ignore this issue here.

The wrapped Fukaya category W(H) depends only on the set A C Z™, not on
the coefficients ¢, or the function p in (1.1), since the hypersurfaces corresponding
to different choices are deformation equivalent Liouville (or Stein) submanifolds of
(C*)™. Meanwhile, Y depends on the polyhedral decomposition P of Conv(A), so
different choices of p can yield different mirrors; however these mirrors are birational
to each other (related by flops), and so the resulting derived categories of singularities
are expected to be equivalent.

So far, homological mirror symmetry as stated in Conjecture 1.1 has only been
established in the 1-dimensional case, i.e. for H C (C*): the case of the pair of
pants (and other punctured spheres) is established in [5], and higher genus Riemann
surfaces are treated in Heather Lee’s thesis [16]. In higher dimensions, the first
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step is to consider (generalized) pairs of pants. With the current technology, the
computation of the wrapped Fukaya category requires quite a bit of work; we sketch
a possible approach in §9. (Contrast with Sheridan’s computations for compact exact
Lagrangians [24].) We also note Nadler’s recent introduction of “wrapped microlocal
sheaves”, ultimately expected to be equivalent to the wrapped Fukaya category; the
analogue of Conjecture 1.1 for wrapped microlocal sheaves has already been verified
for higher-dimensional pairs of pants [18].

Since D?%(Z) is by definition a quotient of D’Coh(Z), it is natural to ask for an
interpretation of the latter category on the symplectic side. We propose:

Conjecture 1.2. Z =, Z, C Y is mirror to the complement (C*)" \ H, and there
1s a commutative diagram

W((C*)"\ H) —— D"Coh(Z2)

(1.6) pl lq
W(H) ——  D(Z)

where p is a restriction functor (see §4), q is the projection to the quotient, and the
horizontal equivalences are predicted by homological mirror symmetry.

We note that the categories in the top row are Z-graded, whereas those in the
bottom row are only Z/2-graded unless some additional data is chosen.

Roughly speaking, the restriction functor p singles out the ends of a Lagrangian
submanifold of (C*)™ \ H which lie on the missing divisor H. More precisely, p is the
composition of restriction to a neighborhood of H isomorphic to the product of H
with a punctured disc D*, and “projection” from H x D* to H; see §4.

Two comments are in order. First, the top row of (1.6) fits into the general phi-
losophy that removing a divisor from a symplectic manifold (here (C*)") should
correspond to a degeneration of its mirror (in our case (C*)") to a singular space
(namely Z); the level sets of W provide exactly such a degeneration. Seidel and
Sheridan’s formalism of relative Fukaya categories [25] exhibits W((C*)™) as a defor-
mation of a full subcategory of W((C*)™\ H) (consisting of Lagrangians with no ends
on H, i.e. annihilated by p), just as the derived categories of the regular fibers of W
arise as deformations of a full subcategory of D’Coh(Z) (in fact, Perf(Z)).

Second, (C*)™ \ H can itself be viewed as a hypersurface in (C*)"*!, defined by

A

flz1, o xna) = f(x1, . 2n) + 2pg1 = 0.
(This is in fact one way to define the Liouville structure on the complement of H).
The tropicalization of f is ¢(&1,...,&u1) = max((&1, ..., &), Enr1), and thus the
construction in [6] predicts that the mirror to this hypersurface is the toric Landau-

Ginzburg model (Y, W) = (C x Y,yW) (where y is the coordinate on the C factor).
On the other hand, Orlov’s “Knérrer periodicity” result [20] implies that the derived
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category of singularities of the Landau-Ginzburg model (SA/, W) is equivalent to the
derived category of coherent sheaves of W~1(0) = Z C Y. Thus, the two predictions
for the mirrors of (C*)" \ H, namely the Landau-Ginzburg model (Y, W) and the
singular variety Z, are consistent with each other.

We can further enrich the picture by considering the Fukaya-Seidel category of the
Landau-Ginzburg model ((C*)", f), using f to view (C*)™\ H as the total space of a
fibration over C*. Specifically, assume that 0 € A, so that f has a non-trivial constant
term. The version of the Fukaya-Seidel category that we consider is essentially that
introduced by Abouzaid in [1, 2|, at least when 0 is in the interior of Conv(A); specif-
ically, the objects are admissible Lagrangian submanifolds of (C*)™ with boundary on
a fiber of f, e.g. f71(0) = H, which are moreover required to lie in the subset of (C*)"
where the constant term dominates all the other monomials in f. Due to this latter
restriction, our category is often smaller than that defined by Seidel; to avoid confu-
sion, we denote the restricted version by F°((C*)", f). One notable difference from
Abouzaid’s setup is that when 0 is not in the interior of Conv(A) the region where
the constant term dominates is non-compact and the category we consider involves
some wrapping. See §5.

There are “acceleration” functors ag and ay from F°((C*)™, f) to W((C*)" \ H).
The functor ag takes admissible Lagrangian submanifolds in ((C*)", f) with boundary
in f71(0) = H and views them as Lagrangian submanifolds of (C*)™\ H. Acceleration
then “turns on” wrapping around the central fiber H = f~!(0). By construction,
poag: F((C)", f) — W(H) is expected to coincide with the “restriction to the
fiber” functor. Meanwhile, a, takes admissible Lagrangians with boundary in some
other fiber f~!(cy), and extends them by parallel transport along a path from cq
to infinity in order to obtain properly embedded Lagrangian submanifolds of (C*)™
which avoid H altogether. The construction of a,, is not canonical, however if the
following assumption holds:

(1.7) 0 € Ais a vertex of every maximal cell of the polyhedral decomposition P,

then there is a distinguished choice; see §6.1. The two types of acceleration functors
are manifestly different, as p o a, is identically zero.

The interpretation of the acceleration functors o and a., under mirror symmetry
is as follows. The element 0 € A corresponds to a distinguished irreducible toric
divisor Zy of Y. When Zj is compact (which corresponds to 0 being an interior point
of Conv(A)), it follows from Abouzaid’s thesis [2] that the Fukaya-Seidel category
F°((C*)™, f) considered here is derived equivalent to D*Coh(Zy). In fact Abouzaid’s
argument can be adapted to show that the equivalence still holds in the non-compact
case. There is a natural functor i, : D*Coh(Zy) — D*Coh(Z) induced by the inclusion
1: Zy — Z. On the other hand, there is sometimes a preferred projection 7 : Z — Z;
this is e.g. the case when (1.7) holds, which causes Y to be isomorphic to the total
space of a line bundle over Z;. We then have a pullback functor 7* : D*Coh(Z,) —
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D*Coh(Z), whose image is contained in Perf(Z) since the maximal degeneration
assumption implies that Z; is smooth, i.e. Perf(Zy) = D*Coh(Z,).

Conjecture 1.3. Under homological mirror symmetry,

(1) the acceleration functor og : F°((C*)", f) — W((C*)"\ H) corresponds to the
inclusion pushforward i, : D*Coh(Zy) — D*Coh(Z);

(2) if (1.7) holds, then the functor ay : F°((C*)™, f) = W((C*)"\H) corresponds
to the pullback 7 : D*Coh(Zy) — Perf(Z) C D*Coh(Z).

The functors g and a have a host of further properties, which can ultimately be
interpreted in terms of push-pull adjunctions for i : Zy — Z and 7 : Z — Z; on the
mirror side. For example, there is a distinguished natural transformation between the
functors a., and «ap, whose mapping cone involves a “lifting” functor

J: W(H) - W((C)"\ H),

The functor j is induced by the parallel transport of Lagrangian submanifolds of H
over an arc connecting 0 to infinity in C* (avoiding the critical values of f). By
construction, j is a right (quasi)inverse to the restriction functor p, i.e. poj ~ id;
assuming (1.7), the functor j should correspond under mirror symmetry to an explicit
splitting of the quotient ¢ : D’Coh(Z) — D% (Z). See §6.2.

Remark 1.4. While the defining equation of the hypersurface H can be rescaled by
any Laurent monomial, the category F°((C*)", f) depends very much on the choice
of normalization, and so do the functors «q, ., 7 discussed above. Given a € A,
considering x~“ f instead of f causes the distinguished component of Z to become 7,
instead of Z;. We then get one instance of Conjecture 1.3 for each component of Z.

Remark 1.5. As pointed out by Zack Sylvan, there is another way to shed light on
the relationship between F((C*)", f) and W((C*)"*\ H), by viewing (C*)"*\ H as the
outcome of gluing together the Landau-Ginzburg models ((C*)", f) and (C* x H, z)
(where z is the coordinate on the first factor) along their common fiber H. This is an
instance of gluing together Liouville domains with stops and their partially wrapped
Fukaya categories [26], and one expects a pushout diagram [27, 14]

W(H) — —— F(C)"f)

F(C* x H,z) —— W((C")"\ H).
Because the Fukaya category of (C*, z) is generated by one object with endomorphism
algebra C[t] (it is mirror to the affine line), the category F(C* x H, z) is related to
W(H) by “extension of scalars” from C to C[t]. (This is not the left edge of the
pushout diagram, which amounts to tensoring with the torsion module CJ[t]/t rather
than C[t].) Up to this, 4; is essentially the functor j discussed above. Meanwhile,
when (1.7) holds, there is no difference between F((C*)", f) and F°((C*)", f), and
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io coincides with . (Otherwise F° is strictly smaller). The pushout diagram then
implies that W((C*)" \ H) is generated by the images of the functors j and a.

To illustrate the various constructions and conjectures, we will primarily consider
two families of examples:

Example 1.6 (Pairs of pants).
flz, ... xn) =214+ -+, + 1,

H =:11,,_; is the (n — 1)-dimensional pair of pants, and its complement is isomorphic
to the n-dimensional pair of pants II,,. The mirror is (Y, W) ~ (C"" —21 ... 2,,1),
and Z = {z...2z,41 = 0} is the union of the n + 1 coordinate hyperplanes.

Example 1.7 (Local P").

-
floy, . jxn) =214+ +x, + —— + 1,
T1...Tp

Y is isomorphic to the total space of the anticanonical bundle O(—(n+1)) — P", and
Z C Y is the union of the zero section Zy ~ P™ and the total spaces of O(—(n + 1))
over the n + 1 coordinate hyperplanes of P".

We will in particular see in §§8-9 that Conjectures 1.2 and 1.3 provide a blueprint
for understanding the wrapped Fukaya categories of pairs of pants by induction on
dimension, using the fact that II,, ~ (C*)" \ II,,_;.

The rest of this paper is organized as follows. The first two sections are expository:
in Section 2 we briefly review the definition of the wrapped Fukaya category, and
Section 3 illustrates the definition by considering the case of the (1-dimensional) pair
of pants treated in [5], with an eye towards Conjecture 1.2. The next three sections
describe the various categories and functors that appear in Conjectures 1.2 and 1.3:
in Section 4 we introduce the wrapped category W((C*)™* \ H) and the restriction
functor p; in Section 5 we discuss the category F°((C*)", f) and its main properties;
and Section 6 is devoted to the functors ag, o, and j. Sections 7 and 8 illustrate
these constructions for local P and for higher-dimensional pants; finally, Section 9
sketches an approach to the computation of W(II,,).
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gestions. I am also thankful to Columbia University and IAS for their hospitality and
support during the preparation of this text. This work was partially supported by NSF
grants DMS-1264662 and DMS-1406274, the Simons Foundation (grant # 385573,
Simons Collaboration on Homological Mirror Symmetry), the Eilenberg Chair at
Columbia University, the Schmidt Fellowship and the IAS Fund for Mathematics.
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2. BACKGROUND: THE WRAPPED FUKAYA CATEGORY

Let (X, w = d\) be a Liouville manifold, i.e. an exact symplectic manifold such that
the flow of the Liouville vector field Z defined by tzw = X is complete and outward
pointing at infinity. In other terms, X is the completion of a compact domain X
with contact boundary (0X™,a = Ajgxin), and the Liouville flow identifies X \ X™
with the positive symplectization (1, +00) x X endowed with the exact symplectic
form w = d(ra) (where 7 is the coordinate on (1, +00)). In this model, Z = r0,.

The objects of the wrapped Fukaya category W(X) are properly embedded exact
Lagrangian submanifolds which are conical at infinity, i.e. any non-compact ends are
modelled on the product of (1,+00) with some Legendrian submanifold of (0X™, «).

The main feature of the wrapped Fukaya category is that Floer theory theory is
modified by suitable Hamiltonian perturbations so as to include not only Lagrangian
intersections inside X, but also Reeb chords between the Legendrians in 0X.
There are two main ways to carry out the construction, which we briefly review. (We
will mostly use the first one.) We assume general familiarity with Lagrangian Floer
homology and ordinary Fukaya categories; see [11, 22].

2.1. Construction via quadratic Hamiltonian perturbations. This setup for
wrapped Fukaya categories is described in detail in [3]. In this version, the wrapped
Floer complex of a pair of objects Ly, L is defined using a specific class of Hamiltoni-
ans which grow quadratically at infinity, say H = %rQ outside of a compact set. Given
two objects Lo, L1, the generating set X (Lg, L1) of CW (L, L) = CW (Lo, Ly; H)
consists of time 1 trajectories of the Hamiltonian vector field Xy which start on L
and end on Ly, i.e. points of ¢}, (Lg) N Ly. Since at infinity Xy is r times the Reeb
vector field of (0X™, ), the generators in the cylindrical end can also be thought of
as Reeb chords (of arbitrary positive length) from Ly to L, at the contact boundary.
(In practice one may need to perturb H slightly in order to achieve transversality.)

The differential @ = ' on CW Ly, L1) counts solutions to Floer’s equation

(2.1) % + J(t, ) (% — Xyt u)) =0,

where u : R x [0,1] — X is subject to the boundary conditions u(s,0) € Ly and
u(s,1) € Ly and a finite energy condition. Given two generators z_,x, € X (Lo, Ly),
the coefficient of z_ in dx, is a (signed) count of index 1 solutions of (2.1) (up to
reparametrization by translation) which converge to x4 as s — +oc.

Floer’s equation can be recast as a plain Cauchy-Riemann equation by the following
trick: consider (s, t) = ¢} ‘(u(s,t)), where ¢3; " is the flow of Xy over the interval
[t,1]. Then (2.1) becomes

ouw -, _ 0u
s + J(t, ) 5 = 0,
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where J(t) = (¢}, (J(t)). Hence solutions to Floer’s equation correspond to honest
J-holomorphic strips with boundaries on ¢}, (Lg) and L.
The Floer product 2 and higher compositions

pF s CW(Ly_y, Ly H) ® -+~ @ OW (Lo, Ly; H) — CW (Lo, Ly; H)[2 — k]

are constructed similarly, with an important subtlety. The k-fold product u* counts
rigid solutions to a perturbed Cauchy-Riemann equation of the form

(2.2) (du — X ® 5) Oj’l

where u is a map from a domain D biholomorphic to a disc with &£ + 1 boundary
punctures (viewed as strip-like ends) to X and § is a closed 1-form on D such that
Blap = 0 and f3 is standard in each strip-like end.

=0,

(Rather than the usual punctured discs, a convenient model for the domain D
which makes the strip-like ends readily apparent is to take D to be a strip R x [0, k]
with k—1 slits (s;, +00) x {t;} removed. Away from the boundary of the moduli space
one can moreover take t; = j. The conformal parameters are then simply si, ..., sx_1
up to simultaneous translation, and we can take § = dt.)

The issue is that counting solutions of (2.2) with boundary on Ly, ..., Lj naturally
yields a map with values in CW (Lg, Ly; kH), whose generators are time k (rather
than time 1) trajectories of Xy from Ly to Li. While the usual construction of a
continuation map from CW (L, Lg; kH) to CW (Lg, Ly; H) fails due to lack of energy
estimates, a map can nonetheless be constructed via a rescaling trick [3]. Namely, the
time log k flow of the Liouville vector field Z, which is conformally symplectic and
rescales the r coordinate by a factor of k£, conjugates time k& and time 1 trajectories
of Xp. Denoting this flow by ¥, we have a natural isomorphism

(2.3) CW (Lo, Li; H, J) = CW (" (Lo), " (Ly); k™' (V") H, ¥ ),

and since k71 (¢*)*H = kH at infinity, there is a well-defined continuation map from
CW (Lo, Li; kH, J) to the latter complex. (This is easiest when the Lagrangians
under consideration are globally invariant under the Liouville flow, as will be the case
for our main examples; in general ¥*(L;) differs from L; by a compactly supported
Hamiltonian isotopy, which is annoying but does not pose any technical difficulties.)
However, to ensure that the A..-relations hold, the continuation homotopy should be
incorporated directly into (2.2), making the Hamiltonians, almost-complex structures,
and boundary conditions depend on s so that the solutions converge at s — —o0 to
generators of the right-hand side of (2.3) rather than CW (L, Ly; kH, J); see [3].

Assuming the Lagrangians under consideration are invariant under the Liouville
flow, we can use the same trick as above to recast (2.2) as an unperturbed Cauchy-
Riemann equation with respect to a different almost-complex structure. For instance,
given generators x; of CW (Lg, Ly), xo of CW (L1, Ls), and y of CW (Lg, Ly) (viewed
as points of ¢};(L;) N L;), the coefficient of y in p?(z9, z1) can be viewed as a count of
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pseudo-holomorphic discs with boundary on ¢%(Ly), ¢ (L1), and Lo, whose strip-like
ends converge to ¢ (1) € ¢4 (Lo) Nk (L), o € ¢k (L1) N Ly, and the inverse image
7 € ¢%(Lo) N Ly of y under the rescaling map ?. See §2.3 for an example.

2.2. Construction by localization. A different setup for wrapped Floer theory,
which is especially useful for comparisons with Fukaya-Seidel categories and for the
construction of restriction functors, uses finite wrapping and localization with respect
to certain continuation morphisms. The construction we sketch here lies somewhere
in between the original one due to Abouzaid-Seidel [8] and the works in progress by
Abouzaid-Seidel and Abouzaid-Ganatra [9, 7].

We now consider a Hamiltonian h which has linear growth. For instance, one
could require that A = r at infinity. However, when the contact boundary (or part
thereof) comes equipped with an open book structure or more generally a compatible
Sl-valued projection (such as that induced by a Lefschetz fibration on its vertical
boundary), it is often advantageous to tweak the setup in order to arrange for the
time ¢ flow generated by h to wrap “by ¢ turns”. In any case, the time ¢ flow ¢
preserves the class of Lagrangians which are conical at infinity.

For every pair of objects Ly, L; under consideration, we assume that the set of times
t for which L} = ¢! (Lo) and L, fail to intersect transversely is discrete. The Floer
complex C'F(L{, Ly) can be thought of as a truncation of the previously considered
wrapped Floer complex, where the generators in the cylindrical end correspond only
to Reeb chords of length at most ¢ from L to L; at the contact boundary.

For 7 > 0 sufficiently small, HF (L™, L}) contains a distinguished element, called
“quasi-unit”, generally defined via Floer continuation (in the simplest cases it is the
sum of the generators of the Floer complex which correspond to the minima of h on
Ly). The wrapped Fukaya category is then defined by localization with respect to the
class of quasi-units [9, 7]; at the level of cohomology, this means that
(2.4) HW Ly, Ly) == hg HF(L, Ly),

t—o0

where the Floer cohomology groups HF(L}, L) form a direct system in which the
connecting maps are given by multiplication with quasi-units. The chain-level con-
struction of the quotient A..-category is rather cumbersome in general, and tends to
be explicitly computable only in situations where the continuation maps end up being
chain-level isomorphisms or inclusions of complexes for sufficiently large ¢t. (See [§]
for a more geometric approach to the construction of the direct limit at chain level
via continuation maps.)

The comparison between the two versions of wrapped Floer theory is well beyond
the scope of this survey. We simply note that, since H grows faster than h at infinity,
there are well-defined continuation maps from the Floer complexes with linear Hamil-
tonians to those with quadratic Hamiltonians; these chain maps are compatible with
the quasi-units, and induce maps from the direct limit (2.4) to the wrapped Floer



10 DENIS AUROUX

cohomology defined in the previous section. The reverse direction can be constructed
by filtering the wrapped Floer complex by action (i.e., length of Reeb chords) and
approximating H over arbitrarily large portions of the cylindrical ends with linear-
growth Hamiltonians.

2.3. First examples: C* and (C*)". As a warm-up, we consider X = C*, identified
with R x S! via 2 = exp(r + i6), with the symplectic form w = dr A df = d\ where
A = rdf is the standard Liouville form of the cotangent bundle 7*S'; the Liouville
vector field is Z = r0,. We view X as the completion of X = [—1,1] x S, whose
boundary 0X ™ = {41} x S carries the contact form o = Ajaxin = £df, and identify
X \ X™ with the positive symplectization (1, +00) x dX™. (We abusively denote by
r both the real coordinate on the whole space X and the real positive coordinate on
the symplectization of X ™, which is in fact |r]).

We calculate the wrapped Floer cohomology of Ly = R x {1} C R x S* (i.e., the
real positive axis of C*). The time 1 flow of the quadratic Hamiltonian H = %7’2
is given by ¢} (r,0) = (r,0 + r), and the generators of the wrapped Floer complex
CW (Ly, Ly), i.e. the points of ¢3;(Lg) N Lo, are evenly spaced along the real axis (at
integer values of r); we accordingly label them by integers: X (Lg, Lo) = {z;,i € Z}.
The generator zy which lies at 7 = 0 (the minimum of H) is an interior intersection
point, whereas the other generators xz;, ¢ # 0 correspond to Reeb chords (in one
cylindrical end or the other depending on the sign of 7).

There is a natural grading on CW*(Ly, Ly) (using the “obvious” trivialization of
TX), for which the generators x; all have degree zero. This implies immediately that
the Floer differential p! and the higher products p* for & > 3 vanish identically. The
vanishing of the differential can also be checked on Figure 1: it is readily apparent that
Ly and ¢};(Lg) do not bound any non-trivial pseudo-holomorphic strips. (Recall that,
in complex dimension 1, regardless of the almost-complex structure, rigid pseudo-
holomorphic curves correspond to immersed polygons with locally convex boundary.)

Since Ly is invariant under the Liouville flow (which rescales the r coordinate), we
can use the trick described at the end of §2.1 and view the product 2 on the wrapped
Floer complex as a count of pseudo-holomorphic discs with boundary on ¢%(Ly),
¢4 (Lo), and Lg. Tt is easy to check that, for any 7,5 € Z, ¢%,(x;) € ¢%(Lo) N ¢ (Lo)
and z; € ¢};(Lo) N Ly are the vertices of a unique immersed triangle, whose third

/ B o . /I " A qu( 0)
" ) . - . ! - i . I

i hx_1 i3 B ) " fl /y ! (I 0
s B Jo B f - FA 1 g L

T

Xin
FIGURE 1. The wrapped Floer cohomology of Ly = R x {1} in X =R x S'.
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vertex Z;; € ¢3,(Lo) N Lo is mapped to z;4; € ¢} (Lo) N Ly under the Liouville
rescaling r — 2r. Hence,

(2.5) (g, ) = Tigg
For instance, the triangle shown on Figure 1 contributes to u?(zg, 1) = 1.
Renaming the generator z; to a7, we conclude that

(2.6) HW?*(Ly, Ly) ~ Clz, 2]
as algebras (or in fact as Ay-algebras with p* = 0 for k # 2).

Instead of the quadratic Hamiltonian H, one could instead use the approach of §2.2
with linear Hamiltonians. The resulting picture looks like a truncation of Figure 1:
the angular coordinate 6 increases from —t at one end of L} = ¢} (Lg) to +t at the
other end, so CF(L}, Ly) only accounts for the generators z; with |i| < ¢. Taking the
limit as ¢ — oo, one recovers (2.6).

Either way, we find that HW*(Ly, Lo) is isomorphic to Ext*(O, O) ~ C[z,xz ] for
the structure sheaf on the mirror XV = C* = Spec C[z, z™!].

By a result of Abouzaid, Ly generates the wrapped Fukaya category W(X): this
means that every object is quasi-isomorphic to an iterated mapping cone built from
(finitely many) copies of Ly. (A weaker notion, that of “split-generation”, adds formal
direct summands in such iterated mapping cone; it is not needed here). Similarly,
the structure sheaf O generates Coh(XV). By standard homological algebra, this
implies that there is a derived equivalence between the wrapped Fukaya category of
X =R x S' and the category of coherent sheaves on XV = C*.

In fact, W(X) and D’Coh(X") are both equivalent to the category of perfect
complexes of modules over the algebra A = C[z, 2], via Yoneda embedding: on the
symplectic side, the A -module associated to an object © € W(X) is the wrapped
Floer complex CW*(Ly,©) viewed as an As-module over CW*(Lg, L) (where the
structure maps of the module are induced by those of the wrapped Fukaya category),
while on the mirror side, the module structure just comes from multiplication by
regular functions.

The argument extends in a straightforward manner to the case of X = (C*)" ~
T*T™, whose wrapped Fukaya category is generated by Ly = (R;)™. Indeed, the
standard quadratic Hamiltonian (H = $ 3 17, where r; = log|z]|) preserves the
product structure, and holomorphic triangles with boundary on ¢%(Lg), ¢k (Lo) and
Ly can be studied by projecting to each coordinate. One finds that

(2.7) HW?*(Ly, Ly) = CW*(Lo, Lg) ~ C[zE!, ..., 2T,
which agrees with the ring of functions of the mirror XV = (C*)". Viewing W((C*)")
and D'Coh((C*)") in terms of perfect complexes of modules over Clzi, ..., x],

homological mirror symmetry follows.
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3. EXAMPLE: THE PAIR OF PANTS

In this section, we consider the pair of pants X = P!\ {0,—1,00} = C*\ {-1}.
Homological mirror symmetry for this example has been studied in [5]; we review the
results of that paper from a slightly different perspective.

The details of the Liouville structure on X are not particularly important, except
as a warmup for the general setup considered in the following sections. Viewing X
as the hypersurface in (C*)? defined by the equation z; + x5 + 1 = 0, we use the
Liouville structure induced by that of (C*)%. Namely, writing z; = exp(r; + i6;), we
set w = £dd°(rf + r3), and the Liouville form is A = 1d°(r} 4 r3) = ry dfy + ro dbs.
(In terms of the coordinate z on C*\ {—1}, r; = log|z| and r, = log |z + 1|.)

One could instead view X as the complement of the hypersurface defined by f(z) =
z+1=0in C*. A natural choice of Kahler potential is then 1(log|z])? + 3(log | f|)?,
which gives exactly the same formula. However, we will often prefer to modify this
prescription, using cut-off functions so that the Kéahler potential is in fact equal to
+(log|f|)? near —1 and to 3(log|z|)* outside of a neighborhood of —1. This offers
the advantage that the Liouville structure is the same as that of C* outside of a
neighborhood of the deleted hypersurface, and “standard” near the hypersurface.
Likewise, the Hamiltonian used to define the wrapped Fukaya category of X can be
chosen to coincide with that used for C* away from a neighborhood of —1.

In the same vein, when viewing X as the complement of a hypersurface in C*
the most natural choice of gradings in Floer theory uses the trivialization of the
tangent bundle induced by that of C*. This means that the puncture at —1 is graded
differently from those at 0 and oo, across which the trivialization does not extend.

With this understood, we consider again Ly = Ry C X. Since Ly (and its image
under the flow generated by H) stay away from the puncture at z = —1, the calcula-
tion of the wrapped Floer complex closely parallels the case of the cylinder (cf. §2.3).
Namely, the generators of CW*(Lg, Lg) are still evenly spaced along the real positive
axis, X (Lo, Lo) = {x;, i € Z}, with deg(x;) = 0, the operations u* (k # 2) vanish for
degree reasons, and the calculation of the product structure u? proceeds as before;
see Figure 2. The only difference with the case of the cylinder is that only immersed
triangles that do not pass through the puncture at —1 contribute to p2. Observing
that the triangles of Figure 1 that pass through the central region containing —1 are

T\ ok (Lo)
Lo

C (I e B ) X1 s i 1
L g AR N RS s L

FIGURE 2. The wrapped Floer cohomology of Ly =R, in X = C*\ {—1}.
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exactly those whose inputs lie in opposite ends of the cylinder, we find that

Thus, renaming x_; to 2] and z; to 2} for j > 0, we have:

(3.2) HW?*(Lyg, Lo) ~ C|z1, 22] /(2122 = 0).

Denoting this algebra by A, this suggests that a mirror to X might be
(3.3) XV =Spec A= {(21,2) € C*| 212, = 0}

This is indeed the case, but not for any obvious reason as far as we know. Indeed,
Lo does not split-generate the wrapped Fukaya category, and it is not readily evident
that the Yoneda functor from W(X) into the derived category of A.,-modules over
A, given by © — CW*(Lg, ©) on objects, is fully faithful and its image (which does
not solely consist of perfect complexes) agrees with the derived category of coherent
sheaves on XV,

Observe by the way that, if we view Ly as an object of the relative wrapped Fukaya
category of (C*,{—1}) in the sense of Seidel, i.e. if we count holomorphic curves in
C* which pass k times through —1 with a coefficient of ¢*, then the wrapped Floer
cohomology of Ly becomes HW™*(Lg, Ly) ~ C|z1, 22,t]/ (2129 = t). This exhibits the
mirror to the complement X = C*\ {—1}, given by (3.3), as the central fiber of a
degeneration of the mirror to C*. This is a general feature, as noted in the discussion
after Conjecture 1.2.

Returning to our study of the wrapped Fukaya category, one can show that W(X)
is (split) generated by the three components of the real locus of X, namely Lo = R,
Ly = (—o0,—1), and Ly = (—1,0). (In fact, any two of these suffice.) Calculating
their wrapped Floer complexes and the product structures is a simple exercise similar
to the above case of Ly; the outcome is as follows (see [5] for details). First, we have:

HW*<L0, L0> ~ (C[Zl, ZQ]/(Zl,ZQ = 0),

HW*(Ll, Ll) ~ (C[ZQ, ZO]/(ZQZ[) = 0),

HW*<L2, L2> ~ (C[Zl, Zo]/(leo = 0),
as (formal) graded (A.-)algebras. Here we denote by z; (resp. 29, z9) the generators
corresponding to Reeb chords that wrap once around 0 (resp. oo, —1). With our
choice of trivialization of T'X, degz; = deg z; = 0, whereas deg zg = 2. For i # j,
HW*(L;, L;) is an (As) bimodule over HW*(L;, L;) and HW*(L;, L;). As such it is
generated by a single generator u;; corresponding to a Reeb chord that wraps halfway
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around the common cylindrical end, and we have

HW?*(Lg, L1) ~ C|zs] uos, HW?*(Lq, Lo) ~ C|zs] uso,
HW?*(Ly, Ly) ~ C[zo] u12, HW?*(Lg, L) ~ C|z] uar,
HW?™(Ls, Lo) ~ C[z1] ug, HW?™*(Lo, Ly) ~ C[z1] uga,
with the bimodule structure implied by the notations (any variable not present in the

notation acts by zero), and vanishing higher module maps. (Here uj2 and ug; have
degree 1 and the other generators have degree 0.)

Moreover, for {i,,k} = {0,1,2} we have p?(uj;, ui;) = 2zx and p®(ujp, uy;) = 0,
whereas u3(uki, Uj, ui;) = —id,. In particular there are two exact triangles

(3.4) Ly 2% Lo 2% Ly 2 Lo[1] and Ly 2% Lo 2% Ly 2% Li[1].

It is shown in [5] that this completely determines the A..-structure up to homotopy.

The corresponding calculation on XV is as follows: we consider the structure sheaf
O, and the structure sheaves O, and Op of the two irreducible components of XV,
A:{z =0} and B : {2 = 0}. In the language of modules over A = C[z1, 25]/(z122),
these correspond to A, A/(z1), and A/(z2). To calculate Ext groups between these
objects, we use the (infinite, 2-periodic) projective resolution

L0205 0-—0,-0

and similarly for Op (exchanging z; and z3). For example, applying Hom(—, O4) to
this resolution we find that Ext*(Oa, O4) is given by the cohomology of

0= A/(z1) —= Af(z1) =2 AJ(z) —>

This gives Hom(O4, O4) ~ C[zs], and Ext*(04,0,) = C for all k¥ > 1. Denoting
by zo the generator of Ext*(O4, O,), further calculations show that, as an algebra,
Ext*(Oa,04) =~ Clza, 20] /(2220 = 0). Similarly for the other Ext groups and mod-
ule structures; the outcomes match exactly the calculations on the symplectic side.
Moreover, there are two short exact sequences

0—-04—-0—=05—0

(where the first map is the homomorphism from A/(z;) to A given by multiplication
by z3, and the second map is the projection from A to A/(z2)) and

0—>0—0—0,4—0,

which give rise to two exact triangles in the derived category. This in turn suffices to
conclude that W(X) ~ D*Coh(X").

Given that the pair of pants has a 3-fold symmetry that is not apparent on the
mirror XV, it is natural to ask for a more symmetric version of mirror symmetry. The
answer comes in the form of the Landau-Ginzburg model (Y = C3 W = —zpz129):
namely, W(X) is also equivalent to the triangulated category of singularities of (Y, W)
[19], i.e. the quotient of the derived category of coherent sheaves of the zero fiber
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Z = W0) = {20712, = 0} by the subcategory of perfect complexes, D} (Z) =
D*Coh(Z)/Perf(Z). (Since Z is affine, Perf(Z7) is generated by O.)

The category Dg’g(Z ) is generated by Oy, Oz, Oz, where Z; are the irreducible
components of Z, i.e. the hyperplanes {z; = 0}. The short exact sequence of sheaves

0—)020 _>OZ_>OZ1UZQ —0

induces an isomorphism Oguz, ~ Ogll] in D’ (Z), and hence we have two exact
triangles in DY (Z),

(35) OZI — Ozo[l] — 022 — Ozl[]_] and 022 — OZO[” — OZl — OZ2[1]

Note that the natural grading on D’S’g(Z ) is only by Z/2. (Z-gradings manifestly exist
in this instance, but break the symmetry between the coordinates.) The most efficient
method of computation of morphisms in DZQ(Z ) is via 2-periodic resolutions, as

(3.6) Homggg(z)(a, Ey) = Ext?h T ((E1,8)  for k> 0.

DbCoh(Z
(see Proposition 1.21 of [19]).

The calculations for the generators Oy, are carried out in [5], and yield the same
answers as the corresponding calculations in D°Coh(X") and W(X). Hence, we have
equivalences W(X) ~ D’Coh(X") ~ D? (Z), under which the generators Lo, Ly, Ly
of W(X) correspond to O, 04, Op in D’Coh(X"), and to Og,[1], Og,, Oz, in D:,(Z).

The equivalence between D’Coh(XY) and D! (Z) is a special case of Orlov’s
Knorrer periodicity result [19, 20].

From our perspective, the Landau-Ginzburg model (C3, —2pz129) is the mirror to
the pair of pants viewed as a hypersurface x; +z5+1 = 0 in (C*)?, and the equivalence
W(X) ~ D (Z) is an instance of Conjecture 1.1. Meanwhile, XV = {212, = 0} C C?
is the zero fiber of the Landau-Ginzburg model (C? —z;2), which our construction
associates to {—1} viewed as a hypersurface in C*. Thus, viewing the pair of pants
as the complement C*\ {—1}, we are now in the setting of Conjecture 1.2, and the
equivalence W(X) =~ D’Coh(X") is the top row of the diagram (1.6). The bottom row
is the equivalence W({—1}) ~ D} (X"), which maps the generator (the Lagrangian
consisting of the point itself) to the generator of D? (XV) (~ D"Vect). It is then easy
to check that the diagram (1.6) commutes. Indeed, the restriction functor p maps
Ly (which avoids the puncture at —1) to the zero object, while L; and Ly (which
each have one end at —1) map to the generator of W({—1}) and its shift by one.
This is in agreement with the images of O, O4 and Op under the quotient functor
D*Coh(XV) — D% (XVY).

4. THE COMPLEMENT OF H AND THE RESTRICTION FUNCTOR P

Let H = f7'(0) C (C*)" be a smooth algebraic hypersurface as in the introduc-
tion. The standard Liouville structure on H is induced by that of (C*)" as follows.
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Expressing the coordinates on (C*)" in the form x; = exp(r; + i6;), the standard
Kihler form of (C*)" is given by the Kihler potential ® = 3>~ 7%, i.e. w = dd°®, and
the standard Liouville form is A = d°® = ) r; df;. The Kéahler potential, symplectic
form and Liouville form of H are then simply the restrictions of ®, w and A to H,
given by the same formulas in coordinates. (However, one may also choose a different
Liouville structure in the same deformation class as convenient for calculations.)
The natural choice of Liouville structure on the complement (C*)" \ H is given
by the Kéhler potential & = & + +(log|f|)?, i.e. the Liouville form is A= dd =
Y r;df;+log | f|darg(f). Observing that (C*)™\ H is isomorphic to the hypersurface
in (C*)"*! defined by f(x1,...,Zn) + Zni1 = 0, the Kahler potential ® and Liouville

~

form \ are exactly those induced by the standard choices on (C*)"*!.

In order to construct the restriction functor p : W((C*)" \ H) — W(H), it is
advantageous to deform the Liouville structure (which does not modify the wrapped
Fukaya category) in order to make it apparent that (C*)” \ H contains a Liouville
subdomain equivalent to the product of H with a punctured disc D*. Namely, for
K > 0 sufficiently large, the potential &5 = & + s(log|f| + K)? defines the same
Kahler form on (C*)™*\ H (since dd°log | f| = 0), but the corresponding Liouville form
is Ak = A+ K d arg(f) and the Liouville vector fields differ by K Vlog|f|. Thus,

for K sufficiently large, the Liouville vector field of Ax is transverse and outward
pointing along arbitrarily large compact subsets of the hypersurface |f| = € (for fixed
e with e <« € < 1). We note that this modification amounts to rescaling f to eX f.

With this understood, intersecting the subset of (C*)™ \ H where |f| < € with a
large compact subset of (C*)™ defines a Liouville subdomain which is a topologically
trivial fibration over the punctured disc, and Liouville deformation equivalent to the
product of H™ C H with a punctured disc. The completion of this subdomain is (up
to Liouville deformation equivalence) H x C*. In this setting, the work of Abouzaid
and Seidel [8] yields a restriction functor

(4.1) r e W((CH)"\ H) — W(H x C¥).

The diagram of Conjecture 1.2 relies on the use of a particular Z-grading on
W((C*)™ \ H), defined by a choice of trivialization of the determinant line bundle
of the tangent bundle of (C*)" \ H. We use the trivialization obtained by restricting
to the complement of H the standard trivialization for (C*)". Hence, the Z-grading
that we consider on W(H x C*) is not the “usual” one, but rather comes from a
trivialization that extends to H x C, which shifts by 2k the degree of Reeb chords
that wrap k times around the origin in C* (whereas in the H factor we have the
trivialization induced by that of (C*)" via interior product with df).

The second step in the construction of p is to define a Z/2-graded “projection”
functor p : W(H xC*) — W(H) as an adjoint to the inclusion i : W(H) — W(H xC*)
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which maps ¢ to i(¢) = ¢ x R,. Given any two objects ¢1,¢s € W(H), we have
(42) CW*(El X R+,€2 X R+) = CW*(gl,gg) KR C[Z:tl],

where deg(z) = 2, with all A,-operations extended linearly. This allows us to define
i on morphisms by i(x) = z ® 1; the higher terms vanish. We first define a version of
p which takes values in a module category,

p:W(H x C*) - mod-W(H).

Given an object L of W(H x C*), the W(H )-module p(L) associates to £ € W(H)
the chain complex p(L)(¢) := CW*(¢ x Ry, L). The structure maps of the A..-
module p(L) come from the A -operations in W(H x C*) (via the inclusion 7). The
definition of p on morphisms is tautological and parallels the construction of the
Yoneda embedding.

Given ¢ € W(H), the cohomological unit e, € CW?(¢, () gives rise to a degree 2
automorphism e, ® z € CW?({ x Ry, ¢ x R,). In particular, multiplication by e, ® z
induces quasi-isomorphisms
(4.3) CW*({ xRy, L) — CW*™({ x Ry, L)
for all £ and L, so that the modules p(L) are 2-periodic.

Identifying the graded pieces of p(L) of given parity via the quasi-isomorphisms
(4.3), we arrive at a Z/2-graded module that we denote by p(L). In fact, p induces a
functor p from W(H x C*) to a category of Z/2-graded modules over W(H). Con-
structing p carefully involves a significant amount of work; conceptually, the key point
is that the isomorphisms e, ® z are part of a natural transformation from the identity
functor of W(H x C*) to the shift functor [2] induced by rotation of the C* factor.

Next, we observe that the wrapped Fukaya category of H x C* is split-generated
by products ¢ x R,. Moreover, the isomorphism (4.2) implies that, as a Z/2-graded

module, p(¢ x R,) is isomorphic to the Yoneda module of ¢. It follows that p is
representable, i.e. there is a functor

(4.4) p:W(H x C*) = W(H)

into the (Z/2-graded, split-closed derived) wrapped Fukaya category of H such that
p is the composition of p with Yoneda embedding. Finally, we set

(4.5) p=por :W({(C")"\H) = W(H).

Remark 4.1. The family of closed orbits of the Reeb vector field which wrap once
around H in unit time determines a class §# € SH*((C*)™ \ H) which, via the closed-
open map, induces a natural transformation © : id — [2] acting on W((C*)"\ H). The
restriction of © to the subdomain H xC* is exactly the degree 2 natural transformation
used to construct p from p. With this understood, p can be characterized in terms of
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localization along the natural transformation ©: for Ly, Ly € W((C*)" \ H),
(4.6) HW(p(L1), p(L2)) = lim HW?(Ly, Ly),

k—o00
where the direct limit on the right-hand side is with respect to multiplication by
[©1,] € HW?(Ly, Ly) (or equivalently, [©,,] € HW?(La, Ly)). This can be viewed
both as a “global” version of (4.2) and as a mirror counterpart to (3.6).

Remark 4.2. Many of the Lagrangian submanifolds of (C*)™\ H that we will consider
below are “framed”, i.e. have the property that arg(f) is equal to zero (or some other
fixed constant value) near H. Near H such a Lagrangian is obtained by parallel
transport of a Lagrangian submanifold of H in the fibers of f over a radial arc. Thus,
the restriction to the subdomain H x C* is a product ¢ x R, , and the image under p
is simply /.

5. THE FUKAYA CATEGORY OF THE LANDAU-GINZBURG MODEL ((C*)", f)

From now on, we assume that the Laurent polynomial f has a non-trivial constant
term; rescaling f is necessary we will assume that the constant term is equal to 1. We
briefly review Abouzaid’s version of the Fukaya-Seidel category of ((C*)*, f) [1, 2],
modified to suit our purposes. (Various other constructions are also worth mentioning:
see [23, 26, 8]. For our purposes each of these brings with it some desirable features
and some unwanted complications.)

Fix a regular value ¢y of f, and a simply connected domain €2 C C such that ¢
lies on the boundary of . (Typically we require € to contain all the critical values
of f.) The objects of F((C*)", f) are properly embedded admissible exact Lagrangian
submanifolds of (C*)™ with boundary in the fiber f~'(cp). A Lagrangian submanifold
L is said to be admissible if f(L) C € and, in a neighborhood of 0L, f|;, takes values
in a smoothly embedded arc v (e.g. a straight half-line) whose tangent vector at ¢
points into the interior of {2. Note that, near its boundary, an admissible Lagrangian
L is obtained by parallel transport of 9L C f~!(cp) in the fibers of f over the arc 7.

If the objects of interest include Lagrangian submanifolds which are non-compact in
the fiber direction, we further assume that f~!(cy) is preserved by the Liouville flow,
and that the wrapping Hamiltonian H is well-behaved on admissible Lagrangians. (If
necessary this can be ensured by a modification of the Liouville structure to a local
product model near f~!(cp).)

We say that a pair of admissible Lagrangians (Lo, L1) projecting to arcs 7, y; near
their boundary is in positive position, and write Ly < Ly, if the tangent vector to v,
at ¢y (pointing into the interior of 2) points “to the left” (counterclockwise) from that
of 7. It is always possible to perturb Ly or L; by a Hamiltonian isotopy supported
near f~!(cp) in order to ensure that the pair lies in positive position.

If (Lo, L1) are in positive position, then the morphism space hom(Lg, L) in the
Fukaya-Seidel category F((C*)", f) is the portion of the (wrapped) Floer complex
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spanned by generators that lie away from the boundary fiber f~1(cg). Similarly, given
a collection of admissible Lagrangians L, ..., L, such that Ly < Ly < --- < L, the
A-products are defined as usual by counts of (perturbed) holomorphic discs (only
involving generators outside of f~1(cp)).

Starting with this partial definition for objects in positive position, there are two
ways to define morphism spaces and A..-operations for arbitrary objects. One option
is to define F((C*)", f) by localization with respect to a suitably defined class of
morphisms from any admissible Lagrangian to its admissible pushoffs in the positive
direction. The other option is to strengthen the admissibility condition to fix the tan-
gent direction to the arc v at ¢y (so in fact all objects are required to approach f~1(cg)
from the same direction), and perturb Floer’s equation by an auxiliary Hamiltonian A
that rotates a neighborhood of f~!(cy) in the negative direction so that ¢ (Lo) < Ly
for every pair of objects.

The Fukaya category F((C*)", f) is invariant under deformations of the domain €2
and does not depend on the choice of the reference point ¢y € 052, as long as no critical
value or other “special fiber” of f crosses into €2 or out of it during the deformation.
This justifies omitting these choices from the notation. (However, we note that the
equivalence induced by an isotopic deformation of (£2, ¢y) to some other choice (€', )
does depend on the choice of isotopy.)

Next, recall that in our case f is a Laurent polynomial of the form (1.1), near the
tropical limit. The image of H (or more generally f~'(cy) for fixed ¢y # 1 independent
of 7) under the logarithm map

1
Log: (z1,...,2n) m(bgmﬂa .. log |z,])

converges as 7 — 0 to the tropical hypersurface I' C R™ defined by the tropicalization
¢, i.e. the set of points where the maximum in (1.2) is not unique. The components
of R" \ ' correspond to the regions where the different terms in (1.2) achieve the
maximum. For oo € A, we denote by A, the component of R"\ I" on which « achieves
the maximum in (1.2), and focus our attention on the component A, corresponding
to the constant term. Note that Uy = Log™ ' (Ag) C (C*)™ is the set of points where
the constant term dominates all the other monomials that appear in f. Enlarging Aq
slightly, let A C R™ be the §-neighborhood of Ay for fixed § < 1. For 7 small enough,
the portion of the amoeba Log(H) (resp. Log(f1(cg))) that converges to 9Ag C T’
is contained inside A7, and it makes sense to consider admissible Lagrangians which
are entirely contained inside ;" = Log ™' (Af) C (C*)™.

Definition 5.1. We denote by F°((C*)", f) the full subcategory of F((C*)", f) whose

objects are admissible Lagrangians supported inside Uy .

In fact, Abouzaid only considers Lagrangians which are sections of the logarithm
map over the appropriate component of R"™ \ Log(f *(co)); these are expected to
split-generate F°((C*)", f).
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Recalling that Lefschetz thimbles of critical points of f are an important source
of objects of the Fukaya-Seidel category, restricting to F° C F((C*)", f) basically
amounts to discarding all the critical points of f where the constant terms is not one
of the dominant monomials in (1.1). In most cases these correspond to the critical
values which tend to infinity as 7 — 0, so it is quite often the case that F°((C*)", f)
can be constructed directly by choosing €2 to be a suitable bounded domain — for
example, the unit disc centered at 1 in the complex plane, or a slight enlargement
thereof, is a natural choice.

The introduction of the restricted Fukaya-Seidel category F°((C*)", f) is motivated
by homological mirror symmetry. Returning to the setup in the introduction, since
the components A, of R" \ T' arise as facets of the moment polytope Ay defined
by (1.3), they can be identified with the moment polytopes for the irreducible toric
divisors Z, of the toric variety Y. In particular, Ay is the moment polytope for the
distinguished divisor Z; considered in the introduction.

Assume that Z; is compact, i.e. the component Ay of R™ \ I is bounded, which
happens precisely when 0 is an interior point of Conv(A). In this case, ignoring slight
differences in setup, Abouzaid’s thesis [2] essentially shows that

(5.1) Fo((CH™, f) =~ D*Coh(Zy).

In fact, Abouzaid’s strategy of proof can be extended to the case where A, is un-
bounded, and one expects that (5.1) continues to hold in full generality. (This is by
no means non-trivial, but it should follow in a fairly straightforward way from the
construction of the wrapped category by localization.)

In general the category F°((C*)", f) is a strict subcategory of F((C*)", f). For
example, let

flrr,m9) =1+ a7 + a5t + 7oy + 772l for k> 3,

in which case Z; is the non-Fano Hirzebruch surface Fp = P(Op1 @ Opi(—k)). By
[12, §5], in this case f has k — 2 critical points outside of Uy, and F((C*)", f) is
strictly larger than D’Coh(F},), whereas Abouzaid’s result holds for F°((C*), f).

When assumption (1.7) holds, we expect the two categories to coincide:

Lemma 5.2. Assume that 0 € A is a vertex of every mazimal cell of the polyhedral
decomposition P. Then, for T sufficiently small, all the critical points of f lie in Uy,
and the critical values of f converge to 1.

Proof. Let x be a critical point of f. Denote by B C A the set of leading order
terms of f near z, i.e. those a which come close to achieving the maximum in (1.2) at
¢ = Log(x). The elements of B are the vertices of some cell of the polyhedral decom-
position P, and if 7 is sufficiently small the other terms in f are much smaller than
those indexed by a € B. Since the cells of P are simplices (by the maximal degen-
eration assumption), the assumption that every maximal cell contains 0 as a vertex
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implies that the non-zero elements of B are linearly independent. Using logarithmic
derivatives, the critical points are the solutions of

Z (coﬂ'p(o‘)xa) a=0.

a€cA

Assume that B # {0}. Then the leading order terms in this equation at = correspond
to a € B\ {0}. However these terms are linearly independent in R™ and hence cannot
cancel out. This leads to a contradiction if 7 is sufficiently small. Thus B = {0}, i.e.
x lies in the region where the constant term dominates. 0

An alternative argument based on tropical geometry is that, when (1.7) holds, the
tropicalization of f — ¢ is “tropically smooth” and combinatorially similar to that of
f whenever c is sufficiently different from 1; this implies that for small enough 7 the
fibration f is locally trivial outside of a small disc centered at 1.

We finish this discussion by recalling two important functors relating F°((C*)", f)
to other Fukaya categories. The first one is restriction to the reference fiber,

N:F2((C)" f) = W(f )

Given an admissible Lagrangian L in (C*)", we define N(L) = OL C f~'(cp). On
morphisms, N is defined by counting (perturbed) holomorphic discs with boundary
on given admissible Lagrangians (isotoped to lie in positive position), with inputs
mapped to given generators in the interior (away from f~!(c)) and output a generator
which lies on the boundary (in f~*(cp)).

A folklore statement (which has so far only been verified in specific cases but
should in this setting be well within reach) is as follows (see also [10, §5] for related
considerations).

Conjecture 5.3. Let Dy be the union of all the irreducible toric divisors of Zy, and
denote by ip, : Dy < Zy the inclusion. Assume that (1.7) holds. Then f~*(co) is
mirror to Dy, and the functor N : F°((C*)™, f) — W(f(cy)) corresponds under
mirror symmetry to the restriction functor iy, : D*Coh(Zy) — D*Coh(Dy).

Remark 5.4. When (1.7) holds, Y is isomorphic to the total space of the canonical
bundle of Zy, and Orlov’s results [20, 21] give an equivalence D% (Z) ~ D*Coh(Dy).

Thus, the statement that f~!(cp) is mirror to Dy is consistent with Conjecture 1.1.

The acceleration functor o : F((C*)", f) — W((C*)"), meanwhile, amounts to
completing admissible Lagrangians to properly embedded Lagrangians in (C*)" via
parallel transport over an arc i that connects ¢y to infinity in the complement of €.

Constructing « in our setting is less straightforward than in some other approaches
to the Fukaya-Seidel category [23, 9, 26]. One option is to set up the completion of
admissible Lagrangians in such a way that the generators which lie inside f~!(Q) form
a subcomplex of the wrapped Floer complex. Namely, choosing the arc n suitably
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and/or modifying the Liouville structure, we can assume that f~!(n) is preserved by
the Liouville flow. Given an admissible Lagrangian L C f~'(Q2) with boundary in
f o), we get a properly embedded Lagrangian L by attaching to L the cylinder
obtained by parallel transport of 9L C f~1(cg) over the arc  (and rounding the
corners at ¢y if the projections do not match smoothly). Furthermore, we perturb the
wrapping Hamiltonian by a term that pushes f~!(cy) slightly in the positive direction
along the boundary of f~!(€2). This has the effect of getting rid of the intersections
in f~!(cy), whose existence would prevent the interior intersections from forming a
subcomplex. With this understood, given admissible Lagrangians Ly < --- < Lg
and their completions Ly, . .., Ly, the wrapped Floer complexes C'TW* (LZ, L ;) contain
two types of generators: those which lie in f~1(Q), and those which lie over the arc
n. Setting up the Liouville structure carefully over f~!(n), one can ensure (using
e.g. a maximum principle and the local structure near Reeb chords) that the output
of a perturbed J-holomorphic disc with inputs in f~!(Q) also lies in f~!(€2). Thus,
CW*(L;, L;) contains a subcomplex quasi-isomorphic to homr((c+y» 5)(Li, L), and
the inclusion of these subcomplexes is part of an A.-functor.

An alternative and perhaps more elegant construction of the acceleration functor
is to set things up so that f~!(Q) contains a Liouville subdomain whose completion
is Liouville deformation equivalent to the total space (here, (C*)"). For example,
one can arrange for the Liouville structure in a neighborhood of f~'(n) to be a
product one, where in the base of the fibration f the Liouville flow is as depicted
in Figure 3. Then f~!(Q°) is a Liouville subdomain (since the Liouville flow is
everywhere transverse to its boundary); the total space of the fibration contains
additional cancelling pairs of handles which are not present in the completion of
F7H2°), but the two are nonetheless deformation equivalent as Liouville manifolds.
Requiring admissible Lagrangians to approach f~'(cg) along the horizontal axis of
Figure 3, their restrictions to f~(Q2°) are properly embedded and define objects of
the wrapped Fukaya category. In this context, « is simply Abouzaid and Seidel’s
restriction functor [8] to W(f~1(22°)) ~ W((C*)").

F1GURE 3. Acceleration as restriction to a Liouville subdomain.
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6. ACCELERATION, RESTRICTION, AND LIFTING

6.1. The acceleration functors oy and a,. In this section we define two acceler-
ation functors o and a, from F°((C*)", f) to W((C*)* \ H).

First we observe that the critical values of f relevant to the category F°((C*)", f)
converge to 1 as 7 — 0, by the proof of Lemma 5.2. (Indeed, going over the proof,
since F° only considers the region where the constant term of f is among the largest
monomials, it is a given that 0 € B and the assumption of the lemma is not necessary
in order to conclude that B = {0}.) It follows that the domain €2 to which admissible
Lagrangians are required to project can be chosen to be a neighborhood of 1; our
preferred choice is the unit disc centered at 1, with ¢g = 0 € 012, or a slightly smaller
disc, with ¢g on the positive real axis near the origin.

The simplest way to construct the acceleration functor «q is to view admissible La-
grangian submanifolds of (C*)" with boundary in f~!(0) = H as properly embedded
Lagrangian submanifolds of (C*)"\ H. This determines o on objects. On morphisms,
o is defined by Floer-theoretic continuation maps from the Hamiltonian perturbation
used to construct F°((C*)", f) to the quadratic Hamiltonian for W((C*)™\ H); these
are well-defined because, even after correcting the former to account for the change
in symplectic structure, the latter Hamiltonian has a faster growth rate near H.

More precisely, say that we construct F°((C*)", f) by modifying the Liouville struc-
ture of (C*)" to a product one near the hypersurface H, considering only admissible
Lagrangians whose projection under f approaches the origin from a fixed direction
(e.g. the real positive axis), and using an auxiliary Hamiltonian perturbation that
rotates a neighborhood of the origin in the clockwise direction in order to ensure
positive position. As seen in §4, removing H from (C*)" entails a change in the Liou-
ville structure. With respect to the new symplectic structure, the “positive position”
perturbation is achieved by a Hamiltonian which grows linearly, with a small posi-
tive slope, with respect to the radial coordinate of the cylindrical end near H. The
Hamiltonians used to define morphisms and compositions in W((C*)™ \ H) have a
faster growth rate along H, and hence there are well-defined continuation maps.

Another way to construct ag, which fits into the general framework of acceleration
functors discussed at the end of the previous section, is to set up F°((C*)", f) using
a domain §2 which stays away from the origin, say a disc of radius 1 — € centered at 1,
and a reference point located near (but not at) the origin, say ¢g = € € 9. Since
the origin lies outside of €2, we can just as well remove the fiber over zero and work
in (C*)" \ H with the Liouville structure constructed in §4 (suitably modified near
f!(€) for the needs of the construction of F°((C*)", f)). Viewing the restriction of
f to (C*)™\ H as a fibration over C* (instead of C), we choose an arc 7 connecting
co = € to the origin (instead of infinity); the canonical choice is the interval (0, €] in the
real axis. We then construct g as in §5, either by extending admissible Lagrangians
with boundary in f~!(e) by parallel transport in the fibers of f over the interval (0, €],
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or by restriction to a Liouville subdomain (disjoint from f~!((0, €])) whose completion
is deformation equivalent to (C*)" \ H.

To define the other acceleration functor a.,, we construct F°((C*)", f) by setting
Q) to be the disc of radius 1 — € centered at 1, and observe again that, since the origin
lies outside of €2, we can just as well work with the restriction f : (C*)" \ H — C*.
Choose an arc 1), that connects ¢y € 9S2 to infinity in the complement of 2 (avoiding
the origin and any critical values of f that may lie outside of 2). When there are no
critical values outside of Q (e.g. when (1.7) holds), the most natural choice is to take
co = 2 — € and 1), the interval [2 — ¢, 00) in the real axis. In the general case, when f
has additional critical values near infinity, the functor a., genuinely depends on the
choice of the arc 7., as we shall see on an explicit example in §7.

In any case, the construction described at the end of §5 then provides an accelera-
tion functor a., : F°((C*)™, f) — W((C*)* \ H). By construction, p o ay = 0, since
the objects in the image of a,, remain away from a neighborhood of H.

For the purpose of comparing oy and a as we will do in §6.2 below, it is useful
to have both functors defined on the same model of the category F°((C*)", f), i.e.
choose ¢y = € rather than ¢y = 2 — e. Whenever necessary, we identify the categories
corresponding to the choices ¢y = € and ¢y = 2 — € via the isotopy that moves the
reference point along the lower half of the boundary of the disc (2.

The functors agy and a,, are very similar to each other at first glance, as should be
apparent by viewing (C*)"\ H as the total space of a fibration over C* (the restriction
of f). One can then consider admissible Lagrangians whose projections under f go
towards either end of the cylinder, and the corresponding acceleration functors; see
Figure 4. Thus, the constructions of ap and a,, extend in a straightforward manner
to more general symplectic fibrations over the cylinder. However, in our case an
important feature that breaks the symmetry between the two ends of Figure 4 is that
the monodromy around 0 is trivial, which is a crucial feature needed to define the
restriction functor p, whereas the monodromy around oo is not.

As mentioned in the introduction, it should follow from the construction of o that
its composition with the restriction functor p : W((C*)" \ H) — W(H) introduced

/
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F1GURE 4. The fibration f: (C*)"\ H — C* and the functors «y, o, J.
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in §4 coincides with the “restriction to the fiber” functor described in §5:
(6.1) poag=nN:F((C)" f) = W(H).

While the statement is clear at the level of objects, the proof requires some work due
to the differences between the two constructions. A possible approach is to consider
Floer theory for admissible Lagrangians perturbed by suitably chosen Hamiltonians
on (C*)" \ H with linear growth near H, whose flow extends over H and wraps
around it by a finite number of turns ¢. In this setting, one can count rigid solutions
to Floer’s equation with inputs away from H and outputs in H as in the definition
of N. For 0 <t < 1 this gives N, while every time ¢ passes through an integer there
is a bifurcation and the map changes by composition with a degree 2 element of the
(truncated) wrapped Floer cohomology; observing that this element is yet another
instance of the natural transformation © discussed in Remark 4.1, the statement
should then follow by taking the limit as ¢ — oo.

The interpretation of (6.1) under homological mirror symmetry is as follows. By
Conjectures 1.2 and 1.3, we expect a commutative diagram

Fo((C), f) == W((C)"\ H) —— W(H)

= | | -
D'Coh(Zy) —“— D'Coh(Z) —*— Db (Z)

where the vertical equivalences are instances of homological mirror symmetry, and in
the bottom row 7, is the pushforward by the inclusion map i : Zy — Z and ¢ is the
quotient by Perf(Z). When (1.7) holds, Y is the total space of the canonical bundle of
Zy, and Orlov’s work [20, 21] gives an equivalence ¢ : D? (Z) —» D’Coh(Dy) where
Dy is the union of the irreducible toric divisors of Zy. It is not hard to check that
the composition ¢ o g o, : D°Coh(Zy) — D*Coh(Dy) coincides with pullback by the
inclusion ip, : Dy < Zp. Using (6.1), the diagram (6.2) then reduces to

Fe((Crm f) 25 w(H)

:l lg

EqQix=1T,

D*Coh(Z;) ———— DPCoh(Dy)
which is precisely the content of Conjecture 5.3.

On the other hand, the identity p o a,, = 0 expresses the property that the
counterpart of a., : F°((C*)", f) — W((C*)" \ H) under mirror symmetry is a
functor from D’Coh(Z) to D’Coh(Z) whose image is annihilated by the quotient
q: D*Coh(Z) — D} (Z), i.e. it is contained in the subcategory Perf(Z).

The simplest instance of such a functor from D?Coh(Z) to Perf(Z) is the pullback
by some projection map 7 : Z — Zy, when one exists. For example, when (1.7) holds,
Y is the total space of the canonical bundle over Z;, and we can take 7w to be the
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restriction to Z of the projection Y — Z,. Conjecture 1.3 postulates that in this case
(oo as constructed above does indeed correspond to the pullback 7*.

6.2. The lifting functor j. We now construct a functor j : W(H) — W((C*)"\ H)
as follows. Choose a properly embedded arc v in C* that connects 0 to infinity and
avoids the critical values of f. Deforming the Liouville structure if necessary, we
arrange for the Liouville flow to be tangent to f~!(vy) and pointing away from some
interior fiber f~*(cp), co € 7, which is also preserved by the wrapping Hamiltonian.

With this understood, given an object L of W(H ), we use parallel transport in the
fibers of f over the arc v to obtain a properly embedded Lagrangian submanifold j(L)
in (C*)™\ H. Moreover, we can ensure that, for any pair of objects Ly, Ly € W(H),
the generators of the wrapped Floer complex CW*(j(L1), j(L2)) which lie in the fiber
fYcop) form a subcomplex isomorphic to CW*(Ly, Ly). We define j on morphisms
via these inclusions of wrapped Floer complexes.

The functor j is not canonical, as it depends on the choice of the arc v; the set
of choices is essentially the same as for a,. When (1.7) holds there is a preferred
choice, namely we can take v to be the negative real axis (—oo,0); see Figure 4. In
the general case, we choose the arc 7 to be homotopic to the concatenation of the
arcs 1y and 7, used to define oy and a., via a homotopy that does not cross any
critical value of f.

By construction (and for a suitable choice of grading conventions), pj ~ id, i.e. j
is a right (quasi)inverse to the restriction functor. Moreover, we expect to have an
exact triangle

(6.3) Jjpao[—1] = s — ag = Jpay.

Indeed, given any admissible Lagrangian L € F°((C*)", f), with boundary 0L =
pao(L) € W(H), near 0 (resp. 0o) the ends of ag(L) (resp. aoo(L)) and j(0L) are mod-
elled on the products of L with the positive and negative real axes. With our grading
conventions, the family of Reeb chords that wrap halfway around the cylindrical end
gives rise to an element 1Y € CW(ay(L),j(OL)), resp. v € CW(§(OL), an(L)).
Meanwhile, the continuation map for the isotopy % of f~}(2) induced by moving
the reference fiber for F°((C*)", f) from € to 2 — € counterclockwise along the lower
half of 9 determines an element of C'F°(x(L), L), which upon acceleration yields an
element pz, € CWO(aoo (L), ap(L)). Tt is then not hard to check that

(6.4) JOL)[=1] B an(L) 22 ag(L) 25 §(AL)

is an exact triangle in W((C*)™\ H). This can be viewed as an instance of the surgery
exact triangle, observing that a.. (L) is Hamiltonian isotopic to the nontrivial compo-
nent of the Lagrangian obtained by wrapping (L) halfway around the puncture at
zero so that it intersects j(OL) cleanly along a copy of 0L, and performing Lagrangian
surgery along these intersections (see Figure 4).
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We expect that the morphisms v, uy, and v/ are part of natural transformations
between the functors jpay, as and «p, and the exact triangles (6.4) assemble into
the exact triangle (6.3).

On the mirror side, let Z = U, 40 Za, and observe that we have a short exact
sequence of sheaves

(6.5) 0= 0z, (=%y) = Oz = Oz, =0,

coming from the decomposition Z = Z.y U Z;. We note that Z.y N Zy = Dy is the
union of the irreducible toric divisors of Zj.

Assume that (1.7) holds. Then, recalling that Y is the total space of the canonical
line bundle over Z, and observing that Z., is the restriction of this line bundle to
Dy C Zy, (6.5) gives rise to an exact triangle of functors

K— 1" — i, = K[l]
where x : D°Coh(Z;) — DPCoh(Z) is the composition of restriction to the anti-
canonical divisor Dy = Zo N Zy, pullback under the projection o ¢+ Z#0 — Do,
twisting by O(—Z%)), and pushforward by the inclusion of Z,; into Z. In this set-
ting, D% (Z) ~ D"Coh(Dy), and restriction from Zy to Dy corresponds to pag. The
functor from D*Coh(Dy) to D’Coh(Z) consisting of the remaining steps (pullback to
Z 4, twisting by O(—Zp), and pushforward to Z) is thus our conjectural counterpart
to j under mirror symmetry, up to a grading shift. (This construction is very closely
related to Orlov’s proof of the equivalence between D*Coh(Dy) and D (Z) [20, 21].)

6.3. Framings and gradings. As mentioned in Remark 1.4, the construction of the
functors ay, a, 7 can be carried out using a different “framing” of H, i.e. considering
the defining equation z~“f instead of f, for any @ € A. On the mirror side this
amounts to considering the component Z, of Z instead of Zj; this suggests that,
taken together, the Fukaya categories F°((C*)", 2= f) for varying choices of framings
give a substantial amount of insight into W((C*)™ \ H).

Changing the framing of H does not affect the Z-grading on W((C*)™"\ H), since the
chosen trivialization of the tangent bundle by restriction from (C*)™ did not involve
the Laurent polynomial f. On the other hand, it does modify the preferred choice of
grading on W(H ), as the preferred trivialization of det(7'H) is induced from that of
det(T(C*)™) by interior product with df.

The analogue of this under mirror symmetry is the observation that, even though
D*Coh(Z) has a canonical Z-grading, its quotient D3 (Z) does not. However, the
choice of a C*-action on Y (for which the superpotential W has weight 2) determines
a Z-grading on DY (Z) [21]. For each choice of v € A, the divisor Z, (or equivalently
the corresponding ray in the fan of V') determines a C*-action, and hence a Z-grading
on Dgg(Z ). It is part of our general conjectural setup that these gradings on Dgg(Z )
match up with those on W(H).
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Even though the restriction functor p is only Z/2-graded, it admits a Z-graded
enhancement if one only considers framed Lagrangians in the sense of Remark 4.2. For
instance, the composition pagy : F°((C*)", f) — W(H), which only involves framed
Lagrangians, is compatible with the Z-gradings. Similarly, the quotient functor ¢ :
D*Coh(Z) — D},(Z) is only Z/2-graded, but its composition with the inclusion
pushforward, gi, : D*Coh(Zy) — D%, (Z), is compatible with the Z-grading on D (Z)
determined by the divisor Z.

7. ExaMPLE: LocAL P"

In this section, we consider the example where H C (C*)" is the hypersurface
defined by the Laurent polynomial
-
floy,. .. jxn) =214+ +x, + —— + 1.
T1...Tp
The polyhedral decomposition P (which gives the fan for Y'), the tropicalization of f
(which gives the moment polytope for Y'), and the Lefschetz fibration f : (C*)" — C
are depicted (for n = 2) on Figure 5.

One easily checks that Y is the total space of the canonical bundle Opn(—(n + 1))
over P". The facet Aq is a standard simplex, and Z; ~ P" is the zero section, while
the other components of Z correspond to the total space of O(—(n + 1)) over the
various coordinate hyperplanes of P", whose union forms the anticanonical divisor
D(): {Z()Zn:O} C P

In [1], Abouzaid constructs admissible Lagrangian submanifolds Ly, of (C*)™ which
are sections of the logarithm map over Aqg C R", with boundary in

@) ={zi+ -+z,+ro;t . xt —1=0}.

In the tropical limit 7 — 0, Ly is defined by arg(z;) = —2nklog(|z;|) for j =
1,...,n (where logarithms are taken in base 77!). Abouzaid shows the existence of
an equivalence F°((C*)", f) ~ D*Coh(P") under which L;, corresponds to O(k).

Ly
H @D crit f
fJ LY, L
P 0O Lg
&

T

FIGURE 5. Example: f(z1,79) = 11 + 29 + +land Y = O(-3) — P2

X122
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An alternative description in terms of Lefschetz thimbles is as follows. The Laurent
polynomial f has n + 1 critical points, located at 1 = - - - = x,, = 71/ (1) 2mik/(n41),
and the corresponding critical values are ¢, = 1+ (n + 1)7'1/ (n+1) 2mik/ (41) | The
Lagrangian Ly is then Hamiltonian isotopic to the Lefschetz thimble associated to
the arc 7, which runs from the critical value ¢, to the reference point 2 by first
moving radially away from 1, then clockwise by an angle of 27k/(n + 1) to reach
the real positive axis, then radially outwards again. (The category F°((C*)", f) is
generated by the exceptional collection Ly, ..., L,, but one can just as well consider
Ly forall k € Z.)

The properly embedded Lagrangian submanifolds L$° = a.(Lk) can then be de-
scribed as Lefschetz thimbles for arcs 7;° isotopic to the union of 7, with the interval
[2,400) in the real axis; see Figure 5 right. In particular, L is simply the real pos-
itive locus, Lg® = (R, )™ C (C*)™ \ H, which is consistent with our expectation that
it corresponds under mirror symmetry to the pullback of Op» under the projection
w2 — Zy=P" ie Oy More generally, for |k| < (n+1)/2 the arc 75° is isotopic
to a radial straight line from ¢ to infinity, so we can take L = (e2™#/(n+D R m,

Meanwhﬂe the Lagrangian submanifolds LY = ag(Ly) are Lefschetz thimbles for
arcs vy isotopic to the union of v, with the lower half of the unit circle centered at
1, i.e., running from the critical value ¢ to the origin by moving radially away from
1 then clockwise by an angle of m + 2rk/(n + 1), as shown in Figure 5. In fact, LY
can be described directly as a section of the logarithm map over Ay, with boundary
in f~1(0) = H, by modifying Abouzaid’s construction to account for the sign change.
Namely, in the tropical limit, L? is the Lagrangian section over Ay defined by

arg(z;) = —(2k +n+ D)mlog(|z;|) + mfor j=1,...,n

Conjecture 1.3 predicts that L}° corresponds under mirror symmetry to the pull-
back m*Opn(k), which is a line bundle over Z that we denote by Oz(k), while L?
corresponds to i.Opn (k) = Oy, (k). Calculations of the wrapped Floer cohomology
groups of these Lagrangians inside (C*)™ \ H (which are fairly straightforward using
knowledge of homological mirror symmetry for P and the Lefschetz thimble descrip-
tions) confirm these predictions. For instance, we have ring isomorphisms

HW*(Ly, L) ~ @ Clzo, - -, 2nlne1)a/ (20 - - - 20)
d
= ~ @ H(Do, O(d(n + 1)) = H*(Z,0y).

d>0

Namely, the homogeneous polynomials of degree (n + 1)d correspond to the Reeb
chords from L§° to itself that wrap d times around infinity under projection by f.
Indeed, the Reeb chords are the same as in (C*)", where the image of Ly under
wrapping d times around infinity is isotopic to L(,41y¢. By Abouzaid [1] the boundary
intersections between these two admissible Lagrangians correspond to monomials of
degree (n + 1)d which are not divisible by z...z,. However, when computing the
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product structure in W((C*)™ \ H) one should discard all holomorphic discs whose
projection under f passes through the origin; these correspond exactly to all product
operations in W((C*)™) where the projection under f of the output Reeb chord wraps
around infinity fewer times than the sum of the inputs, i.e. all those cases where the
product of two monomials is divisible by zy... z,. A similar argument shows that

HW*(L, L) ~ H*(P*, O(k — j)) ® @ H* (Do, O(d(n + 1) + k — j))
=0 ~ H*(Z,04(k — j)).

Meanwhile, a similar calculation around the puncture at the origin (recalling that the
monodromy around zero is trivial up to a grading shift by 2) shows that

HW*(L§, L) ~ H*(B", O(k — j)) & € H*!(Do, O(k — j)) = Ext"(Oz,(j), Oz (k).

while

HW*(L®, 1Y) = H* (P, Ok — j)) = Ext*(04(j), Oz, (k)).

Let us now modify the framing and treat H as the zero set of

f’:/]—_lxl._.xnf:T_lxl...xn(xl+"'+xn+1)+1'

The only critical point of f'is at z; = -+ =z, = —%ﬂ, which lies outside of the

region where the constant term dominates. However, the fibers of f’, which are degree
n + 1 affine hypersurfaces (e.g. three-punctured elliptic curves for n = 2), degenerate
at the special value 1, and f'~!(1) = {z; +---+x,+1 =0} is an (n — 1)-dimensional
pair of pants.

Choosing f'~1(2) as reference fiber for F°((C*)", f'), Abouzaid’s construction pro-
vides admissible Lagrangian submanifolds Lj which are sections of the logarithm map
over the (unbounded) region Aj C R™ where the constant term of f’ dominates (on
Figure 5, this is the lower-left component). In the tropical limit, L} corresponds
again to arg(x;) = —2mklog(|x;|). Writing the standard symplectic form of (C*)" as
wo = »_ drjAdf;, where x; = exp(r;+1i6;), L} is the image of Ly C (Ry)™ by the time
1 flow of the Hamiltonian ¢ = —7k Zr? This Hamiltonian has quadratic growth,
and hence for k # 0 L) is not conical at infinity (as x; — 0).

This can be fixed by the judicious use of cut-off functions to achieve linear growth.
Namely, splitting ¢ into the sum of ¢, = =7k Y3 (r; 4 57)* and @, = fl%kl Yori+ Z—ﬁ,
we replace ¢; by a function @; = @1(|7" — 7g|) of the Euclidean distance between
7= (ry,...,r,)and 7y = (—n%l, . —n+r1), which grows quadratically up to a certain
point and linearly at infinity. Because ¢; only depends on |7 — 75|, it is still the case
that along the unbounded facet of Af, where 2r; + 19+ --- 4+ 1, = —1, we have the
equality arg(zizs ... x,) = O@,1,..1)(¢1 +¢2) = 2wk, which is the key property needed
to ensure that 9L, C f'~!(2). Similarly for the other facets of Af. The linear growth
of ¢1 along radial straight lines from 7 (and the overall linearity of ¢, whose effect
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is simply to rotate 6; by %ﬁ) implies that, after this modification, Lj, is conical at

infinity with respect to the Liouville structure A = Y- (r; + =7) db;.

A Floer homology calculation (wrapping by a Hamiltonian that grows quadratically
with |77 — 7], and otherwise imitating Abouzaid’s arguments [1, 2]) shows that the
subcategory of F°((C*)", f') generated by the admissible Lagrangians L} is equivalent
to D°Coh(Z}), where Z] is the distinguished component of Z, i.e. the total space of
the line bundle O(—(n + 1)) — P""'. The Lagrangian L} corresponds under this
equivalence to the line bundle O (k).

We can extend Lj to a properly embedded Lagrangian L'$° C (C*)™\ H which
is a section of the logarithm map over all of R™ (rather than just A{), by setting
arg(zr;) = —2kmlog(|z;|) over a large bounded subset of R", and arranging for L'¢°
to be conical at infinity by the same cut-off trick as for L). By construction, each
monomial of [ is real positive along the tropical hypersurface, and hence the leading
order terms of f’ cannot cancel out; this in turn implies that L'¢° is disjoint from H.

It is not hard to check that L'?° is Hamiltonian isotopic to L°, and hence isomorphic
to it as an object of W((C*)" \ H). Thus, L'{® corresponds to the unique way (for
n > 2) to extend Oz (k) to a line bundle over all of Z, Oz(k). However, the images
of L'?° under f’ go to infinity along paths that lie in different homotopy classes
relative to the critical value of f’; it might be the case that no choice of arc 7., in the
construction of the acceleration functor a., gives ao(Ly) =~ L'$° for all k.

The reason for this is particularly apparent in the case n = 1. where the admissible
Lagrangians L) are arcs connecting the origin to the point of f'~1(2) which lies near
x = 7, inside the region of C* where |z| < 7. These arcs are all isotopic and represent
isomorphic objects of F°(C*, f’) ~ D*Coh(C), as expected given that Z, ~ C and
hence Oz (k) = Oz. On the other hand, the arcs L'y° that connect the origin to
infinity in C*\ H are definitely not isotopic to each other: for example, the intersection
number of L'7° with the portion of the negative real axis that lies between the two
points of H (located near —1 and —7) is equal to k. This is consistent with mirror
symmetry, since the line bundles Oz(k) are pairwise non-isomorphic. And, of course,
no functor from F°(C*, f’) to W((C*)\ H) (resp. D’ Coh(Z}) to D’Coh(Z)) can map
the isomorphic objects Lj, (resp. O (k)) to the non-isomorphic L'3® (resp. Oz(k)).

On the other hand, this issue does not arise for the other acceleration functor ay.
Namely, the Lagrangians L'9 = «g(L}) can be constructed by modifying the sign
conventions in the definition of L) in order to obtain admissible Lagrangians with
boundary in f~'(0) = H. Specifically, L'} is again a section of the logarithm map
over A C R™; in the tropical limit, we take L') to be defined by

arg(z;) = —(2k — D)mlog(|z;]) forj=1,...,n

over a large bounded subset of A}, and use cut-off functions as in the construction of
L), in order to make L') conical at infinity.
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For n = 1 the arcs L') connecting the origin to the point of H which lies near
x = —7 are all isotopic to each other in C*\ H, as expected, whereas for n > 2 these
are genuinely different objects of W((C*)" \ H). For n = 2 one can check explicitly
that L'} corresponds under mirror symmetry to 1«0z (k); presumably this remains
true for all n.

8. HIGHER DIMENSIONAL PAIRS OF PANTS

n

8.1. Setup and notations. We consider the pair of pants H = II,_; C (C*)",
defined by the equation

flz,...,x) =214+ +x,+1=0.

One easily checks that our construction gives (Y, W) = (C"™', —z; ... z,41). Thus
Z is the union of the coordinate hyperplanes Z; : {z; = 0}, where the distinguished
component (previously called Zj) that corresponds to the constant term in f is 7,1,
while the other components 71, ..., Z, correspond to the monomials zq,...,x,. For
I'C{l,...,n+1}, weset Z; = U;c; Zi-

The complement (C*)™ \ II,,_; is isomorphic to the higher dimensional pants II,,
whose wrapped Fukaya category we aim to study using the ideas introduced in Sec-
tions 4-6. The key Lagrangian submanifolds of interest to us will be the 2"+t — 1
connected components Ly of the real locus of I, = (C*)* \ II,_;, which we label
by proper non-empty subsets I C {0,...,n+ 1}, up to the equivalence relation that
identifies each subset with the complementary subset of {0,...,n 4+ 1}. We usually
choose the representative which does not contain the element 0 as the “canonical”
label, except in the case of {1,...,n + 1} ~ {0}. See Figure 6 for the case n = 2.

The labelling is as follows: (1) the positive orthant (R,)™ C (C*)™\Il,_; is labelled
L. nv1y = Lyoy; (2) whenever two components of the real locus are adjacent to each
other across the hyperplane x; = 0 (1 < i < n), their labelling sets differ exactly
by adding or removing the element i; (3) whenever two components are adjacent to

20
Ly ) Las Li23 = Lo
A
ZQ\J
L
N L3
L3
Lo {Jj 2 1
)
1
z1<) L2 N

FIGURE 6. II, ~ (C*)? \ II; and the components of its real locus.
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each other across II,_1, their labels differ by adding or removing the element 0 (or
equivalently, they are labelled by complementary subsets of {1,...,n+ 1}).

A more symmetric viewpoint embeds the picture into P**! with homogeneous co-
ordinates (zq :...: Tp41 @ xo) as follows. We can realize II,, as the intersection of
the hyperplane {z; + -+ + z,11 + 1o = 0} C P"*! with the complement of the
n + 2 coordinate hyperplanes z; = 0; the identification with (C*)™*\ H is by mapping
(x1:.. .11 o) to (21,...,2,). For I € {0,...,n+ 1}, L; is the set of real points

satisfying x; > 0 fori € I and z; < 0 for ¢ & 1.

For I C {1,...,n + 1}, the image of L; under the logarithm map covers exactly
those components of R™ \ Log(II,,_;) that correspond to the elements of I (recalling
that n+ 1 corresponds to the region where the constant term of f dominates). Thus,
as a general principle we expect that under mirror symmetry L; corresponds to an
object of D*Coh(Z) which is supported on Z; = J,; Z; and whose restriction to each
Z;, 1 € 1 is a (trivial) line bundle:

Conjecture 8.1. There is an equivalence W(I1,,) ~ D*Coh(Z) under which the ob-
jgects Ly map to Oy, for all non-empty I C{1,...,n+ 1}.

We now explore how this prediction fits with Conjectures 1.2 and 1.3; a proof of
Conjecture 8.1 is sketched in Section 9 below.

8.2. Restriction and lifting. For non-empty I C {1,...,n}, denote by ¢; C II,,_4
the components of the real locus of the (n — 1)-dimensional pair of pants, labelled
as above. More precisely, embedding II,,_; into P* with homogeneous coordinates

the complement of the n+ 1 coordinate hyperplanes, we define ¢; to be the set of real
points where y; > 0 iff i € I. Meanwhile, embedding II,, into P"*! as above, f can be

set II,,_; = f~1(0) then corresponds to setting zo = 0 (while still requiring the other
coordinates to be non-zero), i.e. in projective coordinates we use the embedding

(8.1) (Yr:ee i Yniyo) = (T ipg1:20) = (Y1t Yn:Yo:0).

By construction, for I C {1,...,n}, the portion of the boundary of L; that lies
on the hyperplane zy = 0 is exactly ¢;, and similarly for Ljy; see Figure 6. Using
Remark 4.2, the images of the objects L; under the (Z/2-graded) restriction functor
p: W(IL,) - W(Il,—1) defined in §4 are therefore as follows:

Lemma 8.2. For all non-empty I C {1,...,n}, p(Lr) = {1, while p(Lrogoy) = 44[1],
and p(Ly) = 0.

This is consistent with Conjecture 1.2, given our expectation that, for I C {1,...,n},
L; corresponds to Oy, € D*Coh(Z). Indeed, recall that D5 (Z) ~ D"Coh(D), where
D=2Zqn,.. N Zny1 ={(21,...,20,0) € C"x 0| 21...2, =0}. For I C{1,...,n}, we
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set Dy = Z; N Zypy1 € D. Orlov’s construction (20, 21] identifies [Og,] € D% (Z) with
Op, € D*Coh(D). Thus, denoting by ¢ : D*Coh(Z) — Di’g(Z) the quotient functor,
and by e : D} (Z) — D"Coh(D) Orlov’s equivalence, we find that € 0 (O, ) = Op,.
Given that our mirror symmetry ansatz for pairs of pants matches Op, with ¢; and
Oz, with Ly, this is consistent with p(L;) = ¢;.

Moreover, let I' = {1,...,n + 1} \ I, so that I U {0} ~ I'. We expect that
Liugoy = Lp corresponds to Oy, € DCoh(Z). Observing that Z = Z; U Zp, we
have a short exact sequence 0 — Oz, — O — Oz, — 0, which implies that Oz,
is isomorphic to O, [1] in the quotient category D% (Z), hence € 0 q(Og,,) = Op,[1].
This is again consistent with p(Lp) = ¢;[1]. Finally, Loy = L1, nt1} corresponds to
Oz € D*Coh(Z), which is annihilated by ¢, in agreement with p(Lg) = 0.

Next we consider the lifting functor j : W(Il,,—1) — W(IL,,) of Section 6.2. Since
xo and x,,1 have the same sign on L; for I C {1,...,n}, under f the Lagrangian

Ly projects to the real negative axis, and coincides with the parallel transport of
(r C I,,_1 = f71(0) in the fibers of f over v = (—00,0). Thus:

(8.2) Jjlr) = Ly for I C{1,...,n}.

In particular, p o j = id as expected.

8.3. The Fukaya-Seidel category. We now consider the category F°((C*)", f).
While f = 1 + -+ 4+ x, + 1 does not have any critical points, the special fiber
f71(1) is the complement of n + 1 hyperplanes through the origin in C"~!, which is
diffeomorphic to C* x II,,_5, whereas the regular fibers are complements of n+1 affine
hyperplanes in generic position in C*~1, i.e. isomorphic to II,_;. This degeneration
gives rise to a (non-compact) “vanishing cycle”, and the Lagrangian obtained by
parallel transport of this vanishing cycle over the interval (1, +00) is simply the real
positive locus Loy = (R})™ C (C*)™.

Taking the reference fiber to be f~1(2), the category F°((C*)", f) is generated by
the admissible Lagrangian Lgg, obtained by truncating Lo (namely, the portion
of R where zy + -+ + x, < 1), which is a section of the logarithm map over the
appropriate region in R™ (essentially the negative orthant). A calculation then shows
that the endomorphisms of L4, form a polynomial algebra C[z, ..., z,], where the
generator z; corresponds to a Reeb chord that wraps once around the hyperplane
x; = 0. This computation is consistent with mirror symmetry, as it matches End(O)
in the derived category of Z,, ., = C".

By construction, oo (Ladm) = Lioy, in agreement with the behavior of pullback on
the mirror. Namely, the pullback of Oy, ., under the map 7 : Z — Z,,, defined by
(21, s Zne1) = (21, -+, 20, 0) is indeed Oy.

Meanwhile, ag(Laam) is (up to isotopy) the Lagrangian obtained by parallel trans-
port of the “vanishing cycle” of f over the interval (0,1), i.e., the portion of (R_)"
where z; + -+ 4z, + 1 > 0. Therefore, ag(Lagm) = Lin+13- This is in agreement



SPECULATIONS ON HMS FOR HYPERSURFACES IN (C*)™ 35

with Conjecture 1.3, as the image of the structure sheaf under pushforward by the
inclusion ¢ : Z,, 11 < Z is indeed Oy, _,.

Finally, since p maps Ly,11} = L{oa,.n} to £q1,. n3[1] (cf. Lemma 8.2), we have
Jpao(Ladm) =~ Li1,. n3[1], and the exact triangle (6.3) takes the form

L{l,...,n} — L{O} — L{n+1} — L{l,...,n}[l]-

Under mirror symmetry, this corresponds to the exact triangle in D°Coh(Z) induced
by the short exact sequence of sheaves

0— OZ1U~~-UZn — Oz = Oy — 0.

n+1
9. CompuTING W(IL,,)

We now sketch an approach to the calculation of W(II,,), relying on a mix of explicit
computations and the structural considerations introduced in the previous section.
Conjecture 8.1 should then follow as a corollary.

9.1. Liouville structure and wrapping Hamiltonian. Embedding II,, into P!
as the hyperplane ¥ = {x; + -+ + z,41 + 29 = 0} minus the n + 2 coordinate
hyperplanes, it is clear that the labels 0,...,n + 1 should play symmetric roles,
with the important exception of gradings. (Since our preferred trivialization of the
tangent bundle is inherited from (C*)" and extends across the hyperplane zy = 0
but not across the others, Reeb orbits that wrap around the hyperplane xq = 0 are
graded differently from those that wrap around the other coordinate hyperplanes.)
Apart from this, one would like all calculations to be invariant under the action of
S,,12 by permutation of the coordinates. Thus, it is desirable to choose the Liouville
structure on II,, and the wrapping Hamiltonian to be &,, o-invariant. (We note that
the Lagrangians L; are conical at infinity, and in fact invariant under the Liouville
flow, for any choice of complex conjugation anti-invariant Liouville structure on II,,.)

With this in mind, we stratify the hyperplane ¥ depending on which coordinates
vanish, namely for I a proper subset of {0,...,n+1} we set ¥; to be the codimension
|I| subset of ¥ where x; = 0 exactly for ¢ € I; the pair of pants II,, is then the open
stratum 3j. We claim that the Liouville structure on II,, can be chosen in such a
way that, in a neighborhood of ¥;, there are |I| commuting S'-actions, generated
by Hamiltonians h;; (i € I), each of which essentially acts by rotating one of the
coordinates x;, ¢ € I around the origin. Moreover, observing that for I C J we have
Y, C ¥, we require that hr; and h;; agree near ¥; for all « € I C J. We then take
our (quadratic) wrapping Hamiltonian to be Hy = 3., h7; near .

One possible approach to the construction is as follows. Near ¥;, we define local
affine coordinates zy; by

—1/(n+2—|I])
(9.1) o= (] =) i,
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for some local choice of the (n + 2 — |I])-th root. (Since we will only use |z;;| and
dlog xr;, the choice of root is not important.) We note that X; still corresponds to the
locus where x;; = 0 for all 7 € I, and (for suitable choices of signs and roots) these
coordinates are still real-valued on the components of the real locus of II,,. These
coordinates patch as follows: if I C .J, then ¥; C ¥}, and (up to a root of unity)

(n+2—[1])

< H $Jg> Tji

jeJ\I

and conversely

1/(n+2—|J))
(92) ( H J/’]J) X1

jeJI\I

Writing x7; = exp(r;; + i6r;), we set up the Liouville structure so that, near ¥;
and away from all the lower-dimensional strata, the dominant term in the Kéhler
potential and in the Hamiltonian is

(9.3) H =& = %Z(m + K

el
where K; = Kj;; > 0 is some fixed constant depending only on |/]. As one approaches
a lower-dimensional stratum X ; (I C J), this is patched together with the expression
H; by making K; a function of the variables r;; (or equivalently ;) for j € J\ 1,

and also by introducing quadratic terms in the variables r;;.

In light of (9.2), near ¥; C ¥; (and away from other smaller strata) we want to
set K7 = m Z]EJ\[ r1; + K|y when the quantities 77 ;, j € J\ I are sufficiently
negative. In other terms, over a neighborhood of ¥; our Hamiltonian H is expressed
in terms of the x;,; as some smooth approximation of

1n+1
0=y X iy e Lol
(9.4) 5 ; [mm Tri+ Ig?\lﬁgn (n + 2 —1J]) XJ;ITI,] + Ky ¢, 0

where the smoothing of the minimum still only depends on the values of r;; for
J & 1. Choosing the positive constants K\ sufficiently large, the term involving
rr; is supported in a small neighborhood of the hyperplane x; = 0. Near the zero-
dimensional strata the same formula can be used for the Kéahler potential, but along
higher dimensional strata we need to add a term involving only the coordinates x; ;
for j & I (essentially, a Kéhler form on the (n — |I|)-dimensional pair of pants ;).

For |I| = n, i.e. near a zero-dimensional stratum, the Kéhler potential is given
by (9.3), and the Hamiltonian h;; = r;; + K; generates the vector field 9/06;;
which rotates x;; while leaving all other z;;, j € I unchanged. (Meanwhile, the two
remaining homogeneous coordinates, which are the largest, vary slightly as needed to
preserve the condition ) x; = 0.) Even when the “constants” K; in (9.3) are allowed
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to vary and depend on {ry;, j € J\ I} for some J D I with |J| = n, to arrive
at an expression of the form (9.4), and the Kéhler potential includes an extra term
depending only on x;; for j € J\ I, it remains true that for ¢ € I the Hamiltonian
hi; =1+ K| generates the vector field 9/0¢;; which rotates x;,; while leaving z; ;
unchanged for j € J\ {i}.

Further away from all the zero-dimensional strata there is no longer a preferred
n-element subset of the r;;’s on which we can assume the Kéhler potential (or even
the term K7) solely depends. Nonetheless, we can arrange for that, near ¥, for ¢ € [
the Hamiltonian hj; = r;; + K; still generates an S'-action which rotates z;; while
preserving the other coordinates xy;, j € I\ {i}; a priori none of the coordinates z j,
j & I are preserved, though we can arrange for them to vary only by small amounts.
For simplicity we still denote these vector fields by 0/06; ;.

Putting everything together, we find that near >; and away from lower-dimensional
strata the vector field generated by the quadratic Hamiltonian H takes the form
Yoicrh1i0/001; = > .o (rri + K1) 9/00r;. (Note that hr; tends to —oo as x; ap-
proaches zero, i.e. we wrap clockwise around the coordinate hyperplanes).

9.2. Wrapped Floer cohomology. Given any subset I C {0,...,n+ 1}, denote by
I1=1{0,...,n+ 1} \ I the complementary subset. We will consider various quotients
of the polynomial ring Clzo, ..., z,+1], graded with deg(zy) = 2 and deg(z;) = 0 for
i > 1. For convenience, we define z; = [[,.; ;. (By convention, z = 1.)

Proposition 9.1. Given a non-empty proper subset I C {0,...,n+ 1}, as a graded
ring we have

(9.5) HW?*(Ly, L;) ~ Clzo, ..., zn41]/ (21, 27)-

Proof. Recall that L; is the component of the real locus of II,, where the coordinates
x; are positive for ¢ € I and negative for i € I. The closure of L; in ¥ intersects the
stratum X if and only if neither I nor I is a subset of J.

For such J, near L; N, the local coordinates x 75> J € J define a local projection
to CI under which L; maps to an orthant in the real locus, whereas the wrapping
Hamiltonian flow rotates each x;; clockwise by increasing amounts as |z, ;| — 0.
Thus, for each tuple of positive integers (k;);cs, along L;NY; (and away from lower-
dimensional strata) we have a family of time 1 trajectories of Xy from L; to itself
that wraps k; times around the hyperplane z; = 0.

To make things non-degenerate, we pick a “convex” bounded Morse function on
L; which reaches its maximum at the corners and whose restriction to each stratum
L; N, has a single critical point which is a minimum. (Such a function is easy
to construct using the contractibility of L; and all of its strata.) After perturbing
the Hamiltonian by a small positive multiple of this function, there is a single non-
degenerate time 1 chord of Xy from L; to itself which wraps k; times around each
hyperplane z; = 0 near L;NY ;. We label the corresponding generator of CW*(L;, L;)
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by the monomial ], zfj , and note that its degree (using our chosen trivialization
of the tangent bundle) is equal to 2k if 0 € J, and zero otherwise.

Letting J vary over all subsets of {0,...,n + 1} which contain neither I nor I
(including the empty subset, which gives rise to a single generator zy = 1 at the
minimum of the chosen Morse function), the generators of CW*(Ly, L) are labelled
by all the monomials in C[z, ..., z,41] which are divisible neither by z; nor by z7.
Moreover, since all the generators have even degree, the Floer differential necessarily

vanishes; thus (9.5) holds as an isomorphism of graded vector spaces.

Next we observe that H(Il,, L;;Z) ~ H,(Il,,Z) ~ Z"**/(1,...,1), where the
generators of Z""2 correspond to meridian loops around the coordinate hyperplanes.
Under this isomorphism, the generator [ | zjj of CW*(Ly, Ly) represents the homology
class (ko, ..., knt1) mod (1,...,1); these homology classes are all distinct. Whenever
there is a perturbed holomorphic curve contributing to the Floer product, the relative
homology class of the output chord must be equal to the sum of those of the input
chords. Moreover, the degree of the output generator must be the sum of those of
the input generators. Since deg(zy) = 2, we can use the grading to lift the translation
ambiguity: there is an isomorphism (2Z) x H;(I1,,,Z) ~ Z""2 under which the degree
and homology class of the generator [ z?" map to the tuple (ko, ..., ky 1) € Z"H2.

Any generator which appears in the expression of the product of the generators
I1 z;-cj and [ zfj of HW*(Ly, L;) must have degree 2(ky + {y) and represent the ho-
mology class (ko + lo, ..., knt1+ €ny1) mod (1,...,1). This implies that the product
must be zero if k;+¢; > 0 for all j € I or for all j € I (for lack of a suitable generator

of HW*(Ly, L)), and otherwise it must be a multiple of the generator [] zfj i

In the latter case, to determine the number of solutions to the perturbed holomor-
phic curve equation, we observe that since the set of j such that k; +¢; > 0 contains
neither all of I nor all of I, it must have at most n elements, and there exists J with
|J| = n, containing neither I nor I, such that k; = ¢; = 0 whenever j ¢ J. We claim

that we can determine the product (H zfj ) . (H zfj ) by working in a local model near
the O-dimensional stratum ¥ ;, using the affine coordinates x;;, 7 € J.

In these coordinates, the wrapping Hamiltonian near X ; is modelled on a standard
product Hamiltonian on a neighborhood of the origin in (C*)", given by H = % > h2J,]"
where h;; = min(r;; + K,0) up to some smoothing near r;; + K = 0 (recall that
ry; = log|xy |), and the Lagrangian L; is one of the orthants in the real locus.
We perturb the degenerate minimum of h(QLj to achieve non-degeneracy, in a manner
such that the minimum of the perturbed Hamiltonian lies within the local coordinate
chart. Concretely, in the local chart we can take the perturbed Hamiltonian to be

1

H, = 3 Z(min(rm + K,0) + 67‘]7]')

jeJ
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where € > 0 is small. (This choice of perturbation clearly depends on the choice of
J, and is different from the perturbation used above to compute the overall chain
complex; this is not an issue, since we are only interested in a cohomology level
computation of the product structure, and the isomorphism induced by continuation
between the two choices of perturbations is the obvious one.)

With this understood, L; and its image under the flow generated by H. are product
Lagrangians in the local coordinates (x;;)jes, and in each factor the picture looks
exactly like the left half of Figure 1 (up to just past the midpoint). The chord from
L; to itself which is labelled by the monomial sz]-c" wraps k; times around each
coordinate hyperplane, and corresponds to the intersection point labelled z_j, in the
left half of Figure 1 for each of the n coordinate factors. Similarly for ] zfj .

The maximum principle implies that any perturbed holomorphic disc which con-
tributes to the product of these two generators must remain entirely within the local
chart. Moreover, the projection to each coordinate factor z;; is a perturbed holomor-
phic disc in (a neighborhood of the origin in) C* with boundary on the appropriate
arcs. Conversely, every tuple of index 0 perturbed holomorphic discs in the coordi-
nate factors lifts to an index 0 perturbed holomorphic disc in the total space of the
local chart. Recall from §2.3 that, on the cylinder, the generators x_;, and x_,; are
the inputs of a unique triangle contributing to the Floer product, whose output is
T_y,—¢;- Thus, we conclude that

kj Gy kj+;
(sz ) - (HZ] ) —sz '

Hence the ring structure on HW* (L, L;) is as expected. O
This calculation of HW*(Lr, L) agrees with the expectation from mirror sym-

metry. Indeed, switching I and I if needed, we can assume that 0 ¢ I, and L is

expected to correspond to Oz, € D°Coh(Z), or equivalently, since Z = Spec R for

R =Clz,...,2n41]/(21. .. 2n41), the R-module R/(z7). Set I' = {1,...,n+ 1} \ I.

Using the resolution

(9.6) i — R RS RS R— R/(2) — 0,

we find that

R/(zr) for k=0,

(R/(z1,21))2t for k>0

where 2 is a generator of Ext*(R/(z;), R/(z1)) as a module over End(R/(2)).
Next, we consider pairs of objects, and show:

Ext?**(R/(21),R/(21)) ~ {

Proposition 9.2. Given non-empty proper subsets I,J C {0,...,n+ 1}, we have
(97) HW*(L[, LJ) ~ (C[Zo, Ce ,Zn+1]/(Z[mJ, ijj) . Ua

® Clzo, . .., 2n41)/ (21075 2707) * UQ
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as a graded (HW*(Ly, Ly), HW*(Ly, L;))-bimodule, where we set Q = (INJ)U(IN.J)
and Q = (INJ)U (I NJ), and the generator ug (resp. ug) has degree 1 if 0 € Q
(resp. 0 € Q), and 0 otherwise.

As an additional piece of notation, we formally set

2 1/2
ug =zg = H Z;
JjeQ
and similarly for uz. This allows us to view generators of HW*(Ly, L) as monomials
in 29, ..., 2,41 with half-integer exponents (and is consistent with gradings).

Proof. The argument is similar to the case of Proposition 9.1. First, we find a criterion
for the closures of L; and L; in ¥ to intersect along the stratum g for some K C
{0,...,n+1}. In terms of the homogeneous coordinates (z1:...:Z,41:20), the points
of L; ﬂ Y i are those where z; is positive for i € I N K, zero for 1 € K, and negative
for i € I N K, or vice-versa exchanging I and 1. Moreover, since the sum of the
coordinates is zero, there must be at least one positive and one negative coordinate.
Thus, L; N L; N Yk is non-empty in precisely two cases:

(WINK=JNK#Qand INK =JNK # 0, or
2)INK=JNK#Qand INK =JNK # 0.

In case (1), K must contain the symmetric difference of I and J, i.e. Q C K; but
none of I,1,J,J can be a subset of K. Similarly for case (2), K must contain the
symmetric difference of I and J, i.e. (). Thus, we can reformulate our criterion as:

(1) Q C K, but K contains neither [ N J nor zﬂj, or
(2) @ C K, but K contains neither I NJ nor I N J.

With this understood, in case (1), near X the coordinates x ;, j € K define a local
projection to C/¥lin which L; and L; map to orthants in the real locus; these orthants
correspond to real points whose coordinates have the same signs for j € @ N K and
different signs for j € Q. Thus, given any tuple (k;)jcx with k; € Zog for j € QN K
and k; € Z>o + 5 for j € Q, near Yk there is a family of time 1 trajectories of Xy
from LI to L; that wrap k; times around the hyperplane x; = 0 for each j € K.
After perturbing the Hamiltonian slightly as in the proof of Proposition 9.1, there is

a single non-degenerate such trajectory, and we label the corresponding generator of

CW*(Ly, L) by the monomial [];cx 2 f =[Lex ZJijJ Ugy.

Similarly in case (2), near X the Lagrangians L; and L; map to orthants where
the coordinates have the same signs for j € Q@ N K and different signs for j € Q,
and there are time 1 trajectories of Xy from L; to L; that wrap k; times around the
hyperplane x; = 0, with k; € Zsg for j € QN K and k; € Z>0 +% for j € Q. The

corresponding generator of CW*(Ly, L;) is denoted by H]eK i =1lex 2 JLk s uQ.
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In all cases, with our choice of trivialization of the tangent bundle the degree of
these generators is 2kg if 0 € K, and zero otherwise. Letting K vary over all subsets
which satisfy (1) or (2), we obtain that CW*(Ly, L) is isomorphic as a graded vector
space to the right-hand side of (9.7).

Next, we observe that, since L; and L; are contractible, by choosing base points
x; € Ly, x5 € Ly, and * € II,,, and reference paths from * to *; and from * to *,
we can use the reference paths to complete any arc connecting Ly to L; into a closed
loop in II,,, uniquely up to homotopy. In other terms, the space of homotopy classes
of paths from L; to L; is a torsor over the fundamental group 7 (I1,, %), and can be
identified (non-canonically) with it. Passing to homology, we can use this to assign
elements of Hy(Il,,Z) ~ Z""2/(1,...,1) to the generators of CW*(L;, L;). A more
canonical choice in our case shifts by % the entries corresponding to elements of () or
@, and takes values in the subset I'g of (3Z)"2/(3,...,3) consisting of those tuples
whose non-integer entries correspond exactly to the elements of either @ or Q. (Note
that I'g is an H;(1l,,, Z)-torsor, and additively, I' + I'g =T';.)

With this understood, the class associated to the generator of CW*(Ly, L) that
lies near Y and wraps k; > 0 times around the hyperplane z; = 0 for each j € K
(and setting k; = 0 for j & K) is (ko, ..., kns1) € To C (RZ)"2/(3,...,3).

As before, the grading on the Floer complex can be used to avoid quotienting by
the diagonal subgroup. Namely, since the above-mentioned generator has degree 2k,
its degree and homology class can be encoded simultaneously by the tuple of half-

integers (Ko, ..., kn41) € (3Z)"*? (where the non-integer entries correspond exactly

to either @ or Q; we denote the Z x H,(Il,, Z)-torsor of such elements by fQ)

With this understood, any two generators of CW*(L;, L) related by the Floer
differential must represent the same homology class, while their degrees differ by 1,
hence the corresponding tuples must differ by (%, cee %) However, since the subsets
@ satisfying conditions (1) or (2) above have at most n elements, all the generators
of CW*(Ly, L) correspond to tuples in T'p C (3Z)"*? in which all entries are non-
negative and at least two are zero. Two such tuples cannot differ by (%, . %) Thus,
the Floer differential must vanish identically, and (9.7) holds as an isomorphism of
graded vector spaces.

The statement about module structures is a special case of Proposition 9.3, which
we state and prove below. O

This calculation again agrees with the mirror symmetry prediction. Without loss
of generality we can assume that 0 ¢ I and 0 ¢ J. Ext*(R/(z7),R/(z;)) can then
be computed using the resolution (9.6); the outcome of the calculation matches the
right-hand side of (9.7).

Proposition 9.3. Indexing generators by monomials in 2y, . . ., z,+1 with half-integer
exponents as in Proposition 9.2, the Floer product HW*(Ly, L) @ HW*(L;, Lj) —
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HW*(Ly, Lg) is simply given by multiplication of monomials (and quotienting by the
appropriate ideals).

Proof. Recall from the proof of Proposition 9.2 that the degree and homology class of
each generator of HW*(Ly, L;) can be encoded by an element of f‘Q:Q(LJ) C (3z)"*,
which we call its class, and that this corresponds to the labelling by monomials.
Namely, the class of the generator of HW*(L;, L;) denoted by [| z;-cj is (ko, .-« knt1)-
We also recall that the entries of this tuple are non-negative, and that the set K of
its non-zero entries must contain either Q(I,J) or its complement (one of which
corresponds to the half-integer entries) but cannot entirely contain any of 1,1, .J, J.
Whenever there is a perturbed holomorphic curve contributing to the Floer product,
the relative homology class of the output chord must equal the sum of those of the
inputs, and its degree must also be the sum of those of the input. It follows that
the class of the output must be the sum of those of the inputs. (Here we recall that,

under addition of tuples, fQ(Iy]) + IA’QMK) = f‘Q(LK) C (%Z)””.)

Thus, given generators Hz]kJ € HW*(L;,Ly) and szj € HW*(Ly, Lk), their
product must be
(a) a multiple of [ zfﬁej € HW*(Ly, Lk) if there is a generator of HW*(L;, L)
representing the class (ko + Co, .. ., knt1 + las1),
(b) zero otherwise.

Case (b) obviously agrees with our expected product formula; so it is enough to
consider case (a). Let S = {j € {0,...,n+1}|k;+¢; >0} = {j|k; > 0}u{j|¢; > 0}.
By assumption, S contains either Q(I,.J) or Q(I,J), and it contains either Q(.J, K)
or Q(J, K); but since we are in case (a), it does not contain any of I, 1, K, K. Since
Q(I,J) (resp. Q(I,J)) is the symmetric difference of I and J (resp. I and J), this
implies that S does not contain J or J either. Moreover, by the same argument, for
arbitrary elements i, € I NS and i € I NS, the n-element subset T = {i1, iy} 2 S,
which does not contain I or I by construction, also fails to contain any of J, J, K, K.

The holomorphic curves contributing to the product can then be determined by
working in a local model near the 0-dimensional stratum 7, using the affine coor-
dinates x7;, j € T, and reducing to a product situation, exactly as in the proof of
Proposition 9.1. The only difference is that L;, L;, Lx now correspond to different
orthants, hence inside each C* factor they project to arcs that may be either R, or
R_. In C* the generators of CW*(R,,R_) or (R_,R,) are naturally labelled by
half-integers rather than integers. Nonetheless, for each pair of inputs x4, and z_,
there is a unique triangle contributing to the Floer product, whose output is z_; ;.
Thus, in the product (C*)™ there is a unique contribution to the Floer product, and

we find that (I] zjkj) (IT Zf’) =11 zfj#j as expected. O
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9.3. Exact triangles and generators. We expect that the A.-category W(IL,)
is entirely determined by the cohomology-level computations in Propositions 9.1-9.3
and the existence of certain exact triangles that follow from the general framework
introduced in the previous sections.

Proposition 9.4. Given any partition {0, ..., n+1} = IUJUK into three non-empty
disjoint subsets, with 0 € K, there is an exact triangle

(9.8) L; 2% L 5% Ly 25 L1

Note that Lx = Ly,;. Thus, under mirror symmetry the exact triangle (9.8) corre-
sponds to the triangle in D’Coh(Z) induced by the short exact sequence

0—=0z — 0z, =0z, = 0.

Sketch of proof. The easiest way to establish the existence of an exact triangle relating
Ly, Lk, Ly in W(IL,) is by induction on dimension, using symmetry and the lifting
functor j. The case n = 1 holds by [5], as reviewed in Section 3 (see (3.4)).

Assume first that {0,n+1} C K, so that I and J are subsets of {1,...,n}. Then, as
noted in §8, the lifting functor p : W(II,,_1) — W(Il,,) coming from the identification
I1,, ~ (C*)"\ II,,_; maps the objects ¢;, £; and ¢;,; of W(Il,,_1) to Ly, Ly, and Ly;.
Assuming the conjecture holds for II,,_;, in W(II,,_;) we have an exact triangle

O 25 0y =5 0, 255 001,

where K’ = {0,...,n}\ ({ U J), and we change the notation for the generators of
the Floer complexes in W(II,,_1) to vy, v, vk to avoid confusion. Since A,-functors
are automatically exact, the image by j of this exact triangle in W(II,,_) is an exact
triangle relating L;, Ly,y and Ly in W(IL,,).

Moreover, recall that the action of j on morphisms comes from the inclusion of some
fiber of f = —xq/x,1 along which the wrapping Hamiltonian reaches its minimum;
for example, we can take the fiber above —1. Also recall that we use the embedding
(8.1) to match the pictures for II,,_; and II,,; in this setting, the embedding into the

With this understood, it is not hard to check that j(v;) = u; and j(vy) = uy.
Meanwhile, because v wraps halfway around the hyperplane y, = 0, which maps to
the base locus of f, its image under the embedding is a trajectory that wraps halfway
around both of the hyperplanes zo = 0 and 2,41 = 0. Hence j(vg/) = UK U{n+1) = UK.
This completes the proof in the case where {0,n + 1} C K.

The remaining cases follow by symmetry under the action of &, 5. Namely, for
n > 2 at least one of the subsets I, .J, K must have cardinality greater than one.
Observing that a cyclic permutation of (7, J, K') amounts simply to a rotation of the
exact triangle (9.8), and relaxing the setup to allow 0 to be in any of I, J, K, we can
assume without loss of generality that |K| > 2. We can then use &, o-symmetry
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to relabel the elements of {0,...,n + 1} (with a grading change as needed if the
permutation does not fix 0) in order to reduce to the case where {0,n+1} C K. O

The two remaining ingredients in the proof of homological mirror symmetry for the
pair of pants II,, are:

Conjecture 9.5. W(I1,,) is split-generated by the objects Ly, 1 =0,1,...,n+ 1.

This statement follows from Zack Sylvan’s work in progress [27], as discussed in
Remark 1.5. Namely, W((C*)"\ H) is generated by the images of the functors i; and
19 in the pushout diagram; translating to our setup, the image of i; coincides with
that of the lifting functor j, while i3 = a.. By induction on dimension, assuming
that W(II,_;) is split-generated by lioy = Cg1,..ny. g1y, -- -, {gny, the image of j is
split-generated by j({q1,..n3) = L1,y = Lions1y and j({gy) = Ly, i = 1,...,n.
Meanwhile, as seen in §8, ., maps the generator of F°((C*)", f) to L. Thus,
W(IL,) is split-generated by Lion+1y, L}, - -, Liny, and Lygy. Finally, by Proposi-
tion 9.4 the objects Loy, L{ont1} and Ly,41y are related by an exact triangle, so any
two of them generate the third one.

Conjecture 9.6. Up to homotopy, there is a unique A -structure on the algebra
@D, , HW*(Ly, L;) which is compatible with the grading and satisfies the two condi-
tions:

(1) any generator appearing in the output of a higher product represents a relative
homology class in Hi(Il,,Z) equal to the sum of those of the inputs, and

(2) i (ur,uy,ux) = +id for all TUJUK = {0,...,n+ 1} (as implied by the exact
triangles (9.8)).

Representing generators by monomials in 2, ..., 2,1 with half-integer exponents as
in Proposition 9.3, condition (1) and compatibility with the grading can be restated as:
the class of the output of a Floer product p* differs from the sum of those of its inputs
by (2—k)(3,...,%). In other terms, given generators v; = [] zf] € HW*(Ly,_,,Ly,)

. k . . Zout’-
for i = 1,...,k, the product u"(7x,...,71) must be a multiple of vou: = [] 2",
where lp; = Zle Uiy + % for j =0,...,n+1,if HW*(Ly,, Ly, ) contains such a
generator, and zero otherwise. The conjecture states that, given these constraints,
the A,-structure is entirely determined by the p* in condition (2). The case n = 1
is established in [5] by an explicit Hochschild cohomology calculation.
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