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Some Properties and Invariants of Multivariate
Difference-Differential Dimension Polynomials

Alexander Levin',

Multivariate dimension polynomials associated with finitely generated differential and
difference field extensions arise as natural generalizations of the univariate differential and
difference dimension polynomials defined respectively in [1] and [2]. It turns out, however,
that they carry more information about the corresponding extensions than their univariate
counterparts (see [3, Theorem 4.2.17] and [4]). In this presentation we extend the known
results on multivariate dimension polynomials to the case of difference-differential field ex-
tensions with arbitrary partitions of sets of basic operators. We also describe some properties
of multivariate dimension polynomials and their invariants. The following is the outline of
the talk.

Let K be a difference-differential field, Char K = 0, and let A = {61,...,0,,} and
o ={a,...,a,} be basic sets of derivations and automorphisms of K, respectively. Below
we often use the prefix A-o- instead of “difference-differential”. Suppose that the sets A
and o are represented as unions of disjoint subsets: A = UJ_;A; and o = UJ_,0; where
CardA; = m; 1 <4 < p)and Cardo; = n; (1 < i < q). Let A denote the free
commutative semigroup of all power products of the form A = 6{“ ... OFm alll ...aln where
k, € N, I, € Z and for every such A, let

orda, A=Yk, and ordy, A=Y |I,]

HEA; veEo;

(1<i<p,1<j<gq).Furthermore, forany (rq,...,7p4q) € NPT let A(ry, ..., 7prq) =
{AeAforda, A <rifori=1,...,pandord,, A <rpy;forj=1,... ¢} The following
theorem generalizes the main result of [4].

Theorem 1. Let L = K(n1,...,ns) be a A-o-field extension generated by a set n =
{m,....,ns}. Thenthere exists a polynomial ®,, € Ql[t1, ..., t, 14| (called the A-o-dimension
polynomial of the extension L/K) such that

(1) @p(r1,...,Tptq) = tr.degy K(U A(ri, ..o Tprg)y)
j=1

for all sufficiently large (r1,...,7p+q) € NPT (it means that there exist s1,...,Sprq € N
such that the equality holds for all (11, ... ,1p+q) € NPTUwithry > s1,...,Tpig > Spig)s

(ii) degti @, <m; (1 <i<p) degtpﬂ @, <n;j(1<j<q)and (I)n(tla e 7tp+q)
can be represented as

miy mp ni Ngq . .
d — ) . tl + 11 tp+q + Iptq
n= E E E E Qiy iy ; ,
i1=0  ip=0ips1=0  ippq=0 L L

where a;, . € Zand 2™ | @, ...myny ..ny-

~ipta



We sketch the proof of this theorem and present a method of computation of the polyno-
mial @, based on a generalization of the Ritt-Kolchin method of characteristic sets. Further-
more, we determine invariants of a A-o-dimension polynomial, i. e., numerical characteris-
tics of the A-o-field extension that are carried by such a polynomial and that do not depend
on the set of A-o-generators this A-o-dimension polynomial is associated with. We also give
conditions under which the A-o-dimension polynomial is of the simplest possible form.
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