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The increased availability of massive data sets provides a unique
opportunity to discover subtle patterns in their distributions, but
also imposes overwhelming computational challenges. To fully utilize
the information contained in big data, we propose a two-step proce-
dure: (i) estimate conditional quantile functions at different levels in
a parallel computing environment; (ii) construct a conditional quan-
tile regression process through projection based on these estimated
quantile curves. Our general quantile regression framework covers
both linear models with fixed or growing dimension and series ap-
proximation models. We prove that the proposed procedure does not
sacrifice any statistical inferential accuracy provided that the num-
ber of distributed computing units and quantile levels are chosen
properly. In particular, a sharp upper bound for the former and a
sharp lower bound for the latter are derived to capture the minimal
computational cost from a statistical perspective. As an important
application, the statistical inference on conditional distribution func-
tions is considered. Moreover, we propose computationally efficient
approaches to conducting inference in the distributed estimation set-
ting described above. Those approaches directly utilize the availabil-
ity of estimators from sub-samples and can be carried out at almost
no additional computational cost. Simulations confirm our statistical
inferential theory.

1. Introduction. The advance of technology in applications such as
meteorological and environmental surveillance or e-commerce has led to ex-
tremely large data sets which cannot be processed with standalone com-
puters due to processor, memory, or disk bottlenecks. Dividing data and
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computing among many machines is a common way to alleviate such bottle-
necks, and can be implemented by parallel computing systems like Hadoop
(White, 2012) with the aid of communication-efficient algorithms.

In statistics, this approach to estimation has recently been adopted under
the name divide-and-conquer, see Li et al. (2012); Jordan (2013). Pioneer-
ing contributions on theoretical analysis of divide and conquer algorithms
focus on mean squared error rates Zhang et al. (2013, 2015). The analysis
therein does not take into account a core question in statistics — inferen-
tial procedures. In the last two years, such procedures have been developed
for various non- and semi-parametric estimation approaches that focus on
the mean or other notions of central tendency, this line of work includes
Shang and Cheng (2017); Zhao et al. (2016); Shi et al. (2017); Banerjee
et al. (2017), among others. Focusing on the mean tendency illuminates
one important aspect of the dependence between predictors and response,
but ignores all other aspects of the conditional distribution of the response
which can be equally important. Additionally, most of the work cited above
assumes homoskedastic errors or sub-Gaussian tails. Both assumptions are
easily violated in modern messy and large-scale data sets, and this limits
the applicability of approaches that are available to date.

We propose to use quantile regression in order to extract features of the
conditional distribution of the response while avoiding tail conditions and
taking heteroskedasticity into account. This approach focuses on estimating
the conditional quantile function z — Q(x;7) := F;ﬁx(ﬂ:x) where Fy|x
denotes the conditional distribution of response given predictor. A flexible
class of models for conditional quantile functions can be obtained by basis
expansions of the form Q(z;7) ~ Z(x)"B(7). This includes linear models
of fixed or increasing dimension where the approximation is replaced by an
equality, as well as a rich set of non- and semi-parametric procedures such
as tensor product B-splines or additive models.

Given data {(X;,Y;)}¥,, quantile regression for such models is classically
formulated through the following minimization problem:

N
(1.1) B\OT(T) = arg brgﬁg}n ;pT{Y{ - bTZ(Xi)}a

where pr(u) := {7 —1(u < 0)}u and 1(-) is the indicator function. However,
solving this minimization problem by classical algorithms requires that the
complete data set can be processsed on a single computer. For large samples,
this might not be feasible. This motivates us to utilize the divide and conquer
approach where the full sample is randomly split across several computers
into S smaller sub-samples of size n, the minimization in (1.1) is solved on
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each sub-sample, and results are averaged in the end to obtain the final
estimator B(7) (see (2.3) in Section 2 for a formal definition). While this
approach is easy to implement, the resulting estimator B(7) is typically
not a solution to the original minimization problem (1.1). As illustrated in
Figure 1.1, this can be problematic for inference procedures. More precisely,
the left panel of Figure 1.1 depicts the coverage probabilities (on the y-axis)
against number of sub-samples (on the x-axis) for asymptotic confidence
intervals that are based on asymptotic distributions of 3,,(7) but computed
using 3(7) for three data generating processes (linear models with different
dimension) and a fixed quantile 7 = 0.1. This indicates that choosing S too
large results in invalid inference, as reflected by a rapid drop in coverage
after a certain threshold is reached. For different models this threshold is
different and it intrinsically depends on various properties of the underlying
model such as dimension of predictors. These observations indicate that
developing walid statistical inference procedures based on B(7) requires a
careful theoretical analysis of divide and conquer procedures. The first major
contribution of the present paper is to provide statistical inferential theory
for this framework.
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Fig 1.1: Left penal: coverage probabilities (y-axis) of confidence intervals
for estimators computed from divide and conquer; x-axis: number of sub-
samples S in log-scale. Different colors correspond to linear models with
different m = dim(Z(X)). Right panel: necessary and sufficient conditions on
(S, K) for the oracle rule in linear models with fixed dimension (Blue) and B-
spline nonparametric models (Green). The dotted region is the discrepancy
between the sufficient and necessary conditions.

The approach described so far provides a way to estimate the conditional
quantile function for a single quantile. To obtain a picture of the entire condi-
tional distribution of response given predictors, estimation of the conditional
quantile function at several quantile levels is required. Performing such an
estimation for a dense grid of quantiles can be computationally costly as
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estimation at each new quantile requires running the above algorithm anew.
To relax this computational burden, we introduce the two-step quantile pro-
jection algorithm. In the first step, the divide and conquer algorithm is used
to compute 3(71), ..., B(7k) for a grid of quantile values 71, ..., 7xc. In the sec-
ond step, a matrix Z is computed from B(ry), ..., B(7x) (see (2.7) for a formal
definition). Given this matrix é, the quantile projection estimator B(T) can
be computed for any 7 by performing a multiplication of this matrix with a
known vector (depending on 7) without access to the original dataset. Based
on B(7), we can estimate the conditional distribution function; see (2.8) and
(2.9).

The computational cost of our procedure is determined by the number
of sub-samples S and the number of quantile levels K. To minimize the
computational burden, K should be chosen as small as possible. Choosing S
large will allow us to maintain a small sample size n on each local machine,
thus enabling us to process larger data sets. At the same time, classical
inference procedures for B, (e.g. procedures based on asymptotic normality
of Bor) should remain valid for B(7), B\(T)

A detailed analysis of conditions which ensure this ”oracle rule” is con-
ducted in Section 3. There, we derive sufficient conditions for both S and
K, which are also proved to be necessary in some cases up to log N terms.
Sufficient conditions of S take the form S = O(N 1/24 N,m) where an , — 0.
The specific form of ay ,, depends on the precise form of the model, with
more complex models leading to ay ,, converging to zero faster, thus placing
more restrictions on S. Necessary and sufficient conditions on K take the
form K > NV Z(z)||~Y/7, where n > 0 is the degree of Holder continu-
ity (see (1.2)) of 7 +— Q(z;7). In particular, this lower bound is completely
independent of S. An interesting insight which will be explained in more
detail in Section 3.2 is that for large values of ||Z]|, which typically corre-
sponds to more complex models, the restriction on K becomes weaker; see
the paragraph right after Corollary 3.10 for a more detailed explanation.

A graphical summary of the necessary and sufficient conditions on K and
S derived in Sections 3.1 and 3.2 is provided in the right panel of Figure 1.1.

Deriving such necessary conditions on S, K is a crucial step in under-
standing the limitations of divide and conquer procedures, as it shows that
the interplay between .S, K and model complexity is indeed a feature of the
underlying problem and not an artifact of the proof; see also Shang and
Cheng (2017).

While the oracle rules described above provide justification for using the
asymptotic distribution of ,@m for inference, this distribution is typically not
pivotal. We discuss several ways to overcome this problem. First, we propose
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simple and computationally efficient approaches which directly make use of
the fact that 3 is formed by averaging results from independent sub-samples.
Those approaches are based on normal and t-approximations as well as a
novel bootstrap procedure. Second, we comment on extensions of traditional
approaches to inference which rely on estimating the asymptotic variance
of B, by using kernel smoothing techniques. Simulations demonstrate finite
sample properties of the proposed inference strategies.

The rest of this paper is organized as follows. In Section 2, we provide a
formal description of all algorithms and estimation procedures discussed in
this paper. Section 3 contains the main theoretical results, with additional
results presented in Appendix A. In Section 4, we propose several practical
approaches to inference. In Section 5, we validate the finite sample relevance
of our theoretical results through extensive Monte Carlo experiments. Proofs
of all theoretical results are deferred to the online supplement. The following
notation will be used throughout the paper.

Notation. Let X := supp(X). Let Z = Z(X) and Z; = Z(X;) and assume
T = [, Tv] for some 0 < 77, < 77 < 1. Define the true underlying measure
of (Y;, X;) by P and denote the corresponding expectation as E. Denote by
|b|| the L?-norm of a vector b. Apin(A) and Apax(A) are the smallest and
largest eigenvalue of a matrix A. Let |n] denote the integer part of a real
number 7, and |j| = j1 + ... + jq for d-tuple j = (j1,...,jq). S™ 1 C R™
is the unit sphere. a,, < b, means that (|a,/bn|)neny and (|bn/an|)nen are
bounded, and a,, > b, means a, /b, — co. Define the class of functions

ANT) = {f e cll (T) : sup sup |[DVf(7)| < ¢,

J<In) T€T
J —nJ /
(12) sup sup | D7 f(7) /D f()] < 6}7
j=nj vz T — 7|7

where 7 is called the ”degree of Holder continuity”, and C*(X’) denotes the
class of a-continuously differentiable functions on a set X.

2. A two-step procedure for computing quantile process. In this
section, we formally introduce two algorithms studied throughout the paper
- divide and conquer and quantile projection. The former is used to estimate
quantile functions at fixed quantile levels, based on which the latter con-
structs an estimator for the quantile process. We also note that algorithms
presented below can be applied for processing data that are locally stored
for any reason and not necessarily large. As an important application, the
estimation of conditional distribution functions will be presented.



We consider a general approximately linear model:

(2.1) Q(x;7) = Z(x) " Bn(7),

where Q(x;7) is the 7-th quantile of the distribution of Y conditional on
X =z € RY and Z(x) € R™ is a vector of transformation of z. This
framework (2.1) incorporates various estimation procedures, for instance,
series approximation models; see Belloni et al. (2017) for more discussion.
In this paper, we will focus on three classes of transformation Z(x) € R™
which include many models as special cases: fixed and finite m, diverging m
with local support structure (e.g. B-splines) and diverging m without local
support structure.

The divide and conquer algorithm for estimating By (7) at a fixed 7 €
(0,1) is described below:

1. Divide the data {(X;,Yi)}Y, into S sub-samples of size n'. Denote
the s-th sub-sample as {(Xjs, Yis)}1-; where s =1,...,S.

2. For each s and fixed 7, estimate the sub-sample based quantile regres-
sion coefficient as follows

(2.2) B°(r) := arg ﬂrgg}n ZpT{YiS —BTZ(X;s)}
i=1

3. Each local machine sends ,@5 (1) € R™ to the master that outputs a
pooled estimator

S
(2.3) B(r):=871> "B (n).

REMARK 2.1. The minimization problem in (2.2) is in general not strictly
convex. Thus, several minimizers could exist. In the rest of this paper, we
will only focus on the minimizer with the smallest 5 norm. This is assumed
for presentational convenience, and a close look at the proofs reveals that
all statements remain unchanged if any other minimizer is chosen instead.

While 3(7) defined in (2.3) gives an estimator at a fixed 7 € T, a complete
picture of the conditional distribution is often desirable. To achieve this, we
propose a two-step procedure. First compute 3(7;) € R™ for each 7, € T,
where T C T = [, 7v] is grid of quantile values in 7 with |Tx| = K € N.

!The equal sub-sample size is assumed for ease of presentation, and can be certainly
relaxed.
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Second project each component of the vectors {3(1), ..., 3(7x)} on a space
of spline functions in 7. More precisely, let

K

~ . vl T 2 .
(2.4) Q1= arg min (Bj(mk) —a' B(m))", j=1,..,m.
acRd

k=1
where B := (By, ..., B,) " is a B-spline basis defined on G equidistant knots
7L = t1 < ... < tg = 17y with degree r; € N (we use the normalized version
of B-splines as given in Definition 4.19 on page 124 in Schumaker (1981)).
Here, uniformity of knots is assumed for simplicity, all theoretical results
can be extended to knots with quasi uniform partitions. Using a;, we define
the quantile projection estimator 3(:) : T — R™:

(2.5) B(r) :=EZ"B(r),

where Z is defined below. The jth element B\j(T) = a;—B(T) can be viewed
as projection, with respect to ||f|x = (Zle 22, of Bj onto the
polynomial spline space with basis Bi, ..., By. In what follows, this projection
is denoted by Ilx. Although we focus on B-splines in this paper, other basis
functions are certainly possible.

The algorithm for computing the quantile projection matrix Z is summa-
rized below, here the divide and conquer algorithm is applied as a subroutine:

1. Define a grid of quantile levels 7, = 7+ (k/K)(ty—71) fork =1,..., K.
For each 71, compute 3(7%) as (2.3).
2. For each j =1, ..., m, compute

(2.6) a; = <éB(Tk)B(m)T) B <§: B(W)Bj(ﬁ:))?

which is a closed form solution of (2.4).
3. Set the matrix

~ o~

:::kxlagu.aﬂﬁ.

[y

(2.7)

A direct application of the above algorithm is to estimate the quantile
function for any 7 € T. A more important application of 3(7) is the esti-
mation of the conditional distribution function Fy | x(y|z) for any fixed z.
More precisely, we consider

(2.8) ﬁy|X(y\x) =7+ /TU 1{Z(x)TB(T) < yldr,

TL
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where 77, and 7y are chosen close to 0 and 1. The intuition behind this
approach is the observation that

(2.9)
v TL it Fyx(yle) <7r;
TL —l—/ HQ(x;7) <yldr = Fyix(ylz) if 70 < Fyx(ylr) < s
TL TU if Fy‘X(y|l‘) > 10U,

see Chernozhukov et al. (2010); Volgushev (2013). The estimator ﬁyp{ is a

smooth functional of the map 7 — Z(z)TB(7) (Chernozhukov et al., 2010).
Hence, properties of Fy|x depend on the behavior of Z(z)" B(7) as a process
in 7, which we will study in detail in Section 3.

3. Theoretical analysis. The following regularity conditions are needed
throughout this paper.

(A1) Assume that ||Z;|| < & < oo, where &, is allowed to diverge, and that
1/M < Anin(E[ZZT]) < Anax(E[ZZT]) < M holds uniformly in N for
some fixed constant M.

(A2) The conditional distribution Fy|x(y|z) is twice differentiable w.r.t. y,
with the corresponding derivatives fy|x(y|r) and f§/| +(y|z). Assume
[ = supyer pex [fyx (yl)] < 0o, [ = supyeg zex | fyx (yl7)| < 00
uniformly in N.

(A3) Assume that uniformly in N, there exists a constant fumpn < f such
that

0< min < inf inf ; .
f Tlrel,r;gxfy‘x(@(x 7)|x)

In these assumptions, we explicitly work with triangular array asymp-
totics for {(X;,Y;)}Y,, where d = dim(X;) is allowed to grow as well.

Assumptions (Al) — (A3) are fairly standard in the quantile regression
literature, see Belloni et al. (2017). The eigenvalue condition in (A1) is im-
posed for the purpose of normalization, which in turn determines the value
of &,,. For basis expansions with local support such as B-splines, the right

scaling to ensure the eigenvalue condition results is &, < v/m.

3.1. Fized dimensional linear models. In this section, we assume for all
T€T andx e X

(3.1) Q(x;7) = Z(x) " B(r),

where Z(x) has fixed dimension m. This simple model setup allows us to
derive a simple and clean bound on the difference between 3,3 and the
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oracle estimator an and, leading to a better understanding of resulting
oracle rules. Our first main result is as follows.

THEOREM 3.1. Suppose that (3.1) and assumptions (A1) — (A3) hold
and that K < N?, S = o(N(log N)~1). Then

<SlogN S1/4(log N)T/4

(3.2) sup ||B(7')_Eor(7_)” =0Op N N3/4

) +0P(N_1/2).
T€TK

If additionally K > G > 1 we also have

Slog N N S1/2(log N)?
N N

+ fg?KHKQ(%; (7)) — Q(z0; 7)|

sup |Z(z0) T (B(7) — Bor(1))| < op(

) + OP(N_1/2)
TET

where the projection operator i was defined right after (2.5).

The proof of Theorem 3.1 is given in Section S.3.1. To obtain this re-
sult, we develop a new Bahadur representation for each local estimator
B\S(T), see Section S.2.1. The main novelty compared to existing results
is a sharp bound on the ezpectation of the remainder term. This is crucial
to obtain the bound in (3.2). In contrast, relying on previously available
versions of the Bahadur representation would result in a bound of the form
(S/N)3/4(log N)3/*, which is somewhat more restrictive. See Remark S.2.3
for additional details. Theorem 3.1 can be generalized to potentially miss-
specified linear models with dimension that depends on the sample size.
Technical details are provided in the Appendix, Section A.

The bound in (3.2) quantifies the difference between 3 and 3, in terms of
the number of sub-samples S and can be equivalently formulated in terms of
the sub-sample size n = N/S provided that log N ~ log n. When considering
the projection estimator, an additional bias term IIxQ(xo; ) — Q(zo;-) is
introduced. Provided that for a given xyp € X one has 7 — Q(zo;7) €
AZ(T), this bias term can be further bounded by O(G~"). Note that in
the setting of Theorem 3.1 the oracle estimator converges to 3(7) at rate
Op(N~Y2), uniformly in 7 € 7. By combining the results in Theorem 3.1
with this bound, upper bounds on convergence rates for B(r) — B(7) and
sup,c7 |Z(20) T (B(T) — Q(z0; 7)| follow as direct Corollaries.

Theorem 3.1 only provides upper bounds on the differences between 3, B
and B,-. While a more detailed expression for this difference is derived in
the proof of Theorem S.2.1, this expression is very unwieldy and does not
lead to useful explicit formulas. However, it is possible to prove that the
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bounds given in Theorem 3.1 are sharp up to log N factors, which is the main
result of the next Theorem. Before stating this result, we need to introduce
some additional notation. Denote by Py (&, M, f, f/, fmin) all pairs (P, Z) of
distributions P and transformations Z satisfying (3.1) and (A1)-(A3) with
constants 0 < &, M, f, f' < 00, fmin > 0. Since m, &, are constant in this
section, we use the shortened notation P1(&, M, f, f/, fin)-

THEOREM 3.2. For any 7 in T there exists (P,Z) € P1(&, M, f, f', fmin)
and a C' > 0 such that

. - ~ cS
(3.3) timsup P(|1B(r) = Bor (7)]] = =) > 0.

N—o0 N
Moreover for any c¢,n > 0 there exist (P,Z) € P1(&, M, f, f', fmin) such that
T Bi(t) € ANT),j=1,....,d and

(3.4) msupP(sup 1B(7) = Bor(T)|| > % + CG_") > 0.
TeT N

li
N—oo

The proof of Theorem 3.2 is given in Section S.3.1. The result provided
in (3.3) has an interesting implication: the best possible precision of esti-
mating @ in a divide-and-conquer framework is restricted by n = N/S, the
sample size that can be processed on a single machine, regardless of the
total sample size N. A related observation was made in Example 1 of Zhang
et al. (2013) who construct a data-generating process where the MSE rate
of a divide and conquer estimator is limited by the sample size that can be
processed on a single computer.

As corollaries to the above results, we derive sufficient and necessary con-
ditions on S under which 8 and Z(:):)TB satisty the oracle rule. Note that
the asymptotic distribution of the oracle estimator B3,,(7) under various
conditions has been known for a long time, see for instance Theorem 4.1 of
Koenker (2005). Under (A1)-(A3) it was developed in Belloni et al. (2017)
and Chao et al. (2017) who show that

(3.5) VN (Bor()) = B(-)) ~ G(-) in (£(T))",
where G is a centered Gaussian process with covariance structure

(3.6) H(r,7'):= E[G(T)G(T')T]
= Jm(T)flE[Z(X)Z(X)T] In(T) X AT =17,

where J,,(7) := ]E[ZZTfy‘X(Q(X; )| X)].
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COROLLARY 3.3 (Oracle rules for 3). A sufficient condition for VN(B(T)—
B(7)) ~ N(0,H(7,7)) for any (P,Z) € P1(§, M, f, f', fmin) is that S =
o(N'2/log N). A necessary condition for the same result is that S = o(N''/?).

The necessary and sufficient conditions above match up to a factor of
log N. In order to guarantee the oracle rule for the process, we need to
impose additional conditions on the smoothness of 7 +— B3(7) and on the
number of grid points G.

COROLLARY 3.4 (Oracle rules for 8). Assume that T — Bi(t) € AUT)
for 3 =1,...,d and givegc,n > 0, that N2> K > G and r, > n. A suffi-
cient condition for \/N(B()—B()) ~ G(-) for any (P,Z) € P1(&, M, .7, Fonin)
satisfying above conditions is S = 0(N1/2(10g N)™Y and G > N/@n 4
necessary condition for the same result is S = O(Nl/Q) and G > N/ (@),

Corollary 3.4 characterizes the choice for parameters (S, K) which de-
termine computational cost. The conditions on S remain the same as in
Corollary 3.3. The process oracle rule requires restrictions on K based on
the smoothness of 7 — Q(xo; 7), denoted as 7. Note that, compared to the
results in Belloni et al. (2017), smoothness of 7 — Q(zo; 7) is the only addi-
tional condition of the data that is needed to ensure process convergence of
V'N(B(-) — B(-)). Specifically, the lower bound on K in terms of N becomes
smaller as 1 increases, which implies that smoother 7 — Q(z;7) allow for
larger computational savings. Corollary 3.4 implies that the condition on K
is necessary for the oracle rule, no matter how .S is chosen.

Next we apply Corollary 3.4 to the estimation of conditional distribution
functions. Define

~ U A
(3.7) B (foo) i= 71+ / VZ(2)  Bor(7) < y}dr.
L

The asymptotic distribution of ﬁ{}TX(\:co) was derived in Chao et al. (2017).

COROLLARY 3.5. Under the same conditions as Corollary 3.4, we have
for any xg € X,

VN (Fy x(-|z0) — Fyix (z0)) ~ —fyix (|20) Z(z0) "G (Fy|x (-]x0))

in £%° ((Q(‘T(% TL)a Q(mOa TU)))a

where ﬁy\x('fwo) is defined in (2.8) and G is a centered Gaussian process

with covariance given in (3.6). The same process convergence result holds

with ﬁ{j’[X(]:ro) replacing ﬁy|X(-\:ro).
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The proof of Corollary 3.5 uses the fact that y — F\y| x(y|x) is a Hadamard

differentiable functional of 7+ Z(z)" B (1) for any fixed =. The result of this
corollary can be extended to other functionals with this property.

3.2. Approzimate linear models with local basis structure. In this section,
we consider models with Q(z;7) ~ Z(z)"B(7) with m = dim(Z) — oo as
N — oo where the transformation Z corresponds to a basis expansion. The
analysis in this section focuses on transformations Z with a specific local
support structure, which will be defined more formally in Condition (L).
Examples of such transformations include polynomial splines or wavelets.

Since the model Q(z;7) ~ Z(x)'B(r) holds only approximately, there
is no unique "true” value for 3(7). Theoretical results for such models are
often stated in terms of the following vector

(88)  yn(r):=arg min E[(Z" — Q(X;7)* f(Q(X;7)|X)],

see Chao et al. (2017) and Remark A.6. Note that Z vy (7) can be viewed
as the (weighted Lo) projection of Q(X;7) onto the approximation space.
The resulting L., approximation error is defined as

(3.9) cm(yv) = sup  [Q(z;7) — (1) T Z(z)|.
zeX,TeT

For any v € R™ define the matrix (V) = E[ZZ" f(Z'v|X)] . For
any a € R™ b(-) : T — R™, define £(a,b) := sup,.rE[ja’ J,,}(b(7))Z]].
Throughout the rest of this subsection, we assume the following condition:

(L) Foreach z € X, the vector Z(z) has zeroes in all but at most 7 consecu-
tive entries, where r is fixed. Furthermore, sup,cy £(Z(z),vn) = O(1).

Condition (L) ensures that the matrix Jp, (v) has a band structure for any
v € R™ such that the off-diagonal entries of J_!(v) decay exponentially fast
(Lemma 6.3 in Zhou et al. (1998)). Next, we discuss an example of Z which
satisfies (L).

EXAMPLE 3.6 (Univariate polynomial spline). Suppose that (A2)-(A3)
hold and that X has a density on X = [0, 1] uniformly bounded away from
zero and infinity. Let B(z) = (B (), ..., EJ,p,l(x))T be a polynomial spline
basis of degree p defined on J uniformly spaced knots 0 =t; < ... < tj =1,
such that the support of each Ej is contained in the interval [¢;,¢;4,41) and
normalization is as given in Definition 4.19 on page 124 in Schumaker (1981).
Let Z(x) := mY/2(B (), ..., EJ_p_l(x))T, then there exists a constant M >
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1 such that M~ < E[ZZT] < M (by Lemma 6.2 of Zhou et al. (1998)). With
this scaling we have &, < /m. Moreover, the first part of assumption (L)
holds with » = p+1, while the second part, i.e., sup ¢y g(Z(x), yn) = O(1),
is verified in Lemma S.2.6.

THEOREM 3.7.  Suppose that assumptions (A1) — (A3) and (L) hold, that
K < N? and S&2log N = o(N), c(yn) = o(&,,1 A (log N)=2). Then

(3.10)  sup |2(20) (B(r) — Bor(7))| = 0p(|Z(x0) [N V)

T€TK
+0p((1+ lggl/]j) (ki vw) + W))
- OP(HZ(JEO)H%SIOgN H?\ET/OQ)H <S§%(1?\§N)10>1/4>.

If additionally K > G > 1 and c2,(yn) = o(N~'/?) we also have
sup | Z(z0) " (B(7)~Bor (7))] < [|Z(x0)|| sup [B(r)=Bor(7)||+0p (| Z(xo) | N~2)

TeT T€ETK

+sup {| (IeQ(ro: ))(r) = Qs 7)| + [Z(eo) Ty (7) = Qo)1)
TE
where the projection operator i was defined right after (2.5).

The strategy for proving Theorem 3.7 is similar to that for Theorem 3.1,
the difference is that we now apply an aggregated Bahadur representation
which makes explicit use of the local basis structure of Z (Section S.2.2).

Similarly to Theorem 3.1, Theorem 3.7 only provides upper bounds on
the differences between 3,3 and B,,. As in the setting of fixed-dimensional
linear models, this result can be complemented by a corresponding lower
bound which we state next.

THEOREM 3.8. For any 7 in T there exists a sequence of distributions
of (Y,X) and sequence of transformations Z such that assumptions (A1)
~ (A3) and (L) hold, that S&X (log N)'* = o(N),c2,(yn) = o(N~Y2) and
there exists a C' > 0 with

(3.11)  timsup P(|Z(w0) B(r) — Z(xo) Bor(r)| 2

N—oo

Cifm) > 0.

Moreover for any c,n > 0 there exists a sequence of distributions of (Y, X)
and sequence of transformations Z satisfying the above conditions and an
zo € X with T — Q(zo;7) € AX(T) such that

(3.12)
timsup P sup [Z(z0) B() ~ Za0) Bor(r)] > T2 4 0G1) >0
N—oo T€T
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Compared to Section 3.1, we obtain an interesting insight. The sufficient
and necessary conditions on S explicitly depend on m (note that under
(A1) — (A3) we have &, = m) and become more restrictive as m increases.
This shows that there is a fundamental limitation on possible computational
savings that depends on the model complexity. In other words more complex
models (as measured by m) allow for less splitting and require larger sub-
samples, resulting in a larger computational burden.

We conclude this section by providing sufficient and necessary condi-
tions for oracle rules in the local basis expansion setting. To state those
results, denote by Pr(M, f, f’, fmin, R) the collection of all sequences Py
of distributions of (X,Y) on R%*! and fixed Z with the following proper-
ties: (A1)-(A3) hold with constants M, f, f' < 00, frmin > 0, (L) holds for
some 7 < R, &4 (log N)® = o(N),c2,(vn) = o(N~/2). The conditions in
Pr(M, f, f, fmin, R) ensure the weak convergence of the oracle estimator
Bor(7), see Chao et al. (2017).

The following condition characterizes the upper bound on S which is
sufficient to ensure the oracle rule for 3(7).

(L1) Assume that

g - N A N A N1/ NY2||Z(xo)|
 \mé2log N €2, (logN)10 " &,log N~ €2,(logN)2 )

For specific examples, Condition (L1) can be simplified. For instance, in
the setting of Example 3.6, we can reduce (L1) to the form

S = o(NY?(log N)"2m~'2 A N(log N)~'m~2).

We now present the sufficient and necessary conditions for the oracle rule
of B(7) under the Condition (L) for Z.

COROLLARY 3.9 (Oracle Rule for B(r)). Assume that (L1) holds and
data are generated from Py with (Pn,Z) € Pr(M, f, f', fmin, R). Then the
pooled estimator B() defined in (2.3) satisfies for any fized 7 € T, 29 € X,

VNZ(z0)" (B(r) — n (7))
(Z(xO)TJm(T)_lE[ZZT]Jm(T)—lz(xO))l/Q

(313) WN(()?T(l - T))7
where JIm(7) is defined in Corollary 3.3. This matches the limiting behaviour
of Bor- If S 2, ]Ylfé’,;bl the weak convergence result (3.13) fails for some
(Psz) € :PL(lyfuf/afminaR)va S
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To compare the necessary and sufficient conditions in Corollary 3.9, as-
sume for simplicity that m > N® for some a > 0 and ||Z(zo)|| < & (this
is, for instance, the case for univariate splines as discussed in Example 3.6).
Since under (A1)-(A3) we have m'/? < &,,, it follows that (L1) holds pro-
vided that S = o(N'/2¢, (log N)~2) and the necessary and sufficient con-
ditions match up to a factor of (log V)?.

Next we discuss sufficient conditions for the process oracle rule.

COROLLARY 3.10. Consider an arbitrary vector xg € X. Assume that
data are generated from Py with (Py,Z) € Pr(M, f, ', fmin, R), that (L1)
holds, that T+ Q(z0;7) € AL(T), v+ >0, sup,er | Z(x0) "N (7)—Q(z0; T)| =
o(|Z(z0)||N~V/?), that N? > K > G > NYC0D|Z(xo)||~/", 3,(vn) =
o(N~Y2) and that the limit

(3.14)
x0) T J1 T T T Ty — T T
Hy (m1,72) = ]\}gnoo Z(zo) Jp (1)E[ZZ \]é(xo()ﬁ?)Z( 0)(T1L AT — T172)

exists and is non-zero for any 1,7 € T, where Jn,(7) is defined in the
statement of Corollary 3.5. R
1. The projection estimator B(7) defined in (2.5) satisfies

H \(/*TNO)H (Z(:UO)TB\() - Q(x(]; )) ~ Gro(') n EOO(T)a

where Gy, is a centered Gaussian process with E[Gyy (17)Gzy (7)) = Hyy (1, 7).
The same holds for the oracle estimator Bor( ).

If G < NYCD|Z(zo)||"Y" or S > NY2¢.1 the weak convergence in
(3.15) fails for some (Py,Z) which satisfies the above conditions.

2. For ﬁy‘x('kcg) defined in (2.8) and G defined above we have

VN
[1Z (o)

(3.15)

(Fy|X( [z0) — Fy|x (-|z0)) ~ —fyx (120)Gao (Fyx (-z0))
in £ ((Q(zo; 71.), Q(z0; T0/)))-
This matches the process convergence for F. lX( |z0).

The proof of the sufficient conditions in Corollary 3.10 is presented in
Section S.3.2.3, and the collapse of the weak convergence (3.15) is shown
in Section S.3.3. Similar to the discussion after Corollary 3.4, the process
oracle rule does not place additional restrictions on the number of sub-
samples S besides (L1). However, the process oracle rule requires additional
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assumptions on the quantile grid Tx. An interesting observation is that G >
(N/||Z(z0)|>)* 3" in Theorem 3.14 can be weaker than G > NV from
Corollary 3.4. For instance, this is true in the setting of Example 3.6 where
|Z(x0)| = m!/2. Consequently, the computational burden is reduced since
K can be chosen smaller. The intuition behind this surprising phenomenon is
that the convergence rate for the estimator Z ()" Bor(7) in nonparametric
models is typically slower. Thus, less stringent assumptions are needed to
ensure that the bias induced by quantile projection is negligible compared
to the convergence rate of B, (7).

The sufficient conditions in this section can be extended to cover approxi-
mately linear models with increasing dimension that do not satisfy condition
(L). Technical details are provided in the Appendix, Section A.

REMARK 3.11. To the best of our knowledge, the only paper that also
studies the sharpness of upper bounds for S that guarantee valid inference
in a divide and conquer setting with nonparametric regression is Shang and
Cheng (2017). However, Shang and Cheng (2017) only consider nonpara-
metric mean regression in the smoothing spline setup.

4. Practical aspects of inference. In the previous section, we de-
rived conditions which guarantee that the divide and conquer estimator ¢
and the quantile projection estimator 3 share the same asymptotic distribu-
tion as the "oracle’ estimator B\OT, so that inference based on the asymptotic
distribution of B, remains valid. In practice, this result can not be di-
rectly utilized since the asymptotic variance of the oracle estimator 3, is in
general not pivotal. Classical approaches to inference for this estimator are
typically based on estimating its asymptotic variance from the data directly,
or conducting bootstrap to approximate the asymptotic distribution.

Estimating the limiting variance requires the choice of a bandwidth pa-
rameter, and existing research indicates that classical rules for bandwidth
selection need to be adjusted in a divide and conquer setting (see e.g. Baner-
jee et al. (2017); Xu et al. (2016)). We discuss related issues for variance
estimation in Section 4.2.

Conducting bootstrap substantially increases the computational burden
of any procedure, which is problematic in a massive data setting we are
considering here. While recent proposals by Kleiner et al. (2014); Sengupta
et al. (2016) provide a way to reduce the computational cost of bootstrap in
a big data setting, the approaches described in those papers are not easily
combined with the divide and conquer setting which we consider here.

As an alternative to variance estimation or classical bootstrap approaches,
we propose several simple inference procedures which directly utilize the fact
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that in a divide and conquer setting estimators from sub-samples are avail-
able. Those procedures are very easy to implement, and require only a very
small amount of computation on the central computer without additional
communication costs. Details are provided in section 4.1.

4.1. Inference utilizing results from subsamples. We begin by discussing
inference at a fixed quantile level 7. The key idea in this section is to make
direct use of the fact that S estimators 8;(7) from subsamples are available.
Observe that the estimator 3(7) is simply an average of B1(7),...,Bs(7T)
which can be seen as iid realizations (provided groups are homogeneous) of
a random variable with approximately normal distribution. This suggests
two simple options R R

1. Use the sample covariance matrix, say SP | of B1(7), ..., Bs(7) in order
to conduct inference on B3(7) or linear functionals thereof such as Q(z; ) :=
Z(z) " B(7). For example, a simple asymptotic level o confidence interval for

Q(z; T) is given by
(4.1) [Z(x0) "B(7) £ STY2(Z(20) 'SP Z(20)) V20711 — a/2)],

2. A refined version of the previous approach is to additionally exploit
the fact that a suitably scaled version of u;,é\s (1) should be approximately
normal since each BS(T) is itself an estimator based on sample of iid data.
Hence for small S (say S < 30) more precise confidence intervals can be
obtained by using quantiles of the student ¢ distribution (if uy is a vec-
tor) or F' distribution (if uy is a fixed-dimensional matrix). For example, a
modification of the confidence interval in (4.1) would take the form

(4.2) [Z(20) TB(7) £ S™V2(Z(wo) TEPZ(w0)) /2t 110y

where tg_1 1_q/2 denotes the 1—a/2-quantile of the t-distribution with S —1
degrees of freedom. The asymptotic validity of both intervals discussed above
is provided in the following theorem.

THEOREM 4.1.  Assume that the conditions of either Corollary 3.3, Corol-
lary 3.9 or Corollary A.2 hold, that cp,(vn) = o(|Z(xo)||N~?) and that
S > 2 (S can be fixed). Then the confidence interval (4.2) has asymptotic
(for N — o0) coverage probability 1 — c.

If additionally S — oo, the confidence interval given in (4.1) also has
asymptotic coverage probability 1 — a.

See Section S.4.1 for a proof of Theorem 4.1. The main advantage of the
two approaches discussed above lies in their simplicity as they do not require
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any costly computation or communication between machines. There are two
main limitations.

First, for small values of S (say S < 30) the confidence intervals in (4.1)
will not have the correct coverage while the interval in (4.2) can be substan-
tially wider than the one based on the exact asymptotic distribution since
quantiles of the t-distribution with few degrees of freedom can be substan-
tially larger than corresponding normal quantiles. Moreover, the approach is
not applicable if S is smaller than the dimension of the parameter of interest.
Second the approaches are not straightforward to generalize to inference on
non-linear functionals of 3(7) such as ﬁy| x (y|z) or inference which is uni-
form over a continuum of quantiles 7.

The first limitation is not likely to become relevant in a big data setting
since here we typically expect that S is large due to computational bottle-
necks and memory constraints. For the sake of completeness we discuss this
case in the next section. To deal with the second limitation, we propose to
use a bootstrap procedure that can be conducted by solely using the sub-
sample estimators {B\s(Tk)}szl,”’g’k:l’“,,;{ which are stored on the central
machine. Details are provided below.

1. Sample iid random weights {wgsp}s=1,... sp=1,. 5 from taking value 1 —
1/+/2 with probability 2/3 and 1++/2 with probability 1/3 (i.e. weights
are chosen such that wgp, > 0, E[wsp] = Var(wsp) = 1) and let w.p, :=

2. Forb=1,...Bk=1,...K compute the bootstrap estimators
(b 5,b 3 s
@3) %) = z et

and define the matrix 2 from (2.7) with B (Tk) replacing B(71)-

3. Similarly as in (2.5) compute B®)(-) from the matrix =(®) defined
above. For a functional of interest ® approximate quantiles of the dis-
tribution of ®(B(-))—®(B(-)) by the empirical quantiles of {®(30)(-))—
(B()}b=1.....B-

A formal justification for this bootstrap approach is provided by the fol-
lowing result.

THEOREM 4.2.  Let the assumptions of either Corollary 3.4, Corollary 3.10
or Corollary A.5 hold and assume that additionally S — oco. Then we have
conditionally on the data (X;,Y5)i=1,.. N

VN

T TA(l)._ €T TA- ~ . Z-noo .
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where the limit G, denotes the centered Gaussian process from Corollary 3.10
or Corollary A.5 under their respective assumptions and Gz, = Z(xg)' G
under the assumptions of Corollary 3.4.

The proof of Theorem 4.2 is given in Section S.4.2. We conclude this sec-
tion by remarking that the bootstrap proposed differ from the cluster-robust
bootstrap of Hagemann (2017). The main difference is that we propose to di-
rectly utilize the sub-sample estimators BS while the approach of Hagemann
(2017) requires repeated estimation on the complete sample.

4.2. Inference based on estimating the asymptotic covariance matriz. As
suggested by a referee, an alternative way to conduct inference is to compute,
for each sub-sample, not only the estimator 35 but also a variance estimator
and pool those estimators. Here, we provide some details on this approach.
For the sake of simplicity, we only discuss the case where m is fixed and the
model is specified correctly, i.e. the setting of Section 3.1.

It is well known that the asymptotic variance-covariance matrix of the

difference /ni(Bor (1) — B(7)) (for fixed m) takes the ’sandwich’ form
S(7) = 7(1=7) (1) E[ZZ [ Jn(7) 7 () = BZZ fyx(Q(X;7)[ X))

The middle part E[ZZ ] is easily estimated by == >, >~ Z;,Z/. Since this is
a simple mean of the subsample-based quantities % > ZZ-SZZ-TS7 implementing
this in a distributed computing setting is straightforward.

The matrix J,,(7) involves the conditional density fy|x(Q(X;7)|X) and
is more difficult to estimate. A popular approach is based on Powell’s esti-

mator (Powell (1986))
TP 1 - T T 3s
(44) Jms(7_> = M Zziszisl{nﬁs - Zis (7—)’ < hn}
" oi=1

Here, h,, denotes a bandwidth parameter that needs to be chosen carefully
in order to balance the resulting bias and variance.

There are several possible approaches to estimate .JJ () in a parallel com-
puting environment. If an additional round of communication is acceptable,
it is possible to construct estimators with the same convergence rate and
asymptotic distribution as the estimator based on the full sample. Details
are provided in section S.1 in the appendix. If only a single round of com-
munication is allowed, the following algorithm can be used instead.

1. For s = 1,..,5, in the same round as computing BS(T), compute
JE(7) from (4.4) and 1 := 1 3. Z;,Z].
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2. Along with (BS(T))SZL.“’S send (j $(7), §1s)s s to the master ma-
chine and compute 7P( )i=3 LsS JgP f =3 Z ils

slms(

3. The final variance estimator is given by (1) = 7(1— T)JP( ) 121J ()71

REMARK 4.3. Note that in the above algorithm we first take averages
over the subsampled estimators J;, P <(7) and only invert the aggregated ma-

trix Jm( ). An alternative approach would have been to compute the es-
timator JE (7)"18,JE (7)~! for each subsample and average in the end.
However, given that A — A~! is non-linear, this might result in additional
bias since in general for random matrices (E[A])~! # E[A71].

An important question for implementing the above algorithm is the choice
of the bandwidth parameter h,,. To gain some intuition about the optimal
choice of h,,, we will formally discuss the case of a linear model fixed dimen-
sion. First, observe that by a Taylor expansion we have almost surely

To () ST ()7 = T (1) T S T (1)
= I (1) T (1) = T (1) T (1) T S T ()

— TN ST (7) T T (1) = (7)) T (1)

+ I (1) NS = E1) (1)
+ O[T (1) = T2+ I1Z1 = S [ Tpn(7) = T (7))

Ignoring higher-order terms and terms that do not depend on h,, it suffices
to analyze the properties of jfl(T) — I (7).

THEOREM 4.4. Under assumptions (A1)-(A3), assume that addition-
ally y — f}’,‘X(y|:c) is continuously differentiable with first derivative being
jointly continuous and uniformly bounded as a function of x,y and that
nhy,(logn)~t — co. Then

—p B logn
Tn(7) = (1) = Au(r) + Op(T37)
where the exact form of A, (T) is given in the proof. Moreover

P (227 1 (27 B()1X)] + O(E2) 4 o)

and for Ay () denoting the entry of An in row j and column k

1
Nhy,

E[An(7)] =

Coo(A (1) (7)s An ) (7)) = 7~ Bl x (27 B()|X) 232 ZuZu] o

i)
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The proof of Theorem 4.4 is given in Section S.4.3. Theorem 4.4 has
several interesting implications. First, note that the asymptotic MSE of
An(7) is of the order h% 4 (Nhy,)~!, which is minimized for hy ~ N—1/°
(note that the term logn/n is negligible). Under the additional condition
S = o(N?/5(log N)~1) we have logn/(nh,) = o(N~2/%), and in this setting
the MSE of the first order expansion of jZ(T) matches that of the Powell
‘oracle’ estimator as derived in Kato (2012). This shows that, despite using
estimators from subsamples, the same rate for estimating JI (7) as from the
full sample can be achieved. That requires a stronger condition on S than
the oracle rate for the estimator B It is not clear if the latter condition is
sharp, and we leave an investigation of this issue to future research.

Second, the choice h,, ~ n~/% which would have been optimal for esti-
mating J,,,(7) based on a subsample of size n does not lead to the optimal
error rate for the averaged estimator 72(7'). In fact the optimal bandwidth

for 72(7') is always smaller, which corresponds to undersmoothing. Similar
effects were observed in various settings by Zhang et al. (2015), Banerjee
et al. (2017) (see their Appendix A.13) and Shang and Cheng (2017).

5. Monte Carlo experiments. In this section, we demonstrate our
theory with simulation experiments. Due to space limitations, we restrict
our attention to correctly specified linear models with different dimensions
of predictors. More precisely, we consider data generated from

(5.1) Y;=021+8) Xi+e, i=1,..,N.

where ¢; ~ N(0,0.01) iid and m € {4,16,32}. For each m, the covariate X;
follows a multivariate uniform distribution ¢/([0, 1]™~1) with Cov(X;;, Xix) =
0.120.7=k for j,k =1,...,m — 1, and the vector B,,_1 takes the form
B3 = (0.21,—0.89,0.38) ";
Bis = (B4,0.63,0.11,1.01, —1.79, —1.39,0.52, —1.62,
1.26,—0.72,0.43, —0.41, —0.02) ;

Bs1 = (815,021, 8];) .

Throughout this section, we fix 7 = [0.05,0.95]. Section 5.1 contains
results for the estimator B3(r), while results for Fy-x(y|x) are collected in

Section 5.2. Additional simulations (including models with heteroskedastic
errors) are presented in Section S.9 of the online supplement.

(5.2)

5.1. Results for the divide and conquer estimator B3(7). We fix the sub-
sample size n and consider the impact of the number of sub-samples S on the
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coverage probabilities of different 95% confidence intervals. To benchmark
our results, we use the infeasible asymptotic confidence interval

(5.3) [20 B(1) £ N0 (1)@~ (1 - a/2)],

where o2(7) denotes the theoretical asymptotic variance of 3°(7); this CI
is valid by the oracle rule but contains unknown quantities. The coverage
properties of this interval also indicate whether we are in a regime where
the oracle rule holds.

In a first step, we consider the properties of confidence intervals discussed
in Section 4.1 which directly utilize the availability of results from sub-
samples. We consider the following three types of confidence intervals.

1. The normal confidence interval (4.1).

2. The confidence interval (4.2) based on quantiles of the t distribution.

3. The bootstrap confidence interval based on sample quantiles of (B(l) (1)—
B(1)), ..., (BP) (1) = B(7)), where BV (7), ..., BP)(7) are computed as
in (4.3); in this section we set B = 500.

The coverage probabilities of corresponding confidence intervals are sum-
marized in Figure 5.1 where we fix two sub-sample sizes n = 512,2048 and
present two types of plots: coverage probabilities for ’small’ values of S rang-
ing from S = 2 to S = 50 and coverage probabilities for ’'large’ values of
S = 2% k =1,..,10. Only m = 4,32 is considered here, m = 16 can be
found in the online supplement.

Plots for small S help to access how different procedures behave if the
number of sub-samples is small. As expected from the theory, oracle confi-
dence intervals and simple confidence intervals based on the t distribution
maintain nominal coverage for small values of S. Confidence intervals based
on normal approximation and the bootstrap under-cover for smaller values
of S. Starting from about S = 20, coverage probabilities of all four types
of intervals are very close. We also see that for m = 32, the oracle rule
does not apply for a sub-sample size of n = 512 with any number of sub-
samples S > 10; the situation improves for n = 2048. This is in line with our
asymptotic oracle theory. For ’larger’ values of S, there is no difference in
the coverage probabilities of different intervals. As predicted by the oracle
theory, coverage starts to drop earlier for models with larger m.

Next, we analyze the properties of asymptotic confidence intervals which
are based on estimating the asymptotic variance of a:OT (1) from data. We
compare three different ways of estimating the asymptotic variance

1. A simple pooled estimator which uses the default settings in the pack-
age quantreg to obtain estimated variances in each sub-sample and
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takes the average over all sub-samples (additional details are provided
in the online Supplement, Section S.9.1).

2. The estimator ¥ based on the bandwidth ¢*(7)n~'/% which minimizes
the asymptotic MSE of the estimator J,, within sub-samples of size n
(additional details on the choice of optimal constant ¢*(7) are provided
in the online Supplement, Section S.9.1).

3. The estimator ¥ based on the bandwidth ¢*(7)N~1/5 which is moti-
vated by the theory developed in Theorem 4.4.

The results are reported in Table 5.1. Since there is no notable differ-
ence between all approaches when S is large, only results for S < 50 are
displayed for the sake of brevity. Interestingly, we do not observe a big dif-
ference between the naive bandwidth choice h, ~ n~/5 and the optimal
undersmoothing choice h, ~ N —1/5_ This finding is quite intuitive since,
once the asymptotic variance is estimated with at most 5 — 10% relative
error, a further increase in estimation accuracy does not lead to substantial
improvements in coverage probabilities. The completely automatic choice
implemented in the quantreg package also performs reasonably well.

Finally, note that the pattern of coverage probabilities varies at different
7. For example, in the linear models with normal errors, the coverage proba-
bilities at tail quantiles (7 = 0.1,0.9) drop to zero much faster than those at
7 = 0.5. These empirical observations are not inconsistent with our theory
where only the orders of the upper bound for S are shown to be the same
irrespective of the value of 7. Rather, this phenomenon might be explained
by different derivatives of the error density that appear in the estimation
bias, and is left for future study.

5.2. Results for the estimator ﬁy|X(y|x). In this section, we consider
inference on Fy x(y|z). We compare the coverage probability of the oracle
asymptotic confidence interval

(5.4) [Fyx(Q(z0; 7)|zo) £ N~ V20%(r) @7 (1 - a/2)].

(here 02(7) is the asymptotic variance of the oracle estimator) and the

bootstrap confidence interval described above Theorem 4.2. Note that the
other approaches described in Section 4 are not directly applicable here since
ﬁy‘X(y|x) is a functional of the whole process 3(+). Since we focus on boot-
strap reliability, the number of quantile levels K = 65 and knots for spline
interpolation G = 32 are chosen sufficiently large to ensure nominal coverage
of oracle intervals. A detailed study of the impact of K, G on coverage of or-
acle intervals is provided in Section S.9.3.2 of the online supplement. Due to
space limitations, we only show the results for small values of S, results for
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S 1 [ 10 ] 30 [ 50 1 [ 10 ] 30 [ 50 1 [ 10 ] 30 [ 50

n=>512 m=4,7=0.1 n=>512, m=16,7=0.1 n=>512 m=32, 7=0.1

or 94.9 | 94.8 | 94.9 | 94.3 94.7 | 94.3 | 92.2 | 90.7 94.4 | 92.5 | 88.6 | 85.5
def 926 | 93.7 | 93.6 | 92.8 92 923 | 90.1 | 88.4 92.5 | 90.6 | 86.2 | 82.9
nai 94.2 | 939 | 93.6 | 93.2 96.6 | 93.3 91 89.4 989 | 92.7 | 88.4 85
ad]j 94.2 | 94.5 | 94.3 | 94.2 96.6 | 94.3 | 92.1 | 90.8 989 | 94.4 | 89.5 | 87.2

n=2>512 m=4,7=0.5 n =512, m = 16, 7 = 0.5 n=>512, m =32, 7=0.5

or 94.7 96 95.9 95 94.2 | 95.7 | 94.8 | 954 95.4 | 95.5 | 94.8 95
def || 97.8 | 98.2 | 98.2 | 98.2 96.7 | 98.2 98 98 976 | 975 | 97.3 | 97.7
nai 959 | 96.8 | 96.4 | 96.3 96.7 97 96.4 97 99 97 96.2 | 96.7
adj 95.9 | 96.4 96 95.2 96.7 | 96.4 | 95.7 | 96.2 99 96.6 | 95.7 | 95.9

n=>512 m=4,7=0.9 n=>512, m=16,7=0.9 n=>512m=32, 7=0.9

or 95.4 | 94.6 | 94.2 | 93.6 94.6 94 91.7 | 90.1 95.2 | 92.1 | 90.6 | 87.1
def 94 93.6 | 92.8 | 924 92.6 | 92.2 90 88.1 92.2 | 90.2 | 88.2 | 84.3
nai 94.8 | 93.8 | 93.1 | 92.6 96.6 | 93.2 | 90.8 | 88.6 99 92.5 | 90.1 | 86.6
ad]j 94.8 | 94.3 | 93.8 | 93.7 96.6 94 91.9 | 90.4 99 93.8 | 91.4 | 88.4

n=2048 m=4,7=0.1 n = 2048, m = 16, 7 = 0.1 n =2048, m = 32, 7 =0.1

or 95.6 | 94.7 | 94.4 | 94.3 95 94.2 | 944 | 944 95 95 94 94
def || 94.7 | 94.1 | 93.8 94 93.8 | 93.2 | 93.5 | 93.7 93.6 | 942 | 92.7 | 93.1
nai 95.1 | 94.1 | 93.7 94 95.3 | 93.5 | 93.5 | 93.7 95.7 | 946 | 93.1 | 93.2
adj 95.1 | 946 | 944 | 945 95.3 94 94.1 | 94.4 95.7 | 949 | 93.8 | 93.8

n=2048, m =4,7=0.5 n = 2048, m = 16, 7 = 0.5 n=2048, m = 32,7 =0.5

or 946 | 949 | 95.2 | 95.3 95.3 | 94.2 | 94.2 | 95.5 95.3 | 95.5 | 95.1 | 95.5
def 96 96.2 | 96.7 | 96.2 96.7 | 96.2 | 95.4 | 96.7 96 96.4 | 96.3 | 96.6
nai 95.1 | 954 | 95.5 | 95.6 96.8 | 95.2 95 96 96.5 | 95.8 | 95.7 | 95.9
ad]j 95.1 | 95.1 | 95.1 | 95.3 96.8 95 94.7 | 95.6 96.5 | 95.6 | 95.2 | 95.5

n=2048 m=4,7=09 n = 2048, m = 16, 7 = 0.9 n=2048 m = 32, 7 =0.9

or 946 | 956 | 95.8 | 94.6 95.1 95 94.5 | 94.7 95.2 | 944 | 929 | 929
def 94.2 | 949 | 949 | 94.1 94.3 | 94.5 94 94.3 94.4 | 93.8 | 92.6 | 92.2
nai 94.4 | 94.9 | 94.8 | 94.1 95.5 | 94.7 | 94.2 | 94.4 96.7 | 94.4 | 92.7 | 92.5
adj 944 | 953 | 95.6 | 94.6 95.5 | 95.1 | 94.6 95 96.7 | 949 | 93.2 | 93.3

TABLE 5.1
Coverage probabilities based on estimating the asymptotic variance. Different rows
correspond to different methods for obtaining covariance matriz. or: using true
asymptotic variance matriz, def: default choice implemented in quantreg package, nai:
asymptotically optimal constant with scaling hn ~ n~'%, adj: asymptotically optimal
constant with scaling hn ~ N™Y/° as suggested by Theorem 4.4.

large values of S do not give crucial additional insights and are deferred to
the online supplement. Coverage probabilities for m = 4, 32 are reported in
Figure 5.2. For m = 4, the bootstrap and oracle confidence interval show a
very similar performance as soon as S > 20; this is in line with the coverage
properties for the bootstrap for 3. For m = 32, coverage probabilities of the
oracle confidence interval indicate that the sub-sample size n is too small
and the oracle rule does not apply, even for S = 2. Interestingly, coverage
probabilities of bootstrap and asymptotic confidence intervals differ in this
setting. This does not contradict our theory for the bootstrap since that
was only developed under the assumption that we are in a regime where the
oracle rule holds.
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Fig 5.1: Coverage probabilities for zJ3(7) for different values of S and
7 =10.1,0.5,0.9 (left, middle, right row). Solid lines: n = 512, dashed lines:
n = 2048. Black: asymptotic oracle CI, blue: CI from (4.2) based on t dis-
tribution, red: CI from (4.1) based on normal distribution, green: bootstrap
CIL Throughout zo = (1, ...,1)/m!/2, nominal coverage 0.95.
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Summarizing all results obtained so far, we can conclude that inference
based on results from sub-samples is reliable for S > 20. Since this does
not require additional computation, we recommend using the normal ap-
proximation for S > 20 for point-wise inference and the bootstrap if process
level results are required. For S < 20, estimating the asymptotic variance
within sub-samples and aggregating is recommendable. The simplest ap-
proach which is based on averaging variance estimators from the quanteg
package works well and does not require additional implementation, so we
recommend to use this for .S < 20.

t=0.1, m=4 1=0.5, m=4 1=0.9, m=4
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Fig 5.2: Coverage probabilities for oracle confidence intervals (red) and boot-
strap confidence intervals (black) for Fyx (y|zo) for zo = (1, ..., 1)/m!'/? and
y = Q(zo;7), 7=0.1,0.5,0.9. n = 512 and nominal coverage 0.95.
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APPENDIX A: APPROXIMATE LINEAR MODELS WITHOUT
LOCAL BASIS STRUCTURE

In this section, we consider models with transformation Z of increasing
dimension that do not have the special local structure considered in Sec-
tion 3.2. The price for this generality is that we need to assume a more
stringent upper bound for S and put additional growth restrictions on m in
order to prove the oracle rule. The conditions on K remain the same.

THEOREM A.l. Assume that conditions (A1)-(A3) hold and that addi-
tionally m&2, log N = o(N/S), cm(yn) = 0o(§,;}), K < N%. Then

(A1) sup [|B(r) = Bor(7)]

TETK

- on{(ZEENY "+ (RN ) 1 )

 gr0p (i s %) (SIS TENEY o,

If additionally K > G > 1, m3€2,(log N)® = o(N), c2,(yn)&mn = o(N~1/?)
we also have for any ro € X

(A2) sup|Z(zo) B(r) — Z(z0) Bor(7)|

TET

< || Z(=o)ll sup [B(7) = Bor(T)]| + flelgl(HKQ(wo; (7T) = Q(z0;7)]

TETK

+ sup |Z(x0) " B (7) — Qo3 7)| + op (|| Z(wo) [N 71/?)
TE
where the projection operator Il was defined right after (2.5).

The proof of Theorem A.1 is given in Section S.3.4.2. The general upper
bound provided in (A.1) takes a rather complicated form. Under additional
assumptions on ¢,,, major simplifications are possible. Due to space consid-
erations we do not provide additional details here, rather we implicitly carry
out the simplifications when proving the following result.

CoRrOLLARY A.2 (Oracle Rule for 3(7)). Assume that conditions (A1)-
(A3) hold and that additionally m*(log N)* = o(N), ¢2,(Yn)ém = o(N~1/2).
Provided that additionally S = o(N'/?/(m&2,(log N)?)) the estimator B(t)
defined in (2.3) satisfies

VNuy (B(r) = (7))
(ufJm' (T)E[ZZT] ] (T)uy)'/2

(A.3) ~ N(0,7(1 — 7)),
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for any T € T,uy € R™, where Jp,(7) is defined in the statement of Corol-
lary 3.3. The same holds for the oracle estimator Bo(T).

We note that m?*(log N)'© = o(N) imposes restriction on model com-
plexity. In particular, this requires m = o(N/4(log N)~5/2). An immediate
consequence of Corollary A.2 is the oracle rule for correctly specified models,
including linear quantile regression with increasing dimension as a special
case. In this case ¢, (yn) = 0.

COROLLARY A.3 (Oracle rule for correctly specified models). Assume
that conditions (A1)-(A3) hold and that the quantile function satisfies Q(x; T)
Z(z) "N (1) with a transformation Z(x) of possibly increasing dimension m
with each entry bounded almost surely. Then u]TVB(T) satisfies the oracle rule
provided that m*(log N)'® = o(N) and S = o(N'/?>m=2(log N)~2).

This corollary reduces to Corollary 3.3 in Section 3.1 when m is fixed. It
describes the effect of allowing m to increase on the sufficient upper bound
for S. We note that ¢,(yy) = 0 and &, =< m!/2 under the settings of
Corollary A.3, whose proof follows directly from Corollary A.2.

Both Corollary 3.9 and Corollary A.2 can be applied to local polynomial
spline models, but Corollary 3.9 puts less assumptions on S and m than
Corollary A.2, because Corollary 3.9 exploits the local support property of
splines. This is illustrated in the following Remark A.4 for the specific setting
of Example 3.6.

REMARK A.4 (Comparing Corollary 3.9 and Corollary A.2 with univari-
ate splines). Let Z denote the univariate splines from Example 3.6 and
let uy := Z(xg) for a fixed zy € X. We assume that (A2) and (A3)
hold and that X has a density on X = [0, 1] that is uniformly bounded
away from zero and infinity. We will verify in Section S.3.4.4 that (Al)
holds with &,, =< m!/2. For simplicity, assume that the bias ¢, (yy) satisfies
Emem(Yn)? = o(N~1/?). Corollary 3.9 shows that sufficient conditions for
the oracle rule are m?(log N)® = o(N) and S = o((Nm~'(log N)~*)1/2 A
(Nm~2(log N)~1%)). On the other hand, Corollary A.2 requires the more
restrictive conditions m*(log N)' = o(N) and S = o(N'/?m~2(log N)~2).

Remark A.4 indicates that Corollary 3.9 gives sharper bounds than Corol-
lary A.2 when both results are applicable. Note however that Corollary A.2
applies to more general settings since, in contrast to Corollary 3.9, it does
not require Condition (L). For instance, linear models as discussed in Corol-
lary A.3 can in general not be handled by Corollary 3.9. Finally, we discuss
sufficient conditions for the process oracle rule.
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COROLLARY A.5 (Oracle Rule for ,@(7‘)) Let xg € X, let the conditions
of Corollary A.2 hold. Suppose that T +— Q(xo;7) € AL(T), rr >n, N2>
K> G > NYO|Z(o)| 7, and sup.er [Z(zo) () — Qi 7)| =
o(||Z(z0)||N~Y/?). Let the limit Hy,(T1,72) defined in (3.14) exist and be
non-zero for any 11,7 € T

1. The projection estimator B(T) defined in (2.5) satisfies

VN
A4 ———(Z(x0) ' B() — Q(z0;-)) ~ Gy (+) in £2°(T),
( ) ||Z(1:U)H( ( 0) () ( 0 )) 0() ( )
where Gy, is a centered Gaussian process with B|Gy, (7)Gg, (7')] =
H,,(7,7'). This matches the process convergence of Z(xq) " Bor(T).

2. The estimator ﬁy|X('|ZE()) defined in (2.8) satisfies,

ﬂ(ﬁﬂXHzO) — Fyx(-]20)) ~ —fy|x (120)Gao (Fy|x (-]70))

1Z(z0) |l
in 0 ((Q(z0; 1), Q(zo; Tv7))),

where and Gy, is the centered Gaussian process from (A.4). The same
is true for F{}T‘X

The proof of Corollary A.5 is given in Section S.3.4.5. Note that the
condition on K is the same as in Corollary 3.10. Results along the lines
of Corollary A.5 can be obtained for any estimator of the form uX,B\(), as
long as upy satisfies certain technical conditions. For example, the partial
derivative, the average derivative and the conditional average derivative of
Q(x;7) in zx fall into this framework. For brevity, we refer the interested
reader to Section 2.3 of Belloni et al. (2017) for examples of vectors uy and
omit the technical details.

REMARK A.6. The weak convergence in (A.3) was derived with the cen-
tering «n for notational convenience. As pointed out in Chao et al. (2017),
other choices of centering sequences can be advantageous (for instance, this
is the case in the setting of partial linear models, see also Belloni et al. (2017)
for an alternative centering sequence). The conclusions of Theorem A.2 can
be generalized by replacing vy in there by other vectors By (7) as long as
certain technical conditions are satisfied. However, this requires additional
notation and technicalities. To keep the presentation simple we provide those
details in Section S.3.4.1 in the appendix. Similarly, the results in Section 3.2
could be stated in terms of more general sequences By instead of the one
considered in (3.8) at the cost of additional notation and conditions.
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SUPPLEMENTARY MATERIAL

ONLINE SUPPLEMENTARY MATERIAL: Distributed infer-
ence for quantile regression processes
(doi: COMPLETED BY THE TYPESETTER; .pdf). The supplementary
materials contain all the proofs, additional technical details, and additional
simulation results.
Additional Notation. This notation will be used throughout the supple-
ment. Let S~ ! := {u € R™ : ||u|| = 1} denote the unit sphere in R™. For
aset Z C {1,...,m}, define

(S.0.5)  RF:={u= (ur,...;un) €R™:u;+#0if and only if j € T}
(S.0.6) SP'i={u=(u1,....,um) €8™ ' :u;#0if and only if j € T}

For simplicity, we sometimes write sup. (inf;) and sup,(inf,) instead of
sup,c7(inf;c7) and sup,cy(infzcx) throughout the Appendix. Ij; is the
k-dimensional identity matrix for k € N.

APPENDIX S.1: AN ALTERNATIVE ESTIMATOR FOR Jﬁ(T)

Here, we provide a simple way to estimate the matrix J,,,(7) in a divide
and conquer setup provided that an additional round of communication is
acceptable.

1. Compute B3(7) on the master computer and send to each distributed
unit.
2. On each machine, compute

1

Tha() 1= 5 > T 1{ Vi = ZLB(T)| < )
" i=1

and send results back to master machine.
3. On the master, compute JE (1) := %Zle JP (7). The final variance
estimator is given by 7(1 — 7)JE (1) 15, JE (7)1
Provided that B(7) satisfies the oracle rule, the theory developed in Kato
(2012) for Powell’s estimator applies (note that the results developed in Kato
(2012) only require VN consistency of the estimator 3, which is guaranteed
by the oracle rule). In particular, following Kato (2012), the optimal rate for
the bandwidth h,, is given by hy ~ N~/ and an explicit formula for the
optimal bandwidth can be found on page 263 of Kato (2012). In practice,
the ’rule of thumb’ provided on page 264 in Kato (2012) can be used to
determine the bandwidth A,,.


http://dx.doi.org/COMPLETED BY THE TYPESETTER

The algorithm described above provides a simple way to estimate the
asymptotic covariance matrix of B(7) at oracle rate N~2/5 under the same
assumptions that guarantee 3 to satisfy the oracle rule. The additional com-
munication and computational costs are also fairly low since only the vectors

B and the matrices J; (T) need to be communicated and computation of
JP (1) on each sub-sample does not involve any optimization.

APPENDIX S.2: AGGREGATED BAHADUR REPRESENTATIONS

S.2.1. Aggregated Bahadur representation for general series ap-
proximation model. Note that Assumptions (A1)-(A3) imply that for
any sequence of R™-valued functions By (1) satisfying sup, ¢ sup, |Bn (1) Z(z)—
Q(x;7)| = 0o(1), the smallest eigenvalues of the matrices

(S.2.1)
Jm(Bn (7)) = E[ZZT fy1x(Bn(T) "ZIX)],  Jn(7) :=E[ZZT fyx(Q(X;7)X)]

are bounded away from zero uniformly in 7 for sufficiently large n. Define
for any vector of functions by : 7 — R™,

(S.2.2) gx(by) := sup |E[Z:(1{Y; < Z[bn (1)} — 7)]|.-

THEOREM S.2.1 (ABR for General Series Model). Assume that the un-
derlying distribution of (X;,Y;) satisfies conditions (A1)-(A3) and that m&2, logn =
o(n). Consider any sequence By(T) such that gn == gn(Bn) = 0(§,1), em =
em(BN) = o(1). Then we have

N
B(r)=Bn(r) = _%Jm(T)_l D Zi(1{Y; < 7] By (1)} =7)+rW (1) +r P (1)
i=1

where, for any Kk, < n/€2,, any sufficiently large n, and a constant C' inde-
pendent of n

(S.2.3) P(sup PP (7)) > C’Rl,n(/fn)) < Se~*n
TET

with

(S.2.4)

ot e () (5) o () () o

n
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Moreover there exists a constant C independent of n, S such that for n suf-
ficiently large and A > 1

(S.2.5) SUPP(HTJ(\?) (7')” > CRop(A, Hn)) < 2504 + 9e—H2
TeT
where
(S5.2.6)
Ak, 1/2 2 ) 3.1/
Bon(4skn) i= ﬁ(%) ((fmgN logn)'/? + <m§(nogn)) >

Rn

(1 ) ke

m&?n log n)
— )

See Section S.5.1 of the online Appendix for a proof for Theorem S.2.1. We
give a simpler expression for the remainder terms in the following remark.

REMARK S.2.2.  For subsequent applications of the Bahadur representa-
tion Theorem S.2.1, we will often set k, = Alogn for a sufficiently large
constant A > 0, and assume the remainder terms ’I“J(\P (1) + rg\?) (1), defined
in Theorem S.2.1, are bounded with certain order.

Under the conditions k, = Alogn, (logn)?S~' = o(1) and m > 1,
Ry n(Kn) + Ropn(kn) can be bounded by (neglecting a positive constant)

(S5.2.7)
m 1/2 logn rm\1/2 1/2 mé&2, (logn)3y 1/4
() s B2t ()
mé2, logn
R, + e oen

n

We note that without the condition (logn)2S~1 = o(1), we have an addi-
tional logn factor to the last two terms in (S.2.7).

REMARK S.2.3. A result along the lines of Theorem S.2.1 can also be
obtained by a direct application of the classical Bahadur representation (e.g.
Theorem 5.1 in Chao et al. (2017)), but that leads to bounds on remainder
terms that are less sharp compared to the ones provided in (S.2.3)-(S.2.6).
To illustrate this point, assume that Q(x;7) = x' B(1) with x denoting a
covariate of fixred dimension. In this case gn(BN) = cm(Bn) =0 and &, m
are constant. The classical Bahadur representation in Theorem 5.1 of Chao
et al. (2017) yields an expansion of the form

B\S(T) - IBN(T) = _%Jm('r)_l ZXis(l{Y;s < Q(XiSS T)} - T) + 7"781

i=1



4

where Jp, (1) == E[XXTfy|X(Q(X;T)]X)], rs = Op(n~%/*logn) and the
exponent of n in the bound on r; can in general not be improved. Applying
this expansion to the estimator in each group we obtain

(S.2.8)

_ 1 e , 1,
B(7) = Bn(7) = =55 m(7) ;Xia{n <X} -1+ g Z;T
Without additional information on the moments of r;, the bound r; =
Op(n=3/*logn) would at best provide a bound of the form %Zle rs =
Op(n=3/*logn). Thus by the representation (S.2.8) the oracle rule holds pro-
vided that n=3/*1logn = o(N~'/2), which is equivalent to S = o( N*/3(log N)~*/3)
for an arbitrarily small e > 0. In contrast, for c,(Bn) = gn(Bn) = 0 the
bound in (S.2.7) reduces to n~"logn +n=3/4S1/2(logn)7/*. Since N = Sn
this is of order o(N~Y/2) if § = o(NY?(log N)~2). This is a considerably
less restrictive condition than S = o(N'/3(log N)~*/3) which was derived
by the ’direct’ approach above. Similar arguments apply in a more general
setting of a linear model with increasing dimension or series erpansions.

S.2.2. Aggregated Bahadur representation for local basis func-
tions.

THEOREM S.2.4 (ABR for local basis functions). Assume that the under-
lying distribution satisfies conditions (A1)-(A3) and let Condition (L) hold.
Assume that m&2, logn = o(n), em(yn) = o(1) and that cpm(yn)? = o(€1).
Then we have for uy € Sy~ (defined in (S.0.6)) with I consisting of
L = O(1) consecutive integers (I is allowed to depend on n)

(S.2.9)
- N

WlB(r) — ulrn (7) = kT (7)™ S0 ZLY; < Z ()} - 7)
=1

+ rj(\p (t,un) + 7“53) (r,un)

where, for any Kk, < n/€2,, any sufficiently large n, and a constant C' inde-
pendent of n

(S.2.10) P<sup sup ||7"1(\p(7', uy)|| > CR%(/%)) < Se™fn,
TeTuNegghl

where
(S.2.11)

m logn ol 3n10n2+ 7271/{”
R{) (k) rngng sup <‘3(UIN”YN)(C’”(W)2+g . 3? 5 )

uNESZL_l
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Moreover there exists a constant C independent of n, S such that for n suf-
ficiently large and A > 1

(S.2.12) supP( sup

T uNESgL71

7"](3)(7, uN)’ > CR;%Q)(A, mn)> <2504 4 2¢7"n

where

e Kn 2 (logn)?
RglLQ) (A, k) = A sup  E(un,yn) (1 + W) (cm(’YN)4 + M)

UNES?_I "
1/2, 1/2 3/2
Ko 1o m (ke " Vlogn)
(S.2.13) + ATLITSI/Q (Cm<'7N)(Hn/ Vlogn) + nl/4 >

See Section S.5.2 of the online Appendix for a proof of Theorem S.2.4.
The following corollary gives an ABR representation which centered at
the true function.

COROLLARY S.2.5. If the conditions in Theorem S.2.4 hold, and addi-
tionally for a fited x9 € X, cpm(Yn) = o(||Z(z0)|N~?) then for any T € T,
(S.2.9) in Theorem S.2.4 holds with uy and uyyn(7) being replaced by
Z(xo) and Q(xo;7).

LEMMA S.2.6. In setting of Example 3.6 we have

sup  E|Z(x) ], (v (7)Z| = O(1)
TE€T,x€[0,1]

sup  E|Z(2)J, ! (T)Z| = O(1)
T€T,z€(0,1]

The proof of Lemma S.2.6 follows by similar arguments as the proof of
Example 2.3 on page 3279 in Chao et al. (2017) and is omitted for brevity.

APPENDIX S.3: PROOFS FOR SECTION 3 AND SECTION A

S.3.1. Proofs for Section 3.1. Here we provide proofs for Theorem 3.1
and the sufficient conditions for the oracle rule in Corollary 3.3 and Corol-
lary 3.4. Theorem 3.2 and the necessary conditions of Corollary 3.3 and
Corollary 3.4 will be established in Section S.3.3.

Theorem 3.1 follows from Theorem A.1 by noting that for any P € Py,
the quantities m, &, are constants that do not depend on N. Moreover, since
Jm(7) is invertible by assumptions (A1)-(A3), vn = B, and additionally we
have ¢y, (Ynv) = gn(7n) = 0.



The sufficiency of S = o(N'/?(log N)~!) for weak convergence of B in
Corollary 3.3 follows from the corresponding weak convergence of B, and (3.2)
which implies that under S = o(N'/?(log N)~!) we have B—Bo, = op(N~1/2).

It remains to prove the ’sufficient’ part of Corollary 3.4. As a direct con-
sequence of the second part of Theorem 3.1 we obtain

sup | B5(r) = Borg (1) < IMLBy () = B5()loo + 0 (N /%),

Next, note that by assumption, 3; € Al(T). Applying Theorem 2.62 and
Theorem 6.25 of Schumaker (1981), we find that

i () — < G "
($:31) nf 18,0) — gl S G

where O¢ denotes the space of splines of degree 7 over the grid ¢y, ..., tg on
T = [rz,7v] C (0,1). This together with Lemma 5.1 of Huang (2003) shows
that

(5.3.2) Mk B5(-) = Bi( Moo = O(G™").
Thus the ’sufficient’ part of the statement of Corollary 3.4 follows. O

S.3.2. Proofs for Section 3.2. This section contains the proofs of
Theorem 3.7 and the sufficient conditions for weak convergence in Corol-
lary 3.9 and Corollary 3.10. The proof of Theorem 3.8 and the necessary
conditions in Corollary 3.9 and Corollary 3.10 are given in section S.3.3.

S.3.2.1. Proof of Theorem 3.7. We begin with a proof of (3.10). Define

(83.3) Ra(S) = (1+ logN) (2vn) + W)

S1/2 N
i | Z(x0)||EmSlog N || Z(xo)|| <S§72n(10gN)10>1/4
N N1/2 N .

From Theorem S.6.2 in the supplementary material we obtain the following
representation for the oracle estimator

Z(zo)" 4 B & _
(S.3.4) sup (Bor(1) — N (7)) Ul,N(T)‘—OP(RN(l))
re7 |1 Z(20)||
where
(5.3.5)
~ oy v Z)" S N~ v T -
Uin(T):=—N HZ(«TO)HJm(’YN(T)) > Zi({Y; < Z{n (1)} — 7).

i=1
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Let uy := II%gggll and apply Theorem S.2.4 to obtain
(S.3.6) uh(B(r) — v (1) = Uiy (r) + P (1, uy) + ' (7, un)
with

P< sup ‘T’](\})(T, uy) +7"](3)(7', uy)| >

TETK
<2N?(35 +2)N~4

SIS

RgLn) (Alogn) + %Rgﬁ? (A, Alog n))

and RgL) (Alogn), R (A, Alogn) defined in Theorem S.2.4. Note that un-

n 2.n c
der assumption (L) we have &(uy,yn) = O(&,,}). Now a straightforward
but tedious calculation shows that under the assumptions of Theorem 3.7
we have, for any fixed constant A > 0,
R{") (Alogn) + RS2 (A, Alogn) = O(R,(S)).

2,n

Choosing A = 3, a combination of (S.3.4) and the bound above yields (3.10).
To prove the second claim we first shall prove that

(S.3.7) sup |O1n () = Un(7)|| = op(N71/2),
where
1 Z(wo) " e
(S.3.8) Up(7):=—N 1HZ(afo)|| Tm(T) Y Zi(1{Y; < Q(Xi57)} — 7).

i=1
This follows by similar arguments as Step 1 in the proof of Theorem 2.4 in
Section A.2 on pages 3294-3296 of Chao et al. (2017), by noting that the
conditions required there follow exactly by our (A1)-(A3), (L), (L1) where
we use that €2 (log N) = o(N), cpm(yn)? = o(N~/?) by (L1), and Z and L
in the statement of Theorem 2.4 of Chao et al. (2017) being the coordinates
of the non-zero components of Z(xo) and r, respectively.

The proof of the second claim is very similar to the proof of (A.2).
Use (S.3.7) instead of (S.3.34) and (S.3.4) instead of (S.3.30) and similar
arguments as in the proof of (A.2) to obtain

Eg?_’(HKZ(ZL‘O)Tﬁor(-))(T) - Z($0)TB\OT(T)‘ < 0P(||Z($0)HN_1/2)

+ sup | [Tk Qo3 ))(7) — Qoo 7)| + sup [Z(w0) Tyn (7) = Qs 7)
TeT TeT

+ sgﬂ};‘[HKZ(mo)TUN](T) - Z(xo)TUN(T) )

and bound the last term exactly as in the proof of (A.2).



S.3.2.2. Proof of (3.13) and the weak convergence of BOT(T) in Corol-
lary 3.9. Combining (S.3.4) and (S.3.7) we obtain the representation

Z(20)" (Bor(r) — YN (7))

-1 T -1 al ”Z(ZEO)H
= N2 () (1) YD 2LV < QX)) - 1)+ op (1),
=1

Moreover, by straightforward calculations bounding the terms in (3*10) we
obtain under assumption (L1) the representation Z(xg) " (B, (7) — B(7)) =
op(|Z(z0)| N-1/2).

To prove the weak convergence result for both BOT and 3, it thus suffices
to prove that

Z(xo) " I (7)1 Zi({Y; < Q(Xi57)} — 7)
fz Z(20) T I ( ) LR[ZZT] (7)1 Z(0)) /2 o MO,

This follows by an application of the Lindeberg CLT. The verification of the
Lindeberg condition here is a simple modification from finite dimensional
joint convergence in the proof of (2.4) in Section A.1.2 in Chao et al. (2017)
to pointwise convergence. ]

S.3.2.3. Proof of (3.15) and part 2 of Corollary 5.10. The proof of the
process convergence of 3,,(7) follows directly by Theorem 2.4 of Chao et al.
(2017). Moreover, the bound

sup | Z(z0) (B(r) — Bor (7))| = 0p(N /2| Z(x0)]))

TET
follows from Theorem 3.7 after some simple computations to bound the term

sup, et | Z(0)(B(1) — ,@OT(T))| and using similar arguments as in the proof
of (S.3.2) to obtain the bound

sup | [ Q(o; ))(7) = Qlwos 7)| = O(G™).

This implies (3.15). The proof of the second part follows by similar argu-
ments as the proof of Corollary 4.1 in Chao et al. (2017) and is omitted for
the sake of brevity. O

S.3.3. Proof of Theorem 3.2, Theorem 3.8 and necessary condi-
tions for S, G in Section 3.1 and Section 3.2.
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First, we will prove in Section S.3.3.1 that the oracle rule in Corollary 3.4
fails whenever G < NV(27 and that the oracle rule in Corollary 3.10 fail
whenever G < NV Z(20)|| =/, no matter how S is chosen.

Second, in Section S.3.3.2 we will construct a special class of data genera-
tion processes. This construction will be utilized in Section S.3.3.3 to prove
that the oracle rules in Corollary 3.3 and Corollary 3.9 fail if S > N1/2 or
Sz N1/2§;11, respectively.

Third, in Section S.3.3.4 we will prove that, provided G > N/(21-)
and S 2 N 1/2 the oracle rule in Corollary 3.4 fails and that, for G >
NYC0||Z(x0)|| 7/ and S > NY2¢.1, the oracle rule in Corollary 3.10
fails.

Fourth, in Section S.3.3.5 we will derive the lower bounds in Theorem 3.2
and Theorem 3.8 from the necessity of the conditions in Corollary 3.9 and
3.10.

S.3.3.1. Sharpness of the conditions on G in Corollary 3.4 and 3.10. Fix
an integer n; > 2 and assume that G = Gy < N 1/(2n7) We will now prove
that weak convergence in (3.5) fails for some (P,Z) € P1(d"2,1, f, F, fmin),
independently of the choice of S.

We begin by noting that it is possible to construct a function g on R
with the following properties: ¢ has support [—1,1], ¢ is 1, times con-
tinuously differentiable on R with absolute values of all the function and
derivatives bounded uniformly by 1, g does not vanish on R. From the
properties listed here it is clear that g is not a polynomial and hence,
dr, == infpep, sup,er—11719(x) —p(x)| > 0 for any fixed r > 1, and r; € N,
where P,._ is the space of polynomials of degree r.

We now construct a function @ on 7 = [71, 7] that is a proper quantile
function with the following properties: the corresponding distribution func-
tion F' is twice continuously differentiable, its density f satisfies (A2)-(A3)
and there exists a subsequence N and € > 0 such that for all k

S.3.9 G77-r inf su ) — (T >€’
( ) NkPG??TT(GNk)TE$-|Q( ) p( )| =

where PP,_(G) is the set of piecewise polynomials of degree r, defined on a
the equally spaced grid 77, =t v < ... <tgy N = Tu. Begin by considering
the case limsup_,.o GNn = 00. Pick a subsequence Nj of N and a sequence
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of integers v;, < Gy, such that

vi(Tu — 71) (v + 1) (v —71)
I =
pi= | v, Tt an, |
k—1 k
C<7L+(TU—TL)Z2_j,TL+(TU—TL)Z2_j>-
j=1 j=1

By construction, the intervals I, are mutually disjoint and each interval is
contained between two adjacent knots in the grid ¢ n,, ..., LGy, N+
Define for some a, ¢ > 0 (specified later):

(S.3.10) Q1) :==ar + CZ(QGNk)_"Tg(QGNk (1 —sk)/(tu — L))
k=2

where s; denotes the midpoint of I;. Note that by construction the supports
of 7+ g(2Gn, (T — s) /(1 — 71,)) do not overlap for different k, so for each
fixed 7 only one summand in the sum above does not vanish. Moreover, again
by construction, the support of 7 — g(2Gn, (T — si)/(T7v — 71)) is contained
between two knots of the form (1 — 77)vi/Gn,, (T — 71) (v + 1) /G, for
some v, € N. Hence, (S.3.10) implies that

8311 lnf Ssu T) — T > c 2G 7777_dr7—.
(8.3.11) e SUPIQ(T) — p(r)] 2 (26w,

Suppose now that limsupy_,., Gy < oo. Since in this case Gy is a
bounded sequence of natural numbers, it must take at least one value, say
Ny, infinitely often. Let s := 71, + (1t — 71.) /(2G N, ). Define for a, ¢ > 0,

(8:3.12) Q(7) := a7 + c(2GN,) " 9(2G N, (T — )/ (TU — 7L))-
Similar to (S.3.11), we have for N = Ny

8313 lnf Ssu T) — T > c 2G 77]Tdr7—.
(3.3.13) e SURIQ(T) — p(r)] 2 (26w,

Simple computations show that for the @ defined in (S.3.10) or (S.3.12)
sup, |Q'(7)] < a + ¢,sup, |Q"(7)] < ¢,inf,Q'(7) > a — c¢. Hence a,c >
0 can be chosen such that (A2)-(A3) hold for F = Q~!. Thus we have
established (S.3.9).

Now let P(X; = m'/?e;) = 1/m for j = 1,...,m and let Z(x) = = and
assume Xi,..., Xy are i.i.d. Let Y7,...,Yx be independent of {X;}1—1 .
and have quantile function () for which (S.3.9) holds and (A2)-(A3) hold
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for F = Q~'. To simplify notation, assume that (S.3.9) holds with N = Nj.
Observe that by definition 7 — §;(7) € PP, (Gy) for any j =1, ..., d, where
we recall that B(7) is a vector of B-spline basis with degree r.. Thus we have
almost surely for all N

(S.3.14)
Gy sup |B;(7) = Bi() = Gf _inf  sup|p(r) — Q(7)| = > 0.
TET peﬂ)ﬂ)”'f (GNk) TET
Note that (S.3.14) holds regardless of the number of groups S. Now, since
Gy < NV we have C := SUPN>1 GT /NY? < oo and thus (S.3.14)
implies that for all N

(S.3.15) NY2sup |B;(7) — B;(1)| = ¢/C >0 a.s.
TET

Now assume that the weak convergence (3.5) holds. We have by the contin-
uous mapping theorem

(S.3.16) VN sup |B;(r) — ()| ~ sup |G(7)],
TET TET

where G is a tight, centered Gaussian process with continuous sample paths.
By the arguments given on pages 60-61 of Ledoux and Talagrand (1991), it
follows that sup,cs|G(7)| has a continuous distribution with left support
point zero, and thus P(sup,c7 |G(7)| < §) > 0 for all § > 0. This also implies
that [e/(2C), 00) is a continuity set of the distribution of sup, s |G(7)|, and
thus the weak convergence together with the Portmanteau Theorem implies
that

lim P(\/Nsup 1B;(r) = B;(r)| > 5/(26’)) - P(sup IG(r)| > 5/(20)) <1
N—roo TeT TeT
This contradicts (S.3.15), and thus the weak convergence (3.5) can not hold.
Arguments for the case in Corollary 3.10 with increasing m are similar as
above, except that the rate of weak convergence in (S.3.16) is VN || Z(zo)|| =",
and Gy < NY 1) Z (o) ||~/ O

S.3.3.2. A special class of data generation processes. Consider a family
of quantile functions Qq () = at?® + br, 7 € (0,1) indexed by a > 0,b > 0.
The corresponding distribution functions Fj; have support [0,a + b] and
take the form

= (—b+ (b® +4ay)/?), a>0,b>0;

$.3.17 Faply) =
(5347 s8) {g, a=0,b>0.
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Note that the first two derivatives of the function Fj; defined in (S.3.17)
are
wo(®) = (0% +day) ™% Fy(y) = —2a(b” + day) ™2

and in particular

inf  Fpy(y) > (0+20)70 sup [F,(y)| <b7h sup [Fgy(y)] < 2070

a 9
y€[0,a-+b] y€[0,a+b] y€E[0,a+b]

Choosing b = 1/f and a such that

(5.3.18) 0 <20 < (1 foin = 1/F) 7 (F()?)
ensures that
(S.3.19) B B
inf  Fpy(Y) > fmin,  sup |Fo ()| < f,  sup [F () < f.
y€[0,a+b] y€[0,a-+b] ye[0,a-+b]

Let Yi,...,Y, be ii.d. with distribution function Fj; and X;y,..., X,, ii.d.,
independent of Y7, ..., Yy, and such that P(X; = ejy/m) =1/m,j=1,...m
where e; € R™ denotes the jth unit vector. In this model, we have

ZPT(Yi -B'X;) = Z Z pr(Yi — v/mp;).
i—1

j=1i:X,=e;
Define A; := {i : X; = e;}, nj := #A;. Letting

(S-3.20) B(r) = argmin » _ p,(¥; — B7 X;)
BER™ 21

we find that Bj(T) = argmingg Zi:Xi:ej p-(Y; — y/mb), and by p.9 in
Koenker (2005) the solution of this minimization problem with smallest
absolute value is (;(7) = m_1/2Y(]M]_ﬂ)1{nj > 0} where Y(]k) is the k-th
order statistic of the sample {Y;};c4, and [u]| denotes the smallest integer
greater or equal u.

Now assume that m,n, K, G are sequences of positive integers indexed by
N — oo such that n > 2,m < n,n = N/S for an integer S.

In Section S.7 of the online Appendix we shall prove the following facts

about Ej(T) defined above

1. For any fixed 7 € T, b > 0 and any a,,q, > 0 there exists a € [0, aqz]
such that

(S.3.21) lim sup n E[ml/QBj(T)] — Qap(T)| >0

N—oco ™M

(S.3.22) %Var(mwﬁj(f)) S
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2. Assume that G > (N/m) for some a > 0 and N/m > 1. Let f;(7) :=
Eszl Ay (1) B (1) where

K -1
(S.3.23) Ap(r) == B(T)T<ZB(Tk)B(Tk)T> B(7:),
k=1

and we recall that B = (Bj, ..., B;) " where {By, ..., B,} B-spline basis
with equidistant knots 77, = t; < ... < tg = 7y and degree r > n,. For
any closed interval 7y C 7 with non-empty interior and any am,q., b > 0
there exists a € [0, amaz| and a sequence 7y in 7Ty such that

(S.3.24) lim sup n E[ml/QBj(TN)] — Qap(Tn)| >0
N—oo M ,

(S.3.25) %Var(ml/QBj(TN)) <1

S.3.3.3. Necessity of conditions of oracle rules in Corollary 3.3 and Corol-
lary 3.9. Fix an arbitrary 7 € 7. Let Y1, ..., Yy be ii.d. with distribution
function Fjp defined in (S.3.17) and independent of Xj,..., Xy where X
iid. with P(X; = ejy/m) = 1/m,j = 1,...,m. Let Z(z) := x. Define
b=1/f and pick a satisfying (S.3.18) such that (S.3.21)-(S.3.22) hold.

We begin by considering the case where m = d is fixed. Denote by P the
measure corresponding to X7, Y7. Due to the choice of a,b and the distribu-
tion of X the pair (Z, P) is an element of P1(d'/2,1, f, ', fmin). Moreover,
by construction, {Bj(T)}szl,”_75 are i.i.d. and @1(7') has the same distribution
as Bj(T) defined in (S.3.20).

Next, we shall prove that weak convergence of 3 in Corollary 3.3 fails for
u = e;. Given (S.3.22), a simple computation shows that

(8.3.26) E[(VN(B1() — E[By(7)]))%] = gvar(gl(T)) = nVar(Bi(7)) S 1
for any fixed 7 € 7. Thus the sequence v/ N (B;(7) — E[B;(7)]) is uniformly
integrable.

Now assume that the that weak convergence of 3 in Corollary 3.3 holds.
By (S.3.21) we know that for S > N2 and any fixed 7 € T

(8.3.27) [E[B,(7)] - Bu(7)| 2 1/n = S/N 2 N™V/2,

If [E[B, (7)]—B1(7)| =< N~1/2 uniform integrability of v N (B, (7)—E[3;(7)])
implies uniform integrability of v/N(B,(7) — B1(7)). In that case weak con-
vergence of B implies E[v/N(B;(7) — B1(7))] = 0 by Theorem 25.12 on p.338
of Billingsley (1995), which contradicts (S.3.27).
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If ‘E[Bl (1)]—p1 (7‘)‘ > N-1/2, (S.3.26) implies that NE[(3,(7)—B1(7))?] —
00, and thus v N |B1(7) — B1(7)| diverges to infinity in probability, which
contradicts weak convergence of 3.

Now consider the setting of Section 3.2 where m — co. With the choice of
X described in Section S.3.3.2 we have (1) = m~Y2Qu4(7)(1,...,1)T €
R™, &, = m'?, ¢;y(vn) = 0. The matrix E[ZZ ] is the m x m identity ma-
trix while Jy,(7), Jm(vn (7)) are diagonal with entries bounded away from
zero and infinity. A simple computation shows that (L) holds with = 1. De-
note by Py the sequence of measures corresponding to X;, Y;. Picking m such
that m?(log N)8 = o(N) ensures that (Z, Py) lies in Pr(1, f, f', fmin, R) for
any R > 1. Letting zg = Z(z9) = e1 € R™ the weak convergence in (3.13)
takes the form

X 1 25(7) = Qua(r) = N (0. (7)

for some constant o (7). Moreover, (S.3.22) yields

E[(VNm~"2(m!/2B, (1) — m'/*E[B(1)]))’]

. . -
— %Var(m1/251 (1)) = %Var(ml/%l(ﬂ) S

while (S.3.21) implies that for S > N/2/m1/2 = N1/2¢-1
‘E[m1/2gl (7_)] _ Qa,b(T)’ Z m/n — mS/N z m1/2]\771/2.

Now failure of weak convergence in (3.13) can be established for xy =
Z(xo) = e; € R™ by exactly the same arguments as given in the first part
of the proof for the fixed m case, details are omitted for the sake of brevity.

S.3.3.4. Necessity of conditions for oracle rules in Corollary 3.4 and Corol-
lary 8.10. Fix a subset 7o C T which is closed and has non-empty interior.
Let Y1, ..., Y be i.i.d. with distribution function Fj; defined in (S.3.17) and
independent of X1, ..., Xy where X; i.i.d. with P(X; = ej/m) =1/m,j =
1,...,m. Let b= 1/f and pick a satisfying (S.3.18) and a sequence 7y in 7o
such that (S.3.24)-(S.3.25) hold. Since 7y is a sequence in a compact set, it
must have a convergent subsequence 7y, — 79 € 7. From now on, we will
without loss of generality assume that N = Nj.

Assume that (3.5) holds. Process convergence in (3.5), along with the
continuity of the sample paths of the limiting processes, implies that the
sequence of random variables v N(m!/23;(7x) — Qu5(Tn)) converges to a
centered normal random variable. This can be led to a contradiction with
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(S.3.24)-(S.3.25) by similar arguments as in Section S.3.3.3 after observing
that by definition 31(7) = S~! Zle Bi(7).

The proof that (3.15) fails can be done similarly, and details are omitted
for the sake of brevity. O

S.3.3.5. Proof of Theorem 3.8 and Theorem 3.2. The proofs of both re-
sults follow by the same type of arguments, and thus we only give details
for the proof of Theorem 3.2. This proof will be based on the necessary
conditions in Corollary 3.3 and Corollary 3.4.

First we derive (3.3) by contradiction. Assume that for some 7 € T we
have for any (P,Z) € Py and C > 0 that P(||8(7) — Bor(1)|| > CS/N) — 0.
Then B3(7) — Bor (1) = 0p(S/N) and thus vV N(B(7) — B(7)) ~ N(0, H(7, 7))
even if S = N1/2. However, this contradicts the necessity statement in
Corollary 3.3 (in the proof of Corollary 3.3 we show that for any 7 € T
if S/N1/2 > 1 then there exists (P,Z) € P; such that this weak convergence
fails).

The claim in (3.4) will be derived from the 'necessary’ part of Corollary 3.4
by similar arguments. Assume that (3.4) does not hold, i.e. there exist ¢,n >
0 such that for any (P,Z) € P; and any zo € X with 7 +— Q(z0;7) € Al we
have for any C' > 0

. ~ CS _
P(jg;;HB(T) — Bor(T)[| = ~ tCG "> = 0.

This implies

~ ~ S B
sup |1B(r) = Bor (7)]| = 0r (% +G7"),
TET
and the process convergence v N (,@or — B) ~ G implies VN (,@ - B) ~ G.
This contradicts the necessity of S = o(N'/2) and G > NV in Corol-
lary 3.4. Hence (3.4) follows. O

S.3.4. Proofs for Section A. Recall the definition of gy (by) in (S.2.2)
and ¢, (by) in (3.9). As mentioned in Remark A.6, the results in Section A
hold for general ’centerings’ By (which includes x as a special case) pro-
vided that certain technical conditions are satisfied. The precise form of
those conditions is discussed in section S.3.4.1. There, we show that ~x sat-
isfies those general conditions. In sections S.3.4.2 and S.3.4.5, all theoretical
results will be proved for By instead of ~x under the general conditions
described in section S.3.4.1. The results with vy in Section A follow as a
special case.
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S.3.4.1. Details of Remark A.6. Assume that (A1)-(A3) hold. Corol-
lary A.2 holds for any sequence of centering coefficients By under the fol-
lowing conditions: S = o(N'2/(m&2,(log N)?)), Sc2,(Bn)mlog N = o(1),
and
(B1) gn(Bn) = o(N~'/?) and m*(log N)' + m?¢;, = o(N).

(B2) mcn(Bn)log N = o(1) and the sequence uy (in Corollary A.2) satis-
fies

xv(un, By) = sup N (1) TE[Z (1{Y; < Q(Xi; 7)) — 1{Y; < Z?BN(T)})]’

= o(lun | N"?).

Furthermore, Corollary A.5 holds under the additional restriction ¢, (By) =
o(||Z(z0)||N~1/2) and the other conditions on Q, G, K stated in Corollary A.5.

In the sequel, we verify that, assuming the conditions stated in Corol-
lary A.2 and Corollary A.5 respectively, vy satisfies the conditions given
above. Note that some conditions in these theorems overlap with the condi-
tions stated above, so we only need to verify that the conditions c2,(yn)&m =
o(N~12)and S = o(N'/2/(mé&2,(log N)?)) in both theorems imply gn (vn) =
o(N~V2), xn(un,vn) = ol Jun||[N~2), S¢2,(yn)mlog N = o(1) and more-
over mepy, (yn)log N = o(1).

Under the definition of vy in (3.8) and (A1)-(A3), we have gn(yn) =
O(&c2,(yn))- To see this, note that under (A2),

Z(FY\X(ZT’YN(T)‘X) —7)= ZfY|X(Q(X§T)|X)(ZT'7N(T) - Q(X;7))
(8.3.28) 2 (G(X )X i (7) — QX))

where (X, 7) is a value between Z(X) vy (7) and Q(X; 7). Thus

(5329) gw(yv) = smp |BZ(Fyx (2T ()1 X) - 7))
TE
?Cm(7N)2
< LI 7)) = O, (),
where the second inequality follows from the first order condition
E[Zfy1x (Q(X;7)|X)(Z (1) — Q(X;7)] =0
by the definition of vy in (3.8) and (S.3.28). Moreover,

xv(un,yv) = sug\uJTva(T)’lu(w(T)ﬁﬂ < Jlun|2gn (Yn)-
TE
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Hence, 2, (yn)&m = o(N~Y/2) implies gy (yn) = o(N /%) and xn (uy, ) =
o(|[uy||N~1/?). In addition,

Sc2 (yn)mlog N = o(SN~Y2¢ - Imlog N) = o(1),

where the first equality is from ¢2,(yn)&m = o(N~Y/2) and the second from
S = o(N'/2/(mé2,(log N)?)). Finally

mep(yn) log N = o(mN~"*log N) = o((m*N~" (log N)*)!/*) = o(1)

where the first bound follows from ¢2,(yn)&m = o(N~Y/2),&,, > 1 and the
third bound from m*(log N)'* = o(N).
O

S.3.4.2. Proof of Theorem A.1. We begin by proving of (A.1). From The-
orem S.6.1 in the supplementary material, we obtain the following represen-
tation for the oracle estimator

(S.3.30)

N
Birlr) = B(r) = = () LB < 2] B(r)} = 7) 1)
where sup,cr |79 (7)|| = op(RS) and

Re Cm(ml;)\f;N>1/2+C%1 - (”%ngvﬂfnggl)

((mg;c;(log N)3>1/2 n (W) g 4).

1
+ N1/2

Next we will prove that under the assumptions of Theorem A.1 we also have

(S.3.31)

sup [[B(r) — B (7) + T ”Zz (Y < 2] By ()} — 1) = Op(B)

TETK

where

Ry i— Cm<ml§)VgN>1/2+0,2n§m+ (Smg]”vlogNH%@ (1

+
s (meaog 7)1 4 (Sotatos M)

)
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To this end, apply Theorem S.2.1. A simple computation shows that the
quantities Ry ,, Rop defined in (S.2.4) and (S.2.6) of Theorem S.2.1 satisfy

Ry n(Alogn) + Ry p(A, Alogn) < CRy

for any fixed A > 0. Thus we obtain from (S.2.3) and (S.2.5) that there
exists Ng such that for all N > Ny and any 7 € T

(S.3.32) P(||rY(7) + ()| > CRy) < 207435 + 1),

where

2 J —llNZ1Y<ZT _ (2)
B(7) = BN(T) +Tn(T) N; (WY <Z; BN(T)}—7) =) (1) +7y (7).

Choosing A large enough ensures that

(S.3.33) s€u7P HTE\P (1) + 7“53) (7)|| = op(Rn),

and we obtain (S5.3.31).

Next we prove (A.2). Recall the definition of the projection operator Il
right after (2.5).

Step 1: ||k |leo == supj | =1 Ik fllec < C for a constant C > 0 inde-
pendent of K.
We will apply Theorem A.1 of Huang (2003), and for that we need to vali-
date conditions A.1-A.3 of Huang (2003). Note that none of these conditions
is associated with the functions being projected on the spline space — all con-
ditions are associated with the design and the selection of basis functions.
We first show that Condition A.1 of Huang (2003) holds in our context. By
the definition of grids t1, ..., t¢ and 1, ..., Tk, each interval [ty, t511] contains
ck, i spaced grid points of the form 7 + I(7;, — 7y)/K. Hence, applying
Lemma S.8.2, we obtain for j =0,...,G — 1 and any f € O¢g

B C, tir1
Kt E f2<7'k) < (l—i— —_— T 1)/ fz(:c)dx,
k:m€(t,ti41] K~ t
k Jotj+1

and

Y Pez (- 05 [ P

cig—1
kZTkG(tj,t]‘+1] g J
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for a constant C).. that depends only on r;. Since ming—; g cjx — 00 it
follows that for sufficiently large K Condition A.1 of Huang (2003) holds
with v = 1/2 and v, = 2.

Conditions A.2 (i) and (ii) of Huang (2003) easily follow from the fact
that 7 is bounded. Finally, the definition of the knots ensures that A.2 (iii)
in Huang (2003) holds. Condition A.3 holds since B-spline basis is used in
the projection procedure, cf. the discussion following Condition A.3 on page
1630 of Huang (2003).

Thus conditions A.1-A.3 in Huang (2003) are satisfied, and Theorem A.1
of Huang (2003) shows the existence of a constant C' such that |l f|lcc <
C| floo for all functions f € £°°(T). This completes the proof of step 1.

From the definition of B and linearity of Ilx we obtain

Z(x0) " B(r) = (MxZ(z0) ' B())(7)

and thus

Z(20) " (B(7) = Bor(7)) = (Mx{Z(x0) " [B(-) = Bor(N}(7)

Observe that

sup | (e {Z(20) [B() = Bor (NIN(7)| S 500 |220)TB(7) = B (7]

TET
Hence it remains to prove that

~

sup |(1x Z(20) " Bor () (7) = Z(0) " Bor (7)

TET

< sup (M Q(e ) () = Qaei )] + op(|ZLan) [N 172

From Theorem 2.1 of Chao et al. (2017) we obtain

~

(5.3.34) Z(0) ' Bor (1) = Q(wo; 7) + Z(wo) "Un(7) +rn(7)
where

N
(S.3.35) Un(r) = =N "I (7)) Zi(1{Y; < Q(Xi57)} = 7)

=1
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and sup, cr [y (7)] < supyer | Z(w0) Tyn (7) - Qa0 7)| +op (|1 Z o) | N7/2).
This implies

sup ‘(HKZ(xO)TBor(-))(T) _ Z($0)T,B\or(7')‘ < OP(HZ(:BO)”)

TET N1/2
+ EE’I;’[HKQ(JU(); IN(T) — Q(z0; T)‘ + ig};’z(xo)T’YN(T) — Qa0 7)|
+ Sgg’[HKz(on)TUN](T) _ Z(xo)TUN(T)’.

and it remains to bound the last term. From Lemma 5.1 of Huang (2003)
we obtain that

(S.3.36)
sup | (I Z(x0) "Un)(7) — Z(x0) "Un(7)| < C inf sup|Z(zo) Un(r) — F(7),
TET feeqg TeT

where C' is an absolute constant and O¢ is the space of splines of degree r;
with knots t1,...,tq on T = [rz, 7y| C (0,1). The right hand side of (S.3.36)
can be related to the modulus of continuity. Indeed, using Theorem 6.27 of
Schumaker (1981) we have for an absolute constant C' > 0,

(S.3.37) _inf sup|Z(xo) TUN(T) - f(7)|
fE@G T€T

Z(xo)||
<C sup Z(zo) ' Un(T) — Z(z) " Un(7)| = 0 ” ,
7,7 €T, |T—1|<6 | ( 0) N( ) ( O) N( )‘ P< N1/2 )

where § = maxo<j<kx—1(tj4+1 —t;) = o(1), and the last equality follows from
Lemma S.8.1. Thus the proof of (A.2) is complete. O

S.3.4.3. Proof of Corollary A.2. From Theorem 2.1 of Chao et al. (2017)
we obtain the representation

Z(w0) " (Bor(7) — (7))

= ~Z(0) " (T)_llf:Z-(l{Y- < Q(Xi;7)}—7) +0P(HZ(900)H>
" NI l o " N2 )

Moreover, by straightforward calculations bounding the terms in (A.1) we
obtain the representation Z(l’o)T(ﬂor(T)—,@(T))A: op(||Z(zo) |N—1/2). Hence
to prove the weak convergence result for both 3, and 3, it suffices to prove
that

1 i Z(x0) " I (1)1 Z(1{Y; < Q(Xy57)} — 7)

VN £ (2a0) o Bz e ey VO =)
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This follows by an application of the Lindeberg CLT. The verification of the
Lindeberg condition here is a simple modification from finite dimensional
joint convergence in the proof of (2.4) on page 3292 in Chao et al. (2017) to
pointwise convergence. O

S.3.4.4. Details for Remark A.4. In the proof below, we will use the
notations in Example 3.6: polynomial spline éj, J’th knot ¢; and degree q.

We first verify (A1). The bounded spectrum E[ZZ ] follows by the ar-
gument in Example 3.6. We note that every univariate polynomial spline
function satisfies \B | < C almost surely for some constant C' > 0 for all
J < m. Moreover, the support of B and By, is disjoint unless l7—k| <q¢+1.
Hence, we have almost surely

k—q—1

g-1 1/2
> Bj(Xz‘)2>

j=1

m1/2<

On the other hand, since each Ej (X;) is nonzero almost surely, ||Z;|| = m!/?
and &, =< mY/2.

We now verify the sufficient conditions of Corollary 3.9 and Corollary A.2
under the conditions made in this remark. Condition (L) holds given the dis-
cussion in Example 3.6. (L1) and the conditions ¢ (log N)® = o(N), ¢2,(yn) =
o(N -1/ 2) hold under the assumptions of this remark. On the other hand,
the sufficient conditions of Corollary A.2 can be easily verified by the as-
sumptions of this remark since &,, =< m'/2.

(S.3.38) ||Zi|| = m1/2<

k—q—1

1/2
1t S X< tiagn}) Sl
j=1

S5.3.4.5. Proof of Corollary A.5. Similar to Section S.3.4.2, we will prove
the weak convergence of B(7) in models with centering coefficient By (7)
from a class specified in Section S.3.4.1.

The process convergence of ||z\(F)|| (Z(l’o)TBor(-) — Q(z0;+)) is exactly
Theorem 2.1 of Chao et al. (2017). A straightforward computation shows
that under the assumptions of Corollary A.5 the results in (A.1) and (A.2)
yield

sup ————

.
S )] 220 Por () = 200) ()| = or ),

This yields the claim in the first part. The proof of the second part follows
by similar arguments as the proof of Corollary 4.1 in Chao et al. (2017), and
is therefore omitted for brevity. O
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APPENDIX S.4: PROOFS FOR SECTION 4

S.4.1. Proof of Theorem 4.1. Since the proofs under the assumptions
of Corollary 3.4, Corollary 3.10 and Corollary A.5 are similar, we will only
give a proof under the conditions of Corollary A.5. Define

Wi = vVn(Z(wo) B(7) = Q(wo; 7)), 7 :=nZ(wo) SPZ(wo)

and
DN = P<51/2|WN| < 3t5—1,1—a/2>-

Throughout this proof, we will write Sy instead of .S in order to emphasize
that S depends on N. First, observe that along any sub-sequence Nj such
that Sy, only takes the constant value Sy > 2 we have

VI Z0)TBN(7) — Qao; 7)o Blae) B(T) — Qi 7)) - N(0, Is,)

n

where Ig, denotes the Sy x Sy identity matrix and

Z(20) " Jon(T)'E[ZZ ) 0 (7)1 Z(20)

2 _r(1—71
on =717 1Z(zo)P

n

Observe that Z(z)T SPZ(x0) is the sample variance of {Z(xo)TB\S}S:L._,,S.
As a direct consequence of the continuous mapping theorem, we obtain
PN, — (1—a). By the definition of convergence of a sequence of real numbers
to a limit, this also implies that for any fixed Sy > 2

lim sup |py — (1 — )| =0,
No—00 N>Np:Sy=5

which in turn yields that for any fixed S

lim sup lpn — (1 — )] = 0.
No—=00 N> Ny:2< Sy <S

Next observe that for any fixed € > 0

Ols_1,1-a/2
’ 1| > )
on® (1 — a/2) ‘— N

n P()sl/%;vlyWM o1 - a/Z)‘ <ed (1 - a/2))

A

+ ]P(sl/%;vlywm <o(1-a/2)) - (1- 04)‘.
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Under the assumptions of Corollary A.5, we have the decomposition
Z(z0)" B (1) = Q(a0;7) + L (7) + 75(7)

where sup,_y g [r(7)| = op(||Z(z0)[n~/?) and

ZZ .1'(] m Z( zs)(l{Y;s<Q( isy T )}_T)'

This implies

SN
52 — SNn— : Z <Z($0)T,§s(7) — Z(xo)TB(T)>2
n SL;NI >
S Z (L;(T) — Sy ZLZ(T)) +op(1)
s=1 s=1
Sn SN

=: 57, + op(|Z(z0)]*)

where the op(1) term is for N — oo for arbitrary sequences Sy. Noting
that E[(v/nLg(7))* /o] is bounded uniformly in n, s and that E[L$(7)] = 0,
E[(v/nL$(7))?] = 0%, an application of the Markov inequality shows that
there exists a constant C' such that for any fixed € > 0 and any Sy > 2

P15

Next, observe that |62 /0% — 1| > |6, n/0on — 1| and thus

LN

>5)<C’S 1.2,
GN

Ots_11-a/2 71‘ ‘ 1‘ t11-a/2 ‘ ls—11-a/2 1‘
on® (1 — a/2) “lon > 1(1—aw/2) [1071(1—-a/2)
< l1,1—a/2 ls—1,1-a/2 ‘

= e e e
- ‘O’N d1(1—a/2) 10 1(1—-a/2)

It follows that for any fixed e > 0 and S with ]tg_Ll_a/Q/(I)*l(l—a/Q)—1\ <

£/2 we have for some constant C

. 8tS—l 1—a/2 =~ a— t11 a/2 2 _9
lim sup P(‘ e —1‘ > 8) <CS (_—) €
N—oo:Sy>8 on® 1(1—0[/2) i 1(1 —Oé/2)
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Finally, noting that S'/20'|Wx| ~ |[N(0,1)|, we have

nmsupp(‘sl/%mw el a/2)‘ <ed (1 a/Z))

N—oo

- p(‘w(o, 1) — o1 - a/2)‘ <07l (1-0a/2))

and
|P(s205 Wl < @711 = a/2)) — (1= a)| - 0.

Combining all results so far, we obtain for any fixed ¢ > 0 and S with
‘t§—1,1—a/2/q}71(1 —a/2) -1 <¢g/2

h]rvnjélop )pN —(1— a)‘ <CS§™! (q)_?(’ll__ag/z)ye_z

+ P(‘U\/(O, - @11 - a/Z)‘ <ed7l(1-a/2)).

The right-hand side can be made arbitrarily small by the choice of fixed
values for ¢, S, and thus py — (1 — «). This completes the proof of the first
part of Theorem 4.1. The second part follows easily since tgy _11-a/p2 —
P11 - a/2)if S — oco. O

S.4.2. Proof of Theorem 4.2. Since the arguments under the as-
sumptions of Corollary 3.10 are very similar to the arguments under the
assumptions of Corollary A.5, we will only give a proof in the latter case.
Note also that Corollary 3.4 follows from Corollary A.5. Define

2|

S n
Gy (1) == - ! D (wer=1)Z(z0) T, (1) Y Z(Xis) (1{Yis < Q(Xis; 7)}—7)
s=1

i=1
and

S n

G (7) 1=~ 3 Zwo) T (1) S Z(Xi) (¥ < Q(Xisi )} 7).

s=1 =1

Throughout the proof, let C,, := 1 4 v/2 and note that wsp < O almost
surely. The proof will rely on the following two key steps:
Step 1: prove that for any fixed B € N

VN

(S.4.1) m(@ﬂ-»@ﬁ?(-), G ()) (G (), GD (), ., G ()
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as elements in (¢*°(7))P*+! where the processes Gg)), ...,GQOB) iid copies of
the process G, defined in (A.4) and that Gg\lf) (+) is asymptotically uniformly
equicontinuous in probability.

Step 2: prove that uniformly in 7 € T we have for j =1,..., B

(542 2(w)" BV ()~ Bir)) = 6§ (7) + o (L2ENNY,

Given the results in step 1 and step 2, exactly the same arguments as those
in the proof of Corollary A.5 (replacing (S.3.34) by (S.4.2) and (S.3.37) by
uniform asymptotic equicontinuity of G;O); note that G( ) in the present
setting corresponds to Z(z¢) ' Un(7) in the proof of Corollary A.5) show
that for j=1,..., B

~

sup [2(a0) (B9 (7) - B(r) - €P()] = op (L2501,
TET N1/2
and together with Step 2, (S.4.1) and Lemma 3.1 from Biicher and Kojadi-
novic (2017) the assertion follows.

It remains to establish the claims in step 1 and step 2.

Proof of step 1 Finite-dimensional convergence follows by a simple ap-
plication of the trlangular array Lyapunov CLT with § = 2 after observing
that (- GY () = T3, Vi{(r) where

(WS,I —1)

VN||Z(x0) |

are independent summands. Hence it suffices to establish asymptotic uniform
equicontinuity, which entails tightness. The proof is based on similar ideas
as the proof of Lemma A.3 in Chao et al. (2017), and we will only stress the
main differences. Following the latter paper, define

Vb (r) = Z(20)T I, (1) Y Z(Xis) (1{Yis < Q(Xisi7)} — 7)
=1

S S
.gzpmq_ r%zﬂmmmﬁQ%w»w>

Ais(rom) = (T < Q(Xesi 7)) — 1{¥ie < QKeni )} — (7 — 1)

Similarly to the proof of equations (A.34) and (A.35) in the latter paper we
find that for any vector uy € R™ with [juy]|| =1

E ‘(Ws,l - 1)u}Jm(T>71Z(XiS)AiS(T7 77)‘4 rg 572”’7' - 77‘
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and
E|[(ws1 — Duy(J,' (1) = T (1) Z(Xis) (1{Vis < Q(Xis; 7)} — 7)|*
Sénlr =l

where the constants on the right-hand side are independent of 7,7, n. Next,
similar computations as on page 3307 (above the derivation of equation
(A.37)) in Chao et al. (2017) yield for any 7,n € T

$43)  B[INaRON) - Un)IY] S lr— o + 2l -

In particular we have for |7 —n| > £5 /N3

(S.4.4) E[;Nl/Qu}(UN(T) - UN(n))\“] =3,

Apply Lemma A.1 of Kley et al. (2016) with T = T, d(s,t) = |t — s|'/3,

fn = €2, /N, ¥(x) = z*. Note that with the notation introduced in the latter
reference D(e,d) < &3 and thus for any v > €2, /N

sup |[N'2uf (Un(r) — Un(n))|
|[7—n|<d

< Si(v) +2 sup [NY2uy (Un(7) = Un ()]
jr—n[1/2<¢3, /N reT

where the set T contains at most O(&,9N3) points and the random variable
S1(v) satisfies

ISl S [ e de + (53 + 268, /N) A
0

Later we will prove that

(S.4.5) / sup - IN'2ud (Un(r) = Un(n))| = op(1).
[r—n|'/3<&3, /N,r€T
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Given (S.4.5), it follows that for any ¢,v > 0

léiinlimsupP< sup |[NY2ul (Un(r) — Un(n))| > cN71/2)

0 Nooo |[T—n|<é
< limsup P sup INY2u],(Un(7) — Un(n))| = eN—1/2 /2)
N=oo  Mr—n|l/3<eZ /NreT

+ lim lim sup P(S1(v) > ¢/2)
010 N—oo

1 v 4
< lim lim sup —S [/ e de + (63 4 262, /N v =0/
0 Nooo C 0

(v
0

Since the right-hand side can be made arbitrarily small by choosing v small,
it follows that

limlimsupP( sup |[NY2ul (Un(r) — Un(n))| > c) =0,
00 N—oo |r—n| <5

and hence it remains to prove (S.4.5). To do so, consider the decomposition

up (Un(7) = Un(n))

=R () = T () e — DE(Xin) (AYis < QX 1)}~ 7)

S0

R )Y @ — V(i) A (7.,

EX)

Similarly as in the proof of Lemma A.3 in Chao et al. (2017) (in the calcu-
lation below (A.34) on page 3306) we obtain

1951 () = Tt (o S |7 =
where || - ||op denotes the operator norm, and thus for |7 —n| < ¢85, N3

SR () = T2 ) S ~ DZ(Xe) (1Yis < Q(Xisi7)} —7)

(S.4.6)
St =nlém = OELN?) =o(N7")  a.s.

Next observe that for 7 <7

‘Ais(T; 77)’ < 1{Q(Xis§7—) <Y < Q(Xis;n)} + ‘T - 77"
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This implies that for any fixed 7 we have a.s. for a constant C' independent
of ,n, N

sup ‘u]TVJnTLl(n)N_l Z(ws,1 — 1) Z(Xis)Ass(T, 77)‘

|[T—n|<en
SC% [5N +1H{Q(Xis; 7 —en) < Vi < Q(Xiss T +5N)}]'
%,8
Thus
sup  sup [l L )N T2 (e = DE(Xi) Al )|
reT |T—n|<EG N3 8,1
€
S Nm + &msup By (T, en)
N o
TeT
where

By(T,en) := Z H{Q(Xis; 7 —en) < Yis < Q(Xis; 7+ en)}-

,5
Since By (7,en) ~ Bin(N,2ey) distribution and by applying the multi-
plicative Chernoff bound for Binomial random variables we find that for
any t > 1
P<BN(T, en) > N(1+ t)5N> < exp(—2tNey/3).
Plugging in ey = £8 N73 and t = 3AN?1og N/(2£5) > 1 we obtain
P(BN(T, 266 N73) > 266 N2 4 34 log N) < N4,

By choosing A = 3 and applying the union bound for probabilities we finally
obtain for N sufficiently large and a constant 0 < ¢ < co

P(suE sup upJ () Z(ws,l — 1)Z(X;s)As (T, n)’ > c&m log N)
reT IT—n|<E5,N—3 EX)

<|TIN73 = o(1).

Combining this with (S.4.6), (S.4.5) follows.



DISTRIBUTED INFERENCE FOR QUANTILE REGRESSION PROCESSES 29

Proof of step 2 Observe that

( _
(w1 = 1) (B*(r) = Bw(7))

s=1
S gy (B - ()
., &
- Loy Sl (01 = 1) (B~ Bv(r)) + op (1Z622)L,

Note that under the assumptions on the weights @. ; = 14+-0p(1). Thus (S.4.2)
will follow from step 1 once we prove that, uniformly in 7 € Tg,

(S.4.7) Z(xo) SZ(wsl )( 7)—Bn(T )):G%)(7)+OP("?\§T/()2)‘|).

To this end apply Theorem S.6.1, which implies that

where

n

S
Z ws1 = DZ(x0) i (1) Y 9 (Yis, Z(Xis); B (1), 7)

=1

and the remainder terms rp ;(7) correspond to ry,;(7) defined in Theo-
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rem S.6.1. We will prove that

(S.4.8)
75;17% Z(zo) " g Z Ws,1 — ( 1(T) 4+ 15 o(T) + 75 5(7) + ""751,4(7))’
= 0P(||Z(~”L‘o)||N 1/2),

(S.4.9)
Tseu71_) ‘([N}g\l/)(q') — G%)(T)’ _ OP(HZ(&))HN*UQ).

We begin by a proof of (S.4.8). Applying Theorem S.6.1 with x, = Alogn
and A sufficiently large we find that

S

2(0) T s — 1) (s () + () + ()|
s=1

< supsup | Z(wo) (751 (7) + 750(7) + (7 \SZW—M

s 1€T
|Z (o)l
:OP( N1/2 )

Next, note that by independence between ws; and the sample we have
E[(ws,1 — 1)r; 3(7)] = 0 for all s, 7. Let

D, (A) := CR3(Alogn)

where R3(-) is defined in (S.6.5), and C'is the constant appearing in (S.6.3).
Consider the decomposition
(ws,1 = DZ(xo) "1y, 3(r) =Z(wo) " (w1 — 1)y, 5(7)1{[r5 5(7)] < Du(A)C}
+Z(wo) " (w1 — 1), 5(T) L[5 5(7)] > Du(A)C}
=R3(7) + R (7)
y (S.6.3), (S.6.8) in Theorem S.6.1, we see that

(S.4.10) P( sup SupHR )(r )|y¢o) < 2504
=1,...,8

s=1,.

Moreover, by independence of the weights w; 1 from the sample ]E[R;S)l(T)] =
0 and by construction |R ( )| < |Z(x0)||CDn(A) a.s. Apply Hoeffding’s
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inequality to obtain

(‘ ZRT ‘ = t"z(x(’)") < 20xp ( - 40525;5(A))

Letting ¢ = 4y/Togn.S~ 2Dy (6)C,, and combining this with (S.4.10) shows
that

P( sup |Z(zo) SZ Ws 1 — )‘ > 4||Z(z0)||\/log nS™2 Dy (6)C., >
T€TK

<N? (2717 +25n~ ) = o(1).

Straightforward but tedious computations show that

V1ognS~2Dn(6) = o(N~1?),

and thus the proof of (S.4.8) is complete. Next we prove (S.4.9). Note that
\@“(T) -Gy <T>{

< G *ZIZ 20) " I (1) Z(X35) || Vis — Q(Xis; 7)| < em(yw)}

=: CwHZ(xo)HN > Wis(r)
We have

EE;;E[Ww(T)} = O(em()) = o(N7V?|1Z(x0) )

and sup,c7 |Wis(7)| < C&, almost surely for some constant C' < oo . More-
over, the Wi,(7) are iid across i,s and

sup Var (Wi (7)) = Olen (7v)) = O Z(zo) [N ~2) = o(N %)

Hence Bernstein’s inequality and the union bound for probabilities yields

Wis(T) — E[Wis(7)]| = NY?(log N)~*
P [ Witr) — B 2 N og 1))

N(log N)~2/2 _
§2|TK‘€XP(_ NsupTeTVar(Wu(T))+Cme1/2(10gN)1/3) —0(1).

Thus the proof of (S.4.9) is complete.
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S.4.3. Proof of Theorem 4.4. Define the class of functions
G5(8) == { (z.9) = 12211 {ly — 2o+ 1] < S 1{lJ2ll < €}t € R, b € R,

Let
B () = B(r) — (n = 1) V2 T(r) TG (5 87 (7))

where Gf;_i is the empirical process corresponding to sub-sample s with i’th
observation removed and

ﬁs,—j(,]-) = arg brgIg}" pr(Y;s — Z;b)
1=1,i#7]

By Lemma S.6.3 we obtain for A > 1 and some constant C'

P((sup 1B (r) — B(r)] = CATE"

o8 _ pg1-
5,7,j n

Following the arguments in the proof of Lemma S.6.3 we also find that for
some constant C7 we have almost surely

- o 1 o~
|50 - )| < (5 + 18T ) - BEIR):
so that by (S.6.18) there exists a constant Cy such that

logn

(S.4.11) P(sup |B"7(7) = B*(7)]| = C2A

5,75)

) < Snl=A,

Moreover, the arguments in the proof of Theorem S.6.1 show that

sup
S,1,T

E[3*~(r)] - B(7)|

(S.4.12)  =sup

8,8,T

E[n 2, () Gy < B ). | = 0 ().

n

Define the events

logn

O, = {18579(r) - ()l < a2 Y, 01= 0,00,

n
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and observe that for d,, := 4C5 lo;gl”

w2 [ ¥ie ~ ZLB ()] < o} —1{ 1V ~ ZLB )| < |

1 1 £2
< = sup =S |ZiZl 1{Y,~5—ng—t gg(sn}+71 ¢
h GR’"L tER Z H ” ‘ | hn Ql,n
1
< = sup EMZMZ|uﬂmﬁ Tb—t] <o, }]
hp berRm teR
1 €2
+ 5 Prs = Pligs) + 3-Tag,
1 1 ¢?
= 3 IPns = Pligyes,) + O(hy ) + hflgc :

Standard arguments show that G3(£4,,) satisfies (S.8.1) with fixed constant
V' and thus by (S.8.2) we have

logn
SUPE||Pys = Plgy(es,) = O( =2 )-
S

This implies

[0 5 S {21 <) 0 (252

Next note that by a Taylor expansion we have

h3
Fy|x(a+ hp|z) — Fy|x(a — hp|r) = 2hy, fyx (alz) + ¢ y\x(a\m) +o(hy)
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where the remainder term is uniform in a € R. Thus we have by (S.4.12)

1 ~
E[ﬁzlszb{\ym 71357 < hnH

— [ i 2@2@) E[ (Fyix (@) 5 () + hulo)
— Fyx(Z(2) BN (7) = hale) ) [P (@)
~ [ 2@2()"E| (frx(2) T8 7)o
B2 e
+ A (E@) BT (D) ) [dPY (@) + o(h2)
2
— [ 2@2)|(fyx(@@) Bl + {2 (2) B ) [P ()

1
ogn) + o(hi).

+0(

n
Similar but simpler computations show that for
1

Wi(b) := vec<2h

zlszfs1{|yls ~Zlb|< hn})

we have uniformly in s
Var(W, (8%~ () = Var(W,(8(r))) + o(h, ).

This completes the proof. O

APPENDIX S.5: PROOFS FOR APPENDIX S.2

S.5.1. Proof of Theorem S.2.1. From Theorem S.6.1 we obtain the
representation

B5(1) = B (1) = —n V2 (1) T G (0 (5 B (7), 7))
+ 1 (T) + 1o (T) + 15 3(T) + 1 (7).

1 S

s Tj Are i.i.d. for each j =1,...,4 and

where the quantities r

Gy (W(5 BN (1), 7)) =n"2 (Vi Z(Xis); B (1), 7).

i=1
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Letting

1 S

)i= 5D (ra () +ria(n) +754(r)

s=1
we find that the bound in (S.2.3) is a direct consequence of Theorem S.6.1,
the union probability bound and the observation that fmg?\, = o(gn) by the
assumption gy = o(£1).
Next, let

S
1
(1) =5 2 rhalr)
s=1

Define 7}, 5(7) := 1}, 3(7) — E[r}, 3(7)] and consider the decomposition

m3(7) = T s {17 5(7)[| < Dn(A)}

Mw
:U

+ 73 (M7 5(T) | > Dn(A)} + E[r;, 5(7

where, for a sufficiently large constant C,

)

mé&, logn
Dn(A) := CR3(Alogn) + Cs.26m (g?vgm v %)

R3(-) is defined in (S.6.5) and C 2 denotes the constant appearing in (S.6.8).
By (S.6.3), (S.6.8) in Theorem S.6.1, we see that

(S.5.1) P( sup supHR (M) # 0) < 285n~4,
S

s=1,.

and by (S.6.8) in Theorem S.6.1,

) mé&m logn
(8.5.2) mmmaws@ﬁdﬁ%+‘%fL)

Next we deal with R 8)1 (7). Consider the function g : (R™)% — R,

n,

Direct computations show that

lg(x1,...,xs) — g(z1, ey xfy ooy )| < %
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Note that by construction HR;S)I(T)H < Dy (A) almost surely. Apply Mc-
Diarmid’s inequality (Lemma 1.2 on page 149 in McDiarmid (1989)) to

Q(RS&(T), R 5) (1)) to obtain for all t > 0

n,1

)

P53 A )] = 1) = 2000 (55500
s=1 n

Letting t = v/2k,S'/2D,,(A) and combining this with (S.5.1) and (S.5.2)
shows that

sup P (|| ()| > v2k, 812 Dy (A)+Cs 060 (g?vfm+m5mTk’g”)) < 2Sn~A42e"n,

Finally, from an elementary but tedious calculation and the definition of
R3(Alogn) in (S.6.5), we obtain

knSTH*R3(Alogn) < ASI?;2 <TZ)1/2 <(£mgN log ”)1/2+(W)1/4>.

Thus the proof of Theorem S.2.1 is complete. O

S.5.2. Proof of Theorem S.2.4. The proof proceeds similarly to the
proof of Theorem S.2.1. From Theorem S.6.2 we obtain the representation

ug(B°(r) = yw(7))
n 4

= —n g T (yw (1) T D ZEA{YE < (Z9) T (1)} = 7) +uy Y r(r)
i=1 k=1

Uy T (v (1) T EIZ(Fy x (ZTn (1) X) — 7).

where the quantities r}w-(T), vy 7",%(7') are i.i.d. for each j =1,...,4 and

Gi(iﬁ(a ’)’N(T); T)) =n 12 Z T/J(Y;w Z(Xis)§ 'YN(T)ﬂ T)'

i=1

Next, note that

Z(Fyx (2T (7)|X) = 7) = 2y (QUX 7)[X)(Z T (7) — QX3 7))
2R (G(X )X i (7) — QX))
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where ¢, (X, 7) is a value between Z(X) Tvn(7) and Q(X; 7). From the defi-
nition of vy as (3.8), we obtain E[Z fy| x (Q(X; 7)| X)(ZTyn (7)—Q(X; 7))] =
0 so that

Sup uly I (Y (7)) T EZ(Fy x (ZTyn (1) X) — T)]‘ < E(un, n)ei ()

Letting
1 1 >
() = | guk Y (ma () + 7 +704(7)

s=1

+uy I (v (7)) T E[Z(Fy x (ZTn (1) X) — 7))

we find that the bound on r%)(T, uy) is a direct consequence of Theo-
rem S.6.2. Next, let

S
2)
7’5\/ (t,up) Z uyy, 3(7
Define 7}, 3(7) := 1}, 3(7) — E[r}, 3(7)] and consider the decomposition

ra(n) = Tst{ s |ulia(n) < DP(A)}

UNGS?_I
+ s swp [ukdn ()] > DA} + Elr 5(7)]
uN€S£n7
3
= DR

j=1

where for a constant A > 0, and a sufficiently large constant C

~ 2 1 2
DiP(A) := C%:(;L)(Alogn)-l-cg,z sup €(uN,»yN)(cfn(»yj\,)_|_‘£m(i”))7

uNE‘Sglil n

§RgL) is defined in (S.6.13), C3 2 denotes the constant appearing in (S.6.15).
By (S.6.11) in Theorem S.6.2,

(S.5.3) P( sup sup sup ]uNR ()]7&0><25’n_A.

8:17"'75 T UNES;L !
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Applying (S.6.15) in Theorem S.6.2 yields

(S.5.4)
2 2
) Shllogn)ty

sup  sup |u}\—;R£LS’%(T)\§Cg,2 sup g(uNa’YN)(Ciln(’YN "

—1 —1
T uNESgL UNGS?

Next consider he function g : (R™)% — R,

1 1 (@)
g(z1,...,xg) == sup uN§Za:S = H(szs> H
uyeSy ! s=1 s=1
The reverse triangle inequality shows that
T (!
uy(z) — x;
lg(z1,...,z5) — g(x1, ..., T}, oy xg)| < sup [un ZS ol

uNGSgl_l

Note that by construction sup,, sp-1 \uJTVRS)l ()] < D) (A) almost surely.
Apply McDiarmid’s inequality (Lemma 1.2 on page 149 in McDiarmid (1989))
to g(Rg’)l(T), ..., R (1)) to obtain for all ¢ > 0

il

L 18- p) —St?
supP(  sup |guy ) Ri(7)|>t) <2exp < .
T (uNeS?‘1 S ; ‘ ) Q(DgL)(A))Q

Letting ¢ = \@,«;nS*I/QDy(lL)(A) and combining this with (S.5.3)-(S.5.4)
shows that

supP( sup TE\?)(’T, uN)‘ > \/innS_l/QDflL)(A)

T UNES?_I
~ 2 (logn)?
+C39 sup 5(uN7'YN)<Cfn('7N)+M>>
uNESgL_l n

<2504 + 2e~Fn.
Thus the proof of Theorem S.2.4 is complete. 0

APPENDIX S.6: REFINED BAHADUR REPRESENTATIONS FOR
SUB-SAMPLES AND THEIR PROOFS

In this section, we consider a triangular array {(Xjs,Yis)}!; from the
s-th group. In order to keep the notation simple, the sample will be de-
noted by {(X;,Y;)}~,. In addition to the notation introduced in the main
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part of the manuscript, we will make use of the following notation through-
out the appendix. Denote the empirical measure of n samples (Y;,Z;) by
P,.. For a function  — f(x) define G, (f) := n'/2 [ f(2)(dP,(z) — dP(z))
and | fllz,p) = ([ |f(z)|PdP(z))'/? for 0 < p < oo. For a class of func-
tions G, let ||P, — Pllg := supscg |Pnf — Pf|. For any € > 0, the covering
number N(e,G, L) is the minimal number of balls of radius e (under L,-
norm) that is needed to cover G. The bracketing number N (e, G, Ly) is
the minimal number of e-brackets that is needed to cover G. An e-bracket
refers to a pair of functions within an e distance: [|u — ||z, < e. Through-
out the proofs, C,C,C} etc. will denote constants which do not depend
on n but may have different values in different lines. For 7 € T, define
W(Y;, Ziy b, 7) == Z;(1{Y; < Z/b} — 7) and pu(b, 1) := E[(Y;, Zs; b, 7)] =
E[Zi{Fy|x(Z]b|X) —7}].

The aim of this section is to provide precise bounds on the remainder
terms in the Bahadur representation of the estimator B(T) which is defined
as

v

B(7) = arg min X;pfm -b'Z(Xy), TeT.

THEOREM S.6.1.  Suppose Conditions (A1)-(A3) hold. Assume that ad-

ditionally m&2,logn = o(n). Then, for any By(-) satisfying gn(By) =
o(&,1) and ¢ (Bn) = o(1), we have

(S.6.1) B(r) = Bn(r) = —n V2 T0 (1) ' Gr (v (s By (1), 7))
+ 11 (7) + rn2(7) + 13(T) + (7).

The remainder terms 1y ;s can be bounded as follows:

mém

n

(S5.6.2) sup || (7)]| < Ch a.s.

for a constant Cy independent of n. Moreover, we have for any k, < n/&2,,
all sufficiently large n, and a constant C' independent of n

(86.3)  P(suprag(r)| < CRj(n)) = 1—2e7, j=2,3.4,
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where

(S.6.4)

Ra(kn) = é’m((% log n) s + n_1/2ﬁ£/2 + gN>2,

(S.6.5)

e = () (5) ) () () ),
(S.6.6)

m 1/2 /-@}/2
Ra(kn) == cm(BN) ((ﬁ logn) + m) + gn.
Additionally,
(S.6.7) sup |rn 3(7)|| < C31&m, a.s.,
and it holds that for sufficiently large n,
mlogn
(3.6.8) sup [E[rna(r)| < Coo2 (6} + T )

where C31,C39 are constants that are independent of n.

The statements in (S.6.2)-(S.6.6) are from Theorem 5.1 of Chao et al.
(2017) and reproduced here for the sake of completeness. The bound in
(S.6.8) is new and crucial for the ABR in Theorem S.2.1 in the main manuscript.
See Section S.6.1 in the supplementary material for a proof.

The next result provides a refined version of the previous theorem for
local basis functions that satisfy Condition (L).

THEOREM S.6.2.  Suppose Conditions (A1)-(A3) and (L) hold. Assume
that additionally m&2, logn = o(n). Assume that the set T consists of at
most L > 1 consecutive integers. Then, for yn defined in (3.8) we have

4
B(r) = (1) = =n 2T (yn () G (5w (7). 7)) + R (7).
k=1
where remainder terms ry,_j’s can be bounded as follows (C1,Cy are constants
that do not depend on n):
(S5.6.9) Es;lnl?_l Slql_p ]aTrq(fl) (1) < Clgrnl% a.s.,
ator
(S.6.10) sup sup ]aTrq(ﬁ (1)] < % + Cy (yn) sup E(a,yn)  a.s.

acSyp~! T acSy!



DISTRIBUTED INFERENCE FOR QUANTILE REGRESSION PROCESSES 41

Moreover, we have for any k, < n/&2,, all sufficiently large n, and a con-
stant C' independent of n

(S5.6.11) P( sup sup ]aTrifj)(T)\ < C?Rg-L)(/in)) >1—nlef, j=23

aGS}_”fl T

where
= m(lo n+/£,11/2 2
5612 R ()= sup Ea ) (BT 2 0),
aGS}n_l nl/
1/2 1/2, 1/2 3/2
(L) . ke~ Vlogn & (ke " Vlogn)
(5.6.13) %y (ﬂn)-—»(cnx’wV) 7t i ),

and E(a,yy) = supTeTE[aij(’yN(T))_IZ]. Additionally,

(S.6.14) sup sup ]aTrff?z(T)\gCg,lﬁm a.s.
T acSyt

and for sufficiently large n we have

(S.6.15)
. 2 1 2
sup sup 2 B (r))l < Cha sup e, y) (e () + S22,
acSy !t T acSy ! n

where C31,C32 are constants that do not depend on n.

Similarly to the setting in Theorem S.6.1, the statements in (S.6.9)-
(S.6.13) are proved in Theorem 5.2 of Chao et al. (2017) and reproduced
here for the sake of completeness. The bound in (S.6.15) is new and crucial
for the ABR in Theorem S.2.4.

In both proofs, we will repeatedly use the following leave-one-out estima-
tor

50-9) (1) i— TZ(X, -
(5.6.16) B 7)(1):= arg b%%gn ;pT Yi-b Z(Xy), 7€T,j=1,..,n

S.6.1. Proof of Theorem S.6.1. Observe the representation

15(7_) - BN(T) = _n_l/QJm(T)_lGn(d)('; BN(T)a T))
+ 70 1(7) + 12(7) + 10 3(7) 4+ 1 a(T)
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where

raa(r) = T8 (7)) Bat (A7), 7).
raa(r) = =Jn(By () (1B, 7) = (B (7). 7)
(

—Tn(BN(D)(B(r) = B (7)),
rag(r) = =0T Ta(Br () T (Galw(3 B(7), 7)) = Ga(( Br (), 7)) ),
Paa(r) = =02 (n(7) 7 = Tn(Br (7)) TG (W3 B (1), 7))

—Tn(BN (7)) (BN (7), 7).

The bounds in (S.6.2)-(S.6.6) follow similarly as in the proof of Theorem 5.1
in Chao et al. (2017). The bound in (S.6.7) follows from the definition of
Tpn,3. It remains to prove (S.6.8). Note that the expectation of 7, 3(7) is not
zero in general. Write

T’n73(7‘)
Tn(B ()™ = 7G5 B (7). 7)

+ 07 (005,255 80(7), 1) = w(B (), 7))

=1
B n_l Z (w(ij’ Zj;,é(_j)(T)aT) — 1/)(}6, Zj;B(T)7T)
=1

— u(B (), 1)+ w(B(r), 7)) |-

By definition of B(-7)(7) in (S.6.16), the expectation of the first line in the
above representation is zero. To bound the expectation of the second line,
observe that for

b = O (B + ™)
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with C sufficiently large we have
sup B[ D2 0¥, 253 89 (). 7) — (¥, 25 8r), )|
TE j=1

=sup sup ‘E[n_l iasz (I{YJ < Z?B(_j)(T)} - 1{y; < Z;—B(T)})H

7T ||al|=1

<sup sup n IZEDaTZ ]1{|Y ZTB ( )| §£m6n}
T€T ||lal|=1

X 1{ sup }Z;rﬁ (1) — Z}—B(_j) (7')‘ < €m5n}:|
j

+ & sup P((sup [Z] B(r) = 2] B9(7)| > &)
TET J

<sup sup 7 1ZE[|a Z, || Py x (2] B7(7) + &méal X;)
€T all=1 5T

- FY|X(Z;'FB(7J')(T) - gmén‘X]) ‘]

+&m P (SUP sup ’ZT/B (1) — Z;‘rﬁu(_j)(T)‘ > gm(sn)
T€T j

<¢nP(supsup|z] B(r) — 2] ()] > o)

TET j

+ 26,0, f sup n IZE |aTZ |]
lla]l=1 j=1

< 2,00 FAmax (E[ZZT])Y/2 + gmp( supsup |Z] B(r) — 2] B9 ()] > 5m5n)
TET J

mlogn)

<Cy26% (9% (Bn) +

for all sufficiently large n and a constant C3 2 independent of 7,n. Here, the
last line follows from Lemma S.6.3 and the definition of §, provided that
C in the definition of 8, is sufﬁmently large. Thus it remains to bound the
expectation of (809 (7),7) — u(B(7), 7). A Taylor expansion shows that

sup (b1, 7) = b )| < sup Blla ZIL{JY —2b1] < |27 (by — b1}
T al|=1

<2f sup E[|a’Z||Z" (b1 — by)]]
lal|=1

< 2f Amax(E[ZZ]) by — bz,
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where the last inequality follows by Cauchy-Schwarz inequality. On the other
hand ||p(by, 7) — p(ba, 7)|| < 2&5,. Thus we have for any §, > 0,

sup |[E[(8(r), 7) = u(B(r), 7|
.J
< 2 Amin (BIZZT])6, + 26 P (sup [B9() — B > 5,).
T7J
Choosing §,, as above completes the proof. O

LEMMA S.6.3.  Under the assumptions of Theorem S.6.1 we have for any
kn < n/E2,, all sufficiently large n, and a constant C' independent of n we

have for B9 defined in (S.6.16)

P( s sup B ()=B)] 2 O (Bt 22+ T OELY) < g

e T n n

Proof of Lemma S.6.3 . '

Let PL7(f) = (n — )7 S0 £(X0, Ya), GL P (f) = v —1(BL7(f) -
Ef(X1,Y1)). Similarly to the decomposition considered previously (S.6.1),
we have

(S.6.17)

v

4
BN =B (7) = ~(n=1)7 (1) G W B () )+ 3 (7)
k=1

where
(1) = T(Ba () B B (), 7).
D) = —TnBy() (1B (7),7) — u(Bu (7). 7)
—Tn(Br ()BT (7) = Bu(7)) ).
—j ~ BN () i 5 ) (4 (-
g (7) et (B WA @), m) - WG A (), 7).

i) = == 1)) = (B () TG (W (5 B (7), 7))
~Tn (BN (7)) (B (7). 7).

By similar arguments as in the proof for r, 2 in Theorem 5.1 in Chao et al.

(2017) there exists C' independent of n such that P(QgJ,)L(C)) <ehn g =

1,...,n where we defined the event ’

(8.6.18)
1/2
Rn

QE{L(C) = {StTlp 1B (1) — B (7)]| > C(QN(:@N) + 5+ (mlzgn)l/2>}'
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Combining (S.6.1) and (S.6.17) we find that, almost surely,

4
supsupB ' Z( ) — k(T >H<§m

J k=1

As in the proof of Lemma 34 on page 106 in Belloni et al. (2017), arguments
from linear optimization lead to the bound

(—4) 2 e
supsup ||r,, /(1) = rpa (7)) < - = a.s.
1P sup I, () = (Dl < o e ) - 1

Direct calculations show that

supsupHr( J)( ) — Tna(T)]] <C’1€m

J

and from Lemma S.6.5 we obtain for a constant C' independent of j, 7, n
Irs3(7) = ras(m)ll < C&m (I18D(7) = By ()12 + 18(7) = B (7))
The probability of the event

(€)= {sup (16() = By (1) + 18(7) - Bx()I?)

> 0(g(Bn) + 2 4 THET) L

can be bounded by (n+ 1)e™ " if C' is chosen suitably, this follows from the
bound P(Q(]) (C)) < e " in (S.6.18). Finally, define

(S.6.19)
G2(6) = {(z9) =~ aT=(1{y < =Tb1} = Uy < 2 bo})1{]12] < &}

b1, by € R™,[|by — by < 5,2 € 5™ |,

Letting &, := sup; sup, 18(7)=) — B(7)]|, we have

Em

supsup [r 5 (r) = rag(1)l < Co (22 + IPn = Plgys,) ).

J
Summarizing the bounds obtained so far we find for a constant Cj indepen-
dent of n

mém

G < Ca 2 HIPu=Plgy(5, 500 & (1877 () =Bu (DI +IB) - (D))
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Consider the event

IPr, — Pllgys) S C},

QQVH(C) = { 0<t<1 Xn(ta ﬁn)

where

n n

1/2
Xn(t, i) = E3/ 241/ (% 10g<5mvn)) V2 Mmoo e )+ <§m:{> 4 Smbn

defined as (S.6.22) in Lemma S.6.4. It follows from (S.6.21) that P(22,(C)) <
e " logy n if we choose C suitably. Thus, 6, satisfies the inequality

Kk, mlogn
b < Ot (93(BN) + 24 + T2 ) 4 i (0, )
" logn mém Embin
< 2 Kp  mlog
< Cobon (R(BN) + =2 4+ T28 ) + G log (& V) + Cs

+ Cyol/? (ngm log(&, V) +

= a, + 5711/219”

mkn\ 1/
5: )12

with probability at least 1 — 2ne " (note that (n + 1)e™"" + logy ne= " <
2ne~"n). A simple calculation shows that the inequality 0 < 6, < a, +

bno? implies 0 < 6, < 4max(ay,b2). Straightforward calculations show
that under the assumption of the theorem we have

Embn + mé&m logn

an + 3 S 9% (BN)&m + -

provided that x,, — oo. Thus we have for some constant C' independent of
n

P(én > C(g?v(ﬂN)gm + gm:” + mgmiog")) < 2petn.

This completes the proof. O

LEMMA S.6.4.  Consider the class of functions Ga(dy,,) defined in (S.6.19).
Under assumptions (A1)-(A3) and &mdn > n~1 &, = O(nb) for some b <
00, we have for some constant C independent of n, sufficiently large n and
arbitrary K, > 0,

(S.6.20) P(||]P’n — Pllgy6.) = CxXn (0, Kn)) < ehn
and for kK, > 1

IPr, — Pllg, 2

.6.21 P
(S 0 ) (OSSLtlgl Xn(ta ”n)

> 2C’> < e " logyn
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where
(S.6.22)
Yol ) = (msm log(Em V n)t)1/2 + ngm log(Em V ) + (fmg”t) Yy 'Sm:”.

Proof of Lemma S.6.4. For a proof of (S.6.20) see Lemma C.3 in the
Appendix of Chao et al. (2017). For a proof of (S.6.21), observe that for
Kn > 1 we have xn(t/2,kn) = Xn(t, £n)/2, Xn(0, kn) > Xn(n_la’fn)/z and
thus

Py — Pllg, )
sup —————— 2
o<t<1i  Xn(t,Kn)
P, —P P, —P

S( “up 1Py, Hgm)v( i sup [Py, \gm)

o<t<n-1  Xn(t,Kn) kin1<27k<lg-k-1<p<o-k  Xn(t;Fn)
- ( e 2||Py, — Pk||g2(2—k)) y (2||Pn —Plllgg(n—1)>

kn-i<2-k<1  Xn(27F Kp) Xn(n™1, Kp)

Now the set {k : nl <27k < 1} contains not more than logy n elements,
and (S.6.21) thus follows from (S.6.20). O

LEMMA S.6.5. Under assumptions (A1)-(A3) we have
sup  sup  |[|u(b,7) = p(Bn(7),7) = T (B (7)) (b = B (7))
TET ||b—Bn(7)||<w

< Amax(E[ZZT]) flw?€m,

Proof of Lemma S.6.5 see the proof of Lemma C.1 in the Appendix of
Chao et al. (2017). O

LEMMA S.6.6. Let assumptions (A1)-(A3) hold. Then, for any t > 1

. 2t(sn,1 + 9N (BN))
{sup 187) B (7)) < TR — ﬁwm}
infrer A2 (Jom(Bn (T
2 {(sua rovtan) < X

where $p1 = ||P, — P|lg, and
G1:={(2,9) = aT2(1{y < zTb}=7)1{|2| <&n}|r € T.beR™ a e s}

Proof of Lemma S.6.6. See the proof of Lemma C.2 in the Appendix of
Chao et al. (2017). O
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S.6.2. Proof of Theorem S.6.2. We begin by introducing some no-
tation and useful preliminary results which will be used throughout this
section. For a vector v € R™ and a set Z C {1,...,m} let v(Z) € R™ denote
the vector that has entries v; for ¢ € Z and zero otherwise. For a vector
a € R™ let ||a]|o denote the number of non-zero entries in this vector, let kg
denote the position of the first non-zero entry and define

(S.6.23) Za(D) :={i € {1,....m} : |i — ka| < ||allo + D}.

Under (A1)-(A3) and (L) we obtain by similar arguments as in Lemma
A.1 in Chao et al. (2017)

(S.6.24)  |la" I (vw (7)) — (@7 T (aw (7)) B P) | < Ol laloA”

for constants A € (0,1),C > 0 independent of n, 7.
In the sequel, we will make use of the following decomposition which holds
for any b € R™ such that J,,(b) is invertible

(S.6.25) B(r) —b=—n"Y2]-"11)G,(¥(-;b, ) iRn,k
=

where

(S.6.26) Ry 1(m,b) = Pu(8(1),7),

(S.6.27) Ros(r,b) = ((() ™) - <bm>—fm<b><é<7>—b>),

(S.6.28) Ry 3(m,b) = —n~1/2 (G ))*Gn(w(-;b,f))),

(S.6.29) Roa(1,b) == —pu(b,T).

Let 7' ke (T) = jT;I(’)/N(T))Rmk(T,’YN(T)),k = 1,...,4. The bounds in
(S.6.9)- (S 6.10) follow similarly to the bounds (5.6)-(5.9) in Theorem 5.2
in Chao et al. (2017). The bound in (S.6.14) follows from the definition of
Tpn,3. Thus it remains to establish (S.6.15). Write

Rog(ran(r) = = | =07 2Guth(w(7), 7)
Y (605,25 B (7). 7) = w(B(), 7))
j=1
n S (005,255 80(0), 7) - 0(Y;, 253 (7). 7)
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Define
&2 (logn)* )

n

5, = 6(cm(7]\7)4 +

and observe that for any a € S%"_l, TeT,

‘( T (7 [ 7121? Zj;BH)(T)’T)_w(Yj’Zj;B(T)’T)”

—[E[n > @T T () 25(1Y: < 2] B (7)) - 1Y < 2] A7)}

Jj=1

n S E[|@T Ty (1) 21 {1 - 2] 8 (7)) < 0. }

Jj=1

X 1{ sup ‘ZJTB(T) - Z;-r,é(*j)(T)‘ < gnH
j
+ &P (sup |2] B(r) - 2] B0 (1) > 5,
j
n~! ZE[Kaij(’)’N(T))_l)Zj’ (FY|X(Z]TB(_j)(T) + 00| X))
=1

— Fyx (2] B0(r) - 5,1%5))]
+&nP (sup|2] B(r) 2] B)(7)| > 5
J

< 26, fn! ZE{y(anm(yN(T))—l)zj@ + me(qu 2] B(r) — 2] B (7)| > 3,
j=1 I

~ 2 n ?
<C32&(a,vN) (Cﬁm('ﬂv) + M)

n

for all sufficiently large » and a constant C’g 2 independent of 7, n, a. Here, the
last line follows from Lemma S.6.7 with C in _the definition of 6, chosen suffi-
ciently large. Thus it remains to bound (a”J,, (vn (7)) HE[u(89 (7), 7) —
1(B(1),7)]. A Taylor expansion shows that for by, by € R™

sup |(a" T (9 (7))~ ) (b, 7) = pu(bs, 7)

<E[l(a" Jn(yn () ™)Z[1{[¥; = 2] b1| < |Z] (b1 — b)l} |

< 2f&(a,yw) sup |Z(z) " (b1 — by)|.
reX
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On the other hand |[|u(b1,7) — pu(ba, 7)|| < 2&,. Thus we have for any
o, >0,a € Sgl_l

sup | (@7 Ty () LB ) 7) = (B, |
< E@,9n)0n + &nP (sup|Z] B(r) - 2] BD(7)]| > 8.
7

Choosing gn as above completes the proof. ]

LEMMA S.6.7.  Under the assumptions of Theorem S.6.2 we have for any
Kk < n/E2,, all sufficiently large n, and a constant C independent of n

P(sup |12() T8 (7) — Z(@) A 2 € (ch ) + Smlin T 00BRT)Y)

j77-7x n
<3m(n+1)e ",

Proof of Lemma S.6.7

Recall that for a vector a € R™ ||a||p denotes the number of non-zero entries
in a and k, denotes the position of the first non-zero entry. Consider the
following additional notation which is used exclusively in this proof:

(5.6.30) Z(x) :={i € {1,...,m} : [i — kg <7+ Dlogn},
(5.6.31) T'(z) :={i € {1,...,m}:3j € Z(x) such that |i — j| < r},

where 7 is defined in (L), and we suppress the dependence of Z(x) and Z’(z)
on D for the sake of a simpler notation.

Let Py 7 f i= (n—1)"1 Y, f(X0,Y2), GL 7 f o= v — LB f~Ef(X1,11)).
We have

(8.6.32) Z(z)" (B (1) — yn(7))
5
= —(n=1)"Y(Z(2) " Ty (1) HEDGED (@ (s yn (r), )Y P ()
k=1

D) = (@) T (7)) YEDRED (19w (1), k= 1,4,

Rf;,f) is defined exactly as R, i, in (S.6.26)-(S.6.29) with n, B, P,, G, replaced

where r
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by n —1, B(*j),IP’%_j ), G&‘j ), respectively, and

5 (r, )

== (@) Tnlyn () HED) = (Z() T T (v (7)) 7]
4
x == (= )G @ (), ) + SRS (rww (7))
k=1

=[(Z(@) " Ty () THFD — (Z(2) Ty (1) 7] (B () = (7)),

where the last expression follows from (S.6.25).
Similarly we have

Z(x) " (B(r) =y (7))

5
= —n"(Z(2) T (yn (1) T EG, (i yn (1), 7)) + D ()
k=1

where

Tn,5(T, )

= = (@) Tl (7)) — (@) (7))

“ [ — T V2G, (W (N (1), 7)) + ; Ry (T, ’YN(T))} -

= [(Z(@) Tnlyn (1) ED) — (Z() T T (v (1) 7] (B(7) = (7)),

where the last expression follows from (S.6.25).
We obtain the representation

sup
j7T7x

Z(z) "B (r) = Z(2) T B(r) — (P (1, 2) — rus(r, )

3 2
- (1P ) )| 25 s
k=1

n

Observe that 7"7(;{) (1) — p,a(7) = 0 for all 7 because ry 4 does not depend

on B(T) or B(_j)(r).
The results in Lemma S.6.11 show that

i €2 logn
sup [|rl ) (1 @) — ro (7, 2)|| S "Bl
j17—7$ n
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From Lemma S.6.10 and condition (L) we obtain for a constant C' indepen-
dent of j,7,n,x

Irsd’ () = a2 ()]
< C(12(x) "B (7) = Zw) Tyn (72 + |Z(2) T B(r) = Z(w) Tyn (1) 2).

Let wy, := <c§1('ij) + w) and define the event

D (C) = { sup (12(2)T (B ()= (1) P+[Z(2) T (B(r)—an (7)) = Cu .

7-7]71:

By an application of Lemma S.6.8, P(Q;,(C)) can be bounded by m(n +
L)e~" if C is chosen suitably. y
Next, let b, := sup;, , [|Z(z)" B(r)—9) — Z(x)TB3(7)||. We obtain for the
class of functions Ga defined in (S.6.34) and using (L)
() &m

sup r} 3 (r.) = rua(r, )] < Cs (32 4 6 sup B — Pllg, 5, 202100

2,T,x
Consider the event [here Xy, (t,Z1,Z;, ky) is defined as (S.6.38) in Lemma
S.6.9]

= IPn = Pllgy(t,2(2),7 ()
Qs ,(O) : {su sup — 2( : > C’}.
2oV =P N, R ). () )
Since for € A the pair of sets (Z(z),Z'(x)) takes at most m distinct
values, it follows from (S.6.37) that P(Qs,(C)) < me™"" log, n if we choose
C suitably.
Finally, apply (S.6.24) to find that

Sup |1 5(7, ) [+ 5 (7, 2)] S EmAP 5" (I1B() v (D) +IBD ()= (D)),

],’T T

almost surely. Applying Theorem S.6.1 with By = ~n allows to bound
the probability of the event Q3,(C) = {||B(1) — v (7)| + I8 () —
An(7)|| > C} by e™*, and by choosmg D sufﬁmently large it follows that
supj ra [Tns (T, )| + |7‘( ])(7‘ r)] < n~! with probability at least 1 — e ™.
Summarizing the bounds obtained so far, there is a constant C; indepen-

dent of n such that P(ﬁlm(Cg) N ﬁg}n(CQ) NQ3,(C2)) < m(n+ 1)e " +
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mlogyne " + e " < 3m(n+ 1)e "". On SNZLH(CQ) N ﬁg’n(Cg) NQ3.,(Ca),

2 2 1 2
6 < Ca(chlyn) + gmn“" 1 ml - ™) ) + Co 8D &mxa (80, Z(2), T'(2), k)

€2 kin N E%(logn)2> i (éilogQ(ﬁmVn) N &%f%)
n n 2

< 4
< Co((ch (o) + ; :

21 2 m V 2 " 1/2
Em 108" (Em V) | &t )
n n

+ 02(5;/2<
= a, + (5711/21)”.
A simple calculation shows that the inequality 0 < ¢, < a,, + bn&l,,/ 2 implies

0 < 0, < 4max(an,b?). Straightforward calculations show that under the
assumption of the theorem we have

| G0 V) | G
n n

an + b2 < (YN

n ~ “m

Thus we have for some constant C3 independent of n

21002 2
P<5n S (Cfn(’VN) | &inlos ffm Vv n) 4 €mnf<cn>> < 3m(n + 1)e—"n.

This completes the proof. ]

LEMMA S.6.8. Under the assumptions of Theorem S.6.2 we have for
sufficiently large n and any k, < n/E2,

/2
o Emlogn + fm:‘il k
P(suf Z(2) T (B(r)=n(r))] > c( et +c$n('yN)>> < (m1)e ",
where the constant C does not depend on n.

Proof of Lemma S.6.8. See the proof for Lemma C.4 in the Appendix of
Chao et al. (2017). O

LEMMA S.6.9. Let Z :={Z(x)|x € X} where X is the support of X. For
arbitrary index sets T,7' C {1,...,m}, define the classes of functions

(5.633) GI(Z.T):={(5) = a 2P (1{y < 2T}~ )1{]l2] < &)

TGT,bERm,aESm_l},
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(S.6.34)
G2(0,7,7') i= {(z:9) =+ a5 (1y < =Tb{}-1{y < "B 1z € 2}

by,b; € R™ sup|jv'b; —v'bj| < dac Smfl}.
vEZ

Under assumptions (A1)-(A3) we have

max(|Z], |Z’ 1/2
(S.6.35) P(HJP’n — Pllg, > O[(('nHD log§m>

70,17 )ém W2 ki
_|_ max(‘ |7’ ‘)‘E 10g£m+ H1/2 § K ]) S e—:‘in
n n

and for &,0, > n~1 we have for sufficiently large n and arbitrary ky, > 0
(S.6.36) P(H]P’n — Pllgyozz) > Cn(0n, T, T, Kn)) < et

and for kn, > 1

IPr — Pligye,z,7) _

0. L > < Kn
(S.6.37) P(oiié’l C T 2 2(1) < e " logyn
where

N 7,17 1/2
(5.6.38) Xn(t,Z,T', k) i= t1/2(mx(|n|‘|) log(ém V) )
0, 1T')ém tha \? Embin
n n n

Proof of Lemma S.6.9. See the proof for Lemma C.5 in the Appendix of
Chao et al. (2017). The proof of (S.6.37) is similar to the proof for (S.6.21).
O

LEMMA S.6.10. Under assumptions (A1)-(A3) we have for any a € R™

al Jn(yw (7)) (b, 7) — a T (yw (1)l (7),7) — a” (b — (7))
< ngp |Z(2) " — Z(x) Ty (1) PElJa’ T (v (7)) T Z]):

Proof of Lemma S.6.10 See the proof for Lemma C.6 in the Appendix of
Chao et al. (2017). O
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LEMMA S.6.11.  Under assumptions (A1)-(A8) and (L) we have for any
a € R™ having zero entries everywhere except at L consecutive positions:

L+ 2r)]all&m
e,

la’ P, B(r), )| <

Proof of Lemma S.6.11. See the proof for Lemma C.7 in the Appendix
of Chao et al. (2017). O

APPENDIX S.7: PROOF OF (S.3.21)-(S.3.22) AND (S.3.24)-(S.3.25)

Let U; := F,(Y;). By strict monotomclty of Fy on its support we have

U; ~ U|0,1]. Moreover Y Qab( ) where U( 0 denotes the kth order

statistic of the sample {U }16,4]. if .A is non-empty and U(J b = 0if A; is

empty. By independence of {Y1,...,Y,,} and {X1, ..., X;,} we have condition-
ally on {X1,..., X;, },
(S.7.1) U,

Throughout this section we use the notation introduced in section S.3.3.2.

~ 1{n; > 0}Beta(k,n; +1 — k).

S.7.1. Proof of (S.3.21) and (S.3.24) (bias). Proof of (S.3.21): note
that

1/2,3]( ) (][n - 1{n] > 0} Qab( ;7)) )l{nj > 0} = Qab( ((n T]))

where n; ~ Bin(n,1/m) and the last equality uses the definition of U, (j(nﬂ)
J
and the fact that Q,;(0) = 0. Now we distinguish two cases.
If lim supNHoo(n/m)UE[U(J[n_ﬂ) - T” > 0, using the definition of @ :
J

(S.7.2)
‘E[Qa,b(U(j(njﬂ)) - Qa,b(T)H = ‘G(E[(U(j(njﬂ))Q - 7'2]) + b(E[U(j[an]) — 7))

so (S.3.21) holds for any b > 0 and a = 0.
If limsupy o0 (n/m)|E[U] (s 1) 7]| = 0 apply (S.7.1) and (S.7.13) in
Lemma S.7.1 to obtain

)

ar(1—17)

0
200 ”

(S.7.3) limsup 2= E[Qup(U, 1)) = Qua(r)| =

N—oo

since T = [, 7y] with 0 < 71 < 7y < 1. Thus (S.3.21) holds for any b > 0
and 0 < a < amaz-
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Proof of (S.3.22): note that Qg is a polynomial of degree 2 and

K
Z Ak(')Qa,b(Tk) - Qa,b(')H = HHKQa,b - Qa,bHoo

k=1

where I f denotes the projection, with respect to the inner product (f, g) :=
> f(me)g(mk), of a function f onto the space of functions spanned by
By, ..., By. Since By, ..., B, are splines of degree 7. > 1, > 2, @y lies in
the space spanned by By, ..., B, (see p.111 of Schumaker (1981)). In other
words, Qg p € O where Og is defined in the beginning of Section S.3.4.5.
Therefore, by similar arguments as in Section S.3.4.5

(S.7.4) Mk Qap — Qapll . S nf [Ip— Qaplloc = 0.
pPEOa
We have from (S.7.4),
E[m'/25;(1) — Qu(7)]
K
=" A(n)E[M?B; (k) — Qa(7k)]
k=1
(875) = Z Ak(T)]E[Qa,b(U(j[ank])) - Qa,b(Tk’)] + O(m/n)7

ki|lme—7|<(log G)2/G

where the o(m/n) is uniform in 7 € 7. The first equality above is from
(S.7.4), and the second follows from the fact that sup, }E[mlmﬂj (T)=Qap(7)]] <
2(a + b) and

(S.7.6)

Z Ak(T)E[mmBj(Tk) = Qap(T)]
ki —7|>(og G)2 /G
<2Aatd) D AW SAEDE = o(m/n),
kit —7|>(log G)2/G
where 0 < v < 1; in the second above inequality we apply the bound (S.7.33)
in Lemma S.7.3.

Hence, by (S.7.5), it suffices to prove that for b > 0 and any apqee > 0,
there exists a € [0, amqz| and a sequence 7 such that

(S.7.7)

. n
lim sup —
N—oco ™M

> AR(Tn)E[Qan(U7, 1)) = Qap(r)]| > 0.

[Tk
ki|me—7n|<(log G)? /G
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In the following, we will distinguish the cases limsupy_,.,(n/m) < oo and
lim sup y_, oo (n/m) = 0.

First consider the case limsupy_, o (n/m) < oco. Invoke (S.7.17) in Lemma
S.7.2 to see that there exist a sequence 7 in 7 such that

Z Ak(TN)E[Qa,b(Ug[ank1)) — Qap(Th)] ‘

k:|lm—7n|<(log G)2/G

E[Qa,b(U(j[anN])) - Qa,b(TN)] ‘

. n
lim sup —
N—oco ™M

) n
> limsup —
N—oo M

If limsupNﬁoo(n/m)|E[U(jmjm” — 7n]| # 0, use (S.7.2), to see that the
right-hand side in the equation above is non-zero for any b > 0 and a = 0.

If lim supNﬁoo(n/m)‘E[U(] = 7n]| = 0 use (S.7.13) in Lemma S.7.1
to obtain

[N

. 1 _
lim sup n’E[Qavb(U(J(nj—er)) — QQVb(TN)]‘ > lim sup M >0

where the last bound follows since 0 < 77, < v < 7y < 1 for all N. Thus
we have established (S.7.7) for the case limsupy_, . (n/m) > 0.

Next consider the case limsupy_,(n/m) = oo. By (S.7.18) in Lemma
S.7.2 there exist a sequence Ty € T such that

. n j
lim sup — Z Ak(TN)E [Qa,b(U(J[n Tk])) - Qa,b(Tk)] ‘
N—oco M| !
k|me—7n|<(log G)2/G
. n| (1 —7n) J
> hj{fnjgop p- aW—F(b—i—QaTN) Z Ap(Tn) <E[U((nj7k})]_TN> .

kit —7n|<(log G)2/G
We distinguish two cases.

If lim supN_mo(n/m)‘ Dkl | <(log &2 /G Ak(TN) (]E[U(J[nﬂk])] - TN)’ >
0, (S.7.7) holds for 7 with any b > 0 and a = 0.

If lim supN_mo(n/m)‘ S kimeerl<tos @2/ AR(Tn) (EIOY, ] = 7v) ’ _
0, we can pick an arbitrary 0 < a < Qg Since 7y € T = [17,7y] with
0 < 71, <7y <1 and thus

) n
lim sup —

1
i - > —limsuparn (1 — 7n)
—00

2 N—oo

aTN(l —7N) ‘
(n/m)+1

1
> §amin{TL(1 —77), Tr(1 — TU)} > 0.

Thus, (S.7.7) holds when limsupy_, . (n/m) = co. Combining the two cases
above completes the proof of (S.7.7). O
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S.7.2. Proof of (S.3.22) and (S.3.25). We begin by proving a slightly
stronger version of (S.3.22) for any j:

(S.7.8) sup Var(53,()) < 1/n.
T

TE

Observe that, as discussed in te beginning of Section S.7.1, m1/2§j(7') =
Qa,b(U(J[an]))a and
Var(mlﬂgj(T))
= Var(Qu(Uij, 1))

. . ; i 2
= E[{a((U{fs,1))* = BlUff,m)) D) + (U101 ~ U, )1) 3]
= E[{a((Ufty,))° = B0 ))* = Var(U]y, 7)) + 007,y = B0, )]

. ; 2

< 9{(4@2 + b2)Var(U(J[njﬂ)) + a2Var(U(][njﬂ)) }

Therefore, it is enough to show that

(S.7.9) sup Var(Uj

S m/n.
sup Var (U, ) < m/

Distinguish two cases. If m/n is bounded away from zero, this follows since
|U (J(n'ﬂ)‘ <1 and thus Var (U, (]|—n'T'|)) is bounded by a constant independent
J J

of 7. We will thus without loss of generality assume that m/n — 0. Observe
the decomposition

Var (U, ) = E[ (U 1) ~ BV, ) |

= E[ (W, ~E WG, i) ] + B[ (B0, ) ~ B, 1)) ]

First observe that
R . 2
Vi _ J X
EKU(MM) E[Uanjﬂ)'”ﬂ]) ]

_ E[(U{MM) _ E[U{Wﬂ)\nﬂ)ﬁ{’m - %‘ <6,/ 10g (%) H +0((n/m)2)

m
- max E((U}, 1 —E[U7, )| +O((n/m)~?)
L1~ (n/m)|<6+/(n/m) log(n/m) [ (fir1) (nr) ]
= max Var (Upryy) + O((n/m) ),
l:[l—(n/m)|<64/(n/m) log(n/m)
(S.7.10)

=m/n,
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uniformly in 7 € 7. Here, the first equality follows since, )(U(j(njﬂ) -
. 2
E[U(J[njﬂ)\nj])) <1 as., nj ~ Bin(n,1/m) and the following result which
is a consequence of Bernstein’s inequality
—C/3
(S.7.11) P(‘nj—ﬁ‘ >C 2log (2)) §2<£> forallC > 1
m m m m

The final inequality is from (S.7.1).

Next, observe that, almost surely,

) 1

J 1
BV, plns] = 7] < 1

by (S.7.1). This implies \E[U(j[njﬂ)] —
(S.7.12)
, , 2
E| (B0, o) 1l —EI07, ) | S E[An) 2] +El(14n,) ™) = O((m/n)?)
by an application of (S.7.11). Combining (S.7.10) and (S.7.12) finishes the

proof of (S.7.9).
To prove (S.3.25), note that by Holder’s inequality and Lemma S.7.3

7| < E[(1 + n;j)~!], and thus

E[15,(r) — Elj;(r [(ZAk (B (m) — BB (m)y) |

<E[(Z|Ak ) (32 4413 0~ B )|

k=1
< sup Var(Bj(m)

k=1,...K
S 1/n,
where the last inequality is an application of (S.7.8). a

S.7.3. Auxiliary Lemmas.

LEMMA S.7.1.  Assume that W, ~ Bin(n,1/m) and that U-|Wy, = w ~
Beta([wt],w+1— [wr]) if w > 0 and Uy = 0 a.s. conditional on W,, = 0.
Let Qqp(x) == ax® + bx. Then for any a,b > 0 and n,m such that n > 2,
n/m > 1, we have for all T € (0,1) that

(S.7.13)

%‘E[Qa,b(U‘r) = Qap(1)]| = arl=7) _ %bﬂE[UT —7]| - 2a%\E[UT —7]|.

200
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Proof of Lemma S.7.1. For a proof of (S.7.13), note that
(E[U:])? - 7%| < 2[E[U;] - 7].
Note also that
Var(U;) = E[Var(U,|W)] + Var(E[U,|W]) > E[Var(U,|W)].
Thus with an application of triangle inequality, for a,b > 0,

|E[Qup(Ur) = Qup(7)]] = [a(E[UZ — %)) + b(E[U: — 7])]
(S5.7.14) > aE[Var(U,|W)] — b|E[U, — 7]| — 2a|E[U, — 7]|.

Next we will prove a lower bound on E[Var(U,|W)]. The following tail bound
on binomial probabilities follows from the Bernstein inequality

2
* E) Ve >0
24+zxm

P(Waz (142)2) <exp (-

In particular for n/m > 1 setting C' = z — 1 yields for C > 1

s1m  p(zel) sen(- 900

Next note that

[e.e]

Z [wﬂ (w+1-—[wr])

E[Var(U,|W)] (w+ 1w+ 2)

)

and moreover for any w > 0

T(1—1) [wr](w+ 1 — JwT]) 1
4(w+2)S (w+1)2(w + 2) Sw+2'

Thus from (S.7.15) we obtain for n/m > 1 by setting C' =3

E[Var (U, |W)] > zm(ﬂw” >0) - e_1> > @M(l - e_1>

m7(l—71)
n 200

(S5.7.16) >

where we used the fact that for n > 2,n/m > 1 we have P(W,, > 0) > 1/2.
The result follows by combining this with (S.7.14).
U
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LeEMMA S.7.2 (Localization). Let all conditions in Lemma S.7.1 hold
and assume that additionally N > m, G > (N/m)® for some o > 0 and
S > (N/m)Y2. Recall the definitions of Ax,Qap given in Section S.3.3.2
and assume that rr > 2.

1. If imsupy_,.on/m < oo there exists a sequence TN in T such that

(S.7.17)

) n
lim sup —
N—oo M

> Ap(Tn)E[Qap(Ur,) — Qap(7h)]

kit —mn|<(log G)2 /G
> lim sup (n/m)‘E[Qa,b(UTN) - Qa,b(TN)”

N—oo

2. If imsupy_,o, n/m = oo there exists a sequence Ty in T such that

(S.7.18)im sup n Z Ak(TN)E[Qap(Ur,) — Qap(Tr)]

N m k’:|Tk7TN‘S(10gG)2/G
. n TN(l — TN)
> —lq—— -
hifnsup a (njm) 11 +(b+2atn) g Ak(TN)<E[OTk] TN)’

k:|lm—7n|<(log G)2/G

PROOF OF LEMMA S.7.2. For a proof of (S.7.17), for arbitrary wy € N,
observe that the sum

(S.7.19) Sy (1) := i P(W, = w) (aE[UZ|W,, = w] + bE[U,|W,, = w))
w=1

is a piecewise constant function of 7. This function is constant on intervals of
the form [l /w1, l2/wo] for some positive integers [y, lo, wi, we < wy satisfying
L < li/wy < la/we < 1p. Thus, the length of each interval where S, is
constant can be bounded from below as follows

(S.7.20) h b hwazbun o
w1 w9 wi1wW2

since [1wo — lswy > 1 because both ljws and low; are positive integers, and

w1, w2 < wp. Let wy = log G. Then

(S.7.21)

a(IEZ[UT2 — 7‘2]) +b(E[U; —7]) = Sup (1) — P(W,, < wpn)(br + a7’2) +rg(7)

where the remainder satisfies sup,cr |ra(7)| < 2(a + b)P(W,, > wy), and

by (S.7.15)

(S5.7.22) P(Wy, > wn) =0(1), Elel,};)d‘Tg(T)‘ = o(m/n)
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since wy — oo and we are in the case n/m bounded. For each N, select 7
as the midpoint of any open interval Jx C 7 on which S, () is a constant.
From the choice of 7y and wy, we have when N is sufficiently large,

(S.7.23) Swy (Ti) = Swy (Tn) for all k@ |7 — 7| < 1/(3w%)

and in particular Sy, (7x) = Swy (7n) for k : |7, — 7] < (log G)?/G since
G — oo. Hence, for each N, we get from (S5.7.21) that

Z Ap(TN)E[Qap(Ur,) — Qap(r)]

kit —mn|<(log G)? /G

= > Ag(n) [a(BIUZ, = 77]) + b(E[Ur, — 7])]
ki —7n|<(log G)?2 /G
(S.7.24)
= > Ak(TN){SwN(Tk)+ (‘P(W”SwN)(bT’“+aT’?)+TG(Tk)>}'

kim—1n|<(log G)2/G

Note that by similar argument as (S.7.4) and (S.7.6), we have

3 {Arrn)ome + )} = (b7 + mfv)’
ki —7n|<(log G)2/G
(S.7.25)
K
AL Z {Ak 7~ ) (b1 + aTk)} (brn + CLTN)‘ + o(m/n) 524 o(m/n),
k=1
and
(S.7.26)
(S.7.6) |
> Ae(rn)ra(m)| =" | Axlrn)ra ()| + o(m/n) = o(m/n).
k:|m—7n|<(log G)2/G k=1

where the last identity follows from (S.7.21) and Lemma S.7.3. Hence, we
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obtain from (S.7.24) that

. n
lim sup— Z Ap(Tn)E[Qap(Ur,) — Qap(Ti)]
N—oco T
kil —7n|<(log G)2/G
B, n
2 lim sup — > {Ak(TN)SwN(Tk)} — P(Wy, <wn)(brn + aTJQV)‘
N—oo M
k:|lm—7n|<(log G)2/G
(87.28) lim sup n Swn (TN) Z {Ak(TN)} — P(W, < wn)(bry + CLT]2V)’
N—oo M ki|me—mn|<(log G)? /G
K
S.7.6) . n
BT )hmsup— Swy (TN) Z {Ak(TN)} — P(W, <wn)(bry + aTJQV)’
= 1imsup£‘SwN(TN) — P(W,, <wp)(bry + GT]2V) + TG(TN)|~
N—oo M

Here the last line follows from Lemma S.7.3. Apply (S.7.21) to complete the
proof of (S.7.17).
For a proof of (S.7.18), note that by the law of iterated expectation,

(S5.7.27)
E[Qub(Ur) = Qap(7)] = a(Elvan(7)] + E[vf ,(7)] = 7°) + b(E[v1,n(7)] — 7)
where
(Wi
V10(7) == E[U|W,] = 1{W,, > 0} :
(S.7.28) 1 Wn 41

[(Wat| (W, +1 — [WyT])

v2a(7) i= Var(Ur|Wa) = 1{Wa > 0} =g =530 9)

The following bound for binomial random variables can be obtained by Bern-
stein’s inequality for n/m > 1:

P(|Wn —n/m| > C\/(n/m) 1og(n/m)) < 2(n/m)~%/3 forall C > 1
Using this bound, straightforward calculations show that

E[vy n(7)] = 7+ O(m/n)
Bloan(r)] = (g + o)

E[v%n(r) —r? = QT(E[an(T)] — 7’) + o(m/n)
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where all remainder terms are uniform in 7 € 7. Here, the first equation is
a consequence of the fact that |vy,(7) — 7| < (1 + W,)~! while the third
equation follows since

Efv?,, (1) = 7°] = 27 (Elv1,n(7)] = 7) = El(vi(r) = 7)°].
Thus, from (S.7.27),

(S.7.29)

E[Qa,b(UT) — Qa’b(T)] —a T(1—17)

W + (b + 26LT) (E[Ulm(T)] - T) + Tl,N(T)

where 71 n(7) = o((n/m)~!) uniformly in 7 € 7. Pick 7y = 7 for an arbi-
trary 7 € 7. From Lemma S.7.3 we obtain

(.7.30)

> Ag(tv)ri,n (Tk)

k|t —7n|<(log G)? /G

< sup ’rlNTk|E|Ak )| = o(m/n).
k=1,..,K P

Hence, combine (S.7.30) and (S.7.29) to get

) n
lim sup p- Z A(Tv)E [Qa,b(UTk) - Q‘“b(n‘)] ’
N—oo k:|my—7mn|<(log G)2/G
D S AR RICT A B
T n k(TN —_ k 1n\Tk)| — Tk
D o O oy S A (Blvae(m] - )
N_wop | Ty £ 1 ™ k(T 1,0 (Tk ™~

k:|lm—7n|<(log G)2/G

where the last inequality follows since for all k in the sum |7, — 7n| =
O((log G)?/G) = o(1) and |E[vy n(7%)]| = 7 + O(m/n) uniformly in 75. This
completes the proof of (S.7.18). O

LEMMA S.7.3. Assume that K > G. Recall the definition of Ak(T) in
(S.3.23). There exist constants ¢,C > 0 independent of K,G such that

sup |Ax(7)| < e, supZ|Ak )< C.
k€T TET =1

Moreover, for any 7 € T, Zi(:l Ap(r) = 1.
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PROOF OF LEMMA S.7.3. We start with proving Zle Ag(t) = 1. Ob-
serve that Zszl Ap(7) = kg1, where I is defined in Section S.3.4.5 and
g1(z) = 1. Since the degree of the piecewise polynomials in B is greater or
equal to 2 and ¢; is an order 0 polynomial, similar arguments as used in the
proof of (S.7.4) show that ||[IIxg1 — 1||cc = 0. This implies Zszl Ag(t)=1
forallT e T.

To obtain a bound for supy, .7 [Ax(7)|, note that

sup |Ag(7)| = sup [Hgek|loc < [Tk ||oo sup [[€x]oc,
k,reT k k

where €;(-) : T — [0,1] is the function interpolating {(71,0),..., (Tp—1,0),
(ks 1), (Tk41,0)..., (7K, 0)}, so supy |[€kllc = 1. In the first step in Sec-
tion S.3.4.5 we have shown that ||Ilx||s < C’ for some constant C’ > 0
independent of K. Hence, taking ¢ = ||IIx ||~ finishes the first claim.

Next we show that sup, . Z,If:l |Ak(7)| < C.Forany 7 € T and 73, € Tk,
define the index sets

Z(t):= {j €{l,...,q}: Bj(1) # 0};
Tp = {j €{1,....q} : Bj(m) #0}.

Note that |Z(7)| = |Z(m)| = - + 1 for all 7 € T and k, and the elements in
both sets are consecutive positive integers by the connective support of B;.

By Lemma 6.3 of Zhou et al. (1998) (note that their N, n and G}, are
our B, K and K ! Zszl B(7)B(7) ", while their & is of order 1/G see page
1761, 1762 and 1765 of Zhou et al. (1998)), there exist constants 0 < v < 1
and ¢; > 0 independent of K, G, 7 such that the ij’th element of the matrix
satisfies

K
—1 . .
(8.7.31) <ZB<Tk)B(Tk)T>U < e K161l < gylii
k=1

where the second inequality follows from our assumption that K > G.
Recall that our Bj is defined as given in Definition 4.19 on page 124 of
Schumaker (1981). Thus, by equation (4.31) in the same reference,

sup max | B;(7)|* < 1,
TeT J=4
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and by (S.7.31),
(S.7.32)

|Ak(r)] = )B(T)T(iB(Tk)B(Tk)T)_lB(Tk)

k=1

.
D DR

JEL(7),j' €Lk

(87.33) <a i (@) + ) N T + |(@(7) = D) N Te| ),
=0

where Z(1) =l ={j—=1l: 7€ Z(n)}, Z(t)+ 1 ={j+1:j € Z(7)}. Now,
we make a key observation that (|(Z(7) +1) N Zy| + [(Z(7) = 1) NT;|) # 0
for at most 6(r; + 1) many k at each fixed { € N. This is due to the fact
that both Z(7) and Zj consist of 7 + 1 consecutive positive integers, and
the same is true for both Z(7) — [ and Z(7) + [. Hence, from (S.7.33) and
Fubini’s theorem,

K oo K
S A <) > ([@E) + D) NI + [(Z(r) = 1) N ]
k=1 =0 k=1

< 6ci(ry +1) Zvl < 0.
=0

This completes the proof. O

APPENDIX S.8: TECHNICAL RESULTS FROM EMPIRICAL
PROCESS THEORY

In this section, we collect some basic results from empirical process theory
that we use throughout the proofs. Denote by G a class of functions that
satisfies |f(z)] < F(z) < U for every f € G and let 02 > SUpfeg Pf2.
Additionally, let for some A >0,V >0 and all € > 0

(5.8.1) N(e,G, Ly(P,)) < (W)V‘

In that case, the symmetrization inequality and inequality (2.2) from Koltchin-
skii (2006) yield

V. A|F|p\12 VU AlFp
(5.8.2) E[P,—Pllg <co [U(E log %) + o log f()]

for a universal constant cg > 0 provided that 1 > o2 > constn™! [in fact,
the inequality in Koltchinskii (2006) is for 02 = sup reg P f2. However, this
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is not a problem since we can replace G by Go/(supseg P f2)Y/2]. The sec-
ond inequality (a refined version of Talagrand’s concentration inequality)
states that for any countable class of measurable functions F with elements
mapping into [—M, M|

(S.8.3)

1/2
P{HP’R_P”]—‘ > QEHPN—PH]:—l—cln_l/2<sup Pf2> \/%—i—n_lcht} <e,
fer

for all ¢ > 0 and universal constants c1,c; > 0. This is a special case of
Theorem 3 in Massart (2000) [in the notation of that paper, set ¢ = 1].

LEMMA S.8.1.  Under (A1)-(A3) and £2,(logn)? = o(N) we have for any
0 >0 and uy € R™,
(S.8.4)

lim limsupP(HuNH;lNl/2 sup u}UN(Tl)—u}UN(Tg)‘ > 8) =0,
=0 Nooo 71,72€T | 11— 72| <8

where Uy (7) is defined in (S.3.35).

Proof of Lemma S.8.1. See the proof for Lemma A.3 in Chao et al.
(2017). O

LEMMA S.8.2. Let p be a polynomial of degree q. Then for arbitrary
intervals [a,bland o € [0,1) we have

’/ x)dx — ;a Z p2<a+‘j—;a(b—a))‘§chl/abPQ(a;)dx

Jijt+asJ

or a constant Cy, > 1 that depends only on q.
q

Proof of Lemma S.8.2. We begin by observing that it suffices to prove
that for any polynomial p of degree g we have

(S.8.5) ‘/ da:—— 3 p2<j—;a)’ SC}/Opo(x)da:.

J Jta<J

To see this, note that for any polynomial p of degree ¢ the function p, (x) :=
pla + z(b — a))(b — a)Y/? is also a polynomial of degree ¢ and we have
01 ;52 p(@)de = f p?(x)dz by a change of variables and

S5 Pl )b R

jijta<J jij+a<J
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To prove (S.8.5) consider the bound

[t 5 A< [

e €01

where the first term on the right is from the difference of the two integrals on
the interior partitions, and the second term handles the boundary partitions
which are not 2imcluded in the summatlon on the left. Thus we need to bound
SUPe(0,1] {‘@Tgp)’ + pQ(x)} by C, fo z)dz. To this end, denote by P,
the space of polynomials on [0, 1] with degree less or equal to ¢. This is a
finite-dimensional vector space. Note that the operator ® : f — f'+ fis a

linear operator between the finite-dimensional, normed spaces (Pag, || - ||1)
and (Pag, || - |loo). Such an operator must be bounded, and hence there exists
a constant Cy with [|®(p?)||ec < Cyl|p?||1. This completes the proof. O

APPENDIX S.9: TECHNICAL DETAILS FOR SIMULATION AND
ADDITIONAL SIMULATION RESULTS

This part of the supplement contains additional results and some tech-
nical details for the simulation study in Section 5. Section S.9.1 contains
some technical details related to the simulation settings in Section 5, and
additional figures (the case m = 16 and coverage probabilities of confidence
intervals for Fy|x(y|ro) and large values of S). In Section S.9.3, using the
same linear model as in Section 5, we provide additional simulation results
for the oracle properties of the divide and conquer estimator B(7) and the
distribution function estimator ﬁy‘ x(y|x); the emphasis of this section is
on illustrating our oracle theory. In Section S.9.4, we consider a non-linear
model and illustrate oracle properties of the divide and conquer estima-
tor B(7) and the distribution function estimator ﬁy‘ x (y|z). Some practical
conclusions from the simulations are summarized in Section S.9.5

S.9.1. Details for Section 5 and additional simulation results.
The simple pooled estimator for the asymptotic covariance matrix of B, (7)—
B(7) was computed by first using the options se=’ker’, covariance=TRUE
in the rq function in quantreg (Koenker, 2016) for each sub-sample, and
then averaging the results over sub-samples.

The values of the optimal constant ¢*(7) were determined from the theory
developed in Kato (2012). More precisely, we use the following formula given
on its page 264 of the latter reference,

4.5 B[22 Z}] )1/5
(1) 25k (E[Z;Z))? )

(S.9.1) (1) = a<a
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where a(7) = (1—-®71(7)2)2¢(®~!(7)) (note that this is a corrected version
of Kato’s formula). Note that ¢*(7) is symmetric around 7 = 0.5. In order
to save computation time in the simulation, we simulated an independent
data set to compute ¢*(7), and used the same ¢*(7) (based on m = 4) for
different m in all the simulations, because the exact value of ¢*(7) does not
change much with m under our design of Z; see Table S.9.1.

m=4 m=16 m =232
T7=0.1 0.242 0.252 0.254
0.5 0.173 0.179 0.180
TABLE S.9.1
Values of ¢*(7) based on (S.9.1).

In the following, we show additional simulation results. Figure S.9.1 shows
the coverage probability of the confidence interval for Q(xo;7) based on
xq B(7) for dimension m = 16. For additional simulations for Fyx (ylzo)
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¢ Iogz(g) ¢ Iog2(g) ¢ Iogz(g)
Fig S.9.1: Coverage probabilities for Q(zo;7) for m = 16 in homoskedastic
model (5.1). Coverage probabilities for 2] B(7) for different values of S and
7 =10.1,0.5,0.9 (left, middle, right row). Solid lines: n = 512, dashed lines:
n = 2048. Black: asymptotic oracle CI, blue: CI from (4.2) based on t dis-
tribution, red: CI from (4.1) based on normal distribution, green: bootstrap

CIL Throughout zo = (1, ...,1)/m!/2, nominal coverage 0.95.

under the same settings as that of Figure 5.2 in Section 5, Figure S.9.2 shows
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the coverage probability of the confidence interval with large S for m = 4
and 32 and Figure S.9.3 shows the coverage probability of the confidence
interval for m = 16.
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o | — bootstrap n=512, B=500 o o
=] =] =]
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logz(8) log2(S) 10g2(S)

Fig 5.9.2: Coverage probabilities for Fy|x(ylro) in homoskedastic
model (5.1) with m = 4,32 with large number of subsamples S, n = 512
and nominal coverage 0.95. Red: oracle asymptotic CI, black: bootstrap CI
with B = 500.

S.9.2. Heteroskedastic model. We consider a linear location-scale
shift model,

(S.9.2) Vi=021+8,_ 1 Xi+ (142, 1X)ei, i=1,..,N.

where m € {4,16,32}, 3,1 is chosen as (S.9.3), X; and ¢; are chosen as
model (5.1), and the vector z,,_1 takes the form
z3 = (0.69,0.56,0.35) " ;
(5.9.3) 215 = (23,24 ,29 , 29,23 ) ' ;
231 = (B3, 815, 0.69) "
S.9.2.1. Results for the divide and conquer estimator 3(r). We fix the

sub-sample size n and consider the impact of S on the coverage probabilities
of various 95% confidence intervals as in Section 5.1. We use the infeasible
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Fig S.9.3: Coverage probabilities in homoskedastic model (5.1) for
Fy|x(y|zo) for m = 16, n = 512 and nominal coverage 0.95. Red: oracle
asymptotic CI, black: bootstrap CI with B = 500.

asymptotic confidence interval (5.3) as benchmark (note that the asymptotic
variance is different in the homoskedastic and heteroskedastic model).

In the first step, as in Section 5.1, we consider the three types of confi-
dence intervals in Section 4.1. The coverage probabilities of the correspond-
ing confidence intervals are presented in Figure S.9.4. The general patterns
are similar to those in Figure 5.1, but coverage starts to drop earlier for
both m = 4,32. The same conclusion holds for the coverage probabilities
for dimension m = 16 when comparing Figure S.9.5 to Figure S.9.1 for the
homoskedastic model.

Next, we analyse the asymptotic confidence intervals using the empirical
asymptotic variance of zj B(7) from data, which is estimated with the three
ways described on p.22 in Section 5.1. The constants ¢*(7) there are replaced
by C;(T), which is computed by adapting the formula on page 263 of Kato
(2012) to the N(0,0?) location-scale shift model (S.9.2). This yields the
formula:

453 Bl + 2, X) 12227 )1/5
(1) X4t (E[(1 + 2, X)732;7;])? ’

where a(7) = (1 —®71(7)?)2¢(®~!(7)). The values are listed in Table S.9.2.
The results for the coverage probabilities are reported in Table S.9.3. The

(S.9.4) ci(r) = a<a
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m=4 m=16 m =32
T=0.1 0.4206 1.2118 2.3222
0.5 0.2990 0.8614 1.6508
TABLE S.9.2
Values of c;(T) based on (S.9.4) of the linear Gaussian location-scale shift model (5.1) .

overall patterns are similar to those in Table 5.1, but the coverage prob-
abilities start to drop earlier, this effect is similar to what we observed in
Figure S.9.4.

S 1 [ 10 ] 30 [ 50 1 [ 10 ] 30 [ 50 1 [ 10 ] 30 [ 50

n=>512 m=4,7=0.1 n =512, m =16, 7 =0.1 n=>512, m=32,7=0.1

or 949 | 94.1 | 95.0 | 93.9 95.1 | 94.0 | 92.7 | 90.5 94.3 | 916 | 83.0 | 73.8
def || 92.8 | 92.7 | 93.8 | 92.6 949 | 93.5 | 91.9 | 89.8 94.6 | 904 | 80.2 | 7T1.3
nai 93.7 | 93.1 | 944 | 93.0 97.7 | 93.2 | 91.2 | 88.5 99.4 | 91.6 | 80.9 | 72.0
adj 93.7 | 93.6 | 94.9 | 93.8 97.7 | 94.1 | 92.9 | 90.9 99.4 | 934 | 83.7 | 75.6

n=>512 m=4,7=0.5 n=>512, m=16,7=0.5 n=>512m=32, 7=0.5

or 95.4 | 94.7 | 95.5 | 94.9 95.4 | 96.2 | 95.3 | 94.3 95.3 | 94.3 | 95.7 | 94.7
def || 97.4 | 97.0 | 97.8 | 974 99.3 | 99.3 | 98.8 | 99.0 98.4 | 98.6 | 98.6 | 98.2
nai 96.0 | 95.6 | 96.1 | 95.8 98.6 | 98.0 | 97.3 | 97.1 99.0 | 975 | 97.2 | 974
ad]j 96.0 | 95.2 | 95.6 | 95.1 98.6 | 97.4 | 96.1 | 95.6 99.0 | 96.7 | 96.4 | 96.1

n=2>512 m=4,7=0.9 n=>512, m=16,7=0.9 n=>512 m=32,7=09

or 95.0 | 95.2 | 93.9 | 94.5 95.3 | 942 | 923 | 91.6 94.7 | 909 | 80.1 | 72.7
def || 92.9 | 94.5 | 92.5 | 93.6 94.0 | 93.8 | 91.6 | 90.8 94.0 | 88.5 | 79.2 | 69.8
nai 93.8 | 95.0 | 93.0 | 93.7 97.1 | 93.3 | 90.8 | 89.8 99.4 | 90.0 | 80.1 | 70.6
adj 93.8 | 95.2 | 93.6 | 94.5 97.1 | 946 | 924 | 91.8 99.4 | 916 | 83.2 | 73.9

n=2048, m =4, 7 =0.1 n = 2048, m = 16, 7 = 0.1 n = 2048, m = 32, 7 = 0.1

or 95.1 | 96.3 | 94.9 | 95.1 95.6 | 94.1 | 94.8 | 93.8 95.2 | 95.0 | 90.5 | 88.2
def 94.0 | 95.8 | 94.2 | 94.8 94.6 | 93.5 | 93.7 | 92.8 94.7 | 94.3 | 89.3 | 87.0
nai 946 | 95.8 | 94.4 | 94.8 95.7 | 93.1 | 93.2 | 924 95.6 | 94.2 | 89.1 | 86.8
ad]j 94.6 | 96.0 | 94.6 | 95.0 95.7 | 93.8 | 94.4 | 934 95.6 | 949 | 90.2 | 87.9

n=2048 m=4,7=0.5 n = 2048, m = 16, 7 = 0.5 n=2048, m = 32, 7 = 0.5

or 95.1 | 944 | 95.6 | 94.6 94.8 | 95.0 | 954 | 95.1 95.2 | 95.1 | 95.2 | 95.0
def || 95.9 | 95.5 | 96.6 | 95.7 976 | 97.8 | 98.0 | 98.0 975 | 971 | 976 | 974
nai 95.4 | 949 | 96.2 | 95.0 96.6 | 96.8 | 96.6 | 96.4 97.0 | 96.4 | 96.4 | 96.4
adj 95.4 | 946 | 95.8 | 94.8 96.6 | 959 | 95.8 | 95.6 97.0 | 96.0 | 954 | 95.6

n=2048 m=4,7=09 n = 2048, m = 16, 7 = 0.9 n=2048, m = 32, 7 =0.9

or 95.1 | 949 | 95.6 | 94.6 95.0 | 94.8 | 94.2 | 93.2 95.3 | 945 | 91.0 | 89.4
def 94.2 | 944 | 95.1 | 94.1 94.0 | 94.2 | 934 | 92.1 94.8 | 93.8 | 90.1 | 88.2
nai 946 | 945 | 95.1 | 94.1 95.4 | 939 | 93.0 | 91.8 95.6 | 93.8 | 90.0 | 87.6
adj 94.6 | 94.7 | 95.6 | 94.4 95.4 | 94.4 | 94.0 | 93.2 95.6 | 94.8 | 91.1 | 89.4

TABLE S.9.3
Coverage probabilities under the linear Gaussian location-scale shift mode (S.9.2) based
on estimating the asymptotic variance. Different rows correspond to different methods for
obtaining covariance matriz. or: using true asymptotic variance matriz, def: default
choice implemented in quantreg package, nai: asymptotically optimal constant with
scaling hy ~ n71/5, adj: asymptotically optimal constant with scaling hy ~ N5
suggested by Theorem 4.4.

as
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Fig S.9.4: Coverage probabilities under the linear Gaussian location-scale
shift model (S.9.2) for 2§ 3(7) for different values of S and 7 = 0.1,0.5,0.9
(left, middle, right row). Solid lines: n = 512, dashed lines: n = 2048. Black:
asymptotic oracle CI, blue: CI from (4.2) based on t distribution, red: CI
from (4.1) based on normal distribution, green: bootstrap CI. Throughout
zo = (1,...,1)/m"/? nominal coverage 0.95.
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Fig S.9.5: Coverage probabilities for Q(xo;7) for m = 16 under the lin-
ear Gaussian location-scale shift model (S.9.2). Coverage probabilities for
xq B(7) for different values of S and 7 = 0.1,0.5,0.9 (left, middle, right
row). Solid lines: n = 512, dashed lines: n = 2048. Black: asymptotic oracle
CI, blue: CI from (4.2) based on t distribution, red: CI from (4.1) based on
normal distribution, green: bootstrap CI. Throughout z¢y = (1, ..., 1)/m1/2,
nominal coverage 0.95.

S.9.2.2. Results for the estimator ﬁylx(y’$). In this section, we com-
pare the coverage probabilities of the bootstrap confidence intervals for
Fy|x(Q(wo;7)|20) = 7 with the oracle asymptotic confidence interval (5.4).

~

To estimate Fy|x, we use the same number of quantile grid K = 65 and
the same number of equidistant knots G = 32 for spline interpolation as
in Section 5.2, which are sufficiently large to ensure the nominal coverage
of the oracle confidence intervals. Coverage probabilities for m = 4,32 are
reported in Figure S.9.6. Results for large values of S and dimension m = 16
are presented in Figure S.9.7 and S.9.8. The general patterns are similar to
the homoskedastic model with overall coverage starting to drop earlier.
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Fig S.9.6: Coverage probabilities for oracle confidence intervals (red) and
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and y = Q(xo;7), 7 = 0.1,0.5,0.9. n = 512 and nominal coverage 0.95.
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Fig S.9.7: Coverage probabilities for Fy-|x(Q(zo; 7)|7o) = 7 under the linear

Gaussian location-scale shift model (S.9.2) for m = 4, 32 with large number

CI, black: bootstrap CI with B = 500.

of subsamples S, n = 512 and nominal coverage 0.95. Red: oracle asymptotic
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Fig S.9.8: Coverage probabilities for Fy-|x(Q(zo; 7)|7o) = 7 under the linear
Gaussian location-scale shift model (S.9.2) for m = 16, n = 512 and nominal
coverage 0.95. Red: oracle asymptotic CI, black: bootstrap CI with B = 500.

S.9.3. Additional simulations for the linear model. The purpose
of the simulations in this section is to show the thresholds for the number
of sub-samples S* and the number of quantile grids K* that guarantee the
oracle properties of 3(7) and B(T) predicted by the sufficient and necessary
conditions in the theorems in Section 3. Besides normal location shift models,
we also consider models with exponential error distributions. Using the linear
model (5.1) in Section 5, we show the coverage probabilities of the oracle
asymptotic confidence intervals, i.e. the confidence intervals based on the
true asymptotic variances. Similar to Section 5, we select 7 = 0.1,0.5,0.9,
m = 4,16,32 and T = [0.05,0.95]. Section S.9.3.1 contains results for 3(7)
defined in (2.3), while Section S.9.3.2 discusses ﬁyp{(y]x) defined in (2.8).

S.9.3.1. Oracle rule for B(7). Recall that from Corollary 3.3, an asymp-
totic 1 — o confidence interval for z] B(7) is

(S5.9.5) [J:S—B(T) + N_l/QfE_ﬂ} \/7'(1 —T)zg Ex'zo® (1 — a/2)],

where f. ; = f.(F71(7)), f. is the error density and X x = E[(1, X,") (1, X,")].
Here, we set zo = (1,(m — 1)"Y21] )T, where 1,,_; is an (m — 1) vector
with each entry equal to 1.
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We verify the oracle rule by checking whether the empirical coverage
probability of (5.3) equals 1 — a = 95%. Figure S.9.9 shows the coverage
probabilities for e ~ A(0,02). In all plots, the coverage probabilities reach
the nominal level 95% for S < S*, and then drop quickly to 0 for S > S* for
some S*. When N increases, S* shifts toward N'/2, which is the sharp upper
bound in Corollary 3.3. Also, when N is fixed, a larger dimensionality m
leads to a smaller S*. For e ~ Exp()\), Figure S.9.10 shows that the coverage
probabilities are no longer symmetric in 7. When 7 is small, NV needs to be
large enough to attain the same magnitude of S* due to the skewness of
Exp(A).

S.9.3.2. Oracle rule for ﬁyp{(y\x). We compute ﬁy|X(y0]a:0) defined in
(2.8) discretely with an equidistant partition of size 1000 on [rr,7y]. The
involved B(7) is computed as in (2.5) with B being cubic B-spline with
dimension ¢ defined on G = 4+¢ knots. The knots form a partition on |77, T¢/]
with repetitions on the boundary; see Corollary 4.10 of Schumaker (1981).
For simplicity, we set yo = Q(wzo;7) so that Fy|x(yo|zo) = 7, where zg is
chosen as in Section S.9.3.1. Recall from Corollary 3.5 that an asymptotic
1 — a confidence interval for Fy|x (Q(wo;7)|x0) = 7 is

(59.6)  [Fyx (Qao; Tlao) £ NV /7(1 - 1)af Bxlao® (1 - a/2)].

We fix N = 24 in this section.

We demonstrate here the impact of number of subsamples .S, model di-
mension m, number of basis ¢ and number of quantile grid points K on
the coverage probability of (S.9.6). We note that ¢ and K have similar im-
pact on coverage probabilities given that other parameters are held fixed. In
Figure S.9.11 with ¢ ~ N(0,0.12), we note that an increase in ¢ = dim(B)
improves the coverage probabilities given that m, S are held fixed. Also, at a
fixed S, g can be chosen smaller if m is larger. This is consistent with Corol-
lary 3.10 that requires ¢ > N/ (1| Z(x0)||~". Similar to Section S.9.3.1, an
increase of the dimensionality m leads to a smaller S* for any fixed g. For
e ~ Exp(0.8) shown in Figure S.9.12, a difference to the normal case is that
the performance of the coverage probability is better when 7 is small.

S.9.4. Nonparametric model. In this section, we consider a nonlin-
ear model

(S.9.7)
Y; = 2.5 +sin(2X;) + 2exp(—16X7) + 0.7¢;, X; ~U(—1,1), & ~ N(0,1),
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where the function x +— 2.5 + sin(2z) + 2exp(—16x2) is plotted in Figure
S.9.13. The basis Z is set as cubic B-spline defined at m+4 knots. The knots
form a partition on [—1, 1] with repetitions on the boundary; see Corollary
4.10 of Schumaker (1981). The model (S.9.7) implies the quantile of Y is
Q(z;7) = 2.5 + sin(27) + 2exp(—1622) + 0.7¢~1(7) for 0 < 7 < 1.

Section S.9.4.1 concerns the coverage probabilities of the confidence in-
tervals for Q(x;7) for fixed 7. Section S.9.4.2 deals with the coverage prob-
abilities of the confidence intervals for Fy|x(y|z). In both sections, we fix
N =216

S.9.4.1. Oracle rule for B(1). According to Corollary 3.9, an asymptotic
1 — « confidence interval for Q(xo;7) is

(8:9.8) [Z(wo) ' B(r) £ N~V261 (25 (1) V/7(1 = 7)o0(Z)2 ' (1 — a/2)],

where 02(Z) = Z(x0) "E[Z(X)ZT (X)]"'Z(z¢) and ¢, is the density of
N(0,02).

Our simulation results show how S and m (the number of basis functions
m = dim(Z)) influence the coverage probabilities of (S.9.8). For all the
plots in Figure S.9.14, the coverage probabilities corresponding to m = 13
at xo = 0 (the solid green curves) performs the worst. This is partly caused
by the large bias from the large curvature of Q(zo;7) at g = 0 (see Figure
S.9.13). This bias can be reduced by setting greater m, but the increase of
m results in a smaller S*.

S.9.4.2. Oracle rule for ﬁy|X(y\m). We compute ﬁy|X(y]a:) in a similar
way as Section S.9.3.2 by taking yo = Q(xo; 7), which gives Fy|x (yo|zo) = 7.
By Corollary 3.10, an 1 — « confidence interval for 7 is

(S5.9.9) [ﬁylx(Q(fL’o; 7)|xo) £ NV /7(1 = 7)oo(Z)d 1 (1 — a/2)],

where 02(Z) is defined as in (S.9.8).

We show the impact of number of subsamples S, model dimension m,
number of basis ¢ and number of quantile grid points K on the coverage
probability of (S.9.9) in Figure S.9.15. We only show 7 = 0.1 and omit the
results for 7 = 0.5,0.9, as they do not show additional insights to Figure
S.9.11. It can be seen from Figure S.9.15 that larger m lead to a smaller
estimation bias, and thus improves performance under fixed S,q and K.
However, such an increase of m also results in smaller S*. Under a fixed
m, the influence from S, ¢ and K on the coverage probabilities is similar to
the linear models with normal errors in Section S.9.3.2. These findings are
consistent with Corollary 3.10.
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S.9.5. Practical conclusions from simulations. In this section, we
briefly comment on some practical recommendations regarding the choice
of S, K. Our general recommendation would be to choose S as small as
possible and K as large as possible since the only advantage of choosing
large S or small K are computational savings. Both theory and simulations
suggest that for models with more predictors, particular care in choosing S
is necessary. Giving very specific default recommendations is difficult since,
as seen from the simulations, the exact value of logy(S) when coverage
starts to drop below nominal values depends on the quantile at hand and
(unknown) conditional density of response given predictors.

As a rule of thumb, we would recommend to ensure that the ’effective sub-
sample size’ n/m is at least 50 and that S does not exceed n/m. Additionally,
if the spread of conditional quantiles as a function of 7 changes rapidly, extra
caution needs to be taken. This recommendation is based on Figure S.9.10
where the conditional density of response given predictors is exponential and
coverage starts to drop earlier for smaller quantiles, which corresponds to
regions where the second derivative of the conditional quantile function is
larger. This is also in line with our derivation of lower bonds for the oracle
rule, where the second derivative of the conditional quantile function enters
as constant a (see Section S.3.3.2)

Regarding K, K > N'/* worked well in all simulations we considered.
Again, the precise constant will depend on the roughness of the function
7 = Q(x; 7). The choice of G should depend on K. Although the formal
statement of our theorem requires K/G — oo, a look at the proof reveals
that for cubic splines K/G > ¢ for some constant c is sufficient. Simulations
indicate that G = K/2 combined with cubic splines is a reasonable choice.
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Fig S.9.9: Coverage probability of the 1 — a = 95% confidence interval for
Q(xo;7) in (5.3): [$E)I'*(7_)if€—ﬁ1(7_(177_)338'2;(%0/]\[)1/2@—1(170[/2)} under
the model Y; = 0.21 + B;_lXi +&; with B,,_1 as (5.9.3) and £ ~ N(0, 0?),
where N is the total sample size, S is the number of subsamples and m =
1+ dlm(ﬁm_l)
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Fig S.9.10: Coverage probability under exactly the same setting
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Fig S.9.11: Coverage probability
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of the 1 — a = 95% confidence interval for
7)|zo) £+ (7(1 — T):L'gz:;(lx(]/N) 1/2<I>’1(1 -

a/2)] for Y; = 0.214 8], X; +¢&; with 81 as (5.9.3) and € ~ N(0,0.1%),
where the total number of samples is N = 24, S is the number of sub-
samples, m = 1 + dim(B,,-1), ¢ = dim(B) (corresponds to projection in 7
direction) and K is the number of the quantile grid points.
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Fig S.9.12: Coverage probability under exactly the same setting as Figure
S.9.11, only except for e ~ Exp()).

Fig S.9.13: The plot for the function x + 2.5+sin(2z) +2 exp(—1622), which

is used in model (S.9.7).
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Fig S.9.14: Coverage probability of the 1 — a = 95%
confidence interval for  Q(zo;7) in  (S.9.8): [Z(wo)'B(r) =+
N=V2¢ 1@ Y (7))\/7(1 = T)o0(Z)@ (1 — a/2)] under the nonlinear
model (S.9.7), where m = dim(Z) (corresponds to basis expansion in x)
and N = 216
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Fig S.9.15: Coverage probability of the 1 — a = 95% confidence interval
for F'(yo|xo) in (S.9.9): [ﬁy|X(Q(m0; m)2zo) £ N~V /(1 = 7)oo(Z)d (1 —
@/2)] under the nonlinear model (S.9.7), where m = dim(Z) (corresponds
to basis expansion in z), S is the number of subsamples, N = 216, ¢ =

dim(B) (corresponds to projection in 7 direction) and K is the number of
the quantile grid points.
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