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This paper is concerned with test of significance on high dimen-
sional covariance structures, and aims to develop a unified framework
for testing commonly-used linear covariance structures. We first con-
struct a consistent estimator for parameters involved in the linear
covariance structure, and then develop two tests for the linear co-
variance structures based on entropy loss and quadratic loss used for
covariance matrix estimation. To study the asymptotic properties of
the proposed tests, we study related high dimensional random matrix
theory, and establish several highly useful asymptotic results. With
the aid of these asymptotic results, we derive the limiting distribu-
tions of these two tests under the null and alternative hypotheses.
We further show that the quadratic loss based test is asymptotically
unbiased. We conduct Monte Carlo simulation study to examine the
finite sample performance of the two tests. Our simulation results
show that the limiting null distributions approximate their null dis-
tributions quite well, and the corresponding asymptotic critical values
keep Type I error rate very well. Our numerical comparison implies
that the proposed tests outperform existing ones in terms of control-
ling Type I error rate and power. Our simulation indicates that the
test based on quadratic loss seems to have better power than the test
based on entropy loss.

1. Introduction. High dimensional data analysis has become increas-
ingly important in various research fields. Fan and Li (2006) gave a brief
review of regularization methods to deal with several challenges in high
dimensional data analysis. Bai and Saranadasa (1996) demonstrated the
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impact of dimensionality for test of two-sample high dimensional normal
means. This paper aims to develop powerful tests for high-dimensional co-
variance structure without the normality assumption.

Test of covariance structure is of great importance in multivariate data
analysis. Under normality assumption, various tests for covariance matrix
have been developed in the classical multivariate analysis (see, e.g., Ander-
son (2003)). However, these tests become invalid when the dimension p of
data is large relative to the sample size n (see Ledoit and Wolf (2002)). Al-
ternatives to the classical tests of covariance structure have been developed
in the literature (see Srivastava (2005); Birke and Dette (2005); Srivastava
and Reid (2012)). Several authors have studied testing whether a covariance
matrix equals the identity matrix. Johnstone (2001) derived the Tracy-
Wisdom law of the largest eigenvalue of the sample covariance matrix for
normal distribution with covariance matrix being the identity matrix and
p/n — y € (0,1). Without normality assumption, Bai, Jiang, Yao and Zheng
(2009) proposed correcting the LRT for testing whether the covariance ma-
trix equals a known one (or equivalently testing whether the covariance
matrix equals the identity matrix), and derived the limiting null distribu-
tion when p/n — y € (0,1) by using results from modern random matrix
theory (RMT) (see Bai and Silverstein (2004); Zheng (2012)). Wang, Yang,
Miao and Cao (2013) redefined the LRT when y € (0,1). Wang (2014) fur-
ther investigated the asymptotic power of the LRT. Jiang, Jiang and Yang

(2012) studied a corrected LRT when y € (0,1]. They discussed the LRT
for the case y = 1 and showed that the performance of the corrected LRT
when y = 1 is quite different from that when y € (0,1). Cai and Ma (2013)
tested the covariance matrix being a given matrix from a minimax point of
view and allowed p/n — oc.

Sphericity testing is another important problem under high-dimensional
settings. When p,n — oo, Chen, Zhang and Zhong (2010) studied testing
sphericity for high dimensional covariance matrices. Wang and Yao (2013)
also studied testing sphericity for large dimensional data. Under the nor-
mality assumption, Jiang and Yang (2013) obtained the limiting null dis-
tributions of LRTs for test of sphericity, test of independence, the equality
test of covariance matrices, and the identity test of covariance matrix using
moment generating function technique, under the assumption that p < n
and p/n — y € (0, 1]. Jiang and Qi (2015) further obtained the limiting null
distributions of test statistics studied in Jiang and Yang (2013) under the
normality assumption and p < n — ¢ for some 0 < ¢ < 4. As an extension of
test of sphericity, testing banded structure of covariance matrices has been
considered. Cai and Jiang (2011) tested banded structure of covariance ma-
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trices by limiting law of coherence of random matrices. This test enjoys high
power for sparse alternatives if log p = o(n'/3). Qiu and Chen (2012) stud-
ied testing banded structures based on U-statistics under the assumption
p/n —y € (0,00).

This paper intends to develop a unified framework for testing linear covari-
ance structures when p/n — y € (0, 00) and without the normality assump-
tion. Not only several commonly-used structures such as test of sphericity,
compound symmetric structure and banded structure are included, but also
many more structures can be covered by selecting the proper basis matri-
ces. To begin with, we propose estimating the parameters involved in the
linear covariance structure by the squared loss; then develop two tests for
these covariance structures based on the entropy loss and quadratic loss
used for covariance matrix estimation in the classical multivariate analysis
(see Muirhead (1982)). We demonstrate that many existing tests for specific
covariance structures are special cases of the newly proposed tests. Further-
more, to establish the asymptotic theory of the proposed tests, we first study
asymptotic properties of some useful functionals of high-dimensional sam-
ple covariance matrix. We further prove that these functionals converge in
probability, and their joint distribution weakly converges to a bivariate nor-
mal distribution. These asymptotic results are of their own significance in
spectral analysis of RMT. Finally, using these asymptotic results, we derive
the limiting distributions of the two proposed tests under both null and al-
ternative hypotheses, and the power functions of these two tests. We further
show that the test based on quadratic loss is asymptotically unbiased in the
sense that the power under the alternative hypothesis is always greater than
the significance level.

We conduct Monte Carlo simulation study to examine the finite sample
performance of the two tests. Our simulation results show that the limiting
null distributions of the proposed tests approximate their null distributions
quite well, and the corresponding asymptotic critical values keep Type I
error rate very well. Our numerical comparison implies that the proposed
tests outperform existing ones in terms of controlling Type I error rate and
power. Our simulation indicates that the test based on quadratic loss seems
to have higher power than the test based on entropy loss.

The rest of this paper is organized as follows. In Section 2, we propose
an estimation procedure for parameters involved in the linear covariance
matrix structure, and develop two tests for linear structure. We further
derive the asymptotic distributions of these two tests under the null and
alternative hypotheses. In Section 3, we conduct Monte Carlo simulation to
compare the finite sample performance of the proposed tests with existing
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ones. Theoretical proofs and technical lemmas are given in the Appendix.

2. Tests on linear structures of covariance matrices. Suppose
that {x1,x2, -+ ,X,} is an independent and identically distributed random
sample from a p-dimensional population x with mean E(x) = u, and covari-
ance matrix Cov(x) = 3. Following the commonly-adopted assumptions
in the literature of RMT (see Bai and Silverstein (2004)), we impose the
following two assumptions.

Assumption A. Assume that the p-dimensional population x satisfies the
independent component structure that can be represented as x = pu +
»1/2w, where w = (wy,--- ,wp)T, and wy, .-+ ,w, are independent
and identically distributed and E(w;) = 0, E(wjz) =1 and E(w;l) =
K < oo, for 1 <j<p.

Assumption B. Denote by y,—1 = p/(n — 1). Assume that y,—; — y €
(0, 00).

Assumption A relaxes the normality assumption by imposing the moment
conditions. This assumption is often used in random matrix theories. Re-
garding to the representation in Assumption A, it is natural to assume that
w; is standardized so that E(w;) = 0 and E(wjg) = 1. If w; is with finite
kurtosis, then Assumption A is satisfied. Of course, multivariate normal dis-
tribution satisfies Assumption A. Many other distributions may also satisfy
Assumption A.

Assumption B allows that p diverges as n grows to infinity. This assump-
tion implies that we are interested in studying the asymptotic behaviors of
test procedures under the statistical settings in which both the dimension p
and the sample size n are allowed to tend to infinity. Assumption B allows
that p may be less than or greater than the sample size. Hereafter we omit
the subscript n in p, for simplicity. Denote by X and S,, the sample mean
and sample covariance matrix, respectively. That is,

(2.1) X=n"'Y %, Sp=mn-1)"> (x-%)(x-%)7
=1 =1

2.1. Estimation. Linear structure for covariance matrix 3 means that 3
can be represented as a linear combination of pre-specified symmetric p x p
matrices (Aq,..., Ax) with fixed and finite K. That is,

(2.2) X =01A1 +6A + ...+ 0 Ay,

where {0;,7 = 1,..., K} are unknown parameters. Here Ay,..., Ag are
a set of basis matrices, and they are assumed to be linearly independent.
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For example, Anderson (1973) provided various covariance matrices with
different linear structures. In particular, the author showed that the covari-
ance for x = Zszl Ui, + e satisfies the linear covariance structure, where
Cr ~ N(0,6,1,), e ~ N(0,600L,), C1,-..,CKk,e are independent and I, is the
identity matrix. Several other useful linear covariance structures are given
in Section 2.4.

Under normality assumption, the parameter 8 = (61,---,0x)" can be
estimated by the maximum likelihood estimate. The theoretical property
and related computational issue have been studied in Anderson (1973) and
Zwiernik, Whler and Richards (2014) when p is fixed and finite. Without
assuming a specific distribution on W such as the normality of W, we
propose estimating 6 by minimizing the following squared loss function

(2.3) IgnH@n—%Ai—.”—HKAKf

)T

Let C be a K x K matrix with (4, j)-element being trA;A; and a be a
K x 1 vector with j-th element being trS,A;. Further define D = cL
Minimizing (2.3) yields a least squares type estimator for 0:

(2.4) 6 = Da.

It can be shown that under Assumptions A and B, ), = ), + Op(n=1),k =
1,---, K, by using (2.10) in Theorem 2.1 below.

2.2. Tests. In this section, we develop two tests for the linear structures
of covariance matrices:

(25) Hy: X =01A1 +05A + ... + 0 Ax.

For simplicity, denote Xg = 61 A1 +602A5+...+ 0 Ak. A natural estimator
of X is the sample covariance matrix S,,. With the linear structure assump-
tion, we may estimate 6 by 0 given in (2.4), and then under Hy, a natural
estimator of X is 20 = 91A1 + e+ éKAK. Let L(-,-) be a loss function
to measure the deviation between f]o and S,,. Intuitively, we reject the null
hypothesis if L(io, Sp) > do for a given critical value §y. Motivated by the
entropy loss (EL) L(Zo,S,) = trS, X, —log(|S, X, ') —p (James and Stein
(1961); Muirhead (1982)), we propose our first test for Hy. For p < n — 1,

T = trS, 25" —1og (1S, =51 )—p,

where |- | stands for the determinant of a matrix. Denote by \; > A9 > ... >
Ap the eigenvalues of S}L/ 226 18}/ 2 Then we can write T,1 as

p p
Ta=p|p ' D N—p ') logk| —p.
j=1 i=1
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This motivates us to further extend the test to the situation that p >n —1
by defining

Th1i=(Mn-1) _IZ)\ —(n—=1)" ZlogA —(n—1).

Define ¢ = min{p,n — 1}. T),; can be written in a unified form for p < n—1
and p >n—1:

q q
(2.6) Toi=q|p! Z Aj — ¢t Zlog Aj | —q.
j=1 j=1

Since this test is motivated by the entropy loss, we refer this test as EL-
test. Motivated by the quadratic loss (QL), another popular loss function
in covariance matrix estimation (see Olkin and Selliah (1977); Haff (1980);
Muirhead (1982)), we propose our second test statistic

(27) Tn2 = tr(snial - Ip)27

and refer the corresponding test as QL-test.

2.3. New results on random matrix and limiting distributions of tests.
In order to derive the limiting distributions of 7,7, and 7,2, we develop
new theory on large dimensional random matrix. In this section, we first
present some useful theoretical results which are necessary to prove our
main theorems.

Let {wgi, k,i = 1,2,---} be a double array of independent and identi-
cally distributed random variables with mean 0 and variance 1. Let w; =
(w1, wai, - -+ ,wpi)T, and wyq, -+ ,w, be independent and identically dis-
tributed random samples from a p-dimensional distribution with mean 0
and covariance matrix I,,. To derive the limiting distributions of 7,; and
T2, we investigate the limiting distributions of the functionals of the eigen-
values of sample covariance matrix

n

(2.8) F=(n-1)"") (wi—w)(w;—w)",

=1

where w = n ! >, w;. Throughout this paper, denote I' = >1/2 Thus, it
follows by Assumption A that

(2.9) F=r"'S,(r"~! and S, =TFr".
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To study the asymptotic behaviors of 1}, and T;,2 under Hy and Hy, we
establish the asymptotic properties of F. Theorems 2.1 and 2.2 will be re-
peatedly used in the proofs in (¢) of Theorems 2.3 and 2.4. Suppose that
Aj’s, j =1,---,p are the real eigenvalues of F. The empirical spectral dis-
tribution (ESD) of F is defined by G,(\) =p~' 3-F_, I(\; < X), where I(-)
is the indicator function. Note that the definition of ESD is suitable for both
random and nonrandom matrices. Denote the spectral norm of a matrix (the
maximum eigenvalue) by ||-|| hereafter.

THEOREM 2.1. Let Ci, k =0,1, and 2, be p X p deterministic symmetric
matrices. Under Assumptions A and B, the following statements are valid.
(a) If |Co|| = O(p), tr Co = O(p) and tr C3 = O(p?), then
(2.10) p HtrFCo — p 'trCo = 0,(1).

(b) If |C1]l = O(p), [ICall = O(p), tr(CY) = O(p?), tr(C3) = O(p?), and
tr(C1C2)? = O(p?) for q = 1,2, then

p 'trFCFCy — p~1trC1Cy — yn,l(p_ltrcl)(p_ltrCQ) = o0p(1).

If we take C;y = I,,, the identity matrix, in (b), then under the condition
of (b), it follows that

(2.11) p HrF?Cy — (14 yp_1)p 'trCa = 0,(1).

Let C; and Cs be p X p deterministic symmetric matrices. Define

)0, if ||Ci| is bounded
~13/2, if [|Ci]| = O(p), tr(CY) = O(p?) for ¢ = 1,2,3,4.

and

0, if ||Cq| is bounded
u ey
YT /2 i |Gl = O(p), tr(CY) = O(p?) for g = 1,2.

Define o1, = (p=1 ), p~2pui9) T with

P
ugl) = [trCi+yn—1p ' (trC1)?|+yn—1p trCi+yp—1(k—3)p~" Z(e;fpclei)z,
i=1

where we call Kk = E (w?), and MSQ) = trCy with e; being the ith column of

the p x p dimensional identity matrix. Further define 2 X 2 symmetric matrix
> with (i,7)-th element being o) as follows:

nij
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p

07(111)1 — p72u1{8n*1trCi1 -+ 4(;4 _ 3)n Z( Tclez) + 4(’@71‘61"0%)2
i=1
P
+8(n 1rCy )% (n 1trC?) + 4(k — 3)(n 'trCy)?n ! Z(eiTclei)Q
i=1
P
+8(n~ttrCy)n~ [2‘51"(03 Z el Ce;)(e] Clez)} },
=1
P
0532)2 = piw [2n_1trC2 + (k—3)n! Z(E?CQGZ')Q} )
i=1
P
0.7(111)2 = pf(ul+u2){4n ltr(C2CQ) + 2 KJ _ —1 Z TClez e CQez)

=1

+2(n" rCy)n ! [m(clcg) + (k—3) 2(6?0160(9?(3290} }
i=1

These expressions come from the proof of the following theorem.

THEOREM 2.2. Let Cy and Cqy be pXp deterministic symmetric matrices
and let O = lim,,_yoo B > 0 with either ||IC1|| being bounded or ||Cq|| =
O(p), tr(C{) = O(p?) for ¢ = 1,2,3,4, and either ||Cal|| being bounded or
|Ca|l = O(p), tr(Cl) = O(p?) for ¢ =1,2. Under Assumptions A and B, it
follows that

p~"“1trFC{FCy
p~“2trFCo

) —p{) -5 N(0, =),

d . . . .
Hereafter ‘—’ stands for convergence in distribution as n — oo.

REMARK 2.1. Theorems 2.1 and 2.2 are established by using related
techniques of RMT. The major goals in RMT are to investigate the asymp-
totic behaviors of the eigenvalues and the convergence of the sequence of
ESDs. However, the limiting spectral distribution (LSD) is possibly defec-
tive. That is, total mass is less then one when some eigenvalues tend to oo
(see Bai and Silverstein (2010)). Under the RMT framework, the existence
of well-defined LSD is a common and necessary assumption. To apply the
RMT, we need to impose the restrictive assumptions on the target matrices
Ck, k = 0,1 and 2 in Theorems 2.1 and 2.2. The intuitive explanation is
that the difference between the largest and the smallest eigenvalue is not too
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much and does not increase too fast as p — co. Note that the Cy, £k = 0,1
and 2 in these two theorems are not X. Thus, Theorems 2.1 and 2.2 are
applicable for a wide range of covariance structures.

We next study the asymptotic properties of the proposed test statistics.
We first establish the limiting null distributions of EL-test and QL-test by
RMT. Before presenting the main results, we provide an useful lemma about
the spectral distributions of random matrices that will be used to establish
the limiting distribution of T},;. The technical details and proofs are given
in the supplementary (Zheng, Chen, Cui and Li, 2018). Define

ar(y) =1 -y Hlog(l—y)—1, y<1,
(2.12) aaly) =yl on (™) — g~ log(y~)), > 1

the mean functions

(2.13) mi2(y) = 0.5log(l —y) — 0.5(k — 3)y, y < 1,
maa(y) = ma(y~"), y > 1;
and the covariance functions

vit(y) = viz(y) = va(y) = (r — Dy, y <1,

vaa(y) = —2log(1 —y) + (k= 3)y, y < 1L;
(2.14) vi(y) = (k= 1y, y > 1,

vig(y) =va1(y) = —1, y > 1,

vaa(y) = —2log(1 —y ) + (k= 3)y %, y > 1.

LEMMA 2.1.  Suppose that Assumptions A and B hold. Let \i,---,\p
be the eigenvalues of F in (2.8) and V1 = {vij(yn—1)}ij and Vye =
{vij(Yn—1)}i,; be 2 x 2 matrices whose entries are defined in (2.14), respec-
tively. Then it follows the asymptotic normality, (a) if p <n —1,

(2.15) V‘W[( ; SE AP )_( 0 ))]iuv(o,lg);

j=1 log \j — pai1(yn—1) mi2(Yn—1

(2.16) V_W[(z T 1>>_<m22<2n_1>>] 5 N(0.1);

and (c) if p=mn—1, then (2.15) still holds by replacing o (Yn—1), Vij(Yn—1)
and m1z(Yn—1) by —1, vij(yn) and miz(yn).
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REMARK 2.2. Lemma 2.1 establishes the central limit theorem for the
functional of eigenvalues of random matrix. It shows that the asymptotic
behaviors of eigenvalues are quite different between the cases p < n — 1
and p > n — 1. When y,—1 — 0 as n — 00, a1(yn—1) — 0,m12(yn—1) —
0; When y,—1 — 1, a1(yn—1) — —1,mi2(yn—1) = —oo; When y,—1 —
Ly, @a(yn—1) = —1,maa(yn—1) = —oo; When yn,—1 — 00, aa(yn-1) —
0, m22(Yn—1) — 0.

We next present the limiting null distributions of the proposed tests.

THEOREM 2.3.  Suppose that Assumption A and B hold. Denote by 02, (y) =
—2y —2log(1l —y), y < 1. Using the same notations in Lemma 2.1, we have
the following results under Hy in (2.5)

(a) Forp<n—1,

To1 +pa1(Yn—1) + mi2(Yn—1) d

(2.17) Y 5 N(0,1).

Moreover, for p=mn—1, o, (yn){Tn1 — p + m12(yn)} N N(0,1).
(b) Forp>mn—1,

T, _ _
n1 + P a2 (Yn lzl"i_m22(yn 1) 4y N(0,1).
O-nl(ynfl)

(2.18)

c) Let B = K: dpAy, where d = (dy,--- ,dg)T = Dc and ¢ be o K-
k=1
dimensional vector with the k-th entry being trAkZal. Assume that
Too = Yp1—(F=1) yn_1+2yp_; p~ " tr(ZoB)*+(k—3) ys_p~ ' 2, (] TTBle;)?
has finite limit. It follows that
Tho — (p+ K —2)yn—1 d,
20p2

(2.19) N(0,1).

REMARK 2.3. When the population is Gaussian, then k = 3 and the
limiting distributions can be simplified as follows

To1 +pai(yn—1) + mi2(Yn—1)

i>N(0,1), p<n-—1

Unl(yn—l)
Unl(?/n) T
Th1 +pao(yn—1) + m22(Yn—1) d
n (v zl (v >—>N(0,1), p>n—1
O-nl(ynfl)

Tn2 - (p + 1>yn71
20/¥31 = 2031 + 208 p e (SoB)?

45 N(0,1)
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where
a1 (yn-1) = [1 = (Yn—1) " log(1 = yn—1) — 1;
a2(Yn-1) = Y1 [(1 = yn—1) log(1 =y, 2y) — 1] + g,y log g1
m12(Yn—1) = 0.51og(1 — yp—1);
maa(Yn_1) = 0.51og[1 — (yn_1)" ).
Moreover, especially for test of sphericity in Gaussian population, we have

[Tho — (0 + Dyn—1]/(2yn—1) N N(0,1). The statistic Ty is just from the
original form of James and Stein’s loss function.

REMARK 2.4. The EL-test T, is just equivalent to the corrected LRT
and the QL test T),2 is just equivalent to the corrected John’s test for test of
sphericity (see Theorems 2.1 and 2.2 in Wang and Yao (2013)). Moreover, as
we mentioned in the introduction, the performance of the EL-test between
p <n-—1and p > n — 1 are quite different. This is the reason why the
limiting null distribution of EL-test statistic is presented in part (a) and (b)
of Theorem 2.3 separately.

The limiting null distributions can be used to construct the rejection
regions of T},; and T},2. We next establish the asymptotic power functions.

Suppose that under H; : ¥ = 3, where 3; cannot be represented as a
linear combination of the selected matrices. Using the estimation procedure
proposed in Section 2.3, there still exists the linear approximation for 3.
Denoted by aj = (tr¥1Aq,--- ,trE1AK)T, 07 = (07,...,05,)T = Daj,
and X7 = 07;A1 + ... + 0}, Ak can be viewed as the best linear approx-
imation to ¥, under H;. Recall that 6; defined in (2.4) is the estimator
of 6* based on observations and 6y, = 65, + O,(1/n), k = 1,--- , K. Nat-
urally, I, — 212’{*1 measures the approximation error between the alter-
native 3y and the null hypothesis. Elﬁik_l is the core of the entropy loss
and the quadratic loss. After symmetrization, we obtain the error denoted
by E = i I, — £;2171). Notice that E = 0 under H,.

Let (b1, ,hg)T = D(trEAy,...,ttEAK)T and G,(¢) be the ESD of
721 + 2K h AT, where recall T = 51/2 under Hy. Let by =
Yn1p S B Eg = —(bol,— 125 HE+ b2t and (Y, - hi)T =
D(tI‘EoAl, R ,tI‘EoAK)T. Let B, = ET_l +2£<:1 hipAp and B, = ET_l +

K hiAy. Assume that [TTS57I0) = O(p), tr[TT=;710)9 = O(p9) for
q=1,2,3,4, tr[TTB,T]? = O(p) for ¢ = 1,2 and tr[TTB,T]? = O(p?) for
g = 1,2 and G)(t) has the non-degenerated LSD G(t). Under such alter-
native hypothesis, we obtain the following limiting distributions in Theo-
rem 2.4.
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THEOREM 2.4. Suppose that Assumption A and B hold, and the limits of

Sj), 7 =1,2,3, exist. Then under Hy : 3 = 3 that can not be represented
as the linear combination of given matrices, it follows that

(a) for p < n —1, satisfying G,(t) — G(t),

g

n—1,G (1)
Ty —pF{" " =y’ 4

nl

(b) for p > n — 1, satisfying Gp(t) — G(t),

g

Ty — pFn % — M
1)

On2

45 N(0,1),

“ (1)
T 5 —
% 4, N(0,1),
On3
where /A;-l), 73 =123, F;’”_I’G, j=1,2 and 07(11]-), 7 =1,2,3, are given in
the proof of Theorem 2.4.

For fixed significance level «, the corresponding power of the test based
on the statistic Tp2 is O1,,(X1) =1 — ®((1o — Mgl))/a%) —2Ga/2 0/07%)) +
D((po — uél))/a%) +2qa/2 0/07(113)), where ¢, /5 is the /2 quantile of N(0, 1),
o = (p+ Kk — 2)yp—1 and o = op2 defined in Theorem 2.3. The following
theorem shows that QL-test is asymptotically unbiased in the sense that
Br,,(21) > a > pr,,(X0), for any 3; belongs to certain alternative. Let
I; 4 be an indicator function.

THEOREM 2.5. Suppose that Assumptions A and B are satisfied and the
limit of 07%) exists. Under Hy : 3 = Xy, and X1 satisfies that the empirical
spectral distribution p~! Z?Zl I{S\j<t} weakly converges to some distribution
function with 5\j ’s being the eigenvalues of I‘T2*1‘*11" =I,+A, A>0 and
trA2 > § > 0, then for the prefized significance level a,

B, (21) > a,

when n is sufficiently large and 0 is any given small constant. Furthermore,
if p~HrA — ¢; # 0, then Br,, — 1 as n — oo.

REMARK 2.5. Note that g = (p+ Kk —2)yn—1. The the proof of Theorem
2.5 reveals a nice property that for large p, uél) — o > p{(1+y)c2 + 2yc1 },
which tends to oo at rate p. This implies that the power of QL-test increases

to one quickly. This is consistent with our numerical studies in Section 3.
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2.4. Ezamples. In this section, we demonstrate how the proposed tests
of linear structures of covariance matrices provide a unified framework for
many existing tests on covariance matrix by several examples, some of which
are new to literature.

Example 2.1. Test of sphericity has been well studied since the sphericity
structure is the simplest linear structure of covariance matrix. Let Ay = I,.
The test of sphericity is to test the null hypothesis

(220) H10 Y= 91A1

for an unknown positive constant ¢, versus Hyy : X # 61 A4 for any positive
constant 6.

Under Hig, 61 can be estimated by él =p 1S, = 0, + Op(nfl) under
Assumptions A and B. When k = 3 (e.g., under normality assumption), by
Theorem 2.3, we have the following limiting null distribution of T},;. For
p<n-—1,

To1+(p—n+15)log(l —yp—1)—p
\/—2yn—1 -2 IOg(l - yn—l)
and for p > n — 1,

Toi+(n=05—p)log(l —y,%y) —(n—1) + (n—1)log(yn-1) a N(0,1).
\/—2y;i1 —2log(1 -y, 1)

It can be easily verified that T),; equals (2/n) times the logarithm of the
LRT under normality assumption when p < n — 1. The LRT has been
well studied for fixed and finite dimension p under normality assumption
(Section 10.7 of Anderson (2003)). Recently Jiang and Yang (2013) derived
the asymptotic distribution of the LRT with y € (0,1] for normal data.
Chen, Zhang and Zhong (2010) demonstrated that the classical LRT may
become invalid for high-dimensional data and proposed a test based on U-
statistics with p,n — co. Wang and Yao (2013) proposed the corrected LRT
with p/n — (0,1). Both Jiang and Yang (2013) and Wang and Yao (2013)
derived the limiting null distribution, which is the same as that in (2.21),
but Jiang and Yang (2013) imposes normality assumption.
For test of sphericity, the T},2 becomes

(2.22) T2 = tr[Sn/(p trS,) — I,]%

(2.21) ~% N(0, 1),

Under normality assumption, it follows by Theorem 2.3 that

Tn2 - (p + l)ynfl i}

N(0,1).
2Yn—1 ( )
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The test statistic in (2.22) coincides with the corrected John’s test proposed
by Wang and Yao (2013) with y € (0,00). Wang and Yao (2013) further
showed that the power of their proposed corrected John’s test is similar to
that of Chen, Zhang and Zhong (2010), and the corrected LRT had greater
power than the corrected John’s test and Chen, Zhang and Zhong (2010)’s
test, when the dimension p is not large relative to the sample size n. But
when p is large relative to n (p < n), the corrected LRT had smaller power
than the corrected John’s test and the test proposed by Chen, Zhang and
Zhong (2010).

Example 2.2. The compound symmetric structure of high dimensional co-
variance matrix is another commonly-used linear structure of covariance
matrix. Let Ay = I, and Ay = 1p1;;r, where 1, stands for a p-dimensional
column vector with all elements being 1. Testing compound symmetric struc-
ture is to test

Hy: ¥ = 01A1 + 02A,,

where §; > 0 and —1/(p — 1) < 03/(61 + 02) < 1 versus Hoy : 3 # 01 A1 +
02A,. Under normality assumption, Kato, Yamada and Fujikoshi (2010)
studied the asymptotic behavior of the corresponding LRT when p < n,
and Srivastava and Reid (2012) proposed a new test statistic for Hyg even if
p > n. Without normality assumption, the EL and QL tests can be used to
test the compound symmetric structure. By (2.4), 6, and 6, can be estimated
by

6, =pt(p—1)"YptrS, — lgSnlp), by =p~t(p— 1)_1(11{Sn1p —trS,),

respectively. Thus, both 6; and 6y are n-consistent under Assumptions A
and B. By Theorem 2.3, it follows that

Tho — — 2)Yn—
n2 (p+ R )yn 1 i> N(O, 1).
2yn—1

since o2 = Yn—1 in this example. While it seems that the limiting distribu-
tions of T},; given in (2.17) and (2.18) cannot be further simplified.

Under normality assumption, when p < n — 1, Tj,; equals (2/n) times
the logarithm of the LRT in Kato, Yamada and Fujikoshi (2010). Srivastava
and Reid (2012)’s method is different from Kato, Yamada and Fujikoshi
(2010) and our proposed tests since Srivastava and Reid (2012) tested the
compound symmetric structure of covariance matrix by testing the inde-
pendence of random variables. The details are as follows. Let G be the
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orthogonal matrix with the first column being the p~1/2 1, and the ith col-
umn being i~Y2(i — 1)"Y2(1,...,1,—i 4+ 1,0,...,0)7. Thus, GTEG is a
diagonal matrix with the first diagonal element being 6;[1 + (p — 1)62] and
the remaining diagonal elements being 61 (1 —62). Thus, Srivastava and Reid
(2012) cast the testing problem Hayg as testing the independence of the first
random variable and the remaining p — 1 random variables. Kato, Yamada
and Fujikoshi (2010) and Srivastava and Reid (2012)’s tests are both pro-
posed for the normal case. However, Kato, Yamada and Fujikoshi (2010)’s
test is only valid when p < n, and Srivastava and Reid (2012)’s test still
works when p > n.

Example 2.3. Denote by o;; the (7, j)-entry of 3. Here a (K — 1)-banded
covariance matrix means that o; ; = 0j; =0, if [i—j|=k—-1,k=1,--- | K,
and o;; = 0if [i —j| > K. Let Ay =1, and Ay, 2 <k < K,beapxp
matrix with (7, j)-element being 1 if |i — j| = k — 1 and 0 otherwise. Testing
the (K — 1)-banded covariance matrix is equivalent to test

H30:2:91A1+"'+0KAK7

where 0’s are unknown parameters. By (2.4), we have

él :p_ltrsna
A 1
0, = 5(]) —k+ 1)*1trSnAk, for 2<k<K.

When K is a finite positive integer, it can be shown that 6 = 6, + Op(n™1)
if p/n —y € (0,00).

Qiu and Chen (2012) proposed a test for banded covariance matrix based
on U-statistic. Their test is different from our proposed testing methods. For
general K, the limiting null distributions in Theorem 2.3 cannot be further
simplified. For K = 2, we may obtain a closed form for di, kK = 1, 2 in
Theorem 2.3(c). Specifically, let a = 01(262)7!, B = —a + sgn(a)va? — 1.
Then it follows by some calculations that

= b 2(B% — g2t
"= (1 — B2)[1 — p2et+D)]h, [ T 1— g2+ |
B 4(p% — potl ) )
d2 - (1 — 62)[1 — 52(P+1)]92 [ p(l _ 62) ) — 2(1 —-p 1)ﬁ _ 2(1 —p 1)ﬁ2p+1

Then B = diI, + d2A>. Thus, 0,%2 can be obtained. Then testing Hsg can
be carried out by using the proposed EL and QL tests.
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Example 2.4. The factor model assumes that X can be represented as
X=vU;+ - +vg_1Ug_1+¢€, where vy, -+ ,vg_1 are random variables
and Ug, k= 1,.-- , K — 1 are random vectors. Suppose that vy, -+ ,vg_1,
Uy,...,Ug_;1 and € are mutually independent and Cov(e) = 61I,. Condi-
tioning on Uy, k=1,--- , K — 1, the covariance matrix of factor model has
the structure ¥ = 611, + 02U1U1T + o+ HKUK_lU%;fl, where 011 =
Var(vy) for k = 1,...,K — 1. Let Ay = I,, and Ay = U,UY for k =
1,---, K — 1. Thus, it is of interest to test
Hy:X=01A1+ -+ 0gAgx,
where 60;’s are unknown parameters. Generally, Uy are orthogonal such that
UTU,; = p for s =t and 0 for s # t. The parameters can be estimated by
K-1
b =(p-K+1)™" (trsn —p Y U}{ank> 01 = p2(UL S, Uy, —phr)
k=1

for k =1,--- K — 1. Thus, when K is finite and p/n has a finite positive
limit, 0 = 0+ Op(n~1) under Hyp and Assumptions A and B. Then testing
H,y can be carried out by using the proposed EL and QL tests.

Example 2.5. In this example, we consider testing the particular pattern
of covariance matrix. For even p which is fixed and finite, McDonald (1974)
considered

011 + 651 17 031
Hso: 3 = p/2 p/2+p/2 p/2 . '
Hng/Q gllp/Q + 021p/21p/2
Let Ay =1,
T
A, = 1p/21p/2 0 . and As = ( 0 Ip/2> .
0 11,/2117/2 L, O

Then Hyo can be written as Hsg : X = 01A1 + 02As + 63A3. Thus, the
proposed EL and QL tests can be used to Hsg with high-dimensional data.

3. Simulation studies and application.

3.1. Practical implementation issues. The limiting distributions derived
in Theorem 2.3 involve the unknown parameter k. Thus, we need to estimate
k in practice. By Assumption A and some direct calculations, it follows that

(3.1) Var{(x — )" (x — p)} = 2tx(2?) + (k= 3) Y _73;.
j=1
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where 0;; is the j-th diagonal element of 3. This enables us to construct a
moment estimator for x. Specifically, we estimate oj; by 6j; = s;;, where
s;j is the j-th diagonal element of S,. A natural estimator for Var{(x —

) (x—p)} is
V=(n-1""> {xi-%)"(x— %) —n Y [(xi = %) (x; — D)}
i=1 =1

Under Hy, a natural estimator of X is f)g = ZkK:1 ékAk defined in Section
2.2. As aresult, we may estimate tr2? by using tr32. Thus, we may estimate
K by

V — 2tr(32)
g2
Jj=1%jj

(3.2) ko =3+

It can be shown that &( is a consistent estimator of x under Hy. The corre-
sponding test statistics control Type I error rate very well in our simulation
study.

As shown in Theorem 2.2, in general, p~1trS2 — p~1trX2 does not tend to
zero. This implies that trS2 may not serve as an estimator of tr32. According
to Theorem 2.2 and ignoring the higher order term, a natural estimator for
tr? is .

tr(22) = (n — D{tx(S}) — (n — 1)~ [tx(Sn)]*} /.

This estimator is calibrated by the ratio p/(n — 1) = y,—1. This leads to
another estimator of x given by

nV — 2{(n — )tr(S2) — [tx(Sn)]*}
n i1 55 '

Chen and Qin (2010) also studied the issue of estimation of tr(3?) and
proposed the following estimator

(3.3) R1 =3+

n

tr ) (%5 — X)) X] (X6 — X(iw)XF |
ik

— 1

(3.4) () =

where X(; 1) is the sample mean after excluding x; and x;. This leads to
another estimator of :

‘7 — 277,71(% — 1)*1tr[2?7ék(xj — i(j}k))X?(Xk — i(j,k))xZ]
) |
J=1 777

(3.5) Ao =3+
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We compare the performance of <y, £1 and A2 by Monte Carlo simulation
study. Simulation results are reported in the supplementary material. From
our numerical comparison, kg performs very well across all scenarios of all
simulation examples in Section 3.2 and its sample standard deviation is much
less than those of 41 and Rs. This implies that &g is more stable than &1 and
ka. Thus, we will use &g throughout our numerical examples in Section 3.2.

3.2. Numerical studies. We illustrate the proposed testing procedure by
areal data example in the supplemental material. In this section, we focus on
assessing the finite sample performance of the proposed tests including their
Type I error rates and powers. All simulations are conducted by using R
code. We generate n random samples from a population x = 3'/2w, where
3% will be set according to the hypothesis to be tested, and w is defined in
the previous section. In order to examine the performance of the proposed
tests under different distributions, we consider the elements of w being in-
dependent and identically distributed as (a) N(0,1) or (b) Gamma(4,2)—2.
Both distributions have means 0 and variances 1. For each setting, we con-
duct 1000 Monte Carlo simulations. The Monte Carlo simulation error rate
is 1.964/0.05 x 0.95/1000 = 0.0135 at level 0.05. In the numerical studies,
we consider four different covariance matrix structures, which have been
studied in the literature.

Example 3.1. This example is designed to compare the performance of
proposed testing procedures and the test proposed in Srivastava and Reid
(2012) for hypothesis Hyg in Example 2.2. We set the covariance matrix
structure as ¥ = 6011, + 921p1]7; + 93upug, where u, is a p-dimensional
random vector following uniform distribution over [—1,1]. The third term
is to examine the empirical power when 03 ## 0. In our simulation, we set
(01,62) = (6,1) and 65 = 0.0,0.5, 1.0, respectively. We set 3 = 0 to examine
Type I error rates and 63 = 0.5,1.0 to study the powers of the proposed
tests. The sample size is set as n = 100,200 and the dimension is taken to
be p = 50, 100, 500, 1000. The percentages of rejecting Hog at level 0.05 over
1000 simulations are summarized in Table 1, where the labels QL, EL and
SR stand for the QL-test, the EL-test and the test proposed by Srivastava
and Reid (2012), respectively. The top panel with #3 = 0 in Table 1 is Type I
error rates for different testing methods. Table 1 indicates that both QL and
EL tests retain Type I error rates reasonably well across different sample
sizes and dimensions. As Srivastava and Reid (2012) mentioned, SR test can
control Type I error rate under normal assumption. But when the population
distribution departures from the normality, SR test fails to control Type I
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error rate, even the sample size increases from 100 to 200. This is expected
since the SR test is derived based on multivariate normality assumption.
As the sample size increases from n = 100 to n = 200, both QL-test and
EL-test control Type I error rate better. The empirical powers are listed
in the panel with 63 = 0.5 or 1.0 in Table 1, from which we can see that
QL-test has higher power than EL-test for all cases in this example, and SR
test for most cases in this example. For normal samples with p = 50 and
100, SR test is more powerful than EL-test. We notice that the empirical
power of our proposed methods increases as the dimension increases. It is
consistent with our theoretical results. The power of all three tests increases
significantly when the value of €5 increases from 0.5 to 1 or the sample size
n increases from 100 to 200.

In summary, QL-test performs the best in terms of retaining Type I error
rate and power. The SR test cannot control Type I error rate for nonnormal
samples. EL-test can control Type I error rate well, but is less powerful than
QL-test. Under normality assumption, EL-test is equivalent to the LRT
test, which is the most powerful test in the traditional setting. For high
dimensional setting, the EL-test corresponds to the corrected LRT, whose
power can be improved by the QL-test for Hyg, k = 2,3,4 and 5 from this
example and simulation examples below. Additional numerical comparison
with a test proposed by Zhong, Lan, Song and Tsai (2017) is given in the
Section S.5.2 in Zheng, Chen, Cui and Li (2018). The proposed QL- and
EL-test both outperform the test proposed by Zhong, Lan, Song and Tsai
(2017).

Example 3.2. To test covariance matrix structure in Hjsg, the banded
covariance structure, we construct a banded matrix defined in Example 2.3
with width of band K = 3 . Therefore, the null hypothesis Hsg has the linear
decomposition 3 = 011, 4+ 62 Ay + 03A3 + 94upupT, where As and Ajz are
defined in Example 2.3 and u,, is generated by the same way in the Example
3.1. We take (61,02,03) = (6.0,1.0,0.5) and 64 = 0 to examine Type I error
rates and take 4 = 0.5,1 to examine the powers. In the simulation studies,
we still set sample size n = 100,200 and dimension p = 50, 100, 500, 1000.
The percentages of rejecting Hsp at level 0.05 over 1000 simulations are
listed in Table 2. In this example, we compare the test proposed by Qiu
and Chen (2012) for the banded covariance matrix with our proposed tests,
and refer their test as “QC” test hereinafter. Table 2 indicates that QL, EL
and QC tests control Type I error rates well. QC test is supposed to control
Type I error rates well and has high power since it is particularly proposed
for testing banded matrix. Table 2 indicates that QL-test has higher power
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TABLE 1
Simulation Results for Hao (in percentage of rejecting Hao over 1000 replications)

W; ~ N(0,1) W; ~ Gamma(4,2)—2
03 n Test | p =50 100 500 1000 50 100 500 1000
0 100 QL 5.23 5.40 5.12 5.19 6.48 5.99 5.64 5.41
EL 5.32 6.51 5.12 5.18 5.77 6.35 5.46 5.54
SR | 4.90 5.01 4.91 4.98 9.60 8.96 8.15 8.04
0.5 100 QL | 40.25 80.58 100.0 100.0 | 41.01 80.70 100.0 100.0
EL | 1342 11.38 99.78 100.0 | 13.74 11.42 99.74 100.0
SR | 24.46 59.04 99.99 100.0 | 41.22 73.86 100.0 100.0
1 100 QL | 95.88 99.97 100.0 100.0 | 95.98 99.97 100.0 100.0
EL | 53,53 2997 100.0 100.0 | 53.71 30.18 100.0 100.0
SR | 87.90 99.67 100.0 100.0 | 93.61 99.87 100.0 100.0
0 200 QL 5.22 5.14 5.12 5.19 6.32 5.78 5.31 5.34
EL 5.18 5.12 5.05 5.13 5.94 5.42 5.23 5.31
SR | 4.98 4.93 4.93 5.03 9.95 9.23 8.44 8.43
0.5 200 QL | 79.86 99.32 100.0 100.0 | 78.56 99.28 100.0 100.0
EL | 42.00 58.62 100.0 100.0 | 41.22 58.62 100.0 100.0
SR | 61.74 9579 100.0 100.0 | 75.78 98.24 100.0 100.0
1 200 QL | 99.98 100.0 100.0 100.0 | 99.96 100.0 100.0 100.0
EL | 97.23 99.53 100.0 100.0 | 96.86 99.55 100.0 100.0
SR | 99.81 100.0 100.0 100.0 | 99.91 100.0 100.0 100.0

than QC test in our simulation settings, in particular, for p = 50. From our
simulation experience, we find that QC test requires more computing time
than QL and EL tests since QC test is a U-statistic method.

Example 3.3. In this example, we examine Type I error rates and empirical
powers of the proposed tests for Hyy and Hsy defined in Examples 2.4 and
2.5 respectively. We first investigate the performance of QL and EL tests
for Hyo. We generate several mutually orthogonal factors. Suppose that uy,

k =1,---,K are independent and identically distributed random vectors
following N(0,I,). Let u; = uj and u; = (I, — Py)uj, where Py is the
projection matrix on uy,--- ,ug_1 for k = 2,--- , K. Providing the vectors

u;, we have the covariance matrix structure

K

=46 I, + Z Gkukuf
k=1

for the factor model defined in Example 2.4. In this simulation, we set K = 4
and the coefficient vector (6o, 601,02,05)7 = (4,3,2,1)T. Similarly, 64 = 0
is for Type I error rates and 64 = 0.5,1.0 is for powers. We summarize
simulation results in the top panel of Table 3. Both QL and EL tests control
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TABLE 2
Simulation Results for Hso (in percentage of rejecting Hszo over 1000 replications)

W; ~ N(0,1) W; ~ Gamma(4,2)—2
N n Test | p =50 100 500 1000 50 100 500 1000
0 100 QL 5.30 5.19 5.29 5.34 6.61 6.19 5.83 5.89
EL 5.31 6.34 5.20 5.36 5.83 6.32 5.53 5.81
QC 5.00 5.50 5.50 5.90 5.00 5.80 6.10 5.20
0.5 100 QL | 46.01 84.91 100.0 100.0 | 45.13 83.62 100.0 100.0
EL | 1520 1223 99.90 100.0 | 15.35 12.13 99.90 100.0
QC | 17.00 70.00 100.0 100.0 | 24.00 85.30 100.0 100.0
1 100 QL | 9749 99.98 100.0 100.0 | 96.96 99.98 100.0 100.0
EL | 60.45 33.68 100.0 100.0 | 59.80 33.71 100.0 100.0
QC | 83.00 100.0 100.0 100.0 | 78.00 99.90 100.0 100.0
0 200 QL 5.25 5.19 5.16 5.10 6.44 5.84 5.56 5.55
EL 5.24 5.15 5.04 4.94 6.01 5.46 5.25 5.26
QC | 6.00 5.40 5.50 4.50 4.00 4.50 5.80 5.10
0.5 200 QL | 8530 99.66 100.0 100.0 | 84.09 99.64 100.0 100.0
EL | 4846 65.39 100.0 100.0 | 47.62 65.20 100.0 100.0
QC | 49.00 100.0 100.0 100.0 | 49.00 99.70 100.0 100.0
1 200 QL | 99.99 100.0 100.0 100.0 | 99.98 100.0 100.0 100.0
EL | 98.27 99.80 100.0 100.0 | 98.00 99.76 100.0 100.0
QC | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

Type I error rates well and have high powers at 64 = 0.5 and 1.0. For some
cases such as p = 100 and 64 = 0.5, QL-test has slightly higher power than
EL-test.

We next investigate the performance of QL and EL tests for the covariance
matrix with a special pattern Hsg. We represent the covariance matrix as a
linear combination

4
X =) OpAy,
k=1

where A1, As and Ag are defined in Example 2.5 and Ay = upug with
u, ~ N,(0,I,). We set the first three coefficients (61, 62,603) = (6.0,0.5,0.1)
and 04 = 0.0, 0.5 and 1.0 for examining Type I error rates and powers,
respectively. We summarize the simulation results in the bottom panel of
Table 3, which shows that both QL and EL tests can control Type I error
rates, and have high power as well, although QL-test has higher power than
EL-test for (n,p) = (100,100) and 05 = 0.5.

4. Technical proofs.
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TABLE 3
Simulation Results for Example 3.3 (in percentage of rejecting null hypothesis over 1000
replications)
W; ~ N(0,1) W; ~ Gamma(4,2)—2

04 n Test | p =50 100 500 1000 50 100 500 1000
Results for Hyg
0 100 QL 5.46 5.46 6.02 6.27 6.89 6.53 6.58 6.94

EL 5.40 6.40 5.79 6.20 6.03 6.42 6.30 6.52

0.5 100 QL | 99.99 100.0 100.0 100.0 | 99.96 100.0 100.0 100.0
EL | 97.58 86.91 100.0 100.0 | 97.38 87.25 100.0 100.0

1 100 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

EL 100.0 99.93 100.0 100.0 | 99.99 99.93 100.0 100.0

0 200 QL 5.32 5.28 5.42 5.52 6.57 6.05 5.89 6.05

EL 5.30 5.22 5.33 5.65 6.15 5.61 5.60 5.65

0.5 200 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
EL | 99.99 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

1 200 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

EL 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

Results for Hsg
0 100 QL 5.28 5.19 5.23 5.41 6.59 6.15 5.84 6.16

EL 5.27 6.33 5.17 5.48 5.85 6.35 5.61 5.73

0.5 100 QL | 99.64 100.0 100.0 100.0 | 99.61 100.0 100.0 100.0
EL | 85.90 57.86 100.0 100.0 | 85.89 59.17 100.0 100.0

1 100 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

EL | 99.87 97.67 100.0 100.0 | 99.81 97.86 100.0 100.0

0 200 QL 5.25 5.11 5.08 5.18 6.40 5.84 5.58 5.62

EL 5.25 5.15 5.06 5.05 6.01 5.44 5.29 5.30

0.5 200 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0
EL | 99.75 99.99 100.0 100.0 | 99.72 99.99 100.0 100.0

1 200 QL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

EL | 100.0 100.0 100.0 100.0 | 100.0 100.0 100.0 100.0

4.1. Proofs of Theorems 2.1 and 2.2. Recall the definitions of x and S,
n (2.1) and F in (2.8), it follows that under Assumption A,

(4.1) F=r"'s,(r"~! and S, =TFr".

Proof of Theorem 2.1. Using Chebyshev’s inequality, the proof of (2.10) and
(2.11) is completed by showing that

Ep 'trFCFCs — p~ 'trC1Cy — yn,l(p_ltrcl)(p_ltrCQ) =o0(1)
and

Ep "rFCy — p 'trCy = 0(1), Var(p 'trFCy) = o(1),
Var{p~'tr(FC1FCs)} = o(1).
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We have .
p 'rFCo =p ' > 4/ Covi —p "0y Cox,
i=1
where v; = (n—1)"?w; and ¥ = n ' 31 | ;. Then p'EY" 47 Coy; =
n(n —1)"'p~rCqy and p~'nEATCoy = (n — 1)~ 'p~1trCy — 0. Thus
(4.2) Ep 'trFCy — p~'trCq — 0.

Moreover
(4.3)

E(]f1 z:')/Z-TC()'yi—jzfl(n—l)*lntrCo)2 = np*QE('leCo'yl—(n—l)*ltrCO)2 — 0.
i=1

By (4.2) and (4.3), we have

n
pt Z’yiTCo'yi —p HrCo = 0p(1).
i=1

Similarly, we have

1

p~ 'y Coy = 0p(1).

Thus, we have
p 1trFCy — p'trCo = 0,(1).
Moreover, we have
p"rFCIFC, = p ') 4 Ciyv) Covi+ 07" ) A Crvini Coi
i i
—2p 'nAT CLFCyy + p 1?37 C1A4T Co7,

where p~'E Y, ;v Ci1jv] Covi = [n/(n — 1)]p~'trC, Cy,

p ! ZE{’yiTcl'yi'yiTczfyi} = [n/(n—1)*]p " trCatrC1+2n/[p(n—1)?)trC; Ca+o(1),

7

and Ep~'nyTC1FCo¥ = n/[p(n—1)?]trC;Ca+o(1) and Ep~'n?47C1474T Coy =
o(1). Then

p 'EtrFC;FCy — p~1trC,Cy — yn_l(p_ltrcl)(p_ltrCQ) — 0.

Similarly, we can prove

Var[p™ Y 47 CiyvF Cari] = 0,
i
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Var[p™ Y " 4/ Crviv Covi] = p~*Var[y{ Civin{ Com] = 0,
7

Var[p 1nqyT C1FCy¥] — 0, Var[p 'n?57C1477 Co7] — 0.
Thus we have
[P 4 Civy] Cori — pHrCiCo] = 0,(1),
i7#]

™Y A Crviv! Covi—yn-1 (™" trC1) (p™ ' trCa)—2n/[p(n—1)]trC1 Cs] = 0, (1)

7

and
{p~'n¥TC1FCoy—n/[p(n—1)’]trC1Co} = 0,(1), {p 'n*¥"C1A47" C27} = 0,(1).
Then we have
[p_ltchlFCQ — p1rC1Cy — yn_l(p_ltrCl)(p_ltrC2)] = op(1).
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. Recall v; = (n —1)""2w;,i = 1,...,n, and ¥ =
n~137" | ~i. To derive its limiting distribution, we first calculate E(p~“1trFC1FCy,
p~“2trFC2)T. Under Assumptions A and B, E [tr(FC3)] = trCy and it fol-

lows by some calculations that

p “"EtrFC{FC,
n
= p ™ <E Ztrfyfy;frcwﬂfcl +E 27?017i7?017i
i#j i=1
—onE Z try5” Cry;v} C1 + En2tr'7'7TCy7'7TCl)
j

— p‘“l{[trC% + yn_lp_l(trcl)Q} + yn_lp_ltrC%
p
Fyn-1(6 = 37" (e Cre)?} + o(1).
i=1

To establish the asymptotic normality of (p~*“trFCFCy,p~“2trFCy)7, it
suffices to establish the asymptotic normality of p~“*trFC{FC1+bp~“2trFC,
for any constant b. Define

n n
Ap =p™™ (Ztr’Yi’nTCl’Yj’YjTC1+Z %TCWZ’YZ-TCWi) +p72b Y Covi
i#i i—1 i=1
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and

Anz =p7 (=203 6357 Cryr] Crtn?tr 77T C17TCy ) —p b0y Co7.
J

It follows that
p ""trFC1FCy + p “2btrFCy = A, + Apo.

Because Var(A,2) = o(1), it is sufficient to deal with A,;. We will use
Lindeberg CLT on martingale difference sequence to establish the asymp-
totic normality of A,;. Let E/(Z) be the conditional expectation of Z given
{71,-..,7¢}. Then it can be verified that {(E; — E;_1)An1,£ =1,...,n} is
a martingale difference sequence. Define

S0 = (Be—Ee1) ) tryivi Ciiv) Cu,
i#]
5 = v Civevi Crve — Ev) Civevi Crve,

03¢ = b[’)’ZTCQ’Yg — (n — 1)71‘61'02].

Then (Ez - Eg_l)Anl = p "1+ p "9y + p“203,. We may simplify 91y as
follows:

o = Eeztr’Yi’Y?Cl’Yj’chl —Ei Ztr’)’z")’iTCﬂj’YfC1

i i
2(n—1¥) -
= W[WTC%W — (n—1)""rCy]
+2 Y [ CryAl Cive — (n = 1)71y] Clayl.
j<i1
Rewrite
S = ¥ C1vvE Cive — Ev[ Ciyevl Cive

[v¢ Crve — (n — 1)"'trCi]* — E[y] Crye — (n — 1)~ 'trCyJ?
+2(n — 1) 'trCy [y} Ciye — (n — 1) 1trCy).

Because the Lindeberg condition of the martingale difference sequence
(p™" 81 + p~ "1 090 + p~"2d3¢) may be easily verified, it is sufficient to derive
the limit of Y_) ; Ep_1[p~ %81, + p~ 82 + p~ 2832 Bai and Silverstein
(2010) pointed out that the CLT of the linear spectral statistics of the sample
covariance matrix S,, from {wijl(lwijlﬁnm/ﬁ)’i =1,....p,j = 1,...,n} is

the same as the sample covariance matrix S, from {w;;,i = 1,...,p,j =
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1,...,n} where n, — 0 and 7,y/n — oo. Then it follows by using Lemma
9.1 in Bai and Silverstein (2010) that

n
P> Ee 1610
=1

M*@

- p_2“1{4(n 1)~%trCy [Qtrcl +(k—3 (el Cie;)(el'C ez)}}+op(1).

'L:l
By some calculations, we have
p~ RN By 1510
(=1
= 2bp~(mtu)(p — 1)~ [Qtr(C Cy) + ZeTcleZe Cgel} +0,(1)
i=1

and

) p
p_(u1+uz) Z Eo 1090030 = pr_(m—l-w)(li —3)(n — 1)—2tr01 Z e;frC1eiefCQei
/=1 .
+4bp_(u1+u2)(n _ 1)_2trcltrc102 + Op(l)

by using Lemma 9.1 in Bai and Silverstein (2010) again. We next deal with
the squared terms. We can show that
1ez ]

M*@

n
;0_2“1 Z Eg_l(S%é = 4p_2“1 (n— 1) 2trC1 +(k—
(=1 z:l
+4p~2 [(n — 1) 'trCTJ* 4 0p(1).

Pizul Z EZ—lfS%g
/=1
= 4p~ 2 (n— 1)_2(tr01) [2trC2 Z €; Clel ] + 0,(1),
p Z EZ—lfsgg
/=1
p
— pPp ez (n — 1)1 [mcg +(k—3)> (eF cgez-)ﬂ +0p(1).

Thus, we can further derive Yy Eg_1(p™ %1010 + p~ %1020 + p~“203¢)°.
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Applying Lindeberg CLT on martingale difference sequence on p~%1§y, +
P "0+ p"203y, it follows that for any b, p~*! (trFC1FC; —EtrFC,FC;) +
p~"2b(trFCy — EtrFCsy) converges to a normal distribution with mean 0
and variance ILm S Eec1(p7"1810 + p~“1690 + p~283)%. The proof of
Theorem 2.2 ?s ggmpleted by calculating the corresponding mean vector

(1)

and covariance matrix, which equal ug) and 3,7 given in Section 2.4.

4.2. Proofs of Theorems 2.3, 2.4 and 2.5. Recall ¥y = 01 A1+ - —i—GKAK
and 20 = 01A; + -+ 0k Axk. Using the identity Z 1 -3 1= -3 (EO —
30)%; ", it follows that

55!
K ~ A A A~
= 30 =) 0k — 0035 AR+ 10— 0:)(6; — 0)3; A A EG
k=1 Y]
K A~ A A~
= p— > (O — O) ARG+ > (0 — 0,)(0; — 0,)S A ARG
k=1 i,
Then we have Snial = S, L, — 0K (O — 0 ARZg Y+ 2 (60— 0:) (0 —
i

0,)S,25 A5 A, 251 Under Hy, by ék = 0+ O,(1/n), then the trace of
the second term is of order op(1).

Proof of Theorem 2.3(a) and (b). When p < n — 1, it follows by the Taylor
expansion of 0y at 0, k =1,--- , K that under Hy,

trSnEA]al —log |Sn§]al|
K ~
= 18,355 = p( — Op)p 018, 5 1AL
k=1
K ~
—log S, Xyt + Zp(@k — Op)p Htr ALyt + 0,(1)
k=1
= trS$,2;" —log[S, =y + 0,(1)
(4.4) = trF —log|F| + 0p(1)

since p~1t1S, By PALE T — pHtrALE, ! = 0,(1) under Hy by (2.10) with
setting Cg = I‘TEEIA;CEEII‘. By Lemma 2.1 and when p < n — 1, we have

T +pa1(Yn—1) + mi2(Yn—1) d,
O'nl(ynfl)

N(0,1),
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where J%l(ynfl) = —2yp—1 — 210g(1 - ynfl)'

This completes the proof of Theorem 2.3(a) with p < n — 1. Similarly,
Theorem 2.3(a) with p =n — 1 can be obtained.

Similarly, for p > n — 1, a direct application of Lemma 2.1 to (4.4) leads

to

Toa + pa2(Yn—1) + ma2(Yn—1) d, N(0.1)

\/yﬁzlvll(yn—l) + v92(Yn-1) — 2y, 1 v12(Yn—1)

That is,

T, _ -
1+ paz(yn 121-1-m22(yn 1) 4y N0, 1).
Unl(ynfl)

This completes the proof of Theorem 2.3(b).

Proof of Theorem 2.3(c). Under Hy, 6, = 6 4+ O,(1/n), it follows that
tr(S, 35" —1,,)?

K
= tr(S,3y! —1,)% + pZ(ék —0,)2p S, 2 T AL D!
k=1
K A~
(4.5) —p > (Or — 01)2p " tr(S, 20 )P AR, + 0p(1).
k=1

Taking Cg = I‘TEalAkEJII‘ for k=1, --- | K, it follows by Theorem 2.1
that

tr(S, 3y — I,)?
K ~
= tr(Sn3y " — L)% =2y 1 > (Ok — O)trAr g + 0p(1)
k=1

= (S5t — 1) — 2yn 1 (trZ0X5 ! — p) + 0p(1).
By the definition of 8 in Section 2.1, it follows that
tr2¥; ! = trS,B = trFT7 BT,
where B is defined in Theorem 2.3(c) and tr¥¢B = tr3;3;' = p. As a

result, we have
tr(Snflal —1,)?
= tr(F —1,)% — 2y, 1 (025" — p) + 0p(1)
= —2tF — 2y, 1008035 4 trF2 + 2y, 1p + p + 0,(1)
—2trF — 2y, 1 trFTT BT + trF? + 2y,,_1p + p + 0p(1)
= trF? + trF(—2I, — 2y, _1TTBT) + 2y,_1p + p + 0,(1).
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By Theorem 2.2, we have

tr(snial - Ip)2 — DPYn—1 — (H B 2)3/ N

N(0,1
20_ (7)?

P
o2 = 471 [4(/@ — 1)(y +2¢°) + 8y°p 1r(ZeB)? + 4(k — 3)y’p ! Z:(eiTI‘TBI‘ei)2
i=1

+4y? +4(k — D) (y + 2% + y*) = 8(k — D)y(1 + y)g]

p
= 47! [4@/2 +8y°p M tr(ZoB)? +4(k — 3)y’p " Y (e] TTBTe;)? — 4(k — 1)y3]
=1
p
= y*+ 2% 'tr(ZeB)? + (s — 3)y’p " ) (e] T"BIe;)” — (k- 1)y°.
=1

Proof of Theorem 2.4 (c). Due to the space limit, the proof of Theorem 2.4
(a) and (b) are given in the supplementary material.

We next derive the power function of T},5. First, we consider I‘TZ’{*lI‘ be-
ing bounded spectral norm. When I‘TET_II‘ has unbounded spectral norm,
we only add a factor p~3/2 to T},2. Then the same results are obtained. Under
Hy, it follows that

~

tr(Sp3 ! — I,)?

K
= (8u37 L)  +p ) (0 — 67)2p 'S, T AL
k=1
K ~
—p Y (Or = 07)2p " tr(S, 21T ARSTT! 4 0,(1).
k=1

Recall F =" | ‘yfyl-T — nA~T. Thus, we have
n
p S, T T ALST T = p DY A TS T AT Ty (n/p)y TS T AL TITS.
i=1

Because p~' Y1 B4/ TS 1A S 1Ty, = p e 22 TALE ! 4 o(1)
and

(n/p)EA TS} ATy = [(n— Dp] 'S T A ST,
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then we have
p lES, T A T — p e E s AL T 0.
Furthermore, we can show that
n
Var[p~? Z’yiTI‘TZ‘flAkZT_lI‘%] —0, and Var[f'TTSi'A27'rq] — 0.
i=1

Then we have p~'trS, 27 A, S — p~ltrEE; TALE ! = 0,(1). More-
over, we have
p B[S, 2 2A, !
n
= pTEY tryy TTE] Ty TIS] AT
=1
+p "Bty TS Ty TS AT
i#j
= np l(n—1)"22trA (DD 2
p
+(k=3)) (efT"S] ' Te))(ef TTS] A} 'Tey)]
(=1
+nptn - 1) 2 (6rED ) (DR T AT Fap i n — 1) T A SN (ERTH2

Thus, it follows that p~ ' Etr(S, X7 )2 A2t g1 (p HrEE D (p Hr S AL )~
pltrA S Y2212 — 0. Similarly, it can be shown that

n
Var[p~! Z tryiy) TS Dy TS AL ST = 0
i=1

and

Var[p~'E Z tryy? I‘TZ*{‘1I‘7j~ijI‘T2’{_1Ak2*{‘1I‘] 0.
i#j

Therefore, we obtain p~tr(S, X1 )2A, T 1 —y, 1 (p HrEZF D (p~ HrEX 1A ) -
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p HrALEIHEEH2 = 0,(1). As a result, it follows that

tr(Sp3 ! — I,)?

K
= (8u37 L)  +p ) (0 — 67)2p 'S, BT AL
k=1
K
—p > (O — 07)2p M tr(Sn B2 ALET T + 0p(1)
k=1
K
= ST =L +2p) (6 — 0p)p BT AT
k=1
K
=2p Y (O = 03)[yn—1(p 'rET] ) (p 0 EE] I ALST T +p T AT (DD
k=1
+op(1).
Note that

K
20 (O — 6p)p ' EE]TIALST T = 203,27 EE T - 2B
k=1

and
K
20> (O — ) lyn1 (0 0] (0 ' EDTTIALE Y 4 p A ST H(EETY?
k=1
— -1 x—1 < x—1 x—1 < x—1 *—1\2
— 2y 1p HrEE )P - 2t
Thus,
K
2p Y (0x — 07)p 0 ZE] T AT
k=1
K
=2p Y (O — 0p)[yn—1p "0 EE] p T ES]TTAE T 4 p AL H(EET)
k=1

= 201 — g p S Sl oSyl (me L)
—2r ST 4 2y p [ ST 4 2t (B X
= S, By — 2023 4 2y, 1p e EE; T2 4 2t (2R )2
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where By = Eszl eng - Ay with g = (trGA4,...,trGAg)T and G =
SEsr2(1 -y, ptrEE ) - 235 (22112, Then we have

tr(S, 35! — 1,)?

K
= (8,37 = L)2 +2p> (6 — 0p)p D] AT

k=1
K
=2pY (O = 07)[yn—1p” 'rETT I p 0 EE] I ALET T 4 p A E (BT
k=1
+op(1)
= tr(S, =7 — L)% + trS, By — 2trIX; ! 4 2y, 1p H(trEXTTH? 4 2tr(ZX )2
+op(1)

= tr(FO7S7 D)2 + wF(—2r7s 'r + 7B I)
+p—2r227 7 4 2, 1 p HrEETTH2 4 2t0(E22TH? 4 0,(1).

It follows by Theorem 2.2 that under Hj,

tr(Snf]al — Ip)2 — ,ugl)
1)

On3

— N(0,1),

where

(0.(13))2
= S (==Y + 4 er(E=ETHP 4+ 8(n e EE )2 [ (2R
+16(n 1rE==r [ (223 + 20 (20720 + TTB )2
+8n lr[(ER )2 (—25 ! 4+ By
+8(n e Y s in(—2xt T 4 By)
p
+a(k =31 (] TTE; '8 'Te;)?
=1

(ef TT2] ™' Te;)?]

Mw

+4(k — 3)(n HrEEr 2!
1

(eITTsi 're)) (el TTE 'Exi 'Te))]

M=

Il
—

+8(k — 3)(n HrEXi H[n !
(2
p

+(k=3)n"") [ef(—2I"E;T'T + T"B T)e;]?
=1
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p
+a(k = 3)n"1 ) e/ TTE} 'S 'Tee] T (-2%; ' + By)Te;
=1

p
+a(k = 3)(n'rEDTT [ el TTE] 'Tee] TT(—287 ' + By)Tey,

i=1
and
—1\2
1 (tTZZT ) n—2 *—1\2 *—1
py = ] + p— 1tr(221 )* —2tr¥¥] +p
p
+m[2tr(2zrl)? +(k—3)> (e]TTS 'Te;)?,

=1

5. Discussion. We have studied hypothesis testing on linear structure
of high dimensional covariance matrix, and developed two tests for the linear
structure. Under the null hypothesis, the covariance matrix can be repre-
sented as a linear combination of a finite number of pre-specified matrix
bases. This implies that we may estimate the covariance matrix well. If the
null hypothesis gets rejected, one may have to consider more general struc-
ture or unstructured covariance matrix, and conduct further study.
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High Dimensional Covariance Matrix”:
(doi: COMPLETED BY THE TYPESETTER; .pdf). This supplementary
material consists of the technical proofs and addition numerical results.
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