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Abstract

We prove existence of global weak L? solutions of the inviscid SQG equation in
bounded domains. (© 2000 Wiley Periodicals, Inc.

1 Introduction

The surface quasigeostrophic equation (SQG) of geophysical significance [8]
has many similarities with the incompressible Euler equation [6]. One difference
however has to do with the behavior of the corresponding nonlinearities in rough
function spaces: SQG has weak continuity in L?, while the Euler equation does
not. The weak continuity is due to a remarkable commutator structure, and this
property was used to prove existence of global weak solutions for SQG in the
spatially periodic case in the thesis of S. Resnick [12].A similar proof applies in the
whole space. The weak continuity was revisited in the periodic case in [3], used in
the proof of absence of anomalous dissipation in [7] and generalized for equations
with more singular constitutive laws in [2]. In this paper we are concerned with
the issue of weak solutions in bounded domains. The dissipative critical SQG in
bounded domains has global weak solutions [4] and global interior regularity [5].
In this paper we prove that the inviscid equation has global L? weak solutions
in bounded domains. The commutator structure is modified by the absence of
translation invariance. The commutator estimates from [4] are used to handle the
nonlinearity; additional commutator estimates, based on those in [5] are used to
handle the ill effects of absence of translation invariance. The proof uses Galerkin
approximations based on the eigenfunctions of the Laplacian with homogeneous
Dirichlet boundary conditions. The result can also be obtained using a vanishing
viscosity approximation.

Let Q c R% d > 2, be an open bounded set with smooth boundary. The
inviscid surface quasigeostrophic equation in €2 is the equation

(1.1 O +u-Ve=0,
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where 0 = 0(z,t), u = u(z,t) with (z,t) € Q x [0,00) and with the velocity u
given by
(1.2) u=R50 = V:(~A)"20.

Fractional powers of the Laplacian —A are based on eigenfunction expansions of
the Laplacian in €2 with homogeneous Dirichlet boundary conditions. Our main
result is:

Theorem 1.1. Let 6y € L*(Q). There exists a weak solution of (1.1), 6 €
([0, 00); L%(2)) with initial data 0. That is, forany T > 0and ¢ € C§°((0, T) x
Q), 0 satisfies

T T
(1.3) /0 /QH(QU, t)Oyd(x, t)dxdt —I—/O AG(m,t)u(a:,t) -Vo(z,t)dzdt = 0.

Moreover, 1) = A='0 € C([0,00); Hy ¢(R)) for any 0 < & < 1 and the initial
data is attained

(1.4) 0(-,0) =0p(-) in H ().

The Hamiltonian

(1.5) /9 z, t)A"'0(x, t)d /90 “0o(2)da
is constant in time and, moreover, 0 obeys the energy inequality

(1.6) 10C )72y < 0l 72(q) aet>0.

Remark 1.2. The weak formulation (1.3) means that the SQG equation is satisfied
in the sense of distributions. In fact, because of the boundedness of Rp in L%(Q2),
the product fu is a function, fu € L>([0,T]; L*(f2)). The Hamiltonian H is
well-defined for allmost all ¢ > 0 because A~10 € H{(Q). The linear map A :
Hy~¢(9) — H~¢() is continuous, and so € C([0, 00); H5(Q2)).

2 Preliminaries

Let € be an open bounded set of RY, d > 2, with smooth boundary. The
Laplacian —A is defined on D(—A) = H?(Q) N H}(Q). Let {w;}32, be an
orthonormal basis of L?({2) comprised of L?>—normalized eigenfunctions w; of
—A, ie.

—Aw; = \jwj, / w?-d:z: =1,
Q

with0 < A1 < Ao < ... S)\j—>oo.
The fractional Laplacian is defined using eigenfunction expansions,

NF= (=23 =Y N fruwy with f = fjwy, f; = /wajdx
j=1 Jj=1



for s € [0,2] and f € D(A®) := {f € L*(Q) : ()\jgfj) € (?(N)}. The norm of f
in D(A®) is defined by

I/

e 1
s,D ‘= (ZAjff)2
j=1

It is also well-known that D(A) and H}(2) are isometric. In the language of
interpolation theory,

D(AY) = [L*(Q),D(-A)]=  Va € [0,2].

R

As mentioned above,

Hy(Q) = D(A) = [L*(Q), D(-A)]

)

D=

hence
D(AY) = [L*(Q), H}(Q)]a VYo € [0,1].

Consequently, we can identify D(A®) with usual Sobolev spaces (see Chapter 1

[11]):

2.1
D(A%) {H@(Q) 1 if a €[0,1]\ {3},
HE(Q) == {u e HZ(Q) : u/y/d(z) € L*(Q)} ifa=1.

Here and below d(x) is the distance to the boundary of the domain:
(2.2) d(x) = d(z,00).

The following estimate for the commutator of A with multiplication by a function
was proved in [4] using the method of harmonic extension:

Theorem 2.1 (Theorem 2, [4]). Let y € B(Q) with B(Q) = W2 (Q)NW1(Q)
ifd > 3, and B(Y) = W?P(Q) withp > 2 ifd = 2. There exists a constant
C(d, p, Q) such that

1A XY 11 p < Cd, 0, DXl ey 1¥]1 p-
where [A, X1 := A(xtp) — xAv.

We also need a pointwise estimate for the commutator of the fractional Lapla-
cian with differentiation.

Theorem 2.2. For any p € [1,00] and s € (0,2) there exists a positive constant
C(d, s,p, Q) such that

_g_1_d
I[A%, V]ib(2)] < C(d, s,p, Q)d(x) ™7 |9 oo
holds for all x € Q.



The proof follows closely the proof for the p = co case which was done in [5]
(see Lemma 6 there) using the heat kernel representation of the fractional Laplacian
together with a cancelation of the heat kernel of R%. We apply this theorem to the
stream function ¢ = A~1¢ which is in HJ (£2) and thus not necessarily in L>(2).
The proof of Theorem 2.2 is provided in the Appendix.

3 Proof of Theorem 1.1

Let Q C R? be an open bounded set with smooth boundary. Denote by P,, the
projection in L? onto the linear span L2, of eigenfunctions {w, ..., wy, }, i.e.

Pof = frw; for f =" fu;.

Jj=1 J=1

Let ¢ € C3°(Q2) and let ¢; = [, ¢(x)w;(x)dx be the eigenfunction expansion
coefficients of ¢. Let us note that

(3.1 |6j] < CnATY
holds with Cy depending only on ¢ and N > 0, for j > 1,
(3.2) Cn = AN @] 12(q)-

This follows from repeated integration by parts using —Aw; = \jw; and Schwartz
inequalities. By elliptic regularity estimates, we obtain for all £ € N that

k
wjll ey < CrAZ-

We know from the easy part of Weyl’s asymptotic law that \; > C'j i Therefore,
with sufficiently large N satisfying %(N — g) > 1 we deduce that

00 0 k_pN
1= Po)ell ey < D 19sllwillare) < Cen D AF T =0
j=m+1 Jj=m+1

as m — 0o. We proved therefore:
Lemma 3.1. Let ¢ € C3°(Q2). For all k € N we have
(3.3) (I —=Pm) ¢l e = 0.

Next, we adapt the well-known commutator representation of the nonlinearity
in SQG ([12], see also [3], [2]) to take into account the lack of translation invariance
of A:

Lemma 3.2. Let ) € H}(Q), u = Vo and § = Avp. Let ¢ € C5°(Q) be a test
function. Then

. _ 1 L1y - 1oy
(3.4) /Qﬁu Vodx = 2/Q[A,V | - Vouudr Q/QV V- [A, Vl|pdx
holds.

lim ||
m—r0o0



Proof. First, we note that
/eu-wdx:/Aww-wdx: —/ YVEAY - Vdz,
Q Q Q

where we integrated by parts and used the fact that V- - V¢ = 0. The first and
middle terms are well defined because fu € L(£2) in view of the fact that both A1
and V14 are in L2(€2). The last term is defined because V¢ - V- Ay € H~1(Q)
and ¢ € H}(Q). Commuting V- with A and then with V¢ leads to

/eu-wdx:—/¢[vi,A]¢-v¢dx—/q,z)Aviqp-wdx
Q Q Q
- [ oIV A Vods - [ Vho- AT
Q Q
— [V A0 Vovds [ Vo[ Velude — [ V4o Vorvds
Q Q Q
—/[VL,A]@z}-vwdx—/ viw-[A,w]wdx—/eu-wdx.
Q Q Q

Noticing that the last term on the right-hand side is exactly the negative of the
left-hand side, we proved (3.4). [l

Let us fix 6y € L?(Q) and a positive time 7.
Step 1. (Galerkin approximation) The mth Galerkin approximation of (1.1) is the
following ODE system in the finite dimensional space P,,, L*(Q) = L2 :

35) O + Py (U - VOr) =0 t>0,
0, = P60 t=20

with 0, (2, 1) = >, GJ(m)( t)w;(z) and u,, = Rpr6,, automatically satisfying
div u,, = 0. Note that in general u,, ¢ L2,. The existence of solutions of (3.5) at
fixed m follows from the fact that this is an ODE:

+ Z i 070 =
7,k=1
with )
(m) _ y—32 Lo,
Vjki —)\j2/9<v w; Vwk) wydx.

Since P,, are self-adjoint in L? | u,, are divergence-free and w; vanish at the
boundary 02, an integration by parts gives

/ O P (U, - VOy,)dz = / Ol - VO,de =0 VYm € N.
Q

It follows that 3 %4(|0,, (-, ?) |32 = 0 and thus for all ¢ € [0, 7]

1 1
(3.6) illﬁm(-,t)!!%2(9) = §H]P’m00('70)H%2(Q) < 5”00”%2(9)'
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This can be seen directly on the ODE because 7](.2;) is antisymmetric in k, [. There-

fore, the smooth solution 8,,, of (3.5) exists globally and obeys the L? bound (3.6).
Let ¢ € C5°((0,T) x ) be a test function. Integrating by parts we obtain
3.7

/ ' / O (2, )0s b, ) vl + / ! / O (22, )t (1, 1) - VP (2, )t = 0,
Lst usgzlenote C
(3.8) Ym = A"10,, € P (L%) C H(Q).

We also have
/Q VP (U V Oy )z = /Q Yndiv (V4,0 ) da = — /Q V- VEmbmdz = 0,
and therefore
(3.9) /Q o (2 )0 (2, )l = /Q Y (2,0)0m(, 0)dz ¥t > 0, m € .

Step 2. (Weak and strong convergences). In view of (3.6) the sequence 6,, is uni-
formly in m bounded in L>°([0, T]; L?(£2)) and consequently the same is true for

U, = R$0m. The sequence ¥y, = A~16,, is uniformly bounded in L°°([0, T]; H} (Q)).
In addition, the sequence 0;ty, is bounded in L>°([0,T]; H~"(2)) for r > %d. In-
deed, from the equation (3.5) we have that

(3.10) Ot = —AN 1P (V - (Umbm)) = Pr(RD)* - (mbm)

because A~! and P,,, commute, and the L*(Q2) formal adjoint of Rp is R}, =
—A~1V. Testing with a test function ¢ we have

/ Db = / (o) - B (Bn3)dz
Q Q

and by taking ¢ € H{(€2) we made sure that P,,¢ is uniformly in m bounded in
Xo(Q) = {p € C*(Q), pjoq = 0}. Indeed, the expansion coefficients ¢; decay
asin (3.1), (3.2), and choosing N = % > %, k> g ensures the uniform bound of
P,¢in H*(Q) N HI(Q) € X, (Q). Now it is known that R, maps continuously
Xo(2) to L®(€2) (and better, [1]). Therefore, from the uniform bound on w,,6,,
in L>°([0, T], L*(£2)) it follows that

@3.11) ‘/Q Othmbdz

< C6olZ2 (e 0l (0,111 (52))-

In view of the compact embedding H3 () C Hy “(Q) we may use the Aubin-
Lions lemma [10] with spaces L([0,T]; H}(£2)) and L%([0,T]; H~"(R)) to ex-
tract a subsequence of 1/,,, which converges weakly in L2([0, T]; H}(£2)) to a func-
tion ¢ and such that the convergence is strong in C([0, T]; Hy ¢(Q)) for e € (0, 1].
By lower semicontinuity we have also that 1 € L>([0, T|; H}(£2)). The function
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6 = At is then the weak limit in L2([0,T]; L?(€2)) of the sequence 6,,, and the
strong limit in C([0, T']; H—¢(12)). The function 6 belongs to L>([0, T]; L?(9)).

Step 3. (Passage to limit) Let the test function ¢ € C5°((0,7) x Q) be fixed.
We first apply (3.3) (uniformly in ¢) and Sobolev embedding to deduce

Jim [[V(I=P)ol| L o1 ) = 0,
and hence the difference

[T o Om (@, t) Rp 0 (2, t) - VP, é(x, t)ddt
12 ” g"fQ (z,t)Rp 0 (z,t) - Vo(x, t)dadt

converges to 0 as m — oo. Next, using Lemma 3.2 we write
T T
I, = /0 /Q O (2, )t (2, 1) - Vb, )t — /0 /Q 0(z, tyu(w, 1) - Vo, t)dadt
1T 1 N 1T IR B
=2 / / A,V )4 — ) - Voot + /0 /Q (A, T o - V(o — )t
= / / V(@ ) - [A, Vé|ydadt
1 / [ 9 - 8.V = )
4
32

According to Theorem 2.2,

‘[Ava](wm(x,t)—dJ( t))| < C1d(@) P [m ()= ()l r20) < Collbm () =)l r2(0

on the support of V¢ which stays away from the boundary. By virtue of the strong
convergence of 1, in L([0, T]; L?(Q2)) we deduce that

l\? \

11| < Clivtm — ¥l 20112200 |1 VBl oo ((0.13:15¢ ) 19| 220,77, £2(02)) — O
as m — oo. The same argument leads to I2, — 0. Next, because of of Theorem
2.1, [A, Vol € L2([0,T];D(A2)) C L2([0,T); L3(R2)) which combined with
the fact that V- (¢),,, — 1) — 0 weakly in L?([0, T]; L%(Q2)), implies that I3, — 0.
Regarding I we apply Theorem 2.1 to have

| < CIVYmll 2071220 IV Ol 220 (0,79 B0 1tom — Dl 20,120y

In view of (2.1), ¢, — 1 in L?([0,T]; 3, D). Consequently, I;}, — 0 and thus
I, — 0. Sending m to oo in (3.7) and taking (3.12) into account, we obtain (1.3).
Moreover, because of the strong continuity of  in H ~¢ the initial data is attained

Bo(,0) = lim 6 (-,0) = lim Prfo(-,0) = 0o(-,0) in H,



where the third equality actually holds in L?. The conservation in time of the
Hamiltonian follows from the constancy in time of H,,(t) = fQ U Ay dr =

[¥mll3 , (3.9). From strong convergence of 4, to ¢ in C([0,T); D(Az)) C
27
1
C([0,T]; Hg (2)) it follows that H (t) = [[4]|3 ,, is constant in time. Finally, the
2’

energy inequality (1.6) follows from (3.6) and lower semicontinuity.

Appendix: Proof of Theorem 2.2

In view of the identity
S o0 S
A2 = cs/ 7172 (1 — et
0
with 0 < s < 2 and
o0 S
1= cs/ t7172(1 — e Ydt
0
we have the representation of the fractional Laplacian via heat kernel:
[e.e]
(3.1) ANp(z) = cs/ 172 (1 — e Y(z)dt, 0 < s <2
0
Let H(x,y,t) denote the heat kernel of €2, i.e.
() = [ Hiep o)y Vo e

We have from [9] the following bounds on H and its gradient:

z—y|? T—1 2
(3.2) ct_%e_‘ W < H(z,y,t) < Ct_%e_‘ =
1d el
(3.3) \VoH(z,y,t)| < Ct 27 2e Kt
forall (z,y) € Q x Qand ¢t > 0. In view of the expansion
o0
H(z,y,t) =Y e Nhwj(z)uw;(y)
j=1

it is easily seen that |V, H (z,y,t)| also obeys the bound (3.3).
Using (3.1) and integration by parts we arrive at

G4 [N V]Y(2) zcs/o s /Q(Vx+Vy)H(w,y,t)w(y)dydt.

Letp € (1, ] and% =1- ;17. We have
(3.5)

0,51 < ol [ | 170+ ol )

8



The problem reduces thus to estimating the L9-norm of (V, + V) H (z, -, t). We
d(z)

distinguish two regions of y: |z — y| > F5* and [z — y| < %ﬁ). We use the
elementary estimate
o0
3.6) / 1 %e tht<CKmp m,p, K > 0.
0
If [z — y| > ¢ 10 , the gradient bound (3.3) implies

)2 Jz—y|?

(Vo + Vy)H(z,y,t)| < Ct™ 3 Se S0Kie  IRI vVt >0,

hence, in view of (3.6),

q

/0 7172 U Seto ](V;B—i-vy)H(x,y,tﬂqdy] dt
T—=Y|Z =7

|z —1 2
qlz—y| l

Q=

S Cd(x)—s—l—d-i'%‘
On the other hand, if |z — y| < #é) we have from Appendix 1 of [5]

- 2
3.7) (Vo + V) H(z,y, )] < Ot 3~ 5“0t < d(x)2.

Note that in R<, (Va4 + Vy)H vanishes identically. (3.7) thus reflects the fact
that translation invariance is remembered in the solution of the heat equation with
Dirichlet boundary data for short time, away from the boundary. The bound (3.6)
then yields

1

d(z)Q s q
/ 13 / (Vo + V) H(z,y, )| dy| dt
0 |z —y| < Lz

d _d@?

d(x)* 1 d d _
< Cl/ tim5 e ad(x) e ot d
0

d(z)? _1_s_1_d_ d _d@)?
<03/ T2 T e e T Ot (gt
0

To obtain the bound for [A®, V]i)(x), it remains to estimate

1
o0 q
I :/ 12 / (Ve + V) H(z,y, )| dy| dt.
d(x)? |z—y|< 42




Using the gradient bound (3.3) we have

s 1_4d |z—y]?
IgCl/ tiaTee / et R dy| dt
d(x)? [e—yl< (3

o0 s d, d
< 02/ e e e gy
d(z)?

S Cd($)75717d+g .

Q=

Putting the above considerations together we arrive at the pointwise estimate

14
[A%, V]gp(@)| < Cd(x) ™" 7|9 o
for all p € (1, 00]. The case p = 1 can be proved along the same lines.
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