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Soliton Hierarchies from
Matrix Loop Algebras

Wen-Xiu Ma and Xing Lü

Abstract. Matrix loop algebras, both semisimple and non-semisimple, are
used to generate soliton hierarchies. Hamiltonian structures to guarantee the
Liouville integrability are determined by using the trace identity or the varia-
tional identity. An application example is presented from a perturbed Kaup–
Newell matrix spectral problem associated with the three-dimensional real
special linear algebra.
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1. Introduction

Soliton hierarchies possessing Hamiltonian structures or bi-Hamiltonian structures
provide examples of integrable systems. Within given matrix loop algebras, zero
curvature equations associated with matrix spectral problems (or equivalently, Lax
pairs) are essential objects in generating soliton hierarchies and their Hamiltonian
structures (see, e.g., [1–7]).

Among celebrated examples are the Korteweg–de Vries hierarchy [8], the
Ablowitz–Kaup–Newell–Segur hierarchy [9], the Dirac hierarchy [10], the Kaup–
Newell hierarchy [11], the Wadati–Konno–Ichikawa hierarchy [12] and the Heisen-
berg hierarchy [13]. All those soliton hierarchies are generated from the three-
dimensional real special linear algebra sl(2,R). This Lie algebra is simple and has
the basis

e1 =

[
1 0

0 −1

]
, e2 =

[
0 1

0 0

]
, e3 =

[
0 0

1 0

]
, (1)

with the standard commutation relations:

[e1, e2] = 2e2, [e2, e3] = e1, [e3, e1] = 2e3. (2)

Its derived algebra is itself, and so, it is 3-dimensional, too. The only other three-
dimensional real Lie algebras with a three-dimensional derived algebra is the spe-
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cial orthogonal algebra so(3,R), whose basis {e1, e2, e3} satisfying the circular com-
mutation relations: [e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2, is called a standard
basis. Those two Lie algebras have been widely used in generating soliton hi-
erarchies in integrable systems (see, e.g., [8–16] using sl(2,R) and [17–21] using
so(3,R)).

For a given matrix Lie algebra g, its loop algebra g̃ adopted in this paper is
defined as

g̃ =
{∑

i≥0

Miλ
n−i

∣∣Mi ∈ g, i ≥ 0, n ∈ Z
}
, (3)

that is, the space of all Laurent series in λ with coefficients in g and a finite regular
part. Particular examples of a matrix loop algebra contain the linear combinations:
λmd1f1 + λnd2f2 + λld3f3 with arbitrary integers m,n, l, real constants d1, d2, d3
and elements f1, f2, f3 in g. Matrix loop algebras provide a structural basis for our
study of soliton hierarchies.

Let us also recall the Liouville integrability of PDEs (see, e.g., [14, 15, 21]).
Let x = (x1, . . . , xp) be the vector of spatial variables and u = (u1, . . . , uq)T the
vector of dependent variables. A Hamiltonian system of evolutionary PDEs is

ut = J
δH
δu

, u = u(x, t), (4)

where J = J(x, t, u) is a Hamiltonian operator and δ
δu stands for the variational

derivative [22]. A conserved functional of a Hamiltonian system (4) is a functional
T =

∫
T dx which determines a conservation law of (4): DtT + DivX = 0, in

which Div denotes spatial divergence. For a given differential function F , its cor-
responding one-form is given by

dF :=

p∑
i=1

∂F

∂xi
dxi +

∂F

∂t
dt+

q∑
α=1

∑
#L≥0

∂F

∂uα
L

duα
L,

where if #L = 0, then uα
L = uα, and if #L = k ≥ 1, then uα

L = ∂kuα

∂xl1 ···∂xlk
, for

L = (l1, . . . , lk), 1 ≤ li ≤ p, 1 ≤ i ≤ k, with #L = l1 + · · ·+ lk.

Definition 1. Let I be a set of integers and r ≥ 1 a natural number. We say that a
set of r-tuples of differential functions {Sn = (S1

n, . . . , S
r
n)

T |n ∈ I} is independent,
if all r-tuples of one-forms, dSn = (dS1

n, . . . , dS
r
n)

T , n ∈ I, are linearly independent
at every point in the infinite jet space. A set of conserved functionals {Hn |n ∈
I} of a Hamiltonian system (4) is said to be independent, if all characteristics
{J δHn

δu |n ∈ I} of the associated Hamiltonian vector fields are independent.

By the differential order of an r-tuple S of differential functions, we mean the
order of the highest-order derivative of u with respect to x in S. It is obvious to
see that if a set of r-tuples of differential functions has distinct differential orders,
then it is independent.

Definition 2. A Hamiltonian system of evolutionary PDEs, (4), is called to be
Liouville integrable, if there exists infinitely many conserved functionals {Hn}∞n=0,
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which are in involution with respect to the Poisson bracket:

{Hm,Hn}J :=

∫ (
δHm

δu

)T

J
δHn

δu
dx = 0, m, n ≥ 0, (5)

and the characteristics of whose associated Hamiltonian vector fields

Kn := J
δHn

δu
, n ≥ 0, (6)

are independent.

In this paper, we would like to focus on an application of the matrix loop

algebra s̃l(2,R) within the zero curvature formulation. We will introduce a per-

turbed Kaup–Newell matrix spectral problem, based on s̃l(2,R), and construct
its associated integrable Hamiltonian hierarchy through zero curvature equations.
The corresponding Hamiltonian structures will be furnished by using the trace
identity, and all systems in the resulting perturbed Kaup–Newell hierarchy will be
shown to be Liouville integrable. A few concluding remarks will be given in the
last section.

2. Zero curvature formulation

Lax proposed an operator pair approach for studying the Korteweg–de Vries equa-
tion [8], and such an involved pair is nowadays called a Lax pair. It is realized (see,
e.g., [23, 24]) that a Lax pair presentation is generally equivalent to a zero cur-
vature presentation. We say that an integrable system of PDEs possesses a zero
curvature representation, if it can be generated from a zero curvature equation

Ut − Vx + [U, V ] = 0, (7)

where x, t ∈ R, and the two matrices U and V , called a spectral matrix and a Lax
matrix (or operator), are taken from a given matrix loop algebra [3, 25].

As soon as a spectral matrix U is well selected, in order to present a soliton
hierarchy, we start to solve a stationary zero curvature equation

Wx = [U,W ] (8)

in g̃. Then, introduce a series of Lax matrices

V [m] = (λmW )+ +Δm, Δm ∈ g̃, m ≥ 0, (9)

where P+ denotes the polynomial part of P in λ, such that the corresponding zero
curvature equations

Utm − V [m]
x + [U, V [m]] = 0, m ≥ 0, (10)

yield a hierarchy of soliton equations

utm = Km, m ≥ 0. (11)

The structure of W often tells how to determine the modification terms Δm, m ≥
0. The associated Lax pairs are starting points to find soliton solutions by the
inverse scattering transform [1, 2].
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One of our tasks in the study of integrable systems is to construct Hamilton-
ian structures or bi-Hamiltonian structures [26],

utm = Km = J
δHm

δu
= M

δHm−1

δu
, m ≥ 1, (12)

which naturally generate a hereditary recursion operator Φ = MJ−1, and thus,
infinitely many commuting conserved functionals and symmetries [27, 28]. The
basic tool for constructing Hamiltonian functionals is the trace identity in the
semisimple case [14]:

δ

δu

∫
tr

(
∂U

∂λ
W

)
dx = λ−γ ∂

∂λ
λγtr

(
∂U

∂u
W

)
, γ = −λ

2

d

dλ
ln |tr(W 2)|, (13)

or generally, the variational identity in the non-semisimple case [29]:

δ

δu

∫ 〈
∂U

∂λ
,W

〉
dx = λ−γ ∂

∂λ
λγ

〈
∂U

∂u
,W

〉
, γ = −λ

2

d

dλ
ln |〈W,W 〉|, (14)

where 〈·, ·〉 is a symmetric, non-degenerate and ad-invariant bilinear form over the
matrix loop algebra g̃.

3. An example: a perturbed integrable Kaup–Newell hierarchy

3.1. A perturbed Kaup–Newell hierarchy

We apply the zero curvature formulation to present a perturbed integrable Kaup–
Newell hierarchy. We start with a new 2× 2 matrix spectral problem:

φx = Uφ = U(u, λ)φ, U =

[
λ+ αp λp

q −λ− αp

]
, u =

[
p

q

]
, (15)

where λ is the spectral parameter and α is a fixed constant. If α = 0, then (15)
reduces to the standard Kaup–Newell spectral problem [11], and thus, (15) is
called a perturbed Kaup–Newell spectral problem and the corresponding soliton
hierarchy is called a perturbed Kaup–Newell hierarchy.

Once a matrix spectral problem is chosen, it is inherently feasible to calculate
the corresponding soliton hierarchy. First, we solve the stationary zero curvature

equation (8) for W ∈ s̃l(2,R). When W is assumed to be

W =

[
a b

λ−1c −a

]
, (16)

the stationary zero curvature equation (8) becomes

ax = pc− qb, bx = 2λb− 2λpa+ 2αpb, cx = −2λc+ 2λqa− 2αpc. (17)

This leads to

pcx + qbx = −2λ(pc− qb)− 2αp2c+ 2αpqb. (18)
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Further, expand a, b and c as the Laurent series in λ:

a =
∑
i≥0

aiλ
−i, b =

∑
i≥0

biλ
−i, c =

∑
i≥0

ciλ
−i, (19)

and take the initial data

a0 = 1, b0 = p, c0 = q, (20)

to fix a solution to the equations from the highest powers of λ in (17):

a0,x = pc0 − qb0, b0 = pa0, c0 = qa0.

Then, based on (18), we see that the system (17) gives rise to⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ai+1,x = −1

2
(pci,x + qbi,x)− αp2ci + αpqbi,

bi+1 =
1

2
bi,x + pai+1 − αpbi,

ci+1 = −1

2
ci,x + qai+1 − αpci,

i ≥ 0. (21)

While using the above recursion relations, we impose the condition that the con-
stants of integration take the value of zero:

ai|u=0 = bi|u=0 = ci|u=0 = 0, i ≥ 1, (22)

to uniquely determine the sequence of {ai, bi, ci| i ≥ 1}. This way, the first two sets
can be worked out:

a1 = −pq

2
, b1 =

1

2
(px − 2αp2 − p2q), c1 = −1

2
(qx + 2αpq + pq2);

a2 = −1

4
(qpx − pqx) + αp2q +

3

8
p2q2,

b2 =
1

4
pxx − 3

4
qppx − 3

2
αppx + p3

(
α2 +

3

2
αq +

3

8
q2
)
,

c2 =
1

4
qxx +

3

4
qpqx +

1

2
αqpx + αpqx + p2q

(
α2 +

3

2
αq +

3

8
q2
)
.

We saw above the localness of the first three sets of {ai, bi, ci| i ≥ 1}. This
is not an accident, and the functions ai, bi, ci, i ≥ 1, are all local, indeed. We can
verify this fact as follows. First from Wx = [U,W ], we get

d

dx
tr(W 2) = 2tr(WWx) = 2tr(W [U,W ]) = 0,

and so, due to tr(W 2) = 2(a2 + λ−1bc), we can compute that

a2 + λ−1bc = (a2 + λ−1bc)|u=0 = 1, (23)

the second step of which follows from the initial data in (20) and the recursion
relations in (21). Then, by using the Laurent expansions in (19) and noting the
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initial data in (20) again, balancing the coefficients of λi in (23) for each i ≥ 1
yields

ai = −1

2

⎛⎝ ∑
k+l=i, k,l≥1

akal +
∑

k+l=i−1, k,l≥0

bkcl

⎞⎠ , i ≥ 1. (24)

Based on this recursion relation (24) and the last two recursion relations in (21),
applying the mathematical induction finally tells that all functions ai, bi, ci, i ≥ 1,
are differential polynomials in p and q, i.e., they are all local; and that for each
i ≥ 2, the differential orders of the differential functions ai, bi and ci are i− 2, i− 1
and i− 1, respectively.

Now as usual, we introduce

V [m] = λ(λmW )+ + δme1, m ≥ 0, (25)

where δm are differential functions to be determined later. A direct computation

shows that V
[m]
x − [U, V [m]] is equal to[

δm,x 2λ(bm+1 − pam+1 + pδm)

2(−cm+1 + qam+1 − qδm) −δm,x

]
. (26)

Therefore, the corresponding zero curvature equations (10) precisely present{
αptm = δm,x, ptm = 2(bm+1 − pam+1 + pδm),

qtm = 2(−cm+1 + qam+1 − qδm),
m ≥ 0. (27)

To satisfy the above third equation, we choose, based on (21), that

δm = αbm, m ≥ 0, (28)

and then, all the systems in (27) determine a soliton hierarchy

utm = Km =

[
p

q

]
tm

=

[
bm,x

cm,x + 2αpcm − 2αqbm

]
, m ≥ 0, (29)

which is the required perturbed Kaup–Newell hierarchy. The first nonlinear system
in this perturbed hierarchy is given by

ut1 =

[
p

q

]
t1

=

[
1
2 (pxx − 2ppxq − p2qx − 4αppx)

− 1
2qxx − 1

2pxq
2 − pqqx − 2α(pxq + pqx)

]
. (30)

3.2. Hamiltonian structures and Liouville integrability

We shall show that all systems in the perturbed Kaup–Newell hierarchy (29) are
Liouville integrable. Towards this end, let us first establish Hamiltonian structures
for the perturbed hierarchy (29) by using the trace identity (13).

In the perturbed Kaup–Newell case discussed above, the trace identity (13)
reads

δ

δu

∫
(2a+ λ−1pc) dx = λ−γ ∂

∂λ
λγ

[
2αa+ c

b

]
. (31)
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Balancing the coefficients of λ−m−1 for each m ≥ 0 in this equality tells that γ = 0
and that

δ

δu
Hm =

[
2αam + cm

bm

]
, m ≥ 0, (32)

with the Hamiltonian functionals being defined by

H0 =

∫
(2αp+ pq) dx, Hm =

∫ (
−2am+1 + pcm

m

)
dx, m ≥ 1. (33)

It follows now that the hierarchy (29) has the Hamiltonian structures:

utm = Km = J
δHm

δu
, J =

[
0 ∂

∂ 0

]
, m ≥ 0. (34)

From the recursion relations in (21), we can obtain

Km+1 = ΦKm, m ≥ 0, (35)

where Φ is the recursion operator

Φ =

[
1
2∂ − 1

2∂p∂
−1q − α∂p∂−1 − 1

2∂p∂
−1p

− 1
2∂q∂

−1q − α∂q∂−1 − αq − 1
2∂ − 1

2∂q∂
−1p− αp

]
. (36)

We readily check that JΨ = ΦJ , where Ψ is the adjoint operator of Φ, and thus,
all systems, except the first one, in the perturbed Kaup–Newell hierarchy (29) are
bi-Hamiltonian:

utm = Km = J
δHm

δu
= M

δHm−1

δu
, m ≥ 1, (37)

where the second Hamiltonian operator is defined by

M = ΦJ =

[
− 1

2∂p∂
−1p∂ 1

2∂
2 − 1

2∂p∂
−1q∂ − α∂p

− 1
2∂

2 − 1
2∂q∂

−1p∂ − αp∂ − 1
2∂q∂

−1q∂ − α∂q − αq∂

]
.

Now from an observation of the Hamiltonian structures presented in (34) and
the differential orders of the sequence {ai, bi, ci| i ≥ 1} shown in the last subsection,
it follows that the perturbed Kaup–Newell hierarchy (29) is Liouville integrable.
Namely, every system in the perturbed hierarchy (29) possesses infinitely many
independent commuting conserved functionals:

{Hk,Hl}J :=

∫ (δHk

δu

)T
J
δHl

δu
dx = 0, k, l ≥ 0, (38)

and infinitely many independent commuting symmetries:

[Kk,Kl] := K ′
k(u)[Kl]−K ′

l(u)[Kk] = J
δ

δu
{Hk,Hl}J = 0, k, l ≥ 0, (39)

where K ′ is the Gateaux derivative. These commuting relations are also conse-
quences of the Virasoro algebra of Lax matrices (see, e.g., [30] for details).
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4. Concluding remarks

Matrix loop algebras were used to search for integrable Hamiltonian equations,

which come in hierarchies. Within the matrix loop algebra s̃l(2,R), the Kaup–
Newell spectral problem was perturbed by linear perturbation, and a hierarchy of
associated integrable bi-Hamiltonian equations was successfully generated. Their
Hamiltonian structures and Liouville integrability were established by the trace
identity.

The spectral problem (15) is a special reduction of general matrix Lax pairs
associated with semisimple Lie algebras (see, e.g., [3]–[7]). However, determination
of all integrable reductions within the category of semisimple Lie algebras is one
of the most important problems in the theory of integrable system [2], and it is
still very interesting to see concrete examples of soliton hierarchies of integrable
Hamiltonian equations. Among typical discussed spectral matrices associated with

s̃l(2,R) and s̃o(3,R) are the following three cases:

U(u, λ) = λe1 + pe2 + qe3, λ2e1 + λpe2 + λqe3, λe1 + λpe2 + λqe3,

where u = (p, q)T and e1, e2, e3 are three matrices in a standard basis. These corre-
spond to the Ablowitz–Kaup–Newell–Segur type hierarchy [17], the Kaup–Newell
type hierarchy [18] and the Wadati–Konno–Ichikawa type hierarchy [19], when the
underlying matrix loop algebra is s̃o(3,R). In those three examples, the vector u
consists of only two dependent variables, p and q. There are various examples of
soliton hierarchies with three or more dependent variables (see, e.g., [22, 25, 31]).

We also point out that given initial matrix loop algebras, it still requires a
considerable amount of time to compute soliton hierarchies within the zero cur-
vature formulation, and it is much more complicated in the case of higher spatial
dimensions. The study of integrable couplings [22], associated with non-semisimple
matrix loop algebras, provides specific examples of soliton hierarchies generated
from higher-order matrix spectral problems. The resulting soliton hierarchies can
be solved by applying Darboux transformations associated with the underlying ma-
trix spectral problems (see, e.g., [32, 33]), possibly yielding lump solutions [34, 35].
It is, however, known that the variational identity [25, 29] does not present Hamil-
tonian structures for the bi-integrable couplings:

ut = K(u), vt = K ′(u)[v], wt = K ′(u)[w],

where K ′ stands for the Gateaux derivative. It remains open how to generalize
the variational identity such that we can furnish Hamiltonian structures for such
integrable couplings.
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