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Abstract

Phase retrieval refers to the problem of recovering
real- or complex-valued vectors from magnitude
measurements. The best-known algorithms for
this problem are iterative in nature and rely on
so-called spectral initializers that provide accu-
rate initialization vectors. We propose a novel
class of estimators suitable for general nonlinear
measurement systems, called linear spectral esti-
mators (LSPEs), which can be used to compute
accurate initialization vectors for phase retrieval
problems. The proposed LSPEs not only provide
accurate initialization vectors for noisy phase re-
trieval systems with structured or random mea-
surement matrices, but also enable the derivation
of sharp and nonasymptotic mean-squared error
bounds. We demonstrate the efficacy of LSPEs
on synthetic and real-world phase retrieval prob-
lems, and show that our estimators significantly
outperform existing methods for structured mea-
surement systems that arise in practice.

1. Introduction

Phase retrieval refers to the problem of recovering an un-
known N-dimensional signal vector x € HV, with H{ being
the set of either real (R) or complex (C) numbers, from the
following nonlinear measurement process:

v = f(Ax+€e*) +e’. (D)

Here, the measurement vector y € RM contains M real-
valued observations, for example measured through the non-
linear function f(z) = |z|? that operates element-wise on
vectors, A € HM*N is a given measurement matrix, and
the vectors e* € HM and e¥ € RY model signal and mea-
surement noises, respectively. In contrast to the majority of
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existing results on phase retrieval that assume randomness
in the measurement matrix A, we focus on the practical sce-
nario in which the measurement matrix A is deterministic,
but the signal vector x to be recovered as well as the two
noise sources e and e¥ are random.

1.1. Phase Retrieval

Phase retrieval has been studied extensively over the last
decades (Gerchberg & Saxton, 1972; Fienup, 1982) and
finds use in a range of applications, including imaging (Fo-
gel et al., 2016; Yeh et al., 2015; Holloway et al., 2016), mi-
croscopy (Kou et al., 2010; Faulkner & Rodenburg, 2004),
and X-ray crystallography (Harrison, 1993; Miao et al.,
2008; Pfeiffer et al., 2006). Phase retrieval problems were
solved traditionally using alternating projection methods,
such as the Gerchberg-Saxton (Gerchberg & Saxton, 1972)
and Fienup (Fienup, 1982) algorithms. More recent results
have shown that semidefinite programming enables the de-
sign of algorithms with performance guarantees (Candes
etal., 2013; Candes & Li, 2014; Candes et al., 2015a; Wald-
spurger et al., 2015). These methods lift the problem to
a higher dimension, resulting in excessive complexity and
memory requirements. To perform phase retrieval for high-
dimensional problems with performance guarantees, a range
of convex (Bahmani & Romberg, 2017; Goldstein & Studer,
2017; Hand & Voroninski, 2016; Dhifallah et al., 2017; Dhi-
fallah & Lu, 2017; Yuan & Wang, 2017; Salehi et al., 2018)
and nonconvex methods (Netrapalli et al., 2013; Schniter &
Rangan, 2015; Candes et al., 2015b; Chen & Candes, 2015;
Zhang & Liang, 2016; Wang et al., 2017a; Zhang et al.,
2016; Wei, 2015; Sun et al., 2016; Zeng & So, 2017; Lu &
Li, 2017; Ma et al., 2018) have been proposed recently.

1.2. Spectral Initializers

All of the above non-lifting-based phase retrieval methods
rely on accurate initial estimates of the signal vector to be
recovered. Such estimates are typically obtained by means
of so-called spectral initializers put forward in (Netrapalli
et al., 2013). Spectral initializers first compute a Hermitian
matrix of the following form:

M
Ds =8> T(ym)amal, )

m=1
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where 8 > 0 is a suitably-chosen scaling factor, y,,, denotes
the mth measurement, aﬁ corresponds to the mth row of
the measurement matrix A and 7 : R — R is a (possi-
bly nonlinear) preprocessing function. While the identity
T(y) = y was used originally in (Netrapalli et al., 2013),
recent results revealed that carefully crafted preprocessing
functions yield more accurate estimates (Chen & Candes,
2015; Chen et al., 2015; Wang et al., 2017a;b; Lu & Li,
2017; Mondelli & Montanari, 2017). From the matrix Dg
in (2), one then extracts the (scaled) eigenvector X associ-
ated with the largest eigenvalue, which serves as an initial
estimate of the solution to the phase retrieval problem.

As shown in (Netrapalli et al., 2013; Chen & Candes, 2015;
Chen et al., 2015; Wang et al., 2017a;b; Lu & Li, 2017;
Mondelli & Montanari, 2017), for i.i.d. Gaussian measure-
ment matrices A, sufficiently large measurement ratios
d = M/N, and carefully crafted preprocessing functions 7,
spectral initializers provide accurate initialization vectors.
In fact, the results in (Mondelli & Montanari, 2017) for
the large-system limit with § fixed and M — oo show that
spectral initializers in combination with an optimal prepro-
cessing function 7 achieve the fundamental information-
theoretic limits of phase retrieval. However, the assump-
tion of having i.i.d. Gaussian measurement matrices A is
impractical—it is more natural to assume that the signal
vector x is random and the measurement matrix A is deter-
ministic and structured (Bendory & Eldar, 2017).

1.3. Contributions

We propose a novel class of estimators, called linear spec-
tral estimators (LSPEs), that provide accurate estimates for
general nonlinear measurement systems of the form (1) and
enable a nonasymptotic mean-squared error (MSE) analysis.
We showcase the efficacy of LSPEs by applying them to
phase retrieval problems, where we compute initialization
vectors for real- and complex-valued systems with deter-
ministic and finite-dimensional measurement matrices. For
the proposed LSPEs, we derive nonasymptotic and sharp
bounds on the MSE for signal estimation from phaseless
measurements. We use synthetic and real-world phase re-
trieval problems to demonstrate that LSPEs are able to sig-
nificantly outperform existing spectral initializers on sys-
tems that acquire structured measurements. We furthermore
show that preprocessing the phaseless measurements en-
ables LSPEs to generate improved initialization vectors for
an even broader class of measurement systems.

1.4. Notation

Lowercase and uppercase boldface letters represent column
vectors and matrices, respectively. For a matrix A, its trans-
pose and Hermitian conjugate is A7 and A ¥, respectively,
and the kth row and /th column entry is [A]y , = Ay ¢. For

a vector a, the kth entry is [a], = ai. The f5-norm of a is
denoted by ||a||2 and the Frobenius norm of A by ||A||r.
The Kronecker product is ®, the Hadamard product is ®,
the Hadamard division is @, and the trace operator is tr(-).
The N x N identity matrix is denoted by Iy ; the M x N
all-zeros and all-ones matrices are denoted by 0y« x and
1,/ x N, respectively. For a vector a, diag(a) is a square ma-
trix with a on the main diagonal; for a matrix A, diag(A)
is a column vector containing the diagonal elements of A.

2. Linear Spectral Estimators

We start by reviewing the essentials of spectral initializers
and then, introduce linear spectral estimators (LSPEs) for
measurement systems of the form (1) with general nonlinear-
ities f. We furthermore provide nonasymptotic expressions
for the associated estimation error, and we compare our
analytical results to that of conventional spectral initializers
in (2). In Section 3, we will apply LSPEs to phase retrieval.

2.1. Spectral Estimation and Initializers

One of the key issues of the phase retrieval problem is
the fact that if x is a solution to (1), then e?®x for any
¢ € [0, 27) is also a valid solution (assuming # = C). Put
simply, the solution is nonunique up to a global phase shift.
One way of combating this issue is to directly recover the
outer product xx? instead of x, which is unaffected by
phase shifts; this insight is the key underlying lifting-based
phase retrieval methods (Candes et al., 2013; Candes & Li,
2014; Candes et al., 2015a; Waldspurger et al., 2015). With
this in mind, one could envision the design of an estimator
that directly minimizes the conditional MSE:

% = arg min E[||xx" — xx"(|3 | y]. 3)
XEHN

Here, expectation is with respect to the signal vector x and
the two noise sources e” and e?. This optimization problem
resembles that of a posterior mean estimator (PME) which
is, in general, difficult to derive, even for simple observation
models—for phase retrieval, we have two additional chal-
lenges: (i) nonlinear phaseless measurements as in (1) and
(ii) the quantity Xx'? has rank-1.

Spectral initializers avoid the issues of the estimator in (3)
by first replacing the true outer product xx with a so-
called spectral estimator matrix Dg as in (2) that depends
on the measurement vector y. In a second step, one then
computes the best rank-1 approximation as follows:

% = arg min |Dg — %% %, 4)
XEHN

from which the estimate X can be extracted. By perform-
ing an eigenvalue decomposition Dg = UAU# with
UHU = I, and the eigenvalues in the diagonal matrix
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A = diag([\1,. .., Ax]7) are sorted in descending order
of their magnitudes, a spectral initializer is given by the
scaled leading eigenvector X = v/A1u;. In practice, one
can use power iterations to efficiently compute X.

2.2. Linear Spectral Estimators

We now propose a novel class of estimators, which we call
linear spectral estimators (LSPEs), that provide accurate
estimates for general nonlinear measurement systems of the
form (1). To this end, we borrow ideas from the spectral
initializer, the PME in (3), and the linear phase retrieval
algorithm put forward in (Ghods et al., 2018). In the first
step, LSPEs apply a linear estimator to the nonlinear obser-
vations in 7 (y) to construct a spectral estimator matrix Dy,
for which the spectral MSE (or matrix MSE) defined as

S-MSE = E[|Dy - xx" ] (5)

is minimal. We restrict ourselves to spectral estimator ma-
trices Dy, that are affine in 7 (y), i.e., are of the form

M
Dy =Wy + Z T(Z/m)wm (6)
m=1

with W,,, € HV*N m = 0,..., M. In the second step,
we use the spectral estimator matrix Dy, to extract a (scaled)
leading eigenvector as in (3), which is the linear spectral es-
timate of the signal vector x. Intuitively, if we can construct
a matrix Dy, from the preprocessed measurements in 7 (y)
for which the S-MSE in (5) is minimal, then we expect that
computing its best rank-1 approximation would yield an
accurate estimate of the signal vector x up to a global phase
shift. We will justify this claim in Section 2.3.

Mathematically, we wish to compute a matrix Dy, of the
form (6) that is the solution to the following problem:

M 2
Wy + Z T(ym)wm_ xx!!

m=1

‘minimize E . (D
W eHN XN
m=0,...,M

F

Clearly, the spectral estimator matrix D, will depend on
the measurement matrix A, the statistics of the signal to
be estimated x and the two noise sources e® and eY, the
nonlinearity f, as well as the preprocessing function 7. For
this setting, we have the following general result which
summarizes the LSPE; the proof is given in Appendix A.

Theorem 1 (Linear Spectral Estimator). Let the measure-
ment vector'y be a result of the general measurement model
in (1) and select a preprocessing function T. Define the
vector T (y) = E[T (y)] and assume the matrix

T=E[(T(y) - T)(T(y) - T(¥)"]

is full rank. Let t € RM satisfy Tt = T (y) — T (y) and
V. =E [(T(ym) - 77-(37’711))(XXH - KX)]

form =1,..., M with Ky = E[xx"]. Then, the LSPE
matrix that minimizes the S-MSE in (5) is given by

M
Dy =Ky + > tm Vi ®)
m=1

The linear spectral estimate X is then given by the scaled
leading eigenvector of the matrix Dy, in (8).

The vector t is the only quantity in Theorem 1 that depends
on the actual (nonlinear) observations contained in the mea-
surement vector y. All other quantities depend only on the
first two moments of xx* as well as the considered signal,
noise, and measurement models. The key features of the
LSPE are as follows: (i) the involved quantities can often be
computed in closed form (see Section 3 for two applications
to phase retrieval) and (ii) LSPEs enable a nonasymptotic
and sharp analysis of the associated estimation error.

Remark 1. Theorem I requires the matrix T to be invert-
ible. This condition is satisfied in most practical situations
with nondegenerate measurement matrices A or in situa-
tions with nonzero measurement noise.

2.3. Estimation Error Analysis of LSPEs

The remaining piece of the proposed LSPE is to show that
the result of this two-step estimation procedure indeed yields
a vector that is close to the signal vector x. We start with
the following result; the proof is given in Appendix B.
Theorem 2 (S-MSE of the LSPE). Let the assumptions of
Theorem 1 hold. Then, the S-MSE in (5) for the LSPE matrix
in (8) is given by

M M
S-MSEspp = Coxri = Y [T s tr(VIEV 00)
m=1m’'=1

©)
with Cur = B [ = Ko |7.

With this result, we are ready to establish a bound on the
estimation error of the LSPE. The proof of the following
result follows from Theorem 2 and is given in Appendix C.
Corollary 1 (LSPE Estimation Error). Let the assumptions

of Theorem 1 hold. Then, the estimation error (EER) of the
LSPE satisfies the following inequality:

EERLSPE =E [H)A()A(H - XXHH%} S 4S'MSELSPE- (10)

This result implies that by minimizing the S-MSE in (5)
via (7), we are also reducing the EER of the LSPE. In other
words, if the spectral error E = Dy, — %% is small, then
the EER of the LSPE (10) will be small.
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Remark 2. Corollary 1 is nonasymptotic and depends on
the instance of measurement matrix A. This result is in
stark contrast to existing performance bounds for spectral
initializers (Netrapalli et al., 2013; Chen & Candes, 2015;
Chen et al., 2015; Wang et al., 2017a;b) that strongly rely
on randomness in the measurement matrix. In addition to
randomness, the sharp performance guarantees in (Lu & Li,
2017; Mondelli & Montanari, 2017) focus on the asymptotic
regime for which § = M /N is fixed and M — oc.

2.4. S-MSE of Spectral Initializers

We can also derive an exact expression for the S-MSE of the
conventional spectral initializer in (2). We assume optimal
scaling, i.e., the parameter [ is set to minimize the S-MSE.
The following result characterizes the S-MSE of such a
scaled spectral initializer; the proof is given in Appendix D.

Proposition 1 (S-MSE of the Spectral Initializer). Let Dg
be the conventional spectral initializer matrix in (2). Then,
the optimally-scaled S-MSE defined as

S-MSEg; = min E[||Dg — xx |2 11
st = min [IDg — xx" %] (11)

is given by
2
M HS
So 2l Vaa,

M M ~ s
Zmzl Zmlzl Tonm/ |a£€am, |2
(12)

S-MSEg; = Ry —

where Ryyn = E[||xxf %], V,, = E[T (ym)xx],
m=1,...,M,and T =E[T ()T (y)"].

Since the matrix in (2) is a special case of the LSPE matrix
in (6), we have the following simple yet important property:

S-MSE; spg < S-MSEg;.

In words, the spectral MSE of the LSPE cannot be worse
than that of a spectral initializer. As we will show in Sec-
tion 4, LSPEs are able to outperform spectral initializers
on both synthetic and real-world phase retrieval problems
given that the same preprocessing function 7 is used.

3. LSPEs for Phase Retrieval Problems

The LSPE provides a framework for estimating signal vec-
tors from the general observation model in (1). To make
the concept of LSPEs explicit and to demonstrate their effi-
cacy in practice, we now show two application examples to
phase retrieval in complex-valued systems. The LSPE for
real-valued phase retrieval can be found in Appendix E.

3.1. Phase Retrieval without Preprocessing

We first focus on the case where the signal vector x to be
estimated and the measurement matrix A are both complex-

valued. The phaseless measurements y, however, remain
real-valued. We need the following assumptions.

Assumptions 1. Let H = C. Assume square absolute
measurements f(z) = |z|? and the identity preprocessing
function T (y) = y. Assume that the signal vector x € CN
is i.i.d. circularly-symmetric complex Gaussian with covari-
ance matrix Cyx = 021y, i.e, x ~ CN'(Onx1,020y). As-
sume that the signal noise vector € is circularly-symmetric
complex Gaussian with covariance matrix Ce:, i.e., €% ~
CN(0prx1, Ce=), and the measurement noise vector €Y is a
real-valued Gaussian vector with mean €Y and covariance
matrix Cey, i.e., €/ ~ N (&Y, Cqy). Furthermore assume
that x, €%, and €Y are independent.

Under these assumptions, we can derive the following LSPE
which we call LSPE-C; the detailed derivations of this spec-
tral estimator are given in Appendix G.

Estimator 1 (LSPE-C). Let Assumptions 1 hold. Then, the
spectral estimation matrix is given by

M
DY =Ky + > tmVm,

m=1

13)

where Ky = 021y, the vector t € RM is given by the
solution to the linear system Tt =y —y with

y = diag(C,) + &Y
C, = 02AA" 1 C.-

T=C,0C] + Ce
and V,, = ota,all, m = 1,..., M. The spectral esti-
mate X is given by the (scaled) leading eigenvector of D(y:
in (13). Furthermore, the S-MSE is given by Theorem 2.

We emphasize that the spectral estimator matrix in (13)
resembles that of the conventional spectral initializer ma-
trix (2) with the following key differences. First and fore-
most, each outer product contained in V,,, = oia,,a’l
in Estimator 1 is weighted by ¢,,,, which is a function of
all phaseless measurements in y and of the covariance ma-
trix Cx. In contrast, each outer product in the conventional
spectral initializer matrix in (2) is only weighted by the asso-
ciated measurement y,,,. This difference enables the LSPE
to weight each outer product depending on correlations in
the phaseless measurements caused by structure in the ma-
trix A. Second, the spectral estimator matrix includes a
mean term Ky, which is absent in the spectral initializer
matrix. As we will show in Section 4, for the same pre-
processing function 7, Estimator 1 is able to outperform
spectral initializers for systems with structured measurement
matrices A. For large i.i.d. Gaussian measurement matrices,
there is no particular correlation structure to exploit and
LSPEs perform on par with spectral initializers.
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3.2. Phase Retrieval with Exponential Preprocessing

To demonstrate the flexibility and generality of our frame-
work, we now design an LSPE with an exponential prepro-
cessing function for complex-valued phase retrieval. We
derive the LSPE under the following assumptions.

Assumptions 2. Let H = C. Assume square absolute mea-
surements f(z) = |z|? and the exponential preprocessing
Sfunction T (y) = exp(—~yy) withy > 0, i.e., we consider

T(y) = exp(—(|z* + "))

where the exponential function is applied element-wise to
vectors. The remaining assumptions are the same as in
Assumptions 1.

and z = Ax+é€*,

We now derive the following LSPE called LSPE-Exp; the
derivation of this spectral estimator is given in Appendix H.

Estimator 2 (LSPE-Exp). Let Assumptions 2 hold. Then,
the spectral estimation matrix is given by

M
Exp __
DY =Ky + Yt Vi,

m=1

(14)

where Ky = 021y, the vector t € RM is given by the

solution to the linear system Tt = T (y) — T (y) with

T(y) =Py O ay
T = (p,p2) ®exp(1*Cev) @ (gya’ — 7*C, © C})
- (pypz) @ (qqu)

70% [Pw]m

V= —— L2V 5 alf

mQy,, M= 1,...
(V[Calm,m +1)2

7M7

where we use the following definitions:

q, = vdiag(C,) + Larx1
p, = exp(—e’ + 72% diag(Cev))
C,=02AA" ; C,...

The spectral estimate X is given by the (scaled) leading
eigenvector of DEXP in (14). Furthermore, the S-MSE of this
estimator is given by Theorem 2.

At first sight, the choice of the exponential preprocessing
function used in Estimator 2 seems to be arbitrary. We em-
phasize, however, that this particular function is inspired
by the asymptotically-optimal preprocessing function for
properly-normalized Gaussian measurement ensembles pro-
posed in (Mondelli & Montanari, 2017) which is given by

__y—1
y+Vo—1

As it turns out, we can scale, negate, and shift the exponen-
tial preprocessing function 7 (y) = exp(—7y) to make it

%pt(y) (15)

take a similar shape as the function in (15). More concretely,
exponential preprocessing as well as Top(y) enables one to
attenuate the effect of measurements with large magnitude,
which is also the idea underlying the class of orthogonal
spectral initializers, as proposed in (Chen et al., 2015; Wang
et al., 2017a;b), that perform well in practice.

4. Numerical Results

We now compare the performance of our LSPEs against
existing spectral initializers proposed for phase retrieval
on synthetic and real image data. All our results use the
spectral initializers and experimental setups provided by
PhasePack (Chandra et al., 2017).

4.1. Impact of Measurement Ensemble

We start by comparing the normalized MSE (N-MSE) de-
fined as (Chandra et al., 2017)

mingey [|x — ax|?
|||

N-MSE =

for a range of spectral initializers on different measurement
ensembles. Specifically, we focus on the complex-valued
case and consider (i) an i.i.d. Gaussian measurement ma-
trix with signal dimension N = 16, (ii) an i.i.d. Gaussian
measurement matrix with N = 256, and (iii) the structured
“transmission matrix” used for image recovery through mul-
tiple scattering media as detailed in (Metzler et al., 2017).
We vary the oversampling ratio 6 = M /N and compare the
N-MSE of the proposed complex-valued LSPEs, LSPE-C
(Estimator 1) and LSPE-Exp (Estimator 2 with v = 0.001),
to the following spectral initializers: the original spectral ini-
tializer (Netrapalli et al., 2013; Candes et al., 2015a) called
“spectral,” truncated spectral initializer (Chen & Candegs,
2015) called “truncated,” weighted spectral initializer (Wang
et al., 2017b) called “weighted,” amplitude spectral initial-
izer (Wang et al., 2017a) called “amplitude,” orthogonal
spectral initializer (Chen et al., 2015) called “orthogonal,”
and the asymptotically-optimal spectral initializer (Mondelli
& Montanari, 2017) called “optimal.” For the following syn-
thetic experiments, we generate the signals to be recovered
according to Assumptions 1 and Assumptions 2 for LSPE-C
and LSPE-Exp, respectively.

Figure 1a shows that the proposed LSPEs significantly out-
perform all existing spectral initializers for small problem
dimensions with Gaussian measurements; this improvement
is even more pronounced for large oversampling ratios. The
reason is that since we randomly generate a low-dimensional
sensing matrix, the system will exhibit strong correlations
among the measurements that can be exploited by LSPEs.
For larger dimensions with Gaussian measurements, we see
in Figure 1b that the proposed LSPEs do not provide an
advantage over other methods. In fact, only LSPE-Exp is
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(a) Gaussian measurements, N = 16.

oversampling ratio: 6 = M/N

(b) Gaussian measurements, N = 256.

oversampling ratio: § = M/N

(¢) Transmission measurements, N = 256.

Figure 1: Comparison of normalized MSE (N-MSE) as a function of the oversampling ratio 6 = M /N for complex-valued
phase retrieval with different spectral initializers and with different measurement matrices. The proposed LSPEs perform
well on low-dimensional problems, for structured measurement ensembles, or at high oversampling ratios 6.

able to perform as well as the orthogonal spectral initial-
izer, which achieves the best performance in this scenario.
This behavior can be attributed to the facts that (i) for large
random matrices there is no particular correlation structure
among the measurements to exploit and (ii) ignoring mea-
surements associated to large values in y,, is increasingly
important. For structured measurements, as it is the case for
the transmission matrix from (Metzler et al., 2017), we see
in Figure 1c that LSPEs significantly outperform existing
methods that are designed for random measurement ensem-
bles. In this scenario, exponential preprocessing does not
improve performance since correlations in the transmission
matrix are dominating the performance.

4.2. S-MSE Expressions and Approximation Error

We now validate our theoretical S-MSE expressions in The-
orem 2 and Proposition 1, and confirm the accuracy of the
EER bound given in Corollary 1. In the following exper-
iment, we set M = 8N and vary the dimension N from
8 to 64. For each pair (M, N), we randomly generate one
instance of an i.i.d. circularly symmetric complex Gaus-
sian measurement matrix and average the different errors
(S-MSE and EER) over 10, 000 Monte-Carlo trials. We con-
sider a noiseless setting and assume identity preprocessing,
i.e., T(y) = y. The signal vectors are generated accord-
ing to an i.i.d. circularly complex Gaussian random vector.
From Figure 2, we see that our analytical S-MSE expres-
sions for the LSPE-C and spectral initializers match their
empirical values. We furthermore see that the empirical EER
is only about 6 dB to 10 dB lower than our non-asymptotic
upper bound given in Corollary 1.

4.3. Real-World Image Recovery

We finally illustrate the efficacy of LSPEs in a more realistic
scenario. In particular, we show results for a real image
reconstruction task by using LSPEs and spectral initializers

50

— 40} -
=~ g . S
= | 7 L
s |\ A"
Z 30| A
53]
S5
IS} 20l -@- S-MSE; spg, empirical ]
51} -©- S-MSE; spg, analytical (9)
= S-MSEg;, empirical
2 ol X -~ S-MSEg, analytical (12)

IZ"|' -E3- EERy sp, empirical

- EER; spg, upper bound (1)
00 10 20 30 40 50 60 70

signal dimension [V

Figure 2: Comparison of the analytical and empirical spec-
tral MSE (S-MSE) and estimation error (EER) for LSPEs
and spectral initializers (SI) at oversampling ratio § = 8.
Our analytical expressions in Theorem 2 and Proposition 1
match the empirical S-MSE; the upper bound in Corollary 1
accurately characterizes the empirical EER.

only, i.e., we are not using any additional phase retrieval al-
gorithm. Our goal is to recover a 16 x 16-pixel and a 40 x 40-
pixel image that was captured through a multiple scattering
media using the deterministic and highly-structured trans-
mission matrix as detailed in (Metzler et al., 2017). We
compare the proposed LSPEs to the same set of spectral
initializers as in Section 4.1. The signal priors are as in
Assumptions 1 (LSPE-C) and Assumptions 2 (LSPE-Exp).

Figures 3 and 4 show the recovered images along with the
N-MSE values. The proposed LSPEs (often significantly)
outperform all spectral initializers in terms of visual quality
as well as the N-MSE. This result confirms the observations
made in Figure lc that LSPEs outperform existing spec-
tral initializers for structured measurement matrices. We
note that exponential preprocessing for LSPEs does not no-
ticeably improve the N-MSE (over LSPE-C) in this setting
since correlations in the transmission measurement matrix
are dominating the recovery performance.
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A

(a) original (b) amplitude

N-MSE = 0.4927

(c) optimal
N-MSE = 0.4833

ek

(f) truncated
N-MSE = 0.4764

(i) LSPE-Exp
N-MSE = 0.2928

(d) orthogonal
N-MSE = 0.6850

(e) spectral
N-MSE = 0.4764

(h) LSPE-C
N-MSE = 0.3377

(g) weighted
N-MSE = 0.4797

Figure 3: Recovery of a 16 x 16 image from with M = 5N
measurements captured through a scattering medium with-
out the use of a phase retrieval algorithm. LSPEs outper-
form all initializers for structured measurements.

5. Conclusions

We have proposed a novel class of estimators, called lin-
ear spectral estimators (LSPEs), which are suitable for the
recovery of signals from general nonlinear measurement
systems. We have developed nonasymptotic and determinis-
tic performance guarantees for LSPEs that provide accurate
bounds on the estimation error, especially for structured
or low-dimensional measurement systems. To demonstrate
the efficacy of LSPEs in practice, we have applied them to
complex-valued phase retrieval problems, in which LSPEs
can be used to compute accurate signal estimates or ini-
tialization vectors for other convex or nonconvex phase
retrieval algorithms. We have shown that properly prepro-
cessing the nonlinear measurements can further improve the
performance of LSPEs in practical scenarios. Our simula-
tions with synthetic and real data have shown that LSPEs are
able to significantly outperform existing spectral initializ-
ers, especially for low-dimensional problems, for structured
measurement matrices, or for large oversampling ratios.

There are many avenues for future work. First, one could
derive LSPEs for the asymptotically-optimal preprocess-
ing function in (15) or for other commonly used functions,
which may lead to further performance improvements. Sec-
ond, the proposed error analysis could be used to generate
improved measurement matrices. Third, an exploration of
LSPEs for other nonlinearities that arise in machine learning
and signal processing applications is left for future work.

(a) original (b) amplitude (c) optimal
N-MSE = 0.7010 N-MSE = 0.5849
] ':!;
“51
.+ =

(f) truncated
N-MSE = 0.7020

(d) orthogonal
N-MSE = 0.7028

(e) spectral
N-MSE = 0.7016

(1) LSPE-Exp
N-MSE = 0.4896

(h) LSPE-C
N-MSE = 0.4920

(g) weighted
N-MSE = 0.7013

Figure 4: Recovery of a 40 x 40 image from with M = 10N
measurements captured through a scattering medium with-
out the use of a phase retrieval algorithm. LSPEs outper-
form all initializers for structured measurements.

Acknowledgments

R. Ghods and C. Studer were supported in part by Xilinx,
Inc. and by the US National Science Foundation (NSF) un-
der grants ECCS-1408006, EECS-1740286, CCF-1535897,
CCF-1652065, and CNS-1717559. T. Goldstein was sup-
ported by the US NSF under grant CCF-1535902, the US
ONR under grant N00014-15-1-2676, the DARPA Lifelong
Learning Machines program, and the Sloan Foundation.

A. Proof of Theorem 1

The proof proceeds in two steps detailed as follows.

Mean Matrix We first compute the mean matrix W,
Since (7) is a quadratic form, we can take the derivative
in W{T and set it to zero, i.e.,

2

M
d — —
——FE | ||Wg + T (Y )W, — xxH =0.
Wy 2T ;
Basic matrix calculus yields
WO = Kx - Zyj\r/le 77—(ym)i)‘/vm (16)

with T (ym) = E[T (ym)] and K« = E [xx'].

Linear Estimation Matrix With (16) and the fact that (7)
is a quadratic form in the matrices W,,, m = 1,..., M,
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we take the derivatives in W and setting them to zero:

2
d
= =0.
| ]

By interchanging the derivative with expectation and with
basic manipulations, we obtain the following set of optimal-
ity conditions for W,,, form =1,..., M:

S W E[(T(Wm) = T W) (T W) — T ()]
=K [(T(ym) - 'T(ym))(xxH - KX)} . 17)

In compact matrix form, the above condition reads

M

D (T Ym) =T (Ym)) Wi~

'm=1

(xxT-K,)

(TRInkn)W =V, (18)

where we used the following shortcuts:

T=E[(T(y) - TO)T) - T(x)"]

W= [W!,.. WL, .. W
Vi =E[(T(ym) =T (ym)) (xx"— Kyx)|,m =1,..., M
v=[vi. .. vl vt

The condition in (18) can be solved for the estimation ma-
trices in W leading to W = (T~ ! ® Iy« )V, where we
require the matrix T to be full rank. To obtain the linear
spectral estimator matrix, we simplify as

Dy =Kx + ((T(y) = T(y)" @Inxn)W
= Kx + 27]\7{:1 tmvma

where we define the vector t = T~ (T (y) — T (y)).

B. Proof of Theorem 2

To compute the spectral MSE in (5), we simplify

S-MSE = E {Hzﬁ{_l Vi — (xxH — Ky)

2
F:| '
We expand this expression into four terms
2
)
e[l ]
S [roc K]
—-E [tr((xxH - Ky (Zﬁf:l thm>):| (20)
_E [tr((zfj_l V) e Kx))] 1)

and simplify each expression individually. We start with (19)
and use the fact that

MtV = ((Ty) —TE) T ' @Iyen)V

E {HZTA’/‘Il tm Vi — (xx — K,)

and rewrite the quantity within expectation as follows:
VAT (T(y) - T(y) @Inxn)
< (T(y) =T) T @ Lyxn)V
= V(T T (y) - T(y))
< (T(y) =TT @ Lyxn)V.

‘We now evaluate the expectation which leads to

E [Hzﬁf_l tmvmm _ tr(yH(T—l ®1NxN)y)

or, equivalently, to

t Vm m m’ tr VHVm/
m=1

We next will simplify (20). Recall that
lm = Zfbﬁ[/:l[T_l}m,m’(T(ym’) - ?(ym’))v
which enables us to write (20) as
E [tr((xxH - K (Zf\le thm>>}
= 27]\5:1 Z%:ﬂTﬁl
x tr(E[(xx™ = K )" (T (Ymr) = T (Ym))] Vin)
= Yomes St [T ot (VI Vi) (22)

Seeing as (21) is the Hermitian conjugate of (20), we have

E [u((sz_l thm>H (xxH — Kx))]

= S Tt (VEVL). (23)

Combining all these terms yield the spectral MSE
2
gy

S

m=1lm'=1

]m,m’

= G — tr(VH (T 0 Ty n)V).

with Cen = B [ = Ko7

C. Proof of Corollary 1

We bound the estimation error with the spectral MSE of the
LSPE as follows. For a given instance, we have

"% = |xx" — Dy + Dy

|xxH — xx —xxH%

(a)
< 2[Ixx" — Dy |3 + 2Dy —xx"|%

(b)

where (a) follows from the squared triangle inequality and
(b) because X% is the best rank-1 approximation of Dy.
Averaging over all instances finally yields

E [H)A()ACH - XXH||2F] S 4S'MSELSPE~
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D. Proof of Proposition 1

Our goal is to first evaluate the S-MSE of the unnormalized
spectral initializer in (2)

2
US-MSEg; = E

M
B Z T(ym)amag — xx!!
m=1

F

and then minimize the resulting expression over the param-

eter 8. The unnormalized spectral MSE can be expanded
into the following form:

M M
B> Y E[T

m=1m’'=1

- p* Z tr (amag E [T(ym)xxH])

T (Ym?)] tr(amagam’ag')

- i tr (E [xx" T (ym)] amall)
+E[|Jxx"||%] -
By using the definitions
Vo = E[T(ym)xx] ,m=1,..., M,
T=E[T(y)T()"],
we can simplify the above expression into

M M

|B|2 Z Z TnL,m’|afr{am/|2 + E[HXXH”%‘]

m=1m'=1
M B
- p* Ztr (amaﬁVm) Ztr (VHama ) (24)
m=1
We can now find the optimal parameter for 5 by taking the
derivative with respect to 5* and setting the expression to
zero. The resulting optimal scaling parameter is given by

) ZM L tr (ama V,n>
B= =ar M
>

m=1 m’/=1

T @t 2 |2

We now plug in B into the expression (24), which yields

2

Z’m 1 tI‘( agvm)

S-MSEs; = | —17 _ 25)
Zm:l Zm’:l Tmﬂ’ﬂ' |a%am' ‘2
M M
x 2 D Tmontlasiam P
m=1m’'=1
Z tI‘ (Vm amam> M ~
— : tr (a allv )
M M * m m
Zm:l m'= lT "agamlp mz::I "

ZM— tr (anL aﬁvm> M ~
— = Z tr (Vﬁamaﬁ)
Zm 1Zm/ 1 Loy |affan|? m=1

+E [||xx ||F] .

This expression can be simplified further to obtain:

‘Zm L tr (amamvm) ‘2
DND Dl )
Zn]\f_l tr (amamV )
St S T
Zn]\le tr (ama,ﬁ{/m)

St Somr—t T @t 2|2
+E[|xx|3],

S-MSEg; =

e85 2

2

|2t a2
2

2
‘Zm 1aHV7rLa’m
St Somr—y T |a 2,02

which is what we wanted to show in (12).

= Ry —

E. Real-Valued Phase Retrieval

We now focus on the case where the signal vector x to be re-
covered and the measurement matrix A are both real-valued.
We derive the LSPE by using the following assumptions,
which are reasonable for phase retrieval problems.

Assumptions 3. Let H = R. Assume square measure-
ments f(z) = z? and the identity preprocessing function
T (y) = y. Assume that the signal vector x € R is i.i.d.
zero-mean Gaussian distributed with covariance matrix
Cx = 021y, ie., x ~ N (Onx1,021y); the parameter o2
denotes the signal variance. Assume that the signal noise
vector € is zero-mean Gaussian with covariance matrix
Cos, Le, € ~ N(0prx1, Co: ), and the measurement noise
vector €Y is Gaussian with mean €Y and covariance matrix
Cev, i.e, €Y ~ N(€Y,Cqyv). Furthermore assume that x,
e?, and €Y are independent.

Under these assumptions, we can derive the following LSPE
which we call LSPE-R; the detailed derivations of this spec-
tral estimator are given in Appendix F.

Estimator 3 (LSPE-R). Let Assumptions 3 hold. Then, the
spectral estimation matrix is given by

M
DY =Ky + > tm Vi, (26)

m=1

where Ky = 021y, the vector t € RM is given by the
solution to the linear system Tt =y —y with

y = diag(C,) + €Y
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C, = 02AAT + C.-

T=2C,0C,+ Cev
and V,, = 20ta,al, m = 1,..., M. The spectral esti-
mate X is given by the (scaled) leading eigenvector of D§
in (26). Furthermore, the S-MSE is given by Theorem 2.

F. Derivation of Estimator 3

We now use Theorem 1 to derive Estimator 3 under Assump-
tions 3. To this end, we require the three quantities: 7 (y),
T,and V,,,, m = 1,..., M, which we derive separately.

Computing 7 (y) To compute the real-valued vector

T(y) =E[T(y)], 27)

we need the following result on the bivariate folded normal
distribution developed in (Kan & Robotti, 2017, Sec. 3.1).

Lemma 1. Let [u1, us] ~ N (p, Z) be a pair of real-valued
Jjointly Gaussian random variables with covariance matrix

ol o?
y — 1 12 |
[ 0%,2 ‘75
Then, for m = 1,2, the pair of random variables (v1,vs)
with vy = u? and vy = u3 follows the bivariate folded
normal distribution with the following (centered) moments:
Up, :E[ufn] =02 + 12
[Culi2 = E[(11 — 7)) (v — 12)]
= 411207 5 + 207 5
[Culia = E[(Vl — 1) ] = 201 +4N101

Let z = [E[z] denote the mean vector and C, = AC, A +
Ce: = Jf,AAH + Cg: the covariance matrix of the
“phased” measurements z = Ax + e®. Then, by defin-
ing 02, = [Cy]m,m, we can compute the mth entry T (yy,)
using Lemma 1 as follows:

T(ym) = Gm =E[|zm|> + 0% ] =02 +&%. (28
Hence, in compact vector notation we have

T(y) =y = diag(C,) +&". (29)

Computing T To compute the real-valued matrix

T=E[T)-TuNT () -TE)"]
=E[T»TE'] -T&T )", (30)
we only need to compute the matrix E [T (y)7 (y)”] as the

vector 7 (y) was computed in (29). We compute this matrix
entry-wise as

T =E [(T<ym) - 7-(3/771))(7—(:'%%’) - ?(ym’))]

']

7ymy;kn/
E[(|zm|*> + %) (|2m|* + €2,)]
(0 +ée)(o m/+e /)

E [|zm[*|zm ] — o505, + [Cevlmme,

= Elymyn,]
(a)

where (a) follows from (28). The only unknown term in
the above expression is E[|2,|?| 2 |?]. This term is the
second moment of the random vector [|2,,, |2, |2/ |?], which
follows a bivariate folded normal distribution. For m # m/,
Lemma 1 yields

E{|zm|?|2m |*] = 02,02, +20mm,

with o C.lm,m/. Form = m’, Lemma 1 yields

mm/_[

E [lym|2]

Hence, we have

=E[|zp|!] = 307,.

20m e AfmFEmM

Tm,m’ = [Cey]m,m’ + { 20’ ifm= m/7

which can be written in compact matrix form as

TZQCZQCz'i_Ce"/

Computing V,,, To compute the matrices

E[(T (ym) = T (ym)) (xx" — Kx)]

B [T (ym) ] T (ym)Kx 31
form =1,..., M, we only need to compute the complex-

valued matrix E[7 (y,,,)xx] as the two other quantities

Ky = E[xx"] and T (y,,) are known. We compute this
matrix entry-wise as

[Vm]n,n’ =E [(T(ym) - 7(ym)>37n332']
= E[ymxnxfﬂ - gm [Cx}n,n“

Since ¥, is known from (28), we focus on computing

Elymxnx),]

()
x (;Am,j,x]—/ﬂ;) +e$n> xnx;;,l

J

N N
=E <E A iT5 E Am,j/xjr>xnm:;,
=1 =1

+

1

=

llez, Pznzs ] + EleY, 2]

N
An i S Ay Bl (32)
1 j'=1

I
.MZ

J
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+ ([Cez]m,m, + é?fn)[cx]n,n“

The only unknown in the above expression is the double
summation in (32). Since we assumed that the entries of the
signal vector x are i.i.d., most of the terms in this summation
are zero. For n # n/, there are only two nonzero terms,
corresponding to the cases of (4, ') = (n,n’) and (4, j') =
(n’,mn). Thus, for n # n’ we have

N N
* * *
DAy D Ay Elzjzjwaay]
j=1 j'=1

=24}

m nAm,n’ E [|xn|2|xn’ |2]
(b)

2A* Am,n’ [Cx]n,n[cx]n’,n’7 (33)

where (b) follows from Lemma 1. For n = n/, we have

N N
* * *
E Am’j E Apj E [xjxj/xna?n]
j=1 =1

N
= AP Elzal] + D 1Am P E{lz;]?[2n]?]
j#ﬂJfl
© 3| ApaP[CxI2,, + Z | A i1 [Cx i [Colnon
J#nd 1
= 2|Ap]*[C nn+Z|Amg\ 5.5[Cxlnn-

As for (33), (¢) follows from Lemma 1. By combining the
above results, we have

V.. =2CHa,,aflC, + (afCya,,)(CH 1)
+ ([Cez}m,m

where a’l denotes the mth row of the matrix A.

2 _ 4 H
- Jm,)CX - QJ:Eamama

G. Derivation of Estimator 1

We now use Theorem 1 to derive Estimator 1 under Assump-
tions 1. To this end, we require the three quantities: T (y),
T,and V,,,, m = 1,..., M, which we derive separately.

Computing 7 (y) To compute the real-valued vector
T(y) = ¥ in (27), we need the following definitions. Let
z = E[z] denote the mean vector and C, = AC AT 4
Ce: = UchAH + Ce- the covariance matrix of the
“phased” measurements z = Ax+e”. Then, using Lemma 1
with the definitions z and C,, we have

Im = E[lzm[* + ] = E[l2mrl* + |2mzl* + ]
=00 + s (34)

where we have used the definition 02, = [C,],,.m. Hence,

in compact vector notation we have

T(y) =y = diag(C,) +&".

Computing T To compute the real-valued matrix T
in (30), we will frequently use the following result. Since
the vector z is a complex circularly-symmetric jointly Gaus-
sian vector, we can extract the covariance matrices of the
real and imaginary parts separately as:

E[zzzg]gE[szR]— SR{C,} =5Cor (39

E [ZRZ%{] = 7E[ZIZ7€] = ig{CZ} = icz,l'a (36)

where (a) follows from circular symmetry of the random
vector x. We are now ready to compute the individual
entries of E [T ( ) (y ) T as

— T (Yr))(T (Ymr)
[( )(ym/ = T )]
[ymym/] gmg:n’ .

The quantity ¥,, is given by (34). Hence, we now compute

- 7—(ym’))]

mm’—

E[ymym]

=E[(Jzm|* +eb) (2ml* +eb)’]

=E [(‘Zm,RF + |Zm,I|2) (|Zm’,72|2 + |Zm/,1|2)}
+ [Cey}m,m

= 2E[|zm$R|2|zm/’R|2] + 2E[|zm,7g\2|zm/,z|2]
+ [Cev]m,m-

The first two terms above are a second moment of the vari-
ables [|zm, = |2, |2m = |%] and [|2m R |?, |2m’,z|?], which fol-
low a bivariate folded normal distributions. We first fo-
cus on [|zm |, |2m/ =|?]. With Lemma 1, we can cal-
culate the moments using the covariance E[zrzf] given
in (35). To this end, define o2 = [Cy,R]m,m’ and

02 » = [CzR]m.m- Thus, we have

m,m’ R —

2 2 4
Im,R Im/ R Im,m! R ’
E[|zm,r|?| P]=¢ 2 2 T2 o #m
Zm,R| |1Fm/ R| | = ot
m,R o
Tt m=m'.

Analogously, we can compute E [ZRZI | in (36) from the
covariance matrix of [|zp, = |?, [2ms z|?], With o7,/ 7 =
[Cy.2]m m' and noting that o7, 7 = [Cyg z]mm = 0 as

2 2 4
Im,R m/ R 2‘7m,m’,1

E[|Zm,R‘2|Zm/,I|2] :{ 20_4 2

m,R
3—=,

By combining the above results, we have

,m#m/

m=m'.

2 2 4 4 /
T { JleRam,R + Ot R+ Oz M FE M
m,m’ =1 9
o
m, R’

m=m',
— =%
+ [Cey]m,’rn’ — YmYpm
4 4 /
~ [Co] . O'Tﬁm/yn + 0 mizy M #m
= ev|m,m Y
Om R m=m,

which can be written in matrix form as

T=C,®C;+ Cer.
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Computing V,,, To compute the matrices V,,, m =
1,..., M, in (31), we need the complex-valued matrix
E [T (ym)xxT]. We compute this matrix entry-wise as

[Vinlnn =E [(T(ym) - T(ym))xn ]
= E[ymxnx:/} - ym [Cx}n,n'-

Since ¥, is given by (34), we only need to compute

E[ymxnx* ]

N
X ( zN: A iy + efn) + e%) xnxfﬂ}

Jj'=1

=

I
M=

* * *
AL E Ay Blzizjzna,]

=1
E [|efn\2:cn:l:;,] + Ele, zpx),]
N

= Z A:"L’J Z Am,j’ E [l‘;.’)&'j/xnm;‘;/]

j=1 i'=1

+ ([Cethmm + ) [Codln-

= =T

(37

We will first simplify the term
N

DA
j=1

Since we assumed that the signal vector x has i.i.d. zero-
mean entries, most of the terms in this summation are zero.
For n # n/, there is only one non-zero term for (4, j') =
(n,n’). Thus, for n # n’ we have

N
* *
4 E Am’j/E[xjxj/xnxn,].

=1

N N
Z AL Z Ap i E [x;ozj/fz:nx;/]
=1 j=1
= A::n,nAm,n/ [Cx]n,n[cx}n’,n’a
since the term that corresponds to (j,5') = (n/,n), i.e.
Ay A Blay, ) | Elzn2,], is zero.

Next, for n = n’, we have

N
DA
j=1

N
* *
g E Am,j/E[xjxjrmnxn,]

=1

= |Am,n|2 ‘xn| |$J| |7 ]

Z [Am [ E[

J#k,j=1
= [Amn*E[Jznr]!] + [Amn > EJznz|*]
+ 2‘Am,n|2 E [|xn,7€|2‘xn,1|2]

N
+ Y Am,l

j#n.=1

x B{(lzjrl? + lojzl?) (12nr]? + lon 2]

2 2\Amn|2 (0= "]

+2‘Z|Am|2
+2 Z |Am, i E

Jj#n,j=1
nn+Z|A ;JI [

where (a) follows from circular symmetry of x and (b) from
Lemma 1. By combining the above results, we have

(|2l |20,z /]

‘xj R| |xn R| ]

b |Am n|

x]n,n7

V,, = CHa,a’C, + (aflC,a,,)(CZ & 1)

+ ([Cez]m,m - Ufn)Cx = U;l.amaﬁ

H. Derivation of Estimator 2

We now use Theorem 1 to derive Estimator 2 under Assump-
tions 2. To this end, we require the three quantities: 7 (y),
T,and V,,, m = 1,..., M, which we derive separately.

Computing 7 (y) To derive an expression for T (y)
in (27), we need the following two results.

Lemma 2. Let u ~ CN(0Oprx1,X) be a complex-valued
circularly-symmetric jointly Gaussian random vector with
positive definite covariance matrix L € CM>*M_ Then,
for the random variable v = exp(—u* Gu) with positive
definite G € CM*M gnd G + L~ positive definite, we
have the following result:

1

B = e

Proof. We first expand the expected value into
Elv]

1
H
—u’'G —
/M exp( u u) M| |exp(

=E [exp(—uHGu)] =

ufZ7u)du,

where |Z| > 0 is the determinant of . We can now simplify
the above expression as follows:

/ exp(—u’ Gu)
cM s

fo e
= — = eXp ( —
o MIE] TP

MG+ )Y 1
™|z ™[(G + 1)

X / exp ( —
CJVI

u? 27 u)du

1

H(G+ 27 Mu)du

(G +12 Hu)du
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(G+zZ Y7 1 1
1Z] G+ I |GZ+I)

where we also required that G-+X ! is positive definite. W

Lemma 3. Ler u ~ N (u,X) be a real-valued Gaussian
random vector with mean @ and covariance ¥, and v € RY
be a given vector. Then, we have

E[exp(—y"u)] = exp(—y"u + 147 L7).

Proof. The proof is an immediate consequence of the mo-
ment generating function of a Gaussian random vector. W

By considering Lemma 2 and Lemma 3 for scalar random
variables, the mth entry of the preprocessed phaseless mea-
surement is given by

T (ym) = E[T (ym)] = E [exp(—7|2m|* — 7[€']m)]

1
= 1 La —~[e¥ 1. 210, '
’Y[Cz]m,m 1 eXP( ’Y[e ]m + 57 [ e ]m,m)

We define the following auxiliary vectors

q, = vdiag(C,) + 1ax1 (38)
Py = exp(—7@’ + 377 diag(Cer)),  (39)

which enable us to rewrite the above expression in compact
vector form as

T(y)=py24q,.

Computing T To compute the matrix T in (30), we only
need to compute E [T (y)7 (y)*], which we will compute
entry-wise and in two separate steps. Concretely, we have

E[T(Ym)T (ym:)] = E [exp(—*y(|zm\2 + ‘Zm/|2))]
x E[exp(—=v([e]m + [€"]m))],

where we compute both expected values separately. In the
first step, we compute

E [exp(=y(|zm|* + [2m/]*))] = E[exp(—u" Gu))],
with u = [2,,, 2] and G = Iyy. By invoking Lemma 2
with [Z],,m = [Cglm,m’, We obtain

1

E[exp(=v(|zm|? + |2m |?))] = ————

[ p( 7(| | | | ))} |’YZ+12‘
1

B (V[CZ]m,m + 1)('7[CZ]m’,m’ +1) — 'YQHCZ]m,m’lQ'

With the definition of q, in (38), we can rewrite the above
expression in vector form as

E [exp(—72[*) exp(—7z*)"]

=1lyxm © (quI -7°C, 6 Cj).

In the second step, we compute
Efexp(—([e¥]m + [€"]m))] = E[exp(—7"u)]

with u = [[€¥],,, [€¥],./]7 and 47 = [y, ~]. By invoking
Lemma 3 with mean . = [[€Y],,,, [€Y],,/] and covariance £
given by the entries of the covariance matrix Cev associated
to the indices m and m’, we obtain

Elexp(—y([€']m + [€¥]m'))] = exp(=7([/]m + [€"]m'))
X exp(%72([cey]m,m + [Cey]m’,m’ + Q[Cey}m,m’»-

With the definition of p, in (39), we can rewrite the above
expression in vector form as

E [exp(—ve?) exp(—ye?)"] = (p,p)) © exp(y”Cev)

‘We furthermore have

TYT)" =(Pp)) @ (a,al).

By combining the two steps with the above results, we have

T = (p,p]) © (exp(y’Cev) © (a1q) — 7*C2 © C})
—1yxm @ (qqu;)).

Computing V,, To compute the matrices V,,, m =
1,...,M,in (31), we only need E [T(ym)xxH] which we
will compute entry-wise and in two steps. We have

E[T(ym)mnl‘:ﬂ] = E[exp(—fﬂaﬁx + [ez}mIQ)xnmjz’]
x Elexp(—v[e’]n)],

where we next compute both expected values separately.
As a first step, we use direct integration to compute the
following expected value:

Bfesp(—lallx-+ (e, Panats] = [ exp(=alafix 6], )

N A
(ro2)~ o2
Lo ([ez}mIQ

* z
5 5 >znxn/dxd[e Jm-
Un On

X

We define the following auxiliary quantities:

ég = [ag71]
X" = [XTv[ez}"z]
O'2IN ON 1
Cxz = z .
[ O1xn 0%

K ' =1a,al + C.t,
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where 02, = E||[€7],,,]?] = [Cn=]m,m. We now derive the
above expectation in compact form as

E[exp(—'y|€lz>~c|2)i‘n§3fl,] =

1 /
~ (mo2)N 102 Jen

1 o L
B |mCx| cN+1eXp<_XH(’Yama£IT + Cil)x)xnxn'dx
X
1 SHTr 15\~ ~% 1s
= T Ca] Jo, ORI 0%,

wheren =1,...,N+1,n' =1,..., N+1. We can further
rewrite this expression as

1
[7Cxl Jewa

7K
 |7K||7Cx| Jex+

exp(—xTK'%)Z, 7", dx
exp(—x"K %)%, 2", dx.

It is now key to realize that

1

— exp(—x"K'%)%,7",d%
|TK| Jev+

and hence we have

E [exp(—|aL%[%) 5]

K| = 1 =
- 7[K]n,n/ - ~7[K]n,n’
|Cx| IK-1||Cx|
- ! K]
- hagall+ crlcs T "
1 ~
[K]n,n’-

 yamafiCx + In4i|
We can now use the matrix-determinant lemma to simplify
Yama]l Cs + Iy 41| = ya) Cxay + 1
=0z llaml* + o7,) + 1

and the matrix inversion lemma to simplify

K = (yanan +Cy) ™!

o C" ’yC;(émé,HnC;(
e végC;{ém +1
. 7Cxanall Cx

v(oZlaml]® + o7,) + 1
By using these two simplifications, we have
E[exp(—y|anx|*)En;, ]
_ 1
v(oZllaml?* +o7,) +1

exp(—v|afx|? - ¥ C'%)1, 75, dx

vCza,allCx

x |Cg —
* y(olaml? +02,) + 1],

n’

and since we are only interested in the upper N x N part of
the matrix K, we have

E [exp(—lallx + [e7]m*)nzt ]
B 1
~ (oam|? +02) +1
Yozaman,
oillam|* +o7,) + l]nm/

1 2
= — | O I —_
’Y[Cz}m,erl [ o

2

X |o IN —
{ ; (

yotaall }
V[Cz]m,m + 1 n.n’
since for our assumptions

U:%”am”z + JrQn = [Cylm,m-
In compact matrix form, we have
E [exp(—7|apx + [e7]])xx

1 ( 21 ’yaiamaTHn )
=——— o -2 " ).
'Y[CZ]m,m +1 o 'Y[Cz]m m+1

As a second step, we use definition (39) and obtain

"]

E[exp(—v[e¥]n)] = [Py]m-

By combining both steps, we obtain

V[Cz}m,'m +1 PY[CZ]'m,m +1
[p'y}m 2
__Paim 2y
YCalmm +17=
4
VO, [p’y]m a aH

T (V[CZ]m,m +1)2 e

which is what we desperately wanted to show.
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