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ABSTRACT 

This paper presents a holographic fabrication of a new type of photonic crystal, called graded photonic super-crystals with 
graded basis, dual period and dual symmetry. Pixel-by-pixel phase coding of laser beams in a spatial light modulator can 
produce the highest resolution in produced photonic super-lattice. Two-level designs in phase pattern are used to generate 
graded photonic super-crystals where graded square lattice clusters are orientated in four, five or six-fold symmetry. 
Further phase engineering in a super-cell of 12x8 pixels can produce small-period square lattice orientated in a large period 
rectangular pattern. 
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1. INTRODUCTION 
 

Photonic crystals have been studied for their integration in enhanced light-matter interaction, photonic band gap 
engineering, and in functional optical devices [1–3]. First generation two-dimensional (2D) photonic crystals were uniform 
in their lattice [4], as depicted by the regions inside the solid blue rectangle in Figure 1. With the second generation, these 
2D photonic crystals were made of dual lattices, the first (second) represented by the green (purple) dots in Figure 1. 
Furthermore, these photonic crystals have been found to have enhanced light-matter interactions [5,6]. Recently, we have 
studied a new type of photonic crystal termed graded photonic super-crystals (GPSC) [7–11] as well as graded photonic 
super-quasi-crystals [12-18]. The lattice for GPSC is grouped similarly to the second generation 2D photonic crystals, 
while, photonic quasi-crystals form super-lattices about rotational symmetry instead of translational. Moreover, the GPSC 
and graded photonic super-quasi-crystals by the size of the basis. Specifically, the basis size is a gradient, decreasing in 
size along the purple and green arrows in Figure 1, and then increasing after a quarter period. Therefore, the original unit 
cell of a traditional photonic crystal forms a larger unit super-cell in the GPSC and a larger unit super-quasi-crystal in the 
graded photonic super-quasi-crystal. The original period which we will name “Period 1” and the unit super-cell period 
described by “Period 2” are shown in their respective x-directions in Figure 1(a). While the lattice of Period 1 has square 
symmetry, the lattice cluster indicated by the dashed blue rectangle can have a square or five-fold symmetry as shown in 
Figure 1(a) and 1(b), respectively. Period 1 can have other symmetries, though, these reduce resolution in phase pattern 
while using a spatial light modulator (SLM) for fabrication [7–11]. Lastly, in the GPSC and graded photonic super-quasi-
crystals the filling fraction of the dielectric material is also gradient. The region contained in the dashed green rectangular 
region has a high filling fraction, while the region in the solid blue rectangle has a low filling fraction. 
 



Multiple-beam-based interference lithography has been used successfully for the fabrication of a photonic crystal template 
[19–26]. To improve the mechanical stability of the optical setup and reduce the complexity a phase mask or single 
reflection optical element has been utilized [17,18,27–31]. More recently, a SLM has been used as an electrically adjustable 
phase mask [17,18,27–32]. Via the use of the computer-generated hologram method, pixel-by-pixel phase engineering in 
the SLM can reach a high resolution in the holographic fabrication [7,10,11,31,32]. In addition, the Fourier filter can be 
predicted, and the reflective optical element can be used which allows for a larger area holographic fabrication [10]. Via 
the pixel-by-pixel phase engineering method, graded photonic super-crystals with square [7], five-fold [11], and hexagonal  
 [7] symmetric unit super-cells have been fabricated. These structures were fabricated with by four outer beams with large 
interfering angles, plus four, five, and six inner beams with small interfering angles respectively [7,11]. With a single 
reflective optical element, the interfering angles of the four outer beams common to all structures can be increased to 
fabricate graded photonic super-crystals with a small Period 1 [10].  
 
In this paper, we have studied the holographic fabrication of graded photonic super-crystals with a rectangular unit super-
cell and of photonics quasi-crystals with five-fold symmetry. A rectangular and 5-fold unit super-cell in a phase pattern 
are designed to have a desired ratio of length over width and triangular lengths, respectively, via the same experimental 
setup.  

Figure 1. (a) Image of a graded photonic super-crystals: the lattices can be grouped by green and purple dots. The size of 
the basis becomes smaller along the green and purple arrows and then becomes larger after a quarter of “Period 2”. The 
filling fraction of the dielectric material is higher inside the dashed blue rectangle than the solid blue rectangle. The graded 
photonic super-crystals have a unit super-cell as indicated by Period 2 in the x-direction. (b) Image of a photonic quasi-
crystal: the lattices are grouped by green and purple dots. The size of the basis becomes smaller along the green and purple 
arrows and then becomes larger. The filling fraction of the dielectric material is higher inside the dashed blue rectangle than 
the solid blue rectangle.  



2. DESCRIPTION OF EXPERIMENTAL METHODS AND FORMATION OF GPSC AND 
GRADED PHOTONIC SUPER-QUASI-CRYSTAL 

 
A 532 nm laser beam (Cobolt Samba 50 mW) was expanded and collimated using lenses and a spatial filter. The phase of 
the laser beam was modulated using the engineered phase pattern displayed in a phase-only SLM (Holoeye PLUTO). It 
has an active area of 15.36 × 8.64 mm2 with 1920 × 1080 pixels. The pixel size of the SLM is 8 × 8 μm2 (“P” is the side 
length of a pixel square = 8 μm, which has been used in this paper). The laser is linearly polarized along the longer side of 
the active area and is incident onto the SLM with an incident angle of four degrees, relative to the normal of the SLM. As 
shown in Figure 2, the diffracted beams from the phase pattern (Figure 3(a1,a2)) are displayed in the SLM and are collected  

Figure 2. (a) Schematic of the optical setup for the holographic fabrication. The spatial light modulator (SLM) is used to 
display the phase patterns. The diffracted beams from the SLM are filtered at the Fourier plane and form interference patterns 
through a 4f imaging system of lens 1 and lens 2. α1, α2, and α3 are the first order diffraction angles due to the periodic array 
of 2P (“P” is the side length of a pixel square = 8 μm, which has been used in this paper) pixels in x and y directions, 24P 
pixels in y-direction, and 18P pixels in x-direction in the phase pattern in, respectively. θ1 and θ2 (zenith angle) are the 
interfering angles of the outer beam and inner beams, respectively. (b) Schematic of the optical setup for the holographic 
fabrication. The SLM is used to display the phase patterns. The diffracted beams from the SLM are filtered at the Fourier 
plane and form interference patterns through a 4f imaging system of lens 1 and lens 2. α1 is the first order diffraction angle 
due to the periodic array of 2P (“P” is the side length of a pixel square = 8 μm, which has been used in this paper) pixels in 
x and y directions, 48P pixels in y-direction, and 46P pixels in x-direction in the phase pattern in, respectively. θ1 and θ3 are 
the interfering angles of the outer beam and inner beams, respectively. 

The rectangular unit super-cell of the phase pattern is indicated by a dashed blue square in Figure 3(a1). The unit 
super-cell was divided into two 12 × 12 checkerboard regions (dashed red) and two 12 × 6 checkerboard regions 
(dashed blue). The gray levels of (190 and 254) are used for the regions inside the dashed red and green squares, 
while (128 and 254) are used for the regions outside of the dashed squares in the unit super-cell. The decagonal unit 



super-cell of the phase patter is indicated by a dashed red triangle in Figure 3(a2). Figure 3(a3) represents the 
geometry of one of the triangular regions of the unit super-cell. In order to form the triangle, the lengths of A (dashed 
red line), B (solid green line), and C (dotted blue line) must satisfy A ൌ B cosሺ18°ሻ⁄  and C ൌ 2B tanሺ18°ሻ where A, 
B, and C are in units of P. Figure 3(a2) has a side length of 2A and a width of 2B, thus, to integrate some degree of 
desired disorder in the fabricated 5-fold graded photonic super-quasi-crystal (A,B,C) were set to (24, 23, 15). The 
unit super-cell in Figure 3(a2) was divided into ten alternating triangles as described by the geometry of Figure 3(a3) 
with gray levels of (192 and 254) for the dashed red area and of (158 and 254) for the dashed green area. The gray 
levels for both unit super-cells were selected individually based on the diffraction efficiency of a small-period pattern 
verse a large-period pattern, their ratio, and the formation of a graded photonic super-crystals through simulation 
[7,11]. A simulation of an interference pattern of multi-beams with measured diffraction efficiencies and a certain 
exposure threshold was used to determine the gray level selection [11]. A gamma curve modulated a 0π and 2π phase 
into the laser beam when it as reflected by a gray level of 0 and 255, respectively, and related the phase and gray 
level almost linearly between 0 and 255. A gray level of 190 corresponds to a phase of (190 × 2π/255). A gray level 
of 254 was typically used instead of 255 because 255 corresponds to 2πor0πin the cosine function in the simulation.  

Figure 3. (a1) An enlarged view of the designed phase patterns. A unit super-cell is indicated by the dashed blue square. 
Inside the unit-cell, there are two 12 × 12 square pixel patterns (dashed red) and two 12 × 6 square pixel patterns (dashed 
green). The gray levels of (190 and 254) correspond to the dashed red and green regions, while (128 and 254) correspond 
to the remaining regions inside the unit super-cell. (b1) The laser diffraction pattern from the phase pattern in (a1) at the 
Fourier plane. A Fourier filter is used to allow the diffraction spots inside the red circles passing through. (c1) Schematic of 
eight beams corresponding to the outer and inner beams in (b1) for the interference lithography. β is an azimuthal angle for 
one of the inner beams in (b1). (a2) An enlarged view of the designed phase patterns. A unit super-cell is indicated by the 
decagon outlined in blue. Inside the unit-cell, are alternating triangles of gray levels of (158, 254) for the red dashed area 
and (192, 254) for the green dashed area. (a3) Schematic of one of the triangles of the decagon. (b2) Optical image of the 
diffraction pattern taken after the Fourier filter. (c2) The configuration of 4 + 5 interference with four outer beams and five 
inner beams.  



When the 532 nm laser is the incident onto the phase pattern in the SLM, it is diffracted using the following equation:  

ܦ ൈ sin ௜ߙ ൌ ݅			,ߣ݊ ൌ 1, 2, 3   (1) 

where D is the structural period; α the first order diffraction angle, as defined in Figure 2 and described below; and n is the 
diffraction order. Furthermore, α1 is the first order diffraction angle due to the periodic array of the gray levels of (128 and 
254) or (190 and 254) for the rectangular unit super-cell and (158 and 254) or (192 and 254) for the 5-fold unit super-cell. 
Respectivley, α1 can be obtained by setting D = 2P or D = B in Equation (1). For a large period in x- and y-directions, D 
in Equation (1) equals 23P for the 5-fold unit super-cell and 18P and 24P for the rectangular unit super-cell where α1 equals 
α3 and α2, respectively. The distance Lsp, Lx, and Ly due to the small period 2P arrays between the േ1 order diffractions, 
18P arrays in the x-direction, and 24P arrays in the y-direction, and can be measured in Figure 3(a1-c1), respectively. 
While the distance Lsp due to the outer order േ1 diffractions and L due to the inner order diffractions from optical axis can 
be measured in Figure 3(a2-c2). The diffraction condition in Equation (1) was tested by verifying Lୱ୮ ൌ 2 ൈ fଵ tanሺαଵሻ, 
L୶ ൌ 2 ൈ fଵ tanሺαଷሻ, and L୷ ൌ 2 ൈ fଵ tanሺαଶሻ, as shown in Figure 2(a) and Figure 3(b1), and by verifying L ൌ 2 ൈ
fଵ tanሺαଵሻ, as shown in Figure 2(b) and Figure 3(b2). Theoretically, for the rectangular diffraction pattern Lୱ୮/L୶ ൌ 9 and 
Lୱ୮/L୷ ൌ 12 and for the 5-fold diffraction pattern L ൌ 2.05. As measured, in Figure 3(b1), Lୱ୮/L୶ ൌ 9.20 and Lୱ୮/L୷ ൌ
12.23 and in Figure 3(b2) L ൌ 2.07. The agreement between the measured and theoretical values is high, indicating the 
correct assignment for D.  
 
In the experimental setup, the lenses with focal lengths of f1 = 400 mm and f2 = 200 mm for lens 1 and lens 2, respectively, 
were used. The 4f setup, as shown in Figure 2, was used for both. The graded photonic super-crystal and the graded 
photonic super-quasi-crystal were fabricated by exposing the dipentaerythritol penta/hexaacrylate (DPHPA) mixture to the 
inference pattern with similar spin-coating, exposure, and development conditions, as in reference [7,10,11].  
 
 

3. RESULTS 
 
The intensity, ܫሺݎሻ, of the multiple beam interference pattern is determined by the following: 

ሻݎሺܫ 	ൌ 	 〈෍ ௜ܧ
ଶ

௠

௜	ୀ	ଵ

ሺݎ, 〈ሻݐ ൅෍ࡱ௜ ⋅

௠

௜ழ௝

௝cosൣ൫ࡱ ௝݇ െ ݇௜൯ ⋅ ݎ ൅ ൫߮௝ െ ߮௜൯൧.  (2) 

where ܧ is the electric field; ݇ is the wave vector; ߶ is the initial phase of the beam. 
 
3.1 Holographic Fabrication Results of GPSC 
 
Due to the symmetry of the eight beams allowed to pass through by the Fourier filter for the GPSC, detailed in red circles 
in Figure 3(b1), the beams can be easily represented by the following equations: 

	۳૚ሺݎ, ሻݐ 	ൌ ଵࡱ cosሾ൅ሺ݇	sinߠଵ	ܿ45ݏ݋ሻݔ ൅ ሺ݇	sinߠଵ	45݊݅ݏሻݕ ൅ ሺ݇	cosߠଵሻݖ െ ݐ߱ ൅ ߮ଵሿ	   (3) 

۳૛ሺݎ, ሻݐ 	ൌ ଶࡱ cosሾെሺ݇	sinߠଵ	ܿ45ݏ݋ሻݔ ൅ ሺ݇	sinߠଵ	45݊݅ݏሻݕ ൅ ሺ݇	cosߠଵሻݖ െ ݐ߱ ൅ ߮ଶሿ  (4) 

۳ଷሺݎ, ሻݐ 	ൌ ଷࡱ	 cosሾെሺ݇	sinߠଵ	ܿ45ݏ݋ሻݔ െ ሺ݇	sinߠଵ	45݊݅ݏሻݕ ൅ ሺ݇	cosߠଵሻݖ െ ݐ߱ ൅ ߮ଷሿ  (5) 

۳૝ሺݎ, ሻݐ 	ൌ ସࡱ	 cosሾ൅ሺ݇	sinߠଵ	ܿ45ݏ݋ሻݔ െ ሺ݇	sinߠଵ	45݊݅ݏሻݕ ൅ ሺ݇	cosߠଵሻݖ െ ݐ߱ ൅ ߮ସሿ  (6) 

۳૞ሺݎ, ሻݐ 	ൌ ହࡱ	 cosሾ൅ሺ݇	sinߠଶ	ܿߚݏ݋ሻݔ ൅ ሺ݇	sinߠଶ	ߚ݊݅ݏሻݕ ൅ ሺ݇	cosߠଶሻݖ െ ݐ߱ ൅ ߮ହሿ	   (7) 

۳૟ሺݎ, ሻݐ 	ൌ ଺ࡱ cosሾെሺ݇	sinߠଶ	ܿߚݏ݋ሻݔ ൅ ሺ݇	sinߠଶ	ߚ݊݅ݏሻݕ ൅ ሺ݇	cosߠଶሻݖ െ ݐ߱ ൅ ߮଺ሿ	   (8) 

۳ૠሺݎ, ሻݐ 	ൌ ଻ࡱ cosሾെሺ݇	sinߠଶ	ܿߚݏ݋ሻݔ െ ሺ݇	sinߠଶ	ߚ݊݅ݏሻݕ ൅ ሺ݇	cosߠଶሻݖ െ ݐ߱ ൅ ߮଻ሿ	   (9) 



۳ૡሺݎ, ሻݐ 	ൌ ଼ࡱ cosሾ൅ሺ݇	sinߠଶ	ܿߚݏ݋ሻݔ െ ሺ݇	sinߠଶ	ߚ݊݅ݏሻݕ ൅ ሺ݇	cosߠଶሻݖ െ ݐ߱ ൅ ଼߮ሿ	   (10) 

where θ1 and θ2 (zenith angle) are the interfering angles of the outer beam and inner beams, respectively, in Figure 2(a) 
and Figure 3(b1-c1); 45o and β are the azimuthal angles for outer and inner beams respectively.  
 
Via MATLAB, the Equations (2)–(10) produced the interference pattern shown in Figure 4(a). The eight-beam interference 
can also be approximately understood by adding the interference of beams 1–4 to the beams 5–8. The inference of beams 
1–4 forms a structure with a small period of Λୱ ൌ 2π/ሺk sinሺθଵሻ cosሺ45ሻሻ , where θ1 is determined by tanሺθଵሻ ൌ
fଵ tanሺαଵሻ ൈ √2/fଶ . Thus, Λୱ ൌ ሺfଶ/fଵሻ2P. The period Λx in the x-direction in the interference among beams 5-8 is 
different from period Λy in the y-direction, and are calculated as follows: Λ୶ ൌ 2π/ሺk sinሺθଶሻ cosሺβሻሻ  and Λ୷ ൌ
2π/ሺk sinሺθଶሻ sinሺβሻሻ, where sinሺθଶሻ cosሺβሻ ≃ ሺDi/fଶሻሺ0.5	L୶/Diሻ and sinሺθଶሻ sinሺβሻ ≃ ሺDi/fଶሻሺ0.5	L୷/Diሻ, as shown in 
Figure 2(c,d). Thus, Λ୶ ൌ ሺfଶ/fଵሻ18P and Λ୷ ൌ ሺfଶ/fଵሻ24P. 

Figure 4. (a) Simulated eight-beam interference pattern; (b) the charge-coupled device (CCD, attached to an optical 
microscope) image of the fabricated graded photonic super-crystal in dipentaerythritol penta/hexaacrylate (DPHPA); (c) 
diffraction pattern of a fabricated sample from 532 nm laser. 

A simulated eight-beam interference pattern, as shown in Figure 4(a), assumes the same initial phase for all eight beams 
in Equation (10). The periodicity in the x- and y-directions (Λx, Λy) is labeled for the size of the unit super-cell in the 
holographic structure in Figure 4(a). Despite that both the square (12 × 12) and rectangular (6 × 12) sub-unit cells are 
present in Figure 3(a1), the sub-unit cell has a rectangular shape, as indicated by the dashed red line in Figure 4(a). The 
unit super-cell in Figure 4(a) has a ratio of length over width given by Λy/Λx = 24/18, given by (12 + 12)/(12 + 6) as 
depicted in Figure 3(a1). Moreover, the design of the phase pattern is flexible. For example, the unit super-cell in the phase 
pattern can have a sub-unit of k × k and k × m pixels. This would give the obtained holographic structure defined by a 
rectangular unit super-cell with a ratio of side lengths defined by 2k/(k + m).  
 
Figure 4(b) shows a charge-coupled device (CCD, attached to the optical microscope) image of the fabricated graded 
photonic super-crystals in DPHPA. Figure 4(b) demonstrates the graded pattern and dual periodicity (one in 4 μm and the 
others in 18 × 4 μm and 24 × 4 μm). The fabricated pattern has a unit super-cell indicated by a dashed red rectangle with 
a size of (18 × 4 μm) × (24 × 4 μm). The super-cell can be divided into four sub-units, dictated by the blue square in Figure 
4(b), which correspond to the sub-unit dictated by the dashed red rectangle in simulation in Figure 4(a). The lattice has a 
small period of 4 μm for both the x and y-directions. The graded lattice clusters have a rectangular symmetry. Thus, we 
have a graded photonic super-crystal with square lattices and rectangular lattice clusters. 
 



The diffraction pattern of the fabricated sample is shown in Figure 4(c), using a 532 nm laser. Near the 0th order diffraction 
spot, there are several high order diffractions. In the four corners, there are more than nine diffraction spots in each, due to 
the small periodic lattice and graded feature. The multiple-order diffraction indicates not only the quality of the fabricated 
sample but also the strong light-matter interaction, which can be used for light extraction. 
 
3.2 Holographic Fabrication Results of Graded Photonics Super-Quasi-Crystal 
 
The graded photonic super-quasi-crystal shares the same four outer beam (Equations (3-6)) structure as the GPSC, 
however, the inner beam structure is described by the following equations: 

۳૞ିૢሺݎ, ሻݐ 	ൌ ହିଽࡱ	 cosൣ݇௤ ∙ ݎ െ ݐ߱ ൅ ߮ହିଽ൧	   (11) 

The five inner wavevectors kq in Eq. (11) can be described by the following equation: 
 

							݇௤ ൌ ݇ ቆ݊݅ݏ ଷߠ ݏ݋ܿ
2ሺݍ െ 1ሻߨ

5
, ݊݅ݏ ଷߠ ݊݅ݏ

2ሺݍ െ 1ሻߨ
5

, ݏ݋ܿ ଷቇߠ , ݍ ൌ 1,2, … ,5	 (12) 

 
where ߠଷ is defined in Fig. 2(b).  
 
The Equations (2)-(6),(11-12) were programed into MATLAB, which produced the interference pattern in Figure 5(a). 
The nine-beam interference can be approximately understood by adding the interference of beams 1–4 to the beams 5–9. 
The inference of beams 1–4 forms a structure with a small period of Λୱ ൌ 2π/ሺk sinሺθଵሻ cosሺ45ሻሻ, where θ1 is determined 
by tanሺθଵሻ ൌ fଵ tanሺαଵሻ ൈ √2/fଶ . Considering tanሺߠሻ ≃ sinሺߠሻ for small angle, Λ௦ ൌ ሺሺ1	pixel	lengthሻሻ/2. Thus, the 
small period Λ௦  is 4 μm as confirmed by the scanning electron microscope (SEM) measurements [11]. Interference 
between two of the inner beams is indicated by the solid blue line in Figure 5(b) and described by k୯ െ k୯ିଶ. The set of 
k୯ െ k୯ିଶ forms a circle in the generated holographic structure indicated by the dashed blue line in Figure 5(b) with a 
radius Rଶ ൌ 2π ൫k୯ െ k୯ିଶ൯⁄ . Thus, Rଶ ൌ 12.1 ൈ 4	μm. Moreover, inside the dashed blue circle in Figure 5(b), the graded 

pattern has five-fold symmetry as indicated by the solid red decagon; the holographic graded super-lattice appears 
alternating in the decagon.   
 
As the graded photonic super-quasi-crystal lacks translational symmetry, other regions of the fabricated sample could have 
different symmetry, Figure 5(c) is one such example. The interference in the region indicated by the dashed blue lines if 
defined by k୯ െ k୯ିଵ. The set of k୯ െ k୯ିଵ form a circle indicated by the purple circle in Figure 5(c) and defined by radius 
Rଵ ൌ 2π ൫k୯ െ k୯ିଵ൯⁄ . Thus Rଵ ൌ 19.6 ൈ 4	μm. The purple circle is centered on a graded lattice. Inside the purple circle, 

ten graded regions are indicated by the vertices of the red decagon as shown in Figure 5(c). The decagon structure has also 
been observed in conventional photonic quasi-crystals [33]. Pre-designed disorder is visible in Figure 5(c), as two graded 
regions are overlapped in the left side of the decagon. 
 
Figure 5(d) shows the diffraction pattern of a 532 nm laser from the fabricated sample of the graded photonic super-quasi-crystal. The 
square symmetry from the small periodicity is indicated by the four patterns at the four corners in the Fig. 5(d). The quasi-crystal 
generates ten-fold symmetric diffraction spots.  In the figure, the ten-fold spots form the first-order (the strongest), the second-order, and 
the third-order (the weakest) ring structures. The ratios of the second-order ring diameter to that of the first-order ring and the third-order 



ring diameter to that of the second-order ring were measured to be 1.609 and 1.610, respectively, close to theoretical value of 1.618 
(golden ratio [34,35]), further confirming the five-fold symmetry in the fabricated sample.	

Figure 5. (a) Simulated eight-beam interference pattern; (b) Scanning Electron Microscope (SEM) image of a fabricated 
sample in one area where the graded regions have five-fold symmetry due to the interference of individual beams with their 
next-neighbor beams as indicated by the solid yellow lines. The graded basis and graded regions are highlighted; (c) SEM 
image of a fabricated sample in another area where the graded regions are a result from the interference of individual beams 
with their neighboring beams as indicated by the solid yellow lines; (d) diffraction pattern of a fabricated sample from 532 
nm laser. 

 

4. CONCLUSION 

 
A graded photonic super-crystal and a graded photonic quasi-super-crystal have been holographically fabricated via pixel-
by-pixel phase engineering in a SLM. The phase pattern design in the SLM has shown to be effective in creating a graded 
photonic super-crystal with a desired length over width in the rectangular super-cell and a graded photonic quasi-super-
crystal with the desired disorder in the 5-fold symmetric super-cell. 
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