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HoΛ ǾiǠht a siǾulatioǿ oǟ ǉoǾputatioǿ that is ǈoth spaǉe
aǿd eǿeȖǠΡ effiǉieǿt ǈe possiǈle? Iǟ a TuȖiǿǠ Ǿaǉhiǿe, oǿ a
pȖoǈleǾ iǿstaǿǉe oǟ size n, ȖeȕuiȖes t(n)tiǾe aǿd s(n)spaǉe to
ǉoǾplete, theǿ a siǾulatioǿ oǟ the ǉoǾputatioǿ is শःষ spaǉe
effiǉieǿt iǟ it ȖeȕuiȖes at Ǿost poly(s(n))spaǉe, aǿd শऄষ eǿeȖǠΡ
effiǉieǿt iǟ it dissipates at Ǿost ε t(n) eǿeȖǠΡ oΚeȖ the ǉouȖse oǟ
the ǉoǾputatioǿ, ǟoȖ suffiǉieǿtlΡ sǾall ε ≥ 0. LeǉeȖǟ শःऋईअষ aǿd
Beǿǿett শःऋउअষ Ǿade siǠǿifiǉaǿt pȖoǠȖess oǿ this ȕuestioǿ ǈΡ
iǿtȖoduǉiǿǠ the ǿotioǿ oǟ loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ—
pȖeΚiouslΡ thouǠht to ǈe a pȖeȖeȕuisite ǟoȖ eǿeȖǠΡ-effiǉieǿt
ǉoǾputatioǿः—aǿd deΚisiǿǠ siǾulatioǿs oǟ iȖȖeΚeȖsiǈle TuȖiǿǠ
Ǿaǉhiǿe ǉoǾputatioǿs ǈΡ loǠiǉallΡ ȖeΚeȖsiǈle TuȖiǿǠ Ǿaǉhiǿes
Λith a ǉoǿstaǿt ǟaǉtoȖ iǿǉȖease iǿ tiǾe. Beǿǿett শःऋऊऋষ, LaǿǠe,
MǉKeǿzie, aǿd Tapp শऄंंंষ, aǿd otheȖs suǈseȕueǿtlΡ Ǿade
pȖoǠȖess oǿ spaǉe-effiǉieǿt siǾulatioǿs.

Reǉeǿt ΛoȖk ǈΡ Qiaǿ, SoloΚeiǉhik, aǿd WiǿǟȖee শऄंःःষ
aǿd otheȖs Ǿade ǟuȖtheȖ siǠǿifiǉaǿt pȖoǠȖess ǈΡ ǈȖidǠiǿǠ

ःLogical reversibility is not a prerequisite for energy-eʪcient computation
(Sagawa 2014; Grochow and Wolpert 2018). For a more nuanced view
of this topic beyond logical reversibility, see the chapters by Grochow and
Wolpert and by Ouldridge et al. in this volume.
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the Ǡap ǈetΛeeǿ loǠiǉallΡ ȖeΚeȖsiǈle aǿd phΡsiǉallΡ Ȗealizaǈle
ǉoǾputatioǿs usiǿǠ DNA stȖaǿd displaǉeǾeǿt sΡsteǾs. TheiȖ
stȖaǿd displaǉeǾeǿt siǾulatioǿs oǟ TuȖiǿǠ Ǿaǉhiǿes use
aȖǈitȖaȖilΡ little eǿeȖǠΡ peȖ step Λhile iǿǉuȖȖiǿǠ a ȕuadȖatiǉ
sloΛdoΛǿ iǿ tiǾe. HoΛeΚeȖ, to ǉoǾplete, theiȖ siǾulatioǿs
ǾaΡ ȖeȕuiȖe eΠpoǿeǿtiallΡ ǾoȖeǾoleǉules শphΡsiǉal spaǉeষ thaǿ
the spaǉe used ǈΡ the TuȖiǿǠ Ǿaǉhiǿe.

BuildiǿǠ oǿ these tΛo eaȖlieȖ thȖeads, Λe shoΛed hoΛ
ǉoǾputatioǿs that aȖe loǠiǉallΡ ȖeΚeȖsiǈle, Λith ǈalaǿǉed,
sΡǾǾetȖiǉ tȖaǿsitioǿs, haΚe eǿeȖǠΡ-effiǉieǿt iǾpleǾeǿtatioǿs
as DNA stȖaǿd displaǉeǾeǿt sΡsteǾs aǿd oǿlΡ ȖeȕuiȖe a
ȕuadȖatiǉ iǿǉȖease iǿ the ǿuǾǈeȖ oǟ Ǿoleǉules oΚeȖ the
theoȖetiǉal spaǉe ȖeȕuiȖed oǟ the ǉoǾputatioǿ শThaǉhuk aǿd
Coǿdoǿ ऄंःऄষ.

HeȖe Λe ȖeΚieΛ these thȖee liǿes oǟ ΛoȖk Λith the Ǡoals oǟ
শःষ eluǉidatiǿǠ the ǉuȖȖeǿt state oǟ kǿoΛledǠe oǿ the theoȖΡ oǟ
spaǉe- aǿd eǿeȖǠΡ-effiǉieǿt ǉoǾputatioǿs, aǿd শऄষ poiǿtiǿǠ to
ǟȖuitǟul diȖeǉtioǿs ǟoȖ ǟutuȖe iǾpȖoΚeǾeǿts.

We staȖt Λith a ǈȖieǟ iǿtȖoduǉtioǿ to loǠiǉal ȖeΚeȖsiǈilitΡ iǿ
the ǉoǿteΠt oǟ tiǾe-ǈouǿded ǉoǾputatioǿ as Λell as eaȖlΡ ΛoȖk
oǿ spaǉe-ǈouǿded, loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿs. We theǿ
desǉȖiǈe a pȖoǠȖessioǿ oǟ ideas oǿ hoΛ the aǈstȖaǉt ǉoǿǉept
oǟ loǠiǉal ȖeΚeȖsiǈilitΡ ǾiǠht ǈe iǾpleǾeǿted ǉheǾiǉallΡ, aǿd
hoΛ the eǿeȖǠΡ effiǉieǿǉΡ oǟ ǉheǾiǉal iǾpleǾeǿtatioǿs ǉaǿ ǈe
ǾeasuȖed.

LaǿdaueȖ শःऋईःষ asked: ǉaǿ Λe ǈuild ǉoǾputiǿǠ deΚiǉes that
aȖe eǿeȖǠΡ effiǉieǿt, that is, deΚiǉes that dissipate aȖǈitȖaȖ-
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ilΡ little eǿeȖǠΡ peȖ step? His ΛoȖk suǠǠested that eǿeȖǠΡ
Ǿust ǈe dissipated Λheǿ ǈits oǟ iǿǟoȖǾatioǿ aȖe iȖȖeΚeȖsiǈlΡ
eȖased. This led ȖeseaȖǉheȖs to ǉoǿsideȖ hoΛ loǠiǉallΡ ȖeΚeȖsiǈle
ǉoǾputatioǿ—ΛheȖe iǿǟoȖǾatioǿ is ǿeΚeȖ iȖȖeΚeȖsiǈlΡ eȖased
duȖiǿǠ the ǉoǾputatioǿ—ǾaΡ lead to eǿeȖǠΡ-effiǉieǿt ǉoǾpu-
tatioǿ. Note that to ǈe Ȗeusaǈle ǟoȖ aǿotheȖ pȖoǈleǾ iǿstaǿǉe,
a loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputeȖ Ǿust ǈe ৚Ȗeset,৛ a poteǿtiallΡ
eǿeȖǠΡ-ǉoǿsuǾiǿǠ pȖoǉess that iǿǉludes eȖasuȖe oǟ the pȖeΚious
iǿput aǿd output.

LeǉeȖǟ শःऋईअষ aǿd Beǿǿett শःऋउअষ ǟoȖǾalized the ǿotioǿ oǟ
loǠiǉallΡ ȖeΚeȖsiǈle, deteȖǾiǿistiǉ TuȖiǿǠ Ǿaǉhiǿes. TȖaǿsitioǿ
ǟuǿǉtioǿs oǟ suǉh Ǿaǉhiǿes ǿot oǿlΡ haΚe uǿiȕue iǾaǠes that
ǠuaȖaǿtee deteȖǾiǿisǾ, ǈut also uǿiȕue pȖeiǾaǠes, theȖeǈΡ
eǿsuȖiǿǠ that, Λheǿ sΡǾǈols oǿ a tape aȖe oΚeȖΛȖitteǿ,
those sΡǾǈols ǉaǿ ǈe ȖeǉoǿstȖuǉted siǾplΡ ǈΡ ȖeΚeȖsiǿǠ the
tȖaǿsitioǿ. Thus aǿΡ ǉoǾputatioǿ ǠȖaph oǟ suǉh a Ǿaǉhiǿe is a
liǿe ǟȖoǾ a Κalid iǿput ǉoǿfiǠuȖatioǿ to a fiǿal ǉoǿfiǠuȖatioǿ
শi.e., ǿo ǈȖaǿǉhiǿǠ oȖ ǾeȖǠiǿǠষ. TuȖiǿǠ Ǿaǉhiǿes that aȖe
loǠiǉallΡ ȖeΚeȖsiǈle ǉaǿ siǾulate aȖǈitȖaȖΡ শiȖȖeΚeȖsiǈleষ TuȖiǿǠ
Ǿaǉhiǿe ǉoǾputatioǿs Λith a ǉoǿstaǿt ǟaǉtoȖ iǿǉȖease iǿ the
tiǾe ǿeeded শBeǿǿett ःऋउअষ; that is, ǟoȖ iǿputs oǟ leǿǠth n,
iǟ শt(n)ষ aǿd শt(n)ষ aȖe the ǉlasses oǟ
laǿǠuaǠes ȖeǉoǠǿizaǈle ǈΡ deteȖǾiǿistiǉ aǿd loǠiǉallΡ ȖeΚeȖsiǈle
TuȖiǿǠ Ǿaǉhiǿes iǿ O(t(n)) tiǾe, ȖespeǉtiΚelΡ, theǿ
শt(n)ষ = শt(n)ষ.

Beǿǿett also asked ΛhetheȖ TuȖiǿǠ Ǿaǉhiǿe ǉoǾputatioǿs ǉaǿ
ǈe siǾulated iǿ a loǠiǉallΡ ȖeΚeȖsiǈlΡ ǾaǿǿeȖ that is effiǉieǿt
Λith Ȗespeǉt to the spaǉe oǟ the Ǿaǉhiǿe ǈeiǿǠ siǾulated.
UsiǿǠ a ȖeǉuȖsiΚe siǾulatioǿ oǟ deteȖǾiǿistiǉ spaǉe-ǈouǿded
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TuȖiǿǠ Ǿaǉhiǿes Λith ȖeǉuȖsioǿ depth pȖopoȖtioǿal to the
spaǉe used, he shoΛed that শs(n)ষ is ǉoǿtaiǿed iǿ

শs2(n)ষ শBeǿǿett ःऋऊऋষ.
WhetheȖ the ȕuadȖatiǉ iǿǉȖease iǿ spaǉe Λas ǿeǉessaȖΡ Ȗe-

Ǿaiǿed uǿǉeȖtaiǿ ǟoȖ aǿotheȖ deǉade, Λheǿ LaǿǠe, MǉKeǿzie,
aǿd Tapp শऄंंंষ shoΛed that, iǿdeed, loǠiǉallΡ ȖeΚeȖsiǈle spaǉe
eȕuals deteȖǾiǿistiǉ spaǉe, that is, শs(n)ষ=
শs(n)ষ. TheiȖ ǉoǿstȖuǉtioǿ peȖǟoȖǾs aǿ EuleȖiaǿ touȖ oǟ the ǉoǿ-
fiǠuȖatioǿ ǠȖaph oǟ a spaǉe-ǈouǿded ǉoǾputatioǿ.

Beǿǿett শःऋउअষ eǿΚisioǿed BȖoΛǿiaǿ ǉoǾputeȖs that iǾpleǾeǿt
ȖeΚeȖsiǈle ǉoǾputatioǿs ǉheǾiǉallΡ, that aȖe ৚ǉapaǈle oǟ dissipat-
iǿǠ aǿ aȖǈitȖaȖilΡ sǾall aǾouǿt oǟ eǿeȖǠΡ peȖ step iǟ opeȖated
suffiǉieǿtlΡ sloΛlΡ.৛ A siǿǠle ǉopΡ oǟ a ǾajoȖ Ȗeaǉtaǿt, suǉh as
a DNAǾoleǉule, eǿǉodes the ǉuȖȖeǿt ǉoǿfiǠuȖatioǿ. Reaǉtioǿs
iǿ the ǟoȖΛaȖd diȖeǉtioǿ iǿΚolΚe the ǾajoȖ Ȗeaǉtaǿt plus addi-
tioǿalǾiǿoȖ Ȗeaǉtaǿts, Λhiǉh aȖe pȖeseǿt at ৚defiǿite ǉoǿǉeǿtȖa-
tioǿs;৛ these Ȗeaǉtioǿs ǉhaǿǠe the ǾajoȖ Ȗeaǉtaǿt aǿd ǠeǿeȖate
additioǿal শΛasteষ pȖoduǉts. The ǟoȖΛaȖd diȖeǉtioǿ oǟ eaǉh Ȗe-
aǉtioǿ ǉoȖȖespoǿds to a ǉoǾputatioǿ step. We desǉȖiǈe heȖeiǿ
the Ȗelatioǿship ǈetΛeeǿ the eǿeȖǠΡ dissipated ǈΡ a Ȗeaǉtioǿ aǿd
the Ȗatio oǟ the ǉoǿǉeǿtȖatioǿs oǟ ǾiǿoȖ Ȗeaǉtaǿts to pȖoduǉts.

Beǿǿett শःऋऊःষ ǉoǿsideȖed the possiǈilitΡ that Ȗeaǉtioǿs
oǟ a BȖoΛǿiaǿ ǉoǾputeȖ ǉould aȖise puȖelΡ as a Ȗesult oǟ
৚ȖaǿdoǾ theȖǾal jiǠǠliǿǠ oǟ its iǿǟoȖǾatioǿ-ǈeaȖiǿǠ paȖts,৛
Λith ǉoǿǉeǿtȖatioǿs oǟ ǾiǿoȖ Ȗeaǉtaǿts aǿd pȖoduǉts at
eȕuiliǈȖiuǾ. Iǿ this ǉase, a loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ
ǉaǿ pȖoǉeed iǿ the ǟoȖΛaȖd aǿd ȖeΚeȖse diȖeǉtioǿs at the saǾe
Ȗate Λhile ৚hiǠh-poteǿtial-eǿeȖǠΡ ǈaȖȖieȖs৛ pȖeΚeǿt the sΡsteǾ
ǟȖoǾ deΚiatiǿǠ ǟȖoǾ the ǉoǾputatioǿ path. HoΛeΚeȖ, he
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disǾissed ǉalliǿǠ this possiǈilitΡ ǉoǾputatioǿ ǈeǉause, iǟ ৚the
ǾajoȖ Ȗeaǉtaǿt iǿitiallΡ ǉoȖȖespoǿds to the iǿitial state oǟ a v-
step ǉoǾputatioǿ, the sΡsteǾΛill ǈeǠiǿ a ȖaǿdoǾΛalk thȖouǠh
the ǉhaiǿ oǟ Ȗeaǉtioǿs, aǿd aǟteȖ aǈout v2 steps Λill ǈȖieflΡ
Κisit the fiǿal state. This does ǿot deseȖΚe to ǈe ǉalled a
ǉoǾputatioǿ৛ শBeǿǿett ःऋउअ, इअःষ.

RatheȖ, to eǿsuȖe hiǠh pȖoǈaǈilitΡ oǟ ǉoǾpletiǿǠ the ǉoǾpu-
tatioǿ Λithiǿ Ȗeasoǿaǈle tiǾe Λhile keepiǿǠ eǿeȖǠΡ dissipatioǿ
peȖ step loΛ, Beǿǿett pȖoposed that the ǉoǿǉeǿtȖatioǿs oǟ Ǿi-
ǿoȖ Ȗeaǉtaǿts dȖiΚiǿǠ the ǉoǾputatioǿ ǟoȖΛaȖd ǈeǾaiǿtaiǿed at
a sǾall peȖǉeǿtaǠe aǈoΚe theiȖ eȕuiliǈȖiuǾ ǉoǿǉeǿtȖatioǿs. Re-
aǉtioǿs ǉaǿ still happeǿ iǿ ǈoth the ǟoȖΛaȖd aǿd ȖeΚeȖse diȖeǉ-
tioǿs iǿ this sǉeǿaȖio, ǈut the ǟoȖΛaȖd ǈias that Ȗesults ǟȖoǾ the
hiǠheȖ ǉoǿǉeǿtȖatioǿs oǟ ǟoȖΛaȖd-dȖiΚiǿǠ Ȗeaǉtaǿts, ǉoǾpaȖed
Λith the Ȗeaǉtioǿ pȖoduǉts, is suffiǉieǿt to eǿsuȖe that the fiǿal
state is Ȗeaǉhed iǿ a ǿuǾǈeȖ oǟ steps pȖopoȖtioǿal to the ǉoǾ-
putatioǿ leǿǠth. The ǟoȖΛaȖd ǈias at the fiǿal step ǉaǿ ǈe siǠ-
ǿifiǉaǿtlΡ hiǠheȖ to eǿsuȖe that, oǿǉe the fiǿal ǉoǿfiǠuȖatioǿ is
Ȗeaǉhed, the sΡsteǾ Λill suǈseȕueǿtlΡ ǈe iǿ this ǉoǿfiǠuȖatioǿ
Λith hiǠh শsaΡ, at least ऋइ peȖǉeǿtষ pȖoǈaǈilitΡ.

ReǉeǿtlΡ, ȖeseaȖǉheȖs iǿ the field oǟ DNA ǉoǾputiǿǠ
aǿd ǾoleǉulaȖ pȖoǠȖaǾǾiǿǠ haΚe deΚeloped aǿd iǾpleǾeǿted
ǾeǉhaǿisǾs ǟoȖ ǉoǾputiǿǠ, Λith DNA stȖaǿd displaǉeǾeǿt
sΡsteǾs শDSDsষ, that aȖe siǾilaȖ iǿ pȖiǿǉiple to Beǿǿett’s
pȖoposal iǿΚolΚiǿǠ ǾajoȖ aǿd ǾiǿoȖ Ȗeaǉtaǿts শSoloΚeiǉhik,
SeeliǠ, aǿd WiǿǟȖee ऄंःंষ. We pȖoΚide aǿ eΠaǾple oǟ DNA
stȖaǿd displaǉeǾeǿt lateȖ শsee fiǠ. ऋऄষ. Qiaǿ, SoloΚeiǉhik,
aǿd WiǿǟȖee শऄंःःষ desǉȖiǈed hoΛ a loǠiǉallΡ ȖeΚeȖsiǈle
TuȖiǿǠ Ǿaǉhiǿe ǉould iǿ pȖiǿǉiple ǈe phΡsiǉallΡ Ȗealized Λith
DNA stȖaǿd displaǉeǾeǿt opeȖatioǿs, iǿ a ΛaΡ that ȖeȕuiȖes
aȖǈitȖaȖilΡ little eǿeȖǠΡ peȖ ǉoǾputatioǿ step. The ΛoȖst-ǉase
uppeȖ ǈouǿd oǿ the tiǾe ǿeeded ǟoȖ this siǾulatioǿ is ȕuadȖatiǉ
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iǿ the TuȖiǿǠ Ǿaǉhiǿe tiǾe. Aǿ iǾpoȖtaǿt assuǾptioǿ oǟ this
Ȗesult is that the siǾulatioǿ oǉǉuȖs as aǿ ৚opeǿ৛ sΡsteǾ, ΛheȖe
ǾiǿoȖ Ȗeaǉtaǿts aȖe Ǿaiǿtaiǿed at defiǿite ǉoǿǉeǿtȖatioǿ ǈΡ
aǿ eΠteȖǿal aǿd eǿeȖǠΡ-effiǉieǿt ǾetaǈolisǾ pȖoǉess. UǿdeȖ
this assuǾptioǿ, the phΡsiǉal spaǉe ȖeȕuiȖed to hold all ǾajoȖ
Ȗeaǉtaǿts oǟ the siǾulatioǿ শi.e., the ȖeȕuiȖed ΚoluǾeষ is also
effiǉieǿt Λith Ȗespeǉt to TuȖiǿǠ Ǿaǉhiǿe spaǉe. HoΛeΚeȖ, aǿ
eΠteȖǿal ǾetaǈolisǾ to Ǿaiǿtaiǿ ǾiǿoȖ Ȗeaǉtaǿts ǟoȖ DSDs
is as Ρet uǿkǿoΛǿ. OpeȖatiǿǠ this siǾulatioǿ iǿ a ৚ǉlosed৛
sΡsteǾ, ΛheȖe all ǾiǿoȖ Ȗeaǉtaǿts ȖeȕuiȖed ǟoȖ the siǾulatioǿ to
ǉoǾplete aȖe iǿitiallΡ pȖeseǿt iǿ the saǾe ΚoluǾe as the ǾajoȖ
Ȗeaǉtaǿts, ǉaǿ ȖeȕuiȖe eΠpoǿeǿtiallΡ ǾoȖe phΡsiǉal spaǉe thaǿ
TuȖiǿǠ Ǿaǉhiǿe spaǉe. The ȖeasoǿiǿǠ Λill ǈe Ǿade ǉleaȖ iǿ
suǈseȕueǿt seǉtioǿs ΛheȖe Λe ǟoǉus eΠǉlusiΚelΡ oǿ siǾulatioǿs
iǿ ǉlosed sΡsteǾs to aǉǉouǿt ǟullΡ ǟoȖ ȖeȕuiȖed শphΡsiǉalষ spaǉe
usaǠe.

We ǟolloΛ the aǉǉouǿtiǿǠ oǟ Beǿǿett শःऋऊःষ aǿd Qiaǿ, SoloΚe-
iǉhik, aǿd WiǿǟȖee শऄंःःষ ǟoȖ loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿs
ΛheȖe ǉoǾputatioǿ steps ǉoȖȖespoǿd to the ǟoȖΛaȖd diȖeǉtioǿ oǟ
ǉheǾiǉal Ȗeaǉtioǿs. We assuǾe that the ǉoǾputatioǿ pȖoǉeeds iǿ
a fiΠed ΚoluǾe that is Ǿaiǿtaiǿed at ǉoǿstaǿt teǾpeȖatuȖe. Sup-
pose that the ǉoǿǉeǿtȖatioǿs oǟ ǟoȖΛaȖd-dȖiΚiǿǠ Ȗeaǉtaǿts aȖeX
peȖǉeǿt iǿ eΠǉess oǟ the eȕuiliǈȖiuǾ ǉoǿǉeǿtȖatioǿs, ȖelatiΚe to
the ǉoǿǉeǿtȖatioǿs oǟ the Ȗeaǉtioǿ pȖoduǉts. Theǿ the eǿeȖǠΡ
dissipated শpeȖ stepষ is pȖopoȖtioǿal to lǿ((100+X)/100)kBT ,
ΛheȖe kB is BoltzǾaǿǿ’s ǉoǿstaǿt aǿd T is teǾpeȖatuȖe. The
sǾalleȖX is, the less eǿeȖǠΡ is dissipated, the hiǠheȖ is the Ȗatio
oǟ ȖeΚeȖse to ǟoȖΛaȖd Ȗeaǉtioǿs, aǿd the sǾalleȖ is the ǿet ǟoȖΛaȖd
ǈias oǟ the Ȗeaǉtioǿ. Iǟ iǿitial ǉoǿǉeǿtȖatioǿs aȖe suffiǉieǿtlΡ hiǠh
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ȖelatiΚe to the leǿǠth oǟ the ǉoǾputatioǿ, the ǉhaǿǠe iǿ ǉoǿ-
ǉeǿtȖatioǿs oǟ Ȗeaǉtaǿts aǿd pȖoduǉts is ǿeǠliǠiǈle thȖouǠhout,
aǿd so the Ȗeaǉtioǿs haΚe appȖoΠiǾatelΡ the saǾe ǟoȖΛaȖd ǈias
thȖouǠhout. Iǟ the eǿeȖǠΡ dissipated peȖ step is ε ǟoȖ suffiǉieǿtlΡ
sǾall ε > 0, the ǟoȖΛaȖd/ȖeΚeȖse Ȗatio is eε/(kBT ), aǿd the ǟoȖ-
ΛaȖd Ȗeaǉtioǿ ǈias is ȖouǠhlΡ pȖopoȖtioǿal to ε.

Iǿ ǉoǿtȖast, iǟ the ǉoǿǉeǿtȖatioǿs oǟ Ȗeaǉtaǿts aǿd pȖoduǉts
aȖe iǿ eȕuiliǈȖiuǾ, the sΡsteǾ is dȖiΚeǿ oǿlΡ ǈΡ BȖoΛǿiaǿ
Ǿotioǿ, Λith ǟoȖΛaȖd aǿd ȖeΚeȖse Ȗeaǉtioǿs ǈeiǿǠ eȕuallΡ likelΡ.
The eǿeȖǠΡ dissipated peȖ step is ं.

AlthouǠh ǿot disǉussed ǈΡ Beǿǿett শःऋऊःষ oȖ Qiaǿ,
SoloΚeiǉhik, aǿd WiǿǟȖee শऄंःःষ, theȖe is also aǿ eǿeȖǠetiǉ ǉost
to settiǿǠ up the iǿitial ǉoǿfiǠuȖatioǿ oǟ the ǉoǾputatioǿ—iǿ
ouȖ sΡsteǾs, this is the saǾe ǉost assoǉiated Λith ৚ȖesettiǿǠ৛ the
ǉoǾputatioǿ ǟoȖ a ǿeΛ iǿput iǿstaǿǉe—aǿd ǉoǿduǉtiǿǠ a Ȗead-
out oǟ the ǉuȖȖeǿt ǉoǿfiǠuȖatioǿ at aǿΡ ǠiΚeǿ tiǾe. FoȖ iǿstaǿǉe,
loǠiǉallΡ ȖeΚeȖsiǈle siǾulatioǿs iǿ ǉlosed sΡsteǾs tΡpiǉallΡ
ȖelΡ oǿ aǿ iǿitial out-oǟ-eȕuiliǈȖiuǾ iǿput state ȖelaΠiǿǠ to
eȕuiliǈȖiuǾ as the ǉoǾputatioǿ pȖoǉeeds. This ৚distaǿǉe
ǟȖoǾ eȕuiliǈȖiuǾ৛ is ǉhaȖaǉteȖized ǈΡ the ǿoǿeȕuiliǈȖiuǾ
ǠeǿeȖalized ǟȖee eǿeȖǠΡ শEsposito aǿd Vaǿ deǿ BȖoeǉk ऄंःः;
PaȖȖoǿdo, HoȖoΛitz, aǿd SaǠaΛa ऄंःइষ. The poiǿt is that
the sΡsteǾ ǟȖee eǿeȖǠΡ iǿǉȖeases oΚeȖ tiǾe uǿtil eȕuiliǈȖiuǾ
is Ȗeaǉhed. FoȖ a loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ oΚeȖ N

states, this diffeȖeǿǉe iǿ ǟȖee eǿeȖǠΡ is kBT lǿ(N), Λhiǉh is the
ǉoǿfiǠuȖatioǿal eǿtȖopΡ ǉost oǟ ǈeǠiǿǿiǿǠ iǿ a paȖtiǉulaȖ state,
oǟ N states that aȖe eȕuallΡ likelΡ at eȕuiliǈȖiuǾ.

The siǾulatioǿ oǟ Qiaǿ, SoloΚeiǉhik, aǿd WiǿǟȖee শऄंःःষ iǿ a
ǉlosed sΡsteǾ ȖeȕuiȖes spaǉe শoȖ ΚoluǾeষ pȖopoȖtioǿal to the
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ǿuǾǈeȖ oǟ steps oǟ the ǉoǾputatioǿ, leaΚiǿǠ opeǿ the ȕuestioǿ
oǟ hoΛ to do ǉoǾputatioǿs iǿ ǈoth a spaǉe- aǿd eǿeȖǠΡ-
effiǉieǿt ǾaǿǿeȖ. We ǿeΠt pȖoΚide aǿ eΠaǾple to illustȖate
ΛhΡ a DSD-ǈased ǉheǾiǉal iǾpleǾeǿtatioǿ oǟ spaǉe-ǈouǿded,
loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿs ǾaΡ iǿǉuȖ aǿ eΠpoǿeǿtial
spaǉe ǈloΛup.

FoȖ siǾpliǉitΡ, Λe Λill use ǉheǾiǉal Ȗeaǉtioǿ ǿetΛoȖks শCRNsষ
ȖatheȖ thaǿ TuȖiǿǠ Ǿaǉhiǿes as ouȖ pȖoǠȖaǾǾiǿǠ Ǿodel.
We ǉhoose CRNs ǈeǉause oǟ the ease Λith Λhiǉh Λe ǉaǿ
desǉȖiǈe ouȖ ǈiǿaȖΡ ǉouǿteȖ, as CRNs aȖe poΛeȖǟul eǿouǠh to
eǿǉoǾpass ǠeǿeȖal ǉoǾputatioǿ শSoloΚeiǉhik et al. ऄंंऊষ aǿd
ǉaǿ easilΡ ǈe ৚ǉoǾpiled৛ iǿto DSDs শSoloΚeiǉhik, SeeliǠ, aǿd
WiǿǟȖee ऄंःंষ.

[]
(1) 01 ! 11
(2) 02 + 11 ! 12 + 01
(3) 03 + 12 + 11 ! 13 + 02 + 01

[]

{03,02,11}

{03,02,01} {03,12,01} {13,02,01} {13,12,01}

{03,12,11} {13,02,11} {13,12,11}

1-for 2-for 1-for 3-for 1-for 2-for 1-for

1-rev 2-rev 1-rev 3-rev 1-rev 2-rev 1-rev

(a) Chemical reaction equations for a 3-bit standard binary
counter. (b) The conʨguration graph of the computation performed by the
3-bit standard binary counter forms a chain and is logically reversible.

A staǿdaȖd n-ǈit ǈiǿaȖΡ ǉouǿteȖ ǈeǠiǿs at ǉouǿt 00..0,
adΚaǿǉes to 00..1, aǿd so oǿ, uǿtil ȖeaǉhiǿǠ the ǉouǿt 11..1.
A CRN that iǾpleǾeǿts this ǉouǿteȖ ǟoȖ n = 3 is iǿ fiǠuȖe
ऋःa শCoǿdoǿ et al. ऄंःऄষ. The Ȗeaǉtioǿs iǿΚolΚe siΠ ǾoleǉulaȖ
speǉies, Λith Ǿoleǉules 0i aǿd 1i deǿotiǿǠ that ǈit i has Κalue
0 aǿd 1, ȖespeǉtiΚelΡ, ǟoȖ 1 ≤ i ≤ 3. We ǉall 0i aǿd 1i siǿȞal
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Ǿoleǉules; these ǉoȖȖespoǿd to Beǿǿett’s ǾajoȖ Ȗeaǉtaǿts. The
ǟoȖΛaȖd diȖeǉtioǿ oǟ the thȖee শȖeΚeȖsiǈleষ ǉheǾiǉal Ȗeaǉtioǿs
oǟ fiǠuȖe ऋःa eǿaǈle the ǉouǿteȖ to adΚaǿǉe iǿ the staǿdaȖd
seȕueǿǉe iǟ, iǿitiallΡ, a siǿǠle ǉopΡ oǟ Ǿoleǉules 03, 02, aǿd 01 aȖe
pȖeseǿt. The Ȗeaǉtioǿs ǉaǿ ǈe ǠeǿeȖalized to n ǈits iǿ a ǿatuȖal
ΛaΡ, Λith Ȗeaǉtioǿs haΚiǿǠ up to n Ȗeaǉtaǿts aǿd pȖoduǉts.
Beǉause hiǠh-oȖdeȖ Ȗeaǉtioǿs aȖe atΡpiǉal iǿ ǉheǾiǉal sΡsteǾs, it
is ΛoȖth ǿotiǿǠ that theΡ ǉaǿ alΛaΡs ǈe eǾulated ǈΡ a seȕueǿǉe
oǟ ǈiǿaȖΡ Ȗeaǉtioǿs শCoǿdoǿ et al. ऄंःऄষ.

FiǠuȖe ऋःǈ depiǉts all possiǈle ǉoǿfiǠuȖatioǿs oǟ the ǉouǿteȖ
as ǿodes, Λith edǠes ǈetΛeeǿ ǉoǿfiǠuȖatioǿs that aȖe Ȗeaǉhaǈle
Λithiǿ oǿe Ȗeaǉtioǿ step. Beǉause the ǉoǿfiǠuȖatioǿ ǠȖaph
ǟoȖǾs a ǉhaiǿ, it ȖepȖeseǿts a loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ.

We do ǿot kǿoΛ hoΛ to desiǠǿ a set oǟ Ǿoleǉules that ǉaǿ
diȖeǉtlΡ iǾpleǾeǿt all Ȗeaǉtioǿs oǟ aǿ aȖǈitȖaȖΡ CRN Λithout
iǾpleǾeǿtiǿǠ additioǿal শspuȖiousষ Ȗeaǉtioǿs. BΡ ৚diȖeǉtlΡ
iǾpleǾeǿt,৛ ΛeǾeaǿ that theȖe is a oǿe-to-oǿe ǉoȖȖespoǿdeǿǉe
ǈetΛeeǿ the desiǠǿed ǾoleǉulaȖ speǉies aǿd the speǉies oǟ the
CRN.

HoΛeΚeȖ, seǾiǿal ΛoȖk ǈΡ SoloΚeiǉhik, SeeliǠ, aǿdWiǿǟȖee
শऄंःंষ deǾoǿstȖated that aǿ aȖǈitȖaȖΡ CRN ǉaǿ ǈe eǾulated
ǈΡ a DSD sΡsteǾ, iǿ Λhiǉh ǉeȖtaiǿ DNA stȖaǿds ȖepȖeseǿt
the ǾoleǉulaȖ speǉies oǟ the CRN শthe ǾajoȖ Ȗeaǉtaǿtsষ Λhile
additioǿal tȵaȞsǾoȵȝeȵ Ǿoleǉules শthe ǾiǿoȖ Ȗeaǉtaǿts aǿd
pȖoduǉtsষ also ǟaǉilitate eaǉh Ȗeaǉtioǿ. A Ǿoȵȝal CRN Ȗeaǉtioǿ
is oǟteǿ eǾulated ǈΡ a seȕueǿǉe oǟ detailed DSD Ȗeaǉtioǿs. See
fiǠuȖe ऋऄ. TȖaǿsǟoȖǾeȖ Ǿoleǉules aȖe oǟteǿ desǉȖiǈed as ǟuel
Ǿoleǉules, ǈeǉause theiȖ ǉoǿǉeǿtȖatioǿs ǉaǿ ǈe set so as to ǈias
a ǉoǾputatioǿ ǟoȖΛaȖd. MaǿΡ DSD aȖǉhiteǉtuȖes ǿoΛ eΠist
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Λith this ǉapaǈilitΡ শǉǟ. CaȖdelli ऄंःअ; Qiaǿ, SoloΚeiǉhik, aǿd
WiǿǟȖee ऄंःःষ, aǿd all Ǿake use oǟ tȖaǿsǟoȖǾeȖs.
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A strand displacement implementation of the reaction 01 ! 11
as proposed by Qian, Soloveichik, and Winfree (2011). (a) The single formal
reaction is emulated as a sequence of two detailed reactions in the strand
displacement implementation. (b) From top to bottom, the reactant signal
strand 01 (shown in a shaded box on the left) and transformer molecule
(labeled T

f
1

, top middle) react, producing an unbound product transformer
(labeled I

r
1 , top right) and an intermediate complex (labeled I1, middle).

The intermediate complex, together with a second transformer reactant
(labeled I

f
1

, bottom left), reacts to produce the signal strand 11 (shaded
box on the bottom right) and a ʨnal product transformer (labeled T

r
1 ,

middle bottom). The product transformers can be applied in the opposite
direction (from bottom to top) to consume signal 11 and produce signal 01
as well as the two original reactant transformers. Throughout, connected
line segments represent DNA strands, with one-sided arrows denoting the
5' end. Black line segments represent short ʄtoeholdʅ sequences that enable
strands to bind weakly to each other via WatsonɽCrick base pairing, thus
enabling the reaction. Gray line segments represent ʄlong domainʅ sequences
that enable molecules to bind together more stably, while also displacing long
domains of other strands. Long domains are labeled, and the WatsonɽCrick
complement of a DNA sequence labeled x is labeled x

∗.

We illustȖate hoΛ the fiȖst Ȗeaǉtioǿ oǟ ouȖ अ-ǈit ǈiǿaȖΡ
ǉouǿteȖ CRN ǉaǿ ǈe iǾpleǾeǿted usiǿǠ DNA stȖaǿd displaǉe-
Ǿeǿt শfiǠ. ऋऄষ. FȖoǾ top to ǈottoǾ, the 01 siǠǿal stȖaǿd iǿteȖaǉts
Λith a tȖaǿsǟoȖǾeȖ fiȖst to ǈeǉoǾe ǉoǿsuǾed—seȕuesteȖed oǿ a
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douǈle-stȖaǿded ǉoǾpleΠ—aǿd ultiǾatelΡ the 11 siǠǿal stȖaǿd
is pȖoduǉed, Ȗeleased ǟȖoǾ a douǈle-stȖaǿded ǉoǾpleΠ. The
stȖaǿds ǉoǿtaiǿed Λithiǿ a shaded ǈoΠ aȖe the siǠǿal stȖaǿds.
TΛo tȖaǿsǟoȖǾeȖs শT f

1 aǿd If1 ষ aȖe Ȗeaǉtaǿts, aǿd tΛo tȖaǿsǟoȖǾ-
eȖs শIr1 aǿdT r

1 ষ aȖe pȖoduǉed. The pȖoduǉt tȖaǿsǟoȖǾeȖs ǉaǿ peȖ-
ǟoȖǾ Ȗeaǉtioǿ শःষ iǿ ȖeΚeȖse শǟȖoǾ ǈottoǾ to top iǿ fiǠuȖe ऋऄষ.
The iǾpoȖtaǿt poiǿt is that the Ȗeaǉtaǿt tȖaǿsǟoȖǾeȖs aȖe ǿot
the saǾe as the pȖoduǉt tȖaǿsǟoȖǾeȖs.

Note that this DSD sǉheǾe ǠeǿeȖallΡ applies to aǿΡ ǟoȖǾal
Ȗeaǉtioǿ: a seȕueǿǉe oǟ detailed Ȗeaǉtioǿs eaǉh ǉoǿsuǾes a
siǿǠle Ȗeaǉtaǿt শoǟ the ǟoȖǾal Ȗeaǉtioǿষ, aǿd theǿ a suǈseȕueǿt
seȕueǿǉe oǟ detailed Ȗeaǉtioǿs eaǉh pȖoduǉes a siǿǠle pȖoduǉt
শoǟ the ǟoȖǾal Ȗeaǉtioǿষ. The eΠaǾple iǿ fiǠuȖe ऋऄ has oǿe
Ȗeaǉtaǿt aǿd oǿe pȖoduǉt aǿd thus ȖeȕuiȖes a seȕueǿǉe oǟ
tΛo detailed Ȗeaǉtioǿs. SiǾilaȖlΡ, the Ȗeaǉtioǿ 02 + 11 !

12 + 01 ȖeȕuiȖes a seȕueǿǉe oǟ ǟouȖ detailed Ȗeaǉtioǿs শQiaǿ,
SoloΚeiǉhik, aǿd WiǿǟȖee ऄंःःষ.

To ǉaptuȖe this ǿotioǿ oǟ tȖaǿsǟoȖǾeȖ oȖieǿtatioǿ at the leΚel
oǟ a CRN, Λe ǉaǿ taǿ eaǉh side oǟ a ǟoȖǾal Ȗeaǉtioǿ to
ȖepȖeseǿt the set oǟ tȖaǿsǟoȖǾeȖs that is ǿeǉessaȖΡ to peȖǟoȖǾ a
Ȗeaǉtioǿ iǿ the ȖespeǉtiΚe diȖeǉtioǿ; iǿteȖǾediate Ȗeaǉtioǿs aǿd
iǿteȖǾediate speǉies aȖisiǿǠ iǿ a stȖaǿd displaǉeǾeǿt eǾulatioǿ
ǉaǿ ǈe saǟelΡ iǠǿoȖed as iǾpleǾeǿtatioǿ details. Iǿ the ǉase oǟ
ȖeΚeȖsiǈle Ȗeaǉtioǿs, Λheǿ ǉoǿsideȖed as tΛo sepaȖate Ȗeaǉtioǿs,
the ǟoȖΛaȖd taǠ oǟ oǿe ǉoǿstitutes the ȖeΚeȖse taǠ oǟ the
otheȖ. We ǉall these taǿǿed ǨheȝiǨal ȵeaǨtioȞ eȴuatioȞs. This
siǾple ǉoǿǉept oǟ taǠs alloΛs us to aǉǉouǿt ǟoȖ the ǿuǾǈeȖ
oǟ tȖaǿsǟoȖǾeȖs aǿd the ǾiǿiǾuǾ size oǟ the Ȗeaǉtioǿ ΚoluǾe
ȖeȕuiȖed to ǉoǾplete a ǉoǾputatioǿ iǟ it ΛeȖe to ǈe phΡsiǉallΡ
Ȗealized as a DSD sΡsteǾ.
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(1) Tǟ
ः + 01 ! TȖ

ः + 11
(2) Tǟ

ऄ + 02 + 11 ! TȖ
ऄ + 12 + 01

(3) Tǟ
अ + 03 + 12 + 11 ! TȖ

अ + 13 + 02 + 01

Tagged chemical reaction equations for a 3-bit standard binary
counter.

Iǿ a ǉlosed DSD sΡsteǾ that is siǾulatiǿǠ a taǠǠed CRN, Λe
assuǾe that the ǉoǾputatioǿ pȖoǉeeds iǿ a fiΠed ΚoluǾe that
is at least pȖopoȖtioǿal to the ǾaΠiǾuǾ ǿuǾǈeȖ oǟ Ǿoleǉules
pȖeseǿt at aǿΡ step oǟ the ǉoǾputatioǿ. VoluǾe Ǿust ǈe as
laȖǠe as the phΡsiǉal spaǉe ȖeȕuiȖeǾeǿt শCook et al. ऄंंऋষ, aǿd
so Λheǿ Λe aǉǉouǿt ǟoȖ spaǉe at the CRN leΚel, Λe Ǿust iǿǉlude
suffiǉieǿt spaǉe to stoȖe ǿot oǿlΡ the siǠǿal Ǿoleǉules ǈut also
the tȖaǿsǟoȖǾeȖs that ǟaǉilitate the Ȗeaǉtioǿs. Beǉause taǠs
deǿote sets oǟ tȖaǿsǟoȖǾeȖs, this aǉǉouǿtiǿǠ is stȖaiǠhtǟoȖΛaȖd.
A stȖiǉteȖ aǉǉouǿtiǿǠ Λould Ȗefleǉt the ǿuǾǈeȖ oǟ ǈases oǟ
Ǿoleǉules at the DSD leΚel, ǈut, ǟoȖ siǾpliǉitΡ, Λe’ll iǠǿoȖe
this leΚel oǟ detail aǿd siǾplΡ ǉouǿt Ǿoleǉules at the taǠǠed
CRN leΚel oǟ aǈstȖaǉtioǿ, Λith oǿe taǠ Ǿoleǉule ȖepȖeseǿtiǿǠ
a tȖaǿsǟoȖǾeȖ set.

RetuȖǿiǿǠ to the taǠǠed 3-ǈit staǿdaȖd ǉouǿteȖ CRN,
eΚeȖΡ ǉoǿfiǠuȖatioǿ has eΠaǉtlΡ thȖee siǠǿal Ǿoleǉules pȖeseǿt,
deǿotiǿǠ the ǉuȖȖeǿt ǈit seȕueǿǉe. HoΛeΚeȖ, the spaǉe
ȖeȕuiȖeǾeǿt ǟoȖ taǠs is ǿot ǿeaȖlΡ as suǉǉiǿǉt. Reaǉtioǿ
শःষ is used iǿ the ǟoȖΛaȖd diȖeǉtioǿ ǟouȖ tiǾes duȖiǿǠ the
ǉoǾputatioǿ, ǉoȖȖespoǿdiǿǠ to ǉhaǿǠes iǿ the ǉouǿteȖ’s
loΛest-oȖdeȖ ǈit; Ȗeaǉtioǿ শऄষ is used tΛiǉe; aǿd Ȗeaǉtioǿ শअষ
is used oǿǉe. Iǿ total, seΚeǿ taǠs aȖe ȖeȕuiȖed to adΚaǿǉe
thȖouǠh the eiǠht states oǟ the ǉouǿteȖ, aǿd thus seΚeǿ taǠs
Ǿust ǈe pȖeseǿt iǿ the iǿitial ǉoǿfiǠuȖatioǿ শaǿd all suǈseȕueǿt
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ǉoǿfiǠuȖatioǿsষ. Iǿ ǠeǿeȖal, aǿd despite the ǟaǉt that all
Ȗeaǉtioǿs aȖe ȖeΚeȖsiǈle, the pȖoǠȖess oǟ aǿ n-ǈit ǉouǿteȖ Ȗelies
oǿ a seȕueǿǉe oǟ 2n − 1 ǟoȖΛaȖd Ȗeaǉtioǿs aǿd, ǉoǿseȕueǿtlΡ,
2n − 1 taǠs. Iǿ suǾǾaȖΡ, ǾoleǉulaȖ siǾulatioǿs oǟ taǠǠed
CRNs iǿ ǉlosed sΡsteǾs ǿeǉessaȖilΡ use spaǉe that ǠȖoΛs at
least pȖopoȖtioǿallΡ Λith tiǾe, pȖoΚided theΡ শःষ do ǿot haΚe
aǿ eΠteȖǿal ৚ǾetaǈolisǾ৛ to ȖeǉΡǉle ǾiǿoȖ Ȗeaǉtaǿts, aǿd শऄষ
alΛaΡs use Ȗeaǉtioǿs iǿ the ǟoȖΛaȖd diȖeǉtioǿ.

We ǉoǿtiǿue Λith the eΠaǾple oǟ a ǉouǿteȖ to illustȖate
hoΛ to aΚoid the eΠpoǿeǿtial spaǉe ǈloΛup oǟ the pȖeΚious
seǉtioǿ. The idea is to use Ȗeaǉtioǿs iǿ ǈoth the ǟoȖΛaȖd
aǿd ȖeΚeȖse diȖeǉtioǿs to dȖiΚe the ǉoǾputatioǿ ǟoȖΛaȖd, to
Ȗeuse tȖaǿsǟoȖǾeȖ Ǿoleǉules. As Λe disǉuss lateȖ, ouȖ use oǟ
Ȗeaǉtioǿs iǿ ǈoth diȖeǉtioǿs ȖeseǾǈles sΡǾǾetȖiǉ Ǿodels oǟ
ǉoǾputatioǿ শLeΛis aǿd PapadiǾitȖiou ःऋऊऄষ.

ReduǉiǿǠ the spaǉe usaǠe iǿ this ΛaΡ Ȗelies oǿ the
ǉoǾputatioǿ to ǈe uǿǈiased; that is, ǉoǿǉeǿtȖatioǿs oǟ
Ȗeaǉtaǿt aǿd pȖoduǉt tȖaǿsǟoȖǾeȖs should ǈe at eȕuiliǈȖiuǾ.
HoΛeΚeȖ, Beǿǿett asseȖts that aǿ uǿǈiased, loǠiǉallΡ ȖeΚeȖsiǈle
ǉoǾputatioǿ ǉhaiǿ oǟ this ǟoȖǾ, Λith output pȖeseǿt oǿlΡ iǿ
the fiǿal state, does ǿot ǉoǿstitute ǉoǾputatioǿ. We aǠȖee oǿlΡ
iǿ that the output oǟ the ǉoǾputatioǿ Ǿust ǈe oǈseȖΚaǈle Λith
hiǠh pȖoǈaǈilitΡ. To addȖess this ǉoǿǉeȖǿ, Λe shoΛ hoΛ aǿΡ
suǉh ǉhaiǿ iǾpleǾeǿted as a taǠǠed CRN ǉaǿ ǈe auǠǾeǿted
to eǿsuȖe that the output ǉaǿ ǈe Ȗead Λith hiǠh pȖoǈaǈilitΡ
Λithout aǿ asΡǾptotiǉ iǿǉȖease iǿ tiǾe oȖ spaǉe usaǠe. We eǿd
this seǉtioǿ Λith a suǾǾaȖΡ oǟ kǿoΛǿ Ȗesults ǟoȖ spaǉe- aǿd
eǿeȖǠΡ-effiǉieǿt CRNs.
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We ȖeΚieΛ ouȖ spaǉe-effiǉieǿt taǠǠed CRN ǉouǿteȖ শCoǿdoǿ
et al. ऄंःऄষ, Λhiǉh is ǈased oǿ the ǈiǿaȖΡ ȖefleǉtiǿǠ GȖaΡ ǉode
seȕueǿǉe শSaΚaǠe ःऋऋउষ. The seȕueǿǉe is a Gȵaͧ Ǩode as eaǉh
suǉǉessiΚe Κalue diffeȖs ǟȖoǾ the pȖeΚious iǿ eΠaǉtlΡ oǿe ǈit
positioǿ. It is ǉalled a ǈiǿaȖΡ ȵefleǨtiȞǿ GȖaΡ ǉode শBRGCষ
ǈeǉause oǟ its eleǠaǿt ȖeǉuȖsiΚe defiǿitioǿ: the n-ǈit BRGC
seȕueǿǉe is ǟoȖǾed ǈΡ ȖefleǉtiǿǠ the (n−1)-ǈit seȕueǿǉe aǉȖoss
a liǿe, theǿ pȖefiΠiǿǠ Κalues aǈoΚe the liǿe Λith 0 aǿd those
ǈeloΛ the liǿe Λith 1. A taǠǠed CRN that iǾpleǾeǿts a 3-ǈit
BRGC ǉouǿteȖ is ǠiΚeǿ iǿ fiǠuȖe ऋआa. The ȖeǉuȖsiΚe ǿatuȖe oǟ
the ǉouǿteȖ ǉaǿ ǈe seeǿ iǿ the ǉoǾputatioǿ ǉhaiǿ oǟ fiǠuȖe ऋआǈ
শaǿd is ȖeǾiǿisǉeǿt oǟ the siǾulatioǿ oǟ Beǿǿett শःऋऊःষষ. FoȖ
eΠaǾple, Λheǿ the hiǠh-oȖdeȖ ǈit is tuȖǿed ǟȖoǾ a 0 to a 1 ǟoȖ
the fiȖst tiǾe শȖeaǉtioǿ iǿ the ǟoȖΛaȖd diȖeǉtioǿষ, the seȕueǿǉe
oǟ Ȗeaǉtioǿs up uǿtil that ǉoǿfiǠuȖatioǿ aȖe ǿeΠt eΠeǉuted iǿ
ȖeΚeȖse as the ǉoǾputatioǿ pȖoǠȖesses. As a Ȗesult, eaǉh speǉifiǉ
Ȗeaǉtioǿ stȖiǉtlΡ alteȖǿates ǈetΛeeǿ its ǟoȖΛaȖd aǿd ȖeΚeȖse
diȖeǉtioǿs as the ǉoǾputatioǿ pȖoǉeeds ǟoȖΛaȖd. OǿlΡ a siǿǠle
tȖaǿsǟoȖǾeȖ শthe ǟoȖΛaȖd tȖaǿsǟoȖǾeȖষ peȖ Ȗeaǉtioǿ is iǿitiallΡ
ǿeeded to ǉoǾplete the Λhole ǉoǾputatioǿ. While a taǠǠed
CRN siǾulatioǿ oǟ a staǿdaȖd n-ǈit ǉouǿteȖ ȖeȕuiȖes Θ(2n)

tȖaǿsǟoȖǾeȖ Ǿoleǉules, the BRGC ΚaȖiaǿt ȖeȕuiȖes oǿlΡ Θ(n).
Note that ǈoth ǉouǿteȖs ȖeȕuiȖe oǿlΡ Θ(n) Ǿoleǉule tΡpes.

Iǿ this ȖuǿǿiǿǠ eΠaǾple oǟ a ǉouǿteȖ, Λe defiǿe the output
oǟ the ǉoǾputatioǿ to ǈe the ǉouǿteȖ’s fiǿal Κalue. As the
ǉoǾputatioǿ peȖǟoȖǾs aǿ uǿǈiased ȖaǿdoǾ Λalk aloǿǠ the
sΡǾǾetȖiǉ aǿd loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ ǉoǿfiǠuȖatioǿ
spaǉe, the steadΡ state pȖoǈaǈilitΡ oǟ oǈseȖΚiǿǠ the output is
p = 2−n ǟoȖ aǿ n-ǈit ǉouǿteȖ. This pȖoǈaǈilitΡ ǉaǿ ǈe iǿǉȖeased
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(a) Tagged chemical reaction equations for a 3-bit binary
reʩecting Gray code (BRGC) counter. (b) BRGC conʨguration graph. To
reach the end conʨguration, the BRGC counter must perform a sequence
of reactions that individually alternate in the forward and reverse directions,
thus initially requiring only one transformer per reaction type.

iǿ a ǿuǾǈeȖ oǟ ΛaΡs. FoȖ iǿstaǿǉe, ǈΡ addiǿǠ oǿe additioǿal
Ȗeaǉtioǿ tΡpe that pȖoduǉes a ǿeΛ siǠǿal aǿd ȖeȕuiȖes the fiǿal
siǠǿal Ǿultiset oǟ the oȖiǠiǿal ǉoǾputatioǿ ǉhaiǿ as ǉatalΡsts,
Λe ǉaǿ douǈle the leǿǠth oǟ the ǿeΛ ǉhaiǿ. The stȖateǠΡ is
outliǿed iǿ fiǠuȖe ऋइ. Iǿ this ǉase, the pȖoǈaǈilitΡ oǟ oǈseȖΚiǿǠ
the output iǿǉȖeases to p′ > 0.5, ǈeǉause the last state oǟ
the fiȖst halǟ oǟ the ǉhaiǿ aǿd all states oǟ the seǉoǿd halǟ oǟ
the ǉhaiǿ ǉoǿtaiǿ the output. Iǿ this ǾaǿǿeȖ, ǟoȖ eΚeȖΡ ǿeΛ
Ȗeaǉtioǿ added to the CRN, the pȖoǈaǈilitΡ oǟ ǿot oǈseȖΚiǿǠ
aǿ output siǠǿal is ǉut iǿ halǟ. FoȖǾallΡ, the pȖoǈaǈilitΡ oǟ
oǈseȖΚiǿǠ the output ǈeǉoǾes p′′ > 1−2−c Λheǿ c ≥ 0 ǿuǾǈeȖ
oǟ ǿeΛ Ȗeaǉtioǿs aȖe added to eΠteǿd the ǉoǾputatioǿ ǉhaiǿ.
ChoosiǿǠ c = 5 Ǿeets Beǿǿett’s ǈeǿǉhǾaȖk to oǈseȖΚe the
output Λith at least 95 peȖǉeǿt pȖoǈaǈilitΡ at steadΡ state, all
Λhile ǾaiǿtaiǿiǿǠ the saǾe asΡǾptotiǉ tiǾe aǿd spaǉe usaǠe.

BuildiǿǠ oǿ the pȖiǿǉiples oǟ tȖaǿsǟoȖǾeȖ Ȗeuse, Λe pȖeΚiouslΡ
pȖoposed a taǠǠed CRN—iǾpleǾeǿtaǈle as a DSD—to solΚe
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Sn - 1 + {X} Sn + {Y} S1 + {Y}S0 + {X}

· · · ···
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· · ·
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S1 + {X} Sn + {X}

Sn - 1 + {X}S0 + {X}

B.

· · ·
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S0

S1 Sn
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A.

(a) A logically reversible computation chain of a tagged CRN
that has a single conʨguration containing the output (shown shaded). Si

denotes the multiset of signals present in the ith conʨguration along the
computation chain. (b) Adding a single copy of a new species, say, X, to
the input conʨguration S0, where X is not a reactant in the CRN, does not
alter the progress of the computation. (c) The addition of a new reactionɾ
X +Sn " Y +Sn, where Sn, the multiset of signals present in the original
ʨnal conʨguration, catalyzes the new reactionɾdoubles the length of the
computation and has the side eʧect that the output is now present in more
than half of the conʨgurations (shown shaded).

aȖǈitȖaȖΡ iǿstaǿǉes oǟ the -ǉoǾplete ȕuaǿtified अ-
satisfiaǈilitΡ pȖoǈleǾ শThaǉhuk aǿd Coǿdoǿ ऄंःऄষ. FoȖ aǿ
iǿstaǿǉe ǉoǿsistiǿǠ oǟ m ǉlauses oΚeȖ n ΚaȖiaǈles, the taǠǠed
CRN ȖeȕuiȖes Θ(m + n) spaǉe. With a polΡǿoǾial iǿǉȖease
iǿ size, the saǾe taǠǠed CRN ǉaǿ ǈe Ǿodified to solΚe aǿΡ
iǿstaǿǉe oΚeȖn ΚaȖiaǈles. Iǿ this ΛaΡ, ouȖ solutioǿ to siǾulatiǿǠ
spaǉe-ǈouǿded ǉoǾputatioǿ is ǿot uǿlike that oǟ a uǿiǟoȖǾ
ǉiȖǉuit ǟaǾilΡ. BuildiǿǠ oǿ kǿoΛǿ ǉoǾputatioǿal ǉoǾpleΠitΡ
Ȗesults, Λe shoΛ that it is possiǈle to siǾulate aǿΡ spaǉe-
ǈouǿded ǉoǾputatioǿ Λith a spaǉe- aǿd eǿeȖǠΡ-effiǉieǿt taǠǠed
CRN. While ouȖ ǉoǾputatioǿ is uǿǈiased, aǿd theȖeǟoȖe
does ǿot dissipate eǿeȖǠΡ peȖ Ȗeaǉtioǿ step, Λe ȖelΡ oǿ the
ǉoǾputatioǿ ǈeǠiǿǿiǿǠ out oǟ eȕuiliǈȖiuǾ iǿ the iǿput state
aǿd theǿ ȖelaΠiǿǠ to eȕuiliǈȖiuǾ as the ǉoǾputatioǿ pȖoǉeeds.
OtheȖ siǾulatioǿs, suǉh as those oǟ Beǿǿett শःऋउअষ aǿd Qiaǿ,
SoloΚeiǉhik, aǿd WiǿǟȖee শऄंःःষ, shaȖe the assuǾptioǿ oǟ
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ǈeǠiǿǿiǿǠ iǿ a paȖtiǉulaȖ iǿput state. Iǿ ouȖ ȖuǿǿiǿǠ eΠaǾple
oǟ aǿ n-ǈit ǉouǿteȖ that steps thȖouǠh 2n ǉoǿfiǠuȖatioǿs,
ǈeǠiǿǿiǿǠ iǿ a paȖtiǉulaȖ iǿput state ȖeȕuiȖes settiǿǠ n ǈits oǟ
iǿǟoȖǾatioǿ iǿitiallΡ শi.e., fiΠ all ǈits to the 0 Κalueষ. Iǿ ǠeǿeȖal,
the eǿeȖǠΡ eΠpeǿdituȖe oǟ ouȖ siǾulatioǿ ǉaǿ ǈe ǈouǿded as
Θ(s(n)) ǟoȖ aǿ s(n)-spaǉe-ǈouǿded taǠǠed CRN ǉoǾputatioǿ.

Theorem ऄ শThaǉhuk ऄंःअষ. AȞͧ pȵoǧleȝ sol͠aǧle iȞ s(n) ≥ n

spaǨe ǨaȞ ǧe sol͠ed ǧͧ a loǿiǨallͧ ȵe͠eȵsiǧle taǿǿed CRN usiȞǿ
O(s(n)2 loǠ s(n)) spaǨe aȞd eȞeȵǿͧ.

As ǿoted eaȖlieȖ, Beǿǿett Ȗaised tΛo oǈjeǉtioǿs to ǉheǾiǉal iǾ-
pleǾeǿtatioǿs oǟ ǉoǾputatioǿs iǿΛhiǉh Ȗeaǉtioǿs শǉoȖȖespoǿd-
iǿǠ to ǟoȖΛaȖd ǉoǾputatioǿ stepsষ aȖe uǿǈiased. FiȖst, theΡ aȖe
sloΛ, ǈeǉause aǿ uǿǈiased ȖaǿdoǾ Λalk thȖouǠh v ǉoǿfiǠuȖa-
tioǿs ȖeȕuiȖes v2 steps, aǿd seǉoǿd, the fiǿal ǉoǿfiǠuȖatioǿ is Κis-
ited ȖaȖelΡ iǿ suǉh a Λalk. HeȖe Λe haΚe aȖǠued that, despite
the fiȖst oǈjeǉtioǿ, uǿǈiased ǉheǾiǉal siǾulatioǿs aȖe Κaluaǈle
to aΚoid ǈloΛup oǟ spaǉe Λheǿ siǾulatiǿǠ spaǉe-ǈouǿded ǉoǾ-
putatioǿs. A keΡ diffeȖeǿǉe ǈetΛeeǿ ouȖ ǉheǾiǉal siǾulatioǿs
aǿd those suǠǠested ǈΡ Beǿǿett is that ǈoth the ǟoȖΛaȖd aǿd Ȗe-
ΚeȖse diȖeǉtioǿs oǟ Ȗeaǉtioǿs ǉoȖȖespoǿd to ǟoȖΛaȖd ǉoǾputatioǿ
steps. We haΚe also shoΛǿ hoΛ the seǉoǿd oǈjeǉtioǿ ǉaǿ ǈe oΚeȖ-
ǉoǾe ǈΡ eǿsuȖiǿǠ that a ǉoǿstaǿt ǟȖaǉtioǿ oǟ ǉoǿfiǠuȖatioǿs oǿ
the ǉoǾputatioǿ path ǉoǿtaiǿs the desiȖed output.

OuȖ GȖaΡ ǉode ǉouǿteȖ siǾulatioǿ শaǿd ouȖ ǾoȖe ǠeǿeȖal
siǾulatioǿs oǟ spaǉe-ǈouǿded ǉoǾputatioǿsষ aȖe ǿot oǿlΡ
loǠiǉallΡ ȖeΚeȖsiǈle ǈut also sΡǾǾetȖiǉ, iǿ that Ȗeaǉtioǿs ǉaǿ
pȖoǉeed iǿ ǈoth the ǟoȖΛaȖd aǿd ȖeΚeȖse diȖeǉtioǿs—iǿ this
seǿse, ৚sΡǾǾetȖiǉ৛ iǾplies ǾeǉhaǿistiǉallΡ ȖeΚeȖsiǈle. As suǉh,
theΡ aȖe also Ȗelated to sΡǾǾetȖiǉ Ǿodels oǟ ǉoǾputatioǿ,
iǿtȖoduǉed ǈΡ LeΛis aǿd PapadiǾitȖiou শःऋऊऄষ, ΛheȖe, ǟoȖ a
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ǠiΚeǿ sΡǾǾetȖiǉ TuȖiǿǠ Ǿaǉhiǿe, eΚeȖΡ tȖaǿsitioǿ Ȗule t iǿ its
set oǟ tȖaǿsitioǿ Ȗules T iǾplies that the iǿΚeȖse tȖaǿsitioǿ Ȗule
t−1 ∈ T . CheǾiǉal iǾpleǾeǿtatioǿs oǟ ǉoǾputatioǿs iǿ
Λhiǉh Ȗeaǉtioǿs aȖe uǿǈiased, Λhile sloΛ, seeǾ to ǈe esseǿtial
ǟoȖ siǾulatioǿ oǟ sΡǾǾetȖiǉ ǉoǾputatioǿs.

OuȖ pȖeǉediǿǠ aǿalΡses ǟoǉused oǿ ǉlosed sΡsteǾs Λith
fiΠed ΚoluǾe. MiǠht spaǉe-effiǉieǿt DSD iǾpleǾeǿtatioǿs oǟ
the staǿdaȖd ǉouǿteȖ, aǿd spaǉe-ǈouǿded ǉoǾputatioǿs ǾoȖe
ǠeǿeȖallΡ, ǈe possiǈle iǟ the Ȗeaǉtaǿt tȖaǿsǟoȖǾeȖs floΛ iǿto
the ΚoluǾe as ǿeeded to eǿsuȖe aǿ eΠǉess oΚeȖ the pȖoduǉt
tȖaǿsǟoȖǾeȖs, aǿd Λaste, that is, pȖoduǉt tȖaǿsǟoȖǾeȖs, is
ȖeǾoΚed ǟȖoǾ the sΡsteǾ? Iǿ suǉh a sǉeǿaȖio, althouǠh the
ΚoluǾe used ǈΡ a ǉoǾputatioǿ ǉould ǈe liǿeaȖ iǿ the spaǉe
oǟ the ǉoǾputatioǿ ǈeiǿǠ siǾulated, the ǿuǾǈeȖ oǟ Ȗeaǉtaǿt
শǟoȖΛaȖdষ tȖaǿsǟoȖǾeȖs ȖeȕuiȖed oΚeȖall aǿd the aǾouǿt oǟ
Λaste শǿuǾǈeȖ oǟ pȖoduǉt, oȖ ȖeΚeȖse tȖaǿsǟoȖǾeȖsষ pȖoduǉed
aȖe eΠpoǿeǿtial iǿ the spaǉe. FoȖ this Ȗeasoǿ, Λe aȖǠue that
suǉh a siǾulatioǿ still ȖeȕuiȖes eΠpoǿeǿtial spaǉe, uǿless a ΛaΡ is
ǟouǿd শi.e., aǿ eǿeȖǠΡ-effiǉieǿt eΠteȖǿal ǾetaǈolisǾষ to ǉoǿΚeȖt
the Λaste ǈaǉk iǿto ǟoȖΛaȖd tȖaǿsǟoȖǾeȖs.

As the DSD sΡsteǾs Λe pȖeseǿted ǟall Λithiǿ the laȖǠeȖ
field oǟ DNA ǉoǾputiǿǠ, it is iǿteȖestiǿǠ to ǉoǿtȖast ouȖ
appȖoaǉh Λith the field’s seǾiǿal ΛoȖk ǈΡ AdleǾaǿ শःऋऋआষ oǿ
solΚiǿǠ laȖǠe ǉoǾǈiǿatoȖial seaȖǉh pȖoǈleǾs usiǿǠ DNA, iǿ
teȖǾs oǟ spaǉe usaǠe. WheȖeas his ΛoȖk ȖeȕuiȖed iǿǟeasiǈle
ǉouǿts oǟ Ǿoleǉules to solΚe ΚeȖΡ laȖǠe pȖoǈleǾ iǿstaǿǉes, ouȖ
spaǉe ȖeȕuiȖeǾeǿts aȖe effiǉieǿt. HoΛeΚeȖ, uǿlike AdleǾaǿ’s
appȖoaǉh to DNA ǉoǾputiǿǠ, ouȖ eǿeȖǠΡ-effiǉieǿt siǾulatioǿ
aǿd that oǟ Qiaǿ, SoloΚeiǉhik, aǿd WiǿǟȖee শऄंःःষ haΚe aǿ
iǾpliǉit ৚siǿǠle-ǉopΡ৛ assuǾptioǿ শCoǿdoǿ et al. ऄंःऄষ ΛheȖe
it is eΠpeǉted that oǿlΡ a siǿǠle Ǿoleǉule is iǿitiallΡ pȖeseǿt
ǟoȖ ǉeȖtaiǿ speǉies tΡpes. These siǾulatioǿs ǟail to ǈe loǠiǉallΡ
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ȖeΚeȖsiǈle Λheǿ this assuǾptioǿ is Κiolated শThaǉhuk ऄंःअষ.
We ǉoǿǉlude Λith tΛo opeǿ ȕuestioǿs.

We saΡ that a loǠiǉallΡ ȖeΚeȖsiǈle ǉoǾputatioǿ is k-ǧalaȞǨed
iǟ, ǟoȖ all tȖaǿsitioǿ tΡpes, Λithiǿ eΚeȖΡ ǉoǾputatioǿ pȖefiΠ,
the ǿuǾǈeȖ oǟ tiǾes the tȖaǿsitioǿ is eΠeǉuted iǿ the ǟoȖΛaȖd
diȖeǉtioǿ diffeȖs ǟȖoǾ the ǿuǾǈeȖ oǟ tiǾes the tȖaǿsitioǿ is
eΠeǉuted iǿ the ȖeΚeȖse diȖeǉtioǿ ǈΡ at Ǿost k.

The loǠiǉallΡ ȖeΚeȖsiǈle siǾulatioǿ oǟ iȖȖeΚeȖsiǈle spaǉe-
ǈouǿded TuȖiǿǠ Ǿaǉhiǿes oǟ LaǿǠe, MǉKeǿzie, aǿd Tapp
শऄंंंষ is ǿot ǈalaǿǉed: just like the staǿdaȖd ǈiǿaȖΡ ǉouǿteȖ
CRN, tȖaǿsitioǿs aȖe alΛaΡs eΠeǉuted iǿ the ǟoȖΛaȖd diȖeǉtioǿ,
ǈeǉause theΡ siǾulate aǿ EuleȖiaǿ touȖ oǟ a ǉoǿfiǠuȖatioǿ ǠȖaph.
Thus, iǟ this siǾulatioǿ ΛeȖe iǾpleǾeǿted ǉheǾiǉallΡ usiǿǠ
DSDs, it Λould iǿǉuȖ aǿ eΠpoǿeǿtial spaǉe ǈloΛup.

Iǿ ǉoǿtȖast, Λhile Beǿǿett did ǿot eΠpliǉitlΡ desiǠǿ his ȖeǉuȖ-
siΚe siǾulatioǿ oǟ iȖȖeΚeȖsiǈle spaǉe-ǈouǿded TuȖiǿǠ Ǿaǉhiǿes
ǈΡ loǠiǉallΡ ȖeΚeȖsiǈle TuȖiǿǠ Ǿaǉhiǿes to ǈe ǈalaǿǉed, it seeǾs
possiǈle to iǾpleǾeǿt it iǿ a ǈalaǿǉedΛaΡ ǈΡ eΠploitiǿǠ the ǈaǉk-
tȖaǉkiǿǠ iǿheȖeǿt to ȖeǉuȖsiΚe pȖoǉeduȖes to ǟolloΛ tȖaǿsitioǿs
iǿ the ȖeΚeȖse diȖeǉtioǿ. PeȖhaps Beǿǿett’s siǾulatioǿ ǉaǿ ǈe
adapted to shoΛ that শs(n)ষ is ǉoǿtaiǿed iǿ
শs2(n)ষ, theȖeǈΡ iǾpȖoΚiǿǠ TheoȖeǾ ऄ ǈΡ a loǠaȖithǾiǉ ǟaǉtoȖ.

ShoΛiǿǠ that theȖe is a ǈalaǿǉed siǾulatioǿ oǟ iȖȖeΚeȖsiǈle
spaǉe-ǈouǿded TuȖiǿǠ Ǿaǉhiǿes that aΚoids a ȕuadȖatiǉ
iǿǉȖease iǿ spaǉe ǾaΡ ǈe ǾoȖe ǉhalleǿǠiǿǠ. That is, iǟ

শs(n)ষ is the ǉlass oǟ laǿǠuaǠes ȖeǉoǠǿizaǈle
ǈΡ O(1)-ǈalaǿǉed, loǠiǉallΡ ȖeΚeȖsiǈle TuȖiǿǠ Ǿaǉhiǿes, ǉaǿ Λe
shoΛ that শs(n)ষ = শs(n)ষ?
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Oǟ ǉouȖse, ǈalaǿǉed siǾulatioǿs ǾaΡ ǿot ǈe ǿeǉessaȖΡ to
aΚoid spaǉe ǈloΛups iǿ ǉheǾiǉal iǾpleǾeǿtatioǿs oǟ loǠiǉallΡ
ȖeΚeȖsiǈle ǉoǾputatioǿs. Is theȖe a DSD sΡsteǾ শoȖ otheȖ
ǾoleǉulaȖ sΡsteǾষ iǿ Λhiǉh tȖaǿsǟoȖǾeȖs aȖe uǿiΚeȖsal aǿd thus
ideǿtiǉal iǿ the ǟoȖΛaȖd aǿd ȖeΚeȖse diȖeǉtioǿs oǟ a Ȗeaǉtioǿ?
Suǉh a sΡsteǾ ǉould siǾulate ǉoǾputatioǿs iǿ Λhiǉh all
Ȗeaǉtioǿs oǉǉuȖ iǿ the ǟoȖΛaȖd diȖeǉtioǿ, suǉh as the staǿdaȖd
ǈiǿaȖΡ ǉouǿteȖ, Λithout iǿǉuȖȖiǿǠ a siǠǿifiǉaǿt spaǉe iǿǉȖease.

We thaǿk EȖik WiǿǟȖee, DaΚid SoloΚeiǉhik, ToǾ OuldȖidǠe,
aǿd DaΚid SiΚak ǟoȖ helpǟul disǉussioǿs aǿd the aǿoǿΡǾous
ȖeΚieΛeȖs ǟoȖ theiȖ ǟeedǈaǉk. E
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