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Abstract. The problem of truth discovery arises in many areas such
as database, data mining, data crowdsourcing and machine learning. It
seeks trustworthy information from possibly conflicting data provided by
multiple sources. Due to its practical importance, the problem has been
studied extensively in recent years. Two competing models were pro-
posed for truth discovery, weight-based model and probabilistic model.
While (1 + €)-approximations have already been obtained for the weight-
based model, no quality guaranteed solution has been discovered yet
for the probabilistic model. In this paper, we focus on the probabilistic
model and formulate it as a geometric optimization problem. Based on
a sampling technique and a few other ideas, we achieve the first (1 + ¢)-
approximation solution. The general technique we developed has the po-
tential to be used to solve other geometric optimization problems.

Keywords: geometric optimization, truth discovery, high-dimension,
data mining

1 Introduction

Truth discovery has received a great deal of attention in recent years in databases,
data crowdsourcing, machine learning and data mining [T6/T3I9TO0IT4]. It emerges
from various practical scenarios such as copying detection [5], data fusion [3]
and conflicting information resolving on the web [16]. In a typical scenario, the
unknown truth for one or multiple objects can be viewed as a vector in a high-
dimension space. The information about the truth vector may come from mul-
tiple sources. Those sources may be inaccurate, conflicting or even biased from
the beginning if they come from subjective evaluation. Our goal is to infer the
truth vector from these noisy information.

A naive method for this problem is to take the average of all the vectors from
sources as the the ground truth (for coordinates correspondent to categorical
data, take the majority vote). However, this approach, which inherently treats all
sources as equally important, is vulnerable to unreliable and malicious sources.

* The research of the first author was supported in part by NSF grants CCF-1566356
and CCF-1717134. The research of the last two authors was supported in part by
NSF through grants CCF-1422324, 115-1422591, and CCF-1716400.
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Such sources can provide information that pulls the average away from the truth.
A more robust type of approaches is to give weights to sources to indicate their
reliability and use the weighted average or weighted majority as the ground truth.
However, since the weights are often unknown, the goal of finding the ground
truth is coupled with the task of reliability estimation. This type of approaches
is referred as a truth discovery approach. Among all, there are two competing
and sometimes complementary frameworks that are widely accepted and used
for different data types.

Weight-based Truth Discovery In this framework, both the truth and
the weights are treated as variables. An objective function is defined on these
variables [I0]. Then an alternating minimization algorithm can be used to solve
the problem. In each iteration, the algorithm fixes one set of variables (either the
truth variables, or the weight variables) and optimizes the other. This procedure
continues until a stable solution is reached. Many existing methods [T6/4[7ITT] fol-
low this framework and justify themselves by experimenting with different types
of real-world datasets. However, none of these methods provides any theoretical
guarantee regarding the quality of solution. Recently, Ding et al. [2] gave the first
algorithm that achieves a theoretical guarantee (i.e., a (1 + €)-approximation)
for a well-known weight-based model of truth discovery introduced in [10]. Later,
Huang et al. [19] further improved the running time to near quadratic.

Probabilistic Truth Discovery Probabilistic models lie in a different
category of models for truth discovery. They were also studied extensively in
the literature [I7JI5IT2I8]. Instead of giving weights to indicate the reliability
of all sources, these models assume that the information for each source is gen-
erated independently from some distribution that depends on the truth and the
reliability of the source. Then the goal under these models is to find the truth
that maximizes the likelihood of the generated information from all sources. The
probabilistic models have been shown to outperform the weight-based methods
on numerical data [I7]. They also prevail other models in the case where sources
come from subjective evaluation [I3]. For the qualify of the optimization, [15]
gave an iterative algorithm with guaranteed fast convergence to a local optimum.

1.1 Owur Results

We propose a probabilistic truth discovery model, reformulate it as an optimiza-
tion problem and give a PTAS (Polynomial-Time Approximation Scheme) to
solve it. We assume that each observation of a source is generated around the
truth vector with variance corresponding to the reliability of the source. Then,
the goal of finding the truth vector with the maximum likelihood can be formu-
lated as an optimization problem. Instead of directly solving the optimization
problem, we convert it to the following more general geometric optimization
problem:

n
Given {p1,p2, - ,pn} C R, find 2 € R? to minimize Zf(”z —pil]),
i=1
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where f is a function satisfying some reasonable properties.

This general problem encloses as special cases the classic 1-median and 1-
mean problems, and the more general problem of minimizing p-th power of
distances. Moreover, by considering the corresponding functions with an upper-
threshold, i.e, f(¢) = min{¢, B}, f(¢) = min{¢?, B} and f(¢) = min{¢?, B}, one
can capture the outlier versions of all these problems.

We give a sampling-based method that solves the above optimization problem
up to a factor of 1+ € for any € > 0 in quadratic running time. Thus, it not only
solves our truth discovery problem but also gives a unified approach to solve all
the above problems under this framework.

1.2 Our Techniques

One property that we do not impose on the function f is convexity. Requiring f
to be convex will make our problem too restrictive. For example, the cost function
ferutn (defined later) is non-convex in our truth discovery problem. The threshold
functions that are used to model the outlier versions of the 1-center problems
are also non-convex. Without the convexity property, iterative approaches such
as gradient descent and EM do not guarantee the global optimality. General
coreset technique (such as the one in [6]) which reduces the size of the problem
will not work, either. The dimensionality is not reduced by those techniques so
that the problem is still hard even for the coreset.

Instead of using methods in continuous optimization or general sampling
technique, our algorithm is based on the elegant method Badoiu, Har-Peled
and Indyk developed to give fast algorithms for many clustering problems [IIg].
Roughly speaking, [I] showed that a small set of sample points X can guarantee
that the affine subspace span(X) contains a (1 4 €) approximate solution for
these clustering problems. Therefore both the size and the dimensionality can
be reduced.

Directly applying [I] does not work for non-convex cost function. In this
paper, we extend [I] to a more general family of cost functions, including the
non-convex cost function for our truth discovery problem. We will elaborate the
challenges in Section

2 Problem formulation and Main Results

2.1 Probabilistic Truth Discovery

We first set the stage for the problem. The unknown truth can be represented as
a d dimensional vector p*, as justified in [10]. There are n sources, and the obser-
vation/evaluation made by the i-th source is denoted as p; which also lies in the d
dimensional space R%. In our model, we assume that each observation/evaluation
is a random variable following a multi-variate Gaussian distribution centered at
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the truth p* with covariance U?Idﬂ Each unknown parameter o; > 0 represents
the reliability of the source; the smaller the variance, the more reliable the source
is.

We formulate the problem as finding the (p*,0 = (04)ie[n)) that maxi-
mizes the likelihood of the random procedure generating p*.We impose a hyper-
parameter oo > 0 and require o; > oy for every ¢ € [n]. It is naturally interpreted
as an upper bound of the reliability of all sources, but there is another interpre-
tation that we will discuss later.

Given the set of observation P = {p;}"_; C R? under this probabilistic model
and a hyper-parameter o(, we need to find a point x that maximizes the following
likelihood function:

n n d

1 |pi — x|?
”N i | 071, :Il( ) ex {— .
i=1 (p | d) ; \% 27TUi P 2012

=1

Taking negative logarithm and optimizing the quantity over all valid vectors
0 = (0i)ie[n), We obtain the following optimization problem:

. nd - lpi — ||? ,
min {an(27r)+2(dlngi+%,i2 , st o0 >o00,Vi € [n].

z€R, 0 Pt
(1)

Lemma 1. For a fized x € R?, the following vector o minimizes the objective

function in :
0; = max {ao, llp; — x||/\/ﬁ} , Yien)].

Applying Lemmal(I] the optimization problem now only depends on the point
r € R%:

. | nd Ipi — ]
min {2 In (27) + Z (72 + dlnao)

R4 20
€ lpi—z||<o0Vd 0
d |pi — ]
fY (Cranlrzeyl
2 Vi
lpi—zl|>00vd

Notice that scaling x, oy and all points p; by a fact of ¢ only changes the value of
the function by a constant additive term (ndlInc¢). For simplicity, we will apply
a scaling to the triple (x, 00, {p;}7,) — (2, 0h.{p;}?,) so that o}y = 1/+/d and

! For categorical data, the Gaussian distribution may cause fractional answers, which
can be viewed as a probability distribution over possible truths. In practice, variance
for different coordinates of the truth vector may be different and there might be
some non-zero covariance between different coordinates; however, up to a linear
transformation, we may assume the covariance matrix is o2 14.
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drop the prime symbol if there is not ambiguity. The objective function becomes:

min {n;l]n(gw)_’_ Z (dHPi—xH? ~ dlnd)

R4 2 2
lpi—z|<1

+ > (d(;+1nllpi—m||>—d1;d> }

llpi—zl[=1

Moreover, we can drop the constant term %d In (27) — %d Ind, and then divide
the whole function by d/2, the final optimization problem becomes:

72 0</t<1

2
1+In¢? ¢>1 @)

i U — Vi h ru 0) =
;Tellthli;ft th(llz —pil])  where  firuen(£) {

This objective function can be seen as the summation of costs from each indi-
vidual point. The cost function f for each p; is quadratic when its distance to
the variable p is close, and it grows logarithmically when p; is far away.

The function Y. | firutn(||z — pil|) can be served as an alternative way of
evaluating the solution’s quality other than the negative log-likelihood since:
(1) It has non-negative objective function value so that multiplicative approxi-
mation factor can be properly defined, which serves as a criterion of the solution’s
quality.

(2) The (1 + €) approximation of > firutn gives the following guarantee. Let

d
Qo = (\/2%00) be the maximum possible likelihood for the optimum solution

of any instance with n points and d dimensions. Let Q* be the likelihood for
the optimum solution to the given instance. If Q* = Qe~?, then we shall give a
solution with likelihood at least Qge~ (1)t

Interpretation of the Parameter oy oy in our model is introduced to
reflect the overall reliability of the dataset. If each o; is unconstrained, or in
other words o9 = 0, then quantity can tend to —oo by letting p; = z and
o; — 0 for some i € [n]. At this point, it may seem that the introduction of the
parameter og is a little bit unnatural. However, we argue that this issue caused
by the singular solutions does not only exist in our model; it comes with the
truth discovery problem itself. If one does not impose any assumption on the
reliability of the sources, then a solution (in any model) can be: one source is
100% reliable, all the other sources are not reliable at all and the truth is the
data given by the reliable source. Such a model will not be general enough. Any
meaningful model needs to be able to capture more than this type of solutions.

With the understanding that oy gives an upper bound on the reliability of
the sources, we can discuss how o affects the optimum solution of our problem.
In one extreme, og is very small, meaning that any source can be very reliable.
Then in our final optimization problem (?7?), the points p;’s are far away from

each other. (Recall that to obtain (?7?), we scaled the original p; — p; = \/%i 2
o0

Then for a typical center point x, most p;’s will have large ||p; — z||. For these
points, the f values are logarithmic in their distances to the center and thus are
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very insensitive to the location of the center. In this case, the optimum solution
x will be very close to some input point p;.

Consider the other extreme where o is very large. Then, the points p; are
close to each other. In this case, the cost function will be distance square when
x is close to all points. The problem then becomes the classic 1-mean problem.
This coincides with our intention of setting the “overall confidence” o¢: oy being
very large indicates that all sources are unreliable when considered alone, and it
is wiser to take the average than to favor a particular source.

It might seem unreasonable to set a hyper parameter in “truth discovery”
problem because “truth” is usually assumed to be invariant to some hyper-
parameter we select in our model. Indeed, the truth should be invariant if it is
a numerical fact such as the height of a mountain or today’s weather forecast at
some location. But if we are talking about the rating of a movie or evaluation
of an instructor, it is presumptuous to suggest that there exists some “truth
discovery” model which can somehow “calculate” such truth exactly or approx-
imately. In such setting, the best we can guarantee is providing a model that
can rule out some outliers for the users. The hyper-parameter is provided for the
users to decide how much portion of the sources are outliers to him/her.

Here we present our main result for probabilistic truth-discovery problem. It
is directly implied by our main theorem, Theorem

Theorem 1. Let 0 < € < 1. Let P be a set of n points in R? and G(z) =
ZPEP Jferuwtn(|lz — pl]). A (1 + €)-approzimate solution can be obtained in time

0(2(1/6)0(1)d + n2d)

3 Solution for General 1-Center Optimization Problem

3.1 General description of the algorithm

The following notations are used throughout this section. Given the point set
P C RY, a cost function f: Rso — R, let G(z) = > pep f(llz —pll) denote the
objective function. We reuse the variable pop; as the optimizer of G(x).

We show in advance the following three properties that a general cost function
f need to satisfy in order to apply our extended sampling method.

Property 1. (Regularity) f is a continuous, non-negative, monotonically in-
creasing function.

Property 2. (Sub—proportionality)ﬂ Ja>1: f(kx) < k*f(x)forany k > 1,z >
0. We say « is the proportional degree of f if it is the smallest « satisfies such
property.

Property 3. The function f can be computed in polynomial time with respect to

the size of the input. The inverse of f, defined as f~1(y) = sup,{z : f(x) =y},
should also be able to calculate in polynomial time w.r.t to the size of x when

y < 2f(z).
2 Also referred as polynomial growing function or Log-Log Lipschitz function in liter-
ature.



Approximating Global Optimum for Probabilistic Truth Discovery 7

Remark 1. The only place property ?? is used is in Theorem [2} It is imposed to
ensure a polynomial running time in arithmetic calculation.

Remark 2. Continuity can be implied by property 7?7 by taking k& — 1. Also, by
taking = = 0 in property ??, one can infer that f(0) > 0. With the fact that f
is non-decreasing, one can also infer that f is non-negative.

Thus essentially the first two properties are (i) monotonically increasing, which
is a common assumption when a function is referred as a “cost” function; (ii)
sub-proportionality, which can be roughly thought of as requiring the function
not growing exponentially. Intuitively speaking, an equivalent statement is that
for every a > 0, the graph of the unique function g(z) = Cz® going through
(0,0) and (a, f(a)) is completely above (can overlap) the graph of f(z) when
T > a.

From now on, these three properties are always assumed for a cost function
f unless stated otherwise.

To approximate the optimizer po,: of G(z), we generalize an existing result
from Badoiu, Har-Peled and Indyk [I] (for convex functions) to our problem
where the function can be non-convex. The key idea is to sample a core-set
X from the input points P such that the affine subspace span(X) contains a
(1 + ¢)-approximate solution. We summarize the method in a general way in the
following procedures:

1. The value L is chosen so that the following two things can both happen:
(a) It’s possible to sample a few points and guarantee that with constant
probability, the Euclidean distance from one of the sample is close enough
to the optimizer pope, i.€. ||$; — Popt|| < L for some sample s;.
(b) If the distance from p’ to pop is O(eL) for sufficiently small constant in
this big O notation, p’ is guaranteed to be (1 + €) approximate solution.
2. Continue the sampling in batches so that for each batch of samples, either
the (1 + e)-approximate solution is already in the affine subspace spanned
by the sampled points, or the subspace becomes closer to p,p: by a factor
about 1+ e. It is also required that the size of each batch is poly(1/e).
3. Repeat step 2 until the distance from span(X) to pop: is smaller than O(eL),
where X is the set of sampled points.
4. Inside span(X), draw a grid around each point in X. The radius of the grid
is 2L and the side length is eL. Then there is an (1+ €) approximate solution
in these grid points.

Remark 3. To be able to shorten from the initial gap L to the desired gap O(eL),
the number of batches required on average is bounded by poly(1/¢), which means
it only depends on the approximation factor. Since each batch contains poly(1/¢)
many samples, in total the sample set X is of size poly(1/e).

Remark 4. Notice that in Step 4 we need to approximately know the value L to
perform the actual algorithm. This is guaranteed in our algorithm for general
cost function f, as we showed in the next section.
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3.2 The choice of L

Let us first focus on the choice of L for a general cost function f. Denote AVG =
G(popt)/n. If f(z) =z, L can be chosen to be 2G(popt)/n in Step 1, as shown in
[1]. We can think of this L as the average cost contributed from points in P. So
for condition (b), it is trivial that eL/2 is the necessary distance from p’ to pop:
to make p’ a (1 + €)-approximated solution. At the same time, L is also roughly
the “average” of Euclidean distance from each point in P to p,p: since the cost
function f is an identity function. So for condition (a), a point s € P such that
ls — popt|| < L can be regarded as an “average” case. An average case is easy to
approximate using sampling.

However, such coincidence will not happen for general f. If f is a slowly
growing function (e.g. log(x), 1 — 1/x) and L is chosen like above, condition (b)
still holds but L is far from the “average” of Euclidean distances to p,p in some
of worse cases. To compromise, we do not require L to be “average”. We only
require roughly en points in P satisfying that the distance from them to pep: is
less than L. Then on average, we can obtain such point after O(1/¢) samples.
Consequently, condition (a) and (b) can both be satisfied again. The following
lemma shows the exact choice of the value L, the unknown variables A and B
will be removed later:

Lemma 2. Let 0 < e < 1. Let P C R? and |P| = n, G(x) = > pep flllz —pll)
with « as the proportion degree of f. Suppose p is the [en]-th closest point to the
optimal solution pop: among the points in P.Choose L accordingly if the following
two cases apply:

(1) If we know a value A such that f(||[p — poptll) € [A, (1 + €/3)A), choose
L=f"Y(1+eA).

(1) If f(||p — poptll) < €AVG/B for some constant B > 3, choose a value L €
[f~1(eAVG/B), f~1(eAVG/3)].

Then p' is a (1 + €)—approzimate solution of G if ||p’ — popt|| < eL/(4c).

Proof. We prove case (i) first. Let P = {p1,pa,--- ,pn} so that [[p1 — popt|| <
lp2 — pOPtH < < lpn - p0pt||~ Then i > [en/4] implies f(||lp; — pom”) > A
since f is non-decreasing. By Markov’s inequality the value A can not be greater
than AVG/(1 — e/4). This is a fact we are going to use in the following argument
and later in Lemma Now assume p’ is a point satisfies ||p’ — pope]| < €L/(4a).
For p; with i < [en/4], the total increase of cost by moving p,,¢ to p’ is at most

/ n Le
rZ” Pl = pl) < AL+ 1)
< 62(1 + i)af([/) < 6%(1 + %)(1 + €/3)A
i € AVG 16
< 61(1 + g)(l + 6/3)m < 2—7€G(popt)

The second inequality comes from the sub-proportionality of f. For the remaining
points, If ||p; — popt|| < L — €L/ (4a) but ||p; — popt|| > ||P — Popt||, then

Flpi =Pl < fIpi = popt | + Ipopr — P'Il) < F(L) = (1 +¢/3)A



Approximating Global Optimum for Probabilistic Truth Discovery 9

With the fact that f(||p; — popt]l) > A, we have

F(lps =9l = £(lpi = popell) < 5A < 5 F(Ipi = powel)

€
3
If ||pi — poptll > L — €L/(4c), the cost from moving pop: to p’ is increased by a
factor of at most (1 + 11¢/27):

el

4a>

Flpi = ') < fUlpi = poptll + llpopr — D'I1) < f(Ipi — Poptll +

€ o €
< (1 =) (I = Pl < €/ (s = el
11
<(1+ 2776)f(||pz - poz)tH)

In sum, the total difference between G(p) = >, f(|lpi — P'||) and G(popt) is at
most €G (popt), therefore p’ is a (1 + €)-approximate solution of G.

For case (ii), for ¢ < |en/4], in other words, ||p; — p'|| < ||p — p'||, the total
increase of cost by moving p, to p’ is at most:

S Al - p) S G0+ () < eh 1+ HEE < SeGloom)

i<[en/4]

When ||p — poptll < ||Pi — Popt|] < L — eL/(4ax) we have:

f(”pi _p/H) < f(sz _popt” + ||popt _p/H) < f(L) = €AVG/3

Lastly, if ||p; = popt|| > L — eL/(4a), the argument is the same as in case(i):

£l = #1) < (1+ 32 lpi = pape])

In sum, the total difference between G(p') and G(popt) is < €G(popt)- So p' is a
(1 4 €)-approximate solution of G. O

The above lemma shows that if we choose L in this way, condition (b) of Step
1 is satisfied. Furthermore, the following lemma indicates that condition (a) can
also be achieved.

Lemma 3. Let€,P,G,f, p, L be defined as in Lemma[d By uniformly sampling
|X| = O(1/¢) points in P, there will be a point s € X satisfying inequality
lls — popt|| < L with constant probability.

Proof. Since for both case(i) and case(ii) there are at least |en| points in P
having ||p; — Popt|| < |6 — popt|| < L, after 2/e samples there will be at least one
point falling in this set of points with probability > 1/2 by Markov’s inequality.

O
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3.3 Main result

In this subsection, we omit the details of most of the proofs due to the space
limit. First we present the theorem which guarantees the correctness of Step 2.
For a set of points X C R?, we denote by span(X) the affine subspace spanned
by the set of points in X.

Theorem 2 (Core-set). Let 0 < ¢ < 1. Let P be a point set in R:. G(x) =
> pep fllz = pll) with o as the proportion degree of f. L is chosen as in Lemma
@. If X is a set of points obtained from sampling O(log (1/€) /€3*%) points in P,
then with constant probability, the following two events happen: (i) The distance
from the affine subspace span(X) to the optimizer poy is at most eL/(8a), and
(i) X contains a point in distance < L from pop:.

The above theorem gives the existence of a (1 + €)-approximate solution in
the affine subspace of a small sample. To actually find the solution is the final
issue. We provide one of the possible approaches in the following.

The lemma below shows that we know a value t = ©(AVG). It also shows that
trust the best source alone gives a constant approximate factor solution.

Lemma 4 (a 2 —approximated solution). Let P be a set of n points in R?
and G(z) = > cp fllx — p|| with o as the proportion degree of f. We can try
every point in P to achieve a 2%-approximate solution for the function G, and
the total running time is O(n2d).

Proof. Let p' € P be the one closest to the optimal point pyp. Then

GE)=>_ flp—2'1) <D fllp— poptll + D" = Popt]l)

peEP peP
<> F@Ip = poptl)) < 2% G(popr)-
peEP

The last inequality comes from the sub-proportionality of f. The minimum
among G(p1),G(p2), -+ ,G(pn) must be less than G(p’). The function G can
be evaluated in O(nd) time. Therefore, the 2*—approximate solution can be
found in O(n?d) time. O

There are more efficient ways to bound the value of AVG for special f. For
example, when f(x) = x, it is shown [8] that AVG can be approximated in linear
time.

Now we settle the unknown variables A and B in Lemmall We will show that
if choosing B properly, A is approximately bounded in the way that A = ©.(AVG).
Thus the search of the value A takes at most poly(1/e) time. The effect on the
whole algorithm is a multiplicative factor of poly(1/¢), which is small comparing
to the time for drawing grid points.

Lemma 5. Let ¢, P,G,f be defined as in Lemma @ Let p be the [en]-th closest
point to the optimal solution poy: among the points in P. There exists a set L of
size O(log(1/e€)/€) such that for every possible values of f(||p — poptl]), there is a
member L € L such that it satisfies condition (a) and (b) in Step 1.
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The next theorem summarizes the complete algorithm.

Theorem 3. Let 0 < € < 1. Let P be a set of n points in R? and G(z) =
> pep fllz —pll) with o as the proportion degree of f. Let X be a set of random
samples from P of size O(log(1/€)/e3%%). We can construct a set of grid points

Y of size 0(2(1/6)0(1)) such that with constant probability there is at least one
point p’' in'Y being a (1 + €)-approxzimate solution of G. The time complexity is
0(2(1/5)0(1)0{ +n2d) for the construction of Y.

Synopsis of the proof: For each L € L, denote Y}, as the union of the grid
points around each x € X, where the diameter of the grid is 4L and the side
length is roughly O(eL). Let Y = Upe,Yr. Then Theorem (1| guarantees the
desired result.
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