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Abstract
We present a general method for privacy-
preserving Bayesian inference in Poisson factor-
ization, a broad class of models that includes some
of the most widely used models in the social sci-
ences. Our method satisfies limited precision lo-
cal privacy, a generalization of local differential
privacy, which we introduce to formulate privacy
guarantees appropriate for sparse count data. We
develop an MCMC algorithm that approximates
the locally private posterior over model param-
eters given data that has been locally privatized
by the geometric mechanism (Ghosh et al., 2012).
Our solution is based on two insights: 1) a novel
reinterpretation of the geometric mechanism in
terms of the Skellam distribution (Skellam, 1946)
and 2) a general theorem that relates the Skellam
to the Bessel distribution (Yuan & Kalbfleisch,
2000). We demonstrate our method in two case
studies on real-world email data in which we show
that our method consistently outperforms the
commonly-used naı̈ve approach, obtaining higher
quality topics in text and more accurate link pre-
diction in networks. On some tasks, our privacy-
preserving method even outperforms non-private
inference which conditions on the true data.

1. Introduction
Data from social processes often take the form of discrete
observations (e.g., edges in a social network, word tokens
in an email) and these observations often contain sensitive
information. As more aspects of social interaction are digi-
tally recorded, the opportunities for social scientific insights
grow; however, so too does the risk of unacceptable privacy
violations. As a result, there is a growing need to develop
privacy-preserving data analysis methods. In practice, social
scientists will be more likely to adopt these methods if doing
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so entails minimal change to their current methodology.

Toward that end, we present a method for privacy-preserving
Bayesian inference in Poisson factorization (Titsias, 2008;
Cemgil, 2009; Zhou & Carin, 2012; Gopalan & Blei, 2013;
Paisley et al., 2014), a broad class of models for learning
latent structure from discrete data. This class contains many
of the most widely used models in the social sciences, in-
cluding topic models for text corpora (Blei et al., 2003;
Buntine & Jakulin, 2004; Canny, 2004), population models
for genetic data (Pritchard et al., 2000), stochastic block
models for social networks (Ball et al., 2011; Gopalan &
Blei, 2013; Zhou, 2015), and tensor factorization for dyadic
data (Welling & Weber, 2001; Chi & Kolda, 2012; Schmidt
& Morup, 2013; Schein et al., 2015; 2016b). It further in-
cludes deep hierarchical models (Ranganath et al., 2015;
Zhou et al., 2015), dynamic models (Charlin et al., 2015;
Acharya et al., 2015; Schein et al., 2016a), and many others.

Our method applies principles of differential privacy (Dwork
et al., 2006) to observations locally before they are aggre-
gated into a data set for analysis; this ensures that no single
centralized server need ever store the non-privatized data, a
condition that is often desirable. We introduce limited preci-
sion local privacy (LPLP)—which generalizes the standard
definition of local differential privacy—in order to formulate
privacy guarantees that are natural for applications like topic
modeling, in which observations (i.e., documents) are high-
dimensional vectors of sparse counts. To privatize count
data, our method applies the geometric mechanism (Ghosh
et al., 2012) which we prove is a mechanism for LPLP.

Under local privacy, a data analysis algorithm sees only
privatized (i.e., noised) versions of data. A key statistical
challenge is how to fit a model of the true data having only
observed the privatized data. One option is a naı̈ve approach,
wherein inference proceeds as usual, treating the privatized
data as if it were not privatized. In the context of maximum
likelihood estimation, the naı̈ve approach has been shown to
exhibit pathologies when observations are discrete or count-
valued; researchers have therefore advocated for treating
the non-privatized observations as latent variables to be in-
ferred (Yang et al., 2012; Karwa et al., 2014; Bernstein et al.,
2017). We embrace this approach and extend it to Bayesian
inference, where our goal is to approximate the locally pri-
vate posterior distribution over latent variables conditioned
on the privatized data and randomized response method.
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Figure 1. Block structure recovery: our method vs. the naı̈ve approach. We generated the non-privatized data synthetically. We then
privatized the data using three different levels of noise. The top row depicts the data, using red to denote positive observations and blue to
denote negative observations. As privacy increases, the naı̈ve approach overfits the noise and fails to recover the true µ?

ij values, predicting
high values even for sparse parts of the matrix. In contrast, our method recovers the latent structure, even at high noise levels.

Towards that goal, we introduce a novel Markov chain
Monte Carlo (MCMC) algorithm that is asymptotically
guaranteed to sample from the locally private posterior. Our
algorithm iteratively re-samples values of the true under-
lying data from its inverse distribution conditioned on the
model latent variables, and then vice versa; as a result our
algorithm is modular, allowing a user to re-purpose an exist-
ing implementation of non-private MCMC which samples
the model latent variables given (samples of) the true data.

Our main technical contribution is the derivation of an
analytically closed-form and computationally tractable
scheme for “inverting the noise process” to sample values of
the true data. Our solution relies two key insights: 1) a novel
reinterpretation of the geometric mechanism in terms of
the Skellam distribution (Skellam, 1946), and 2) a theorem
that relates the Skellam to the Bessel (Yuan & Kalbfleisch,
2000) distribution. These insights are generally applicable
and may be of independent interest in other contexts.

We present two case studies applying our method to 1) topic
modeling for text corpora and, 2) overlapping community
detection in social networks. We compare our method to the
naı̈ve approach over a range of privacy levels on synthetic
data and real-world data from the Enron email corpus (Klimt
& Yang, 2004). Our method consistently outperforms the
naı̈ve approach on a range of intrinsic and extrinsic eval-
uation metrics—notably, our method obtains more coherent
topics from text and more accurate predictions of missing
links in networks. We provide an illustrative example in fig-
ure 1. Finally, on some tasks, our method even outperforms
the non-private method which conditions on the true data.

This finding suggests that Poisson factorization, as widely
deployed in practice, is under-regularized and prompts
future research into applying and understanding our method
as a general method for robust count modeling.

2. Background and problem formulation
Differential privacy. Differential privacy (Dwork et al.,
2006) is a rigorous privacy criterion that guarantees that no
single observation in a data set will have a significant influ-
ence on the information obtained by analyzing that data set.

Definition 1. A randomized algorithm A(·) satisfies ε-
differential privacy if for all pairs of neighboring data sets
Y and Y ′ that differ in only a single observation

P (A(Y ) ∈ S) ≤ eεP (A(Y ′) ∈ S) , (1)

for all subsets S in the range of A(·).

Local differential privacy. We focus on local differential
privacy, which we refer to as local privacy. Under this
criterion, the observations remain private from even the
data analysis algorithm. The algorithm only sees privatized
versions of the observations, often constructed by adding
noise from specific distributions. The process of adding
noise is known as randomized response—a reference
to survey-sampling methods originally developed in the
social sciences prior to the development of differential
privacy (Warner, 1965). Satisfying this criterion means one
never needs to aggregate the true data in a single location.
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Definition 2. A randomized response method R(·) is
ε-private if for all pairs of observations y, y′ ∈ Y

P (R(y) ∈ S) ≤ eεP (R(y′) ∈ S) , (2)

for all subsets S in the range of R(·). If a data analysis
algorithm sees only the observations’ ε-private responses,
then the data analysis itself satisfies ε-local privacy.

The meaning of “observation” in definitions 1 and 2 varies
across applications. In the context of topic modeling, an
observation is an individual document y ∈ ZV+ such that
each single entry yv ∈ Z+ is the count of word tokens of
type v in the document. To guarantee local privacy, the
randomized response method has to satisfy the condition
in equation 2 for any pair of observations. This typically
involves adding noise that scales with the maximum
difference between any pair of observations defined as
N (max) = maxy,y′ ‖y−y′‖1. When the observations are
documents, N (max) can be prohibitively large and the
amount of noise will overwhelm the signal in the data. This
motivates the following alternative formulation of privacy.

Limited-precision local privacy. While standard local pri-
vacy requires that arbitrarily different observations become
indistinguishable under the randomized response method,
this guarantee may be unnecessarily strong in some settings.
For instance, suppose a user would like to hide only the
fact that their email contains a handful of vulgar curse
words. Then it is sufficient to have a randomized response
method which guarantees that any two similar emails—one
containing the vulgar curse words and the same email
without them—will be rendered indistinguishable after
randomization. In other words, this only requires the ran-
domized response method to render small neighborhoods of
possible observations indistinguishable. To operationalize
this kind of guarantee, we generalize definition 2 and define
limited-precision local privacy (LPLP).

Definition 3. For any positive integer N , we say that a
randomized response method R(·) is (N, ε)-private if for
all pairs of observations y, y′ ∈ Y such that ‖y−y′‖1 ≤ N

P (R(y) ∈ S) ≤ eεP (R(y′) ∈ S) , (3)

for all subsets S in the range ofR(·). If a data analysis algo-
rithm sees only the observations’ (N, ε)-private responses,
then the data analysis itself satisfies (N, ε)-limited-precision
local privacy. If ‖y‖1 ≤ N for all y ∈ Y , then (N, ε)-
limited-precision local privacy implies ε-local privacy.

LPLP is the local privacy analog to limited-precision
differential privacy, originally proposed by Flood et al.
(2013) and subsequently used to privatize analyses of
geographic location data (Andrés et al., 2013) and financial
network data (Papadimitriou et al., 2017). We emphasize
that this is a strict generalization of local privacy. A

randomized response method that satisfies LPLP adds noise
which scales as a function of N and ε—thus the same
method may be interpreted as being ε-private for a given
setting of N or ε′-private for a different setting N ′. In
section 3, we describe the geometric mechanism (Ghosh
et al., 2012) and show how it satisfies LPLP.

Differentially private Bayesian inference. In Bayesian
statistics, we begin with a probabilistic model M that
relates observable variables Y to latent variables Z via a
joint distribution PM(Y, Z). The goal of inference is then
to compute the posterior distribution PM(Z |Y ) over the
latent variables conditioned on observed values of Y . The
posterior is almost always analytically intractable and thus
inference involves approximating it. The two most common
methods of approximate Bayesian inference are variational
inference, wherein we fit the parameters of an approximat-
ing distribution Q(Z |Y ), and Markov chain Monte Carlo
(MCMC), wherein we approximate the posterior with a
finite set of samples {Z(s)}Ss=1 generated via a Markov
chain whose stationary distribution is the exact posterior.

We can conceptualize Bayesian inference as a randomized
algorithm A(·) that returns an approximation to the
posterior distribution PM(Z |Y ). In general A(·) does
not satisfy ε-differential privacy. However, if A(·) is
an MCMC algorithm that returns a single sample from
the posterior, it guarantees privacy (Dimitrakakis et al.,
2014; Wang et al., 2015; Foulds et al., 2016; Dimitrakakis
et al., 2017). Adding noise to posterior samples can also
guarantee privacy (Zhang et al., 2016), though this set of
noised samples {Z̃(s)}Ss=1 approximates some distribution
P̃M(Z |Y ) that depends on ε and is different than the exact
posterior (but close, in some sense, and equal when ε→ 0).
For specific models, we can also noise the transition kernel
of the MCMC algorithm to construct a Markov chain whose
stationary distribution is again not the exact posterior, but
something close that guarantees privacy (Foulds et al.,
2016). We can also take an analogous approach to privatize
variational inference, wherein we add noise to the sufficient
statistics computed in each iteration (Park et al., 2016).

Locally private Bayesian inference. We first formalize
the general objective of Bayesian inference under local pri-
vacy. Given a generative modelM for non-privatized data
Y and latent variables Z with joint distribution PM(Y,Z),
we further assume a randomized response methodR(·) that
generates privatized data sets: Ỹ ∼ PR(Ỹ |Y ). The goal
is then to approximate the locally private posterior:

PM,R(Z | Ỹ ) = EPM,R(Y | Ỹ ) [PM(Z |Y )]

=

∫
PM(Z |Y )PM,R(Y | Ỹ ) dY. (4)

This distribution correctly characterizes our uncertainty
about the latent variables Z, conditioned on all of our
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observations and assumptions—i.e., the privatized data Ỹ ,
the modelM, and the randomized response methodR. The
expansion in equation 4 shows that this posterior implicitly
treats the non-privatized data set Y as a latent variable
and marginalizes over it using the mixing distribution
PM,R(Y | Ỹ ) which is itself a posterior that characterizes
our uncertainty about Y given all we observe. The
central point here is that if we can generate samples
from PM,R(Y | Ỹ ), we can use them to approximate
the expectation in equation 4, assuming that we already
have a method for approximating the non-private pos-
terior PM(Z |Y ). In the context of MCMC, iteratively
re-sampling values of the non-privatized data from their
complete conditional—i.e., Y (s) ∼ PM,R(Y |Z(s−1), Ỹ )—
and then re-sampling values of the latent variables—i.e.,
Z(s) ∼ PM(Z |Y (s))—constitutes a Markov chain whose
stationary distribution is PM,R(Z, Y | Ỹ ). In scenarios
where we already have derivations and implementations
for sampling from PM(Z |Y ), we need only be able to
sample efficiently from PM,R(Y |Z, Ỹ ) in order to obtain
a locally private Bayesian inference algorithm; whether we
can do this efficiently depends on our choice ofM andR.

We note that the objective of Bayesian inference under
local privacy, as defined in equation 4, is similar to that
of Williams & McSherry (2010), who identify their key
barrier to inference as being unable to analytically form the
marginal likelihood that links the privatized data to Z:

PM,R(Ỹ |Z) =

∫
PR(Ỹ |Y )PM(Y |Z) dY. (5)

In the next sections, we show that if M is a Poisson
factorization model and R is the geometric mechanism,
then we can form an augmented version of this marginal
likelihood analytically and derive an MCMC algorithm that
samples efficiently from the posterior in equation 4.

3. Locally private Poisson factorization
In this section, we describe a particular model M—i.e.,
Poisson factorization—and randomized response method
R—i.e., the geometric mechanism—that are each natural
choices for count data. We prove two theorems about R:
1) that it is a mechanism for LPLP and 2) that it can be
re-interpreted in terms of the Skellam distribution (Skellam,
1946). We rely on the second theorem to show that our
choices ofM and R combine to yield a novel generative
process for privatized count data which we exploit, in the
next section, to derive efficient Bayesian inference.

M: Poisson factorization. We assume that Y is a data set
consisting of counts, each of which yi∈Z+ is an indepen-
dent Poisson random variable yi∼Pois(µi) with rate µi that
is defined to be a deterministic function of shared model
parameters Z. The subscript i is a multi-index. In Poisson

matrix factorization i≡(i1, i2). However this formalism in-
cludes tensor factorization i≡(i1, . . . , iM ) and/or multiview
models in which the multi-index across counts may differ in
the number of indices. This class of models includes many
widely used models in social science, as described in sec-
tion 1. In section 5, we provide case studies using two differ-
ent Poisson factorization models—i.e., mixed-membership
stochastic block model for social networks (Ball et al., 2011;
Gopalan & Blei, 2013; Zhou, 2015) and latent Dirichlet allo-
cation (Blei et al., 2003)—which we describe in more detail.
We selected these models for purposes of exposition—they
are simple and widely used. Although both are instances of
Poisson matrix factorization, the method we present in this
paper applies to any Poisson factorization model.

R: Geometric mechanism. The two most commonly
used randomized response mechanisms in the privacy
toolbox—the Gaussian and Laplace mechanisms—privatize
observations by adding noise drawn from continuous
real-valued distributions; they are thus unnatural choices for
count data. Ghosh et al. (2012) introduced the geometric
mechanism, which can be viewed as the discrete analog
to the Laplace mechanism, and involves adding integer-
valued noise τ ∈ Z drawn from the two-sided geometric
distribution τ ∼ 2Geo(α); the PMF of this distribution is:

2Geo(τ ;α) =
1− α
1 + α

α|τ |. (6)

Theorem 1. (Proof in appendix) Let randomized response
methodR(·) be the geometric mechanism with parameter
α. Then for any positive integer N , and any pair of obser-
vations y, y′ ∈ Y such that ‖y − y′‖1 ≤ N ,R(·) satisfies

P (R(y) ∈ S) ≤ eεP (R(y′) ∈ S) , (7)

for all subsets S in the range ofR(·), where

ε = N ln
( 1

α

)
. (8)

Therefore, for any N , the geometric mechanism with pa-
rameter α is an (N, ε)-private randomized response method
with ε = N ln ( 1

α ). If a data analysis algorithm sees only
the observations’ (N, ε)-private responses, then the data
analysis satisfies (N, ε)-limited precision local privacy.
Theorem 2. (Proof in appendix) A two-sided geometric
random variable τ ∼ 2Geo(α) can be generated as follows:

τ ∼ Skel(λ(+), λ(−)), λ(∗) ∼ Exp( α
1−α ), (9)

where Exp(·) is the exponential distribution and the Skellam
distribution is the marginal distribution over the difference
τ := g(+) − g(−) of two independent Poisson random
variables g(∗) ∼ Pois(λ(∗)) for ∗ ∈ {+,−}.

Combining M and R. We assume each true count is
generated byM—i.e., yi∼Pois(µi)—then privatized byR:

ỹ(±)

i := yi + τi, τi ∼ 2Geo(α). (10)
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<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

ỹ(±)

<latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit>

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>

y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

ỹ(±)

<latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit>

⌧
<latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit><latexit sha1_base64="rx/s5aCvXUP35GpplwAkBrTmD4o=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPaRpv1rz6/4cZJUEBalBgWa/+tUbxCxVXCOT1Npu4CcYZtSgYJLPKr3U8oSyCR3xrqOaKm7DbH7rjJw5ZUCGsXGlkczV3xMZVdZOVeQ6FcWxXfZy8T+vm+LwOsyETlLkmi0WDVNJMCb542QgDGcop45QZoS7lbAxNZShi6fiQgiWX14l7Yt64NeD+8ta46aIowwncArnEMAVNOAOmtACBmN4hld485T34r17H4vWklfMHMMfeJ8/IS2OSA==</latexit>

g(�)

<latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit>

�(+)
<latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit>

�(�)
<latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit>

g(+)

<latexit sha1_base64="77Lhl0RQm4avfvpdvLFgG7l0224=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCRSiJCLqSghuXFewD2lgm09t26MwkzEyEGvInbtzqX7gTt278Cb/BaZqF1h64cDjnXjj3BBGjSrvul1VYWl5ZXSuulzY2t7Z37N29pgpjSaBBQhbKdoAVMCqgoalm0I4kYB4waAXj66nfegCpaCju9CQCn+OhoANKsDZSzz4Y3iddjvVIccwYyKRyepKmPbvsVt0Mzn/i5aSMctR79ne3H5KYg9CEYaU6nhtpP8FSU8IgLXVjBREmYzyEjqECc1B+ksVPnWOj9J1BKM0I7WTq74sEc6UmPDCbWdJ5byou9CQwRR9hkdeJ9eDST6iIYg2CzEIMYubo0Jn25PSpBKLZxBBMJDV/OGSEJSbatFkyBXnzdfwnzbOq51a92/Ny7SqvqogO0RGqIA9doBq6QXXUQAQl6Bm9oFfryXqz3q2P2WrBym/20R9Ynz/jw6Ef</latexit><latexit sha1_base64="77Lhl0RQm4avfvpdvLFgG7l0224=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCRSiJCLqSghuXFewD2lgm09t26MwkzEyEGvInbtzqX7gTt278Cb/BaZqF1h64cDjnXjj3BBGjSrvul1VYWl5ZXSuulzY2t7Z37N29pgpjSaBBQhbKdoAVMCqgoalm0I4kYB4waAXj66nfegCpaCju9CQCn+OhoANKsDZSzz4Y3iddjvVIccwYyKRyepKmPbvsVt0Mzn/i5aSMctR79ne3H5KYg9CEYaU6nhtpP8FSU8IgLXVjBREmYzyEjqECc1B+ksVPnWOj9J1BKM0I7WTq74sEc6UmPDCbWdJ5byou9CQwRR9hkdeJ9eDST6iIYg2CzEIMYubo0Jn25PSpBKLZxBBMJDV/OGSEJSbatFkyBXnzdfwnzbOq51a92/Ny7SqvqogO0RGqIA9doBq6QXXUQAQl6Bm9oFfryXqz3q2P2WrBym/20R9Ynz/jw6Ef</latexit><latexit sha1_base64="77Lhl0RQm4avfvpdvLFgG7l0224=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCRSiJCLqSghuXFewD2lgm09t26MwkzEyEGvInbtzqX7gTt278Cb/BaZqF1h64cDjnXjj3BBGjSrvul1VYWl5ZXSuulzY2t7Z37N29pgpjSaBBQhbKdoAVMCqgoalm0I4kYB4waAXj66nfegCpaCju9CQCn+OhoANKsDZSzz4Y3iddjvVIccwYyKRyepKmPbvsVt0Mzn/i5aSMctR79ne3H5KYg9CEYaU6nhtpP8FSU8IgLXVjBREmYzyEjqECc1B+ksVPnWOj9J1BKM0I7WTq74sEc6UmPDCbWdJ5byou9CQwRR9hkdeJ9eDST6iIYg2CzEIMYubo0Jn25PSpBKLZxBBMJDV/OGSEJSbatFkyBXnzdfwnzbOq51a92/Ny7SqvqogO0RGqIA9doBq6QXXUQAQl6Bm9oFfryXqz3q2P2WrBym/20R9Ynz/jw6Ef</latexit><latexit sha1_base64="77Lhl0RQm4avfvpdvLFgG7l0224=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCRSiJCLqSghuXFewD2lgm09t26MwkzEyEGvInbtzqX7gTt278Cb/BaZqF1h64cDjnXjj3BBGjSrvul1VYWl5ZXSuulzY2t7Z37N29pgpjSaBBQhbKdoAVMCqgoalm0I4kYB4waAXj66nfegCpaCju9CQCn+OhoANKsDZSzz4Y3iddjvVIccwYyKRyepKmPbvsVt0Mzn/i5aSMctR79ne3H5KYg9CEYaU6nhtpP8FSU8IgLXVjBREmYzyEjqECc1B+ksVPnWOj9J1BKM0I7WTq74sEc6UmPDCbWdJ5byou9CQwRR9hkdeJ9eDST6iIYg2CzEIMYubo0Jn25PSpBKLZxBBMJDV/OGSEJSbatFkyBXnzdfwnzbOq51a92/Ny7SqvqogO0RGqIA9doBq6QXXUQAQl6Bm9oFfryXqz3q2P2WrBym/20R9Ynz/jw6Ef</latexit>

ỹ(±)

<latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

�(+)
<latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit>

�(�)
<latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit>

ỹ(+)

<latexit sha1_base64="Ag1remozIJoESEiHGl3iJPUVltQ=">AAACInicbVDLSsNAFJ3UV62vqEsRgkWoCCURQVdScOOygn1AE8tkctMOnTyYmQgxZOWvuHGrf+FOXAl+g9/gtM1C2x64cDjnXjj3uDGjQprml1ZaWl5ZXSuvVzY2t7Z39N29togSTqBFIhbxrosFMBpCS1LJoBtzwIHLoOOOrsd+5wG4oFF4J9MYnAAPQupTgqWS+vqhLSnzIEvz+8wOsByKADMGPKudnuR5X6+adXMCY55YBamiAs2+/mN7EUkCCCVhWIieZcbSyTCXlDDIK3YiIMZkhAfQUzTEAQgnm7yRG8dK8Qw/4mpCaUzUvxcZDoRIA1dtTpLOemNxoceBCfoIi7xeIv1LJ6NhnEgIyTSEnzBDRsa4L8OjHIhkqSKYcKr+MMgQc0ykarWiCrJm65gn7bO6Zdat2/Nq46qoqowO0BGqIQtdoAa6QU3UQgQ9oRf0it60Z+1d+9A+p6slrbjZR/+gff8CBdek5w==</latexit><latexit sha1_base64="Ag1remozIJoESEiHGl3iJPUVltQ=">AAACInicbVDLSsNAFJ3UV62vqEsRgkWoCCURQVdScOOygn1AE8tkctMOnTyYmQgxZOWvuHGrf+FOXAl+g9/gtM1C2x64cDjnXjj3uDGjQprml1ZaWl5ZXSuvVzY2t7Z39N29togSTqBFIhbxrosFMBpCS1LJoBtzwIHLoOOOrsd+5wG4oFF4J9MYnAAPQupTgqWS+vqhLSnzIEvz+8wOsByKADMGPKudnuR5X6+adXMCY55YBamiAs2+/mN7EUkCCCVhWIieZcbSyTCXlDDIK3YiIMZkhAfQUzTEAQgnm7yRG8dK8Qw/4mpCaUzUvxcZDoRIA1dtTpLOemNxoceBCfoIi7xeIv1LJ6NhnEgIyTSEnzBDRsa4L8OjHIhkqSKYcKr+MMgQc0ykarWiCrJm65gn7bO6Zdat2/Nq46qoqowO0BGqIQtdoAa6QU3UQgQ9oRf0it60Z+1d+9A+p6slrbjZR/+gff8CBdek5w==</latexit><latexit sha1_base64="Ag1remozIJoESEiHGl3iJPUVltQ=">AAACInicbVDLSsNAFJ3UV62vqEsRgkWoCCURQVdScOOygn1AE8tkctMOnTyYmQgxZOWvuHGrf+FOXAl+g9/gtM1C2x64cDjnXjj3uDGjQprml1ZaWl5ZXSuvVzY2t7Z39N29togSTqBFIhbxrosFMBpCS1LJoBtzwIHLoOOOrsd+5wG4oFF4J9MYnAAPQupTgqWS+vqhLSnzIEvz+8wOsByKADMGPKudnuR5X6+adXMCY55YBamiAs2+/mN7EUkCCCVhWIieZcbSyTCXlDDIK3YiIMZkhAfQUzTEAQgnm7yRG8dK8Qw/4mpCaUzUvxcZDoRIA1dtTpLOemNxoceBCfoIi7xeIv1LJ6NhnEgIyTSEnzBDRsa4L8OjHIhkqSKYcKr+MMgQc0ykarWiCrJm65gn7bO6Zdat2/Nq46qoqowO0BGqIQtdoAa6QU3UQgQ9oRf0it60Z+1d+9A+p6slrbjZR/+gff8CBdek5w==</latexit><latexit sha1_base64="Ag1remozIJoESEiHGl3iJPUVltQ=">AAACInicbVDLSsNAFJ3UV62vqEsRgkWoCCURQVdScOOygn1AE8tkctMOnTyYmQgxZOWvuHGrf+FOXAl+g9/gtM1C2x64cDjnXjj3uDGjQprml1ZaWl5ZXSuvVzY2t7Z39N29togSTqBFIhbxrosFMBpCS1LJoBtzwIHLoOOOrsd+5wG4oFF4J9MYnAAPQupTgqWS+vqhLSnzIEvz+8wOsByKADMGPKudnuR5X6+adXMCY55YBamiAs2+/mN7EUkCCCVhWIieZcbSyTCXlDDIK3YiIMZkhAfQUzTEAQgnm7yRG8dK8Qw/4mpCaUzUvxcZDoRIA1dtTpLOemNxoceBCfoIi7xeIv1LJ6NhnEgIyTSEnzBDRsa4L8OjHIhkqSKYcKr+MMgQc0ykarWiCrJm65gn7bO6Zdat2/Nq46qoqowO0BGqIQtdoAa6QU3UQgQ9oRf0it60Z+1d+9A+p6slrbjZR/+gff8CBdek5w==</latexit>

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1JZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

ỹ(±)

<latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit><latexit sha1_base64="PReL3nbb5Njp3rP+7Xilw1f/zP0=">AAACJHicbVDLSsNAFJ34rPVVdenCYBHqpiQi6EoKblxWsA9oaplMb9qhM5MwMxFiyNJfceNW/8KduHDjJ/gNTtMutO2BC4dz7oVzjx8xqrTjfFlLyyura+uFjeLm1vbObmlvv6nCWBJokJCFsu1jBYwKaGiqGbQjCZj7DFr+6Hrstx5AKhqKO51E0OV4IGhACdZG6pWOPE1ZH9Iku089jvVQccwYyLTiRfw0y3qlslN1ctjzxJ2SMpqi3iv9eP2QxByEJgwr1XGdSHdTLDUlDLKiFyuIMBnhAXQMFZiD6qb5I5l9YpS+HYTSjNB2rv69SDFXKuG+2cyzznpjcaEngSn6CIu8TqyDy25KRRRrEGQSIoiZrUN73JjdpxKIZokhmEhq/rDJEEtMtOm1aApyZ+uYJ82zqutU3dvzcu1qWlUBHaJjVEEuukA1dIPqqIEIekIv6BW9Wc/Wu/VhfU5Wl6zpzQH6B+v7FyBZpgk=</latexit>

g(�)

<latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit><latexit sha1_base64="jVLRleK787/Z2+P+899rA32Gnew=">AAACGnicbVDLSsNAFJ3UV62vqLhyEyxCXVgSEXQlBTcuK9gHtLFMprft0JlJmJkINeRP3LjVv3Anbt34E36D0zQLrT1w4XDOvXDuCSJGlXbdL6uwtLyyulZcL21sbm3v2Lt7TRXGkkCDhCyU7QArYFRAQ1PNoB1JwDxg0ArG11O/9QBS0VDc6UkEPsdDQQeUYG2knn0wvE+6HOuR4pgxkEnl9CRNe3bZrboZnP/Ey0kZ5aj37O9uPyQxB6EJw0p1PDfSfoKlpoRBWurGCiJMxngIHUMF5qD8JIufOsdG6TuDUJoR2snU3xcJ5kpNeGA2s6Tz3lRc6Elgij7CIq8T68Gln1ARxRoEmYUYxMzRoTPtyelTCUSziSGYSGr+cMgIS0y0abNkCvLm6/hPmmdVz616t+fl2lVeVREdoiNUQR66QDV0g+qogQhK0DN6Qa/Wk/VmvVsfs9WCld/soz+wPn8A5wmhIQ==</latexit>

�(+)
<latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit><latexit sha1_base64="K/hyhHL94xYxP88/ls/AtH52iBc=">AAACGXicbVDLSsNAFJ34rPUVddlNsAgVoSQi6EoKblxWsA9oYplMbtqhk0mYmQg1dOF3+AFu9RPciVtXfoG/4TTNQlsPDBzOOZc79/gJo1LZ9pextLyyurZe2ihvbm3v7Jp7+20Zp4JAi8QsFl0fS2CUQ0tRxaCbCMCRz6Djj66mfucehKQxv1XjBLwIDzgNKcFKS32z4jIdDvBd5kZYDWWEGQOR1U6OJ5O+WbXrdg5rkTgFqaICzb757QYxSSPgijAsZc+xE+VlWChKGEzKbiohwWSEB9DTlOMIpJflR0ysI60EVhgL/biycvX3RIYjKceRr5P5T+e9qfivJ4BJ+jC/XoUXXkZ5kirgZLY9TJmlYmtakxVQAUSxsSaYCKoPsMgQC0yULrOsm3Hme1gk7dO6Y9edm7Nq47LoqIQq6BDVkIPOUQNdoyZqIYIe0TN6Qa/Gk/FmvBsfs+iSUcwcoD8wPn8AsK2hJQ==</latexit>

�(�)
<latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit><latexit sha1_base64="SY3GN5bhA+yFjkNa/mwA5q2eC80=">AAACGXicbVDLSsNAFJ34rPUVddlNsAh1YUlE0JUU3LisYB/QxDKZ3LRDJ5MwMxFq6MLv8APc6ie4E7eu/AJ/w2mahbYeGDiccy537vETRqWy7S9jaXlldW29tFHe3Nre2TX39tsyTgWBFolZLLo+lsAoh5aiikE3EYAjn0HHH11N/c49CEljfqvGCXgRHnAaUoKVlvpmxWU6HOC7zI2wGsoIMwYiq50cTyZ9s2rX7RzWInEKUkUFmn3z2w1ikkbAFWFYyp5jJ8rLsFCUMJiU3VRCgskID6CnKccRSC/Lj5hYR1oJrDAW+nFl5erviQxHUo4jXyfzn857U/FfTwCT9GF+vQovvIzyJFXAyWx7mDJLxda0JiugAohiY00wEVQfYJEhFpgoXWZZN+PM97BI2qd1x647N2fVxmXRUQlV0CGqIQedowa6Rk3UQgQ9omf0gl6NJ+PNeDc+ZtElo5g5QH9gfP4As+WhJw==</latexit>

observed
<latexit sha1_base64="UheCCfyZS1wyN8nNAp+mhrKcVGo=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJWZbtRdwY3LCvYH2qFkMnfa0MxkSDKFWvoIbtzqW7gTtz6EL+EzmLaz0LYHAodz7oWbL0gF18Z1v52Nza3tnd3CXnH/4PDouHRy2tQyUwwbTAqp2gHVKHiCDcONwHaqkMaBwFYwvJv1rREqzWXyaMYp+jHtJzzijBobtWWgUY0w7JXKbsWdi6waLzdlyFXvlX66oWRZjIlhgmrd8dzU+BOqDGcCp8VupjGlbEj72LE2oTFqfzK/d0oubRKSSCr7EkPm6d+NCY21HseBnYypGejlbhau7RQKzZ9wXdfJTHTjT3iSZgYTtjgiygQxkszAkJArZEaMraFMcfsPwgZUUWYsvqIF5C3jWDXNasVzK95DtVy7zVEV4Bwu4Ao8uIYa3EMdGsBAwAu8wpvz7Lw7H87nYnTDyXfO4J+cr19s4JuY</latexit><latexit sha1_base64="UheCCfyZS1wyN8nNAp+mhrKcVGo=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJWZbtRdwY3LCvYH2qFkMnfa0MxkSDKFWvoIbtzqW7gTtz6EL+EzmLaz0LYHAodz7oWbL0gF18Z1v52Nza3tnd3CXnH/4PDouHRy2tQyUwwbTAqp2gHVKHiCDcONwHaqkMaBwFYwvJv1rREqzWXyaMYp+jHtJzzijBobtWWgUY0w7JXKbsWdi6waLzdlyFXvlX66oWRZjIlhgmrd8dzU+BOqDGcCp8VupjGlbEj72LE2oTFqfzK/d0oubRKSSCr7EkPm6d+NCY21HseBnYypGejlbhau7RQKzZ9wXdfJTHTjT3iSZgYTtjgiygQxkszAkJArZEaMraFMcfsPwgZUUWYsvqIF5C3jWDXNasVzK95DtVy7zVEV4Bwu4Ao8uIYa3EMdGsBAwAu8wpvz7Lw7H87nYnTDyXfO4J+cr19s4JuY</latexit><latexit sha1_base64="UheCCfyZS1wyN8nNAp+mhrKcVGo=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJWZbtRdwY3LCvYH2qFkMnfa0MxkSDKFWvoIbtzqW7gTtz6EL+EzmLaz0LYHAodz7oWbL0gF18Z1v52Nza3tnd3CXnH/4PDouHRy2tQyUwwbTAqp2gHVKHiCDcONwHaqkMaBwFYwvJv1rREqzWXyaMYp+jHtJzzijBobtWWgUY0w7JXKbsWdi6waLzdlyFXvlX66oWRZjIlhgmrd8dzU+BOqDGcCp8VupjGlbEj72LE2oTFqfzK/d0oubRKSSCr7EkPm6d+NCY21HseBnYypGejlbhau7RQKzZ9wXdfJTHTjT3iSZgYTtjgiygQxkszAkJArZEaMraFMcfsPwgZUUWYsvqIF5C3jWDXNasVzK95DtVy7zVEV4Bwu4Ao8uIYa3EMdGsBAwAu8wpvz7Lw7H87nYnTDyXfO4J+cr19s4JuY</latexit><latexit sha1_base64="UheCCfyZS1wyN8nNAp+mhrKcVGo=">AAACC3icbZDNSgMxFIXv+FvrX9Wlm2ARXJWZbtRdwY3LCvYH2qFkMnfa0MxkSDKFWvoIbtzqW7gTtz6EL+EzmLaz0LYHAodz7oWbL0gF18Z1v52Nza3tnd3CXnH/4PDouHRy2tQyUwwbTAqp2gHVKHiCDcONwHaqkMaBwFYwvJv1rREqzWXyaMYp+jHtJzzijBobtWWgUY0w7JXKbsWdi6waLzdlyFXvlX66oWRZjIlhgmrd8dzU+BOqDGcCp8VupjGlbEj72LE2oTFqfzK/d0oubRKSSCr7EkPm6d+NCY21HseBnYypGejlbhau7RQKzZ9wXdfJTHTjT3iSZgYTtjgiygQxkszAkJArZEaMraFMcfsPwgZUUWYsvqIF5C3jWDXNasVzK95DtVy7zVEV4Bwu4Ao8uIYa3EMdGsBAwAu8wpvz7Lw7H87nYnTDyXfO4J+cr19s4JuY</latexit>

deterministic
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Process 4:

Exponentially-randomized Skellam
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⌧ ⇠ 2Geo(↵)

y ⇠ Pois(µ)

ỹ(±) := y + ⌧
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�(⇤) ⇠ Exp( ↵
1�↵ )

g(⇤) ⇠ Pois(�(⇤))

⌧ := g(+) � g(�)

y ⇠ Pois(µ)

ỹ(±) := y + ⌧
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�(⇤) ⇠ Exp( ↵
1�↵ )

g(�) ⇠ Pois(�(�))

ỹ(+) ⇠ Pois(µ+�(+))

ỹ(±) := ỹ(+) � g(�)
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�(⇤) ⇠ Exp( ↵
1�↵ )

ỹ(±) ⇠ Skel
�
�(+)+µ, �(�)

�
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Figure 2. Four generative processes that yield the same marginal distributions P (ỹ(±) |µ, α). Process 1 generates y(±) as the sum of an
independent Poisson and two-sided geometric random variable. Process 2 augments the two-sided geometric random variable as the
difference of two Poisson random variables with exponentially-randomized rates. Process 3 represents the sum of y and the additive
geometric random variable g(+) as a single Poisson random variable ỹ(+). Process 4 marginalizes out the Poisson random variables to
yield a generative process for ỹ(±) as a Skellam random variable with exponentially-randomized rates.

where ỹ(±)

i is the privatized observation which we super-
script with (±) to denote that it may be non-negative or
negative since the additive noise τi∈Z may be negative.

Via theorem 2, we can express the generative process for
ỹ(±)

i in four equivalent ways, shown in figure 2, each of
which provides a unique and necessary insight. Process 1
is a graphical representation of the generative process as de-
fined thus far. Process 2 represents the two-sided geometric
noise in terms of a pair of Poisson random variables with
exponentially distributed rates; in so doing, it reveals the
auxiliary variables that facilitate inference. Process 3 repre-
sents the sum of the true count and the positive component of
the noise as a single Poisson random variable ỹ(+)

i =yi+g
(+)

i .
Process 4 marginalizes out the remaining Poisson random
variables to obtain a marginal representation ỹ(±)

i as a Skel-
lam random variable with exponentially-randomized rates:

ỹ(±)

i ∼Skel
(
λ(+)

i +µi, λ
(−)

i

)
, λ(∗)

i ∼Exp( α
1−α ). (11)

The derivation of processes 2–4 relies on properties of the
two-sided geometric, Skellam, and Poisson distributions
which we provide in the appendix.

4. MCMC algorithm
Upon observing a privatized data set Ỹ (±), the goal of
a Bayesian agent is to approximate the locally private
posterior. As explained in section 2, to do so with
MCMC, we need only be able to sample the true data
yi as a latent variable from its complete conditional

PM,R(yi | ỹ(±)

i , µi,−). By assuming that the privatized
observations ỹ(±)

i are conditionally independent Skellam
random variables, as in equation 11, and we may exploit
the following general theorem that relates the Skellam to
the Bessel (Yuan & Kalbfleisch, 2000) distribution.

Theorem 3. (Proof in appendix) Consider two Poisson
random variables y1 ∼ Pois(λ(+)) and y2 ∼ Pois(λ(−)).
Their minimum m := min{y1, y2} and their difference
τ := y1 − y2 are deterministic functions of y1 and y2.
However, if not conditioned on y1 and y2, the random
variables m and τ can be marginally generated as follows:

τ ∼ Skel(λ(+), λ(−)), m ∼ Bes
(
|τ |, 2

√
2λ(+)λ(−)

)
. (12)

Theorem 3 means that we can generate two independent
Poisson random variables by first generating their difference
τ and then their minimum m. Because τ = y1 − y2, if τ is
positive, then y2 must be the minimum and thus y1 = τ−m.
In practice, this means that if we only get to observe the
difference of two Poisson-distributed counts, we can still
“recover” the counts by sampling a Bessel auxiliary variable.

Assuming that ỹ(±)

i ∼ Skel(λ(+)

i +µi, λ
(−)

i ) via theorem 2,
we first sample an auxiliary Bessel random variable mi:

(
mi | −

)
∼ Bes

(
|ỹ(±)

i |, 2
√

(λ(+)

i +µi)λ
(−)

i

)
. (13)

Yuan & Kalbfleisch (2000) give details of the Bessel distri-
bution, which can be sampled efficiently (Devroye, 2002).
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By theorem 3, mi represents the minimum of two latent
Poisson random variables whose difference equals the
observed ỹ(±)

i ; these two latent counts are given explictly
in process 3 of figure 2—i.e., ỹ(±)

i := ỹ(+)

i − g(−)

i and
thus mi = min{ỹ(+)

i , g(−)

i }. Given a sample of mi and the
observed value of ỹ(±)

i , we can then compute ỹ(+)

i , g(−)

i :

ỹ(+)

i := mi, g
(−)

i := ỹ(+)

i − ỹ(±)

i if ỹ(±)

i ≤ 0 (14)

g(−)

i := mi, ỹ
(+)

i := g(−)

i + ỹ(±)

i otherwise.

Because ỹ(+)

i =yi+g
(+)

i is itself the sum of two independent
Poisson random variables, we can then sample yi from its
conditional posterior, which is a binomial distribution:

(
yi | −

)
∼ Binom

(
ỹ(+)

i , µi

µi+λ
(+)
i

)
. (15)

Equations 13 through 15 sample the true underlying data
yi from PM,R(yi | ỹ(±)

i , µi,λi). We may also re-sample
the auxiliary variables λ(+)

i , λ(−)

i from their complete
conditional, which is a gamma distribution, by conjugacy:

(
λ(∗)
i | −

)
∼ Γ

(
1 + g(∗)

i , α
1−α + 1

)
. (16)

Iteratively re-sampling yi and λi constitutes a chain whose
stationary distribution over yi is PM,R(yi | ỹ(±)

i , µi), as de-
sired. Conditioned on a sample of the underlying data set Y ,
we then re-sample the latent variablesZ (that define the rates
µi) from their complete conditionals, which match those in
standard non-private Poisson factorization. Equations 13–
16 along with non-private complete conditionals for Z thus
define a privacy-preserving MCMC algorithm that is asymp-
totically guaranteed to sample from the locally private pos-
terior PM,R(Z | Ỹ (±)) for any Poisson factorization model.

5. Case studies
We present two case studies applying the proposed method
to 1) overlapping community detection in social networks
and 2) topic modeling for text corpora. In each, we formu-
late natural local-privacy guarantees, ground them in exam-
ples, and demonstrate our method on real and synthetic data.

Enron corpus data. For our real data experiments, we
obtained count matrices derived from the Enron email
corpus (Klimt & Yang, 2004). For the community detection
case study, we obtained a V ×V adjacency matrix Y where
yij is the number of emails sent from actor i to actor j. We
included an actor if they sent at least one email and sent
or received at least one hundred emails, yielding V = 161
actors. When an email included multiple recipients, we
incremented the corresponding counts by one. For the topic
modeling case study, we randomly selected D = 10, 000
emails with at least 50 word tokens. We limit the vocabulary
to V =10, 000 word types, selecting only the most frequent

word types with document frequency less than 0.3. In both
case studies, we privatize the data using the geometric
mechanism under varying degrees of privacy and examine
each method’s ability to reconstruct the true underlying data.

Reference methods. We compare the performance of our
method to two references methods: 1) the non-private
approach—i.e., standard Poisson factorization fit to the true
underlying data, and 2) the naı̈ve approach—i.e., standard
Poisson factorization fit to the privatized data, as if it were
the true data. The naı̈ve approach must first truncate any
negative counts ỹ(±)

i <0 to zero and thus implicitly uses the
truncated geometric mechanism (Ghosh et al., 2012).

Performance measures. All methods generate a set of S
samples of the latent variables using MCMC. We use these
samples to approximate the posterior expectation of yi:

µ̂i =
1

S

S∑

s=1

µ
(s)
i ≈ EPM,R(Z | Ỹ (±)) [µi] . (17)

We then calculate the mean absolute error (MAE) of µ̂i with
respect to the true data yi. In the topic modeling case study,
we also compare the quality of each method’s inferred
latent representation using two different standard metrics.

5.1. Case study 1: Topic modeling

Topic models (Blei et al., 2003) are widely used in the social
sciences (Ramage et al., 2009; Grimmer & Stewart, 2013;
Mohr & Bogdanov, 2013; Roberts et al., 2013) for charac-
terizing the high-level thematic structure of text corpora via
latent “topics”—i.e., probability distributions over vocabu-
lary items. In many settings, documents contain sensitive
information (e.g., emails, survey responses) and individuals
may be unwilling to share their data without formal privacy
guarantees, such as those provided by differential privacy.

Limited-precision local privacy. In this scenario, a data
set Y is a D×V count matrix, each element of which
ydv ∈ Z+ represents the count of word type v ∈ [V ] in
document d∈ [D]. It is natural to consider each document
yd ≡ (yd1, . . . , ydV ) to be a single “observation” we seek
to privatize. Under LPLP, the precision level N determines
the neighborhood of documents within ε-level local privacy
applies. For instance, if N=4, then two emails—one that
contained four instances of a vulgar curse word and the
same one that did not ‖yd − y′d‖1 = 4—would be rendered
indistinguishable after privatization, assuming small ε.

Poisson factorization. Gamma–Poisson matrix factoriza-
tion is commonly used for topic modeling. In this model,
Y is a D×V count matrix. We assume each element is
drawn ydv ∼ Pois(µdv) where µdv =

∑K
k=1 θdk φkv. The

factor θdk represents how much topic k is used in document
d, while the factor φkv represents how much word type
v is used in topic k. The set of latent variables is thus
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Figure 3. The proposed approach obtains higher quality topics and lower reconstruction error than the naı̈ve approach. Each plot compares
the proposed, naı̈ve , and non-private approaches for three increasing levels of noise (privacy) on the Enron corpus data; the non-private
values are constant across privacy levels. The left plot measures performance using mean absolute error (MAE) of the estimated Poisson
rates µ̂dv against the true underlying data ydv; lower is better. The center and right plots measure topic quality/interpretability using
normalized pointwise mutual information (NPMI) and coherence, respectively, where higher is better. When measuring using coherence
(right), the proposed approach obtains higher quality topics than the non-private approach.

Z = {Θ,Φ}, where Θ and Φ are D×K and K×V non-
negative, real-valued matrices, respectively. It is standard
to assume independent gamma priors over the factors—i.e.,
θdk, φkv ∼ Γ(a0, b0), where we set the shape and rate
hyperparameters to a0 =0.1 and b0 =1, respectively.

Enron corpus experiments. In these experiments, we
use the document-by-term count matrix Y derived from
the Enron email corpus. We consider three privacy levels
ε/N ∈ {3, 2, 1} specified by the ratio of the privacy budget
ε to the precision N . For each privacy level, we obtain five
different privatized matrices, each by adding two-sided ge-
ometric noise with α=− exp(ε/N) independently to each
element. We fit both privacy-preserving models—i.e., ours
and the naı̈ve approach—to all five privatized matrices for
each privacy level. We also fit the non-private approach five
independent times to the true matrix. For all models we used
K = 50 topics. For every model and matrix, we perform
7,500 MCMC iterations, saving every 100th sample of the la-
tent variables Φ(s),Θ(s) after the first 2,500. We use the fifty
saved samples to compute µ̂dv = 1

S

∑S
s=1

∑K
k=1 θ

(s)
dk φ

(s)
kv .

Results. We find that our approach obtains both lower
reconstruction error and higher quality topics than the naı̈ve
approach. For each model and matrix, we compute the
mean absolute error (MAE) of the reconstruction rates µ̂dv
with respect to the true underlying matrix Y . These results
are visualized in the left subplot of figure 3 where we see
that the proposed approach reconstructs the true data with
nearly as low error as non-private inference (that fits to the
true data) while the naı̈ve approach has high error which
increases dramatically as the noise (i.e., privacy) increases.

To evaluate topic quality, we use two standard metrics—i.e.,
normalized pointwise mutual information (NPMI) (Lau
et al., 2014) and topic coherence (Mimno et al., 2011)—
applied to the 10 words with maximum weight for each
sampled topic vector φ(s)

k , using the true data as the refer-

ence corpus. For each method and privacy level, we average
these values across samples. The center and right subplots
of figure 3 visualize the NPMI and coherence results,
respectively. The proposed approach obtains higher quality
topics than the naı̈ve approach, as measured by both metrics.
As measured by coherence, the proposed approach even
obtains higher quality topics than the non-private approach.

Synthetic data experiments. We also find that the pro-
posed approach is more effective than the naı̈ve approach
at recovering the ground-truth topics Φ∗ from synthetically-
generated data. For space reasons, we include these results
along with a description of the experiments in the appendix.

5.2. Case study 2: Overlapping community detection

Organizations often ask: are there missing connections be-
tween employees that, if present, would significantly re-
duce duplication of effort? Though social scientists may
be able to draw insights based on employees’ interactions,
sharing such data risks privacy violations. Moreover, stan-
dard anonymization procedures can be reverse-engineered
adversarially and thus do not provide privacy guaran-
tees (Narayanan & Shmatikov, 2009). In contrast, the formal
privacy guarantees provided by differential privacy may be
sufficient for employees to consent to sharing their data.

Limited-precision local privacy. In this setting, a data set
Y is a V ×V count matrix, where each element yij ∈Z+

represents the number of interactions from actor i∈ [V ] to
actor j∈ [V ]. It is natural to consider each count yij to be a
single “observation”. Using the geometric mechanism with
α = − exp(ε/N), if i interacted with j three times yij =3
and N=3, then an adversary would be unable to tell from
ỹ(±)

ij whether i had interacted with j at all, provided ε is
sufficiently small. Note that if yij � N , then an adversary
would be able to tell that i had interacted with j, though
not the exact number of times.
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Figure 4. The proposed approach obtains lower error on both reconstruction and heldout link prediction than the naı̈ve and even the
non-private approach. Left and center left: The methods estimate µ̂ij from the fully observed matrix. Center right and right: The methods
estimate µ̂ij from a partially observed matrix; MAE is computed with respect to only the heldout entries yij . All experiments are repeated
for different numbers of communities C∈{5, 10, 20}; the results are similar across all values (we include C=10 in the appendix).

Poisson factorization model. The mixed-membership
stochastic block model for learning latent overlapping
community structure in social networks (Ball et al., 2011;
Gopalan & Blei, 2013; Zhou, 2015) is a special case of
Poisson factorization where Y is a V×V count matrix, each
element of which is assumed to be drawn yij ∼ Pois(µij)
where µij =

∑C
c=1

∑C
d=1 θic θjd πcd. The factors θic

and θjd represent how much actors i and j participate in
communities c and d, respectively, while the factor πcd
represents how much actors in community c interact with
actors in community d. The set of latent variables is thus
Z = {Θ,Π} where Θ and Π are V ×C and C×C non-
negative, real-valued matrices, respectively. It is standard
to assume independent gamma priors over the factors—i.e.,
θic, πcd ∼ Γ(a0, b0), where we set the shape and rate
hyperparameters to a0 =0.1 and b0 =1, respectively.

Synthetic data experiments. We generated social net-
works of V = 20 actors with C = 5 communities. We
randomly generated the true parameters θ∗ic, π

∗
cd∼Γ(a0, b0)

with a0 = 0.01 and b0 = 0.5 to encourage sparsity; doing
so exaggerates the block structure in the network. We
then sampled a data set yij ∼ Pois(µ∗ij) and added
noise τij ∼ 2Geo(α) for three increasing values of α.
In each trial, we set N to the empirical mean of the
data N := Ê[yij ] and then set α := exp(−ε/N) for
ε ∈ {2.5, 1, 0.75}. For each model, we ran 8,500 MCMC
iterations, saving every 25th sample after the first 1,000 and
using these samples to compute µ̂ij . In figure 1, we visually
compare the estimates of µ̂ij by our proposed method to
those of the naı̈ve and non-private approaches. The naı̈ve
approach overfits the noise, predicting high rates in sparse
parts of the matrix. In contrast, the proposed approach
reproduces the sparse block structure even under high noise.

Enron corpus experiments. For the Enron data experi-
ments, we follow the same experimental design outlined
in the topic modeling case study; we repeat this experi-
ment using three different numbers of communities C ∈
{5, 10, 20}. Each method is applied to five privatized ma-

trices for three different privacy levels. We compute µ̂ij =
1
S

∑S
s=1

∑C
c=1

∑C
d=1 θ

(s)
ic θ

(s)
jd π

(s)
cd from each run and mea-

sure reconstruction MAE with respect to the true underlying
data yij . In these experiments, each method observes the en-
tire matrix (Ỹ (±) for the privacy-preerving methods and Y
for the non-private method). Since missing link prediction is
a common task in the networks community, we additionally
run the same experiments but where a portion of the matrix
is masked—specifically, we hold out all entries ỹ(±)

ij (or yij
for non-private) that involve any of the top 50 senders i or re-
cipients j. We then compute µ̂ij , as before, but only for the
missing entries and compare heldout MAE across methods.

Results. We visualize the results for C∈{5, 20} in figure 4.
The results for C=10 are similar and given in the appendix.
When reconstructing yij from observed ỹ(±)

ij , the proposed
approach achieves error lower than the naı̈ve approach and
lower error than the non-private approach (which directly ob-
serves yij). Similarly, when predicting missing yij , the pro-
posed approach achieves the lowest error in most settings.

6. Discussion and future work
The proposed privacy-preserving MCMC method for Pois-
son factorization improves substantially over the commonly-
used naı̈ve approach. A suprising finding is that the pro-
posed method was also often better at predicting the true
yij from privatized ỹ(±)

ij than even the non-private approach.
Similarly, the the proposed approach inferred more coher-
ent topics. These empirical findings are in fact consis-
tent with known connections between privacy-preserving
mechanisms and regularization (Chaudhuri & Monteleoni,
2009). The proposed approach is able to explain natural
dispersion in the true data as coming from the random-
ized response mechanism; it may thus be more robust—
i.e., less susceptible to inferring spurious structure—than
non-private Poisson factorization. Future application of the
model yi ∼ Skel(λ(+)

i +µi, λ
(−)

i ) as a robust alternative to
Poisson factorization is thus motivated, as is a theoretical
characterization of its regularizing properties.
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