VERTEX DEGREE SUMS FOR PERFECT MATCHINGS IN 3-UNIFORM
HYPERGRAPHS

YI ZHANG, YI ZHAO, AND MEI LU

ABSTRACT. We determine the minimum degree sum of two adjacent vertices that ensures a perfect matching
in a 3-graph without isolated vertex. Suppose that H is a 3-uniform hypergraph whose order n is sufficiently
large and divisible by 3. If H contains no isolated vertex and deg(u) + deg(v) > %nQ — %n + 2 for any two
vertices v and v that are contained in some edge of H, then H contains a perfect matching. This bound is
tight and the (unique) extremal hyergraph is a different space barrier from the one for the corresponding
Dirac problem.

1. INTRODUCTION

A k-uniform hypergraph (in short, k-graph) H is a pair (V, E), where V := V(H) is a finite set of vertices
and E := E(H) is a family of k-element subsets of V. A matching of size s in H is a family of s pairwise
disjoint edges of H. If the matching covers all the vertices of H, then we call it a perfect matching. Given
a set S C V), the degree degy (S) of S is the number of the edges of H containing S. We omit the subscript
when the underlying hypergraph is obvious from the context, and simply write deg(v) when S = {v}. The
minimum £-degree of H, denoted by &¢(H), is the minimum deg(S) over all ¢-subsets S of V(H).

Given integers ¢ < k < n such that k divides n, we define the minimum ¢-degree threshold m¢(k,n)
as the smallest integer m such that every k-graph H on n vertices with d,(H) > m contains a perfect
matching. In recent years the problem of determining my(k,n) has received much attention, see, e.g.,
[2, @, B 6l e 8L @), 01 [12) 13, 15, 06, 17, 19, 20, 21]. For example, Rédl, Rucinski, and Szemerédi [I7]
determined my_1(k,n) for all £ > 3 and sufficiently large n. For more Dirac-type results on hypergraphs,
we refer readers to surveys [14] 25].

In this paper we focus on 3-graphs. Han, Person and Schacht [4] showed that

m(3,n) = <Z +o(1)) (;‘) (1)

Kiihn, Osthus and Treglown [I0] and independently Khan [6] later proved that mq(3,n) = (";') — (2"2/3) +1
for sufficiently large n.

Motivated by the relation between Dirac’s condition and Ore’s condition for Hamilton cycles, Tang and
Yan [I§] studied the degree sum of two (k — 1)-sets that guarantees a tight Hamilton cycle in k-graphs.
Zhang and Lu [22] studied the degree sum of two (k — 1)-sets that guarantees a perfect matching in k-
uniform hypergraphs.

Our objective is to find an Ore’s condition that guarantees a perfect matching in 3-rgraphs. As Ore’s
theorem concerns the degree sum of two non-adjacent vertices in graphs, we consider the degree sum of two
vertices in 3-graphs. For two distinct vertices u,v in a hypergraph, we call u,v adjacent if there exists an
edge containing both of them. The following are three possible ways of defining the minimum degree sum of
3-graphs. Let o3(H) = min{deg(u) + deg(v) : v and v are adjacent}, o5(H) = min{deg(u) + deg(v) : u,v €
V(H)} and ¢4 (H) = min{deg(u) + deg(v) : u and v are not adjacent}.

The parameter o4 is closely related to the Dirac threshold m4(3,n). Indeed, we can prove that when n
is divisible by 3 and sufficiently large, every 3-graph H on n vertices with o4 (H) > 2((";") — (2”2/ N +1
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contains a perfect matching. Indeed, such H contains at most one vertex u with deg(u) < (";1) — (2"2/3). If
deg(u) < (5/9 —€)(}) for some £ > 0, then we choose an edge containing u and find a perfect matching in
the remaining 3-graph by immediately. Otherwise, d1(H) > (5/9 —¢)(5). We can prove that H contains
a perfect matching by following the same approach as in [10]

On the other hand, no condition on ¢ alone guarantees a perfect matching. In fact, let H be the 3-graph
whose edge set consists of all triples that contain a fixed vertex. This H contains no two disjoint edges even
though it satisfies all conditions on o} (because any two vertices of H are adjacent).

Therefore we focus on o5. More precisely, we determine the largest oo (H) among all 3-graphs H of order n
without isolated vertex such that H contains no perfect matching. (Trivially H contains no perfect matching
if it contains an isolated vertex.) Let us define a 3-graph H, which is one of the so-called space barriers
for perfect matchings (see Section 5 for their definitions and a connection to a well-known conjecture of
Erdds [3]). The vertex set of H' is partitioned into two vertex classes S and T' of size n/3+1 and 2n/3 — 1,

2\ > IT|=2n/3-1

IS|=n/3+1

FIGURE 1. H}: every edge intersects 1" in two or three vertices.

respectively, and whose edge set consists of all triples containing at least two vertices of T' (see Figure .
For any two vertices u € T and v € S,

deg(u) = (2”/2_ 2) + (g + 1) <2; - 2> > (2”/2_ 1> — deg(v).

Hence o2 (H}) = (2"/2372) +(n/3+1)(2n/3—-2)+ (Qn/g’fl) =2n?/3 — 8n/3 + 2. Obviously, H} contains no
perfect matching. The following is our main result.

Theorem 1. There exists ng € N such that the following holds for all integers n > ng that are divisible by
3. Let H be a 3-graph of order n > ng without isolated vertez. If oo(H) > 02(H}) = 2n? — Sn+2, then H
contains a perfect matching.

Theorem [1] actually follows from the following stability result. For two hypergraphs H; and Hs, we write
H, C H, if H; is a subgraph of Hs.

Theorem 2. There exist € > 0 and ng € N such that the following holds for all integers n > ng that are
divisible by 3. Suppose that H is a 3-graph of order n > ng without isolated vertex and oo(H) > 2n?/3 —en?,
then H C HY or H contains a perfect matching.

Indeed, if o9(H) > 2n?/3 — 8n/3 + 2, then H ¢ H} and by Theorem |2 H contains a perfect matching.
Furthermore, Theorem |2| implies that H is the unique extremal 3-graph for Theorem |I| because all proper
subgraphs H of H satisfy oo(H) < o2(H,}).

This paper is organized as follows. In Section 2, we provide preliminary results and an outline of our
proof. We prove an important lemma in Section 3 and we complete the proof of Theorem |2 in Section 4.
Section 5 contains concluding remarks and open problems.

Notation: Given vertices vy, ..., v, we often write vy ---v; for {vy,...,v:}. The neighborhood N(u,v) is
the set of the vertices w such that wvw € E(H). Let V1, Va, V3 be three vertex subsets of V(H), we say that
an edge e € E(H) is of type V1 VoV if e = {v1,v9,v3} such that vy € V3, vy € Vo and v3 € V3.

Given a vertex v € V(H) and a set A C V(H), we define the link L,(A) to be the set of all pairs uw such
that u,w € A and wvw € E(H). When A and B are two disjoint sets of V(H), we define L, (A, B) as the
set of all pairs uw such that v € A, w € B and uwvw € E(H).

I fact, due to the absorbing method, we only need to verify the extremal case.
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We write 0 < a1 < a9 < ag if we can choose the constants a1, as, ag from right to left. More precisely there
are increasing functions f and g such that given a3, whenever we choose some ay < f(a3) and a; < g(az),
all calculations needed in our proof are valid.

2. PRELIMINARIES AND PROOF OUTLINE

We will need small constants
D<egnKy<KyY €« pgKT< 1.

Suppose H is a 3-graph such that oo(H) > 2n2/3 —en?. Let W = {v € V(H) : deg(v) < n?/3 — en?/2},
U=V\W.If W =0, then implies that H contains a perfect matching. We thus assume that |[W] > 1.
Any two vertices of W are not adjacent — otherwise oo(H) < 2n%/3 —en?, a contradiction. If [W| > n/3+1,
then H C H} and we are done. We thus assume |W| < n/3 for the rest of the proof.

Our proof will use the following claim.

Claim 3. If |W| > n/4, then every vertex of U is adjacent to some vertex of W.

Proof. To the contrary, assume that some vertex ug € U is not adjacent to any vertex in W. Then we have
deg(ug) < ('U‘Q’l) = ("’WQV'*l). Since |[W| > n/4 and n is sufficiently large,

n—n/4—1 9 , 9 n? e,
d < = p2_Z 1o — — 2
eg(ug) < < 9 > 35" 8n+ <3 3"

which contradicts the definition of U. O

By Claim when [W| > 2, we have deg(u) > (2n2/3 — en?) — (""J"]) for every u € U. This is stronger
than the bound given by the definition of U because

2, 9 n—|W| 2 , 9 n—n/4 37 5 3 n? e,
— — — > | — — — = (— — — — — —n~.
<3n 5n> ( ) > | gn° —en ) (96 s)n +gn> 5 —5n

Our proof consists of two steps.
Step 1. We prove that H contains a matching that covers all the vertices of W.

Lemma 4. There exist € > 0 and nyg € N such that the following holds. Suppose that H is a 3-graph of order
n > ng without isolated vertex and oo(H) > 2n2/3 —en?. Let W = {v € V(H) : deg(v) < n?/3 —en?/2}. If
|[W| <n/3, then H contains a matching that covers every vertex of W.

We will prove Lemma[d]in Section 3. The following is an outline of the proof. Consider a largest matching
M in H such that every edge of M contains one vertex from W and assume |M| < |W/|. If |[IW| < (1/3—~v)n,
then we choose two adjacent vertices, one from W and the other from V' \ W to derive a contradiction with
oo(H). It n/3 > |W]| > (1/3 — v)n, we use three unmatched vertices, one from W and two from V \ W to
derive a contradiction.

Step 2. We show that H contains a perfect matching.

Because of Lemma [ we begin by considering a largest matching M such that M covers every vertex
of W and suppose that |M| < n/3. After choosing three vertices from V' \ V(M ), we distinguish the cases
when |M| <n/3 —nn and when |M| > n/3 —nn and derive a contradiction by comparing upper and lower
bounds for the degree sum of these three vertices. When |M| > n/3 — nn, we need to apply .

In Step 2 we need three simple extremal results. The first lemma is Observation 1.8 of Aharoni and
Howard [I]. A k-graph H is called k-partite if V(H) can be partitioned into Vi, - -+ , Vi, such that each edge
of H meets every V; in precisely one vertex. If all parts are of the same size n, we call H n-balanced.

Lemma 5. [I] Let F be the edge set of an n-balanced k-partite k-graph. If F does not contain s disjoint
edges, then |F| < (s — 1)nk=1,

The bound in the following lemma is tight because we may let G1 be the empty graph and G = G3 = K,,.
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Lemma 6. Let Gy, G2, G3 be three graphs on the same set V of n > 4 wvertices such that every edge of G
intersects every edge of G; for both i = 2,3. Then Z?:1 Y veadegs, (v) < 6(n —1) for any set A CV of
size 3.

Proof. Assume A = {uy, us,uz} and let b =n—3 > 1. We need to show that Zf’zl Z?Zl degg, (u;) < 6b+12.

Let ¢; denote the number of the vertices in A of degree at least 3 in G;. We distinguish the following two
cases:

Case 1: ¢, > 1.

If 1 > 2, say, degg, (uj) > 3 for j = 1,2, then E(G;) C {ujua} for i = 2,3 — otherwise we can find
two disjoint edges, one from G and the other from G2 or G3. Therefore, E?Zl degg, (u;) < 2 for i = 2,3.
Moreover, 22:1 degg, (uj) < 3b+ 6. We have Z?Zl Z?Zl degg, (uj) < 3b+10 < 60+ 12.

If £, = 1, say, degg, (u1) > 3, then G is a star centered at u; for i = 2,3 — otherwise one edge of
G must be disjoint from one edge of G or G3. In this case we have Z?zl degg, (u;) < b+2+4 and
Z?Zl degg, (uj) < b+ 4 for i = 2,3. Therefore, Z?:l Z?Zl degg, (uj) <3b+14 <6b+12as b > 1.

Case 2: /1 =0.

Let us consider the value of max{fs,¥f3}. First, if max{ls,l3} = 3, then F(G;) = (. Consequently,
Yoy Yoi degg, (u;) < 2(3b+6) = 6b+ 12.

Second, assume max{/s,f3} = 2. Without loss of generality, we assume /; = 2 and degg, (u;) > 3 for
j =1,2. Then E(G1) C {ujus}. In this case Z?:l degg, (u;) < 2 and Z?:1 degg, (uj) < 2b+ 4+ 2 for
i =2,3. Hence 2?21 2321 degg, (u;) <4b+14 <6b+ 12 as b > 1.

Third, assume max{/z, /3} = 1. Without loss of generality, assume £ = 1 and degg, (u1) > 3. Then G,
is a star centered at u;. We have 23:1 degg, (u;) < 4 and 2?21 degg, (u;) < b+2+4 fori=2,3. So
Sy i pdegg, (u;) < 2b+16 < 6b+ 12 as b > 1.

At last, assume max{/fz, 3} = 0. Then degg, (u;) < 2foralli,j € {1,2,3}. Hence Z?Zl Z?=1 degg, (u;) <
18<6b+12as b > 1. O

The bound in the following lemma is tight because we may let G; = G2 = G5 be a star of order n centered
at a vertex of A.

Lemma 7. Let Gy, G, G3 be three graphs on the same set V' of n > 5 wvertices such that for any i # j, every
edge of G; intersects every edge from G;. Then Zle Y veadegg, (v) < 3(n+1) for any set A CV of size
3.

Proof. Assume A = {uy, us, uz} and let b = n—3 > 2. We need to show that Z?:l Z?Zl degg, (u;) < 3b+12.

Let ¢; denote the number of the vertices in A of degree at least 3 in G;. We distinguish the following two
cases:

Case 1: ¢; > 1 for some i € [3].

Without loss of generality, £, > 1 and degg, (u1) > 3. If degg, (u2) > 3 or degg, (us) > 3, say, degg, (u2) >
3, then E(G;) C {ujus} for i = 2,3 — otherwise we can find two disjoint edges e; and e from two distinct
graphs of G1,G2,Gs. In this case Zj’.:l degg, (u;) < 3b+ 6 and 25:1 degg, (uj) < 2 for i = 2,3, which
implies that Z§=1 ijl degg, (uj) < 3b+ 10.

Assume degg, (u;) < 2 for j = 2,3. We know that Gy, i = 2,3 is a star centered at u; — otherwise one
edge of G must be disjoint from one edge of G, i € {2,3}. If degg,(u1) > 3 or degg, (u1) > 3, then G is
also a star centered at u;. In this case 23:1 degg, (u;) < b+4 fori € [3], so E?Zl 23:1 degg, (uj) < 3b+12.
Otherwise degg, (u1) < 2 for i = 2,3, hence Z?:l degg, (u;) < 4 for i = 2,3. Since Z?Zl degg, (u;) < b+6,
we have Zle Zj=1 degg, (uj) <b+14 < 3b+12.

Case 2: £; =0 for i € [3].
In this case Zf’:l degg, (uj) <6 fori=1,2,3. Hence Zle Z?Zl degg (uj) <18 <3b+12asb>2. O
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3. PrROOF oF LEMMA M

Choose a largest matching of H, denoted by M, such that every edge of M is of type UUW. To the
contrary, assume that |[M| < |W|—1. Let Uy = V(M)NU, Uy = U\Uy, Wy = V(M)NW, and Wy = W\ W;.
Then |U;| = 2|M|, and |Us| = n — |W| — 2|M|. We distinguish the following two cases.

Case 1: 0 < |[W]| < (% —)n.

We further distinguish the following two sub-cases:

Case 1.1: A vertex vy € W5 is adjacent to a vertex ug € Us.

Let M/ = {e € M : 3u € e,|N(vg,u') NUs| > 3}. Assume {uy,us,v1} € M’ such that uy,us € Uy,
vy € Wy, and |N(vg, u1) NUs| > 3. We claim that

N(Uo,?]l)ﬂ(UQU{UQ}) =0. (2)

Indeed, if {ug,v1,us} € E(H) for some uz € Uz, then we can find uy € Uz \ {ug, us} such that {vg, us,us} €
E(H). Replacing {u1, ua, v1} by {ug, v1,us} and {vg, u1, us} gives a larger matching than M, a contradiction.
The case when {ug, v1,us} € E(H) is similar.

By the definition of M’, there are at most 2(|U1|—2|M’|) edges containing vy with one vertex in Uy \ V(M)
and one vertex in U,. This implies that

U U /
deg(vo) < (' 2”) +2|M||Us| + 2(|U: | — 2|M'|) = (' ;') +2|U | + |M'|(2|Us| - 4).

By , there are at most |Uy||W;| — |M’| edges consisting of ug, one vertex in U;, and one vertex in Wy,
and at most (|Us| — 1)(|W1| — |M’|) edges consisting of ug, one additional vertex in Us, and one vertex in
W1. Therefore,

Ul-1
degun) < (71,7 1) + AWl + [0309A] = 02+ ] - 193] = )

U1
= (1) o+ o - il - el
and consequently,
dego) +degtu) < (11) 42001+ (]

Since [W| < (3 — 7)n, we have |Uz| > 3yn > 4. As |M'| < |M| = |Wy| = ‘U;‘, it follows that

U U U
U)o+ ol - 0I5+ el gy - 0

U
1= )+|U1||W|+<|Uz|—1>|wl|+M’<|Uz|—4>.

deg(vg) + deg(ug) < (' 21|> +2|U4 | +

("
((IUI) <U2)> (lUl )+(|W|—;>|U1|

= (o=~ (157 + i - i

Since |M| < |W|—1 and |Us| > n — 3|W| + 2, we derive that

n— 3|;V| + 2) + (W] = (W] 1)

2 7 73 3 7 2
R TN

Since |W| < (% —)n, 0 < e <~ and n is sufficiently large, we have

deg(vg) + deg(ug) < (n — |[W| —1)% — (

2 2 2
deg(vp) + deg(up) < §n2 - gn + S - % ('yn + Z) < gnz —en?.

This contradicts our assumption on oo(H) because vg and ug are adjacent.

Case 1.2: No vertex in W5 is adjacent to any vertex in Us.
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Fix vg € Wa. Since vy is not adjacent to any vertex in Us, we have deg(uvg) < (lUl‘) = (2|é\/f\). Since vg is
not an isolated vertex, there exists a vertex u; € U; that is adjacent to vg. By the assumption, H contains no
edge containing u; with one vertex in Us, one vertex in Wa. Thus deg(u;) < (lU‘ 1) +(|U|-D|W|—|Us||[Wa|.
Since |[M| < |W| -1 and |U| = n — |W]|, it follows that

Y () - o - - s+

2
3 1 1 5 13
:2<W|—2> +-n?—Sn 4 —.

IN

deg(vg) + deg(u1)

2 2 8
Furthermore, since [W| < (3 —7)n and 0 < € < , we derive that

3 1\? 1 5 13 2 3 3
deg(vo)+deg(u1)§2<§—’yn—2) —|—§n2_§n+§ (3—7+272)n2_<3—27>n+2
2,

contradicting our assumption on o9(H).
Case 2: [W|> (3 —y)n.
Claim 8. |M|>n/3 —~+'n.

Proof. To the contrary, assume that |M| < n/3 —v'n. Fix vy € Wa. Then deg(vo)

there is no edge of type UsUsWy. Suppose u € U is adjacent to vg. Trivially deg(u) (
Thus

degton) + degto) < (7 qur - o (15) = (151) == go1- - (1),

Our assumptions imply that |U| < 2n/3 + yn and |Uz| > 29'n. As a result,

2 27/ 2
deg(vg) + deg(u) < (n—1) <3n+’yn 1) - ( ';n) <3n n? —en?,

because ¢ < v < v and n is sufficiently large. This contradicts our assumption on oo (H). O

(lgl) — (lU?I) because
|U|-

<
< (Y5 +(ul-nwl.

Fix u; # ug € Uy and vy € Wa. Trivially deg(w) < (‘gl) for any vertex w € W and deg(u) < (‘Ul 1) +
[W|(JU| — 1) for any vertex u € U. Furthermore, for any two distinct edges e;,es € M, we observe that at
least one triple of type UUW with one vertex from each of e; and e; and one vertex from {uy, ug,v9} is not
an edge — otherwise there is a matching M3 of size three on e; Ueg U {uy,uz,v9} and M3z U M \ {ej,es} is
thus a matching larger than M. By Claim 8| |M]| > n/3 —4'n. Thus,

deg(u1) + deg(us) + deg(vo) < 2 (<|U|2_ 1) W (U] - 1)) + ('g') - (”/3 N 7'").

On the other hand, since [W| > (5 —7)n > n/4, Claim implies that u; is adjacent to some vertex in W
for i = 1,2. We know that v is adjacent to some vertex in U. Therefore, deg(u;) > (2n?/3 — en?) — (‘gl)

for i = 1,2, and deg(vo) > (2n?/3 —en?) — ((‘Ulz_l) + |[W|(U| - 1)) It follows that
2n? U Ul-1
deg(uy) + deg(us) + deg(vo) > 3 (g - snz) - 2(' ) > - <| |2 ) —W|(|U| - 1).
The upper and lower bounds for deg(u) + deg(usz) + deg(vo) together imply that

(0o () (25 ) 35 ).

A 2
or (|U|—1)(n—1)—1("/3 7”)>2”—m2,
3 2
6
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which is impossible because |U| < 2n/3+7n, 0 < ¢ < v < ¥ < 1 and n is sufficiently large. This completes
the proof of Lemma [4]

4. PROOF OF THEOREM

Choose a matching M such that (i) M covers all the vertices of W (ii) subject to (i), |M] is the largest.
Lemma [4] implies that such a matching exists. Let My = {e € M : enNW # 0}, Ms = M \ My, and
Us = V(H) \ V(M). We have |M;| = W], [My] = M| — [W], |Us| = n — 3|M|.

Suppose to the contrary, that |M| < n/3 — 1. Fix three vertices uy,us,uz of Us. We distinguish the
following two cases.

Case 1: |M| <n/3 —nn.

Trivially, for every i € {1,2,3}, there are at most 3| M| edges in H containing u; and two vertices from

the same edge of M. For any distinct e, e; from M, we claim that

3

> |Lu,(e1,e2)] < 18. (3)

=1

Indeed, let Hy be the 3-partite subgraph of H induced on three parts ey, e2, and {u1, us, uz}. We observe that
H, does not contain a perfect matching — otherwise, letting M; be a perfect matching of Hy, (M \ {e1,e2})U
M is a larger matching than M, a contradiction. Apply Lemma [5| with n = k = s = 3, we obtain that
|E(H;)| < 18. Therefore Z?Zl | Ly, (e1,€e2)] < 18.

For any e € M;, we claim that

3
D L (e, Us)| < 6(|Us| - 1).
i=1
Indeed, assume e = {vy,v9,v3} € My with v; € W. Apply Lemma@with A = {uy,u9,us3}, V. = Us, and
G; = (Us, L,,(Us)) for i = 1,2,3. Since |M| < n/3 — 4, we have |B| = |Us| — 3 > 2. By the maximality of
M, no edge of G; is disjoint from an edge of G2 or G3. By Lemma@, Z?Zl 2?21 degg, (u;) < 6(|Us| —1).
Hence 327, |Lu, (e, Us)| = 30, 325, degg, (u5) < 6(|Us| — 1).
Similarly, for any e € M, we can apply Lemma [7] to obtain that

3
> 1Lui(e,Us)] < 3(|Us| +1).

i=1
Putting these bounds together gives
3 M| 3 3
deg(u;) < 18 +9|M| + L, (V(M1),Us)| + L,,(V(Ms),U.
e < 15( 1) 01 D2 10 (VO )]+ 32 00, (V). )

M
< 18(' ) |> +9|M| + 6| M,

(IUs| = 1) + 3| M |(|Us| + 1).

Since |My| = |W|, |Mz| = | M| — |W|, |Us| = n — 3| M|, we derive that

> deg(u;) < 18(“‘2/[') +9[M]| + 6|W|(n — 3|M| — 1) + 3(| M| — [W[)(n — 3|M| + 1)

= (3n — 9|W| + 3)| M| + 3|W|n — 9|W|.

Furthermore, 3n — 9|W|+ 3 > 0 and |M| < n/3 — nn implies that

3
3 deg(ui) < (3n— 9|W| +3) (g - nn) +3[Wn — 9|W|
=1
= (9n —9) |[W| + (1 —3n)n*+ (1 - 3n)n. (4)
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If [W| < n/4, from (@), we have

3
Zdeg(ui) < (91711—9)%4—(1 ~3n)n*+(1-3n)n= (1 - in) n? — (37)—1—2) n,
i=1

which contradicts the condition Z?Zl deg(u;) >3 (% - %) because u; € Us for ¢ € [3] and & < 7.

If |W| > n/4, Claim implies that u; is adjacent to one vertex of W, i = 1,2, 3. Furthermore, deg(w) <
(lg‘) for w € W. So

S sty =5 (2 et (1)) < (2 (1)),

The upper and lower bounds for Zle deg(u;) together imply that

_ M2
(9nm — 9) [W| —|—(1—377)n2+(1—377)n—|—3(n 2|W|> >3 (’; —5n2>,

which is a contradiction because |W| > n/4, 0 < ¢ < n < 1 and n is sufficiently large.

Case 2: |M| > n/3 —nn.

If M| = n/3—1, then |Us| = 3 and we can not apply Lemmas[6|and[7] In fact, whenever |M| > n/3—nn,
Lemma [5| suffices for our proof.

Let W' = {v € W : deg(v) < (5/18+7)n?}. Let M’ be the sub-matching of M covering every vertex of W’.
If [W’| < pn, we claim that degy, (u) > (2 +7) (4) for every vertex u € V(H'), where H' := H[V \ V(M)].
Indeed, from the definition of W', degy (u) > (5/18 + 7)n? for every vertex u € V(H'). Hence,

)
degy (u) > degy (u) — 3n|W'| > <18 + 7') n? — 3n|W’|.

Since |W’| < pn, 0 < v < p < 7 < 1 and n is sufficiently large, we have
5 9 9 ) n
deg . (u) > (18 +T> n® — 3pn* > <9 +7> <2>

In addition, n is divisible by 3, so |V (H')| is divisible by 3. implies that H' contains a perfect matching
M". Now M’'U M" is a perfect matching of H.

Therefore, we assume that |W’| > pn in the rest of the proof. If one vertex of wy,us,us, say, u1, is
adjacent to one vertex in W, the definition of W’ implies that deg(u1) > 2n?/3 —en? — (3% + 7) n?. Recall
that deg(u;) > n?/3 —en?/2 for i = 2,3. Thus

3
4 5 19
;deg(ui) > (3n2 - 25n2> - <18 + T) n? = <18 — 2 — T) n?. (5)
On the other hand,

3
M
> deg(u;) < 18(' 0 |> +9|M| +9|M|(n — 3| M| —1) = 9|M|(n — 2|M| —1),
i=1

where, by , 18('1\24 I) bounds the number of edges intersecting two members of M, 9| M| bounds the number
of edges with two vertices in the same member of M, and 9|M|(n—3|M|—1) bounds the number of edges with
one vertex in V(M) and an additional vertex in Us (besides u;). Since the function f(z) := 9z(n — 2z — 1)
decreases when z > 271, we have f(z) < f(% —nn) for all z > 2 — nn. It follows that

ideg(ui) <9 (g - nn) (n -2 (g - nn) — 1) = (1+3n—187*)n* — (3 — 9In)n.
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Note that (14 3n—187%)n? — (3 —9n)n < ( — 2 — ) 2 because 0 < € < n < 7 < 1 and n is sufficiently
large. We thus obtain a contradiction with

We thus assume that none of uq, us, us is adjacent to any vertex in W’. It follows that

3
§j@am>gw(w“ m“>+%MﬂMWD+%M4MWMn$M1D
i=1

2|M’
+3< ‘2 ) +3(2|M'))(n — 3|M’'| - 1)
2
13 45 9 3
=-3(|M'|+=n—=|M|) ——=|M|?+ =n|M|—9|M|+ =n?
3( [+ 3n 2||) TIMP + SnlM| = 9|M|+ n

As before, 18(/MI7/Ml) bounds the number of edges intersecting two members of M\ M’, 9(|M| — |M'|) for
those with two vertices in the same member of M \ M’, and 9(|M| — |M'|)(n — 3| M| — 1) for those with one

vertex in V(M \ M’) and an additional vertex in Us (besides ;). In addition, 3(2“51/‘) bounds the number of
edges with two vertices in V(M')\ W', and 3(2|M’|)(n — 3|M’| — 1) for those with one vertex in V(M')\ W’
and one vertex in V(H) \ V(M’). Since —n/2 + 3|M|/2 < 0 and |M'| = [W’| > pn,

3 2

13 45 3
> deg(u;) < -3 (pn +on - 2|M> - —\M|2 + “n|M| — 9| M|+ n
i=1

11 1\ /9 15 3 9 9 9
18<|M|n4pn+4) +<88p24p> szpn—1n+§

Recall that 0 < p < 1, so in + %pn — i < % —nn. Furthermore, [M| > % —nn, hence we have
3 2
1 1 1 9 15 3 9 9 9
d ; 18 - — - - = - ——=p?-= 2 _Zon—- =
;:1 eg(u;) ( m=n 4pn+ 4) + (8 g P 4p> n* = en 4n+ 3

= (1-3p" — 9Inp+3n —18n*) n*> + (99 — 3)n,

which contradicts the condition 7, deg(u;) > 3 (n?/3 — en?/2) because 0 < ¢ < 7 < p < 1 and 7 is
sufficiently large. This completes the proof of Theorem

IN

5. CONCLUDING REMARKS

In this paper we consider the minimum degree sum of two adjacent vertices that guarantees a perfect
matching in 3-graphs. Given 3 <k <n and 2 < s < n/k, can we generalize this problem to k-graphs not
containing a matching of size s? For 1 < ¢ <k, let H, n ks denote the k-graph whose vertex set is partitioned
into two sets S and T of size n —sf+ 1 and sf — 1, respectlvely7 and whose edge set consists of all the k-sets
with at least ¢ vertices in T. It is clear that ang contains no matching of size s. A well-known conjecture
of Erd6s [3] says that H, }L ks or H ’Tf ks 15 the densest k-graph on n vertices not containing a matching of size
s. It is reasonable to speculate that the largest oo(H) among all k-graphs H on n vertices not containing
a matching of size s is also attained by Hﬁ)k,s. Note that Hﬁ’k,s is a complete k-graph of order sk — 1

together with n — sk + 1 isolated vertices and thus oo (HF k, S) = 2(Sk_2). When 1 < ¢ < k — 2, any two

k—1
vertices of HY , _ are adjacent and thus op(HY , ) = 201(H. ;). When £ = k — 1, it is casy to see that

oa(HY ) =200 072 + (= sk — 1)+ 2)((0 1) 72).

n,k,s
Assume s = n/k Since Hn k) Contains isolated vertices and &1 (H,, . k) S 01(H,, L i) for 1 <0<
k — 2, we only need to compare o9(H} , nyk) and o2 (HS A n/k). For sufficiently large n, it is easy to see that

oo (H) o) < 0o2(HEol ) when k <6 and oo(H,, ) > 0o(H,y b ) when k> 7.

Problem 9. Does the following hold for any sufficiently large n that is divisible by k? Let H be a k-graph
of order n without isolated vertex. If k < 6 and o3(H) > JQ(H:?;C}RM) ork >7 and o3(H) > 02(H71L7k77l/k),
then H contains a perfect matching.



Now assume k = 3 and 2 < s < n/3. Note that

oo (Hy 5,) = 2<382_ 2), o2(HL 5.,) =2 ((”; 1) - (” ) 8)) , and
o2(H2, ) = (232_ 2) +(n—2s+1) (251_ 2) + <282_ 1) — (25— 2)(n—1).

It is easy to see that oo(H? 3 ) > 02(H,} 3 ,). Zhang and Lu [23] made the following conjecture.

Conjecture 10. [23] There exists ng € N such that the following holds. Suppose that H is a 3-graph of order
n > ng without isolated vertexr. If oo(H) > 2 (("51) —("3°)) and n > 3s, then H contains no matching of
size s if and only if H is a subgraph of wa’s.

Zhang and Lu [23] showed that the conjecture holds when n > 9s%. Later the same authors [24] proved
the conjecture for n > 13s. If Conjecture [10]is true, then it implies the following theorem of Kiihn, Osthus
and Treglown [10].

Theorem 11. [I0] There exists ng € N such that if H is a 3-graph of order n > ng with 6, (H) > (";1) —
(";‘5) + 1 and n > 3s, then H contains a matching of size s.

Our Theorem [1| suggests a weaker conjecture than Conjecture

Conjecture 12. There exists n; € N such that the following holds. Suppose that H is a 3-graph of order

n > ny without isolated vertex. If oo(H) > 09 (Hg,s,s) and n > 3s, then H contains a matching of size s.

On the other hand, we may allow a 3-graph to contain isolated vertices. Note that o3(H? 3 ,) > 02(H; 3.,)
if and only if s < (2n +4)/9. We make the following conjecture.

Conjecture 13. There exists no € N such that the following holds. Suppose that H is a 3-graph of order
n>mnyand2 <s<n/3. Ifoa(H) > 02(Hy 3 ) and s < (2n+4)/9 or o2(H) > 02(Hy 5 ) and s > (2n+4)/9,
then H contains a matching of size s.

In fact, we can derive Conjecture [13|from Conjecture [12|as follows. Let no = max{ ("21), %nl} and H be a
3-graph of order n > ng satisfying the assumption of Conjecture If H contains no isolated vertex, then
H contains a matching of size s by Conjecture Otherwise, let W be the set of isolated vertices in H. Let
H' =H[V(H)\W'] and n’ =n — [W|. Then H' is a 3-graph without isolated vertex and oo(H') = 02(H).
When 2 < s < (2n +4)/9, we have oo(H') > 0a(H. 5 ;) > 02(H}, 5 ,). In addition, since n > (")) and

n —1 ,
2( 5 ) >o09(H') > (2s-2)(n—1) >2(n—1),

we have n' > ny. When s > (2n +4)/9, we have o2(H') > o09(H} 5,
addition, since n > 3n;/2 and

2(71/2—1) - >2<332—2) >2<2(n—21)/3>7

we have n’ > ni. In both cases, Conjecture [12| implies that H' contains a matching of size s.

) > 02(H3l,378) > UQ(H%/,:S,S)' In
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