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W e s h o w t h at  u ni v e r s alit y li mit s a n d ot h e r  b o u n d s i m pl y  p oi nt wi s e a s y m pt oti c s f o r

o rt h o n o r m al  p ol y n o mi al s at t h e e n d p oi nt s of t h e i nt e r v al of o rt h o n o r m alit y.  A s a

c o n s e q u e n c e,  w e s h o w t h at if μ i s a r e g ul a r  m e a s u r e s u p p o rt e d o n [− 1, 1 ], a n d i n a  n ei g h-

b o r h o o d of 1, μ i s a b s ol ut el y c o nti n u o u s,  w hil e f o r s o m e α > − 1, μ (t) = h (t) (1 − t)α ,

w h e r e h (t) → 1 a s t → 1 − , t h e n t h e c o r r e s p o n di n g o rt h o n o r m al  p ol y n o mi al s {p n } s ati sf y

t h e a s y m pt oti c

li m
n → ∞

p n 1 − z 2

2 n 2

p n (1 )
=

J ∗
α (z )

J ∗
α (0 )

u nif o r ml y i n c o m p a ct s u b s et s of t h e  pl a n e.  H e r e J ∗
α (z ) = J α (z ) / z α i s t h e  n o r m ali z e d

B e s s el f u n cti o n of o r d e r α .  T h e s e a r e  b y f a r t h e  m o st g e n e r al c o n diti o n s f o r s u c h

e n d p oi nt a s y m pt oti c s.

1  R e s ul t s

L et μ b e a  fi nit e  p o siti v e  B o r el  m e a s u r e  wit h c o m p a ct s u p p o rt, c o nt ai ni n g i n fi nit el y

m a n y  p oi nt s.  T h e n  w e  m a y  d e fi n e o rt h o n o r m al  p ol y n o mi al s

p n (x ) = γ n x n + ..., γ n > 0,

C o m m u ni c at e d  b y  P r of.  Mi s h a S o di n
R e c ei v e d J a n u a r y 4, 2 0 1 8;  R e vi s e d  F e b r u a r y 2 2, 2 0 1 8;  A c c e pt e d  F e b r u a r y 2 6, 2 0 1 8

©  T h e  A ut h o r( s) 2 0 1 8.  P u bli s h e d  b y  O xf o r d  U ni v e r sit y  P r e s s.  All ri g ht s r e s e r v e d.  F o r  p e r mi s si o n s,

pl e a s e e- m ail: j o u r n al s. p e r mi s si o n @ o u p. c o m.
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2  D. S.  L u bi n s k y

n = 0, 1, 2, ... s ati sf yi n g t h e o rt h o n o r m alit y c o n diti o n s

p n p m d μ = δ m n .

W e  d e n ot e t h e z e r o s of p n b y

x n n < x n − 1, n < ... < x 2 n < x 1 n .

T h e {p n } s ati sf y t h e t h r e e-t e r m r e c u r r e n c e r el ati o n

x p n − 1 (x ) = a n p n (x ) + b n − 1 p n − 1 (x ) + a n − 1 p n − 2 (x ),

w h e r e a n = γ n − 1
γ n

a n d b n − 1 ∈ R .

A s y m pt oti c s f o r p n a s n → ∞ a r e a  m u c h st u di e d s u bj e ct [ 8 ], [1 0 ], [1 2 ], a n d  h a v e

n u m e r o u s a p pli c ati o n s [ 2 ].  T h e a s y m pt oti c i n t h e i nt e ri o r of t h e s u p p o rt of μ , i s  q uit e

diff e r e nt f r o m t h at at t h e e d g e s, o r i n t h e e xt e ri o r. I n t hi s  p a p e r,  w e f o c u s o n a s y m pt oti c s

at t h e e d g e s.

T h e  b e st k n o w n s u c h a s y m pt oti c i s t h e  M e hl e r – H ei n e f o r m ul a f o r cl a s si c al

J a c o bi  p ol y n o mi al s P
(α ,β )
n ,  w hi c h a r e o rt h o g o n al  wit h r e s p e ct t o t h e J a c o bi  w ei g ht

w (α ,β ) (x ) = (1 − x )α (1 + x )β , x ∈ (− 1, 1 ), ( 1. 1)

a n d a r e  n o r m ali z e d  b y

P
(α ,β )
n (1 ) =

n + α

n
.

It  h a s t h e f o r m [ 1 2 ,  p. 1 9 2]

li m
n → ∞

n − α P
(α ,β )
n 1 −

z 2

2 n 2
= 2 α J ∗

α (z ) ,

u nif o r ml y f o r z i n c o m p a ct s u b s et s of t h e  pl a n e.  H e r e, J α i s t h e  u s u al  B e s s el f u n cti o n of

t h e  fi r st ki n d a n d o r d e r α ,

J α (z ) =

∞

n = 0

(− 1 )n (z / 2 )2 n + α

n ! (α + n + 1 )
, ( 1. 2)
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 3

a n d J ∗
α i s t h e  n o r m ali z e d  B e s s el f u n cti o n

J ∗
α (z ) = J α (z ) / z α = 2 − α

∞

n = 0

(− 1 )n (z / 2 )2 n

n ! (α + n + 1 )
. ( 1. 3)

B e y o n d t h e s e a n d r e s ult s o bt ai n e d f r o m t h e  Ri e m a n n – Hil b e rt  m et h o d, t h e r e i s  n ot a s

m u c h k n o w n a s i n si d e t h e s u p p o rt ( at t h e e n d p oi nt s, a p p r o xi m ati o n  b y  B e r n st ei n – S z e g ő

w ei g ht s  d o e s  n ot  w o r k,  b e c a u s e of t h e s q u a r e r o ot f a ct o r
√

1 − t 2 i n s u c h  w ei g ht s).

T h e r e i s o n e  b e a utif ul g e n e r al r e s ult,  d u e t o  A. I.  A pt e k a r e v,  w h o s e  h y p ot h e s e s

i n v ol v e t h e r e c u r r e n c e r el ati o n.  R e c all t h at t h e N e v ai – Bl u m e nt h al cl a s s M i s t h e s et of

m e a s u r e s f o r  w hi c h

li m
n → ∞

a n =
1

2
a n d li m

n → ∞
b n = 0.

I n  p a rti c ul a r,  R a k h m a n o v’ s t h e o r e m [ 9 ] a s s e rt s t h at t hi s i s t r u e  w h e n μ i s s u p p o rt e d o n

[− 1, 1 ] a n d μ > 0 a. e. o n [− 1, 1 ].

T h e o r e m  A. [1 ,  p. 3 7]  L et μ b e a  m e a s u r e of cl a s s M .  A s s u m e t h at f o r s o m e α > − 1,

w e  h a v e a s n → ∞ ,

p n + 1 (1 )

p n (1 )
= 1 +

α + 1
2

n
+ o

1

n
.

T h e n  u nif o r ml y i n c o m p a ct s u b s et s of t h e  pl a n e

li m
n → ∞

n
− α + 1

2 p n 1 −
z 2

2 n 2
= J ∗

α (z ).

T o st at e o u r r e s ult s,  w e  n e e d t h e c o n c e pt of a r e g ul a r  m e a s u r e.  W e s a y t h at μ i s

r e g ul a r (i n t h e s e n s e of  Ull m a n n, St a hl, a n d  T oti k) [1 1 ], if

li m
n → ∞

γ
1 / n
n =

1

c a p (s u p p [μ ])
,

w h e r e c a p d e n ot e s l o g a rit h mi c c a p a cit y, a n d s u p p [μ ] d e n ot e s t h e s u p p o rt of μ . I n

p a rti c ul a r, if t h e s u p p o rt of μ c o n si st s of  fi nit el y  m a n y i nt e r v al s, a n d μ > 0 a. e. i n t h e

s u p p o rt, t h e n μ i s r e g ul a r.  F oll o wi n g i s o n e of o u r  m ai n r e s ult s.  R e c all t h at  w e  d e fi n e d

J a c o bi  w ei g ht s at ( 1. 1).

T h e o r e m 1. 1. L et μ b e a  fi nit e  p o siti v e  B o r el  m e a s u r e o n (− 1, 1 ) t h at i s r e g ul a r.  A s s u m e

t h at f o r s o m e ρ > 0, μ i s a b s ol ut el y c o nti n u o u s i n J = [1 − ρ , 1], a n d i n J , μ = h w (α , 0) ,

w h e r e α > − 1 a n d

D
o

w
nl

o
a
d
e
d fr

o
m 

htt
ps://

ac
a
d
e

mic.
o
u
p.c

o
m/i

mr
n/

a
dv

a
nc

e-
articl

e-
a
bstr

act/
d
oi/

1
0.

1
0
9
3/i

mr
n/r

ny
0
4
2/

4
9
5
2
0
8
6 

by 
G
e
or

gi
a I

nstit
ut

e 
of 

T
ec

h
n
ol

o
gy 

us
er 

o
n 

2
4 

A
pril 

2
0
1
9



4  D. S.  L u bi n s k y

li m
t→ 1 −

h (t ) = 1. ( 1. 4)

T h e n  u nif o r ml y f o r z i n c o m p a ct s u b s et s of C , w e h a v e

li m
n → ∞

p n 1 − z 2

2 n 2

p n (1 )
=

J ∗
α (z )

J ∗
α (0 )

. ( 1. 5)

At  fi r st t hi s r e s ult i s s u r p ri si n g,  p e r h a p s e v e n s u s pi ci o u s, si n c e o n e  n o r m all y

e x p e ct s  p oi nt wi s e a s y m pt oti c s of o rt h o n o r m al  p ol y n o mi al s t o  b e a s s o ci at e d  wit h

w ei g ht s i n t h e S z e g ő cl a s s,  wit h a d diti o n al c o n diti o n s.  T h e cl a s s of r e g ul a r  w ei g ht s

i s f a r l a r g e r t h a n t h e S z e gő cl a s s, o r e v e n t h e  N e v ai – Bl u m e nt h al cl a s s M . H o w e v e r, o n

r e fl e cti o n a s y m pt oti c s at t h e e n d p oi nt s a r e cl o s e r t o e xt e ri o r a s y m pt oti c s, a n d  m o r e o v e r,

w e a r e  di vi di n g  b y p n (1 ),  w hi c h all o w s f o r  m o r e g e n e r alit y.

C o r oll a r y 1. 2. U n d e r t h e  h y p ot h e s e s of  T h e o r e m 1. 1 ,

li m
n → ∞

1

n 2

n

j= 1

1

1 − x j n
=

1

2 α + 2
.

T h e o r e m 1. 1 i s  d e d u c e d f r o m a r e s ult of t h e a ut h o r o n  u ni v e r s alit y li mit s i n

r a n d o m  m at ri c e s.  T h e l att e r i n v ol v e t h e r e p r o d u ci n g k e r n el

K n (x , y ) =

n − 1

k = 0

p k (x ) p k (y )

a n d it s  n o r m ali z e d c o u si n

K n (x , y ) = μ (x )1 / 2 μ (y )1 / 2 K n (x , y ).

O n t h e s et of li n e a r  L e b e s g u e  m e a s u r e  w h e r e μ (x ) d o e s  n ot e xi st,  w e s et μ (x ) = 0.  W e

al s o  d e fi n e t h e  C h ri st off el f u n cti o n

λ n (x ) = 1 / K n (x , x ).

T h e r e a r e  diff e r e nt  u ni v e r s alit y li mit s i n si d e t h e s u p p o rt of μ (t h e ” b ul k” of t h e

s p e ct r u m) a n d at t h e e d g e s of t h e s u p p o rt.  K uijl a a r s a n d  V a nl e s s e n [ 4 ]  u s e d t h e  D eift –

Z h o u  Ri e m a n n – Hil b e rt  m et h o d t o e st a bli s h  u ni v e r s alit y li mit s f o r J a c o bi-t y p e  w ei g ht s

b ot h i n si d e t h e s u p p o rt a n d at t h e e n d p oi nt s.  L et μ b e a b s ol ut el y c o nti n u o u s, a n d μ =
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 5

h w (a ,β ) (x ),  w h e r e h i s  p o siti v e a n d a n al yti c i n [− 1, 1 ].  At t h e e n d p oi nt 1, t h e y s h o w e d

t h at  u nif o r ml y f o r a , b i n  b o u n d e d s u b s et s of (0, ∞ ) , a s n → ∞ , t h e li mit i n v ol v e s t h e

B e s s el k e r n el of o r d e r α :

1

2 n 2
K̃ n 1 −

a

2 n 2
, 1 −

b

2 n 2
= J α (a , b ) + O

a α / 2 b α / 2

n
.

H e r e if u = v ,

J α (u , v ) =
J α

√
u

√
v J α

√
v − J α

√
v

√
u J α

√
u

2 (u − v )
, ( 1. 6)

w hil e

J α (u , u ) =
1

4
J 2

α

√
u − J α + 1

√
u J α − 1

√
u . ( 1. 7)

W e s h all al s o  n e e d t h e  n o r m ali z e d  B e s s el k e r n el

J ∗
α (z , v ) = J α (z , v ) / z α / 2 v α / 2 . ( 1. 8)

I n [ 5 ],  w e  u s e d a c o m p a ri s o n  m et h o d t o  p r o v e e n d p oi nt  u ni v e r s alit y f ai rl y

g e n e r all y.

T h e o r e m  B. [5 ,  p. 2 8 3]  L et μ b e a  fi nit e  p o siti v e  B o r el  m e a s u r e o n (− 1, 1 ) t h at s ati s fi e s

t h e c o n diti o n s of  T h e o r e m 1. 1 .  T h e n  u nif o r ml y f o r a , b i n c o m p a ct s u b s et s of (0, ∞ ), w e

h a v e

li m
n → ∞

1

2 n 2
K̃ n 1 −

a

2 n 2
, 1 −

b

2 n 2
= J α (a , b ). ( 1. 9)

If α ≥ 0,  w e  m a y all o w c o m p a ct s u b s et s of [ 0, ∞ ).

I n a s u b s e q u e nt  p a p e r,  w e t r e at e d  m o r e g e n e r al  m e a s u r e s,  u si n g a  n o r m alit y

m et h o d, a n d  p r o v e d e q ui v al e n c e of  u ni v e r s alit y o n t h e  di a g o n al a n d i n g e n e r al:

T h e o r e m  C. [6 , p. 5] L et μ h a v e c o m p a ct s u p p o rt, a n d a s s u m e t h at f o r s o m e ε 0 > 0, t h e

i nt e r v al (1, 1 + ε 0 ) li e s o ut si d e t h e s u p p o rt.  A s s u m e t h at f o r s o m e ρ > 0, μ i s a b s ol ut el y

c o nti n u o u s i n J = [1 − ρ , 1] , a n d i n J , it s a b s ol ut el y c o nti n u o u s c o m p o n e nt  h a s t h e f o r m

w = h w (α , 0) ,  w h e r e α > − 1 a n d ( 1. 4 )  h ol d s.  T h e f oll o wi n g a r e e q ui v al e nt:
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6  D. S.  L u bi n s k y

( I)  F o r e a c h r e al a

li m
n → ∞

K n 1 − a 2 η n , 1 − a 2 η n

K n (1, 1 )
=

J ∗
α a 2 , a 2

J ∗
α (0, 0 )

. ( 1. 1 0)

(II)  U nif o r ml y f o r a , b i n c o m p a ct s u b s et s of t h e c o m pl e x  pl a n e,

li m
n → ∞

K n 1 − a 2 η n , 1 − b 2 η n

K n (1, 1 )
=

J ∗
α a 2 , b 2

J ∗
α (0, 0 )

. ( 1. 1 1)

H e r e,

η n =
J ∗

α (0, 0 )

K n (1, 1 )

1 / (α + 1 )

. ( 1. 1 2)

N ot e t h at f o r J a c o bi  w ei g ht s w (α ,β ) ,

J ∗
α (0, 0 )

K n (1, 1 )

1 / (α + 1 )

=
1

2 n 2
(1 + o (1 )).

A s  w e s h all s e e  T h e o r e m 1. 1 i s a c o n s e q u e n c e of  T h e o r e m s B a n d C .  T h e o r e m 1. 1 will  b e

d e d u c e d f r o m a  m o r e g e n e r al r e s ult f o r s e q u e n c e s of  m e a s u r e s. It s f o r m ul ati o n r e q ui r e s

m o r e  n ot ati o n.  F o r n ≥ 1, l et μ n b e a  m e a s u r e  wit h s u p p o rt o n t h e r e al li n e. K n (μ n , x , y )

will  d e n ot e t h e n t h r e p r o d u ci n g k e r n el f o r μ n ,  w hil e p n (μ n , x ) d e n ot e s t h e o rt h o n o r m al

p ol y n o mi al of  d e g r e e n f o r μ n .  W e  d e n ot e t h e l e a di n g c o ef fi ci e nt of p n (μ n , x ) b y γ n (μ n ),

a n d t h e z e r o s of p n (μ n , x ) b y

− ∞ < x n n ,n < x n − 1, n ,n < ... < x 1 n ,n < ∞ .

T h e o r e m 1. 3. L et A ∈ (− ∞ , 1). F o r n ≥ 1, l et μ n b e a  p o siti v e  m e a s u r e  wit h s u p p o rt

i n [A , 1] a n d i n fi nit el y  m a n y  p oi nt s i n it s s u p p o rt.  A s s u m e t h at  u nif o r ml y f o r z , w i n

c o m p a ct s u b s et s of C , w e h a v e

li m
n → ∞

K n μ n , 1 − z 2

2 n 2 , 1 − w 2

2 n 2

K n (μ n , 1, 1)
=

J ∗
α z 2 , w 2

J ∗
α (0, 0 )

. ( 1. 1 3)

T h e n t h e f oll o wi n g a r e e q ui v al e nt:
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 7

( I)

s u p
n ≥ 1

1

n 2

n

j= 1

1

1 − x j n,n
< ∞ . ( 1. 1 4)

(II)

s u p
n ≥ 1

1

n 2

p n (μ n , 1)

p n (μ n , 1)
< ∞ . ( 1. 1 5)

(III)  F o r e a c h R > 0,

s u p
n ≥ 1

s u p
|z |≤ R

p n μ n , 1 + z
n 2

p n (μ n , 1)
< ∞ . ( 1. 1 6)

(I V)  U nif o r ml y f o r z i n c o m p a ct s u b s et s of C , w e h a v e

li m
n → ∞

p n μ n , 1 − z 2

2 n 2

p n (μ n , 1)
=

J ∗
α (z )

J ∗
α (0 )

. ( 1. 1 7)

A n o b vi o u s  q u e sti o n i s  w h et h e r  w e c a n r e pl a c e p n (1 ) i n (1. 5 )  b y s o m e  m ulti pl e

of n α + 1
2 .  W e  p r o v e t h e f oll o wi n g a s a s m all st e p. [x ] d e n ot e s t h e g r e at e st i nt e g e r ≤ x .

T h e o r e m 1. 4. A s s u m e t h at μ i s a  m e a s u r e s ati sf yi n g t h e  h y p ot h e s e s of  T h e o r e m 1. 1 .

A s s u m e al s o t h at μ li e s i n t h e  N e v ai – Bl u m e nt h al cl a s s.  L et

d n =
p n (1 )

n α + 1
2

−
1

2 α / 2 (α + 1 )
. ( 1. 1 8)

T h e n

li m
r → 1 −

li m s u p
n → ∞

i n f
[n r ]+ 1 ≤ j≤ n

d j = 0. ( 1. 1 9)

I n  p a rti c ul a r,

li m i nf
n → ∞

d n = 0. ( 1. 2 0)

W e  n ot e t h at  w h e n t h e r e e xi st s n 0 s u c h t h at a n ≤ 1
2 a n d b n ≤ 0 f o r n ≥ n 0 ;

o r a n ≥ 1
2 a n d b n ≥ 0 f o r n ≥ n 0 , t h e n o n e c a n s h o w t h at t h e r e e xi st s n 2 s u c h t h at

{p n (1 )}n ≥ n 2
i s eit h e r i n c r e a si n g o r  d e c r e a si n g, a n d c o n s e q u e ntl y
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8  D. S.  L u bi n s k y

li m
n → ∞

d n = 0.

T hi s  p a p e r i s o r g a ni z e d a s f oll o w s. I n t h e  n e xt s e cti o n,  w e  p r o v e  T h e o r e m 1. 3 .

I n S e cti o n 3 ,  w e  d e d u c e  T h e o r e m 1. 1 a n d  C o r oll a r y 1. 2 . I n S e cti o n 4 ,  w e  p r o v e  T h e o r e m

1. 4 . I n t h e s e q u el C , C 1 , C 2 , ...  d e n ot e c o n st a nt s i n d e p e n d e nt of n , x , ....  T h e s a m e s y m b ol

d o e s  n ot  n e c e s s a ril y  d e n ot e t h e s a m e c o n st a nt i n  diff e r e nt o c c u r r e n c e s.

2  P r o of of  T h e o r e m 1. 3

W e  b e gi n  wit h s o m e  m o r e  n ot ati o n.  F o r a gi v e n α ,  w e  d e n ot e t h e  p o siti v e z e r o s of J α ( a n d

h e n c e of J ∗
α ) b y

0 < jα , 1 < jα , 2 < jα , 3 < ....

T h e z e r o s a r e all si m pl e, s o al s o

J ∗
α ja ,k = 0, k ≥ 1.

T h r o u g h o ut t hi s s e cti o n,  w e a s s u m e t h e  h y p ot h e s e s of  T h e o r e m 1. 3 , a n d i n  p a rti c ul a r,

t h e  u ni v e r s alit y li mit ( 1. 1 3 ).  W e al s o a b b r e vi at e p n (μ n , z ) a n d K n (μ n , z , z ) a s p n (z ) a n d

K n (z ) w h e n e v e r t h e r e i s  n o  p o s si bilit y of c o nf u si o n.  T h e  m ai n i d e a s a r e c o nt ai n e d i n

t h e f oll o wi n g l e m m a. It i n v ol v e s  fi r st  p r o vi n g a f u n cti o n al r el ati o n, a n d t h e n  d e d u ci n g

a c o nt r a di cti o n  b et w e e n ( 2. 3 ) a n d (2. 5 ) if t h e li mit f u n cti o n f d o e s  n ot  h a v e t h e c o r r e ct

f o r m.

L e m m a 2. 1. A s s u m e t h at S i s a n i n fi nit e s u b s e q u e n c e of i nt e g e r s s u c h t h at  u nif o r ml y

f o r z i n c o m p a ct s u b s et s of C ,

li m
S

p n 1 − z 2

2 n 2

p n (1 )
= f (z ). ( 2. 1)

( a)  A s s u m e u , z , w ∈ C . T h e n

J ∗
α z 2 , w 2 z 2 − w 2 f (u ) = J ∗

α u 2 , z 2 z 2 − u 2 f (w ) ( 2. 2)

+ J ∗
α w 2 , u 2 u 2 − w 2 f (z ).
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Pointwise Asymptotics for Polynomials 9

(b) Either f
(
jα,k

) = 0 for all k ≥ 1 , or f
(
jα,k

) �= 0 for all k ≥ 1 and for all k, � ≥ 1,

f
(
jα,k

)

f
(
jα,�

) = jα,kJ∗′
α

(
jα,k

)

jα,�J∗′
α

(
jα,�

) . (2.3)

(c) Let

G (w,u) = f (w)

f (u)
− J∗

α (w)

J∗
α (u)

provided f (u) J∗
α (u) �= 0. Then for u, z,w ∈ C with f (u) J∗

α (u) f (z) J∗
α (z) �= 0,

0 = J
∗
α

(
u2, z2

) (
z2 − u2

)
G (w,u) + J

∗
α

(
w2,u2

) (
u2 − w2

)
G (z,u). (2.4)

(d) Either f
(
jα,k

) = 0 for all k ≥ 1 , or f
(
jα,k

) �= 0 for all k ≥ 1 and for all k, � ≥ 1,

f
(
jα,k

)

f
(
jα,�

) = J∗′
α

(
jα,k

)

J∗′
α

(
jα,�

) . (2.5)

(e)

f (z) = J∗
α (z)

J∗
α (0)

. (2.6)

Proof.

(a) Now

pn−1 (μn, z)
pn (μn, z)

− pn−1 (μn,w)

pn (μn,w)
=

[
pn−1 (μn, z)
pn (μn, z)

− pn−1 (μn,u)

pn (μn,u)

]

+
[
pn−1 (μn,u)

pn (μn,u)
− pn−1 (μn,w)

pn (μn,w)

]
.

We multiply by γn−1(μn)
γn(μn)

and deduce from the Christoffel–Darboux

formula that

Kn (z,w)

pn (z)pn (w)
(w − z) = Kn (u, z)

pn (z)pn (u)
(u − z) + Kn (w,u)

pn (u)pn (w)
(w − u).

Here we have returned to our abbreviated notation. Now we replace u, z,

w by 1 − u2

2n2 , 1 − z2

2n2 , 1 − w2

2n2 , respectively. Then divide each numerator by

Kn (1, 1) and each denominator by (pn (1))2 and then take limits as n → ∞

D
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1 0  D. S.  L u bi n s k y

t h r o u g h S .  A s s u mi n g f (z ) f (u ) f (w ) = 0,  w e o bt ai n f r o m ( 1. 1 3 ) a n d (2. 1 ),

J ∗
α z 2 , w 2 z 2 − w 2

f (z ) f (w )
=

J ∗
α u 2 , z 2 z 2 − u 2

f (z ) f (u )
+

J ∗
α w 2 , u 2 u 2 − w 2

f (u ) f (w )
.

M ulti pl yi n g  b y f (u ) f (z ) f (w ) gi v e s ( 2. 2 )  w h e n t h e s e  d o  n ot v a ni s h.  A n al yti c

c o nti n u ati o n gi v e s t h e r e s ult e v e n  w h e n t h e y  d o.

( b) I n (2. 2 ), s et z = jα ,k a n d w = jα , w h e r e k , a r e  diff e r e nt.  T h e l eft- h a n d si d e

v a ni s h e s, s o  w e o bt ai n

0 = J ∗
α u 2 , j2α ,k j2a ,k − u 2 f jα , + J ∗

α j2α , , u 2 u 2 − j2α , f jα ,k .

N e xt  w e  n ot e t h at  b y  m a ni p ul ati n g ( 1. 6 ) a n d t h e  d e fi niti o n of J ∗
α , w e o bt ai n

J ∗
α u 2 , v 2 =

J ∗
α (u ) v J ∗

α (v ) − J ∗
α (v ) u J ∗

α (u )

2 u 2 − v 2
.

T h e n  w e c a n si m plif y t h e s e c o n d l a st i d e ntit y a s

0 = − J ∗
α (u ) jα ,k J ∗

α jα ,k f jα , + J ∗
α (u ) jα , J ∗

α jα , f jα ,k

s o c h o o si n g u s u c h t h at J ∗
α (u ) = 0,

jα ,k J ∗
α jα ,k f jα , = jα , J ∗

α jα , f jα ,k

f o r all k , .  F r o m t hi s  w e  d e d u c e t h at if f o r s o m e , f jα , = 0, t h e n f jα ,k = 0

f o r all k ≥ 1. I n t h e c o nt r a r y c a s e,  w h e r e f jα ,k = 0 f o r all k ≥ 1,  w e o bt ai n

(2. 3 ).

( c)  Di vi di n g  b y f (u ) i n ( a),

J ∗
α z 2, w 2 z 2 − w 2 = J ∗

α u 2, z 2 z 2 − u 2 G (w , u ) + J ∗
α w 2, u 2 u 2 − w 2 G (z , u )

+ J ∗
α u 2, z 2 z 2 − u 2 J ∗

α (w )

J ∗
α (u )

+ J ∗
α w 2, u 2 u 2 − w 2 J ∗

α (z )

J ∗
α (u )

.

( 2. 7)
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 1 1

H e r e

J ∗
α u 2 , z 2 z 2 − u 2 J ∗

α (w )

J ∗
α (u )

+ J ∗
α w 2 , u 2 u 2 − w 2 J ∗

α (z )

J ∗
α (u )

=
1

2 J ∗
α (u )

J ∗
α (z ) u J ∗

α (u ) − J ∗
α (u ) z J ∗

α (z ) J ∗
α (w )

+ J ∗
α (u ) w J ∗

α (w ) − J ∗
α (w ) u J ∗

α (u ) J ∗
α (z )

=
1

2
− z J ∗

α (z ) J ∗
α (w ) + w J ∗

α (w ) J ∗
α (z ) = J ∗

α z 2 , w 2 z 2 − w 2 .

T h u s, aft e r c a n c el ati o n i n ( 2. 7 ),  w e o bt ai n (2. 4 ).

( d)  W e l et u = jα ,k a n d z = jα , i n (2. 4 ) a n d  u s e l’ H o s pit al’ s r ul e t o  d e fi n e

G jα ,k , jα , , r e c all J ∗
α h a s o nl y si m pl e z e r o s.  A s s u mi n g t h at  n o jα ,k i s a z e r o

of f ,  w e o bt ai n f o r all w ,

J ∗
α w 2 , j2α ,k j2α ,k − w 2 G jα ,k , jα , = 0.

A s s u m e t h at  w e c h o o s e w = jα ,k s u c h t h at J ∗
α w 2 , j2α ,k = 0.  W e t h e n o bt ai n

G jα ,k , jα , = 0, s o

f jα ,k

f jα ,
=

J ∗
α jα ,k

J ∗
α jα ,

.

( e)  C o m bi ni n g (2. 3 ) a n d (2. 5 ) gi v e s,

jα ,k

jα ,
= 1

f o r all k , , a c o nt r a di cti o n. It f oll o w s t h at f m u st v a ni s h at all jα ,k .  N e xt, s et

w = jα ,k a n d u = 0 i n ( 2. 2). Si n c e f (0 ) = 1, t hi s gi v e s f o r all z ,

J ∗
α z 2 , j2α ,k z 2 − j2α ,k = J ∗

α j2α ,k , 0 − j2α ,k f (z )

s o

J ∗
α (z ) jα ,k J ∗

α jα ,k = J ∗
α (0 ) jα ,k J ∗

α jα ,k f (z )

s o

f (z ) =
J ∗

α (z )

J ∗
α (0 )

.
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1 2  D. S.  L u bi n s k y

W e  n ot e t h at t a ki n g s c ali n g li mit s i n t h e  u s u al f o r m of t h e  C h ri st off el – D a r b o u x

f o r m ul a  d o e s  n ot yi el d ( 2. 6 ) — o n e o bt ai n s a n i n d et e r mi n at e f o r m ∞ · 0.

P r o of of  T h e o r e m 1. 3. W e st a rt  wit h

(III)⇒ (I V) T h e  n o r m alit y a s s u m e d i n (III) e n s u r e s t h at f r o m e v e r y s u b s e q u e n c e of

i nt e g e r s,  w e c a n c h o o s e a n ot h e r s u b s e q u e n c e S f o r  w hi c h ( 2. 1 )  h ol d s.  F r o m

L e m m a 2. 1,  w e  h a v e t h e li mit ( 2. 6 ). Si n c e t h e li mit i s i n d e p e n d e nt of t h e

s u b s e q u e n c e,  w e o bt ai n t h e li mit f o r t h e f ull s e q u e n c e of  p o siti v e i nt e g e r s.

(I V)⇒ (III) T h e l o c all y  u nif o r m li mit ( 1. 1 7 ) i m pli e s t h e  u nif o r m  b o u n d e d n e s s i n (1. 1 6 ).

(I)⇒ (III) F o r |z | ≤ R ,

l o g
p n 1 + z

n 2

p n (1 )
=

n

j= 1

l o g 1 +
z

n 2 1 − x j n,n

≤

n

j= 1

l o g 1 +
|z |

n 2 1 − x j n,n

≤
R

n 2

n

j= 1

1

1 − x j n,n
.

T h e n ( 1. 1 4 ) i m pli e s t h e  u nif o r m  b o u n d e d n e s s i n (1. 1 6 ).  Of c o u r s e,  w e a r e al s o

u si n g t h at all z e r o s li e i n (A , 1).

(III)⇒ (II) T h e  u nif o r m  b o u n d e d n e s s i n c o m p a ct s u b s et s of { f n },  w h e r e

f n (z ) =
p n 1 + z

n 2

p n (1 )

al s o i m pli e s t h e  u nif o r m  b o u n d e d n e s s i n c o m p a ct s u b s et s of f n . I n

p a rti c ul a r, t h e n

s u p
n

f n (0 ) < ∞ ,

t h at i s,

s u p
n

1

n 2

p n (1 )

p n (1 )
< ∞ .

(II)⇒ (I) W e  u s e t h e i d e ntit y

p n (1 )

p n (1 )
=

n

j= 1

1

1 − x j n,n

s o ( 1. 1 4 ) f oll o w s f r o m (1. 1 5 ).
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 1 3

3  P r o of of  T h e o r e m 1. 1 a n d  C o r oll a r y 1. 2

I n t hi s s e cti o n,  w e a s s u m e t h e  h y p ot h e s e s of  T h e o r e m 1. 1 .  W e  b e gi n  b y r e c alli n g t h e

f oll o wi n g  C h ri st off el f u n cti o n li mit s a n d e sti m at e s:

L e m m a 3. 1.

( a)  F o r a ∈ [ 0, ∞ ),

li m
n → ∞

λ n 1 −
a

2 n 2
n 2 α + 2 = 2 α + 1 J ∗

α (a , a )
− 1

. ( 3. 1)

( b)  T h e r e e xi st s η > 0 a n d C > 0 s u c h t h at f o r n ≥ 1 a n d x ∈ [ 1 − η , 1],

λ n (x ) ≥
C

n
1 − x +

1

n 2

α + 1
2

.

P r o of.

( a)  F r o m  T h e o r e m  B, f o r a > 0,

li m
n → ∞

1

2 n 2

1 + α

K n 1 −
a

2 n 2
, 1 −

a

2 n 2
= J ∗

α (a , a ),

w hi c h i s e q ui v al e nt t o t h e st at e d r e s ult f o r a > 0.  F o r a = 0,  w e  p r o c e e d a s

f oll o w s:  w e  u s e  T h e o r e m 2. 1 i n [ 5 ,  p. 2 8 3]. If λ
(α , 0)
n d e n ot e s t h e  C h ri st off el

f u n cti o n f o r t h e J a c o bi  w ei g ht (1 − x )α , it  w a s s h o w n t h e r e t h at

li m
n → ∞

λ n (1 ) / λ
(α , 0)
n (1 ) = 1.

Fi n all y, it i s k n o w n [ 6 ,  E q n. ( 1. 1 0),  p. 4] t h at

li m
n → ∞

λ
(α , 0)
n (1 )

− 1 1

2 n 2

1 + α

= J ∗
α (0, 0 ).

( b)  C h o o s e η 1 s u c h t h at

μ (x ) ≥
1

2
(1 − x )α , x ∈ [1 − η 1 , 1].

D e fi n e t h e  m e a s u r e ν o n [1 − η 1 , 1] b y

ν (x ) = (1 − x )α , x ∈ [1 − η 1 , 1].

D
o

w
nl

o
a
d
e
d fr

o
m 

htt
ps://

ac
a
d
e

mic.
o
u
p.c

o
m/i

mr
n/

a
dv

a
nc

e-
articl

e-
a
bstr

act/
d
oi/

1
0.

1
0
9
3/i

mr
n/r

ny
0
4
2/

4
9
5
2
0
8
6 

by 
G
e
or

gi
a I

nstit
ut

e 
of 

T
ec

h
n
ol

o
gy 

us
er 

o
n 

2
4 

A
pril 

2
0
1
9



1 4  D. S.  L u bi n s k y

T hi s i s a J a c o bi  w ei g ht aft e r t r a n sl ati o n of t h e i nt e r v al a n d  m ulti pli c ati o n  b y a c o n st a nt.

U si n g e sti m at e s of t h e  C h ri st off el f u n cti o n s of J a c o bi  w ei g ht s [ 8 ,  p. 1 0 8], a n d t r a n sl ati n g

t h e i nt e r v al,  w e o bt ai n f o r a n y 0 < η < η 1 ,

λ n (x ) ≥ λ n (ν , x ) ≥
C

n
1 − x +

1

n 2

α + 1
2

, x ∈ [ 1 − η , 1].

L e m m a 3. 2. T h e r e e xi st s ε > 0 s u c h t h at f o r n ≥ 1 a n d  p ol y n o mi al s  P of  d e g r e e ≤ n − 1,

1

1 − ε n − 2
P 2 (x ) d μ (x ) ≤

1

2

1

− 1
P 2 (x ) d μ (x ) ( 3. 2)

P r o of. U si n g t h e v a ri ati o n al  p r o p e rt y of  C h ri st off el f u n cti o n s,  n a m el y

P 2 (x ) ≤ λ − 1
n (x )

1

− 1
P 2 (x ) d μ (x ),

a n d t h e f o r m of o u r  m e a s u r e i n [1 − ρ , 1],  w e  h a v e f o r l a r g e e n o u g h n ,

1

1 − ε n − 2
P 2 (x ) d μ (x ) ≤

1

1 − ε n − 2
λ − 1

n (x ) h (x ) (1 − x )α d x
1

− 1
P 2 (x ) d μ (x )

≤ C n
1

1 − ε n − 2
(1 − x )− 1

2 d x
1

− 1
P 2 (x ) d μ (x )

≤ C ε
1
2

1

− 1
P 2 (x ) d μ (x ),

b y  L e m m a 3. 1,  w h e r e C i s i n d e p e n d e nt of ε .  C h o o si n g ε s m all e n o u g h gi v e s t h e r e s ult.

P r o of of  T h e o r e m 1. 1. T h e o r e m  B a n d ( 1. 4 ) gi v e  u nif o r ml y f o r a , b i n c o m p a ct s u b s et s

of (0, ∞ ),

li m
n → ∞

1

2 n 2 1 + α
K n 1 −

a 2

2 n 2
, 1 −

b 2

2 n 2
= J ∗

α (a , b ).

N e xt,  u si n g  L e m m a 3. 1( a),

η n =
J ∗

α (0, 0 )

K n (1, 1 )

1 / (α + 1 )

=
1

2 n 2
(1 + o (1 ))
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 1 5

s o t h e  u nif o r m c o n v e r g e n c e a b o v e all o w s  u s t o  d e d u c e ( 1. 1 0 ) f o r e a c h a > 0. It al s o  h ol d s

t ri vi all y f o r a = 0.  T h e n  T h e o r e m  C a n d it s  u nif o r mit y gi v e

li m
n → ∞

K n 1 − a 2

2 n 2 , 1 − b 2

2 n 2

K n (1, 1 )
=

J ∗
α a 2 , b 2

J ∗
α (0, 0 )

,

u nif o r ml y f o r a , b i n c o m p a ct s u b s et s of C .  W e t h u s  h a v e t h e  h y p ot h e si s (1. 1 3 ) of

T h e o r e m 1. 3 .  T h e r e s ult f oll o w s f r o m  T h e o r e m 1. 3 if  w e c a n s h o w t h at

s u p
n

1

n 2

n

j= 1

1

1 − x j n
< ∞ . ( 3. 3)

T hi s c a n  b e  d e d u c e d f r o m r e s ult s i n [ 1 3 ],  b ut  w e  p r o vi d e a s elf c o nt ai n e d  p r o of.  Fi r st  w e

u s e t h e e xt r e m al  p r o p e rt y of t h e l a r g e st z e r o [ 1 2 ,  p. 1 8 8]

1 − x 1 n = i nf
d e g (P )≤ n − 1

1
− 1 (1 − x ) P 2 (x ) d μ (x )

1
− 1 P 2 (x ) d μ (x )

.

B y  L e m m a 3. 2, f o r s u c h  p ol y n o mi al s P ,

1

− 1
P 2 (x ) d μ (x ) =

1 − ε n − 2

− 1
+

1

1 − ε n − 2
P 2 (x ) d μ (x )

≤
1 − ε n − 2

− 1
P 2 (x ) d μ (x ) +

1

2

1

− 1
P 2 (x ) d μ (x )

s o

1

− 1
P 2 (x ) d μ (x ) ≤ 2

1 − ε n − 2

− 1
P 2 (x ) d μ (x ).

H e n c e,

1 − x 1 n ≥ i nf
d e g (P )≤ n − 1

1 − ε n − 2

a (1 − x ) P 2 (x ) d μ (x )

2
1 − ε n − 2

a P 2 (x ) d μ (x )
≥

ε n − 2

2
. ( 3. 4)

O n e c a n  u s e a si mil a r v a ri ati o n al a r g u m e nt f o r ot h e r z e r o s,  b ut  w e i n st e a d  u s e t h e

M a r k o v – Sti eltj e s i n e q u aliti e s [ 3 ,  p. 3 3,  E q n. ( 5. 1 0)], [1 2 ,  p. 5 0, ( 3. 4 1. 3)] i n t h e f o r m

λ n x j n ≤
x j− 1, n

x j+ 1, n

d μ (t ).
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1 6  D. S.  L u bi n s k y

I f η i s a s i n  L e m m a 3. 1( b), a n d x j n ∈ 1 − η , 1 , t hi s gi v e s

λ n x j n ≤
x j− 1, n

x j+ 1, n

d μ (t ) ≤ x j− 1, n − x j+ 1, n s u p
x j+ 1, n ,x j− 1, n

μ (t )

≤ C x j− 1, n − x j+ 1, n s u p
t∈ x j+ 1, n ,x j− 1, n

(1 − t )α . ( 3. 5)

B y  L e m m a 3. 1( b), a n d t hi s l a st i n e q u alit y,

x j− 1, n − x j+ 1, n ≥
C

n
1 − x j n

1
2 i n f

t∈ x j+ 1, n ,x j− 1, n

1 − x j n

1 − t

α

.

If  fi r st f o r t ∈ x j+ 1, n , x j− 1, n ,

2 ≥
1 − x j n

1 − t
≥

1

2
, ( 3. 6)

t h e n

x j− 1, n − x j+ 1, n ≥
C

n 2 |α |
1 − x j n

1
2 ≥

C 1

n
m a x

t∈ x j+ 1, n ,x j− 1, n

(1 − t )1 / 2 ( 3. 7)

a n d

1

1 − x j n
≤

C

m a x t∈ x j+ 1, n ,x j− 1, n
(1 − t )

≤
C n x j− 1, n − x j+ 1, n

m a x t∈ x j+ 1, n ,x j− 1, n
(1 − t )3 / 2

≤ C n
x j− 1, n

x j+ 1, n

d t

(1 − t)3 / 2
. ( 3. 8)

If ( 3. 6 ) f ail s, t h e n eit h e r

1 − x j n

1 − x j− 1, n
> 2 o r

1 − x j n

1 − x j+ 1, n
<

1

2
.

I n t h e  fi r st c a s e,

x j− 1, n − x j n = 1 − x j n − 1 − x j− 1, n

≥ 1 − x j n −
1

2
1 − x j n

=
1

2
1 − x j n ≥

C

n
1 − x j n

1 / 2
,
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 1 7

i n vi e w of (3. 4 ).  T h e n

1

1 − x j n
≤

C n x j− 1, n − x j n

1 − x j n
3 / 2

≤ C n
x j− 1, n

x j n

d t

(1 − t)3 / 2
. ( 3. 9)

I n t h e s e c o n d c a s e,

x j n − x j+ 1, n = 1 − x j+ 1, n − 1 − x j n

≥
1

2
1 − x j+ 1, n ≥

1

2
1 − x j n ,

s o

1

1 − x j n
≤

C

1 − x j n
1 / 2

x j n

x j n −
1
2 ( 1 − x j n)

1

(1 − t)3 / 2
d t

≤ C n
x j n

x j+ 1, n

1

(1 − t)3 / 2
d t . ( 3. 1 0)

C o n si d e ri n g ( 3. 8 – 3. 1 0 ) a b o v e, a n d a d di n g o v e r j wit h x j n ∈ 1 − η , 1 , gi v e s

j≥ 2, x j n ∈ [1 − η , 1]

1

1 − x j n
≤ C n

x 1 n

1 − η

1

(1 − t)3 / 2
d t

≤ C n (1 − x 1 n )− 1 / 2 ≤ C n 2 , ( 3. 1 1)

b y ( 3. 4 ).  N e xt,

j≥ 2, x j n ≤ 1 − η

1

1 − x j n
≤ n / η .

T o g et h e r  wit h ( 3. 4 ) a n d (3. 1 1 ), t hi s gi v e s ( 3. 3).

P r o of of  C o r oll a r y 1. 2. B e c a u s e of t h e  u nif o r m c o n v e r g e n c e,  w e c a n  diff e r e nti at e t h e

a s y m pt oti c ( 1. 5):  u nif o r ml y f o r z i n c o m p a ct s u b s et s of C ,

li m
n → ∞

z p n 1 − z 2

2 n 2

n 2 p n (1 )
= −

J ∗
α (z )

J ∗
α (0 )

,

s o  di vi di n g  b y z , a n d r e c alli n g t h at J ∗
α (0 ) = 0,

li m
n → ∞

p n (1 )

n 2 p n (1 )
= −

J ∗
α (0 )

J ∗
α (0 )

=
Γ (α + 1 )

2 Γ (α + 2 )
=

1

2 α + 2
,
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1 8  D. S.  L u bi n s k y

w hi c h gi v e s t h e r e s ult.

4  P r o of of  T h e o r e m 1. 4

I c o ul d  n ot  fi n d t h e f oll o wi n g r e s ult, t h o u g h a m s u r e it i s  w ell k n o w n:

L e m m a 4. 1. A s s u m e t h at μ i s s u p p o rt e d o n [− 1, 1 ] a n d li e s i n M .  T h e n

li m
n → ∞

p n − 1 (1 )

p n (1 )
= 1.

P r o of. W e  fi r st  n ot e t h at p n − 1 (x )
p n (x ) i s  d e c r e a si n g i n (1, ∞ ). I n d e e d t hi s f oll o w s f r o m

t h e f oll o wi n g i d e ntit y, a c o n s e q u e n c e of t h e  L a g r a n g e i nt e r p ol ati o n f o r m ul a a n d t h e

c o n fl u e nt f o r m of t h e  C h ri st off el – D a r b o u x f o r m ul a:

p n − 1 (x )

p n (x )
=

γ n − 1

γ n

n

j= 1

λ n x j n p 2
n − 1 x j n

x − x j n
.

L et ϕ (x ) = x +
√

x 2 − 1, x ∈ (1, ∞ ) . It i s k n o w n [8 , p. 3 3] t h at f o r x ∈ (1, ∞ ),

li m
n → ∞

p n − 1 (x )

p n (x )
= ϕ (x )− 1 .

T h e n f o r ε > 0,

li m i nf
n → ∞

p n − 1 (1 )

p n (1 )
≥ li m i nf

n → ∞

p n − 1 (1 + ε )

p n (1 + ε )
= ϕ (1 + ε )− 1 .

L etti n g ε → 0 + , gi v e s

li m i nf
n → ∞

p n − 1 (1 )

p n (1 )
≥ 1.

N e xt, l et

τ := li m s u p
n → ∞

p n − 1 (1 )

p n (1 )
,

s o t h at τ ≥ 1.  W e  u s e t h e r e c u r r e n c e r el ati o n i n t h e f o r m

p n (1 ) (1 − b n ) = a n + 1 p n + 1 (1 ) + a n p n − 1 (1 )
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 1 9

s o si n c e a n → 1
2 a n d b n → 0 a s n → ∞ ,

1 + o (1 ) =
1

2
+ o (1 )

p n + 1 (1 )

p n (1 )
+

1

2
+ o (1 )

p n − 1 (1 )

p n (1 )

≥
1

2
+ o (1 ) (τ + o (1 ))− 1 +

1

2
+ o (1 )

p n − 1 (1 )

p n (1 )
.

L etti n g n → ∞ t h r o u g h a n a p p r o p ri at e s e q u e n c e of i nt e g e r s gi v e s

1 ≥
1

2
τ − 1 + τ ⇒ τ = 1.

T h u s,

1 = li m s u p
n → ∞

p n − 1 (1 )

p n (1 )
≥ li m i nf

n → ∞

p n − 1 (1 )

p n (1 )
≥ 1.

P r o of of  T h e o r e m 1. 4. Fi x r ∈ (0, 1 ). L et

A = (2 α + 2 ) 2 1 + α J ∗
α (0, 0 ) =

1

2 α Γ (α + 1 )2
,

s e e [ 6 ,  p. 4, ( 1. 1 0)].  Al s o l et

c k =
p k (1 )

k α + 1
2

1
√

A
, k ≥ 1.

W e  u s e t h e c o n fl u e nt  C h ri st off el – D a r b o u x f o r m ul a i n t h e f o r m

p k (1 )

p k (1 )
−

p k − 1 (1 )

p k − 1 (1 )
=

γ k − 1

γ k

− 1 K k (1, 1 )

p k (1 ) p k − 1 (1 )
.

T h e n a d di n g f o r k = [n r ] + 1, [n r ] + 2, . . . , n , gi v e s

p n (1 )

p n (1 )
−

p [n r ] (1 )

p [n r ] (1 )
=

n

k = [n r ]+ 1

γ k − 1

γ k

− 1 K k (1, 1 )

p k (1 ) p k − 1 (1 )
.

A p pl yi n g  C o r oll a r y 1. 2 , t h e  p r e vi o u s l e m m a, o u r a s y m pt oti c ( 3. 1) f o r  C h ri st off el f u n c-

ti o n s at 1, a n d t h e f a ct t h at μ li e s i n M , s o t h at
γ k − 1
γ k

→ 1
2 , gi v e s

n 2

2 α + 2
1 − r 2 (1 + o (1 )) =

n

k = [n r ]+ 1

2 2 + α J ∗
α (0, 0 ) k 2 + 2 α

p 2
k (1 ) (1 + o (1 ))
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20 D. S. Lubinsky

so that

1 − r2

2
(1 + o (1)) = 1

n

n∑
k=[nr]+1

1

c2k

k

n
. (4.1)

Next, we use

Kn+1 (1, 1) − K[nr] (1, 1) =
n∑

k=[nr]+1

p2
k (1)

and our asymptotics (3.1) to obtain

21+α
J
∗
α (0, 0)n2+2α

(
1 − r2+2α

)
(1 + o (1)) =

n∑
k=[nr]+1

p2
k (1)

⇒ 1 − r2+2α

2 + 2α
(1 + o (1)) = 1

n

n∑
k=[nr]+1

c2k

(
k

n

)2α+1

.

This and (4.1) give

1

n (1 − r)

n∑
k=[nr]+1

(
1

ck

(
k

n

)1/2

− ck

(
k

n

)α+ 1
2
)2

= 1

n (1 − r)

n∑
k=[nr]+1

1

c2k

k

n
+ 1

n (1 − r)

n∑
k=[nr]+1

c2k

(
k

n

)2α+1

− 2

n (1 − r)

n∑
k=[nr]+1

(
k

n

)α+1

= 1 + r

2
(1 + o (1)) + 1 − r2+2α

1 − r

(
1 + o (1)

2 + 2α

)
− 2

1 − r

∫ 1

r
xα+1 dx (1 + o (1))

= 1 + r

2
(1 + o (1)) + 1 − r2+2α

1 − r

(
1 + o (1)

2 + 2α

)
− 2

1 − rα+2

1 − r

(
1 + o (1)

2 + α

)

so

lim
r→1−

⎛
⎝limsup

n→∞
1

n (1 − r)

n∑
k=[nr]+1

(
1

ck

(
k

n

)1/2

− ck

(
k

n

)α+ 1
2
)2

⎞
⎠ = 0.

Then also

lim
r→1−

(
limsup
n→∞

(
inf

[nr]+1≤k≤n

k

n

(
1

ck
− ck

(
k

n

)α)2
))

= 0.
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P oi nt wi s e  A s y m pt oti c s f o r  P ol y n o mi al s 2 1

Si n c e r ≤ k
n ≤ 1 f o r [n r ] + 1 ≤ k ≤ n , a n d r → 1 − i n t h e li mit,  w e  d e d u c e

li m
r → 1 −

li m s u p
n → ∞

i n f
[n r ]+ 1 ≤ k ≤ n

(1 − c k )2 = 0. ( 4. 2)

I n d e e d ot h e r wi s e  w e c a n  u s e t h e f a ct t h at if f o r s o m e η > 0, x ∈ (0, 1 − η ) o r x ∈

(1 + η , ∞ ), t h e n f o r r cl o s e e n o u g h t o 1, a n d [n r ] + 1 ≤ k ≤ n ,

1

x
− x

k

n

α 2

≥ C (η ).

T h e a s s e rti o n ( 4. 2) i s e q ui v al e nt t o t h e c o n cl u si o n ( 1. 1 9) of  T h e o r e m 1. 4 .  T h e a s s e rti o n

( 1. 2 0) a b o ut li m i nf’ s al s o f oll o w s.

R e m a r k. T h e ci r cl e of i d e a s of t hi s  p a p e r i s al s o  u s ef ul i n si d e t h e s u p p o rt of t h e

m e a s u r e [ 7 ].

F u n di n g

T hi s  w o r k  w a s s u p p o rt e d  b y  N ati o n al S ci e n c e  F o u n d ati o n g r a nt [ D M S 1 3 6 2 2 0 8].

R ef e r e n c e s

[ 1]  A pt e k a r e v,  A. I. “ A s y m pt oti c s of o rt h o g o n al  p ol y n o mi al s i n a  n ei g h b o r h o o d of t h e e n d p oi nt s

o n t h e i nt e r v al of o rt h o g o n alit y.” S b.  M at h. 7 6 ( 1 9 9 3): 3 5 – 5 0.

[ 2]  D eift,  P. O rt h o g o n al P ol y n o mi al s  a n d  R a n d o m  M at ri c e s:  A  Ri e m a n n- Hil b e rt  A p p r o a c h.

C o u r a nt I n stit ut e L e ct u r e  N ot e s 3 .  N e w  Y o r k:  N e w  Y o r k  U ni v e r sit y  P r e s s, 1 9 9 9.

[ 3]  F r e u d,  G. O rt h o g o n al P ol y n o mi al s .  B u d a p e st:  P e r g a m o n  P r e s s/ A k a d e mi ai  Ki a d o, 1 9 7 1.

[ 4]  K uijl a a r s,  A.  B. a n d  V a nl e s s e n,  M. “ U ni v e r s alit y f o r ei g e n v al u e c o r r el ati o n s f r o m t h e  m o di fi e d

J a c o bi  u nit a r y e n s e m bl e.” I nt.  M at h.  R e s.  N ot. I M R N 3 0 ( 2 0 0 2): 1 5 7 5 – 6 0 0.

[ 5]  L u bi n s k y,  D. S. “ A  n e w a p p r o a c h t o  u ni v e r s alit y li mit s at t h e e d g e of t h e s p e ct r u m.” C o nt e m p.

M at h. 4 5 8 ( 2 0 0 8): 2 8 1 – 9 0.

[ 6]  L u bi n s k y,  D. S. ” U ni v e r s alit y li mit s at t h e  h a r d e d g e of t h e s p e ct r u m f o r  m e a s u r e s  wit h

c o m p a ct s u p p o rt.” I nt.  M at h.  R e s.  N ot. I M R N 2 0 0 8 ( 2 0 0 8),  A rti cl e I D r n n 0 9 9, 3 9  p a g e s.

[ 7]  L u bi n s k y,  D. S. ” P oi nt wi s e a s y m pt oti c s f o r o rt h o n o r m al  p ol y n o mi al s i n t h e i nt e ri o r of t h e

s u p p o rt of t h e  m e a s u r e vi a  u ni v e r s alit y.” I n  p r e p a r ati o n.

[ 8]  N e v ai,  P. O rt h o g o n al P ol y n o mi al s. M e m oi r s of t h e  A m e ri c a n  M at h e m ati c al S o ci et y 2 1 3.

P r o vi d e n c e:  A m e ri c a n  M at h e m ati c al S o ci et y, 1 9 7 9.

[ 9]  R a k h m a n o v,  E.  A. “ O n t h e a s y m pt oti c s of t h e r ati o of o rt h o g o n al  p ol y n o mi al s. ” S b. M at h . 4 6

( 1 9 8 3): 1 0 5 – 1 7.

D
o

w
nl

o
a
d
e
d fr

o
m 

htt
ps://

ac
a
d
e

mic.
o
u
p.c

o
m/i

mr
n/

a
dv

a
nc

e-
articl

e-
a
bstr

act/
d
oi/

1
0.

1
0
9
3/i

mr
n/r

ny
0
4
2/

4
9
5
2
0
8
6 

by 
G
e
or

gi
a I

nstit
ut

e 
of 

T
ec

h
n
ol

o
gy 

us
er 

o
n 

2
4 

A
pril 

2
0
1
9



22 D. S. Lubinsky

[10] Simon, B. Orthogonal Polynomials on the Unit Circle, Parts 1 and 2. Providence: American

Mathematical Society, 2005.

[11] Stahl, H. and Totik, V. General Orthogonal Polynomials. Cambridge: Cambridge University

Press, 1992.

[12] Szego, G. Orthogonal Polynomials. AmericanMathematical Society Colloquium Publications.

Providence: American Mathematical Society, 1975.

[13] Totik, V. and Varga, T. “Non-symmetric fast decreasing polynomials and applications.” J.

Math. Anal. Appl. 394 (2012): 378–90.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/advance-article-abstract/doi/10.1093/im
rn/rny042/4952086 by G

eorgia Institute of Technology user on 24 April 2019


	Pointwise Asymptotics for Orthonormal Polynomials at the Endpoints of the Interval via Universality
	1 Results
	2 Proof of Theorem 1.3
	3 Proof of Theorem 1.1 and Corollary 1.2
	4 Proof of Theorem 1.4


