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CEMRACS2017: NUMERICALPROBABILISTIC APPROACHTO MFG
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Chassagneux3,FrançoisDelarue4andRenéCarmona5

Abstract. Thisprojectinvestigatesnumericalmethodsforsolvingfullycoupledforward-backward
stochasticdifferentialequations(FBSDEs)ofMcKean-Vlasovtype.Havingnumericalsolversforsuch
meanfieldFBSDEsisofinterestbecauseofthepotentialapplicationoftheseequationstooptimization
problemsoveralargepopulation,sayforinstancemeanfieldgames(MFG)andoptimalmeanfield
controlproblems. Theoryforthiskindofproblemshasmetwithgreatsuccesssincetheearlyworks
on meanfieldgamesbyLasryandLions,see[29],andbyHuang,Caines,and Malhamé,see[26].
Generallyspeaking,thepurposeistounderstandthecontinuumlimitofoptimizersorofequilibria
(sayinNashsense)asthenumberofunderlyingplayerstendstoinfinity. Whenapproachedfromthe
probabilisticviewpoint,solutionstothesecontrolproblems(orgames)canbedescribedbycoupled
meanfieldFBSDEs,meaningthatthecoefficientsdependupontheownmarginallawsofthesolution.
Inthisnote,wedetailtwomethodsforsolvingsuchFBSDEswhichweimplementandapplytofive
benchmarkproblems. Thefirstmethodusesatreestructuretorepresentthepathwiselawsofthe
solution,whereasthesecondmethodusesagriddiscretizationtorepresentthetimemarginallawsof
thesolutions.BotharebasedonaPicardscheme;importantly,wecombineeachofthemwithageneric
continuationmethodthatpermitstoextendthetimehorizon(orequivalentlythecouplingstrength
betweenthetwoequations)forwhichthePicarditerationconverges.

1.Introduction

Inthisproject,weexaminenumerical methodsforsolvingforwardbackwardstochasticdifferential
equations(FBSDEs)ofMcKean-Vlasovtype. Weareparticularlyinterestedinequationsofthistypeasthey
canbeusedtorepresent,fromtheprobabilisticviewpoint,solutionstomeanfieldgamesor,moregenerally,to
meanfieldstochasticcontrolproblems.
MeanfieldgamesweredevelopedindependentlyandataboutthesametimebyLasryandLions[29],and

Huang,Caines,and Malhamé[26]. ThegoalofthistheoryistounderstandthelimitasN → ∞ ofthe
NashequilibriaforanN playerstochasticdynamicgamewithmeanfieldinteraction,meaningthatplayers
interactwithoneanotherthroughtheircollectivestate.Equivalently,meanfieldgamesmustberegardedas
thecontinuumlimitofgameswithalargenumberofsymmetricplayers,eachofthemhavingasmalleffect
onthedynamicsofthewholegroup. Theapplicationsofmeanfieldgamesarenumerous,andspreadacross
manydisciplines,includingsocialscience(congestion[3,21,28]),cyberattacks[14]),biology(flocking[30,31],

1DepartmentofStatisticsandAppliedProbability,UniversityofCaliforniaSantaBarbara
2PrograminAppliedandComputational Mathematics,PrincetonUniversity
3LaboratoiredeProbabilités, ModélisationetStatistiques,UniversitéParisDiderot
4LaboratoireJean-AlexandreDieudonné,UniversitédeNiceSophia-Antipolis
5OperationsResearchandFinancialEngineering,BendheimCenterforFinance,PrincetonUniversity

cEDPSciences,SMAI2019



ESAIM:PROCEEDINGSANDSURVEYS 85

jetlag[13]),andeconomics(systemicrisk[12],productionofexhaustibleresources[15,25]),justtonameafew.
Asexplainedin[9,10],solutionstomeanfieldgamescanbecharacterizedthroughacoupledsystemoftwo
forwardandbackwardstochasticdifferentialequationsofmeanfieldtype,likethoseweaddressinthisnote.
Theforwardequationprovidesthedynamicsofonetypicalplayerinthepopulationatequilibrium.Generally
speaking,thebackwardequationaccountsfortheoptimalityconditioninthedefinitionofanequilibriumand
theMcKean-Vlasovstructureispreciselyheretostressthefactthattheplayerinhandisrepresentativeofthe
others. Asexemplifiedin[11],otherformsofequilibriacanbeaddressedbymeansofthiskindofequations.
Thisincludesoptimalmeanfieldcontrolproblems,whichcanberegardedasthecontinuumlimitofacontrol
probleminvolvingalargenumberofsymmetricplayersobeyingacentralplanner.Below,wemostlyfocuson
examplesarisinginthetheoryofmeanfieldgames.
Whilstdeterministicnumericalmethods,baseduponfinitedifferencesorvariationalapproaches,arealso

conceivableforhandlingmeanfieldgames,see[1,2,4,7]and[5,24,27],weherefocusontheapproachbasedon
FBSDEs.Inthisregard,weimplement(andcompare)twodifferentalgorithms.Thefirstalgorithm,whichis
basedonthepaperofChassagneux,Crisan,andDelarue[17],reliesonatreestructuretorepresentthepathwise
lawofthesolution.Thesecondalgorithm,andmaincontributionofthisreport,takesthealgorithmpresentedin
thepaperofDelarueandMenozzi[20]forsolvingFBSDEsandextendsittothemeanfieldframeworkinhand.
Inthisalgorithm,agridstructureisusedtorepresentthemarginallawsofthesolution.Theseriousissuethat
wearefacinginthisnoteisthatbothmethodsarebaseduponaPicardscheme,thefirstmethodinvolvinga
globalPicardschemeuponthewholeprocessandthesecondoneinvolvingaPicardschemeonthesolemarginal
lawsoftheprocess.Itisindeedawell-knownfactthat,becauseofthestrongcouplingbetweentheforward
andbackwardequations,PicardschemesforFBSDEsmayjustconvergeinsmalltime,evenintheclassicalcase
withoutmeanfieldinteraction.Forsure,thislimitationshouldpersistinthemeanfieldsettingfortheglobal
Picardmethod;asexemplifiedbelow,itturnsoutthatitpersistsaswellwhenthePicardschemeisapplied
tothemarginallaws. Oneofourmaincontributioninthisreportistoapplythetimecontinuationapproach
presentedin[17]tothegridalgorithmandtocomparetheresultswiththetreealgorithmforwhichthetime
continuationapproachwasoriginallydesignedin[17].Inbrief,thetimecontinuationpermitstoextend,bya
continuationargument,thetimeintervalonwhichthePicardschemeconverges. Weillustratebothalgorithms
onahandfulofexampleproblems.
Section2providesareviewofNashequilibriainNplayerstochasticdifferentialgames,andtheircontinuum

meanfieldgamecounterparts. Wereviewtwoprobabilisticapproachestoformulatethesolutionsofmean
fieldgamesandprovidethegeneralFBSDEsystemwhichwewouldliketosolve.InSection3,wedescribe
thealgorithmsthatweimplementinthereport.Somebenchmarkexamplesandthecorrespondingnumerical
resultsarepresentedinSection4. WeconcludeinSection5.

2.Overviewof MeanFieldGamesandFBSDEs

Thepurposeofthissectionistointroducethetheoreticalmaterialthatisneededforournumericalanalysis.
Theobjectiveispurelypedagogicalandthetextdoesnotcontainanynewresult.

2.1.NPlayerStochasticDifferentialGames

Westartwiththedescriptionoftheprototypeofafiniteplayergameinthetheoryofmeanfieldgames. We
considerN∈Z+ playersindexedbyi∈{1,...,N}.Thedynamicgameoccursoverafixedtimehorizon[0,T]
forsomeT>0. WehaveN independentm-dimensionalBrownianmotions(Wit)0≤t≤T whicharesupported
byafilteredprobabilityspace(Ω,F,F=(Ft)0≤t≤T,P).Eachplayerchoosesitscontrolα

i=(αit)0≤t≤T from
thesetAdefinedasthesetofsquareintegrableFadaptedprocesseswithvaluesinagivensetA(typicallyA
isaclosedconvexsubsetofaEuclideanspace).EachplayerihasastateXiwhichevolvesaccordingtothe
stochasticdifferentialequation:

dXit=b
i(t,Xit,̄µt,αt)dt+σ

i(t,Xit,̄µt,αt)dW
i
t,
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whereµ̄tdenotestheempiricaldistributionoftheplayers’states:µ̄t=
1
N

N
j=0δXjt

∈P2(R
d).HereP2(R

d)is

thespaceofprobabilitymeasureswithafinitesecondmoment,whichweequipwiththe2-Wassersteindistance,
denotedbyW2.Forµ,ν∈P2(R

d),wecallΓ(µ,ν)thesetofallthejointlawswithmarginalsµandν.Then,
the2-Wassersteindistanceisdefinedby:

W2(µ,ν)= inf
γ∈Γ(µ,ν)

|x−y|2dγ(x,y)
1/2

.

Thedriftandvolatilityfunctions,biandσi,respectively,aredeterministicfunctions(bi,σi):[0,T]×Rd×
P2(R

d)×A→ Rd×Rd×m. Mostofthetime,theyareassumedtobeboundedintimeandtobeLipschitz
continuouswithrespecttoallthearguments,theLipschitzpropertyinthemeasureargumentbeingunderstood
withrespecttoW2. Thisensuresthat,foragivenα=(α

1,···,αN),thestatedynamics(X1,···,XN)are
welldefined.
Givenatupleofcontrolsα=(α1,...αN),weassociatewithplayeriacostobjectivewhichwetaketobeof

theform:

Ji(α)=E
T

0

fi(t,Xit,̄µt,α
i
t)dt+g

i(XiT,̄µT).

Thuseachplayerconsidersadeterministicrunningcostfi:[0,T]×Rd×P2(R
d)×A→R,anddeterministic

terminalcostgi:Rd×P2(R
d)→ R. Ofcourse,eachofthemwishestominimizeitsowncostbytuningits

owncontrolinthemostrelevantway. Notethatweonlyallowtheinteractionoftheplayersthroughtheir
empiricalmeasure,asthiswillbeneededinourformulationofthecontinuumlimit.Still,extensionsexist,in
whichplayersalsointeractthroughthecontrols,seeSubsection2.2.3.
TheplayersareinaNashequilibriumifeachplayerisnobetteroffforswitchingtheirstrategywhenthey

considertheotherplayers’strategiestobefixed. Moreprecisely,thesetofstrategiesαisaNashequilibriumif

Ji(α)≤Ji(α1,...,αi−1,α,αi+1,...,αN),∀α∈A,∀i∈{1,...,N}.

2.2.MeanFieldGames

ForgameswhereNislarge,theproblemquicklybecomesofanintractablecomplexity. Thusweturn
tothecontinuumlimitbyconsideringthelimitasNtendstoinfinity.Inorderforthislimittomakesense,we
requiretheplayerstobesymmetric.Precisely,werequireb=bi,σ=σi,f=fi,andg=gi∀i∈{1,...,N}.
Asthenumberofplayersincrease,theimpactofeachplayerontheempiricaldistributiondecreases,andwe
expecttohaveapropagationofchaossuchthattheplayersbecomeasymptoticallyindependentofeachother.
Thisistherationaleforpassingtothelimit:Asymptotically,theinfluenceofoneplayeronthegroupshould
benullandthestatisticalstructureofthewholeshouldbeprettysimple.
WewishtoformulatetheanalogueofaNashequilibriumwhenthereisacontinuumofplayers. Tothis

end,weconsiderthestatesandactionsoftheotherplayerstobefixed,andconsiderthebestresponsefora
representativeplayer(asweexpectequilibriatoinheritthesymmetricstructureofthegame).Thus,thefirst
stepistosolveanoptimizationproblem.Thenextstepistofindafixedpoint,providingananalogueofaNash
equilibriumforthemeanfieldgame.
Weagainhaveafilteredprobabilityspace (Ω,F,F=(Ft)0≤t≤T,P)wherethefiltrationsupportsanm-

dimensionalBrownianmotionW =(Wt)0≤t≤Tandaninitialconditionξ∈L
2(Ω,F0,P;R

d).
Thestrategyforsolvingtheasymptoticgameisthefollowing:

(1)Forafixeddeterministicflowofprobabilitymeasuresµ=(µt)0≤t≤T ∈C([0,T],P2(R
d)),solvethe

standardstochasticcontrolproblem:

inf
α∈A
Jµ(α)=E

T

0

f(t,Xαt,µt,αt)dt+g(X
α
t,µT), (1)



ESAIM:PROCEEDINGSANDSURVEYS 87

subjectto

dXαt=b(t,X
α
t,µt,αt)dt+σ(t,X

α
t,µt,αt)dWt

Xα0=ξ.

(2)Findafixedpoint,µ,suchthatL(Xαt)=µtforall0≤t≤T.

ThisstrategycanbetackledfromeitherthePDEviewpoint(leadingtoacoupledHamilton-Jacobi-Bellman
andKolmogorov/Fokker-Plankequations,knownastheMFGsystemintheliterature)[26,29]ortheprobabilistic
viewpoint[9,10],whichisthefocusofthisproject. Withintheprobabilisticviewpoint,therearetwoapproaches,
bothofwhichareformulatedwithFBSDEs.SeeChapters3and4ofthemanuscriptofCarmonaandDelarue[10]
forreferenceonthetwoprobabilisticapproaches.
Forsimplicity,fromnowonweassumem,thedimensionoftheBrownianmotionmatchesd,thedimension

ofthestatevariable. Wealsoassumethediffusioncoefficient,σ,isaconstantmatrixσ∈Rd×d. Forboth
approaches,wewillutilizetheHamiltonianderivingfromtheaforementionedstochasticcontrolproblem(1).
Infact,sinceweassumethatthedriftisuncontrolled,wecanjustwritethereducedHamiltonian:

H(t,x,µ,α,y)=b(t,x,µ,α)·y+f(t,x,µ,α),

fort∈[0,T],x∈Rd,µ∈P2(R
d),α∈A,andanadjointvariabley∈Rd. Then,akeyobjectinorderto

formulatethesolutionto(1)is(wheneveritexists):

α̂(t,x,µ,y)=arginf
α∈A
H(t,x,µ,α,y).

Wewillprovidebelowexplicitexamplesfor α̂(t,x,µ,y). Wenowgiveabriefintroductiontothetwoprobabilistic
approaches.

2.2.1.Weakapproach

Inthefirstprobabilisticapproach,whichwewillrefertoastheweakapproach,theoptimizationproblem
issolvedusingabackwardSDEfortheprobabilisticrepresentationofthevaluefunction.Forafixedflowof
measuresµ=(µt)0≤t≤T,letV:[0,T]×R→Rdenotethevaluefunction:

V(t,x):= inf
(αs)t≤s≤T∈A

E
T

t

f(s,Xs,µs,αs)ds+g(XT,µT)|Xt=x .

Thestrategyistoevaluatethevaluefunctionalongthesolutionofthestateprocess(Xt)0≤t≤T,namelywe
letYt=V(t,Xt). TheweakformulationofthestochasticcontrolproblemunderpinningVsaysthat,under
suitableassumptionsthatareexemplifiedbelow,thepair(Xt,Yt)0≤t≤ThastosolvethefollowingFBSDE:

dXt=bt,Xt,µt,̂α t,Xt,µt,σ
−1Zt dt+σdWt

X0=ξ,

dYt=−ft,Xt,µt,̂α t,Xt,µt,σ
−1Zt dt+ZtdWt

YT=g(XT,µT),

(2)

whereweassumeσtobeinvertible.Forinstance,wetakethefollowingsetofassumptionsfromChapter3of
themanuscriptbyCarmonaandDelarue[10]: WemayassumethatthesetAforthevaluesofthecontrols
isaboundedclosedconvexsubsetofaEuclideanspace,thedeterministicfunctionsb,f,andgaredefinedon
[0,T]×Rd×P2(R

d)×A,[0,T]×Rd×P2(R
d)×A,andRd×P2(R

d),respectively,andthereexistsaconstant
C0>1suchthat:
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•Foranyt∈[0,T],x,x′∈Rd,α,α′∈Aandµ∈P2(R
d):

|(b,f)(t,x′,µ,α′)−(b,f)(t,x,µ,α)|+|σ(t,x′)−σ(t,x)|+

+|g(x′,µ)−g(x,µ)|≤C0|(x,α)−(x
′,α′)|.

•Thefunctionsb,f,σandgareboundedbyC0.
•Thereexistsafunction

α̂:[0,T]×Rd×P2(R
d)×Rd∋(t,x,µ,y)→ α̂(t,x,µ,y)

whichisC0-Lipschitzcontinuousin(x,y)suchthat,foreach(t,x,µ,y)∈[0,T]×R
d×P2(R

d)×Rd,
α̂(t,x,µ,y)istheuniqueminimizeroftheHamiltonianH(t,x,µ,y,α).

Underthissetofassumptions,itisshowninChapter3ofthemanuscriptbyCarmonaandDelarue[10]that
aflowofmeasuresµ=(µt)0≤t≤Tisameanfieldgameequilibriumifandonlyifµt=L(Xt),∀t∈[0,T],where
(X,Y,Z)isasolutionoftheweakapproachFBSDEsysteminEquation(2),inwhichcase(2)becomes

dXt=bt,Xt,L(Xt),̂αt,Xt,L(Xt),σ
−1Zt dt+σdWt

X0=ξ,

dYt=−ft,Xt,L(Xt),̂αt,Xt,L(Xt),σ
−1Zt dt+ZtdWt

YT=g(XT,L(XT)),

(3)

whereweusethegenericnotationL(·)forthelawofarandomvariable.Thisapproachisdevelopedfurtherin
thepapersandmanuscriptofCarmonaandDelarue[9,10].

2.2.2.Pontryaginapproach

Thesecondprobabilisticapproach,whichwewillrefertoasthePontryaginapproach,isbasedonthe
Pontryaginstochasticmaximumprinciple.Inthisformulation,theoptimizationproblemissolvedusinga
backwardSDEfortheprobabilisticrepresentationofthespatialderivativeofthevaluefunctionV.Formally,
thestrategyisthustoevaluatetheprocess(Xt)0≤t≤Talong∇xV.HenceweletYt=∇xV(t,Xt),whichmakes
sensewhen∇xViswell-defined.InfactthePontryaginsystemmaybeformulatedwithoutanyfurtherreference
totheregularityofV,thePontryaginformulationhavingthefollowinggeneralform:

dXt=b(t,Xt,µt,̂α(t,Xt,µt,Yt))dt+σdWt

X0=ξ,

dYt=−[∇xb((t,Xt,µt,̂α(t,Xt,µt,Yt)))·Yt

+∇xf(t,Xt,µt,̂α(t,Xt,µt,Yt))]dt+ZtdWt

YT=∇xg(XT,µT),

(4)

whereweassumeb,fandgtobedifferentiablewithrespecttox. Wemayusethefollowingsetofassumptions
takenfromChapter3ofthemanuscriptbyCarmonaandDelarue[10]toguaranteethatthePontryaginsystem
isbothanecessaryandasufficientconditionofoptimality: Weassumethecoefficientsb,f,andgaredefined
on[0,T]×Rd×P2(R

d)×A,[0,T]×Rd×P2(R
d)×A,andRd×P2(R

d),respectively. Wealsoassumethat
theysatisfy:

•Thedriftbisanaffinefunctionof(x,α)oftheform:

b(t,x,µ,α)=b0(t,µ)+b1(t)x+b2(t)α,
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whereb0:[0,T]×P2(R
d)∋(t,µ)→ b0(t,µ),b1:[0,T]∋t→ b1(t)andb2:[0,T]∋t→ b2(t)are

Rd,Rd×dandRd×dvalued,respectively,andaremeasurableandboundedonboundedsubsetsoftheir
respectivedomains.
•ThereexisttwoconstantsC1>0andC2≥1suchthatthefunctionR

d×A∋(x,α)→f(t,x,µ,α)∈R
isoncecontinuouslydifferentiablewithLipschitz-continuousderivatives(sothatf(t,·,µ,·)isC1,1),the
LipschitzconstantinxandαbeingboundedbyC2(sothatitisuniformintandµ). Moreover,it
satisfiesthefollowingstrongformofconvexity:

f(t,x′,µ,α′)−f(t,x,µ,α)−(x−x′,α−α′)·∂(x,α)f(t,x,µ,α)≥C1|α
′−α|

2
.

Thenotation∂(x,α)fstandsforthegradientinthejointvariables(x,α).Finally,f,∂xfand∂αfare

locallyboundedover[0,T]×Rd×P2(R
d)×A.

•ThefunctionRd×P2(R
d)∋(x,µ)→ g(x,µ)islocallybounded. Moreover,foranyµ∈P2(R

d),
thefunctionRd∋x→ g(x,µ)isoncecontinuouslydifferentiableandconvex,andhasaC2-Lipschitz
continuousfirstorderderivative.

Undertheseassumptions,itisshowninChapter3ofthemanuscriptbyCarmonaandDelarue[10]thata
flowofmeasuresµ=(µt)0≤t≤Tisameanfieldgameequilibriumifandonlyifµt=L(Xt),∀t∈[0,T],where
(X,Y,Z)isasolutionofthePontryaginapproachFBSDEsysteminEquation(4),inwhichcase(4)becomes

dXt=b(t,Xt,L(Xt),̂α(t,Xt,L(Xt),Yt))dt+σdWt

X0=ξ,

dYt=−[∇xb((t,Xt,L(Xt),̂α(t,Xt,L(Xt),Yt)))·Yt

+∇xf(t,Xt,L(Xt),̂α(t,Xt,L(Xt),Yt))]dt+ZtdWt

YT=∇xg(XT,L(XT)).

(5)

ThisapproachisalsodevelopedfurtherinthepapersandmanuscriptofCarmonaandDelarue[9,10].

2.2.3.MeanFieldGamesofControl

In manyapplications,individuals mayinteractthroughtheircontrols,insteadoftheirstates. One
exampleisanapplicationoftradecrowdingwhichwastackledwithameanfieldgameapproachinthepaperof
CardaliaguetandLehalle[8].ThereisalsoamodelforpriceimpactinthebookofCarmonaandDelaruewhich
wetakeasoneofourexampleproblemsinSection4.4.2. Meanfieldgameswhereplayersinteractthroughthe
lawoftheircontrolsissometimesreferredtoasextendedmeanfieldgames[23],seealsoChapter4in[10]. We
areinterestedintestingournumericalmethodsonacertainclassofmeanfieldgamesofcontrol:thoseinwhich
theinteractionisthroughthemarginaldistributions,L(Xt)andL(αt). Todesignouralgorithmstohandle
suchageneralframeworkofmeanfieldinteraction,westudynumericalmethodsforsolvingageneralFBSDE
systemwhichincludesthetwoapproachesdetailedabove,aswellasthisclassofmeanfieldgamesofcontrol.

2.3.GeneralSystem

Wecanaddressbothprobabilisticformulationsformeanfieldgamesandaclassofmeanfieldgamesof
controlsimultaneouslybyconsideringthefollowinggeneralFBSDEsystem. Wenowtakethedimensionofthe
statespacetobed=1since,forsimplicity,ouralgorithmswillbejustappliedtothiscase.Let[X]=L(X)
denotethelawofaprocessX. Withanabuseofnotation,let[X,Y,Z]:=(L(X),L(Y),L(Z))denotethelaws
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oftheindividualprocesses(andnottheirjointlaw).Thegeneralsystemisthefollowing:

dXt=B(t,Xt,Yt,Zt,[Xt,Yt,Zt])dt+σdWt

X0=ξ∈L
2(Ω,F0,P;R),

dYt=−F(t,Xt,Yt,Zt,[Xt,Yt,Zt])dt+ZtdWt

YT=G(XT,[XT]).

(6)

Theassumptionthatthecoefficientsdepend,atmost,uponthemarginallawsL(Xt),L(Yt)andL(Zt)ofthe
triple(Xt,Yt,Zt)(andnotuponthefulljointlaw)istailormadetotheapplicationswehavemind:Asexplained
inthepreviousparagraph,wewanttohandlegamesinwhichplayersinteractwithoneanotherthroughthelaw
ofthecontrol.InordertoguesstheimpactthismayhaveontheFBSDErepresentation,itisworthrecalling
that,intheproblem(1),theoptimalcontrolmayberepresentedinaquitegenericwaythroughthefunction
α̂withtheadjointvariableythereintakenasthegradientofthevaluefunction.Undertheweakformulation
approach,thisturnstheFBSDEsystem(3)intoanFBSDEsystemdependingonthemarginallawsofZ,asZt
isknowntohavetherepresentationZt=∇xV(t,Xt)σ.UnderthePontryaginapproach,itturnstheFBSDE
system(5)intoanFBSDEsystemdependinguponthemarginallawsofY.Henceourchoicetohandlesystems
oftheform(6).Stillthereadershouldobservethat,inordertohandlethemoregeneralcasewhentheplayers
interactthroughthejointlawofthestateandofthecontrol,itisnecessarytoaddresssystemsofthesame
typeas(6)butwiththeconventionthat[Xt,Yt,Zt]isunderstoodasthejointlawofthetriple(Xt,Yt,Zt);as
wejustmentioned,wedonotaddressthislevelofgeneralityinthereport.
In(6),thediffusionprocessX iscoupledtothediffusionprocess(Y,Z)throughthefunctionsBandF,

representingthedriftoftheforwardprocessandthedriverofthebackwardprocess,respectively.Thefunctions
BandFareassumedtobeLipschitzineachoftheirargumentson([0,T],R3,(P2(R))

3)andGLipschitzon
(R,P2(R)),namely,for(x,y,z,x

′,y′,z)∈R6and(µ,ν,λ,µ′,ν′,λ′)∈(P2(R))
6,wehave:

|B(t′,x′,y′,z′,µ′,ν′,λ′)−B(t,x,y,z,µ,ν,λ)|≤KB |t
′−t|+|x′−x|+|y′−y|+|z′−z|

+W2(µ
′,µ)+W2(ν

′,ν)+W2(λ
′,λ)

|F(t′,x′,y′,z′,µ′,ν′,λ′)−F(t,x,y,z,µ,ν,λ)|≤KF |t
′−t|+|x′−x|+|y′−y|+|z′−z|

+W2(µ
′,µ)+W2(ν

′,ν)+W2(λ
′,λ)

|G(x′,µ′)−G(x,µ)|≤KG |x
′−x|+W2(µ

′,µ).

ThegoalofthisprojectistostudynumericalmethodsforsolvingthisgeneralFBSDEsystem. Atsome
pointinthereport,wewillrelaxtheLipschitzconditionofFinthevariableszandλandaddressanFBSDE
withaquadraticdriverF,seeourexamplesinSection4.

3.Algorithms

WeimplementtwoalgorithmsfornumericallysolvingtheFBSDEsysteminEquation(6).Inthefirst
algorithm,werepresentpathsofthestochasticprocesses(X,Y,Z)usingatreestructure,wherebranchesofthe
treerepresentquantizationoftheBrownianmotion.Inthesecondalgorithm,wenolongerrepresentthepaths
oftheprocess,butthemarginallawsoftheprocess.Inthiscase,thelawoftheprocessisdiscretizedonafixed
temporalandspatialgrid.
Inbothcases,therepresentationservesasabasisforaPicardschemeforapproachingthesolution.Forthe

firstalgorithm,thePicardschemeisimplementedintheformofaglobalPicardschemeonthewholeprocess;
forthesecondone,iterationsarejustperformedonthemarginallawsoftheprocess.AlthoughPicard’smethod
soundsverynatural,thisstrategysuffers,whateverthealgorithm,fromaseriousdrawbackasPicarditerations
forforwardbackwardsystemsareonlyexpectedtoconvergeinsmalltime.Basically,thevalueofTforwhich
thealgorithmwillconvergedependsonthecouplingstrengthofthesystem;wemakethisfactclearfortheglobal
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methodbyshowinghowTdependsontheLipschitzcoefficientsKB,KF andKG.Inanycase,bifurcations
canbeobservedwhenTisincreased,orequivalently,whenthecouplingstrengthbetweenthetwoequationsis
increased.Forourconvenience(sinceitcanbecostlytoincreaseT),wewillfixTandexploretheconvergence
ofthealgorithmsaswevarythecouplingstrength.Thisisonefirststepinourreport:Comparehowthetwo
algorithmssufferfromthecouplingstrengthbetweentheforwardandbackwardequations.
Thesecondkeyfeatureofourreportistouse,forbothalgorithms,acontinuationintime,whichallowsus

toextendthevalueofthecouplingparameterforwhichthealgorithmsconverge.
Inthefollowingsections,wedetailourPicardapproachesforthetwoalgorithmsandthecontinuationin

timemethod.

3.1.GlobalPicardIterationonaSmallTimeInterval

ThemaindifficultyinnumericallysolvingtheFBSDEsystemisthefactthat,notonlytheforward
componentX=(Xt)0≤t≤Tandbackwardcomponent(Y,Z)=(Yt,Zt)0≤t≤Tarecoupled,butalsotheyrunin
oppositedirections.Thus,neitherequationcanbesolvedindependentlyoftheother,seeminglyrequiringusto
managebothtimedirectionssimultaneously.Severalstrategiesareconceivabletosortoutthisissue. Afirst
oneistomakeuseofthedecouplingfieldofthesysteminordertoworkwithonetimedirectioninsteadoftwo
(roughlyspeaking,thedecouplingfieldisthevaluefunctionVintheweakapproachanditsderivative∇xV
inthePontryaginone). Wewillinvestigatethismethodforoursecondalgorithm;itsimplementationisindeed
prettysubtleinthemeanfieldsettinganditleadstotheaforementionedPicardmethodonthemarginallaws.
Forourfirstalgorithm,however,welimitourselvestoabruteforceapproach.Todecoupletheequations,we
proposeaglobalPicarditerationscheme,whosedefinitionisasfollows.Fortheinitialandterminaldataofthe
problem(ξandG),wewanttodefineamappingΦξ,Gthatwilltakethej−1Picarditerateandproducethe
jPicarditerate:

Φξ,G:(X
j−1,Yj−1,Zj−1,[Xj−1,Yj−1,Zj−1])→(Xj,Yj,Zj,[Xj,Yj,Zj]).

WedefinethedecoupledPicardscheme Φξ,Gasthefollowing:

(1)First,solve

dXjt=B(t,X
j−1
t ,Yj−1t ,Zj−1t ,[Xj−1t ,Yj−1t ,Zj−1t ])dt+σdWt

Xj0=ξ∈L
2(Ω,F0,P;R),

forXjwhichgivesus[Xj].
(2)Next,solve

dYjt=−F(t,X
j
t,Y

j−1
t ,Zj−1t ,[Xjt,Y

j−1
t ,Zj−1t ])dt+ZjtdWt

YjT=G(X
j
T,[X

j
T]),

forYjandZjwhichgivesus[Yj]and[Zj].
(3)Return(Xj,Yj,Zj,[Xj,Yj,Zj]).

Afterinitializing(X0,Y0,Z0,[X0,Y0,Z0]),wecandefineasequenceby:

(Xj,Yj,Zj,[Xj,Yj,Zj])=Φξ,G(X
j−1,Yj−1,Zj−1,[Xj−1,Yj−1,Zj−1]).

Ifthesequence(Xj,Yj,Zj,[Xj,Yj,Zj])j=1,...convergestosome(X,Y,Z,[X,Y,Z]),then:

(X,Y,Z,[X,Y,Z])=Φξ,G(X,Y,Z,[X,Y,Z]),

andthus,(X,Y,Z)isasolutiontotheoriginalFBSDEsysteminEquation(6).
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Picardschemessuchasthisoneareonlyguaranteedtoconvergeforasmalltimehorizon,T,depending
ontheLipschitzcoefficientsofthefunctionsB,FandG(andinfactnotonlytheconvergenceofthePicard
sequencebutalsothesolvabilityoftheequationmayfailonanarbitrarytimeinterval). Weillustratethisidea
throughthefollowingexample(thereadermayfindthegeneralcasein[19]):LetthedriverfunctionF=0and
definethecommonLipschitzcoefficientK=max(KB,KG).TheFBSDEsystembecomes:

dXt=B(Yt)dt+σdWt, X0=ξ∈R

dYt=ZtdWt,YT=G(XT,[XT]).

Wewritetheequationaboveintheintegralformandtaketheexpectationconditionaltothefiltration Ftin
thebackwardequation:

Xt=ξ+
t

0

B(Ys)ds+σWt

Yt=G(XT,[XT])−
T

t

ZsdWs, i.e.,Yt=E(G(XT,[XT])|Ft).

InsteadofonesingleX,letusnowconsidertwo(initial)processesdenotedbyX̂ andX̃.AfteronePicard

iteration,wearriveatX̂′andX̃′.ThePicarditerationisgivenby:

Ŷt=E(G(̂XT,[̂XT])|Ft)

X̂′t=ξ+
t

0

B(̂Ys)ds+σWt,

andsimilarlyforX̃′.Fromtheforwardcomponent,wehavethefollowingestimateforthedifferencebetween
X̂′andX̃′:

|̂X′t−X̃
′
t|
2≤

t

0

(B(̂Ys)−B(̃Ys))ds
2

≤
t

0

|1|2ds
t

0

|B(̂Ys)−B(̃Ys)|
2ds

≤tK2·
t

0

|̂Ys−Ỹs|
2ds≤TK2·T sup

0≤t≤T
|̂Yt−Ỹt|

2

ThesecondinequalityisCauchy-SchwarzinequalityandinthethirdinequalityweusedthefactthatBis
LipschitzwithcoefficientK.Bytakingthesupremumover[0,T]andthentheexpectation,weget:

E sup
0≤t≤T

|̂X′t−X̃
′
t|
2 ≤T2K2E sup

0≤t≤T
|̂Yt−Ỹt|

2.
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Thenwewriteforthebackwardcomponent:

E sup
0≤t≤T

|̂Yt−Ỹt|
2 =E sup

0≤t≤T
|E(G(̂XT,[̂XT])−G(̃XT,[̃XT])|Ft)|

2

=E sup
0≤t≤T

|E(G(̂XT,[̂XT])−G(̃XT,[̃XT])|Ft)|
2

≤ 4E|G(̂XT,[̂XT])−G(̃XT,[̃XT])|
2

≤4E K |̂XT−X̃T|+W2([̂XT],[̃XT])
2

≤ 8K2E |̂XT−X̃T|
2+W2([̂XT],[̃XT])

2

≤16K2E|̂XT−X̃T|
2 .

Inthefirstinequality,weusedDoob’smartingaleinequalityforthemartingaletermE(G(̂XT,[̂XT])−G(̃XT,[̃XT])|Ft)0≤t≤T,

andinthelastinequality,weusedthefactthatW2([XT],[̃XT])
2≤E[|XT−X̃T|

2].
Combiningtheinequalitiesaboveforboththeforwardandbackwardcomponents,weobtainthefollowing

estimate:

E sup
0≤t≤T

|̂X′t−X̃
′
t|
2 ≤16T2K4E|̂XT−X̃T|

2 ≤16T2K4E sup
0≤t≤T

|̂Xt−X̃t|
2.

Finally,when16T2K4<1,i.e.T <1/(4K2),themappingΦξ,Grealizesacontractionontheforward
componentandthePicarditerationdefinedabovewillconvergetothefixedpoint,providingasolutiontothe
originalFBSDE.Thus,wehaveillustratedthatPicardschemesareonlyexpectedtoconvergeinsmalltimeor
forsmallcoupling(i.e.smallerLipschitzcoefficients).
Keepinginmindthatweeventuallywanttodescribenumericalschemes,wedefineasolverpicard,thatwill

implementafinitenumber,Jp∈Z
+,ofPicarditerations.Thus,wedefine:

•picard(ξ,G):

(1)InitializeXt=ξ,Yt=0,andZt=0,∀t∈[0,T].
(2)For1≤j≤Jp

(X,Y,Z,[X,Y,Z])=Φξ,G(X,Y,Z,[X,Y,Z])
(3)Return(X,Y,Z,[X,Y,Z]).

3.2.ContinuationinTimeoftheGlobal MethodforArbitraryInterval/Coupling

Ofcourse,wewouldlikethemappingΦξ,GtorealizeacontractiontomakesurethatthePicarditeration
converges.Aswejustexplained,thisisthecasewhentheforwardandbackwardprocesseshaveasmallenough
couplingstrengthorforsmalltimehorizonT.Butinpractice,thisisnotalwaysthecase:Itmayhappenthat
theFBSDEsystemisuniquelysolvable,butthatweareunabletoprovethatthePicardsequenceconverges.In
ordertoovercomethisissue,wefollowtheapproachintroducedinChassagneux,Crisan,Delarue[17].Basically,
theideaistodividethetimeintervalintosmallerintervals,calledlevels,andtoapplyaPicardsolverrecursively
betweenthelevels.
Todefinethelevels,wefixatimemesh: {0=T0<T1,...,Tk,...TNℓ−1<TNℓ=T}. Wewouldliketo

usethepicardsolverintroducedintheprevioussectiontoapplythePicarditerationonagivenlevel.Notice
thatforanarbitrarylevel[Tk,Tk+1],wedonotknowtheinitialconditionforXTkortheterminalconditionfor
YTk+1.Thus,ourcurrentapproximationofthesevalueswillbeinputstothepicardsolverinplaceofξandG.
Wewouldalsoliketomodifythesolver picardtoalsotakethecurrentestimateof(X,[X])sothatwedon’t
havetostartfromscratcheverytimewewishtousepicard.Thus,wedefineforlevelk:
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•picard[k](X,YTk+1):

(1)InitializeYt=0,andZt=0,∀t∈[Tk,Tk+1).
(2)For1≤j≤Jp

(X,Y,Z,[X,Y,Z])=ΦXTk,YTk+1(X,Y,Z,[X,Y,Z]))

(3)Return(X,Y,Z,[X,Y,Z]),

whereX =(Xt)Tk≤t≤Tk+1,andsimilarlyforYandZandtheirlaws. NotethatΦXTk,YTk+1 isthesameas

Φξ,Gdefinedearlierexceptthetimehorizonis[Tk,Tk+1]insteadof[0,T]andtheinitialandterminalconditions
aregivenbyXTk andYTk+1 insteadofξandG,respectively.Inparticular,noticethatwenolongerconsider
theterminalconditionintheformofamapping(likeG),butintheformofarandomvariable(likeYTk+1).
Implicitly,thisrequirestostore,fromonesteptoanother,thefullrandomvariableYTk+1;henceourchoice
belowtouseatree.
NowthatwehaveasolverpicardwhichwillimplementthePicarditerationforagivenlevel,next,wewant

todefineaglobalsolvertoapplyacontinuationintime.Theglobalsolver,calledsolver,isrecursivelydefined
asfollowsforsomeJs∈Z

+.Foragivenlevelk,define:

•solver[k](XTk,[XTk]):

(1)InitializeXt=XTk,Yt=0,andZt=0,∀t∈[Tk,Tk+1].
(2)For1≤j≤Js

(a)(YTk+1,[YTk+1])=solver[k+1](XTk+1,[XTk+1])
(b)(X,Y,Z,[X,Y,Z])=picard[k](X,YTk+1)

(3)Return(YTk,[YTk]).

Asbefore,itisimportanttonoticethattheentryXTkinsolverisarandomvariable;[XTk]isitslaw.Havingthe
twoinournotationsisabitredundant,butwefeelitismoretransparentforthereader.Thebreakcondition
oftherecursionisgivenbytheterminalcondition:

solver[Nℓ](XTNℓ,[XTNℓ])=(YTNℓ,[YTNℓ])=(G(XTNℓ,[XTNℓ]),L(G(XTNℓ,[XTNℓ])))

ThegoalofthecontinuationintimeisforaPicarditerationschemetoconvergeevenforlargecoupling
parametersorlargetimehorizon. WewillseeinSection4thatthecontinuationintimesuccessfullyachieves
thisgoalforourbenchmarkexamples. Wereferto[17]foritstheoreticalanalysis.
Thusfar,wehavedescribedourPicardapproachandacontinuationintimemethod.Nowweneedtoprovide

aschemefordiscretizingthePicarditerationmappingΦξ,G.Inthisreport,weimplementatreealgorithm;we
alsogiveavariantofit,intheformofagridalgorithm.Forbothalgorithms,weconsidertheuniformtime
meshwithtimesteph=T/Nt>0withNℓ<Nt∈Z

+ andti=ih,i=0,...,Nt.Forconvenience,wewill
assumethecoarsetimemeshusedtodefinethelevels,{0=T0<T1,...,Tk,...TNℓ−1<TNℓ=T},isasubset
ofthefinetimemesh{0=t0<t1,...,tNt−1<tNt=T}.

3.3.TreeAlgorithmfortheGlobal Method

ThefirstimplementationofthePicarditeration,Φξ,G,isthetreealgorithmpresentedinChassagneux,
Crisan,Delarue[17]. Wenowprovideabriefpresentationofthisalgorithm.

3.3.1.TimeDiscretization

OurfirststepindevelopingadiscretizationforthePicarditerationΦξ,Gistodiscretizetheproblemin
thetimedomain. WeusethedecoupledschemederivedinChassagneux,Crisan,Delarue[17],andrepeated
belowforconvenience.Asnotedabove,weconsidertheuniformtimemeshwithtimesteph=T/Nt>0with
Nℓ<Nt∈Z

+andti=ih,i=0,...,Nt.
Step1)indefiningΦξ,GrequiressolvingtheforwardequationforX

j. WeusetheclassicalEulerscheme:

Xjti+1 =X
j
ti+hB(ti,X

j−1
ti ,Y

j−1
ti ,Z

j−1
ti ,[X

j−1
ti ,Y

j−1
ti ,Z

j−1
ti ])+σ∆Wi, X

j
0=ξ.
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NotethatwhenwecalculateXjti+1,thevalueofX
j
tianditslawareknownandcouldbesubstitutedforX

j−1
ti

anditslawinthedriftfunction,Bandtheschemebecomes:

Xjti+1 =X
j
ti+hB(ti,X

j
ti,Y

j−1
ti ,Z

j−1
ti ,[X

j
ti,Y

j−1
ti ,Z

j−1
ti ])+σ∆Wi, X

j
0=ξ.

Step2)indefiningΦξ,GrequiressolvingthebackwardequationforY
jandZj. Wederivethediscrete-time

schemetoapproximatethebackwardcomponent,seee.g.[6]. TheYjcomponentattimetiinthebackward
schemeisobtainedbytakingtheexpectationconditionaltoFti,denotedasEti,ofthebackwardequation
betweentiandti+1. Let∆Wi=Wti+1 −WtidenotetheforwardBrownianincrementbetweentiandti+1.
ThedriverfunctionFisapproximatedbyitsvalueattimetiandweusethefactthatFattiandZtiare
Fti-measurable,andEti(∆Wi)=Eti(Wti+1 −Wti)=0:

Yjti=Y
j
ti+1 +

ti+1

ti

F(t,Xjt,Y
j−1
t ,Zj−1t ,[Xjt,Y

j−1
t ,Zj−1t ])dt−

ti+1

ti

ZjtdWt

≈Yjti+1 +hF(ti,X
j
ti,Y

j−1
ti ,Z

j−1
ti ,[X

j
ti,Y

j−1
ti ,Z

j−1
ti ])−Z

j
ti∆Wi

Yjti=Eti(Y
j
ti+1)+hF(ti,X

j
ti,Y

j−1
ti ,Z

j−1
ti ,[X

j
ti,Y

j−1
ti ,Z

j−1
ti ])

YjT=G(X
j
T,[X

j
T]).

AsfortheZjcomponent,wemultiplytheapproximationofYjtibytheBrownianincrement∆Wi,takingthe

conditionalexpectationEti,andusingE((∆Wi)
2)=h.BynoticingthatourschemewillnevermakeuseofZjT,

wecansimplysettheterminalconditionfortheZjcomponentto0.

Zjti(∆Wi)
2≈Yjti+1∆Wi+(−Y

j
ti+hF(ti,X

j
ti,Y

j
ti,Z

j−1
ti ,[X

j
ti,Y

j
ti,Z

j−1
ti ]))∆Wi

Zjti=h
−1Eti(Y

j
ti+1∆Wi),Z

j
T=0.

Puttingthistogether,thetime-discretizeddecoupledforward-backwardschemeforPicarditerationofour
generalFBSDEsystem(6)isthefollowing:






Xjti+1 =X
j
ti+hB(ti,X

j
ti,Y

j−1
ti ,Z

j−1
ti ,[X

j
ti,Y

j−1
ti ,Z

j−1
ti )]+σ∆Wi

Xj0=ξ,

Yjti=Eti(Y
j
ti+1)+hF(ti,X

j
ti,Y

j−1
ti ,Z

j−1
ti ,[X

j
ti,Y

j−1
ti ,Z

j−1
ti ])

YjT=G(X
j
T,[X

j
T])

Zjti=h
−1Eti(Y

j
ti+1∆Wi)

ZjT=0.

(7)

Othervariantsofthisforward-backwardschemearepossible.Forexample,intheforwardschemewecould
changejtoj−1andtitoti+1ontherighthandside.Itiseasytoobservethattheforward-backwardsystem
isdecoupledbecauseoflaggedPicardindicesj−1andj.Thus,given(Xj−1,Yj−1,Zj−1,[Xj−1,Yj−1,Zj−1])

whereXj−1=(Xj−1ti )0≤i≤Nt,andsimilarlyforYandZ,wecansolvethebackwardschemeautonomouslyand

thentheforwardschemetoobtain(Xj,Yj,Zj,[Xj,Yj,Zj]). Wehavenotfullyprovidedadiscreteschemefor
Φξ,Gyet,however,becauseforagiventi,wehavenotdiscretized(Xti,Yti,Zti). Thisisthegoalofthenext
section.
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3.3.2.SpatialDiscretizationviaTreeStructure

Theforward-backwarddecoupledscheme(7)abovelooksquitesimpleandexplicit. However,itstill
presentssomedifficultiesforthenumericalcomputation. Firstly,itisdifficulttocomputetheconditional
expectationinthebackwardscheme.Secondly,itisnontrivialtocomputethelawofXti+1 forwardintime.
Eveniftherewasnodrift,thecomputationwouldinvolvetheconvolutionofthelawofXtiandaGaussianlaw
oftheBrownianincrement.Ultimately,wewillneedaspatialdicretization.
TheapproachofthisalgorithmistoapproximatetheBrownianincrementsusingasimplebinomialapproxi-

mation:∆Wi=±
√
hwithprobability1/2.Thisgivesrisetoabinomialtreefortheforwardscheme.Eachnode

onthetreeatdepthirepresentsavalueofXti,andhastwochildrennodesrepresentingthetwopossiblevalues
ofXti+1 (the“up↑"andthe“down↓"value),conditionedonthevalueofXti.Thetwovaluesarecomputedas
follows:

Xjti+1(↑↓)=X
j
ti+hB(ti,X

j
ti,Y

j
ti,Z

j
ti,[X

j
ti,Y

j
ti,Z

j
ti])±σ

√
h. (8)

SupposethatweuseM pointsx1,...,xM fortheapproximationofthelawξoftheforwardprocessatthe

initialtime,i.e.[X0]=ξ≈
M
k=1p

0
kδxk(·).ThenwehaveM parallelbinomialtreesateachPicarditeration.

ForPicarditeratejandtimeti,thenumberofnodesatdepthiisM ×2
iwithvaluesof(Xjti,Y

j
ti,Z

j
ti)saved

onthenodesofthetreeatdepthi.Themarginallawofeachprocessattimeticanbedeterminedbylooking
atallthevaluesonthenodesatdepthi.Thebackwardschemecanbeeasilycomputedonthebinomialtree.
Atthelasttimestep,T=tNt,wehaveY

j
T =G(X

j
T,[X

j
T])foreachoftheM ×2

Ntnodes. Theconditional
expectationinthebackwardschemeattiissimplytheaverageofthe“up"and“down"branchesatti+1.
Toinitializethej=0Picarditerateasinthedefinitionofthesolverpicard,wewanttosetXti=ξ,∀i∈

{0,...,Nt}.Thisamountstotakingeachinitialvaluexkandinitializingitsentiretreetothisvalue,meaning
thatX0ti=xkforallnodesatdepthiandforalli∈{1,...,Nt}ofthek-thbinomialtree. Wethenbeginthe
PicarditerationbyapplyingthemappingΦξ,Gasdetailedabove.Usingthebinomialtreeandapproximation
ofBrownianincrements,theforward-backwarddecoupledschemebecomesfullyimplementable.

3.4.PicardIterationonthe MarginalLaws:aGridAlgorithm

ThecomplexityofthetreealgorithmisexponentialwithrespecttothenumberoftimestepsNt,since
thesizeofthebinomialtreeisoforder2Nt. Theexponentialcomplexitybecomesproblematicandmakes
continuationintimemuchslowerwhenwedealwithlargetimehorizons.Inordertoreducethesizeofthetree,
anaturalideaistomakesome“recombination”ofthebinomialtree.ButsincethedriftfunctionBdepends
onthevalueoftheprocess,thetwobranches“up-down”and“down-up”fromthesamenodeattimetiwill
notcoincideattimeti+2,ingeneral.Insteadofrecombination,wemayfixaspatialgridofacontrollablesize
thatthebinomialtreecanbeprojectedonto,inordertoavoidexponentialcomplexity.Thiswillbethefirst
ingredientofourgridalgorithm,whichisthemainnoveltyinourreport.
InspiredbythepaperofDelarueandMenozzi[20],wheretheauthorsusedaspatialgridfortheapproximation

ofFBSDEswithoutmean-fieldinteraction,wemakeanintensiveuseofthenotionofdecouplingfield,whichis
thesecondkeyingredientofourstrategy.Indeed,usingtherepresentationresultinProposition2.2in[16],we
knowthatthereexistdeterministicfeedbackfunctions(u,v):[0,T]×R×P2(R)→ Rwithuasolutiontoa
nonlinearPDE(onthespaceofmeasures)suchthatforasolution(X,Y,Z)tothegeneralFBSDEsystemin
Equation(6):

Yt=u(t,Xt,[Xt]) and Zt=v(t,Xt,[Xt]).

Generallyspeaking,uiscalledthedecouplingfieldof(6).Herecomesthemainobservation:thetimemarginals
ofthesolutiontothegeneralFBSDEsysteminEquation(6),([Xt,Yt,Zt])0≤t≤T,canbeequivalentlycharac-
terizedby(µt,u(t,·),v(t,·))0≤t≤Twhere[Xt]=µt.Asin[20],ourstrategyistoapproximate(u,v)insteadof
(X,Y,Z),butthisisnotsoeasyasuandvaredefinedonaspaceofinfinitedimension(becausethemeanfield
componentlivesinP(R)).Inordertoovercomethisdifficulty,weproposetofreezethemeanfieldargumentin
(u,v).Thispermitstoregarduandvasfunctionsofafinite-dimensionalvariableandistothusapproximate
bothalongtheunderlyingspatialgrid. Onceanapproximationofuandvhasbeencomputedforthegiven
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proxyofthemarginallaws,wecanupdatethevalueofthisproxybyusingaPicardmethod.Hencethename
ofthissubsection.So,asopposedtothetreealgorithm,wewillnolongerkeeptrackofthepathwiselawsof
theprocesses.Instead,wewillonlycomputethemarginallawsateachtimestepofthetimemeshbymeansof
aPicarditeration.

3.4.1.PicardIterationwithoutGrid

WefirstgivetheinputsandoutputsofournewPicardmappingwithoutanygridapproximation:

Ψ[ξ],G:(µ
j−1
t ,uj−1(t,·),vj−1(t,·))0≤t≤T→(µ

j
t,u

j(t,·),vj(t,·))0≤t≤T,

withµj−10 =µj0=[ξ]. Denotingbelowϕ♯νasthepush-forwardmeasureofthemeasureνbythefunctionϕ,

Ψ[ξ],G((µ
j−1
t ,uj−1(t,·),vj−1(t,·))0≤t≤T)isdefinedby:

(1)SolvethefollowingSDEforXj:

dXjt=B(t,X
j
t,u

j−1(t,Xjt),v
j−1(t,Xjt),µ

j−1
t ,(uj−1(t,·),vj−1(t,·))♯µj−1t )dt+σdWt

Xj0=ξ∈L
2(Ω,F0,P;R).

Setµjt:=[X
j
t].

(2)Next,letDj={(t,x)∈[0,T]×R|x∈supp(µjt)}⊂[0,T]×Rdenotethesupportof(µ
j
t)0≤t≤T.Find

(uj,vj)(·,·):Dj→R2through(uj,vj)(t,Xjt):=(Y
j
t,Z

j
t)bysolving:

dYjt=−F(t,X
j
t,Y

j
t,Z

j
t,µ

j
t,(u

j−1(t,·),vj−1(t,·))♯µjt)dt+Z
j
tdWt,

YjT=G(X
j
T,µ

j
T).

(3)Return((µjt,u
j(t,·),vj(t,·))0≤t≤T).

GivenΨ[ξ],G,wecangothroughtheconstructionoftheglobalPicardmethodanddefinesimilarroutines
picardandsolverforournewPicardapproachbyreplacingformallyΦξ,GbyΨ[ξ],G.Thevariousinputsand
outputsinthenewroutinesshouldbeclear.Thenextsteptomakethewholealgorithmentirelytractableis
toshowhowtocomputeµjt,u

j,andvjexplicitlyinthemappingΨ[ξ],G.SimilartoΦξ,G,thismappingwill
bedefinedexplicitlyforadiscretizedschemeonatemporalandspatialgridinthenexttwosections. Asin
thetreealgorithm,weconsidertheuniformtimemeshwithtimesteph=T/Nt>0withNℓ<Nt∈Z

+ and
ti=ih,i=0,...,Nt.

3.4.2.GridApproximationofForwardComponentanditsLaw

Webeginbyfixingaspatialdiscretizationgrid. Thisgridcouldinprinciplebedefineddifferentlyfor
eachtimestepti,butforsimplicity,weconsiderahomogeneousgridΓfixedforalltimestepsti,i∈{0,...,Nt}
withconstantspatialstepsize∆x.LetΠbetheprojectionfunctiononthegrid

Γ={xk=x1+(k−1)∆x,k=1,...,Nx}.

Precisely,Πisgivenby

Π(x)=xkifx∈[xk−∆x/2,xk+∆x/2) and Π(x)=x1ifx≤x1,Π(x)=xNx ifx≥xNx.

Theinitiallawξoftheforwardprocessisapproximatedasξ≈µ0(·)onthegridΓwithNxpoints.Recall
thatinthetreealgorithm,wecannotchooseM,thenumberofpointsfortheapproximationoftheinitiallaw,to
betoolargeaswewillneedM parallelbinomialtrees.Becausethetreealgorithmhasexponentialcomplexity,
weareabletochooseNxtobemuchlargerthanM,andinturn,theapproximationoftheinitiallawismore
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accurateinthegridalgorithmthaninthetreealgorithm. WecaninitializethePicarditerate(µ0i,u
0
i,v

0
i)0≤i≤Nt

similarlyasinthetreealgorithm,bylettingµ0i=µ0and(u
0
i,v

0
i)=(0,0),foralli≤Nt.

WefollowthedefinitionofStep1)for Ψ[ξ],G,butweusetheEulerschemefortheforwardprocessbetween
tiandti+1:

Xjti+1 =X
j
ti+hB(X

j
ti,(u

j−1
i ,vj−1i )(Xjti),µ

j−1
i ,(uj−1i ,vj−1i )♯µj−1i )+σ∆Wi. (9)

SupposethejPicarditerateattimetiisgivenbyµ
j
iwithµ

j
0=µ0:

µji(·)=

Nx

k=1

pji,kδxk(·),p
j
i,k≥0∀k∈{1,...,Nx}and

Nx

k=1

pji,k=1.

ThelawofXjtiintheEulerschemeoftheforwardprocessisµ
j
i.Thenwewouldliketodefineµ

j
i+1asthelawof

Xjti+1 intheEulerschemeabove,butthequantityX
j
ti+1 maynotbelongtothegrid.Insteadofusingformula

(9),thenaturalideaisthentoreplaceitbyitsprojectiononthegridΓ:

Xjti+1 =Π Xjti+hB(X
j
ti,(u

j−1
i ,vj−1i )(Xjti),µ

j−1
i ,(uj−1i ,vj−1i )♯µj−1i )+σ∆Wi

[Xjti]=µ
j
i(·)andµ

j
i+1(·)=[X

j
ti+1].

(10)

ThelawofXjti+1 istheconvolutionofµ
j
iwithtransitiondensityq

j(ti,ti+1;xk,xn)withxk,xntwopointsofthe

gridΓandk,n∈{1,...,Nx}.Thetransitionprobabilityisequaltotheconditionalprobabilitythattheprocess
Xjstartingattimetifrompointxkarrivesattimeti+1atthepointxn,i.e.

qj(ti,ti+1;xk,xn)=P(X
j
ti+1 =xn|X

j
ti=xk).

Thediscretizedlawµji+1isthenwrittenas:

µji+1(·)=(µi∗q
j(ti,ti+1))(·)=

Nx

n=1

pji+1,nδxn(·)

pji+1,n=

Nx

k=1

pji,k×q
j(ti,ti+1;xk,xn)=

Nx

k=1

pji,k×P(X
j
ti+1 =xn|X

j
ti=xk).

ItisworthnoticingthatifwedidnottaketheprojectionwhencomputingXjti+1 inthescheme(10),thenitslaw

wouldbegivenbyconvolutionofthelawµjiwiththeGaussiantransitiondensityq̄
j(ti,ti+1;xk,y)associated

totheEulerscheme.Thetransitiondensitiesqjandq̄jhavethefollowingrelation:

P(Xjti+1 =xn|X
j
ti=xk)=q

j(ti,ti+1;xk,xn)=
β(xn,∆x/2)

q̄j(ti,ti+1;xk,y)dy.

Infact,foramoretractableimplementationoftheforwardscheme,weusethebinomialapproximationfor
theBrownianincrements(8)introducedintheprevioussection.Notethatquantizationwithmorepointscan
beeasilyapplied.Inthisbinomialcase,with(↑)/(↓)representingthe“up”and“down”branches,respectively,
thetransitionprobabilitiesonthegridcanbeeasilycomputed:

P(Xjti+1 =xn|X
j
ti=xk)

=
1

2
1(Xjti+1(↑)=xn|X

j
ti=xk)+1(X

j
ti+1(↓)=xn|X

j
ti=xk).

Thenwecanwriteµji+1bycomputingtheprobabilities:
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pji+1,n=

Nx

k=1

pji,k
2
·1(Xjti+1(↑)=xn|X

j
ti=xk)+1(X

j
ti+1(↓)=xn|X

j
ti=xk)

AtPicarditerationj≥1,theforwardschemefinallygivestheflowofmeasures(µji)
Nt
i=0atdiscretetimesteps

(ti)
Nt
i=0 ofthediscretizedlawdefinedonthegridΓ.Thus,wehavedescribedanimplementationofStep1)in

thedefinitionofthePicardmappingΨ[ξ],G.Inthenextsection,wedetailtheimplementationofthebackward
componentsinStep2).

3.4.3.Gridfortheapproximationofthebackwardcomponent

GiventhecurrentPicarditerates(µji,u
j−1
i (·),vj−1i (·)),i=0,···,Nt,wewouldliketodetailStep2)in

thedefinitionofΨ[ξ],G.SincewehaveadiscretespatialgridΓ,wewishtocomputethevaluesofu
j
i(x)and

vji(x)forx∈Γ.ByreplacingY
j
tiandZ

j
tiwiththeirrespectivefeedbackfunctionsinthebackwardcomponentin

Equation(7),forx∈Γwehavethefollowingbackwardschemestarting,fori≤Nt−1,withterminalcondition

attimeT=tNt,(u
j
Nt
,vjNt)=(G,0):

uji(x)=E u
j
i+1(X

j
ti+1,µ

j
i+1)+h·F(X

j
ti,u

j−1
i (Xjti),v

j
i(X

j
ti),µ

j
i,(u

j−1
i ,vj−1i )♯µji)|X

j
ti=x ,

vji(x)=E u
j
i+1(X

j
ti+1)·∆Wi/h|X

j
ti=x .

ThevariableXjti+1 withlaw[X
j
ti+1]=µ

j
i+1 isgivenbytheforwardschemepresentedintheprevioussection

withstartingpointXjti=x.Noticethatbyconstructionoftheforwardscheme,X
j
ti+1 ∈Γandsupp(µ

j
i+1)=Γ

souji+1(·)hasbeencalculatedandsavedattimeti+1.
WehaveamoreexplicitschemeinthecaseofbinomialapproximationoftheBrownianincrements,whichis

usedforthenumericalresultsforourexamples,withXjti+1(↑)andX
j
ti+1(↓)asdefinedintheforwardscheme,

alwaysconditionaltoXjti=xandgivenµ
j
iattimeti:

uji(x)=
1

2
uji+1(X

j
ti+1(↑))+u

j
i+1(X

j
ti+1(↓))+h·F(x,u

j−1
i (x),vji(x),µ

j
i,(u

j−1
i ,vj−1i )♯µji),

vji(x)=
h−1/2

2
uji+1(X

j
ti+1(↑))−u

j
i+1(X

j
ti+1(↓)).

WehavenowdescribedaschemeforStep2)inthedefinitionof Ψ[ξ],G. Puttingthistogetherwiththe
previoussection,wehavedescribedafullyimplementableschemeforΨ[ξ],G.NotethatwecanusethisPicard
iterationmappingtodefinetheanalogueofthesolverspicardandsolver.Importantly,wecanalsoapplythe
continuationintimemethodtothegridalgorithmaswell.Inthenextsection,weapplythesetwomethods,
thetreeandgridalgorithms,tofiveexampleproblems.

4.Examples

WehavecollectedfiveexampleproblemstotestthealgorithmspresentedinSection3.

4.1.LinearExample

ThefirstexampleisalinearmodelwhichcomesdirectlyfromChassagneux,Crisan,Delarue[17],in
whichtheyimplementedthetreealgorithm.Thesystemofinterestisthefollowing:
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dXt=−ρE(Yt)dt+σdWt

X0=x0

dYt=−aYtdt+ZtdWt

YT=XT.

Forthisproblem,thesolutionisknownexplicitly:

Y0=
x0e

aT

1+ρa(e
aT−1)

Forthenumericalresults,weletρ=0.1,a=0.25,σ=1,T=1,andx0=2. Wevaryh,thetimestep
size,andforthegridalgorithm,weuse∆x=h2.Figure1showsthelogerrorbetweenthenumericalandtrue
solutionvaluesofY0asafunctionoflognumberoftimestepsforthetreeandgridalgorithmwithonelevel(i.e.
withoutusingcontinuationintime).Theleftfigure(treealgorithm)repeatstheresultsin[17]andasexpected,
itdecreaseslinearly.Ontheotherhand,wealsoobserveanegativetrendintherateofconvergenceforthegrid
algorithm.Thus,bothalgorithmsappeartoconvergetothetruesolution.
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(b)GridAlgorithm

Figure1.LinearExample:Convergenceofthealgorithmswithonelevelasthenumberof
timestepsincreases.

4.2.TrigonometricDriversExample

ThesecondexamplealsocomesdirectlyfromChassagneux,Crisan,Delarue[17].Thesystemofinterest
isthefollowing:

dXt=ρcos(Yt)dt+σdWt

X0=x0

Yt=Et(sin(XT))

Forthenumericalresults,weletσ=1,T=1,x0=0,h=1/6forthetreealgorithmandh=1/12and
∆x=h2forthegridalgorithm.Forthisproblem,weobserveabifurcationwhenusingthetreealgorithmaswe
increasethecouplingparameter,ρ.Figure2showsthevaluesofY0fromthelast5Picarditerations.Starting
ataboutρ=3.5,thetreealgorithmwithoutcontinuationintimebifurcates.Ifthecontinuationintimemethod
isusedforthetreealgorithmwithtwolevels,thereisnobifurcationfortherangeofvaluesofρshowedinthe
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plot. Notethattheresultsfromthetreealgorithmrepeatthosein[17]. Thegridalgorithmperformsquite
wellinthesensethatevenwithonlyonelevel,thealgorithmconvergesforallofthevaluesofρintheplot.In
particular,itavoidstheexponentialgrowthofthedatastructurecharacterizingthetreealgorithm.Notethat
eventhoughboththetreemethodwithtwolevelsandthegridmethodwithonelevelconverge,theyproduce
differentvaluesforY0forlargervaluesofρ. Webelievethisisbecausethetreealgorithmislessaccuratesince
thetimestepislarger.
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Figure2.TrigonometricDriversExample: BifurcationsinthevaluesofY0appearasthe
couplingparameter,ρ,increases.Thetreealgorithmwithonelevelisshowninbluecirclesand
withtwolevelsisshowninredsquares. Thegridalgorithmwithonelevelisshowninblack
asterisks.

Forvaluesofρforwhichthetreealgorithmbifurcates,wewereinterestedintheeffectofchangingσonthe
convergence.Figure3showsthelast5valuesofY0fromthePicarditerationasσvariesforρ=5.Surprisingly,
thevalueofσplaysnoroleinthebifurcationforthisvalueofρ.Toseeifσwouldplayarolewhenρiscloserto
thebifurcationpoint,wehaveanalogousplotswhenρ=3.5andρ=4(seeFigure4).Intheseplots,however,
itisclearthatσdoesaffectthebifurcation.Understandingtheroleofσonthebifurcationisanopenquestion.
Itisinterestingtonotethateventhoughthetreealgorithmdoesnotbifurcateforρ=3.5whenσ=1,we
stillobserveabifurcationwhenwefixρ=3.5andvaryσ.Thissuggeststhatwecheckifthegridalgorithm
bifurcatesaswevaryσforafixedvalueofρwherethereisnobifurcationwhenσ=1,suchasρ=5.Figure5
showsthatthegridalgorithmdoesnotbifurcateaswechangeσforfixedρ=5.

4.3.Mixed Model

ThethirdexamplealsocomesdirectlyfromChassagneux,Crisan,Delarue[17].Thesystemofinterest
isthefollowing:

dXt=−ρYtdt+σdWt

X0=x0

dYt=arctan(E(Xt))dt+ZtdWt

YT=arctan(XT).

Forthenumericalresults,weletσ=1,T=1,x0=2,h=1/6forthetreealgorithmandh=1/12and
∆x=h2forthegridalgorithm. Wealsoobserveabifurcationforthisproblemasweincreasethecoupling
parameter,ρ.Figure6showsthevaluesofY0fromthelast5Picarditerations.Startingataboutρ=1.5,the
treealgorithmwithoutcontinuationintimebifurcates.Ifthecontinuationintimemethodisusedforthetree
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Figure3.TrigonometricDriversExample:Treealgorithmwithonelevelforρ=5.Changing
σhasnoeffectonthebifurcation.
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Figure4.TrigonometricDriversExample: Treealgorithmwithonelevelforρ=3.5and
ρ=4.Changingσproducesunexplainedresults.
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Figure5.TrigonometricDriversExample:Gridalgorithmwithonelevelforρ=5.Thereis
nobifurcationaswevaryσ.
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algorithmwithtwolevels,thebifurcationpointispushedbacktoaboutρ=3,andpushedbackfurtherwhen
usingthreelevelstoaboutρ=5.Notethattheseresultsforthetreealgorithmrepeatthosein[17].Thegrid
algorithmperformsquitewellagaininthesensethatitconvergesforallofthevaluesofρshown,evenwhen
usingonlyonelevel.Further,itsmajorattractivnessisthelowercomplexitycomparedtothetreealgorithm.
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Figure6.MixedModel:BifurcationsinthevaluesofY0appearasthecouplingparameter,
ρ,increases. Thetreealgorithmwithone,two,andthreelevelsisshowninbluecircles,red
squares,andgreentriangles,respectively.Thegridalgorithmwithonelevelisshowninblack
asterisks.

Asinthetrigonometricdriversexample,wecanalsoinvestigatetheeffectofchangingσforavalueofρwhere
thetreealgorithmwithoutcontinuationintimebifurcates.Forρ=2,Figure7showsthatthetreealgorithm
convergesforlargeenoughvaluesofσ.
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Figure7.MixedModel:Treealgorithmwithonelevelforρ=2. Thealgorithmconverges
forlargeenoughvaluesofσ.

Sincewehaveobservedthatthetreealgorithmconvergesforsmallvalueofρandlargevaluesofσ,this
suggeststryingacontinuationinρand/orσ,insteadofthecontinuationintime.Insteadofimplementinga
fullcontinuationmethod,weusedasimplermethodofincrementingtheparameterofinterest.
Theincrementationinρisperformedbystartingthealgorithmwithasmallvalueofρandlettingitconverge.

Thenρisincreasedbysomefixed∆ρ,andthealgorithmisinitializedwiththesolutionfromthepreviousvalue
ofρ. Figure8showstheresultsfromtheincrementationinρ. Theincrementationinρonlyincreasesthe
bifurcationpointbyasmallamount.
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Theincrementationinσissimilar,exceptforeachvalueofρ,westartthealgorithmwithasufficientlylarge
valueofσsuchthatitwillconverge.Thenσisdecreasedbyafixed∆σ.Figure9showstheresultsfromthe
incrementationinσ.Theincrementationinσalsoonlyincreasesthebifurcationpointbyasmallamount.
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Figure8.MixedModel:Treealgorithmwithonelevel. Withoutcontinuationorincrementa-
tionisshowninblack.Incrementationinρwith∆ρ=0.1,0.01,and0.001areshowninblue
circles,redsquares,andgreentriangles,respectively.
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Figure9.MixedModel:Treealgorithmwithonelevel. Withoutcontinuationorincremen-
tationisshowninblackasterisks.Incrementationinσwith∆σ=1,0.5,and0.1areshownin
bluecircles,redsquares,andgreentriangles,respectively.

Ifwetakethepreviousexamplebutchangethedriftanddriverfunctionstoalsobeintermsofthemeanof
theprocesses,thenwehavethefollowingsystem,whichwewillrefertoasthemixedmodelofmeans:

dXt=−ρE(Yt)dt+σdWt

X0=x0=2

dYt=arctan(E(Xt))dt+ZtdWt

YT=arctan(E(XT)).

Forthelastexample,wenoticedthatincreasingσallowsthetreealgorithmtoconverge. Wearethus
interestedtoseeifreplacingthedynamicswiththemeanoftheprocesswillremovetheeffectofchangingσ
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ontheconvergence. Weusethesamevaluesoftheparametersasbefore.Figure10showsthebifurcationwith
onelevelofthetreealgorithm(i.e.withoutusingcontinuationintime).Theeffectofchangingσisshownin
Figure11. Ourpredictionisconfirmed:σnolongeraffectstheconvergencewhenthedynamicsarereplaced
withthemeanoftheprocess.
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Figure10.MixedModelofMeans:Bifurcationforthetreealgorithmwithonelevel.
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Figure11.MixedModelofMeans:Treealgorithmwithonelevelwithρ=3. Changingσ
hasnoaffectonthebifurcation.

4.4.Examples:LinearQuadratic MeanFieldGames

Thelasttwoexamplesbelongtothefamilyoflinearquadratic(LQ)games.Inthesemodels,thedynamics
ofthestatearelinearinthesensethatthedriftisdefinedbyanaffinefunction:

b(t,x,α)=Atx+Btα+βt.

Furthermore,therunningandtheterminalcostarequadraticinthestateandcontrolvariables.Forthesake
ofsimplicity,wechoosenottoincludethecrossterms,sothatwedefinefandgasfollows:

f(t,x,α)=
1

2
Ptx

2+
1

2
Qtα

2

g(x)=
1

2
Sx2.
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TheFBSDEsystemderivedbyapproachingtheLQmeanfieldgamesviatheweakapproachbecomes:

dXt= Atx+Btα+βtdt+σdWt, X0=ξ

dYt= −
1

2
PtX

2
t+ AtXt+βt

Zt
σ
+
1

2

B2t
Qt

Z2t
σ2
dt+dWt, YT=

1

2
SX2T.

(11)

Wepresenttwoexamplesoflinearquadraticgames:aproblemofflocking,andapriceimpactmodelofa
trader.

Remark1. WeobservethatthedriveroftheBSDEisquadraticin Zt,whichmakesitseldomsolvable.Onthe
otherhand,itispossibletoobtainexplicitsolutionsforLQmodels.Ifweweretonumericallysolveequation(11),
wemightobserveblowupfromthequadratictermsinthebackwardequationandconsequentlythealgorithmto
notconverge.Luckily,wedonotobservesuchblowupintheexamplesweconsider.Butifblowupdoesoccur,one
couldconsideradaptingthemethodpresentedbyChassagneuxandRichouin[18]tonumericallyapproximatea
quadraticBSDE.

4.4.1.FlockingProblem

Thenextexampleproblemmodelsflocking.AsinthepaperofNourian,Caines,andMalhamé[31],we
considerthespatiallyhomogeneouscasewherethestate,Xt,representsthevelocityofarepresentativeplayer,
orbird.Eachbirdcontrolsitsvelocitythroughtheprocess:

dXt=αtdt+σdWt,

wherethecontrolischosentominimize:

J(α)=E
T

0

1

2
α2t+

ρ

2
(Xt−µ̄t)

2 dt.

overα∈A. Above,welet̄µtdenotethemeanofthedistributionµt(ofthevelocitiesofthebirds)attime
t.Therunningcostconsistsoftwocomponents.Thefirsttermencouragesthebirdstominimizetheirkinetic
energybynotchoosingalargecontrol.Thesecondtermencouragesthebirdstoaligntheirvelocitieswiththe
meanvelocityofthegroup.
Thismodelfallsintotheclassoflinearquadraticgames. Assumethattheinitialconditionisgivenbya

constant,X0=x0.ItcanbeshownthatthesolutionisGaussianwithmeanandvariance:

E(Xt)=x0

Var(Xt)=σ
2

t

0

exp −2
t

s

ηudu ds,

where:

ηt=
√
ρ
e2
√
ρ(T−t)−1

e2
√
ρ(T−t)+1

.

Usingtheweakformulation,theFBSDEsystemofinterestisthefollowing:
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dXt=−
Zt
σ
dt+σdWt

X0=x0

dYt=−
Z2t
2σ2
+
ρ

2
(Xt−EXt)

2 dt+ZtdWt

YT=0.

IfweusethePontryaginformulation,theFBSDEsystembecomes:

dXt=−Ytdt+σdWt

X0=x0

dYt=−ρ(Xt−E(Xt))dt+ZtdWt

YT=0.

Thenumericalresultsarepresentedforρ=1,σ=1,T=1,x0=0,h=1/20forthetreealgorithmand
h=1/130and∆x=h2forthegridalgorithm.Figure12(a)showstheresultsforthegridalgorithmforboth
theweakandPontryaginapproaches.TheplotshowstheweightsofthedistributionL(XT).Theresultsare
similarbetweenbothapproachesandcoincidewiththetruesolution.
Wecanlookattheconvergenceratebycalculatingthe2-Wassersteindistancebetweenthenumericalresults

andthetruesolutionaswechangethenumberoftimesteps.Sinceourstatespaceisinonedimension,wecan
calculatethe WassersteindistanceexplicitlyusingtherepresentationprovidedbyProkhorov[32]:

Wp(µ,ν)=
1

0

|F−1µ (u)−F
−1
ν (u)|

pdu

1/p

,

whereFµ(x)=µ([0,x]),denotesthecumulativedistributionfunction.Figure12(b)presentstheconvergence
rateofthegridalgorithmintermsofthe2-Wassersteindistancecalculatedbetweenthetruesolutionand
numericalresultswithrespecttothenumberoftimesteps.Asexpected,the2-Wassersteindistancedecreases
towards0asweincreasethenumberoftimesteps,forboththePontryaginandweakapproaches.
TheresultsforthetreealgorithmareshowninFigure13fortheweakandPontryaginapproaches.Aswith

thegridalgorithm,theweakandPontryaginsolutionsaresimilartoeachotherandcoincidewiththetrue
solution.

4.4.2.TraderProblem

Thelastexampleshowsanapplicationofmeanfieldgamestofinance,suchasthetradercongestion
modelinthepaperofCardaliaguetandLehalle,[8]. WefocusonthePriceImpact Modelpresentedinthe
bookofCarmonaandDelaruein[10].Theinterestforthiskindofmodelismotivatedbytheiruseinoptimal
executionproblemsforhighfrequencytrading.Furthermore,itrepresentsaninstanceofextendedmeanfield
game,alsoknownasmeanfieldgameofcontrols,inwhichtherepresentativeagentinteractswiththelawof
thecontrolinsteadofthelawoftheirstate. Theproblemconsistsinagroupoftraderswhohavetobuyor
sellalargeamountofsharesinagivenintervaloftime[0,T].Iftheytradetoofast,theywillsufferfrom
marketimpact. Ontheotherhand,iftheytradetooslow,theywillbeaffectedbyalargeriskpenalization.
Approachingthisproblemasameanfieldgame,theinventoryoftherepresentativetraderismodeledbya
stochasticprocess(Xt)0≤t≤Tsuchthat

dXt=αtdt+σdWt, t∈[0,T],
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Figure12.FlockingProblem:(a)DistributionµToftheplayers’statesattimeTforthegrid
algorithmwithonelevel. Pontryaginisinbluecircles,weakisinredsquares,truesolution
isshowninblackasterisks.(b)2-Wassersteindistancebetweentruesolutionandnumerical
solutionforgridalgorithmwithonelevelasweincreasethenumberoftimesteps,plottedasa
log-logplot.Pontryaginapproachisinbluecirclesandweakapproachisinredsquares.
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Figure13.FlockingProblem: DistributionµT oftheplayers’statesattimeTforthetree
algorithmwithonelevel. Pontryaginisshowninbluecircles,weakisshowninredsquares,
andtruesolutionisshowninblackasterisks.

whereαtcorrespondstothetradingrate.Thepriceoftheasset(St)0≤t≤Tisinfluencedbythetradingstrategies
ofallthetraderstroughthelawofthecontrols(θt=L(αt))0≤t≤Tasfollows:

dSt=γ
R

adθt(a)dt+σ0dW
0
t, t∈[0,T],

whereγandσ0areconstantsandtheBrownianmotionW
0isindependentfromW.Theamountofcashheld

bythetraderattimetisdenotedbytheprocess(Kt)0≤t≤T.ThedynamicofKismodeledby

dKt=−[αtSt+cα(αt)]dt,

wherethefunctionα→cα(α)isanon-negativeconvexfunctionsatisfyingcα(0)=0,representingthecostfor
tradingatrateα.ThewealthVtofthetraderattimetisdefinedasthesumofthecashheldbythetrader
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andthevalueoftheinventorywithrespecttothepriceSt:

Vt=Kt+XtSt.

Applyingtheself-financingconditionofBlack-Scholes’theory,thechangesovertimeofthewealthVaregiven
bytheequation:

dVt=dKt+XtdSt+StdXt

= −cα(αt)+γXt
R

adθt(a)dt+σStdWt+σ0XtdW
0
t.

(12)

Weassumethatthetraderissubjecttoarunningliquidationconstraintmodeledbyafunction cX oftheshares
theyhold,andtoaterminalliquidationconstraintatmaturityTrepresentedbyascalarfunctiong.Thus,the
costfunctionisdefinedby:

J(α)=E
T

0

cX(Xt)dt+g(XT)−VT .

ApplyingEquation(12),itfollowsthat

J(α)=E
T

0

f(t,Xt,θt,αt)dt+g(XT),

wheretherunningcostisdefinedby

f(t,x,θ,α)=cα(α)+cX(x)−γx
R

adθ(a),

for0≤t≤T,x∈Rd,θ∈P(A)andα∈A=R. WeassumethatthefunctionscX andgarequadraticand
thatthefunctioncαisstronglyconvexinthesensethatitssecondderivativeisboundedawayfrom0.Such
aparticularcaseisknownastheAlmgren-Chrisslinearpriceimpactmodel. Thus,thecontrolischosento
minimize:

J(α)=E
T

0

cα
2
αt
2+
cX
2
X2t−γXt

R

adθt(a)dt+
cg
2
X2T ,

overα∈A.Tosummarize,therunningcostconsistsofthreecomponents.Thefirsttermrepresentsthecost
fortradingatrateα. Thesecondtermtakesintoconsiderationtherunningliquidationconstraintinorder
topenalizeunwantedinventories. Thethirdtermdefinestheactualpriceimpact.Finally,theterminalcost
representstheterminalliquidationconstraint.
Asfortheflockingexample,thismodelfallsintheclassoflinearquadraticgames.Assumethattheinitial

conditionisgivenbyaconstant,X0=x0.ThesolutionisGaussianwithmeanandvariancedefinedas:

E(Xt)=x0e
− t

0
η̄s
cα
ds

Var(Xt)=σ
2

t

0

e−
2
cα

t
s
ηrdrds

where:

η̄t=
−C(e(δ

+−δ−)(T−t)−1)−cg(δ
+e(δ

+−δ−)(T−t)−δ−)

(δ−e(δ+−δ−)(T−t)−δ+)−cgB(e(δ
+−δ−)(T−t)−1)

ηt=−cα cX/cα
cα cX/cα−cg−(cα cX/cα+cg)e

2
√
cX/cα(T−t)

cα cX/cα−cg+(cα cX/cα+cg)e
2
√
cX/cα(T−t)

,
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fort∈[0,T],whereB=1/cα,C=cX,δ
±=−D±

√
R,withD=−γ/(2cα)andR=D

2+BC.
UsingtheweakapproachyieldsthefollowingFBSDEssystem:

dXt=−
1

cα

Zt
σ
dt+σdWt, X0=x0

dYt=−
cX
2
X2t+

γ

cα

E[Zt]

σ
Xt+

1

2cα

Zt
σ

2

dt+ZtdWt, YT=cg
X2T
2
.

Alternatively,theFBSDEsystemobtainedviathePontryaginapproachis:

dXt=−
1

cα
Ytdt+σdWt, X0=x0

dYt=− cXXt+
γ

cα
E[Yt]dt+ZtdWt, YT=cgXT.

Thenumericalresultsfocusontheeffectofthecontinuationmethodforthegridalgorithm.Incontrastwith
thepreviousexamples,weshowthatthegridalgorithmisalsoaffectedbybifurcation.Figure14showsthelast
fivePicarditerationsofY0forthePontryaginapproachwhenthenumberoflevelsrangesfrom1to3.Fixing
theparametersx0=1,σ=0.7,1/cα=1.5,cg=0.3,γ=2,T=1,h=1/12,∆x=h

2andincreasingthe
couplingparameter,cX,weobservethatthebifurcationeffectcanbecorrectedbyincreasingthenumberof
levels.Infact,Figure14showsthatthetruevalueofY0matchesthevaluecomputednumericallywhenusing
threelevels.
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Figure14.TraderProblem: BifurcationsinthevaluesofY0dependingonthecoupling
parametercX fordifferentnumberoflevelsinthegridalgorithm. One,two,andthreelevels
areshowninbluecircles,redsquares,andgreentriangles,respectively.ThetruevalueofY0is
showninblackasterisks.

Furthermore,Figure15(a)comparesthedistributionL(XT)obtainedbythePontryaginandtheweakap-
proachesusingthegridalgorithmwithparametersx0=1,σ=0.7,1/cα=0.3,cg=0.3γ=2,cX =2,T=1,
h=1/130and∆x=h2.Thetwoapproachesproducesimilarresultsthatcoincidewiththetruesolution.
Figure15(b)presentstheconvergencerateintermsofthe2-Wassersteindistancecalculatedbetweenthe

truesolutionandnumericalresultswithrespecttothenumberoftimesteps. Weagainmakeuseoftheexplicit
representationofthe Wassersteindistance[32]. Thenumericalsolutionisobtainedusingthegridalgorithm
withparametersx0=1,σ=0.7,1/cα=0.3,cg=0.3,γ=2,cX =2,T=1,and∆x=h

2.Asexpected,the
2-Wassersteindistancedecreasestowards0asweincreasethenumberoftimesteps.
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Figure15.TraderProblem:(a)DistributionµToftheplayers’statesattimeTforthegrid
algorithmwithonelevel. Pontryaginisshowninbluecircles,weakisshowninredsquares,
andthetruesolutionisshowninblackasterisks.(b)2-Wassersteindistancebetweentrue
solutionandnumericalsolutionforgridalgorithmwithonelevelasweincreasethenumberof
timesteps,plottedasalog-logplot. Pontryaginapproachisshowninbluecirclesandweak
approachisshowninredsquares.

Thelastplot,Figure16,showstheerrorfromthetruesolutionofthecontrolattime0,α0,asweincreasethe
numberoftimesteps.Thisvalueisgivenbyα0=−Y0/cX forthePontryaginapproachandα0=−Z0/(cXσ)
fortheweakapproach.Thetruevalueisgivenbyα0=−̄η0x0/cX.Asforthe2-Wassersteindistance,theerror
inthecontroldecreasestowards0.
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Figure16.TraderProblem:Errorinthecontrolattime0,α0,asweincreasethenumberof
timesteps,plottedasalog-logplot.

5.Conclusion

Inconclusion,wehaveprovidedtwoalgorithmsfornumericallysolvingFBSDEsofMcKean-Vlasovtype,
whichcanbeusedtoformulatethesolutionstomeanfieldgameproblems.Thefirstalgorithmisbasedona
pathwisetreestructure.Thesecondalgorithmisbasedonamarginalgridstructure. Wehavealsoproposed
variousrefinementstothealgorithms,includingacontinuationintime,andincrementationofacoupling
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parameterorthediffusioncoefficient. Thedifferentnumericalmethodswereillustratedonfivebenchmark
examples.
Thetreealgorithm’smainadvantageisthatwedonotneedtoprojectthevaluesofXtontoadiscretized

spatialgrid,whichpotentiallymakesthealgorithmmoreaccurate.However,asignificantdisadvantageofthe
treealgorithmistheexponentialgrowthofthedatastructureasthenumberoftimestepsisincreased.This
exponentialgrowthismadeworseyetifahigherorderofquantizationweretobeusedforapproximatingthe
Brownianincrements.
Thegridalgorithm’smainadvantageisitavoidstheexponentialgrowthofthedatastructure. Ahigher

orderofquantizationmaybeusedwithoutdrasticallychangingthealgorithm’scomplexity.Adisadvantageof
thegridalgorithmisitssensitivitytothespatialstepsizewithrespecttothetimestepsize.Forthealgorithm
tobestable,thetwostepsizesneedtobewelladjustedtoeachother.
Forboththetreeandgridalgorithms,wehaveobservedthatthecontinuationintimeisabletoextendthe

rangeofvaluesofthecouplingparametersforwhichthealgorithmswillconverge.Theincrementationmethods
proposedinSubsection4.3,however,werenotverysuccessfulatavoidingthebifurcations.
Thisreporthastouchedonmanythingsthatcouldbeexploreddeeper.Firstofall,theextensionofthegrid

algorithmin[20]tothemeanfieldsettinghasnotbeenstudiedfromatheoreticalstandpoint.Itisanopen
questiontodetermineifthisalgorithmconverges(meaningthattheerrordecreasesasthegridsizedecreases).
Theeffectofthecontinuationintimeorincrementationofthecouplingparameterand/ordiffusioncoefficient
hasalsoyettobestudied.Thenumericalresultsalsoraisedquestionsontheinfluenceofthediffusioncoefficient
inthebifurcations.
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