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SHARP FINITENESS PRINCIPLES FOR LIPSCHITZ
SELECTIONS

CHARLES FEFFERMAN AND PAVEL SHVARTSMAN

@ CrossMark

Abstract. Let (M, p) be a metric space and let Y be a Banach space. Given a
positive integer m, let F' be a set-valued mapping from M into the family of all
compact convex subsets of Y of dimension at most m. In this paper we prove a
finiteness principle for the existence of a Lipschitz selection of F' with the sharp
value of the finiteness constant.
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1 Introduction

We prove a finiteness theorem for Lipschitz selection problems, conjectured by Yu.
Brudnyi and Shvartsman [BS94, Shv02] and established in special cases by Fefferman,
Israel and Luli [FIL16a,FIL17] and Shvartsman [Shv86,Shv92,Shv01,Shv02,Shv04].

In its simplest setting, our problem is as follows. We are given a metric space
(M, p) and a positive integer m. For each point z € M, we are given a nonempty
compact convex set F'(x) C R™.

We want to find a Lipschitz map f: M — R™ such that f(z) € F(z) for all x €
M. Such an f is called a Lipschitz selection of the set-valued map F': M — K(R™),
where K(R™) denotes the family of all nonempty compact convex subsets of R™.
If a Lipschitz selection f exists, then we ask how small we can take its Lipschitz
seminorm.

In this setting, our main result implies the following:

Theorem 1.1. Let (M, p) be a metric space, let F' : M — K(R™), and let X\ be
a positive real number. Suppose that for every M’ C M consisting of at most 2™
points, the restriction F |y of F' to M' has a Lipschitz selection fpy with Lipschitz
seminorm at most .

Then F' has a Lipschitz selection with Lipschitz seminorm at most y\. Here, y
depends only on the dimension m.

Equivalently, we may suppose that M contains at least 2" points and take M’
to contain ezactly 2™ points.

Lipschitz selection problems are closely related to
Whitney’s Extension Problem ([Whi34]) Fizm,n > 1, and let f be a real-valued
function defined on a given (arbitrary) closed set E C R™. Decide whether f extends
to a function F € C™(R™) with a finite C™-norm.

If such an extension I exists, then how small can we take its C™-norm?

There is a finiteness principle for Whitney’s Extension Problem, e.g. when E C
R™ is a large finite set. See Brudnyi-Shvartsman [BS94,BS98,BS01,Shv82,Shv87,
Shv02,Shv08] and the later papers of Fefferman, Israel, Klartag and Luli [Fef05a,
Fef05b, Fef06, FK09a, FK09b, Fef09a, Fef09b, FIL16a, FIL17], as well as A. and Yu.
Brudnyi [BB12] for that finiteness principle and several related results.

The idea of Lipschitz selection first arose in connection with Whitney’s exten-
sion problem, see [BB12,BS98,BS94,BS01,Shv82,Shv84,Shv87]. In particular, a
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variant of a special case of Theorem 1.1 was the main ingredient in the proof
[BS98,BS01,Shv82,Shv87,Shv02] of the finiteness principle for Whitney’s Problem in
the simplest non-trivial case, m = 2. The later papers [Fef05a, Fef05b, Fef06, FK09a,
FK09b, Fef09a, FIL16a,FIL17] didn’t explicitly mention Lipschitz selection, but they
broadened Whitney’s Problem by asking for functions F' € C"™(R™) that agree with
f on E to a given accuracy.

Of course, a Lipschitz selection problem may also be regarded as a search for a
smooth function that agrees approximately with data.

Our main result is more general than Theorem 1.1. First of all, we allow (M, p)
to be a pseudometric space, i.e., p : Mx M — [0, +00], p(x,x) = 0, p(x,y) = p(y, x),
plx,y) < p(x,2) + p(z,y) for all z,y,z € M. Note that p(z,y) = 0 may hold with
x # 1y, and p(z,y) may be +oo.

Secondly, the convex sets F'(z) needn’t sit inside R™. Instead, we fix a Banach
space (Y, - ||) and let %, (Y") denote the family of all nonempty compact convex
subsets K C Y of dimension at most m. (We say that a convex subset of Y has
dimension at most m if it is contained in an affine subspace of Y of dimension at

most m.)
We write
N(m,Y) = min{2™+1 24mYV if V' g finite-dimensional, (1.1)
and
N(m,Y)=2""" if Y is infinite-dimensional. (1.2)

We define the Lipschitz seminorm of a map f : M — Y for a Banach space Y
and a pseudometric space (M, p) by setting

[fllLipomyy = inf{A >0 [|f(2) = fF(y)| < Ap(z,y) forall 2,y e M}

In particular, || f||ripm,y) = +00 if no such A exists.
We can now state our main result in full generality; Theorem 1.1 will be a simple
consequence.

Theorem 1.2. Fixm > 1. Let (M, p) be a pseudometric space, and let F' : M —
Km(Y) for a Banach space Y. Let \ be a positive real number.

Suppose that for every M’ C M consisting of at most N = N(m,Y') points, the
restriction F|py of F to M! has a Lipschitz selection fpy with Lipschitz seminorm
[ m ILipow,yy < A

Then F has a Lipschitz selection f with Lipschitz seminorm | f || ippmy) < YA

Here, v depends only on m.

The “finiteness constants” 2™ in Theorem 1.1 and N(m,Y’) in Theorem 1.2 are
optimal; see [Shv92] and[Shv02, Theorem 1.4]. We also refer the reader to the paper
[F'S, Section 8.1], which contains detailed proofs of this statement for m = 1, 2.
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If the set M is finite in Theorem 1.1 or Theorem 1.2, then we can omit the
assumption that the convex sets F(z) (z € M) are compact. In this case, it is
enough to assume that F' : M — Conv,,(Y'), where

Conv,, (Y') = { all nonempty convex subsets of Y of dimension at most m }.
(1.3)

See Theorem 6.2.

For the case of the trivial distance function p = 0, Theorems 1.2 and 6.2 agree
with the classical Helly’s Theorem [DGKG63], except that the optimal finiteness con-
stant for p =0 is

n(m,Y) = min{m +2,dimY +1} in place of N(m,Y) = min{2™"! 2dm¥
(1.4)

Thus, our results may be regarded as a generalization of Helly’s Theorem. However,
we make extensive use of Helly’s Theorem in our proofs.

Theorem 1.2 and its variants were previously known in several special cases:

e Y =R? [Shv02];

e FEach F(z) (x € M) is an affine subspace of Y of dimension at most m
[Shv86,Shv92] (Y = R™), [Shv01] (Y is a Hilbert space), [Shv04] (Y is a Banach
space). Of course, all F/(x) are non-compact in this case;

e (M;p) = (R | -||) and Y = R™ with the constant N and the constant ~y
depending on n as well as on m [FIL16a].

Let us recount how we arrived at our proof of Theorem 1.2. P. Shvartsman
(unpublished) had already reduced Theorem 1.2 to the special case of a metric tree
with nodes of bounded degree. We recall the relevant standard definitions.

Let T'= (X, E) be a finite (graph theoretic) tree, where X denotes the set of
nodes of T, and E denotes the set of edges. The degree of a node z € X is the
number of nodes y to which x is joined by an edge.

Suppose we assign a positive number A(e) to each edge e € E. Then for z,y € X
we can define their distance d(z,y) to be the sum of A(e) over all the edges e in the
“minimal path” joining x to y as in Figure 1.

We call d a tree metric; (X, d) is a metric tree.

Figure 1: A minimal path joining nodes x and y in a tree. In this case, d(z,y) = A(e1) +
A(@Q) + e + A(€5).
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Shvartsman’s unpublished previous work reduced Theorem 1.2 to the following
weakened form of a special case.

(Conjectured) Theorem 1.3. Given m > 1, there exist k*, vy depending only on
m, for which the following holds.

Let (X,d) be a metric tree in which each node has degree at most m + 1.

Let F': X — K, (Y) for a Banach space Y, and let A be a positive real number.
Suppose that for every subset X' C X consisting of at most k* points, the restriction
F|x: has a Lipschitz selection fx: with Lipschitz seminorm || fx:||Lip(x7,y) < A-

Then F' has a Lipschitz selection f with Lipschitz seminorm | f||pip(x,v) < YA

REMARK 1.4. Note that here X’ needn’t be a subtree of X. Thus, in Figure 1,

perhaps X’ contains the nodes x and y but not the nodes that lie between them.
Note also that the optimal finiteness constant N(m,Y") in Theorem 1.2 has been

replaced in Theorem 1.3 by a sufficiently large constant k* depending only on m.

On the other hand, the work of Fefferman, Israel and Luli [FIL16a] on “C™
Selection” implies a weakened version of Theorem 1.1, in which (M, p) is R™ with
its standard Euclidean metric; the sharp finiteness constant 2™ in Theorem 1.1 is
replaced by k% as in Theorem 1.3; and the constant ~ is allowed to depend on n as
well as on m. See the web posting [FIL16b].

To prove Theorem 1.2, we set out to adapt the arguments in [FIL16a] from R™ to
the setting of a metric tree. If we succeeded, Theorem 1.3 would follow, thus proving
Theorem 1.2.

This attempt seemed highly unlikely to succeed; the geometry of a metric tree
is of course radically different from that of R™. Nevertheless, we were able to adapt
[FIL16a] and prove Theorem 1.3, thanks to one crucial similarity between R™ and
metric trees - they have finite Nagata dimension. We recall the relevant definitions
(see [Nagh8, Ass82,L.S05, BDHMO09]).

DEFINITION 1.5. Let (X,d) be a metric space. Let D be a non-negative integer and
let ¢ be a positive real constant. We say that (X, d) satisfies Nagata (D, ¢) if for every
real number s > 0 there exists a covering (X;);e; of X by subsets X; of diameter at
most s, such that no ball of radius cs in X meets more than D + 1 of the X;. We
call D, c the Nagata constants of (X, d).

The least D for which (X, d) satisfies Nagata (D, c) for some ¢ > 0 is the Nagata
dimension (or Assouad-Nagata dimension) of (X, d).

Note that any finite metric space has Nagata dimension 0. The metric space
R™ has Nagata dimension n ([LS05]). The space f has infinite Nagata dimension
because £, contains R" for each n € N. Every planar connected graph whose nodes
have finite degree has Nagata dimension at most 2! — 1 (see Ostrovskii, Rosenthal
[OR15] for the precise statement and the proof).

Moreover, every metric tree satisfies Nagata (1, ¢) for an absolute constant c. (See
[LS05, Lemma 3.1 and Theorem 3.2]. For the reader’s convenience, in Lemma 4.15
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we prove that one can take ¢ = 1/16.) This allows us to carry over arguments in
[FIL16a] from R™ to an arbitrary metric tree.
More precisely, we prove the following result.

Theorem 1.6.  Given m > 1 there exists k* depending only on m, for which the
following holds.

Let (X,d) be a finite metric space satisfying Nagata (D,c), and let F : X —
Conv,,(Y') for a Banach space Y. Let A be a positive real number. Suppose that for
every X' C X consisting of at most k! points, the restriction F|x, has a Lipschitz
selection fx+ with Lipschitz seminorm || fx'||rip(x,v) < A-

Then F has a Lipschitz selection f with Lipschitz seminorm || f||Lipx,y) < VA,
where v depends only on m and on the Nagata constants D, c.

Recall that Conv,,(Y’) denotes the family of all nonempty convex subsets of Y
of dimension at most m (see (1.3)).

As an immediate corollary, we obtain a stronger form of Theorem 1.3 in which
we drop the assumption that each node has degree at most m + 1. See Corollary
4.16. So we have proven more than we need to establish Theorem 1.2. Because we
needn’t assume that the nodes of our metric tree have degree at most m+ 1, we can
greatly simplify the earlier reduction of Theorem 1.2 to the case of metric trees.

This paper is organized as follows.

In Section 2 we construct “Whitney partitions of unity” associated to a “length-
scale” r(x) > 0 defined on a metric space of finite Nagata dimension. As in H.
Whitney’s classic paper [Whi34], such partitions are used to patch together func-
tions defined in neighborhoods of varying sizes, while maintaining the smoothness
of the functions being patched.

In Sections 3 and 4 we associate to a Lipschitz selection problem given by F' :
M — K, (Y) a family of convex sets I'y(z) € K, (Y') parametrized by x € M and
¢ > 0. If for every subset M’ C M consisting of at most k#(¢,m) points there exists
a Lipschitz selection fyy of F'|y¢ with Lipschitz seminorm || far [|Lipar,y) < A, then
['y(x) is nonempty. That is how we use the hypothesis of Theorem 1.6.

As in [FIL16a,FIL16b], we use the I'y(x) in Section 4 to prove Theorem 1.6.
This is the most technically difficult part of our proof. The idea is to measure the
difficulty of a Lipschitz selection problem by examining the size and shape of the
I'y(z). We proceed by induction on the difficulty of the problem, reducing hard cases
to easier ones by first localizing to the correct lengthscale, then patching together
local Lipschitz selections by a Whitney partition of unity. By the end of Section
4.10 we will have proven Theorem 1.6 and deduced Corollary 4.16, the strengthened
version of Theorem 1.3 on metric trees (without any assumption of the degree of the
nodes).

In Section 5 we return to the setting of a general metric space (M, p) and a
map F : M — K,,(Y). We suppose that for every M’ C M consisting of at most
k* points, the restriction F |m has a Lipschitz selection with Lipschitz seminorm at
most A. Here, k! is the same constant as in Theorem 1.6.
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For each x € M, we define a nonempty compact convex “core”
G(x) C F(z), (1.5)
with the following crucial property:

For every x,y € M, the Hausdorff distance from G(x) to G(y) is at most
Y0 p(; y)- (1.6)

Here, 79 depends only on m.
Recall that the Hausdorff distance dg (A, B) between two nonempty compact sets
A, B C Y is defined as the least » > 0 such that for each x € A there exists y € B
such that || — y|| < r, and for each x € B there exists y € A such that ||z —y| < r.
We define G(x) by considering an arbitrary finite tree 7' = (X, F) (X = {nodes},
E = {edges}) and an arbitrary map 1 : X — M such that

¥(x) #1(y) whenever z,y € X are joined by an edge. (1.7)

We refer to ¢ as an admissible mapping. (See Definition 5.4.) The map 1) induces
a tree metric d on X by setting d(x,y) = p(¢(x), 9 (y)) whenever z and y are nodes
in X joined by an edge.

Moreover, we obtain a Lipschitz selection problem for the metric tree (X,d)
by considering the map F o : X — K, (Y). From Corollary 4.16 (i.e., Theorem
1.3 in its strengthened form), we learn that F o1 has a Lipschitz selection with
Lipschitz seminorm at most vy A. By considering all such Lipschitz selections for a
fixed T'= (X, F), anode a € X, and a map ¢ : X — M (satisfying (1.7)) such that
Y(a) = x, we define a nonempty compact convex set

O(z;[T,a,v]) C F(xz) for each z € M.

(See Section 5.1 for the definition of the sets O(x; [, -, ]).)

The “core” G(x) is then defined as the intersection of the sets O(z; [T, a,v]) over
all finite trees T' = (X, E), all nodes a € X, and all ¥ : X — M with ¢(a) = =
satisfying (1.7). The key properties (1.5), (1.6) of G follow easily once we know that
O(x; [T, a,]) is nonempty, and we easily deduce that key fact from Corollary 4.16.

Once we have produced a “core” G(x) satisfying (1.5) and (1.6) (see Theorem
5.2), we can invoke a selection theorem of Shvartsman [Shv04], see Theorem 5.11.
This result provides the existence of a Lipschitz (with respect to the Hausdorff
distance dy) map St : K, (Y) — Y such that St(K) € K for all K € %,,,(Y).
Furthermore, the dy-Lipschitz seminorm of St is bounded by a constant depending
only on m. We refer to St(K) as “Steiner-type point” of K. See Section 5.2 for more
detail.

We can now apply the Steiner-type point map St to the core G to establish the
following weak form of Theorem 1.2.
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Theorem 1.7. Given m > 1 there exist constants k', ~, depending only on m,
for which the following holds.

Let (M, p) be a metric space, let F' : M — %K, (Y') for a Banach space Y, and let
A be a positive real number. Suppose that for every M C M consisting of at most
k* points, the restriction F|yy has a Lipschitz selection fyy with Lipschitz seminorm
[ m ILipow vy < A

Then F has a Lipschitz selection f with Lipschitz seminorm || f||rip(am,yy < 71A-

Note that we have here k? instead of the sharp finiteness constant N(m,Y"), and
that (M, p) is a metric space, rather than a pseudometric space.

To prove Theorem 1.2, it remains to pass from metric spaces to pseudometric
spaces, and to pass from the large finiteness constant k% to the optimal finiteness
constant N(m,Y).

We pass to pseudometric spaces in Section 6. In the context of Theorem 1.2, the
task is easy. For Theorem 6.2, the variant of Theorem 1.2 in which (M, p) is finite
but the sets F'(x) needn’t be compact, it takes a bit more work.

Finally, we pass from kf to N (m,Y’) by applying a result of Shvartsman [Shv02,
Theorem 1.2].

Theorem 1.8. Let (/T/I, p) be a finite pseudometric space, let F : M — K (Y)
for a Banach space Y, and let A\ be a positive real number.

Suppose that for every S C M consisting of at most N (m,Y) points, the restric-
tion F\S has a Lipschitz selection fg with Lipschitz seminorm Hf5||L1p (S5.Y) <A\

Then F has a Lipschitz selection f with Lipschitz seminorm

C’(M) A, where C(M) depends only on m and on the number of points in M

y) =

Note that Theorem 1.8 is the “bridge” between the existence of some finiteness
constant k# in Theorem 1.7 and the optimal finiteness constant N (m,Y") in Theorem
1.2.

We combine Theorem 1.7 (for pseudometric spaces) with Theorem 1.8, to com-
plete the proof of Theorem 1.2, our main result. The argument is simple: Using
Theorem 1.8, we pass from N (m,Y)-point subsets to kf-point subsets; then, using
Theorem 1.7, we pass from kP-point subsets to a full solution of our Lipschitz selec-
tion problem.

Finally, Section 7 states two variants of Theorem 1.2, and adds a few closing
remarks.

As in [FIL16a], our present results lead to questions about efficient computation
for Lipschitz selection problems on finite metric spaces. In connection with such
issues, we ask whether the results of Har-Peled and Mendel [HMO06] on the Well
Separated Pairs Decomposition [CK95] can be extended from doubling metrics to
metrics of bounded Nagata dimension.

Readers interested in checking details of our proofs may want to consult a much
more detailed version of this paper posted on the arXiv [FS]. We mention also that
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A. Brudnyi [Brul8] has advised us that he has an alternate proof of the passage
from the finiteness principle for metric trees to the construction of the core.

2 Whitney Partitions and Patching Lemma

Let (X, d) be a metric space. We write B(x,r) to denote the ball {y € X : d(z,y) <
r} (strict inequality) in the metric space (X, d). We also write diam A = sup {d(a, b) :
a,be A} and

dist(A’, A”) = inf{d(d',a") : a' € A’,d" € A"}

to denote the diameter of a set A C X and the distance between sets A’, A” ¢ X
respectively.

2.1 Whitney partitions on metric spaces with finite Nagata dimension.
In this section, we prove the following result.

Whitney Partition Lemma 2.1. Let (X, d) be a metric space, and let r(z) > 0
be a positive function on X. We assume the following, for constants ¢y, € (0,1],
D, e NU{0} and Crg > 1:

o (NAGATA (Dy,cy)) Given s > 0 there exists a covering of X by subsets X;
(1 € I) of diameter at most s, such that every ball of radius cys in X meets at most
D, +1 of the X;.

e (CONSISTENCY OF THE LENGTHSCALE) Let x,y € X. If d(z,y) < r(x)+r(y),
then

CL_é r(x) <r(y) < Cpgr(x). (2.1)

Let a > 0.

Then there exist functions ¢, : X — R, and points x, € X, with the following
properties:

e Fach ¢, > 0, and each ¢, = 0 outside B(x,,ar,). Here and below, r, = r(x,).

o Any given x € X satisfies p,(x) # 0 for at most D* distinct v.

e > p,=1o0nX.

e For each v and for all x,y € X, we have
v (@) — v (y)| < Cwnd(z,y)/ry.
Here D* and Cyy, are constants depending only on ¢y, Dy, Crs and a.

Proof. We write ¢, C' to denote positive constants determined by ¢, Dy, Crg and a.
These symbols may denote different constants in different occurrences.
We introduce a large constant A to be fixed later. We make the following

Large A Assumption for Whitney Partitions 2.2. A exceeds a large enough
constant determined by ¢y, Dy, Crs, a.
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We write ¢(A), C(A) to denote positive constants determined by A, ¢y, Dy, Crs,
a. These symbols may denote different constants in different occurrences.

Let P denote the set of all integer powers of 2, including negative powers. For
s € Plet (X(i,$))ier(s) be a covering of X given by the Nagata (Dy, cy) condition.
Thus,

diam X (i, s) < s;
and, for fixed s € P,
any given z € X lies in at most C of the sets X7 (i, s). (2.2)
Here
X, 8)={y e X :d(y, X (i,s)) < cys/64} (i € I(s)).
We also define
XT(i,8) ={y € X :d(y, X(i,s)) < cys/128} for (i € I(s)).
Let
0; s(x) = max{0, (1 — 256 d(x, X (i,5))/(cy9))}

forx e X,iel(s),seP.

Then
0<6;s <1, (2.3)
16;sllLip(xp) < Cs
and
;s =0 outside X*(i,s),
but

0is=1 on X(i,s). (2.5)

For each s € P and i € I(s), we pick a representative point (i, s) € X (i,s). (We
may assume that the X (i,s) are all nonempty.) We let REL (relevant) denote the
set of all (i, s) such that

A73r(2(iy5)) < s < A7lr(x(i, 5)). (2.6)
We establish the basic properties of the set REL .

LEMMA 2.3. Given xy € X there exists (i,s) € REL such that =y € X(i,s) and
therefore 0; (o) = 1.
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Proof. The “therefore” part of the lemma follows from (2.5).
Pick sg € P such that

50/2 < r(xg) /A% < 2s0.

Because the X (i,s0) (i € I(s0)) cover X, we may fix ig € I(sg) such that zo €
X (70, 80). The points z¢ and x(ig, s9) both belong to X (ig, so), hence

d(xo, x(ig, s0)) < diam X (ig, sg) < sp < 2r(:170)/A2.

The Large A Assumption 2.2 and the CONSISTENCY OF THE LENGTHSCALE
together now imply that

er(xo) < r(xz(ig, so)) < Cr(zo),
and therefore
cso < r(x(io, s0))/A* < Cso.

Thanks to the Large A Assumption 2.2, we therefore have (2.6) for (ig, sp). Thus,
(io, S()) € REL and zg € X(io, S[)). a

LEMMA 2.4. If (i,s) € REL and zo € X1 (4, s), then
cA73r(zg) < 5 < CA r(a0),
and therefore
1635l Lip(xr) < CA® /r(x0).
Proof. Both x¢ and x(i, s) lie in X (4, s), hence
d(xo,z(i,5)) < diam X7 (4, s) < 2¢y5/64 + diam X (i,s) < Cs < Cr(z(i,s))/A

thanks to (2.6).
The Large A Assumption 2.2 and CONSISTENCY OF THE LENGTHSCALE now tell
us that

er(zo) < r(x(i,s)) < Cr(xzo),
and therefore (2.6) and (2.4) imply the conclusion of Lemma 2.4. 0

COROLLARY 2.5. Any given point zg € X lies in X1 (i, s) for at most C(A) distinct
(¢, s) € REL. Consequently, 0; (x) is nonzero for at most C'(A) distinct (i,s) € REL.

Proof. There are at most C'(A) distinct s € P satisfying the conclusion of Lemma
2.4. For each such s there are at most C' distinct ¢ such that xo € Xt (i, s); see
(2.2). 0
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COROLLARY 2.6. Suppose Xt (i,s) N X+ (ig,s0) # 0 with (i, s), (i9,s0) € REL.
Then

c(A)sp < s < C(A)so.
Proof. Pick g € X+ (i,5) N X7 (ig, s9). Lemma 2.4 gives
c(A)r(zg) < s < C(A)r(zg) and c(A)r(zg) < so < C(A)r(zp). 0
LEMMA 2.7. Let (ig, 80), (i,s) € REL. If z € X (ig, s0), then for any y € X
0,0(2) — 0 (0)] < C(A)Y d(z3) /0. (27)

Proof. We proceed by cases.

Case 1: d(z,y) < cys0/128.

Then z,y € X+ (ig, s0). If x or y belongs to X7 (i, s), then Corollary 2.6 tells
us that

c(A)sp < s < C(A)sp;

hence, (2.4) yields the desired estimate (2.7).

If instead neither = nor y belongs to X (i, s), then 6; s(z) = 6; s(y) = 0, hence
(2.7) holds trivially.

Case 2: d(z,y) > cys0/128. Then (2.3) gives

1055 (x) — 0is(y)] <1 < Cd(x,y)/s0.
Thus, (2.7) holds in all cases. 0
Now define

O(z) = ;i s(x) forall zeX. (2.8)
(i,s)EREL

Corollary 2.5 shows that there are at most C'(A) nonzero summands in (2.8) for
any fixed x. Moreover, each summand is between 0 and 1 [see (2.3)], and for each
fixed x, at least one of the summands is equal to 1 (see Lemma 2.3). Therefore,

1<O(x)<C(A) foral =zelX. (2.9)
LEMMA 2.8. Let z,y € X and (ig, so) € REL. If v € X (49, s0), then
|0(z) — O(y)| < C(A) d(x,y)/s0.

Proof. There are at most C(A) distinct (i,s) € REL for which 6; s(x) or 6; s(y) is
nonzero. For each such (4, s) we apply Lemma 2.7, then sum over (3, s). 0
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Now, for (ig, sp) € REL, we set

Pig,50 (L) = big.50(2)/O(). (2.10)
This function is defined on all of X, and it is zero outside X T (ig, sg). Moreover,
Givs, >0 and > s =1 on X (2.11)
(%0,50) EREL
Note that because
diam X T (i, s0) < Csg < C A~ r(x(ig, s0))

[see (2.6)], the function ¢;, s, is zero outside the ball B(x(ig, so), C A~ r(z(ig, s0)))-
Thanks to our Large A Assumption 2.2, it follows that

@i s 1s identically zero outside the ball B(z(i,s), ar(z(i, s))). (2.12)
LEMMA 2.9. For z,y € X and (ip, so) € REL, we have

“pio,so (%‘) — Pio,s0 (y)’ < C(A> d(l’, y)/S().

Proof. Suppose first that x € X (ig, s9). Then

[ (2) = i 0)] = | Pge) - Pel)
- 1) = s 0) o) - 0(»)
= o(x) O(x)e(y)

The first term on the right is at most C'(A) d(x,y)/so by (2.4) and (2.9); the second
term on the right is at most C'(A)d(x,y)/so thanks to (2.3), Lemma 2.8 and (2.9).
Thus,

+ 9i0780 (y)

’(Pio,so (.’E) = Pio,s0 (y)‘ < C(A) d(x7y)/80 if ze X+(7;07 80)' (213)

Similarly, (2.13) holds if y € X (ig, s0)-
Finally, if neither z nor y belongs to X ™ (ig, sg), then

Pio,s0 (33) = Pio,s0 (y) = 07

so (2.13) is obvious.
Thus, (2.13) holds in all cases. 0

COROLLARY 2.10. For z,y € X and (i, so) € REL, we have

|io,s0 (%) = Pios0 (W) < C(A) d(z, y)/r(x(io, 50))-

Proof. Immediate from Lemma 2.9 and inequalities (2.6). 0
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We can now finish the proof of the Whitney Partition Lemma 2.1. We pick A to
be a constant determined by ¢y, Dy, Crg, a, taken large enough to satisfy the Large
A Assumption 2.2. We then take our functions ¢, to be the ¢ 4 ((i,5) € REL),
and we take our z, to be the points x(7, s) ((i,s) € REL). We set r, = r(z,).

The following hold:

e Each ¢, > 0, and each ¢, = 0 outside B(x,,ar,); see (2.11) and (2.12).

e Any given x € X satisfies ¢, (z) # 0 for at most C' distinct v. This follows
from Corollary 2.5, definition (2.10), and the fact that A is now determined by ¢,
Dy, Crgs, a.

e > ¢, =1o0n X;see (2.11).

v
e For each v and for all x,y € X, we have

o (@) = @u(y)| < Cd(z,y)/rv;

see Corollary 2.10, and note that A is now determined by ¢y, Dy, Crg and a.
The proof of the Whitney Partition Lemma 2.1 is complete. O

REMARK 2.11. Later on there will be another Large A Assumption different from
that in this section.

2.2 Patching Lemma.

Patching Lemma 2.12. Let (X, d) be a metric space, and let Y be a Banach space.
For each v in some index set, assume we are given the following objects:

e A point xz, € X and a positive number v, > 0 (a “lengthscale”).

e A function 0, : X — R.

o A vector n, € Y and a vector-valued function F, : X — Y.

We make the following assumptions: We are given positive constants Crg > 1,
Cwhn, Cy, C#, CLip, D*, such that the following conditions are satisfied for each

s v
e (CONSISTENCY OF THE LENGTHSCALE)

Cr& <ryry < Crs whenever d(z,x,) <1, ~+7,. (2.14)

(WHITNEY PARTITION ASSUMPTIONS)
e 0,>0 on X and 6, =0 outside B(x,,ar,), where

a=(4Crs) " (2.15)

10, (x) = 0u(y)| < Cwp - d(z,y)/ry for z,y€X.
Any given x € X satisfies 0,(x) # 0 for at most D* distinct v.

Zﬁyzl on X.

(CONSISTENCY OF THE 1,,) |0y — | < Cy - [y + 10 + d(2p, 20)].
(AGREEMENT OF F, WITH n,) || F,(x) —n,| < C#r, for x € B(x,,m,).
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e (LIPSCHITZ CONTINUITY OF F,)) ||F,(z) — F,(y)|| < CLip-d(z,y) for z,y €
B(zy,ry).
Define

F(z) =) 0,(x)F,(z) for z€X.

Then F satisfies
|F(z) = F(y)ll < Cd(z,y) for z,y€X,
where C is determined by Crs, Cwn, Cy), C#, Crip, D*.

To start the proof of the PATCHING LEMMA 2.12, we define a set of relevant v
by setting

Rw(z)={v:0,(z) #0}, ze€X.
Then 1 < #(Rrv(x)) < D*, and
d(z,z,) <ar, for veRLV(x). (2.16)
We also recall that Crg > 1 and a = (4CLs)~! so that
Crs-a=1/4 and a<1/4. (2.17)
We will use the following result.

LEMMA 2.13. Let v,y € RLv(z), uo € RLv(y), and suppose that d(z,y) < a-[ry, +
T4o)- Then

z,y € B(zy,ry) N B(Xyy, Twy) N B(Xpgs Ty,)
and the ratios
Tuo/rum T/to/rl/o? T/ Twes Tuo /T, Tu/rum T/LO/TI/
are at most Cpg.

Proof. We have the following inequalities:
(K1) d(zy,zy,) < d(xy,x)+dx,z) <ar,+ary,,
(K2) d(xyy, Tp,) < d(xy,, x) +d(z,y) +d(y, zp,) < ary, +[ary, +ary,]+ar,,
(K3) d(zy,zp,) < d(zy,z)+d(x,y) +d(y,xzu,) <ary, +lary, +ary]+ar,,.
From (%1), (%2), (2.17), and CONSISTENCY OF THE LENGTHSCALE (2.14), we
have

Tu/Tves Tuo/Tvs Tvo/Tues Tuo/Tve < CLS-
Therefore, (%3) and (2.17) imply that

d(zy, ) <ary, +Crsar, +2ar,, <1y +1,,,
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and, consequently, another application of CONSISTENCY OF THE LENGTHSCALE
(2.14) gives

Tw/Tues Tuo/Tv < CLs.
Next, note that, by (2.16) and (2.17),

dz,z,) <ar, <r,

and
d(y,z,) < d(y,z) +d(z,z,) < |ary, +ary]+ar, < (3Crsa)r, <ry.
Hence,
x,y € B(xy,1y).
Similarly,
d(z,xy,) < ary,, <y,
and
d(y, xy,) < d(y,z) +d(z,2y,) < [ary, +ary,]+ar, < (3CLsa)ry, <Try,.
Hence,
x,y € B(xy,,1y,)-
Finally,
d(y,x,m) Sary, <Ty,
and

d(z,zy,) < dz,y) +d(y,x,,) <lary, +ary| +ary, < BCLsa)r,, <.
Hence,
z,Y € B(Tpg, T )-
The proof of the lemma, is complete. O

Proof of the Patching Lemma 2.12. We write ¢, C,C’, etc. to denote positive con-
stants determined by Crg, Cwp, C, C#, CLip, D*. These symbols may denote
different constants in different occurrences.

Let z,y € X be given. We must show that

1F(z) = F(y)|| < Cd(z,y).

Fix po, vo, with vy € Ruv(z) and po € RLv(y). We distinguish two cases.
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CASE 1: Suppose
d(z,y) < a-[ry, + 7y with a=(4Cps)™".
Then Lemma 2.13 yields
z,y € B(zy,ry) N B(Zyy, Twy) N B(X g, ) (2.18)

for all v € Ruv(z) U Rv(y). (If v € RLv(y), we apply Lemma 2.13 with y, z, uo, vo
in place of x,y, vy, po.) Also, for such v, Lemma 2.13 gives

cry, <1y <Cryy and cry, <1y, <Oy (2.19)
For v € RLv(x), we have

1 () = ol S NFL () — ol + 10y — ool < Cry + C 1y 410y +d(, 24,)].
(2.20)

(Here, we may apply CONSISTENCY OF THE 7, and AGREEMENT OF F,, WITH 17),,
because y € B(x,,r,).) Also, by (2.18),

d(zy,xy,) < d(zy,z) +d(z,20,) <1, +71,, for veRLV(x).
The above estimates and (2.19) tell us that
|E,(y) —null < Cry, if veRLv(z).

Similarly, suppose v € RLv(y). Then (2.20) holds. (We may apply AGREEMENT
OF F, WITH 1), because y € B(z,,r,).) Also, by (2.18),

d(zy,xy,) < d(zy,y) +d(y,z,,) <1+ 1y, for all v e RLv(y).
The above estimates and (2.19) tell us that
WE,(y) — |l < Cry, forall ve RLv(y).
Thus,
|F(y) — |l < Cry, forall veRLv(z)URLv(y).

We now write

F)-Fly)= Y, 6@ [F@) - F@)

veRLV(z)URLV(y)

Y @) - 6] [Fy) — m) = T+ L.
veRLV(z)URLV(y)

Here we have used the WHITNEY PARTITION ASSUMPTION that the sum of all 6,
equals 1.
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It follows from Lipschitz continuity of F; that

1< Y 0@ [Cdy)] =Cd,y).

veRLV(z)URLV(y)

Each summand in 17 satisfies
0, (x) = 0, (y)| < Cd(z,y)/ry and  [[Fy(y) — M|l < Cryy < CCLgTy,
see (2.1). Hence
16,(2) = 00(9)] - [Fuly) = malll < Cdla,y).
Because there are at most 2D* summands in 11, it follows that
|1 < C d(a,y).
Combining our estimates for terms I and /1, we find that
|F(z) — F(y)|| < Cd(z,y) in CASE 1.
CASE 2: Suppose
d(z,y) > a-[ry, +ru) with a=(4CLg)~ "
For v € RLv(z), we have
d(zy,zy,) < d(zy,x) +d(x,20,) <a-1,+a-1y,,
hence, by CONSISTENCY OF THE LENGTHSCALE (see (2.1)),
cry, <1y, <Cry,
and

[ (@) = o || < 1Fo(2) = mu |l + [l — 10 |
<Cr,+[Cry+Cry +Cd(zy,x,,)] < Cry,.

Here we use (2.16) and (2.17), and the fact that x € B(z,,7,).
Consequently,

IE (@) —mull = || D Ou(@) (@) —mp]| < Cruy Y Ou(z) =Cry.
vERLV(z) vERLV(z)

Similarly,

||F(y) - 77uoH < CTMO'
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Therefore,

”F((I)) - F(y)H S CTVU + C’TIJfo + Hnl/o - 77#0“ S C, TVO + C/ T)U'U + Cld(xl/()?xﬂo)
<C'ry,, +C' Tuo + C'ld(xy,, ) + d(x,y) + d(y, Ty )]
<C"r,, +C" "o + C"d(z,y).

Moreover, because we are in CASE 2, we have
Ty + The < %d(m,y) =4Cpsd(x,y).
It now follows that
|F(x) — F(y)|| < C"d(x,y) in CASE 2.

Thus, the conclusion of the PATCHING LEMMA holds in all cases. O

3 Sets I'y, Labels and Bases

3.1 Main properties of I'y.  We recall that (Y, || - ||) denotes a Banach space.
Given a convex set S C Y we let affhull (S) denote the affine hull of S, i.e., the
smallest (with respect to inclusion) affine subspace of Y containing S. We define the
affine dimension dim .S of S as the dimension of its affine hull, i.e.,

dim S = dim affhull (S).
Given y € Y and r > 0 we let
By(y,r)={z€Y: [lz—y| <r}

denote a closed ball in Y with center y and radius 7. By By = By (0, 1) we denote
the unit ball in Y.

Given non-empty sets A, B CY welet A+ B={a+b:a € A be B} denote
the Minkowski sum of these sets. Given a positive real number A by AA we denote
the set AA ={Aa:a € A}.

We call a pseudometric space (M, p) finite if M is finite, but we say that the
pseudometric p is finite if p(x,y) is finite for every z,y € M.

Let (M, p) be a finite pseudometric space with a finite pseudometric p. Let us fix
a constant A > 0, an integer m > 0, and a set-valued mapping F' : M — Conv,,, (V).
Recall that Conv,,(Y) denotes the family of all nonempty convex subsets of ¥ of
dimension at most m.

In this section we introduce a family of convex sets I'y(x) C Y parametrized by
x € M and a non-negative integer . To do so, we first define integers ko, k1, ko, . ..
by the formula

ko= (m+2)" (£>0). (3.1)
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DEFINITION 3.1. Let x € M and let S C M. A point & € Y belongs to the set
['(x,S) if there exists a mapping f : SU{x} — Y such that:

(i) f(x) =& and f(z) € F(z) for all z € SU {z}.
(ii) For every z,w € S U {x} the following inequality

1f(z) = f(w)]| < Ap(z,w)
holds.
We then define

Te(x)= () T(x,8) for zeM, £>0. (3.2)
SCM
#5<k

For instance, given x € M let us present an explicit formula for I'g(z). By (3.2)
for £ =0,

To(x)= [ T(5)

SCM, #5<1
Clearly, by Definition 3.1,
I(z,{z}) = F(z) (F(2) + Ap(z,2)By) for every ze M,

and I'(z,0) = F(z), so that

To(a) = () (F(2) + Ap(w, 2)By) (33)
zeEM

REMARK 3.2. (i) Of course, the sets I'y(z) also depend on the set-valued mapping
F, the constant A and m. However, we use I'’s only in this section, Sections 3-4
and Section 6.2 where these objects, i.e., I', A and m, are clear from the context.
Therefore we omit F', A and m in the notation of I'’s.

(i) As in the statement of Theorem 1.1, we may restrict attention to S containing
exactly k¢ points in (3.2), provided M contains at least ky points.

The above I"s are (possibly empty) convez subsets of Y. Note that
I'(z,S8) C F(z) forall zeM and SC M. (3.4)
Hence,
[(z,S) C affhull (F(x)) reM, SCM. (3.5)
From (3.4) and (3.2) we obtain

I'y(x) c F(x) for zeM, £>0. (3.6)
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Also, obviously,
Ty(x) cTy_1(x) for zeM, £>1. (3.7)

We describe main properties of the sets I'y in Lemma 3.4 below. The proof of
this lemma relies on Helly’s intersection theorem [DGKG63], a classical result from
the Combinatorial Geometry of convex sets.

Helly’s Theorem 3.3. Let K be a finite family of nonempty convex subsets of Y
lying in an affine subspace of Y of dimension m. Suppose that every subfamily of K
consisting of at most m + 1 elements has a common point. Then there exists a point
common to all of the family K.

LEMMA 3.4. Let ¢ > 0. Suppose that the restriction F'|yy of F' to an arbitrary subset
M C M consisting of at most kg1 points has a Lipschitz selection fay : M —Y
with HfMI Lip(M’,Y) S A. Then for all x € M

(a) Te(z) #0;
(b) T'y(z) C Ty—1(y) + Ap(z,y) By for ally € M, provided ¢ > 1.

Proof. Thanks to (3.2), (3.5) and Helly’s Theorem 3.3, conclusion (a) will follow if
we can show that

Pz, 5NN (2, Smia) # 0 (3.8)

for every Si,...,Sm4+1 C M such that #S; < k; (each 7). (We note that, by (3.5),

each set I'(z, S) is a subset of the affine space affhull (F'(z)) of dimension at most m.

We also use the fact that there are only finitely many S C M because M is finite.)
However, S U---U Sy,41 U{z} C M has cardinality at most

(m+1) ke +1< ke,

The lemma’s hypothesis therefore produces a function 81U USpmy1U{z} —
Y such that f(z) € F(z) for all z € S;U---U Sp,41 U{x}, and

17(2) = f(w)|| < Ap(z,w) forall zwe S U---USpy1U{x}.

Then f(z) belongs to T'(z,S;) for i = 1,...,m + 1, proving (3.8) and thus also
proving (a).

To prove (b), let z,y € M, and let £ € T'y(x) with £ > 1. We must show that
there exists n € I'y_1(y) such that || —n|| < A - p(z,y). To produce such an 7, we
proceed as follows.

Given a set S C M we introduce a set f(a:,y,f,S) consisting of all points
n € Y such that there exists a mapping f : S U {z,y} — Y satisfying the fol-
lowingconditions:
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(i) f(z) =¢& f(y) =n, and f(z) € F(z) for all z € SU {z,y};
(ii) For every z,w € SU {z,y} the following inequality

1f(z) = fw)ll < Ap(z,w)

holds.
Clearly, T'(x,y, &, S) is a convez subset of F(y). Let us show that
) D(v.65 #0. (3.9)
ScM
#S<ke—1
Thanks to Helly’s Theorem 3.3, (3.9) will follow if we can show that
f(‘rayagvsl)mﬁf(xvyvgasm-i-l) 75@ (310)

for all S1,...,Smy1 C M with #5; < k¢ (each 7).
Weset S =51 U---US;41 U{y}. Then S C M with
#S < (m+1) kg +1 < ke

Because € € Ty(z) C T'(z, S) (see (3.2)), there exists f : S{U---USpi U{z,y} — Y
such that

flx)=¢, f(z) € F(z) forall z€ S U---USpi1U{z,yl,
and
1F(z) = Fw)| < Ap(z,w) for z,w e S1U---U Sy U{z,y}.

We then have f( ) € f‘(m, y,§,8;) fori=1,...,m+ 1, proving (3.10) and therefore
also proving (3.9)
Let

ne [\ T@w&S8).
SCM
#S<ke—1

Taking S = (), we obtain a function f : {z,y} — Y with f(z) =¢, f(y) = n and
1f(z) = f(w)ll < Ap(z,w) for 2w e {z,y}.
Therefore,
In =&l < Ap(z,w). (3.11)

Moreover, because T'(z,y,£,5) € D(y,S) for any S € M (see Definition 3.1), we
have

ne () TS =Tri(y) (3.12)
ScM
#S<k¢1

Our results (3.11), (3.12) complete the proof of (b). 0
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3.2 Statement of the Finiteness Theorem for bounded Nagata dimen-
sion.  We place ourselves in the following setting.

e We fix a positive integer m.

e (X,d) is a finite metric space satisfying Nagata (Dj, ¢y) (see Definition 1.5).

e Y is a Banach space. We write || - || for the norm in Y, and || - ||y« for the norm
in the dual space Y*. We write (e, y) to denote the natural pairing between vectors
y € Y and dual vectors e € Y*.

e For each x € X we are given a convex set

F(z) Cc Aftp(z) CY,
where
Affp(x) is an affine subspace of Y, of dimension at most m.

Say, Aff p(z) is a translate of the vector subspace Vectp(z) C Y.
e We make the following assumption for a large enough k¥ determined by m.

Finiteness Assumption 3.5. Given S C X with #S < k¥, there exists fS: S — Y
with Lipschitz seminorm at most 1, such that f%(z) € F(x) for allz € S.

The above assumption implies the existence of a Lipschitz selection with a con-
trolled Lipschitz seminorm. More precisely, we have the following result.

Theorem 3.6 (Finiteness Theorem for bounded Nagata dimension). Let
(X,d) be a finite metric space satisfying Nagata (Dy, cy).

Given m € N there exist a constant k* € N depending only on m, and a constant
~v > 0 depending only on m, ¢y, Dy, for which the following holds: Let Y be a Banach
space. For each x € X, let F(z) C'Y be a convex set of (affine) dimension at most
m.

Suppose that for each S C X with #S < k! there exists f° : S — Y with
Lipschitz seminorm at most 1, such that f°(z) € F(z) for all z € S.

Then there exists f : X — Y with Lipschitz seminorm at most -y, such that
f(z) € F(z) for all x € X.

By applying Theorem 3.6 to the metric space (X, A d) we establish Theorem 1.6.
We place ourselves in the above setting until the end of the proof of Theorem
3.6 in the end of Section 4.9.

3.3 Labels and bases. A “label” is a finite sequence A = (e1,e2,...,¢es) of
functionals e, € Y*, a = 1,...,s, with s < m. Here, m is as in the hypothesis of
Theorem 3.6.

We write #A to denote the number s of functionals e, appearing in A. We allow
the case #A = 0, in which case A is the empty sequence A = ().

Let I' C Y be a convex set, let A = (e, ea,...,e5) be a label, and let r,Cp be
positive real numbers. Finally, let ( € Y.
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DEFINITION 3.7. An (A, r,Cp)-basis for I at C is a sequence of s vectors vy, . ..,vs €
Y, with the following properties:

(BO) ¢ eT.

(B1) (eq,vp) = dap (Kronecker delta) for a,b=1,...,s.
(B2) |lva]| < Cp and |leq|ly- < Cp fora=1,...,s.

(B3) ¢+ &-va and ¢ — £-v, belong tol fora=1,...,s.

If s > 1, then of course (B3) implies (BO).
Let us note several elementary properties of (A, r, Cg)-bases.

REMARK 3.8. (i) If s = 0 then (B1), (B2), (B3) hold vacuously, so the assertion
that T has an (( ),r, Cp)-basis at ( means simply that ¢ € T;

(ii) If »* < r and Cj > Cp, then any (A,r,Cp)-basis for I' at ¢ is also an
(A, r',C)-basis for ' at (;

(iii) If K > 1, then any (A, r, Cp)-basis for I at ¢ is also an (A, Kr, KCp)-basis
for I' at (;

(iv) If I' € IV, then every (A, r,Cp)-basis for I' at { is also an (A, r, Cp)-basis
for I at .

LEMMA 3.9 (“ADDING A VECTOR”). Suppose I' C Y (convex) has an (A,r,Cp)-
basis at &, where A = (e1,ea,...,es) and s < m — 1.
Let n € ', and suppose that

In =&l =r
and
(easn—&) =0 for a=1,...,s.

Then there exist ( € I" and eg11 € Y™ with the following properties:

o [l¢—¢l =35
o (64,0 —&)=0 fora=1,...,s (not necessarily for a = s+ 1).
e I has an (A", r,Cy)-basis at ¢, where AT = (ey,...,es,€511) and Cl is

determined by Cp and m.

Proof. In this proof, we write C' to denote a positive constant determined by Cp
and m. This symbol may denote different constants in different occurrences.
Let (v1,...,vs) be an (A, r,Cp)-basis for I at £. Thus, £ € T,

(a,vp) = 0qp for a,b=1,...,s, (3.13)
lleally- < Chg, ||val| <Cp for a=1,...,s, (3.14)
§+CLBUG, {—CLBUGEF for a=1,...,s. (3.15)

Let

C=7n+(1—7)¢ with 7=21r|c—n|"" € (0,1
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(Note that, by the lemma’s hypothesis, || — 7] is non-zero so that 7 and ¢ are well
defined.)
Our hypotheses on & and 7 tell us that

CGF’ Hé__é” = %Tﬂ <ea7c_§> =0 for CL:l,...,S. (316)
Because n € T, I is convex, and 7 € (0, %], (3.15) implies
C+%CLBva,C—%CLBva€F for a=1,...,s. (3.17)
Let
¢—¢
V] = —. 3.18
T (315)

(The denominator is nonzero, by (3.16).) Then

CHIC—Ellvspr =¢+ (=8 =20-¢E=2m+(1-27){ €l

because £,n € ', I' is convex and 7 € (0, %]

Also,
C—l¢—&llvspr=¢—-((—-§ =€l
Recall that ||¢ — &|| = & r, hence the above remarks and (3.17) together yield
C+ GV, (= Gua €l for a=1,...,s+1, and C=2max{Cp,1}. (3.19)

Also, because (eq,( —&) =0fora=1,...,s, (see (3.16)), the definition of vs41,
together with (3.13), tells us that

(eq,p) = 0qp for a=1,....s and b=1,...,s+1. (3.20)

We prepare to define a functional e;1 € Y*. To do so, we first prove the estimate

s+1 s+1
DTl C{D Aaval| forall Ay, Ao €R. (3.21)
a=1 a=1

To see this, we first note that for any b=1,...,s, (3.20) yields the estimate

s+1 s+1 s+1
ol = [(ens > Aava)| < lleslly- - ||D Aaval < Co D Aava (3.22)
a=1 a=1 a=1
Consequently,
s+1 s
st = [Pss10ss1] < D Aaval| + D Aal [loall

a=1 a=1

s+1 S s+1

<

Z Ao Va
a=1

+CBY Al € (14+mCh)
a=1

Z Aa Va
a=1
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(Recall that 0 < s < m.) Together with (3.22), this completes the proof of (3.21).
By (3.21) and the Hahn-Banach theorem, the linear functional

s+1
Z AaVa — Ast1
a=1
on the span of v1,...,vs41 extends to a linear functional egy1 € Y™, with
les+illy- < C (3.23)
and
(€s41,Vq) = 0s41,4 for a=1,...,s+1. (3.24)

From (3.14), (3.16), (3.18), (3.20), (3.23), (3.24) we have

Cerl, (3.25)
lleally=, |lval] <C for a=1,...,s+1, (3.26)
(eq,Vp) = 0qp for a,b=1,....s+1. (3.27)

From (3.19), (3.25), (3.26), (3.27), we see that v1,...,vsy1 form an ((e1,...,e511),
r, C')-basis for T" at .
Together with (3.16), this completes the proof of Lemma 3.9. O

LEMMA 3.10 (“TRANSPORTING A Basis”). Givenm € N and Cp > 0 there exists
a constant g € (0, 1] depending only on m, Cp, for which the following holds:

SupposeI' C' Y (convex) has an (A, r, Cg)-basis at &y, where A = (e1,ea,...,€s)
and s < m. Suppose I C'Y (convex) satisfies:

(*) Given any £ € T there exists n € IV such that ||{ — n|| < eor.

Then there exists ng € I'" with the following properties:

o no—&ll <Cr

o (eq,mo—&) =0 fora=1,...,s.

e IV has an (A, r,C)-basis at 1.

Here, C' is determined by Cp and m.

Proof. In the trivial case s = 0 (see Remark 3.8 (i)), Lemma 3.10 holds because it
simply asserts that there exists 19 € I” such that ||no—&o|| < C'r, which is immediate
from (*). We suppose s > 1.

We take

€o to be less than a small enough positive constant determined by Cp and m.
(3.28)

We can take g to be, say, % times that small positive constant.
We write cq,co,c3,C to denote positive constants determined by Cp and m.
These symbols may denote different constants in different occurrences.
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Let (vi,...,vs) be an (A, r, Cp)-basis for T" at &. Thus, { €T,

(eq,Vp) = 0qp for a,b=1,...,s, (3.29)
lleally+ < Cp, |lva|| < Cp for a=1,...,s, (3.30)

and

&+ corv, el for a=1,...,8, o==+1 and ¢ =1/Cp. (3.31)
Applying our hypothesis (*) to the vectors in (3.31), we obtain vectors
Coo€Y (a=1,...,s, o==1)
such that

Co+c1orvg+Cap €T for a=1,...,s o==1, (3.32)

and
|Caoll <eor for a=1,...,s, o==%l. (3.33)

We define vectors

M=o 3 Y (Gt eort ) =Gt > Y G (330)

a=1 o=+1 a=1 o=+1

and

a

5 — [S0 + 1700 + Can] — [0 — €17Va + Ca,—1] — 0, + Cat = Ga-1 (3.35)
201 2cir

fora=1,...,s.
From (3.32) and the first equality in (3.34), we have 1oy € I'. From (3.33) and
the second equality in (3.34), we have

100 — &oll < eor- (3.36)
From (3.33) and the second equality in (3.35), we have
|0 —val]| < Ceg for a=1,...,s. (3.37)
Also, for b=1,...,s and 6 = %1, the first equalities in (3.34), (3.35) give
IR IR
Noo + SATT U = oo ; O—Zﬂ (&0 + c10mvq + Cao)

+2%[(§o + e17mvp + G,1) — (S0 — c1rvp + Cp, 1)),
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which exhibits ngy + %617’& Uy as a convex combination of the vectors in (3.32).
Consequently,

Moo + car Uy, Moo — corVp €IV for b=1,...,s,

which implies that

S S
Moo + CQTZ Tolq €TV forany 7,...,7s € R with Z 7] < 1. (3.38)

a=1 a=1

Here we use the following remark on convex sets: Suppose {+n;,{—mn;, (i =1,...,1)
belong to a convex set I'. Then

T I
f—i—ZTimGF forall 7,...,771 € R with Zmlgl.

i=1 1=1
From (3.29), (3.30), (3.37), we have
|{€q,Up) — dap| < Cep for a,b=1,...,s. (3.39)

We let A denote the s x s matrix A = ((eq, 0p))3 ;- Let I = (045)5 ,_; be the
identity matrix. Given an s x s matrix 7', we let ||T7Hop denote the operator norm
of T as an operator from 2 into ¢2. Clearly, | T, is equivalent (with constants
depending only on s) to max{|te|: 1 < a,b < s} provided T = (tap);, j—-

Hence, by (3.39),

1A — I|lop < Ceo. (3.40)

We recall the standard fact from matrix algebra which states that an s x s matrix
T is invertible and the inequality |77 —I||op < |T—1|lop/(1—||T — 1| op) is satisfied
provided || T — I||op < 1. Therefore, by (3.40), for £9 small enough, the matrix A is
invertible, and the following inequality

1A™ = Illop < 2| A = Illop (3.41)

holds.
Let (AT)=1 = (Mgp)gb=1,...,s where AT denotes the transpose of A. Then

S
<ea,z Mgy, 5b> =049 for a,g=1,...,s. (3.42)

b=1
Moreover, by (3.40) and (3.41),
Mgy, —dgp| < Ceg for g,b=1,...,s. (3.43)
We set

S
@g:ZMgbﬁb for g=1,...,s. (3.44)
b=1
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Then (3.30), (3.37), (3.43), (3.44) yield
|og]| <C for g=1,...,s,
while (3.42), (3.44) give
(€q,Vg) = 0gg Tfor a,g=1,...,5s

Moreover, (3.38), (3.43), (3.44) together imply that

S
Noo + CgTZ 740, €T’ forall 7,...,7s such that each |7, <1.

g=1

1669

(3.45)

(3.46)

(3.47)

To see this, we simply write the linear combination of the v, in (3.47) as a linear

combination of the ¥, using (3.44), and then recall (3.38).
From (3.30), (3.36) we have

l{eq,n00 — &0)| < Cegr for a=1,...,s.

We set

S

o =00 — Y (€g,m00 — &0) By,
g=1

so that by (3.46),

s

<eaa770 - fO) = <ea77700 Z €g, 700 — 50 emvg) =0 for a=1,...

g=1
Also, by (3.36), (3.45), (3.48),
S
o = €oll < llmoo — &oll + D 1{egsmoo — &o)l - 18] < Ceor.
g=1
From (3.48) and our small £y assumption (3.28), we have

[{€asm00 — &0)| < %037“ for a=1,...,s,

with ¢ as in (3.47).
Therefore (3.47) and (3.49) tell us that

(3.48)

(3.49)

, 8.

(3.50)

(3.51)

S
Mo + 037“2 740, €I’ for any 7,...,7s suchthat |r,| < % for each g¢.

g=1

In particular,

no €T’

(3.52)
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and
1 D 1 D / -
Mo + 5c3rdg, Mo — 5c3rdvg €M for g=1,...,s.
Also, recalling (3.30), (3.45), (3.46), we note that
lleally=, ||0al| <C for a=1,...,s
and
(€q,Vg) = 0qg for a,g=1,...,s. (3.53)

Our results (3.52),...,(3.53) tell us that 01,...,0s form an (A, r, C)-basis for T’
at ng, with A = (ey, ..., es). That’s the third bullet point in the statement of Lemma
3.10. The other two bullet points are immediate from our results (3.51) and (3.50).

The proof of Lemma 3.10 is complete. O

4 The Main Lemma

4.1 Statement of the Main Lemma. Recall that (X,d) is a (finite) metric
space satisfying Nagata (D, cy).
For any label A = (eq,...,es), we define

UA)=2+3-(m—H#A)=2+3-(m —s). (4.1)
Note that
((A) > U(AT)+3 whenever #AT > #A.
We now choose the constant kf in our Finiteness Assumption 3.5. We take
k= kpp g = (m+2)07 (4.2)
as in equation (3.1), with
* =2+ 3m. (4.3)

In this setting we define a family I'y(x) of basic convex sets as in Section 3.1.
More specifically, let (M, p) = (X,d), A = 1 and let F' : X — Conv,,(Y) be the
set-valued mapping from Theorem 3.6. We apply Definition 3.1 and formulae (3.1),
(3.2) to these objects and obtain a family

{Ty(z):z € X,0=0,1,...}

of convex subsets of Y.

Finally, we apply Lemma 3.4 to the setting of this section. The Finiteness
Assumption 3.5 enables us to replace the hypothesis of this lemma with the require-
ment k* > kg1, which together with definition (4.1) of £(A) leads us to the following
statement.
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LEMMA 4.1. Let A be a label. Then

(A) Ty(z) # 0 for any x € X and any ¢ < ((A).

(B) Let 1 < ¢ < /(U(A), let x,y € X, and let & € T'y(x). Then there existsn € T'y_1(y)
such that

1€ =7l < d(z,y).
In Sections 4.2-4.9 we will prove the following result.

Main Lemma 4.2. Let xg € X, €Y, 19 > 0, Cp > 1 be given, and let A be a
label.

Suppose that T yz) (o) has an (A, ro, Cp)-basis at &, where e > 0 is less than
a small enough constant €* > 0 determined by m, Cg, ¢y, Dy.

Then there exists f : B(xg,ro) — Y with the following properties:

If(z) = f(w)| < Cle)d(z,w) forall z,we B(xg,ro), (4.4)
If(z) =&l < C(e)rg  for all z € B(xg,ro), (4.5)
f(z) €To(z) forall ze B(xzg,10). (4.6)

Here C(¢) is determined by €, m, Cp, ¢y, Dy.

We will prove the Main Lemma 4.2 by downward induction on #4A, starting with
the case #A = m, and ending with the case #A = 0.

4.2 Proof of the Main Lemma in the base case. In this section, we assume
the hypothesis of the Main Lemma 4.2 in the base case A = (e, ..., €n). Thus, in
this case #A = m and ((A) = 2, [see (4.1)].

We recall that for each © € X we have I'y(z) C F(z) C Affp(z) (all £ > 0),
where Affp(z) is a translate of the vector space Vectp(x) of dimension < m. We
write C to denote a positive constant determined by m, Cp, ¢y, Dy. This symbol
may denote different constants in different occurrences.

LEMMA 4.3. For each z € B(xo,70), there exists

n* € T'(z) (4.7)
such that
I =&l < Cetrg, (4.8)
(ea,n* — &) =0 for a=1,...,m, (4.9)
I'1(z) hasan (A, 'ry,C)-basis at 7. (4.10)

Proof. We apply Lemma 3.10, taking T’ to be T's(x¢), I to be I'1(2), and r to be
£~ 1rg. To apply that lemma, we must check the key hypothesis (*), which asserts in
the present case that

Given ¢ € T'g(xg) there exists 1 € I'1(z) such that || —n| <ep- (5717’0)7
(4.11)

where ¢ is a small enough constant determined by C'p and m.
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To check (4.11), we recall Lemma 4.1 (B). Given £ € T'y(z0) there exists n € I'1(z)
such that
II€ —nl|| < d(z,xz0) <ro (because z € B(zg,10)) < €0 - (571,’00);

here, the last inequality holds thanks to our assumption that ¢ is less than a small
enough constant determined by m, Cpg, ¢y, Dy.

Thus, (4.11) holds, and we may apply Lemma 3.10. That lemma provides a vector
1 satisfying (4.7),...,(4.10), completing the proof of Lemma 4.3. O

For each z € B(xzg,rg), we fix a vector n* as in Lemma 4.3. Repeating the idea
of the proof of Lemma 4.3, we establish the following result.

LEMMA 4.4. Given z,w € B(x,10), there exists a vector

n>" e To(w) (4.12)
such that
ln** = 7| < Ce™ld(z,w) (4.13)
and
(a,n*" —m*) =0 for a=1,...,m. (4.14)

Proof. If z = w, we can just take n*" = n*. Suppose z # w. Because z,w € B(x,ro),
we have 0 < d(z,w) < 2rg. Therefore, (4.10) and Remark 3.8 (ii) tell us that

I'i(2) hasan (A, e 'd(z,w),C)-basis at 7°. (4.15)
We prepare to apply Lemma 3.10, this time taking
I'=T(2), I"'=To(w), r= %s_ld(z, w).

We must verify the key hypothesis (*), which asserts in the present case that:
Given any & € T'1(2) there exists € I'g(w) such that

H§ - 77” <é€o- (%Eild(%w))v (4'16)

where ¢( arises from the constant C' in (4.15) as in Lemma 3.10. In particular, g
depends only on m and Cp. Therefore, our assumption that ¢ is less than a small
enough constant determined by m, Cp, ¢, D, tells us that

d(z,w) < g9 - (37 1d(2, w)).

Consequently, Lemma 4.1 (B) produces for each £ € T'1(z) an n € T'g(w) such
that

€ = nll < d(z,w) < o~ (37" d(z,w)),

which proves (4.16).

Therefore, we may apply Lemma 3.10. That lemma provides a vector n** satis-
fying (4.12), (4.13), (4.14), and additional properties that we don’t need here.

The proof of Lemma 4.4 is complete. O
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LEMMA 4.5. Let w € B(x,79). Then any vector v € Vectp(w) satisfying (eq,v) =0
fora =1,...,m must be the zero vector.

Proof. Applying (4.10), we obtain an (A,c 'rg, C)-basis (v1,...,v,) for I'i(w) at
n™. From the definition of an (A, 1rg, C)-basis, see Definition 3.7, we have

(€qyVp) = 0gp for a,b=1,...,m, (4.17)
and
n"Y + %5_17”01)@, nY — % e lrgu, € T1(w) € F(w) C Affp(w) for a=1,...,m,
from which we deduce that
vg € Vectp(w) for a=1,...,m. (4.18)
From (4.17), (4.18) we see that
V1, ..., Uy € Vectp(w)

are linearly independent. However, Vectp(w) has dimension at most m. Therefore,
V1,. ..,y form a basis for Vectp(w). Lemma 4.5 now follows at once from (4.17). O

Now let z,w € B(xg,79). From Lemmas 4.3 and 4.4 we have
n?, n** € I'p(w) C F(w) C Affp(w),
and consequently
nY —n>" € Vectp(w). (4.19)
On the other hand, (4.9) and (4.14) tell us that
(€a,n” —&0) =0, (ea,n” = &) =0, (ea,n” =) =0 for a=1,....m.
Therefore,
(eq,n" — >y =0 for a=1,...,m. (4.20)

From (4.19), (4.20) and Lemma 4.5, we conclude that n** = n*. Therefore, from
(4.13), we obtain the estimate

|n? —n"|| < Ce™ld(z,w) for z,w € B(xg,7o). (4.21)
We now define
f(z)=n* for ze€ B(xg,r0).
Then (4.7), (4.8), (4.21) tell us that

f(z) €To(z) forall =z e B(xo,ro), (4.22)
1£(2) — &l < Ce g for z € B(xg,m0), (4.23)

and
1£(2) — flw)|| < Cetd(z,w) for z,w € B(xg,ro)- (4.24)

Our results (4.22), (4.23), (4.24) immediately imply the conclusions of the Main
Lemma 4.2.
This completes the proof of the Main Lemma 4.2 in the base case #A =m. O
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4.3 Setup for the induction step. Fix a label A = (ey,...,e5) with 0 < s <
m — 1. We assume the

Inductive Hypothesis 4.6. Let :Ear € X, §6r ey, rar > 0, Cfgr > 1 be given, and
let AT be a label such that #£AT > #A.

Then the Main Lemma 4.2 holds, with :car, §0+, rar, C’E, AT, in place of zq, &,
ro, Cp, A, respectively.

We assume the

Hypotheses of the Main Lemma for the Label A 4.7 2 € X, { €Y, 19 >
0, Cp > 1, Ty (zo)has an (A, e 1rg, Cp)-basis at &.

We introduce a positive constant A, and we make the following assumptions.

Large A Assumption 4.8. A exceeds a large enough constant determined by m,
CB, CNv DN'

Small ¢ Assumption 4.9. ¢ is less than a small enough constant determined by
A, m, Cg, ¢y, Dy.

We write C' to denote a positive constant determined by m, Cg, ¢y, Dy; we write
C(e,A) and C'(e, A) to denote positive constants determined by e, m, A, Cg, ¢y,
D,. These symbols may denote different constants in different occurrences.

Under the above assumptions, we will prove that there exists f : B(xg,79) — Y
satisfying

|f(z) = f(w)]| < C(e,A)d(z,w) forall =z ,w e B(xg,ro), (4.25)
|f(z) =&l < C(e,A)rg for all z € B(xg,ro), (4.26)
f(z) €To(z) forall ze B(xg,r0). (4.27)

These conclusions differ from the conclusions (4.4), (4.5), (4.6) of the Main Lemma
4.2 only in that here, C'(¢) is replaced by C(e, A).

Once we have proven the existence of such an f under the above assumptions,
we then pick A to be a constant determined by m, Cp, ¢y, Dy, taken large enough
to satisfy the Large A Assumption 4.8.

Once we do so, our present Small ¢ Assumption 4.9 will follow from the small €
assumption made in the Main Lemma 4.2. Moreover, the conclusions (4.25), (4.26),
(4.27) will then imply conclusions (4.4), (4.5), (4.6). Consequently, we will have
proven the Main Lemma 4.2 for A. That will complete our downward induction on
#A, thereby proving the Main Lemma 4.2 for all labels.

To recapitulate:

We assume the Inductive Hypothesis 4.6 and the Hypotheses of the Main Lemma
for the Label A 4.7, and we make the Large A Assumption 4.8 and the Small &
Assumption 4.9.
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Under the above assumptions, our task is to prove that there exists f
B(zg,19) — Y satisfying (4.25), (4.26), (4.27). Once we do that, the Main Lemma
4.2 will follow.

We keep the assumptions and notation of this section in force until the end of
the proof of the Main Lemma 4.2.

4.4 A family of useful vectors.  Recall that I'y#)(z0) has an (A, e 1rg, Cp)-
basis at &.
Let z € B(xg, 10rg). Then, thanks to our Small & Assumption 4.9, we have

d(z,20) < 1079 < €9 - (¢ rp), (4.28)

where ¢( arises from Cpg, m as in Lemma 3.10.

We apply that lemma, taking T' = T'yn)(z0), I" = Tyay—1(2), and r = e lrg,
and using (4.28) and Lemma 4.1 (B) to verify the key hypothesis (*) in Lemma 3.10.
Thus, we obtain a vector n* € Y, with the following properties:

Lyay-1(z) hasan (A, e lrg, C)-basis at 77, (4.29)
In* = &l < Ce™'r, (4.30)

and
(€a;n° — &) =0 for a=1,...,s. (4.31)

We fix such a vector n® for each z € B(xg, 10r).
4.5 The basic lengthscales.

DEFINITION 4.10. Let = € B(xo,5r0), and let r > 0. We say that (x,r) is OK if
both conditions (OK1) and (OK2) below are satisfied.
(OK1) d(zg,z) + 5r < 5ry.
(OK2) Either condition (OK2A) or condition (OK2B) below is satisfied.
(OK2A) #B(z,5r) <1 (ie., B(x,5r) is the singleton {z}).
(OK2B) For some label A" with #A* > #A, the following holds:
For each w € B(z,5r) there exists a vector ("' € Y satisfying
conditions (OK2Bi), (OK2Bii), (OK2Biii) below:
(OK2Bi) Tyq)_3(w) has an (AT, e 'r, A)-basis at (*.
(OK2Bii) [|¢* — & < Ae™1rg.
(OK2Biii) (eq,¢*" —&p) =0fora=1,...,s.

Of course (OK1) guarantees that B(z,5r) C B(xg,5r0).

Note that (x,r) cannot be OK if r > ry, because then (OK1) cannot hold. On
the other hand, if x € B(xo, 579), then d(xo,z) < 5rg, hence (OK1) holds for small
enough r, and (OK2) holds as well (because B(z,5r) = {x} for small enough r;
recall that (X,d) is a finite metric space). Thus, for fixed z € B(zo, 5rp), we find
that (z,r) is OK if r is small enough, but not if 7 is too big.
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For each = € B(xo,5r9) we may therefore
fix a basic lengthscale r(xz) >0,
such that

(z,7r(x)) is OK, but (z,2r(x)) is not OK.

Indeed, we may just take r(x) to be any ' such that (z,7’) is OK and

r' > Lsup{r: (z,r) is OK}.

We let RELX (relevant X) denote the set of all z € B(xg, 5rg) such that

B(x,r(x)) N B(xg,10) # 0.
Clearly,
B(xo,70) € RELX.
From (4.33) and (OK1), we have
d(xo,x) + br(z) < brg for each x € B(xg,5r9).
LEMMA 4.11. Let z1, 29 € B(xg,5r¢). If
d(z1,22) < 7r(z1) +7(22),
then
%r(zl) < r(z) < 4dr(z).
Proof. Suppose not. After possibly interchanging z; and zo, we have

r(z1) < %r(z’g).

Now (z2,7(22)) is OK (see (4.33)). Therefore it satisfies (OK1), i.e.,

d(xo, z2) + 5r(z2) < 5rg.
Therefore, by (4.36),

d(xo,z1) + 5 (2r(z1))

< d(zg, z2) + d(z1, 2z2) + 107(21) < d(x0, 22) + 7(21) + r(22) + 107 (21)

< d(zg, z2) + %T(ZQ) + 7(29) < d(xo, 22) + 5r(z2) < 5ro,

i.e., (z1,2r(z1)) satisfies (OK1).
Moreover,

B(z1,107r(z1)) C B(z2,57(22)).

GAFA

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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Indeed, if w € B(z1,107(z1)), then (4.37) and (4.36) give
d(w, z9) < d(w, z1) + d(z1,22) < 10r(z1) + 7r(21) + 1(22) < %T‘(Zg) + 7(z2) < 5r(z2),

proving (4.38).

Because (22,7(22)) is OK, it satisfies (OK2A) or (OK2B). If (22,r(22)) satisfies
(OK2A), then so does (z1,2r(z1)), thanks to (4.38). In that case, (21, 2r(z1)) satisfies
(OK1) and (OK2A), hence (z1,27(21)) is OK, contradicting (4.33).

On the other hand, suppose (z2,7(22)) satisfies (OK2B). Fix A" with #AT >
#A such that for every w € B(z9,57(22)) there exists (" satisfying

o Tya_3(w) has an (AT, e~ r(2), A)-basis at ¢*.

o [V =&l < Aemlrg.

o (64,("—¢&) =0 fora=1,...,s.

Thanks to (4.38) there exists such a (" for every w € B(z1,5 - (2r(21))).

Note that, by (4.37) and Remark 3.8 (ii), the (A", e~ 1r(z2), A)-basis in the first
bullet point above is also an (AT, e~! - (2r(21)), A)-basis.

It follows that (z1,2r(z1)) satisfies (OK2B). We have seen that (z1,2r(21))
satisfies (OK1), so again (z1,27(21)) is OK, contradicting (4.33).

Thus, in all cases, our assumption that Lemma 4.11 fails leads to a contradiction.

O

4.6 Consistency of the useful vectors. Recall the useful vectors n* (z €
B(xo,1079)), see (4.29), (4.30), (4.31), and the set RELX, see (4.34). In this section
we establish the following result.

LEMMA 4.12. Let z1, 20 € RELX. Then
It = 0| < Ce™r(z1) +7(22) + d(z1, 22)].
Proof. 1f
r(z1) + r(22) + d(21, 22) > 19/10,

then the lemma follows from (4.30) applied to z = z; and to z = z».
Suppose

r(z1) 4 7(22) + d(21, 22) < ro/10. (4.39)
Because z; € RELX, we have d(z1, o) < ro + r(z1), hence
d(z1,20) +5-(2r(z1)) <o+ 11r(21) < 5ro.

Thus (z1,2r(21)) satisfies (OK1), and, in particular, B(z1,10r(z1)) C B(zo, 5r9).
Recall from (4.29) that Tya)_1(22) has an (A, e 'rg, O)-basis at . By (4.39)
and Remark 3.8 (ii), it follows that

Tym-1(22) hasan (A '[r(z1) +r(22) + d(z1, 22)], C)-basis at n*. (4.40)
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Our Small £ Assumption 4.9 shows that
d(z1,22) < €0 - L r(z1) + r(z2) + d(z1, 22)],

for the g¢ arising from Lemma 3.10, where we use the constant C' in (4.40) as the
constant Cg in Lemma 3.10.
Therefore, by Lemmas 3.10 and 4.1 (B), with

I'=Tym-1(22), I'=Tym-a(z1), r=e "[r(z1) +r(z2) +d(z1,2)],
we obtain a vector ¢ € I'y#y_2(21) such that
16 = 0|l < Ce™ [r(21) + r(z2) + d(21, 22)] (4.41)
and
(ea, ¢ —1n*)=0 for a=1,...,s,

hence

(€a;C—m") =0 for a=1,...,s. (See (4.31).) (4.42)

We will prove that
I¢ =77 || < e7Mr(z0);

(4.41) will then imply the conclusion of Lemma 4.12.
Suppose instead that

IC =77 ]| > e~ r(=21). (4.43)

We will derive a contradiction. By (4.29), Remark 3.8 (iv), and because r(z1) <
70/10 [see (4.39)], we know that

Lyay—2(21) has an (A, e 1r(21), C)-basis at 0. (4.44)

Our results (4.42), (4.44) and our assumption (4.43) are the hypotheses of Lemma
3.9 (“Adding a vector”). Applying that lemma, we obtain a vector ¢ € T'y)—2(21),
with the following properties:

IC =771l = 57 r(z0),
(ea,; ¢ —n™)=0 for a=1,...,s; (4.45)
also
Lyay—2(21) has an (A*, e r(21), C)-basis at (, (4.46)
for a label of the form AT = (ey,...,es,es11); and

<ea,é—§o>:O for a=1,...,s. (4.47)
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See (4.31).
In particular, AT = #A + 1.
From (4.46) and Remark 3.8 (iii) we have, with a larger constant C,

Ty _a(z1) hasan (AT,e7'-(2r(z1)),C)-basis at (. (4.48)

Now let w € B(z1,5 - (2r(z1))). Let g arise from Lemma 3.10 where we use C
from (4.48) as the constant Cp in Lemma 3.10. We have

d(z1,w) < 107(z1) < &g - (6_1 - (2r(z1))),

thanks to our Small ¢ Assumption 4.9. Therefore, Lemma 4.1 (B) allows us to verify
the key hypothesis (*) in Lemma 3.10, with T' = Tya)_o(21), I" = Tyay_s(w),
r=¢e1.(2r(z1)).

Applying Lemma 3.10, we obtain a vector (* € I'yn)_3(w) with the following
properties:

Ig = Il < Ce™ - (2r(=21)), (4.49)
(ea,Cw—é') =0 for a=1,...,5+1;

hence by (4.47),
(€q, (V" — &) =0 for a=1,...,s. (4.50)
Also,
Lyay—g(w) has an (At et (2r(21)), C)-basis at ¢¥. (4.51)
We have
16 = &ll < 11€ = I+ 1IC = m | + ™ = &ll < Ce™'r(z1) + & 'r(21) + Ce g

by (4.49), (4.45) and (4.30).
Recalling that r(z1) < r¢/10, we conclude that

1€ = &oll < Ce™ - 1o (4.52)

Thus, for every w € B(z1,5-(2r(z1))), our vector * satisfies (4.50), (4.51), (4.52).
Comparing (4.51), (4.52), (4.50) with (OK2Bi), (OK2Bii), (OK2Biii), and recalling
our Large A Assumption 4.8, we conclude that (OK2B) holds for (z1,2r(z1)). We
have already seen that (OK1) holds for (z1,2r(z1)). Thus (z1,2r(z1)) is OK, contra-
dicting the defining property (4.33) of r(z1).

This contradiction proves that (4.43) cannot hold, completing the proof of Lemma
4.12. O
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4.7 Additional useful vectors.

LEMMA 4.13. Let x € B(xg,5r¢), and suppose that #B(x,5r(x)) > 2.
Then there exist a vector (* € Y and a label A" with the following properties:

#HAT > H#A, (4.53)
Lyay—3(w) has an (A*, e tr(x), A)-basis at (%, (4.54)
16" =" < e (), (4.55)
(ea,(* —n*)=0 for a=1,...,s. (4.56)

Proof. Recall that (z,r(z)) is OK. We are assuming that (OK2A) fails for (z,r(z)),
hence (OK2B) holds. Fix A" as in (OK2B), and let ¢* be as in (OK2B) with w = x.
Then (4.53), (4.54), (4.56) hold, thanks to (OK2B); however, (4.55) may fail in case
r(z) is much smaller than ro. If (4.55) holds, we are done.

Suppose instead that (4.55) fails, i.e.,

16" = "]l > e (). (4.57)

We recall from (4.29) that T'ya)_1 (x) has an (A, e~ 'rg, C)-basis at 1. We have also
r(z) < ro because (z,r(z)) is OK; and

Lyay-1(z) C Tyay-3(z).
Therefore, by Remark 3.8 (iv),
Lyay—3(r) has an (A, e r(x), C)-basis at n”. (4.58)

From (4.56), (4.57), (4.58) and Lemma 3.9 (“Adding a vector”), we obtain a
vector ( € Y and a label A with the following properties:

#A > H#A, (4.59)
IS = 1"l = 3¢ r(x), (4.60)
<ea,é—nm> =0 for a=1,...,s, (4.61)
Lyay—3(z) has an (A, e~ r(x), C')-basis at (. (4.62)

Comparing (4.59),...,(4.62) with (4.53),...,(4.56), and recalling our Large A
Assumption 4.8, we see that f and A have all the properties asserted for ¢% and AT
in the statement of Lemma 4.13.

Thus, Lemma 4.13 holds in all cases. O
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4.8 Local selections.

LEMMA 4.14. Given x € RELX, there exists f : B(x,r(x)) — Y with the following
properties:

D If(z) = f(w)| < C(e,A)d(z,w) for z,w e B(x,r(x)).
(IT) f(2) € Tg(2) for z € B(xz,r(x)).

(ITI) || f(z) = n*|| < C(e, A)r(z) for z € B(z,r(x)).

(IV) If(z) = &l < C(e,A)rg  for z € B(z,r(z)).

Proof. We proceed by cases.

Case 1. Suppose #B(x,5r(z)) > 1.
Then Lemma 4.13 applies. Let AT, ¢* be as in that lemma. Thus,

HAT > #A, (4.63)
I¢7 = n®|| < e™r(z) (4.64)
and
_g(x) hasan (A", e 'r(x), A)-basis at ¢*;
hence, by Remark 3.8 (iv),

Lya+y(z) has an (A*, e tr(x), A)-basis at %, (4.65)

because ((A) — 3 > L(AT) whenever #AT > #A.
We recall from our Small ¢ Assumption 4.9 that

¢ 1is less than a small enough constant determined by A, ¢y, Dy, m.  (4.66)

Thanks to (4.65), (4.66), the Hypotheses of the Main Lemma 4.7 are satisfied,
with AT, x, (¥, r(x), A, in place of A, xg, &, 10, Cg, respectively. Moreover, thanks
to (4.63) and the Inductive Hypothesis 4.6, we are assuming the validity of the Main
Lemma 4.2 for AT, ..., A.

Therefore, we obtain a function f : B(z,r(z)) — Y satisfying (I), (II) and the
inequality

1f(z) = ¢*l < Cle, A)r(z), 2z € Blx,r(x)).
This inequality together with (4.64) implies (III).
Moreover, (IV) follows from (III) because, for z € B(x,r(x)) C B(xo,5rg), we
have

17(2) = €oll < 1£(z) ="l + |In" — &oll < C(e, A)r(z) + Ce™lrg < C'(e, A)ro;

here we use (4.30) and the fact that (x,r(x)) satisfies (OK1).

This completes the proof of Lemma 4.14 in Case 1.

Case 2. Suppose #B(x,5r(z)) < 1.

Then, B(x,5r(x)) = {z} and n* € T'yxy_1(x) C Lo(x). Hence the function
f(z) = n* satisfies (I),(II),(III), and also (IV) thanks to (4.30).

Thus, Lemma 4.14 holds in all cases. O
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4.9 Proof of the Main Lemma: the final step. Let B be the metric space

By = (B($0?T0)7d’B(xo,'ro)XB(zg,ro)) s

i.e., the ball B(z,rg) supplied with the metric d.

For the rest of Section 4.9, we work in the metric space By. Given z € B(xg, o)
and r > 0, we write é(:v, ) to denote the ball in By with center x and radius r; thus
B(z,r) = B(z,r) N B(xzg, o).

Note that, since (X, d) satisfies Nagata (D, cy), the metric space By satisfies
Nagata (Dy, ¢y) as well. See Definition 1.5.

Let r : X — R4 be the basic lengthscale constructed in Section 4.5 (see (4.32)),

and let
Crs=4 and a=(4Cps)" . (4.67)

Note that, by Lemma 4.11, CONSISTENCY OF THE LENGTHSCALE (see (2.1)) holds
for the lengthscale r(x) on B(xg, 7o) with the constant Crg given by (4.67).

We apply the Whitney Partition Lemma 2.1 to the metric space By, the length-
scale

{r(z): x € B(xo,70)}

and the constants Cpg, a determined by (4.67), and obtain a partition of unity
{0, : B(zo,70) — R4} and points

x, € B(xo,70) (4.68)

with the following properties. B

e Fach 0, > 0 and for each v, 0, = 0 outside B(z,,ar,); here a is determined
by (4.67), and r, = r(z,).

e Any given z satisfies 0, (z) # 0 for at most D* distinct v, where D* depends
only on ¢y, Dy.

. Z@l,(x) =1 for all x € B(xo,r0).

e FEach 6, satisfies

00 (2) ~ Bul)| < ()
Ty
for all z,y € B(xo,70); here again r, = r(z,).
From Lemma 4.11, we know that
e For each p, v, if d(zy,z,) <71, + 7y, then %r,, <71y <Ary,.
Moreover, by (4.35) and (4.68),

x, € RELX for each v, (4.69)

so that, by Lemma 4.14, there exists a function f,, : B(zy,1,) — Y satisfying the
following conditions
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I17(2) = fo(w)| < Cle, A)d(z,w) for z,w e B(xy,r).
fu(2) €To(z) for ze B(zy,r,).
/() —mll < C(e,A)r, for z e B(x,,r,), where n, = n*.
ny(z) — &l <C(e,A)rg for z € B(xy,1y).

Let f, = fy|§(%,n). We extend f, from B(x,,r,) = B(zy,1,) N B(xo,70) to all
of B(xg,70) by setting f, = 0 outside é(x,,, Ty).

Since each z, € RELX (see (4.69)), from Lemma 4.12, we have

o |lm —mull £C(e,A) - [ry + 1y +d(xy, x,)] for each p,v.

The above conditions on the 6, 1,, f,, f,, 7, and a (cf. (2.15) with (4.67)) allow
us to apply the Patching Lemma 2.12 on 8By. We conclude that

f(z) = Zﬁy(ac) fu(z) (all z € B(xzg,ro))

satisfies

1f(z) = fll < Cle, A)d(x,y) for x,y € B(wo, ro)-

Moreover, for fixed x € B(wo,10), we know that f(r) is a convex combination of
finitely many values f,(z) with B(z,,ar,) 3 x; for those v we have f,(z) € I'o(z)
and || f,(z) —&o|l < C(e, A) ro. Therefore, f(z) € T'o(z) and || f(x) — &l < C(e, A) ro
for all = € B(xg,10).

Thus, f satisfies (4.25), (4.26) and (4.27), completing the proof of the Main
Lemma 4.2. O

Proof of the Finiteness Theorem 3.6 for bounded Nagata dimension. Let zg € X,
ro =diamX +1, Cp =1, and A = (). Let ¢ = %6* where £* is as in the Main
Lemma 4.2 for m, Cp =1, ¢y and D,. Thus, € depends only on m, ¢, and D,.
By Lemma 4.1 (A), Tya)(wo) # 0 so that there exists {o € Tyq)(zo). Since
#A = 0, the set 'y 4)(z0) has an (A, e 1rg, Cp)-basis at &. See Remark 3.8, (i).
Hence, by the Main Lemma 4.2, there exists a mapping f : B(zg,r9) — Y such
that

If(z) — f(w)| < Cd(z,w) forall z,we B(xg,1p),
and
f(z) €Tg(z) forall z e B(xg,ro).

Here C' is a constant determined by e, m, Cp, ¢y, Dy. Thus, C depends only on m,
Cy, Dy.

Clearly, B(xo,79) = X. Furthermore, I'g(2) C F(z) for every z € X (see (3.6)),
so that f(z) € F(z), z € X. Thus, f is a Lipschitz selection of F' on X with Lipschitz
seminorm at most a certain constant depending only on m, ¢y, Dy.

The proof of Theorem 3.6 is complete. O

Recall that Theorem 3.6 immediately implies Theorem 1.6.
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4.10 The Finiteness Principle on metric trees. Let us consider an impor-
tant example of a metric space with finite Nagata dimension.

Let T = (X, E) be a finite tree. Here X denotes the set of nodes and E denotes
the set of edges of T. We write z < y to indicate that nodes =,y € X, x # y, are
joined by an edge; we denote that edge by [zy].

Suppose we assign a positive number A(e) to each edge e € E. Then we obtain
a notion of distance d(z,y) for any z,y € X, as follows.

We set

d(x,z) =0 forevery =z e X. (4.70)

Because T is a tree, any two distinct nodes x,y € X are joined by one and only
13 ”
path

rT=u1x9 x1 < < xr =y with all the x; distinct.

We define
L
d(z,y) =Y Alzi1wi]). (4.71)
=1

We call the resulting metric space (X, d) a metric tree.
For the reader’s convenience we prove the following slight variant of a result from
[LS05].

LEMMA 4.15. Every metric tree satisfies Nagata (1, c) with ¢ = 1/16. (See Definition
1.5).

Proof. Given a metric tree (X,d), we fix an origin 0 € X and make the following
definition:
Every point z € X is joined to the origin by one and only one “path”

0=x9p« 21 < - x; =2z, with all the x; distinct.

We call xg, x1,...,xr the ancestors of x. We define the distinguished ancestor of
x, denoted DA(z), to be x; for the smallest i € {0, ..., L} for which
d(0,z;) > [d(0,z)]| — 1, (4.72)

where [-| denotes the greatest integer function. (Note that there is at least one x;
satisfying (4.72), namely x;, = x. Thus, every x € X has a distinguished ancestor.)
We note two simple properties of DA(z), namely,
(1) d(z,DA(x)) < 2;
(2) DA(z) is an ancestor of any ancestor y of  that satisfies d(0,y) > [d(0,z)]—1.
We now exhibit a Nagata covering of X for the lengthscale s = 4.
For ¢q=0,1 and z € X, let

Xq(2) ={r € X : 2=DA(z) and [d(0,z)] =¢q mod 2}.
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Clearly, the X (z) cover X. Moreover, (1) tells us that each X,(z) has diameter at
most 4.

We assert the following

Cramm: If z # 2/ and ¢ = ¢/, then the distance from X, (z) to X (%) is at least
1/2.

The CLAIM immediately implies that any given ball B C X of radius 1/4 meets
at most one of the Xy(z) and at most one of the X;(z), hence at most two of the
Xq(2).

Let us establish the CLAIM; if it were false, then we could find

z#£2, q€{0,1}, z € X (2), ' € Xy(¢') with d(z,2') <1/2.

We will derive a contradiction from these conditions as follows.
Because d(z,2’) < 1/2, we have

| [d(0, )] = [d(0,27)] | < 1.

On the other hand, |d(0,z)| = [d(0,2')] mod 2. Hence, |d(0,z)]| = |d(0,2")].
Next, let Z be the closest common ancestor of x,2’. Because d(x,2’) < 1/2, we
have d(z,2) < 1/2 and d(2/,2) < 1/2, and therefore the ancestor Z of x satisfies

d(0,2) > [d(0,2)] — 1.

Hence, (2) implies that z is an ancestor of Z. Similarly, 2’ is an ancestor of Z.

It follows that either z is an ancestor of 2/, or 2’ is an ancestor of z. Without
loss of generality, we may suppose that z is an ancestor of z’. Consequently, z is an
ancestor of z; moreover,

d(0,2) > [d(0,z)| —1 = |d(0,2")] — 1.

Thanks to (2), we now know that 2’ is an ancestor of z. Thus, each of the points
2,7 is an ancestor of the other, and therefore z = 2/, contradicting an assumption
that the CLAIM is false.

We have produced a covering of an arbitrary metric tree by subsets X; of diameter
at most 4, such that no ball of radius 1/4 intersects more than two of the X.

Applying the above result to the metric tree (X, % d) for given s > 0, we produce
a covering of X by X, such that, with respect to d, each X; has diameter at most
s, and no ball of radius s/16 meets more than two of the X;. Thus, we have verified
the Nagata condition for metric trees. O

Let us apply Theorem 1.6 to metric trees. Thus, we obtain the following

COROLLARY 4.16. Let m € N, let (X,d) be a metric tree and let A be a positive
constant.

Let F: X — Conv,,(Y) be a set-valued mapping such that, for every subset
X' C X with #X' < kP, the restriction F|x. has a Lipschitz selection fx: : X' — Y
with || fx

Lip(X",y) < A
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Then F has a Lipschitz selection f: X — Y with || f||Lipx,y) < 70 A
Here k* = kf(m) is the constant from Theorem 1.6, and vy = ~o(m) is a constant
depending only on m.

5 Metric Trees and Lipschitz Selections with Respect to the
Hausdorff Distance

We recall that (Y, || - ||) denotes a Banach space, and %, (Y") denotes the family of
all nonempty compact convex subsets K C Y of dimension at most m. Recall also
that dig(A, B) denotes the Hausdorff distance between A, B € K, (Y).

In this section we work with finite trees T' = (X, F), where X denotes the set of
nodes and E denotes the set of edges of T. As in Section 4.10, we write u < v to
indicate that u,v € X are distinct nodes joined by an edge in T

We supply X with a metric d defined by formulae (4.70) and (4.71), and we refer
to the metric space (X, d) as a metric tree (with respect to the tree T = (X, F)).

REMARK 5.1. Sometimes we will be looking simultaneously at two different pseudo-
metrics, say p and p, on a pseudometric space, say on M. In this case we will speak
of a p-Lipschitz selection and p-Lipschitz seminorm, or a p-Lipschitz selection and
p-Lipschitz seminorm to make clear which pseudometric we are using. Furthermore,
sometimes given a mapping f : M — Y we will write || f||rip((m,p),y) to denote the
Lipschitz seminorm of f with respect to the pseudometric p.

5.1 The “core” of a set-valued mapping and the Finiteness Principle.
Until the end of Section 6 we write k¥ and g to denote the constants from Corollary
4.16. Recall that these constants depend only on m.

In this and the next subsection we prove the following result.

Theorem 5.2. Let (M, p) be a metric space, and let F' : M — %K, (Y) for a
Banach space Y. Let A be a positive real number.
Suppose that for every subset M C M consisting of at most k! points, the restric-
tion F'|py has a Lipschitz selection far with Lipschitz seminorm || fav ||rippe,yy < A
Then there exists a mapping G : M — ¥K,,,(Y') satisfying the following conditions:
(i) G(x) C F(x) for every x € M;
(ii) For every z,y € M the following inequality

du(G(2),G(y)) < Ap(z,y)

holds.

Let (M, p) be a metric space and let F': M — K, (Y) be a set-valued mapping.
We suppose that the following assumption is satisfied.

Assumption 5.3. For every subset M! C M consisting of at most k' points, the
restriction Flp of F to M has a p-Lipschitz selection fapr : M — Y with

Il fme I Lip(mr, o),y < A
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Our aim is to prove the existence of a mapping G : M — K, (Y) satistying
conditions (i) and (ii) of Theorem 5.2. We refer to G as a “core” of the set-valued
mapping F.

Let T'= (X, E) be an arbitrary finite tree. We introduce the following

DEFINITION 5.4. A mapping v : X — M is said to be admissible with respect to T
if for every two distinct nodes u,v € X with u < v (i.e., u is joined by an edge to

v), we have (u) # ¥ (v).

Let ¢ : X — M be an admissible mapping. Then 1 gives rise a tree metric
dr,y : X x X — R, defined by

drg(u,v) = p(p(u),(v)) for every u,v € X, u < v. (5.1)
See (4.71).
Clearly, by the triangle inequality,
p(Y(u),¥(v)) < dpy(u,v) for every w,ve X. (5.2)

Now define a set-valued mapping Fry : X — %, (Y') by the formula
Fry(u) = F(Y(u), ueX.

LEMMA 5.5. The set-valued mapping Fr, = F o1 has a dry-Lipschitz selection
f:+ X — Y such that

I flLip(cx, dry),y) < Y0 A (5.3)

Proof. Let X’ C X be an arbitrary subset of X with #X’ < kf, and let M’ = ¢ (X").
Then

#M < #X <K

so that, by Assumption 5.3, the restriction F|y¢ has a p-Lipschitz selection fay :
M, — Y with ”fM’ Lip((M/, p),Y) S A
Let gx' : X' — Y be defined by

gx'(u) = fw(¥(u), uwe X'

Then gx- is a selection of the restriction Fr 4| x, i.e., gx'(u) € Fry(u) for allu € X'.
Furthermore, for every u,v € X’

lgx: (u) = gx ()| = I/ (¥ (w)) = ae (@ (0))[| < Ap(¥(u), ¥ (v))
so that, by (5.2),

19 () = gx (V)| < Adry(u,v)

proving that the dr ,-Lipschitz seminorm of gx- is bounded by A.
Hence, by Corollary 4.16, the set-valued mapping Fr  has a dr -Lipschitz selec-
tion f: X — Y satisfying inequality (5.3). O
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We will need the following two definitions.

DEFINITION 5.6. Let x € M. The family APT(z) consists of all triples L = [T, a, /]
where

e T = (X,FE) is a finite tree with the family of nodes X and the family of edges
E;

e a € X isanodeof T;

e ¢: X — M is an admissible mapping with respect to T' such that ¢ (a) = x.

We refer to each triple L = [T, a,v] € APT(z) as an admissibly placed tree rooted
at a. We call APT(x) the family of all Admissibly Placed Trees associated with x.

DEFINITION 5.7. Let x € M. Given a finite tree T = (X,E) and a triple L =
[T,a,v] € APT(z) we let O(x; L) denote the subset of Y defined by

O(z; L)
={f(a): f isa dry-Lipschitz selection of Fry with Hf”Lip((X,dT,w),Y) <A}

We recall that a convex subset of Y has dimension at most m if it is contained
in an affine subspace of Y of dimension at most m.

LEMMA 5.8. Let x € Mandlet L = [T, a,] € APT(x). Then O(x; L) is a nonempty
compact convex subset of F'(x) of dimension at most m.

Proof. By Lemma 5.5, the mapping Fry = F o1 has a dr4-Lipschitz selection f :
X = Y with || f[|Lip((x,dr..),y) < 70 A Therefore, by Definition 5.7, f(a) € O(z; L)
proving that O(x; L) # 0.

The convexity of O(z; L) directly follows from the convexity of sets F'(y) (y € M)
and Definition 5.7. Furthermore, if f : X — Y is a selection of Fpy = F o1, then
f(a) € F(¢(a)) = F(z) (recall that x = 1)(a), see Definition 5.6).

Hence, O(z; L) C F(x). This also proves that dim O(z; L) < dim F'(z) < m.

Let us prove that O(z; L) is compact whenever each set F(y),y € M, is. Since
O(z; L) C F(x) and F(x) is a compact set, O(x; L) is a bounded set. We prove that
O(z; L) is closed.

Let h € Y,and alet h, € O(x; L),n =1,2,... be a sequence of points converging
to h:

h = lim h,. (5.4)
n—oo
We will prove that h € O(z; L).

By Definition 5.7, there exists a sequence of mappings f, € Lip((X,dry),Y)

such that

fo(u) € F(¥(u)) and || follLip((x,dre)y) < 70 A (5.5)

for every u € X and n € N, and

hp = fola), n=1,2,.... (5.6)
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Note that (X,dr,) is a finite metric space, and each set F(¢(u)),u € X, is
a finite dimensional compact subset of Y. Therefore, there exists a subsequence
np €N, k=1,2,..., such that (f,,(u));2, converges in Y for every u € X. Let

flw) = lim fo(u), weX. (5.7)

Then, by (5.4) and (5.6),

Since each set F'(1(u)), u € X, is closed, by (5.5) and (5.7), f(u) € F(i(u)) for
every u € X, proving that f is a selection of the set-valued mapping Fry = F o on
X. Since each mapping f, : X — Y is dry-Lipschitz with || fp || vip((x,dr.),v) < 70 A
by (5.7), f is dry-Lipschitz as well, with || f||Lip((x.dr .)v) < Y0 A

Thus, by (5.8) and Definition 5.7, h € O(x; L) proving the lemma. O

Given € M let

Gx)= () OlxL). (5.9)

LeAPT(z)
Clearly, by Lemma 5.8, for every x € M the set
G(z) is a convex compact subset of F(x). (5.10)
In the next section, we will prove that G(x) # () for each x € M and that
du(G(z),G(y)) < Ap(z,y) for every z,y € M. (5.11)
Recall that dy denotes the Hausdorff distance between subsets of Y.

5.2 Lipschitz continuity of the “core” with respect to the Hausdorff
distance.

LEMMA 5.9. For every € M, the set G(z) # ().
We must show that

ﬂ O(z; L) # 0.

L€ APT(z)

See (5.9). By Lemma 5.8, each O(z; L) is a nonempty compact subset of the compact
set F'(x). Therefore, it is enough to show that

for every finite subcollection {L1,...,Ly} C APT(x
Let Ly,...,Ly € APT(z) with L; = [Ti,ai,wi],
(Xi, E;) is a finite tree.

O(z; L) N---NO(x; Ly) #10 (5.12)

=1,...,N, where each T; =
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We introduce a procedure for gluing the finite trees T; = (X;, E;), i = 1,..., N,
together. Recall that X; here denotes the set of nodes of T}, and F; denotes the set of
edges of T;. By passing to isomorphic copies of the T;, we may assume that the sets
X; are pairwise disjoint. Then we form a finite tree 7T = (X, ET) from T, ..., Tx
by identifying together all the nodes aq,...,ax. We spell out details below.

For each i, we write J; to denote the set of all the neighbors of a; in T;. Also, we
write X, to denote the set X; \ {a;}, and we write E! to denote all the edges in T;
that join together points of X (i.e. not including a; as an endpoint).

We introduce a new node a™ distinct from all the nodes of all the Tj.

The finite tree TT = (X, ET) is then defined as follows. The nodes in X ™ are
all the nodes in all the X/, together with the single node a™. The edges in E* are
all the edges belonging to any of the E!, together with edges joining a™t to all the
nodes in all the .J;. One checks easily that T is a finite tree. We say that T arises
by “gluing together the T; by identifying the a;”.

Note that TT contains an isomorphic copy of each T} as a subtree; the relevant
isomorphism ¢; carries the node a; of T; to the node a™ of T, and ¢; is the identity
on all other nodes of T;. Each edge [ab] of the tree T} is carried to the edge [p;(a) p;(b)]
of T+.

This concludes our discussion of the gluing of trees T;.

We define a map ¢+ : XT — M by setting

YvT(aT) =2 (5.13)
and
YT (b) =;(b) forall be X! =X;\{a;i}, i=1,...,N. (5.14)

One checks that 9T is an admissible map, and ¢*(a™) = z. Thus, LT =
[T, a*, "] belongs to APT(x). Consequently, by Lemma 5.5, there exists a dp+ y+-
Lipschitz selection f* of Fo¢™ with dp+ y+-Lipschitz seminorm < vy A. (We recall
that the metric dp+ 4+ is determined by formula (5.1).)

The map

B f+(b), if bGXi\{ai},
hor= {f*(a*), if b= a;,

is a dr, y,-Lipschitz selection of F'o; with dr, y,-Lipschitz seminorm < vy A, there-
fore

fT(a™) € O(x; L;) foreach i=1,...,N.

Thus, (5.12) holds, completing the proof of Lemma 5.9. O
We know that the affine dimension of each set F'(x) is at most m. Since G(x) C
F(z), the same is true for each set G(z), x € M. This observation, Lemma 5.9 and
statement (5.10) imply that G maps the metric space M into the family 7, (V).
We are in a position to prove inequality (5.11).
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LEMMA 5.10. For every z,y € M the following inequality

du(G(2),G(y)) <Y Ap(z,y)
holds.

Proof. We may suppose = # vy, else the desired conclusion is obvious. Let us prove
that

I =G(x)+0Ap(z,y) By O G(y). (5.15)

Recall that by By = By (0,1) we denote the closed unit ball in Y.
If we can prove that, then by interchanging the roles of x and y we obtain also

G(y) + 7 Ap(r,y) By D G(z).

These two inclusions tell us that du(G(x), G(y)) < 70 A p(x,y), proving the lemma.
Let us prove (5.15). By definition,

I = ﬂ O(z; L) | +7v0Ap(x,y) By.
Le APT(z)

See (5.9). We will check that

(1 O@iL)| +vAp(z,y) By
L€ APT(z)

— N {0 L) N--- N O@; Ly) + v Aple.y) By}, (5.16)

where the first intersection of the right-hand side is taken over all finite sequences
Li,..., Ly of elements of APT(x).

Indeed, the left-hand side of (5.16) is obviously contained in the right-hand side.
Conversely, let £ belong to the right-hand side of (5.16). Then any finite subcollection
of the compact sets

Kr={neBy :£—vAp(x,y)neO(x; L)}

has nonempty intersection. (The above sets are compact because O(z; L) is com-
pact.)
Therefore,

m KL%wa

LEAPT(z)

proving that £ belongs to the left-hand side of (5.16). The proof of (5.16) is complete.
Thanks to (5.16), our desired inclusion (5.15) will follow if we can show that

[O(2; L1) N -+ N O(z; Ln)] + 70 Ap(z, y) By D G(y) (5.17)
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for any Ly,..., Ly € APT(z). Then the proof of Lemma 5.10 is reduced to the task
of proving (5.17).
Let L; = [T}, ai,;] where T; = (X, E;). Then a; is a node of the tree Tj,
i = 1,...,N. We introduce a new node a* and form the tree 7T = (Xt , ET)
as in the proof of Lemma 5.9. Thus T arises by gluing together the trees T; by
identifying the a;.
We also introduce an admissible map ¢* : XT — M as in the proof of Lemma
5.9, see (5.13) and (5.14).
We now introduce a new node a not present in T'". We define a new tree T =
(X, E) as follows.
e The nodes in X are the nodes in X, together with the new node a.
e The edges in E are the edges in ET, together with a single edge joining a to
+

a’.
We define a map J T — M by setting

b=y¢* on TF, ¢@) =y.

Then one checks that 7' = ()?, E) is a tree and QZ(&) = y. Furthermore, since ¢ is
admissible on T and x # y, the mapping {/; is admissible on T

Let L = [T,a,v], and let n € G(y). Then, by definition (5.9), n € O(y; L) so
that there exists a df“, {Z;—Lipschitz selection f of Fo 1;, with di J—Lipschitz seminorm

< o A, satisfying f(&) = 1. See Definition 5.7. [We also recall that the metric df&
is defined by formulae (5.1) and (4.71).]
Restricting this f to TF and arguing as in the proof of Lemma 5.9, we see that

fat) € O(x; L) N---NO(x; Ly).
On the other hand, our Lipschitz bound for f gives

1F (™) =nll = 1f(a®) = F@Il < v Xp((a™), (@) =0 Ap(w, y).

Then,
n € [O0(x; L) NN O(z; Ln)] + v Ap(z, y) By
proving (5.17). 0
The proof of Theorem 5.2 is complete. O

We turn to the final step of the proof of Theorem 1.7. The following selection
theorem is a special case of [Shv04, Theorem 1.2].

Theorem 5.11. Let Y be a Banach space, and let m > 1. Then there exists a
map St : K, (Y) — Y such that
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(o) St(K) € K for all K € ¥,,,(Y)

and

(B) ||St(K) — St(K")|| < C(m) - du(K,K') for all K, K' € K,,(Y).
Here C(m) depends only on m.

We refer to St(K) as the “Steiner-type point” of K. In the special case Y = R™,
we can take St(K) to be the Steiner point of K. Recall that the Steiner point of K
may be defined as the limit as R — oo of the barycenter of K + B(R), where “+”
denotes Minkowski sum, and B(R) is the standard Euclidean ball of radius R about
0. For general Y, there is no simple description of the “Steiner-type point” St(K) in
[Shv04].

To construct the Lipschitz selection f and establish Theorem 1.7, we just set
f(z) =St(G(x)) for xe M,

where G is the core defined by (5.9). Since G(z) € K, (Y) for each x € M, the
function f is well defined on M.
By part (i) of Theorem 5.2 and part («) of Theorem 5.11,

f(z) =St(G(x)) € G(z) C F(x) for xe M.

On the other hand, part (ii) of Theorem 5.2 and part () of Theorem 5.11 imply
that

1f (@) = f()ll = [[St(G(z)) = St(G(y))[| < C(m) - du(G(x), G(y))
< C(m) -y Ap(z,y)
for all x,y € M. Thus, f is a Lipschitz selection of F' with Lipschitz seminorm at

most C'(m) - 9 A. Recalling that C(m) and 7 depend only on m, we conclude that
Theorem 1.7 holds. |

6 Pseudometric Spaces

In this section we prove Theorem 1.2, the Finiteness Principle for Lipschitz Selec-
tions, and Theorem 6.2, a variant of Theorem 1.2 for finite pseudometric spaces.

Until the end of Section 6 we write v; to denote the constant v, = ~y1(m) from
Theorem 1.7. Everywhere in Section 6 we write k% = kf(m) and vo = ~o(m) to
denote the constants from Corollary 4.16.

Let (M, p) be a pseudometric space. Recall that we say that the pseudometric p
1s finite if

plr,y) < oo forall x,y e M. (6.1)

On the other hand, we say that (M, p) is a finite pseudometric space if M contains
only finitely many points.

Given a set-valued mapping F' : M — Conv,,(Y), by a selection of F' (not
necessarily Lipschitz) we mean simply a map f: M — Y such that f(z) € F(z) for
all z € M.



1694 C. FEFFERMAN AND P. SHVARTSMAN GAFA

6.1 The final step of the proof of the Finiteness Principle. In this section
we prove an analog of Theorem 1.7 for pseudometric spaces.

PROPOSITION 6.1. Let (M, p) be a pseudometric space satistying (6.1), and let A >
0. Let F : M — K,,(Y)) be a set-valued mapping such that for every subset M’ C M
consisting of at most k' points, the restriction Flp of F to M’ has a Lipschitz
selection fay : M — Y with || fav || ipwr, vy < A

Then F' has a Lipschitz selection f : M — Y with || f|Lipimy) < 712

Proof. A selection of F' may be regarded as a point of the Cartesian product

F=1] Flx)

zeM

We endow F with the product topology. Then, by Tychonoff’s theorem, F is compact
because each F'(z) is compact.
For e > 0 and z,y € M, let

p(z,y) +e,if x#y,
pg(ﬂs,y) = .
0, if x=uy.

Then (M, p.) is a metric space. For any M’ C M with #M’ < k' there exists a
selection of F'|y¢ with p-Lipschitz seminorm < A, hence with p.-Lipschitz seminorm
< A. By Theorem 1.7, F' has a selection with p.-Lipschitz seminorm < v A.

Let Selec(e) be the set of all selections of F' with p.-Lipschitz seminorm at
most y1A. Then Selec(e) is a closed subset of . We have just seen that Selec(e) is
nonempty. Because

Selec(e) C Selec(e’) for e < ¢,
it follows that
Selec(e1) N Selec(g2) N -+ - N Selec(en) # 0

for any €1,e9,...,en > 0.
Because ¥ is compact and each Selec(e) is closed in F, it follows that

ﬂ Selec(e) # 0.

e>0

Furthermore, any f € MN{Selec(¢) : € > 0} is a selection of F' with p-Lipschitz
seminorm < y1A.
The proof of Proposition 6.1 is complete. O
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Proof of Theorem 1.2. Suppose that p is a finite pseudometric, i.e., condition (6.1)
holds.

Let M’ be an arbitrary subset of M consisting of at most k* points. (Note that, by
definitions (1.1), (1.2) and (4.2), (4.3), the constant k* > N(m,Y) for every m € N.)
Then, by the theorem’s hypothesis, for every set S C M’ with #5 < N(m,Y), the
restriction F'|g has a Lipschitz selection fg : S — Y with || fs||rip(s,y) < A Hence, by
Theorem 1.8, the restriction F|py of F to M’ has a Lipschitz selection fyy : M — Y
whose seminorm satisfies || fav||Lip(mr,y) < YA where v is a constant depending only
on m and #M’. Since #M’ < k¥ and k* depends only on m, the constant v depends
only on m as well.

Hence, by Proposition 6.1, F' has a Lipschitz selection f : M — Y with
I fllipta,yy < 717A- Recall that 71 is a constant depending only on m.

This completes the proof of Theorem 1.2 for the case of a finite pseudometric p.

To pass to the general case in which p(z,y) may take the value +oo is an easy
exercise. We define an equivalence relation on M by calling x and y equivalent when
p(z,y) is finite. On each equivalence class we produce a Lipschitz selection of F,
with controlled Lipschitz seminorm, by invoking the known case of Theorem 1.2 in
which all distances are finite. By combining those Lipschitz selections into a single
function defined on the union of all the equivalence classes, we obtain the desired
Lipschitz selection of F. Details are spelled out in [F'S].

The proof of Theorem 1.2 is complete. O

6.2 Finite pseudometric spaces. In this section we prove a variant of our
main result, Theorem 1.2, related to the case of finite pseudometric spaces. As we
have noted in the Introduction, for the case of the trivial distance function p = 0
defined on a finite pseudometric space, Theorem 6.2 below agrees with the classical
Helly’s Theorem [DGKG63] [up to the values of N(m,Y) and the optimal finiteness
constant for p = 0 (see 1.4)].

Theorem 6.2. Let (M,p) be a finite pseudometric space, and let F' : M —
Conv,,(Y') be a set-valued mapping from M into the family Conv,,(Y") of all convex
subsets of Y of affine dimension at most m. Let A be a positive real number.
Suppose that for every subset M C M consisting of at most N (m,Y") points, the
restriction F|py of F' to M’ has a Lipschitz selection fpy with Lipschitz seminorm
[ mellLipave vy < A
Then F has a Lipschitz selection f with Lipschitz seminorm | f||Lippmy) < 7 A
Here, v depends only on m.

Our proof of this result relies on an analog of Proposition 6.1 for a finite pseudo-
metric space (M, p) and a set-valued mapping F' : M — Conv,,(Y"). See Proposition
6.6 below.

We will need three auxiliary lemmas.



1696 C. FEFFERMAN AND P. SHVARTSMAN GAFA

LEMMA 6.3. Let A > 0 and let (M, p) be a finite metric space. Let F' be a set-valued
mapping on M which to every x € M assigns a nonempty convex bounded subset
of Y of dimension at most m.

Suppose that for every subset M’ C M with #M' < kF, the restriction F|yy of
F to M has a Lipschitz selection far : M' — Y with || far [Lipwe,yy < A

Then F' has a Lipschitz selection f : M — Y with || f||Lipamyy < 271\ Here, 71
is as in Proposition 6.1.

Proof. We introduce a new set-valued mapping on M defined by
F(z) = (F(z))® forall ze M.

Here the sign cl denotes the closure of a set in Y.

Since the sets F(z), € M, are finite dimensional and bounded, each set F(x)
is compact so that F' : M — %, (V). Furthermore, since F(z) C F(z) on M, the
mapping F satisfies the hypothesis of Proposition 6.1.

By this proposition, there exists a mapping f : M — Y such that

f(z) € F(z) = (F(z))® forall z € M, (6.2)
and

1f (@) = F)ll < mAp(a,y) forall z,ye M. (6.3)

Since M is a finite metric space, the following quantity

5=\ i 6.4
nA_ min 7éyp(ﬂc,y) (6.4)

is positive. Therefore, by (6.2), for each x € M there exists a point f(x) € F(x)
such that

I (z) = fla)| < 8/2.

Thus f : M — Y is a selection of F' on M. Let us estimate its Lipschitz seminorm.
For every =,y € M (distinct), by (6.3) and (6.4),

1£ (@) = F@Il < [1f(x) = F@)| + 1 F(2) = F) + 1) = )l
<0/2+mAp(x,y) +6/2 < 2mAp(w,y).

Hence, || f|lLip(m,y) < 271, and the proof of the lemma is complete. O

The second auxiliary lemma provides additional properties of sets I'y defined in
Section 3.1 [see (3.2) and Definition 3.1]. We will need these properties in the proof
of Lemma 6.5 below.
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LEMMA 6.4. Let (M, p) be a finite pseudometric space satistying (6.1). Let ¢ > 0 and
let F: M — Conv,,(Y). Suppose that for every subset M C M with #M' < kyq
the restriction F|py of F to M has a Lipschitz selection fay : M/ — Y with
I mllLipae,yy < A

Let zg € M, & € Ty(xg), and let 1 < k < £+ 1. Let S be a subset of M with
#S = k containing x.

Then there exists a mapping f° : S — Y such that

(a) fs(%) = &p.
(b) f5(y) € Toy1-i(y) for ally € S.
(©) 117 lLip(s.y) < 3"A.

Proof. We recall that the sequence of positive integers ky is defined by the formula

(3.1).
We proceed by induction on k. For k = 1, we have S = {z¢}, and we can just set
2 (o) = o.

For the induction step, we fix k > 2 and suppose the lemma holds for k£ — 1; we
then prove it for k. Thus, let § € Fg(mo) 0 €S, #S=k</l+1.

Set § = 5\ {wo}. We pick 2 € S to minimize p(Zo,x0), and we pick & €
I'y_1(Z0) such that ||€ — &l < A p(do, 20). (See Lemma 3.4 (b).) For y € S we have

p(y, o) = p(&o, x0), hence
(Y, Zo) + p(Zo, z0) < [p(y, 20) + p(20, Z0)] + p(Z0,20) < 3p(y,z0).  (6.5)
By the induction hypothesis, there exists f : S — Y such that

(a) A( 0) = R
(b) fly) € F (—1)+1—(k—1)(y) = Tep1x(y) for all y € S.
(¢) ||f||Llp Gy <3N

We now define f : S — Y by setting

fy) = fly) for yeS;  flxo) = Eo.

Then f obviously satisfies (a) and (b). To see that f satisfies (c), we first recall
(¢); thus it is enough to check that

1£(y) = £ (o)l < 3°Xp(y, x0)
for y € S, ie.,
1£(y) = €oll <3"Ap(y,z0) for yeS.
However, for y € S we have
1£ () = &oll < 1F(w) = Soll + 160 — &oll = 1/ (y) = f(@0)ll + €0 — &oll
< 3k_1)‘p(y7j0) + )\p(i‘o,l‘o),
thanks to () and the definition of &.
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Therefore,

1/ (y) — &ll < 3" "X [p(y, 20) + p(d0, 0)] < 3*Ap(y, z0),

by (6.5).
Thus, f satisfies (a), (b), (¢), completing our induction. 0

We turn to the last auxiliary lemma. Let

(=k" andlet K=k,

(6.6)
where k; = (m + 2)*, see (3.1).

LEMMA 6.5. Let (M, p) be a finite pseudometric space satisfying (6.1), and let xo €
M and X\ > 0.

Let F : M — Conv,,(Y) be a set-valued mapping such that for every subset
M C M consisting of at most k* points, the restriction F|py of F to M’ has a
Lipschitz selection far : M/ — Y with || fac|lLipve,y) < A

Then there exists a point & € F(xg) such that the following statement holds:
For every subset S C M with #S < k!, there exists a mapping fs : S — Y with
| fsllLip(s,yy < CA such that

1fs(z) = &oll < CAp(x,20) for every x €S, (6.7)
and
fs(x) € F(y) + Ap(z,y) By forevery z€S,ye M. (6.8)
Here C is a constant depending only on m.
Proof. By the lemma’s hypothesis, (6.6) and by Lemma 3.4 (a),
Li(x) #0 for every ze M.
Let &o € T'j(z0). By (3.6),
o € I'j(x0) C F(20).
Let S C M, #5 < kP. Let S = SU {zo} and let k = #S = #(S U {x0}). Then
1<k<#S+1<k+1=07+1.
Therefore, by Lemma 6.4, there exists a mapping fg S — Y with ||f§HLip(§,Y) <
3F\ such that f9(z) = & and
fg(l‘) €lp_(x) foral ze S.
Recall that & < 74+ 1=k +1so that

”fSHLip(g,y) < CA
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with C' = 3¥*1. Since k? depends only on m, the constant C depends only on m as
well.

Hence, by (3.7),
fg(:c) €l (@) CTo(z) forevery =€ S. (6.9)
Let
Is=£5ls.
Then || £s[Lips.y) < 15 ]lipsy) < CA- Moreover, by (6.9),
fs(x) € To(z) forall =€ S. (6.10)
Since ||f§\|Lip(§’Y) < CXand 29 € S,

| fs(@) = &oll = 1/5(x) = f¥(@0)| < CAp(w,z) for every w€ S,

Furthermore, by (3.3) and (6.10), for every z € S

Js(@) € To(x) = () (F(y) + Ap(,y) By)

yeM
so that
fs(x) € F(y) + Ap(x,y) By forevery zeSye M.
The proof of the lemma is complete. O

PROPOSITION 6.6. Let (M, p) be a finite pseudometric space satisfying (6.1), and
let A > 0.

Let F : M — Conv,,(Y) be a set-valued mapping such that for every subset
M C M with # M’ < k*, the restriction F|py of F to M’ has a Lipschitz selection
I M= Y with || faelluipow,y) < A

Then F' has a Lipschitz selection f : M — Y with || f[|Lipomy) < 72X where yo is
a constant depending only on m.

Proof. Let zp € M. By Lemma 6.5, there exists a point & € F(xg) such that
for every set S C M with #S < k¥ there exists a mapping fg : S — Y with
I fsllLip(s,y) < CA such that (6.7) and (6.8) hold. Here C' is a constant depending
only on m. B

We introduce a new set-valued mapping F' : M — Conv,,(Y) by letting

F(z)= | () [Fw)+Xp(z,y) By] | () By (&, CAp(z,20)), =€ M. (6.11)
yemM
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By Lemma 6.5 and definition (6.11), for every set S C M consisting of at most
k* points the restriction F|g of F' to S has a Lipschitz selection fg : S — Y with
I fsllLip(s,y) < CA. In particular, F( ) # () for every z € M.

Let us introduce a binary relation “~” on M by letting

v~y = pz,y) =0
Clearly, “~” satisfies the axioms of an equivalence relation, i.e., it is reflexive, sym-
metric and transitive. Given z € M, by [z] = {y € M : y ~ z} we denote the

equivalence class of x. Let

M =M/~={[x]:ze M}

[43 7
~

be the corresponding quotient set of M by , i.e., the family of all equivalence
classes of M by “~”. Finally, given an equivalence class U € [M] let us choose a
point wy € U and put

W ={wy : U € [M]}.
Clearly, (W, p) is a finite metric space. Let
F = F|y. (6.12)

Then, by (6.11) and (6.12), F is a set-valued mapping defined on a finite metric
space which takes values in the family of all nonempty convex bounded subsets of
Y of dimension at most m. Furthermore, this mapping satisfies the hypothesis of
Lemma 6.3 with C'A in place of .

Therefore, by this lemma, there exists a Lipschitz selection f :W =Y of F on
W with

HfHLip(W,y) <271 CA =y

Here o = 29,C is a constant depending only on m (because 7; and C depend on
m only).
We define a mapping f : M — Y by letting

f(x) :f(w[z])v reM

~ Then [ is a selection of F' on M. Indeed, let z € M. Since f is a selection of
F = F‘W, and Wig] ew,

f(z) = flwy) € Flwy)
so that, by (6.11),
f(z) € F(wy) C F(x) + X p(wy, ) By

But wi,) ~ z so that p(wy,), ) = 0, proving that f(z) € F(z).
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Let us prove that || f(lLipay) < 722, ie.,
1f (@) = fWl < veAp(z,y) forall z,yeM (6.13)
In fact, since ||f”Lip(W7y) < Yo,

1 () = FO = I1f (wa) = flwy)ll < 72)

) (W), wry))
< Y (p(w, ) + p(z,y) +

(y, wy))) = r2Ap(z,Y),

T 2

proving (6.13).
The proof of Proposition 6.6 is complete. O

Proof of Theorem 6.2. We prove this theorem following the scheme of the proof of
Theorem 1.2. In particular, to study a pseudometric p that takes only finite values,
we use Proposition 6.6 and the constant k* rather than Proposition 6.1 and k¥
respectively.

We note that [Shv02, Remark 1.3] implies a variant of Theorem 1.8 for the case
of a finite pseudometric space (M p) and a set-valued mapping F with convex (not
necessarily compact) images F(z), x € M, of dimension at most m.

As in the proof of Theorem 1.2, the passage from the case of finite pseudometrics
p: Mx M — Ry to the general case of an arbitrary pseudometric p : M x M —
R4 U{+o0} is an easy exercise. 0

7 Further Results and Comments

e Generalization of the finiteness principle: set-valued mappings with
closed images.

In Theorem 1.2 we prove the finiteness principle for set-valued mappings F' whose
values are convex compact sets with affine dimension bounded by m. The following
result shows that this family of sets can be slightly extended.

Theorem 7.1.  Theorem 1.2 holds provided the requirement F' : M — ¥,,,(Y) in
its formulation is replaced with the following one: for every x € M the set F(x) is

a closed convex subset of Y of dimension at most m, and there exists xo € M such
that F(x) is bounded.

For the proof of this statement we refer the reader to [F'S, p. 74].
Theorem 7.1 implies the following result.

Theorem 7.2.  Theorem 1.2 holds provided the requirement F' : M — K, (Y) in
its formulation is replaced with F': M — K, (Y) U Aff,,,(Y).

Here Aff,,(Y) denotes the family of all affine subspaces of Y of dimension at
most m.

Proof. The result follows from [Shv04] whenever F' : M — Aff, (Y), and from
Theorem 7.1 whenever there exists xop € M such that F(zg) € %K, (Y). 0



1702 C. FEFFERMAN AND P. SHVARTSMAN GAFA

e Steiner-type points as a special case of the finiteness principle for
Lipschitz selections.

Let Y be a Banach space. Given m € N let M = K,,(Y') be the family of all
nonempty convex compact subsets of Y of affine dimension at most m equipped with
the Hausdorff distance p = dy.

Let F: M — K, (Y) be the identity mapping on K, (Y), i.e.,

F(K)=K forevery K € %,(Y).

By Theorem 5.11, this mapping has a selection Sy : M — Y whose dy-Lipschitz
seminorm is bounded by a constant v = «(m) depending only on m.

The following claim asserts that the mapping F' satisfies the hypothesis of The-
orem 1.2.

CraM 7.3. For every subset M C M with #M’ < N(m,Y) the restriction F|y¢
has a dy-Lipschitz selection far : M — Y with || fav|lLip(mrdw),y) < 0 where
6 = 6(m) is a constant depending only on m.

For a simple proof of this claim we refer the reader to [FS, p. 73].

Claim 7.3 shows that Theorem 5.11 can be considered as a particular case of our
main result, Theorem 1.2, which is applied to the metric space (K, (Y'),dm). (Note
that the proof of Theorem 1.2 uses Theorem 5.11.) In general, this metric space has
the same complexity as an Ls-space, and may have infinite Nagata dimension. For
example, if Y = {, then K, (Y) contains the set of one point subsets of fo,. As we
have noted in the Introduction, ¢ has infinite Nagata dimension so that %, (Y")
has infinite Nagata dimension as well.

In this case we are unable to prove Theorem 5.11 using the ideas and methods
developed in Sections 2—4.

Thus, analyzing the scheme of the proof of Theorem 1.2, we observe that this
proof is actually based on solutions of the Lipschitz selection problem for two inde-
pendent particular cases of this problem, namely, for metric trees, see Corollary
4.16, and for the metric space (K, (Y),dn), see Theorem 5.11. Theorem 5.2 proven
in Section 5 provides a certain “bridge” between these two independent results (i.e.,
Corollary 4.16 and Theorem 5.11). Combining all these results, we finally obtain a
proof of Theorem 1.2 in the general case.
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