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1. Introduction

The study of soliton equations has been of considerable importance to the understanding of nonlinear phenomenon
over the past few decades. In recent years, soliton theory has enriched the understanding of the nature of integrability
in partial and ordinary differential equations (see [1]); one way is through the existence of infinitely many conservation
laws and symmetries. Constructed from spectral problems associated with matrix Lie algebras, systems of solitons equations
often give rise to soliton hierarchies [2-4]. Frequently, these hierarchies possess infinitely many symmetries and conserved
functionals. Some hierarchies of this particular type include the Ablowitz-Kaup-Newell-Segur [5], the Kaup-Newell [6], the
D-Kaup-Newell [7], the KdV [8], and the Dirac hierarchies [9]. This paper presents two spectral problems that generate
different soliton hierarchies; both hierarchies have infinitely many conservation laws and high-order symmetries implying
Liouville integrability.

There is a general scheme for soliton hierarchy construction [10,11]. We begin with a matrix spectral problem associated
with a matrix loop algebra. Under the assumption of a solution to the stationary zero curvature equation, a series of Lax
matrices is introduced. The Lax matrices give rise to the temporal spectral problems. Each temporal spectral problem paired
with the original spectral problem form a member in a series of compatibility conditions known as the zero curvature equa-
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tions. After solving the zero curvature equations, we generate the hierarchy of soliton equations. The final step is finding the
Hamiltonian structure for the hierarchy using the trace identity [10,11]. This produces a hierarchy of Hamiltonian equations.

We must begin by introducting a matrix loop algebra. The two spectral matrices in this paper are associated with
sl(2,R), a three-dimensional special linear Lie algebra consisting of trace-free 2 x 2 matrices. The basis for the simple Lie
algebra is

1 0 0 1 0 0 :
oo Seslo ofe-li o) "

with commutator properties
le1,e2] =2e;, [er.e3]=—2es3, [ez,e3]=es. (2)

To generate the hierarchy, we use the following matrix loop algebra:

sI(2,R) = {ZAiqui esl(2,R),i>0,ne z}. (3)

i>0

In particular, the matrix loop algebra s~l(2, R) contains elements of the form A™e; + )Llez + APe3 with arbitrary integers m, I,
p. Many well-known soliton hierarchies are generated from the matrix loop algebra sl(2, R) [5-11].

In this paper, we will introduce a new spectral matrix and explain why it generalizes the D-Kaup-Newell spectral matrix.
We then generate its soliton hierarchy. Next, we apply the trace identity to engender the Hamiltonian structure and discuss
why the hierarchy is Liouville integrable, i.e., the hierarchy has infinitely many commuting symmetries and conserved func-
tionals. We present a reduction of the spectral matrix to produce a completely different soliton hierarchy which is shown to
have bi-Hamiltonian structure. Lastly, we discuss a few ideas for further research associated with the Lie algebra so(3, R).

2. A generalized D-Kaup-Newell spectral problem

Let us introduce a spectral matrix:

, A -1 Ap+S
U=U(@. 1) =@"—ne;+ (Ap+s)es + (Ag+v)es = 5 | (4)
AQ+V AT+

and consider the following isospectral problem:

q
A —r  Ap+s ~ o3}
=U¢ = ,UeslQR), u=|r|, ¢= , 5
$x=Ug [MM _sz‘f’ 2R ¢ [¢2] (5)
S
%
where p, q, 1, s, and v are potentials.
The D-Kaup-Newell spectral problem is known [7] to be
p
AT AD ~ o1
—Ud = , Uesl(2,R), u= , = , 6
¢ =Ug [M _Az_r}b 2R al. ¢ [¢2 (6)
r

which depends on three potentials: p, g, and r. The new spectral problem (5) is a generalization of the D-Kaup-Newell
spectral problem adding two new potentials s and v. Previously, the cases r = « and r = «pq, where « is a constant, have
been shown to generate integrable hierarchies [12,13] for the D-Kaup-Newell spectral problem (6).

3. The soliton hierarchy

We assume a solution to the stationary zero curvature equation, Wy = [U, W], to be of the form
a b ~
W = aeq + be; + ce3 = c —al€ sl(2, R), (7)

and we get the equations
ax = —qbA + pcA —vb + sc,
by = —2pak + 2bA% — 2sa — 2rb, (8)
Cx = 2qak — 2c)A? + 2va + 2rc.
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Next, we assume that a, b, and ¢ have Laurent expansions

a=Y ar7", b=)brl c=> i (9)

i>0 i>0 i>0

which gives us the following recursive relations:

b;_
bist = =5 + pa; + 58y +rbi_y.
G .
Cip1 = — 121’)< +qa; +va;_q + 161, i>0, (10)
b; Cix

Giy1x=—q=" =P + (PV = 45)a; — qrb; + Prc; +5¢iyq — Vi

Now, we take the initial values of

G=a, by=c=a1=0 bi=ap, c=0aq, (11)
and impose the conditions for integration

ilu=0 = bilu=o = Cilu=0 =0, =1, (12)
to determine the sequence of {a;, b;, ¢;li>1} uniquely. For i=2,3, we have the following: by =as, ¢ =av, a=
—apq, by =al(-p*q+2pr+px), 3=-a3(*p-2qr+qx), a3 =—a3(pv+gs).

We can see the localness of {a;, b;, ¢;|0 <i<3}. This result can be proven for all i>0 as follows:

Proposition 3.1. Let {aq, bg, ¢y, a1, b1, ¢1} be given by Eq. (11). Then all functions {a;, b;, ¢c;|i>2} determined by Eq. (10) with
the conditions in (12) are differential polynomials in u with respect to x, and thus, are local.

Proof. We compute from the stationary zero curvature equation, Wy = [U, W],

%tr(wz) = 2tr(WW,) = 2tr(W[U, W]) = 2(tr(W?2U) — tr(W3U)) = 0, (13)

and seeing that the tr(W2) = 2(a2 + bc), we have
a? + bc = (a® + bc) |u—o = 2, (14)
following from the initial data (11). Now, we use (9), the Laurent expansions of q, b, c, to give
o 1 1 .
G=5 -5 Z Gy = 5 Z bec, ix>1. (15)
k+1=ik,1>1 k+1=i,k,1>0

Finally, based on the recursion relations (10) and (15), we use mathematical induction to see that all functions {a;, b;, c;,
i>0} are differential polynomials in u with respect to x, and therefore, are local. This completes the proof. O

Now, we need to solve the zero curvature equations
U, —VI™M+uvim=0 m=>o, (16)
which is equivalent to (5) together with the temporal problems
br, =V =VIM (@, 1)p. m=o0. (17)
In order to solve these, we introduce a series of Lax operators
vIml = (W"W), + Ap) € 51(2,R), (18)

where (A™W), denotes the polynomial part of A™W and Ay, is a modification term. Solving (16), we may choose A, =0
and generate a hierarchy of soliton equations

2bmiq 2bp,
—2Cma1 —2Cm
U, =Km=1| @qbmi1 — PCmi1 = qbm — pcm , m=>0. (19)
—2paini1 + 2bmia —2pam + 2bm 1

2qamy1 — 2Cmy2 2qam — 2Cmy1
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@ is a recursion operator determined by (10) and given by

—po~lv —pd~ls 0 1-pdlg pd~lp
qo~—'v qo1s 0 qd1q 14qdp
®= 0 0 0 g g (20)
0 +r—s9"1v —s0-1s 0 —sd g —s0-1p
v~y —30+r+vd7ls 0 v9-1q vo~—'p

with 0 = % and 9-1 as the inverse operator of 9.

Let’s look at some of the reductions of this system. First, when m =6, we may let r,p,q=0,v=—-1,s=u and o = -4
to find the KdV equation [8]

Ur = —BULly — Uyyy. (21)
Also for m=6, we letr,p,q=0,v=—u,s =u and o = —4 to find the mKdV [14,15]

Ur = —6U% Uy — Uyxx. (22)
We may see the NLSE [6] by letting r, p,q =0,v=—1,s=u and o« = —2i when m =4

iy = 2|u|?u + ux. (23)

Lastly, when m = 4, we can see the Gerdjikov-Ivanov (G-I) equations [16,17]

143;2 2
e = 39°T° — q°Tx — Qxx 24
{rt = —%r3q2 — 2 qx + Txx, (24)

ifweletr=-2qr,p=q,q=r,s=v=0and o = —2. The G-I equation is the third derivative nonlinear Schrodinger equation
(DNLSIII) [17], or equivalently,

. 1 2 o
iqe = —§q3q2 +1q%qx — Qux- (25)

4. Hamiltonian structure

The Hamiltonian structure for the hierarchy (19) is found using the trace identity [10,11]

8 au d au Ad
— ) — AV Y g __= = 2
Su/tr(a)\w>dx ATV tr(auw>,y 2 o Inlerw?)]. (26)
We compute
ou [0 A| 90U |0 0|0U |-1 O
ap |0 0|dg |» O]'ar | O 1f (27)
U |0 1| dU |0 O0|dU |20 p
s |0 ol 9v |1 O ar"|q =2
The following traces are computed:
tr(Wg—a’) =4al + bq +acp, tr(Wg—U) d: cA, tr(W%—Z) = bA, (28)
tr(Wo) = -2a, tr(Wi) =c, tr(W#) = b,
and using the trace identity (26), we have
(S(iu f(4ak +bq +cp)dx =17 %V[CL b, —2a,c, b]". (29)
After balancing the coefficients of all powers of A,
8
Su f(4am+2 + bmi1q + Cni1p)dX = (¥ — M)[Cms1, bni1, —20m, Cn. bm]", m > 0.
Considering the case where m =1, we see y =0, and we have the following:
5871 f —— bmn?q TP gy — [emer. bner. —2am, G b, M > 1. (30)
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Thus, we arrive at the Hamiltonian structure for the generalized D-Kaup-Newell soliton hierarchy (19)

2bmyq [ Cm1
—2Cm41 b4 5
ut, = Km = —Umx — me + SCm :_] _Zam :]Tum’ m > O? (31)
bmx + 2sam + 2rbp, Cm
Cmyx — 2V — 21Cy | bm
with the Hamiltonian operator
0o 2 O 0 0 7
-2 0 O 0 0
J=|l0o o 13 s v |, (32)
0 0 -s 0 d+2r
0 0 v 0-2r 0 |

and the Hamiltonian functionals

Ho :/(—2ocr+cqu)dx, Hm :/

_4ami2 + bniag + Cniap

= m>1, (33)

where 7, can be found directly from the vector [c;, by, —2ay. ¢, bo]T.
We can easily show that the operator J is a Hamiltonian operator as it is skew-symmetric and satisfies the Jacobi condi-
tion

/ KT u)[JS|Tdx + cycle(K, S, T) = 0, (34)

for all vector fields K, S, and T, where J'(u)[K] denotes the Gateaux derivative of | with respect to u in the direction of K. The
proof is similar and even simpler than the one presented in [18].

The above functionals (33) correspond to common conservation laws for each soliton system in the soliton hierarchy (19).
Differential polynomial conservation laws can be generated either from some Riccati equation obtained from the underlying
matrix spectral problem [19-21] or directly by a computer algebra system [22].

Based on the Hamiltonian structure (33), we can say that the soliton hierarchy (19) is integrable in the Liouville sense:

(K. Ki] = Ky [K,] — K[ @)[Ke] = 0. k.10, (35)
and
T
SH OH
{Hi, Haly = / <5uk) JTuldx =0, kI=0. (36)

The commuting relations of the symmetries and conserved functionals are also consequences of the Virasoro algebra of Lax
operators. For further reference on the algebraic structures of Lax operators and zero curvature equations, see [23-25].

5. A bi-Hamiltonian reduced integrable hierarchy

Let’s introduce a reduction of the spectral problem (4):

M —F  Ap+s ~ _
ALY A2+ F ¢,Uesl(2,R), u=

wv Qs

by = U, 1) = [ $= [ﬁg], (37)

where 7= % pq. We would like to construct its associated integrable hierarchy possessing a bi-Hamiltonian structure. We
will see that this spectral problem will generate a different soliton hierarchy than (19).
Assume a solution to stationary zero curvature equation to be of the same form

W = aeq + be, + ces = |:CCI _ba] esl(2,R), (38)

and we produce
{ax = —qb\ + pcA — vb + sc,

by = —2pak + 2bA% — 2sa — pqb, (39)
Cx = 2qai — 2cA? + 2vb + pqc.
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Taking the same Laurent expansions as before (9), the recursion relations are

bi_1
biy1 = == + pa; + sa;_1 + 3 pab;_1.
Ci_ .
Gt = = =5 +40 + V01 + 3paciy. 120, (40)

b; G
Qip1x = —CI% - p%

We note that we have a different set of recursion relations than those found in (10). In order to determine the sequence of
{a;, b;, cjli>1} uniquely, we take the same initial values of

+ (pv — gs)a; — 3 pg*b; + 1 p?qci + scipq — vbiy.

g =0, bo:Co:ﬂ] =0, b] =ap, C =04, (4])
and conditions for integration
ilu=0 = bilu—0 = Cily=0 =0, i=1. (42)

Again, for all i>0, {a;, b;, ¢;} are differential polynomials in u with respect to x. The proof is almost exactly the same as
(3.1) but we use the recursion relations (40) instead of (10).

After solving the zero curvature Eq. (16) and taking the modification terms A, to be zero, we generate a completely
new soliton hierarchy

2bm+1 2bp
_ _ —2Cm+] _ —2Cm
oy = Kim = —2pami1 +2bmin | T ® —2pay + 2bipi |’ mz0, (43)
2qam1 — 2Cma2 2qam — 2¢m 11
with recursion operator
—pd~'v —pd-ls 1-pd-lq —pd'p
_ qo~1v qo~'s qd1q 14qd-1p
®= 10+ 1pg—sd-'v —s0~1s —sd-1q —sd-1p (44)
vo-ly -39+ 1pg+vd-ls  wdlq vd-1p
We may construct a Hamiltonian structure from the trace identity [10,11] for the above soliton hierarchy (43). We figure
out
ou |[-1g a|ou [-1Ip 0O
= |72 — =] 2
ap |: 0 1q| 9q A | (45)
and note a—u a—u and 8—” are as the same as in (27). The new traces are found:
as’ dv dA
au au
W—)=- A W—)=- A 4
tr( ap) aq + cA, tr( 8q> ap + b, (46)

while tr(W3Y). tr(W9Z). and tr(W3Y) are as before in (28).
Plugging these into the trace identity (26), we have

8 0
3 f(4ak +bq +cp)dx =177 8—)L)J’[—aq +cA, —ap+ b, c,b]". (47)
After balancing the coefficients of all powers of A and then considering the case where m =1, we see y = 0. We then have

the following for m > 1:

i f 4 + bmi1q + Cm+1pdx _
Su m B

Therefore, we formulate the Hamiltonian structure for the reduced soliton hierarchy (43)

[—amq + Cms1, —AmP + b1, Cm, bm]". (48)

2bmyq —Um1q + Cm2 5
-2c —Ami1p+b Hmi1
u =K, = m+1 — m+1 m+2 — + m> 0’ 49
fm " —2pani1 + 2bmo J Cm+1 J du - (49)
2qam 1 — 2Cmy2 bms1
with the Hamiltonian operator
0 0 0 2
0 0o -2 O
-2 0 0 0
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and the Hamiltonian functionals

,Hm:/_4am+2+bmn§1q+cm+1pdx’ m=1. (51)

It can be computed that all members in the soliton hierarchy (43) are bi-Hamiltonian (see [26-29] for bi-Hamiltonian
theory), i.e.,

57'lerl 8Hm

U, =Kn=] 31 :MW’ m=>1, (52)
where the second Hamiltonian operator is
2pd~1p 2-2pd-lq 2pd-1s —2pd—1v
—2—-2q01 2q0-1 —2qo1s 2q01v
M= @f = 9P 2994 d d . (53)
250~ 1p —2s5071q 2507 1s 04 pq—2s0-1v
—2v9-1p 2007 1q 0 —pq—2v9-1s 2001y

This means that | and M constitute a Hamiltonian pair, or, J, M, and N = «J + BM, for any «, 8 € Z, are all Hamiltonian
operators. As a direct result of the bi-Hamiltonian structure (52), we can say that the soliton hierarchy (43) is integrable in
the Liouville sense:

SH\' - SH
(M. Hidm= [ (k) M="tdx =0,

Su Su
SHL\ | SH 54
_ A WLLI
W}o%h—f( 5 ) J5, dx =0,
and
[Ki. K] = K, (w)[K ] — K/ (w)[K,] =0, k,1>0. (55)

6. Concluding remarks

Starting with the matrix loop algebra sNI(Z,R), we introduced a generalized D-Kaup-Newell spectral problem by adding
two potentials s and v. Each system of equations in the soliton hierarchy is Hamiltonian, and so, Liouville integrable.
Then we presented a reduction to the new spectral problem generating a different soliton hierarchy with a bi-Hamiltonian
structure.

We would like to note that the soliton hierarchy (19) is different from the hierarchies presented in [5-9]. The AKNS,
Kaup-Newell, and D-Kaup-Newell hierarchies are found from the following spectral matrices, respectively:

A A2A A2 +r A
U= P U= P U= b . (56)
q —A AqQ  —A? A AT
Recall, the spectral matrix for the soliton hierarchy (19) is
A —r  Ap+s
U= Pes (57)
AQ+V A2

It is clear that (57) is a generalization of the Kaup-Newell and D-Kaup-Newell spectral matrices. We will note that AKNS
hierarchy [5] may be found from (57) by letting p=q=r=0.
Recently, the matrix Lie loop algebra so(3, R) defined by

$0(3,R) = {ZAimﬂAi €so(3,R),i>0,ne Z} (58)
i>0
with basis elements
0 0 -1 0O 0 O 0O -1 O
egr=10 0 0 |,ep=(0 0 —-1},e3=]1 0o 0], (59)
1 0 O 0 1 0 0O 0 O
and commutator relations
[er.ex] =e3, [ex.e3]=e1, [es,er] =ey, (60)

have been studied [12,30-33]. Mostly, spectral matrices with two dependent variables have been discussed:

U(u, A) =Aeq + pe; + ges,
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U(u, 1) =\%eq + Apey + Ages,
U(u, A) =Ae; + Ape; + Ages,
U(u, 1) =Age; + (A2 + Ap)ez + (—A2 + Ap)es.
A spectral matrix with three dependent variables has been analyzed [32] of the following form:
U(u, A) =(A% +1)eq + Ape, + Ages.

We hope to see more soliton hierarchies using three or more dependent variables. For instance, what kind of beautiful
structure is possible for a spectral matrix similar to (57) associated with so(3, R)?
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