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Dis c o v eri n g t h e i nt er d e p e n d e nt str u ct ur e a m o n g v ari a bl es pl a ys a
k e y r ol e i n k n o wl e d g e dis c o v er y i n m a n y r e al- w orl d a p pli c ati o ns.
Gi v e n a s e q u e n c e of p r e al- v al u e d v ari a bl es, t h e t as k is t o esti m at e
t h e e ntir e gr a p h str u ct ur e wit h p 2 p air wis e r el ati o ns hi ps. T his pr o b-
l e m is c o m p ut ati o n all y c h all e n gi n g si n c e t h e n u m b er of u n k n o w n
r el ati o ns hi ps t o esti m at e gr o ws q u a dr ati c all y wit h r es p e ct t o t h e
n u m b er of v ari a bl es. I n or d er t o s ol v e t his pr o bl e m, m a n y m et h o ds
h a v e b e e n pr o p os e d t o c ast t h e str u ct ur e dis c o v er y as a n i n v ers e
c o v ari a n c e esti m ati o n pr o bl e m b y m o d eli n g t h e hi g h di m e nsi o n al
d at a usi n g a G a ussi a n gr a p hi c al m o d el. T h e y f o c us o n h o w t o ef-
fi ci e ntl y esti m at e t h e e ntir e pr e cisi o n m atri x b y d e v el o pi n g m or e
a d v a n c e d o pti mi z ati o n al g orit h ms i n a s e q u e nti al m a n n er. A n u m b er
of m et h o ds ar e als o d e v el o p e d t o s el e ct n ei g h b or h o o d or p erf or m
str u ct ur e l e ar ni n g o n c at e g ori c al d at a, w hi c h ar e o ut of t his st u d y. A
t u ni n g-i ns e nsiti v e a p pr o a c h w as pr o p os e d t o esti m at e t h e pr e cisi o n
m atri x of G a ussi a n Gr a p hi c al m o d el i n a distri b ut e d m a n n er. B ut it
o v er- p ar a m etri z e d t h e pr o bl e m t o a c hi e v e t h e t u ni n g-i ns e nsiti vit y. I n
t his st u d y, w e pr o p os e d a n o v el fr a m e w or k t o dis c o v er t h e u n d erl y-
i n g gr a p h str u ct ur e i n a distri b ut e d m a n n er wit h a str ai g htf or w ar d
p ar a m etri z ati o n. T h e i d e a is t o d e c o m p os e t h e str u ct ur e dis c o v er y
t as k i nt o m ulti pl e s u b-t as ks, s u c h t h at a c ol u m n of t h e pr e cisi o n
m atri x is esti m at e d i n a s u b-t as k. We als o pr o v e d t h e distri b ut a bilit y
a n d t h e c o n v e xit y of t h e gl o b al t as k. A d diti o n all y, w e e m piri c all y
d e m o nstr at e d t h e eff e cti v e n ess a n d ef fi ci e n c y of o ur pr o p os e d fr a m e-
w or k b y c o n d u cti n g e xt e nsi v e e x p eri m e nts wit h c o m p aris o n t o a
n u m b er of st at e- of-t h e- art m et h o ds o n s y nt h eti c d at as ets. O ur c as e
st u d y o n a r e al- w orl d a p pli c ati o n is als o d e m o nstr at e d t o b e r eli a bl e.
T h e pr eli mi n ar y w or k w e pr es e nt e d h er e is n o v el, b ut it is still i n
pr o gr ess as m a n y e xt e nsi o ns c a n b e d e v el o p e d b as e d o n t h e pr o p os e d
distri b ut e d fr a m e w or k.
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1 I N T R O D U C TI O N

I n n u m er o us i m p ort a nt r e al- w orl d pr o bl e ms, f or e x a m pl e, f or e c ast-
i n g st o c k pri c e o n fi n a n ci al m ar k ets [3 1 ], pr e di cti n g us er i nt e nts
o n s o ci al n et w or ks [ 2 0 ], r a n ki n g q u er yi n g r es ults i n i nf or m ati o n
r etri e v al [4 ], c o- e x pr essi o n st u d y of v ari o us g e n es o n bi oi nf or m ati cs
[2 8 ], a n d f u n cti o n al u n d erst a n di n g of diff er e nt br ai n r e gi o ns [1 7 ],
d at a li e i n a hi g h di m e nsi o n al s p a c e d u e t o t h e c o- e xist e n c e of m a n y
i nt er d e p e n d e nt v ari a bl es. R at h er t h a n r e c o g ni zi n g i n di vi d u al b e h a v-
i or of a v ari a bl e, p e o pl e ar e oft e n m or e i nt er est e d i n h o w v ari a bl es
aff e ct e a c h ot h er. All of t h es e a p pli c ati o ns t h er ef or e r ais e a pr o b-
l e m of dis c o v eri n g t h e str u ct ur e of t h e u n d erl yi n g w ei g ht e d gr a p h,
w h er e v ari a bl es ar e r e g ar d e d as n o d es, a n d t h e w ei g ht o n t h e e d g e
is t h e str e n gt h of t h e c o n n e cti o n b et w e e n t w o v ari a bl es. As a r es ult,
d o w nstr e a m a p pli c ati o ns b e n e fit tr e m e n d o usl y fr o m t h e dis c o v er y
of t h e i nt er-r el ati o ns hi ps a m o n g v ari a bl es. I n pr a cti c e, t h e e v ol uti o n
of st o c k pri c e c a n b e b ett er u n d erst o o d a n d pr e di ct e d b y i nf erri n g
t h e d e p e n d e n ci es a m o n g diff er e nt st o c ks [1 0 , 3 1 ], a n d t h e r e c o m-
m e n d ati o n of q u er yi n g r es ults is m or e r eli a bl e b y c o nsi d eri n g t h e
i n n er str u ct ur e a m o n g t h e m [ 2 3].

T o r e c o v er t h e u n d erl yi n g d e p e n d e nt str u ct ur e a m o n g v ari a bl es,
t h e j oi nt distri b uti o n of all v ari a bl es is t y pi c all y m o d el e d as a M ulti-
v ari at e N or m al Distri b uti o n wit h z er o m e a n a n d i n v ers e c o v ari a n c e
m atri x Λ , als o k n o w n as pr e cisi o n m atri x. S o t h e str u ct ur e dis c o v er y
pr o bl e m is c o n v ert e d i nt o t h e pr e cisi o n esti m ati o n pr o bl e m. H o w-
e v er, t h e pr e cisi o n esti m ati o n is c h all e n gi n g si n c e t h e n u m b er of
u n k n o w n p air wis e d e p e n d e n ci es is q u a dr ati c wit h r es p e ct t o t h e
n u m b er of v ari a bl es.

G a ussi a n Gr a p hi c al M o d el ( als o k n o w n as G a ussi a n M ar k o v R a n-
d o m Fi el ds) [ 2 1 , 2 5 ] h as h e n c e b e e n pr o p os e d t o s ol v e t h e pr e cisi o n
esti m ati o n pr o bl e m b y m o d elli n g t h e j oi nt distri b uti o n of v ari a bl es
as a M ulti v ari at e N or m al distri b uti o n. Gr a p hi c al L ass o ( als o k n o w n
as S p ars e I n v ers e C o v ari a n c e Esti m ati o n) [ 1 , 6 , 3 0 ], as a m or e ef-
fi ci e nt s ol v er f or pr e cisi o n esti m ati o n, is a bl e t o esti m at e a s p ars e
pr e cisi o n m atri x b y a d di n g a L ass o p e n alt y t o t h e G a ussi a n Gr a p h-
i c al M o d el. M a n y st u di es aft er w ar ds c o ntri b ut e d t o t h e ef fi ci e n c y
of Gr a p hi c al L ass o b y d e v el o pi n g v ari o us f ast er o pti mi z ati o n al-
g orit h ms [ 5 , 1 0 , 1 3 , 1 4 , 1 6 , 2 6 , 2 7 ]. H o w e v er, gi v e n t h e f a ct t h at
t h e e ntir e pr e cisi o n m atri x is al w a ys i n v ol v e d i n t h e c al c ul ati o n of
s u b- gr a di e nts, all of t h e af or e m e nti o n e d m et h o ds h a v e t o b e esti m at e
all e ntri es fr o m t h e pr e cisi o n m atri x i n a s e q u e nti al m a n n er.

A c o m p ut ati o n all y ef fi ci e ntl y m et h o d w as pr o p os e d t o dis c o v er
t h e gr a p h str u ct ur e b y usi n g L ass o t o i d e ntif y r el e v a nt n ei g h b or-
h o o ds f or e a c h v ari a bl e. T his m et h o d h o w e v er f o c us es o n t h e s e-
l e cti o n of n ei g h b ori n g v ari a bl es a n d c a n n ot esti m at e t h e pr e cisi o n
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m atri x [ 1 9 ]. A t u ni n g-i ns e nsiti v e a p pr o a c h is pr o p os e d t o esti m at e
t h e G a ussi a n Gr a p hi c al M o d el c ol u m n- b y- c ol u m n [1 8 ]. T o g u ar a n-
t e e t u ni n g-i ns e nsiti vit y, t his m et h o d is c o m p ut ati o n all y c ostl y d u e t o
r e q uir e d o v er- p ar a m et eri z ati o n of esti m ati o n.

I n o ur st u d y, a n e w fr a m e w or k is pr o p os e d t o dis c o v er t h e str u c-
t ur e i n a distri b ut e d m a n n er. U nli k e tr a diti o n al m et h o ds f or i n v ers e
c o v ari a n c e esti m ati o n, o ur m et h o d pr o p os es t o m o d el j oi nt pr o d u ct
of t h e c o n diti o n al pr o b a biliti es of e a c h v ari a bl e gi v e n n ei g h b ori n g
v ari a bl es. I n t his w a y, o n e c a n d e c o m p os e t h e e ntir e esti m ati o n t as k
i nt o m a n y s u b-t as ks, a n d esti m at e a si n gl e c ol u m n of t h e pr e cisi o n
m atri x i n e a c h s u b-t as k. Als o, diff er e nt fr o m pr e vi o usl y pr o p os e d
c o m p ut ati o n all y ef fi ci e nt m et h o ds, o ur m et h o d d e v el o p e d a m or e
str ai g htf or w ar d f or m ul ati o n of t h e esti m ati o n pr o bl e m wit h f e w er
c o m p ut ati o ns. Alt h o u g h it r e q uir es t h e t u ni n g of h y p er p ar a m et er,
it is still pr a cti c al f or r e al- w orl d a p pli c ati o ns as t h er e is o nl y o n e
h y p er p ar a m et er. We als o pr o v e distri b ut a bilit y a n d c o n v e xit y of o ur
pr o p os e d m et h o d. F urt h er m or e, w e pr o vi d e e m piri c al e vi d e n c e f or
t h e eff e cti v e n ess a n d ef fi ci e n c y b y c o m p ari n g wit h s e v er al st at e- of-
t h e- art m et h o ds f or pr e cisi o n esti m ati o n o n s y nt h eti c d at as ets a cr oss
e xt e nsi v e e x p eri m e nt al s etti n gs. T h e r es ults pr o vi d e e vi d e n c e t h at
o ur pr o p os e d m o d el is m or e eff e cti v e r e g ar dl ess of si z e of tr ai ni n g
d at a. O ur m et h o d h as a c o nsi d er a bl e s p e e d a d v a nt a g e o v er alt er n a-
ti v e a p pr o a c h es e v e n wit h o ut p ar all eli z ati o n. It is s e v er al or d ers of
m a g nit u d es f ast er t h a n alt er n ati v e m et h o ds w h e n all s u b-t as ks ar e
i d e all y distri b ut e d. We a p pli e d t h e pr o p os e d m et h o d f or dis c o v eri n g
t h e u n d erl yi n g r el ati o ns hi ps of d ail y st o c k pri c e b et w e e n diff er e nt
c o m p a ni es. T h e dis c o v er y h as t ur n e d o ut t o b e v er y c o nsist e nt wit h
t h e r e al- w orl d f a cts.

I n s u m m ar y, f oll o wi n g ar e t h e m ai n c o ntri b uti o ns of t his st u d y:

• We pr o p os e d a distri b ut e d fr a m e w or k t o esti m at e d t h e pr e ci-
si o n m atri x fr o m hi g h di m e nsi o n al d at a wit h a str ai g htf or w ar d
p ar a m et eri z ati o n.

• We pr o v e d t h at t h e pr o p os e d fr a m e w or k is c h ar a ct eri z e d b y
distri b ut a bilit y a n d c o n v e xit y.

• We c o n d u ct e d e xt e nsi v e e x p eri m e nts o n s y nt h eti c d at as ets
t o s h o w t h e ef fi ci e n c y a n d eff e cti v e n ess of o ur fr a m e w or k.
Dis c o v eri es fr o m o ur m et h o d ar e als o v ali d at e d t o b e r eli a bl e
o n r e al- w orl d c as e st u di es.

2 R E L A T E D W O R K

I n t his s e cti o n, w e pr es e nt t h e d e v el o p m e nt of m et h o ds f or pr e cisi o n
esti m ati o n, a n d i ntr o d u c e r el e v a nt w or ks o n t h e g e n er al d e p e n d e n c y
n et w or k.

G a ussi a n Gr a p hi c al M o d el [ 2 1 , 2 5 ] is pr o p os e d t o i d e ntif y t h e
i nt er-r el ati o ns hi ps a m o n g m ulti pl e c o nti n u o us r a n d o m v ari a bl es.
H o w e v er, as t h e n u m b er of p air wis e r el ati o ns hi p gr o ws q u a dr ati c all y
wit h t h e i n cr e m e nt of t h e n u m b er of t h e v ari a bl es, G a ussi a n Gr a p hi-
c al M o d el is n ot f e asi bl e f or pr e cisi o n esti m ati o n i n m a n y r e al- w orl d
pr o bl e ms. T o ef fi ci e ntl y a d dr ess t h e pr e cisi o n esti m ati o n pr o bl e m,
Gr a p hi c al L ass o w as d e v el o p e d t o l e ar n a s p ars e pr e cisi o n m atri x. A
n u m b er of p a p ers h a v e i n v esti g at e d i n s ol vi n g s p ars e pr e cisi o n esti-
m ati o n i n a m or e ef fi ci e nt w a y. I niti all y, a bl o c k c o or di n at e d es c e nt
m et h o d w as d e v el o p e d t o s ol v e t h e d u al f or m of Gr a p hi c al L ass o [ 1 ].
I ns pir e d of t his w or k, a c o or di n at e d es c e nt m et h o d w as pr o p os e d
t o s ol v e t h e r o w-s u b pr o bl e m i n t h e d u al f or m as w ell [6 ]. L at er,
a n a u g m e nt e d L a gr a n gi a n m et h o d w as a p pli e d t o s ol v e t h e s m o ot h

l o g-li k eli h o o d a n d n o n-s m o ot h r e g ul ari z ati o n p art i n a n alt er n ati v e
w a y [ 2 6 ]. T h e s a m e gr o u p als o pr o p os e d t o s ol v e t h e pri m al f or m
of Gr a p hi c al L ass o vi a a gr e e d y c o or di n at e d es c e nt al g orit h m [ 2 7 ].
A pr oj e ct e d Q u asi- N e wt o n m et h o d w as als o pr o p os e d t o s ol v e t h e
pri m al f or m [ 5 ]. I n c o ntr ast t o t h es e first or d er m et h o ds, Q UI C, a
s e c o n d or d er N e wt o n c o or di n at e d es c e nt m et h o d, w as d e v el o p e d t o
s ol v e Gr a p hi c al L ass o b as e d o n t h e q u a dr ati c a p pr o xi m ati o n of its
o bj e cti o n [ 1 4 , 1 5 ]. As t h e st at e- of-t h e- art f or s p ars e pr e cisi o n esti m a-
ti o n, Q UI C w as o pti mi z e d i n f urt h er st u di es b y eit h er b ei n g a p pli e d
t o s ol v e s u b- pr o bl e ms vi a di vi d e a n d c o n q u er [1 3 ], or p ar all eli n g t h e
bl o c k c o or di n at e d es c e nt al g orit h m [ 1 6 ]. R e c e ntl y, a n e w st u d y als o
d e v el o p a m ess a g e- p assi n g al g orit h m usi n g Alt er n ati n g Dir e cti o n
M et h o d of M ulti pli ers ( A D M M) [ 2 ] t o ef fi ci e ntl y s ol v e ti m e- v ar yi n g
gr a p hi c al L ass o [ 1 0 ]. Alt h o u g h t h es e m et h o ds ar e s u c c essf ull y a p-
pli e d, t h eir c a p a bilit y is b o u n d e d b y t h e f a ct t h at t h e e ntir e pr e cisi o n
m atri x h as t o b e esti m at e d si m ult a n e o usl y.

I n c o ntr ast t o a n y of d es cri b e d a p pr o a c h es, o ur pr o p os e d m et h o d
c a n c o m pl et el y dis c o v er t h e str u ct ur e fr o m distri b ut a bl e s u b-t as ks
b y m o d elli n g t h e l o c al d e p e n d e n ci es of e a c h v ari a bl e. Fr o m t his
p oi nt of vi e w, t h e g e n er al d e p e n d e n c y n et w or k is r el e v a nt t o o ur
r es e ar c h [1 2 ]. It m o d els t h e i nt er- d e p e n d e n ci es a m o n g v ari a bl es vi a
a c y cli c B a y esi a n n et w or k, s u c h t h at t h e j oi nt pr o b a bilit y of v ari-
a bl es c a n b e a p pr o xi m at e d b y t h e pr o d u ct of c o n diti o n al pr o b a bilit y
of e a c h v ari a bl e gi v e n t h e ot h ers. T his is pr e vi o usl y st u di e d wit h
a m or e g e n er al ass u m pti o n of distri b uti o n ( e. g., e x p o n e nti al f a m-
il y [2 9 ]), i n w hi c h Gi b bs S a m pli n g is us e d f or d e nsit y esti m ati o n.
T his i d e a is als o a d a pt e d f or m ulti pl e o ut p ut pr e di cti o n pr o bl e ms
i n cl u di n g m ulti-l a b el cl assi fi c ati o n [8 , 9 ], a n d str u ct ur e d r e gr essi o n
[1 1 ], w h er e t h e i nt er- c o n n e cti o ns a m o n g o ut p ut v ari a bl es ar e l e ar n e d
w hil e p erf or mi n g pr e di cti o n. Pr e vi o us w or k h o w e v er c o n c e ntr at es
o n t h e pr e di cti v e m o d elli n g i n w hi c h e a c h o ut p ut v ari a bl e is ass u m e d
t o d e p e n d o n its f e at ur e v e ct or a n d all ot h er o ut p ut v ari a bl es.

A n ei g h b or h o o d s el e cti o n m et h o d w as pr o p os e d t o dis c o v er y t h e
gr a p h str u ct ur e b y a p pl yi n g l ass o t o s el e ct r el e v a nt v ari a bl es f or
e a c h v ari a bl e [ 1 9 ]. Alt h o u g h t his a p pr o a c h c a n s el e ct v ari a bl es, it is
u n a bl e t o e x a ctl y esti m at e t h e pr e cisi o n m atri x. B asi c all y, n ei g h b or-
h o o d s el e cti o n is a s u b-t as k of t h e pr e cisi o n esti m ati o n. A si mil ar
i d e a is als o a p pli e d f or t h e str u ct ur e l e ar ni n g of t h e Isi n g m o d el
[2 4 ], i n w hi c h t h e c o n diti o n al pr o b a bilit y of a n i n di vi d u al bi n ar y
v ari a bl e gi v e n ot h er v ari a bl es is m o d ell e d t o dis c o v er t h e str u ct ur e
r at h er t h a n m o d elli n g t h e j oi nt pr o b a bilit y of all v ari a bl es. O ur w or k
is diff er e nt as w e s p e ci fi c all y f o c us o n t h e pr e cisi o n esti m ati o n of
t h e G a ussi a n Gr a p hi c al m o d el w h er e all v ari a bl es ar e r e al- v al u e d.
A t u ni n g-fr e e m et h o d is i ntr o d u c e d t o d e c o m p os e t h e esti m ati o n of
t h e pr e cisi o n m atri x i nt o esti m ati o ns of c ol u m ns [1 8 ]. H o w e v er, t his
m et h o d c a n n ot dir e ctl y esti m at e t h e c ol u m ns of t h e pr e cisi o n m atri x
as it esti m at es i nt er m e di at e v ari a bl es wit h m or e c o m p ut ati o ns t o
a c hi e v e t u ni n g-i ns e nsiti vit y. O ur w or k pr o vi d es a m or e str ai g htf or-
w ar d f or m ul ati o n of t h e esti m ati o n pr o bl e m s u c h t h at t h e c ol u m ns of
t h e pr e cisi o n m atri x ar e esti m at e d dir e ctl y a n d i n p ar all el. We d e m o n-
str at e c o m p ut ati o n al a d v a nt a g es of t his fr a m e w or k t h e or eti c all y a n d
e m piri c all y.

3 P R O B L E M S T A T E M E N T

Gi v e n a pr o bl e m wit h m d at a e x a m pl es of p c o nti n u o us v ari a bl es,

l et x
j
i ∈ R d e n ot es v ari a bl e i at t h e jt h d at a e x a m pl e, ¯x i

j d e n ot es all
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e x c e pt v ari a bl e i at t h e jt h d at a e x a m pl e. Si mil arl y, x i ∈ R m d e n ot es

t h e c oll e cti o n of v ari a bl e i o n all d at a e x a m pl es, a n d ¯X i ∈ R m ×( p − 1 )

d e n ot es t h e c oll e cti o n of all v ari a bl es e x c e pt v ari a bl e i at all d at a
e x a m pl es. All v ari a bl es i n t h e jt h d at a e x a m pl e is r e pr es e nt e d as
x j ∈ R p .

T h e t as k of str u ct ur e dis c o v er y is t o dis c o v er t h e i nt er d e p e n d e n-
ci es a m o n g all p v ari a bl es gi v e n t h e d at a X ∈ R m × p . I n ot h er w or ds,
w e w o ul d li k e t o i d e ntif y w h et h er t w o v ari a bl es ar e c o n diti o n al
i n d e p e n d e nt or n ot gi v e n ot h er v ari a bl es. T his str u ct ur e dis c o v er y
pr o bl e m is t y pi c all y t a c kl e d b y G a ussi a n Gr a p hi c al M o d el.

4 G A U S SI A N G R A P HI C A L M O D E L

I n G a ussi a n Gr a p hi c al M o d el, t h e c oll e cti o n of v ari a bl es x ∈ R p

is ass u m e d t o f oll o w a M ulti v ari at e N or m al Distri b uti o n wit h z er o
m e a n.

x ∼ N ( 0 , Λ − 1 )

w h er e Λ is t h e pr e cisi o n m atri x.
Wit h m i.i. d. d at a e x a m pl es x 1 ,x 2 , · · · ,x m , t h e str u ct ur e dis c o v-

er y pr o bl e m is f or m ul at e d as esti m ati n g t h e pr e cisi o n m atri x s u c h
t h at t h e l o g-li k eli h o o d of d at a is m a xi mi z e d.

Λ ∗ = ar g m a x
Λ ⪰ 0

1

m

m

j= 1

l o g P (x j ; Λ )

S p ars e i n v ers e c o v ari a n c e esti m ati o n is a n ot h er cl assi c al e xt e nsi o n
t o G a ussi a n Gr a p hi c al m o d el. It is pr o p os e d t o a c c el er at e t h e dis c o v-
er y of str u ct ur e b y ass u mi n g t h e pr e cisi o n m atri x is off- di a g o n all y
s p ars e. It is f or m ul at e d as

Λ ∗ = ar g m a x
Λ ⪰ 0

1

m

m

j= 1

l o g P (x j ; Λ ) + α ∥ Λ ∥ ∗

, w h er e ∥· ∥ ∗ is a ℓ 1 n or m p e n alt y o n off- di a g o n al e ntri es.

5 P R O P O S E D M E T H O D

As w e c a n s e e fr o m t h e pr e cisi o n esti m ati o n pr o bl e m, t h e pr o bl e m
si z e (p 2 ) e asil y b e c o m es h u g e si n c e it gr o ws q u a dr ati c all y wit h r e-
s p e ct t o t h e si z e of v ari a bl es (p ), w hi c h m a k es it c o m p ut ati o n al c ostl y
t o s ol v e i n pr a cti c e. All i ntr o d u c e d w or ks f or pr e cisi o n esti m ati o n ar e
li mit e d b y t h e f a ct t h at all e ntri es of t h e pr e cisi o n m atri x h a v e t o b e
esti m at e d si m ult a n e o usl y. I n o ur st u d y, i nst e a d of tr yi n g t o dis c o v er
all pi e c es of t h e e ntir e str u ct ur e i n o n e j o b, w e pr o p os e a distri b ut e d
str u ct ur e dis c o v er y ( D S D) fr a m e w or k w hi c h c a n c o m pl et el y r e c o v er
t h e u n d erl yi n g str u ct ur e distri b ut e dl y.

5. 1 Ill ust r ati o n

T h e i d e a is v er y str ai g htf or w ar d. R at h er t h a n c o nsi d eri n g t h e c o m pli-
c at e d i nt er c o n n e cti o ns b et w e e n all v ari a bl es t o g et h er, w e f a ct ori z e
t h e pr o bl e m i nt o m ulti pl e s u b- pr o bl e ms, w hil e o nl y e x pl ori n g t h e
s u b- d e p e n d e n ci es r el at e d t o o n e v ari a bl e i n e a c h s u b- pr o bl e m. T h e
c o m p aris o n of t w o fr a m e w or ks wit h a c o n cr et e e x a m pl e, w hi c h
i n v ol v es f o ur v ari a bl es { x 1 ,x 2 ,x 3 ,x 4 } , is ill ustr at e d i n Fi g ur e 1.

I n Fi g ur e 1( a), t h e str u ct ur e dis c o v er y t as k is a d dr ess e d b y fitti n g
t h e d at a i nt o a G a ussi a n Gr a p hi c al M o d el s u c h t h at t h e j oi nt distri-
b uti o n is a m ulti v ari at e N or m al x ∼ N ( 0 , Λ − 1 ). I n t his e x a m pl e, all
u n dir e ct e d p air wis e d e p e n d e n ci es ar e m ar k e d usi n g s oli d e d g es. F or
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Fi g u r e 1: C o m p a ris o n of st r u ct u r e dis c o v e r y a n d dist ri b ut e d
st r u ct u r e dis c o v e r y. ( a) T h e st a n d a r d p r e cisi o n esti m ati o n
f r a m e w o r k wit h j oi nt dist ri b uti o n P (x 1 ,x 2 ,x 3 ,x 4 ). ( b) D S D
f r a m e w o r k f r o m t h e l o c al vi e w of x 1 : P (x 1 |x 2 ,x 3 ,x 4 ))

e x a m pl e, Λ 1 2 a n d Λ 2 1 fr o m t h e pr e cisi o n m atri x Λ ar e ass o ci at e d
wit h t h e p air wis e c o n n e cti o n b et w e e n x 1 a n d x 2 .

H o w e v er, u n d er t h e fr a m e w or k of distri b ut e d str u ct ur e dis c o v er y,
t h e s u b-t as k i o nl y e x pl or es t h e d e p e n d e n ci es t o w ar ds x i b y m a xi mi z-
i n g t h e c o n diti o n al pr o b a bilit y P (x i | ¯x i ), w h er e ¯x i = [x 1 , · · · ,x i − 1 ,
x i + 1 , · · · ,x p ] is a c oll e cti o n of all v ari a bl es e x c e pt x i . T h e s u b-
pr o bl e m f or x 1 , P (x 1 | ¯x 1 ) = P (x 1 |x 2 ,x 3 ,x 4 ), is pr es e nt e d i n Fi g-
ur e 1( b), w h er e t h e all l o c al d e p e n d e n ci es (i. e., Λ 2 1 , Λ 3 1 a n d Λ 4 1 )
t o w ar ds x 1 ar e m ar k e d usi n g s oli d dir e ct e d e d g es a n d ot h er d e-
p e n d e n ci es ar e m ar k e d usi n g d as h e d dir e ct e d e d g es. T o r e v e al t h e
e ntir e str u ct ur e o n t his s p e ci fi c e x a m pl e, D S D ai ms t o m a xi mi z e t h e
pr o d u ct of all c o n diti o n al li k eli h o o d i n all s u b- pr o bl e ms:

m a x P (x 1 | ¯x 1 )P (x 2 | ¯x 2 )P (x 3 | ¯x 3 )P (x 4 | ¯x 4 )

5. 2 Dist ri b ut e d St r u ct u r e Dis c o v e r y

Wit h o ut t h e l oss of g e n er alit y, t h e n e g ati v e ps e u d o l o g-li k eli h o o d of
t h e pr o p os e d m et h o d c a n b e writt e n as

L =

p

i = 1

L i =

p

i = 1

−
1

m

m

j= 1

l o g P (x
j
i | ¯x i

j ; Λ i ) ( 1)

, w h er e Λ i = [Λ ii , · · · , Λ pi ] is t h e it h c ol u m n of t h e pr e cisi o n m atri x
Λ . T h e str u ct ur e dis c o v er y pr o bl e m usi n g D S D is h e n c e f or m ul at e d
as

Λ ∗ = [Λ ∗
1 , · · · , Λ ∗

p ] = ar g mi n
[Λ 1 , ···,Λ p ]

L

s u bj e ct t o Λ 1 1 > 0 , · · · , Λ p p > 0
( 2)

S o f ar w e h a v e n ot dis c uss e d w h y t his m o d el w or ks a n d h o w it
w or ks. T o cl e arl y a ns w er t h es e q u esti o ns, i n t h e f oll o wi n g s e cti o ns,
w e i ntr o d u c e t w o c h ar a ct eristi cs of o ur m et h o d: distri b ut a bilit y a n d
c o n v e xit y.

5. 3 Dist ri b ut a bilit y

I n t his s e cti o n, w e pr o v e w h y t h e ori gi n al pr e cisi o n esti m ati o n pr o b-
l e m c a n b e s ol v e d distri b ut e dl y wit h o ut i nf or m ati o n l oss, a n d i ntr o-
d u c e t h e b e n e fits br o u g ht b y t his ni c e pr o p ert y.
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T H E O R E M 1. G𝑥 v e n t h e ass u m pt𝑥 o n t h at x = [x 𝑥 ; ¯x 𝑎 ] f o𝑏fl o ws a
m ufltfi v arfi at e n or m afl dfistrfi b utfi o n

x ∼ N ( 0 ,
Λ fifi Λ T

¯x fi x fi

Λ ¯x fi x fi Λ ¯x fi ¯x fi

− 1

) ( 3)

t h e c o n dfitfi o n afl dfistrfi b utfi o n of x gfi v e n x̄ fi s a u nfi v arfi at e G a ussfi a n
dfistrfi b utfi o n

x fi | ¯x fi ∼ N ( − Λ − 1
fifi Λ T

¯x fi x fi
¯x fi , Λ

− 1
fifi ) ( 4)

w h er e Λ fifi fis t h e fi n v ers e c o v arfi a n c e of x fi , Λ ¯x fi x fi fis Λ fi wfit h o ut Λ fifi ,
a n d Λ ¯x fi ¯x fi fis t h e p artfi afl pr e cfisfi o n m atrfi x a m o n g ¯x fi fi n Λ

P R O O F . It c a n b e pr o v e d b y sfi m pfl y e x p a n dfi n g t h e e x p o n e nt p art
of ( 3) a n d o mfittfi n g fi n d e p e n d e nt t er ms of x fi first, a n d t h e n m at c hfi n g
t h e r e m afi n e d t er ms wfit h t h e e x p o n e nt p art of a u nfi v arfi at e G a ussfi a n.
■ □

A c c or dfi n g t o T h e or e m 1, w e h a v e: ( 1) T h e c o n dfitfi o n afl pr o b a bfiflfit y
P (x fi | ¯x fi ; Λ fi ) fis a u nfi v arfi at e G a ussfi a n, w hfi c h h as a n afl ytfi c e x pr essfi o n
f or fits pr o b a bfiflfit y d e nsfit y f u n ctfi o n; ( 2) T h e fit h c ofl u m n of Λ , Λ fi ,
c a n b e r e c o v er e d fr o m t h e fit h s u b-t as k. S o t h e str u ct ur e dfis c o v er y
t as k c a n b e c o m pfl et efl y a c c o m pflfis h e d fr o m p s u b-t as ks. ( 3) Aflt h o u g h
Λ fi j a n d Λ jfi ar e estfi m at e d fi n t w o dfiff er e nt s u b-t as ks (s u b-t as k fi a n d
s u b-t as k j), t h efir estfi m atfi o n ar e stfiflfl g u ar a nt e e d t o b e v er y sfi mfifl ar
( n ot e x a ctfl y t h e s a m e d u e t o t h e n ofis e fr o m d at a). I n t h e a p pflfi c atfi o ns
w h er e s y m m etrfi c fi n v ers e c o v arfi a n c e m att ers, fit c a n b e a p pr o xfi m at e d
b y

Λ =
1

2
(Λ̂ + ˆΛ T ) ( 5)

It w as pr o v e d t h at Λ fis a g o o d estfi m at or fif Λ̂ fi s a g o o d estfi m at or [3 ].

T a bfl e 1: Tfi m e c o m pfl e xfit y c o m p a rfis o n of dfiff e r e nt f r a m e w o r ks.
p fis t h e n u m b e r of n o d es. f (·) fis t h e tfi m e c o m pfl e xfit y of o ptfi mfi z a-
tfi o n m et h o ds us e d fi n e xfistfi n g w o r ks. д (·) fis t h e tfi m e c o m pfl e xfit y
of o ptfi mfi z atfi o n m et h o d us e d f o r e a c h s u b-t as k fi n D S D

Fr a m e w or k  Tfi m e C o m pfl e xfit y

e xfistfi n g w or ks  O ( f (p 2 ))
D S D  O (p ∗ д (p ))

I d e afl D S D  O (д (p ))

M or e o v er, t h e dfistrfi b ut a bfiflfit y afls o s u g g ests t h e s u p erfi orfit y of
D S D fi n t er ms of ef fi cfi e n c y c o m p ar e d wfit h e xfistfi n g fr a m e w or ks. T h e
c o m p arfis o n of tfi m e c o m pfl e xfit y of dfiff er e nt fr a m e w or ks fis s u m m a-
rfi z e d fi n Ta bfl e 1. L et f (·) d e n ot e t h e tfi m e c o m pfl e xfit y f u n ctfi o n f or
t h e o ptfi mfi z atfi o n afl g orfit h m fi n e xfistfi n g w or ks. T h e n t h e tfi m e c o m-
pfl e xfit y f or e xfistfi n g pr e cfisfi o n estfi m atfi o n fr a m e w or ks fis gfi v e n b y
O ( f (p 2 )), w h er e p fis t h e n u m b er of v arfi a bfl es, a n d p 2 fis t h e n u m b er
of u n k n o w n p afir wfis e d e p e n d e n cfi es t o estfi m at e. L et д (·) d e n ot es
t h e tfi m e c o m pfl e xfit y f u n ctfi o n f or t h e o ptfi mfi z atfi o n afl g orfit h m us e d
fi n e a c h s u b-t as k of D S D, t h e n t h e tfi m e c o m pfl e xfit y f or s ofl vfi n g aflfl
s u b-t as ks fi n s e q u e ntfi afl fis O (p ∗ д (p )) sfi n c e t h er e ar e o nfl y p u n k n o w n
d e p e n d e n cfi es fi n e a c h s u b-t as k. T h e tfi m e c o m pfl e xfit y of s ofl vfi n g aflfl
s u b-t as ks fi n p ar aflfl efl (I d e afl D S D) fis h e n c e O (д (p )). Gfi v e n t h at f or
m ost o ptfi mfi z atfi o n afl g orfit h ms д (n ) ∈ Θ ( f (n )) a n d f (n ) ∈ Ω (n 2 ), w e
c a n dr a w a c o n cfl usfi o n t h at

O (д (p )) < < O (p ∗ д (p )) < O ( f (p 2 ))  ( 6)

. M or e e m pfirfi c afl e vfi d e n c e a b o ut ef fi cfi e n c y fis pr o vfi d e d fi n S e ctfi o n 6. 3.

5. 4 C o n v e xfit y

T h a n ks t o t h e dfistrfi b ut a bfiflfit y, aflfl p artfi afl str u ct ur e ar e g u ar a nt e e d t o
b e c o m pfl et efl y r e c o v er e d fr o m aflfl s u b-t as ks fi n D S D. I n t hfis s e ctfi o n,
w e s h o w w h y t h e p artfi afl str u ct ur e c a n b e pr e cfis efl y r e c o v er e d. B y
r e- d e n otfi n g Λ fifi usfi n g λ fi , a n d Λ ¯x fi x fi usfi n g θ fi , a n d a d a ptfi n g ( 4) fr o m
T h e or e m 1 t o t h e fit h s u b- pr o bfl e m pr o p erfl y, w e h a v e

x fi | ¯x fi ∼ N ( − λ − 1
fi θ T

fi ¯x fi , λ
− 1
fi ) ( 7)

T h e n e g atfi v e fl o g-flfi k eflfi h o o d L fi fis h e n c e wrfitt e n as:

L fi = −
1

m

m

j= 1

fl o g P (x
j
fi | ¯x fi

j ;λ fi ,θ fi )

≜
1

m

m

j= 1

(x
j
fi + λ − 1

fi θ T
fi ¯x fi

j )2 λ fi − fl o g λ fi

=
1

m
∥ x fi + λ − 1

fi
¯X fi θ fi ∥

2
2 λ fi − fl o g λ fi

( 8)

T h e n t h e c o n v e xfit y of D S D fis pr o v e n fi n T h e or e m 1.

T H E O R E M 2. T h e dfistrfi b ut e d str u ct ur e dfis c o v er y fr a m e w or k d e-
s crfi b e d fi n ( 2) fis gfl o b afl c o n v e x.

P R O O F . T h e fi d e a fis t o s h o w t h at t h e o ptfi mfi z atfi o n pr o bfl e m fi n
e a c h s u b-t as k fis c o n v e x. T h e n t h e e ntfir e pr o bfl e m c a n b e pr o v e d t o
b e c o n v e x sfi n c e t h e p ar a m et ers fi n s u b-t as ks ar e dfistfi n ct t o e a c h ot h er.
I n or d er t o pr o v e t h at e a c h s u b-t as k fis c o n v e x, w e n e e d t o s h o w t h at
t h e H essfi a n m atrfi x H fis P S D, w h er e t h e H essfi a n m atrfi x f or t h e fit h
s u b-t as k fis gfi v e n b y:

H fi =
A fi B fi

B T
fi C fi

=








∂ 2 L fi

∂ θ fi
2

∂ 2 L fi
∂ θ fi ∂ λ fi

∂ 2 L fi
∂ θ fi ∂ λ fi

T ∂ 2 L fi

∂ λ fi
2








As w e c a n e asfifl y pr o v e t h at C fi ⪰ 0 a n d A fi − B fiC
− 1
fi B T

fi ⪰ 0 , t h e
H essfi a n m atrfi x H fi fis t h er ef or e pr o v e d t o b e P S D b as e d o n S c h ur
c o m pfl e m e nt [ 7]. ■ □

N o w, w e f or m aflfl y d e m o nstr at e t h at p artfi afl str u ct ur e fr o m s u b-
t as ks c a n b e pr e cfis efl y r e c o v er e d sfi n c e t h e c o n v e xfit y e ns ur es t h e
estfi m atfi o n t o b e gfl o b afl o ptfi m afl. C o m bfi nfi n g dfistrfi b ut a bfiflfit y a n d c o n-
v e xfit y, t h e pr o p os e d m et h o d fis j ustfi fi e d t o b e eff e ctfi v e, b e c a us e t h e
e ntfir e u n d erfl yfi n g str u ct ur e c a n b e c o m pfl et efl y a n d pr e cfis efl y r e v e afl e d
fr o m s u b-t as ks. M or e e m pfirfi c afl e vfi d e n c e ar e pr o vfi d e d fi n S e ctfi o n 6. 4.

R e g ufl a rfi z atfi o n I n or d er t o a v ofi d o v er fittfi n g, w e a d d e d a r e g u-
fl arfi z or t o p e n aflfi z e t h e fl e ar nfi n g of off- dfi a g o n afl e ntrfi es of a p artfi afl
pr e cfisfi o n m atrfi x fi n e a c h s u b-t as k. T h e o ptfi mfi z atfi o n of s u b-t as k fi fis
r e wrfitt e n as:

ar g mfi n
λ fi > 0 ,θ fi

1

m
∥ x fi + λ − 1

fi
¯X fi θ fi ∥

2
2 λ fi − fl o g λ fi + α ϕ (θ fi ) ( 9)

w h er e α fis t h e h y p er p ar a mt er w hfi c h c o ntr ofls t h e p e n aflt y o n off-
dfi a g o n afl e ntrfi es a n d ϕ (·) fis t h e r e g ufl arfi z atfi o n f u n ctfi o n. I n t hfis st u d y,
w e s p e cfi fi c aflfl y us e ℓ 2 n or m as t h e r e aflfi z atfi o n of ϕ (·) f or t h e e as e
of pr ot ot y pfi n g. T hfis c a n b e e asfifl y e xt e n d e d t o us e ℓ 1 n or m or a n y
ot h er ( c o n v e x) r e g ufl arfi z ors b y a d a ptfi n g v arfi o us s ofl v ers flfi k e pr o xfi m afl
afl g orfit h m [ 2 2 ]. Aflt h o u g h ℓ 2 n or m d o es n’t fl e a d t o s p ars e s ofl utfi o ns,
r e afl- w orfl d c as es c a n b e st u dfi e d b y r etrfi e vfi n g t h e m ost ( or fl e ast)
sfi g nfi fi c a nt c o n n e ctfi o ns fr o m o ur estfi m atfi o n (s e e m or e d et afifls fi n
S e ctfi o n 7). T h e p ar a m et er st u d y of α fis pr es e nt e d at S e ctfi o n 6. 5.
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A𝑥 g o r𝑥t h m 1 D S D: D𝑥str𝑎 b ut e d Str u ct ur e D𝑏s c o v er y

I n p ut: X a n d α .
1: I nfltfl afifi z atfl o n: λ , θ .
2: f o r fi fr o m 1 t o p d o ▷ Dfistrfi b utfi n g h er e
3: Pr e p ar e x fi a n d ¯X fi fr o m X
4: S ofi v e θ ∗

fi , λ ∗
fi = ar g mfi n λ fi > 0 ,θ fi

L fi (x fl , ¯X fi ;λ ,θ , α )

5: Assfi g n Λ ∗
fifi = λ ∗

fi a n d Λ ∗
fifi

= θ ∗
fi

6: R et ur n Λ ∗ .

T h e o v er afifi fi e ar nfi n g afi g orfit h m f or D S D fis s u m m arfi z e d fi n Afi-
g orfit h m 1, w h er e Λ fifi d e n ot es t h e fit h c ofi u m n of Λ wfit h o ut t h e fit h
e ntr y. We a p pfi y Q u asfi- N e wt o n t o s ofi v e e a c h c o n v e x s u b-t as k fi n o ur
fi m pfi e m e nt atfi o n.

6 E X P E RI M E N T S

Pr e vfi o usfi y w e e x pfi afi n e d w h y o ur pr o p os e d m et h o d fis ef fl cfi e nt a n d
eff e ctfi v e ( a c c ur at e) gfi v e n fits n at ur e of dfistrfi b ut a bflfifit y a n d c o n v e xfit y.
I n or d er t o fi n d q u a ntfit atfi v e e vfi d e n c e f or ef fi cfi e n c y a n d eff e ctfi v e n ess,
w e c o n d u ct e d e x p erfi m e nts o n t h e s y nt h etfi c d at as et w h er e t h e gr o u n d
tr ut h fis a v afifi a bfl e.

6. 1 C o m p a rfis o n M et h o ds

T o c h ar a ct erfl z e t h e c a p a bfififit y of o ur pr o p os e d m et h o d, w e c o m p ar e
fit a g afi nst t w o st at e- of-t h e- art m et h o ds f or str u ct ur e dfis c o v er y. F or afifi
of e x p erfi m e nts r efl at e d t o D S D fi n t hfis s e ctfi o n, w e dfir e ctfl y e v afi u at e o n
t h e pr e cfisfi o n m atrfi x fl e ar n e d fr o m D S D wfit h o ut c o n d u ctfi n g a n y p ost-
pr o c essfi n g ( e. g., n e ar est s y m m etrfl c estfl m atfl o n). T h e fi m pfl e m e nt atfi o n
f or D S D fis a v afifi a bfi e o nfifi n e1 .

• Q UI C: It fis t h e st at e- of-t h e- art afi g orfit h m f or s p ars e fl n v ers e
c o v arfl a n c e estfi m atfi o n usfl n g t h e N e wt o n c o or dfl n at e d es c e nt
m et h o d [ 1 4 , 1 5 ]. I n o ur e x p erfi m e nt, w e us e d flts P yt h o n fi m-
pfi e m e nt atfi o n 2 f or c o m p arfis o n. We d o n ot c o m p ar e wfit h
Bfi g & Q ufi c [ 1 6 ] sfi n c e fit fis a n e xt e nsfi o n of Q UI C wfit h m or e
ef fl cfi e nt o ptfl mfi z atfi o n m et h o d, w hfifi e t h e c o m p arfis o n afi ms t o
s h o w t h e dflff er e n c e b et w e e n o ur pr o p os e d dfistrfi b ut e d fr a m e-
w or k a n d t h e e xfistfi n g fr a m e w or k.

• T V G L: Tfi m e- v ar yfi n g Gr a p hfi c afi L ass o fis t h e m ost r e c e nt
w or k t h at s ofl v es str u ct ur e dfis c o v er y o n tfi m e- v ar yfi n g n et w or ks
b y d e v efi o pfi n g a n o v efi A D M M afl g orfit h m wfit h cfi os e d-f or m
s ofl utfi o ns o n s u b- pr o bfi e ms [ 1 0 ]. We c o m p ar e wfit h flt usfi n g flts
orfi gfi n afi fi m pfi e m e nt atfi o n fi n P yt h o n 3 . We a p pfi y fit o n st atfi o n ar y
n et w or ks b y s ettfl n g t h e p e n afit y of t e m p or afi dfiff er e n c e as 0
a n d ass u m e t h er e fis o nfi y o n e tfl m e wfi n d o w. We us e T V G L
wflt h ℓ 1 p e n afit y fi n o ur e x p erfi m e nts as c h o osfi n g ot h er p e n afitfl es
f or T V G L fi e a ds t o w ors e a n d m u c h sfi o w er p erf or m a n c e fi n
pr a ctfi c e.

6. 2 S y nt h etfi c D at a G e n e r atfl o n

B ef or e st e p pfi n g fi nt o e x p erfi m e nts, w e e x pfi afi n t h e pr o c ess of g e n er-
atfi n g s y nt h etfi c d at as ets. T h e o v er afifi fi d e a fis t o s a m pfl e d at a fr o m a
m ufitfi v arfi at e n or m afi dfistrfi b utfl o n wfit h a pr e d e fi n e d pr e cfisfi o n m atrfi x.

1 htt ps:// bflt.fi y/ 2 H g m R E v
2 htt ps:// gfit h u b. c o m/s k g g m/s k g g m
3
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Ffi g u r e 2: Ef fl cfi e n c y e v afi u atfl o n o n dfiff e r e nt p r o bfi e m s c afi es.
D S D p r es e nts t h e a ct u afl r u n nfi n g tfl m e of o u r m o d efi, a n d I d e afl
D S D p r es e nts t h e estfl m at e d r u n nfi n g tfl m e w h e n aflfl s u b-t as ks a r e
f uflfi y dfist rfi b ut e d.

Gfi v e n a gr a p h wfit h p n o d es a n d p 2 v arfl a bfi es, w e fl nfitfi afifl z e t h e pr e-
cfisfi o n m atrfi x Λ ∈ R p × p b y r a n d o mfi y s a m pfifi n g e a c h e ntr y fr o m a
u nfif or m dfistrfi b utfi o n. T h e n, w e m a k e fit s y m m etrfl c afi b y a v er a gfl n g flts
fi o w er-trfl a n g ufl ar e ntrfl es t o flts u p p er-trfl a n g ufi ar e ntrfi es, a n d gr a d u afifi y
fl n cr e as e t h e v afi u es of dfl a g o n afi e ntrfi es u ntfifi fit b e c o m es dfi a g o n afifi y
d o mfi n a nt a n d h e n c e P osfitfi v e S e mfl d e fl nfit e ( P S D). Aft er t h at, w e s a m-
pfi e t h e d at a fr o m a m ufitfi v arfi at e n or m afi dfistrfl b utfl o n N ( 0 , Λ − 1 ) wfit h
z er o m e a n a n d pr e cflsfi o n m atrfi x as Λ . I n or d er t o c o m pr e h e nsfi v efi y
e v afi u at e t h e p erf or m a n c es ( eff e ctfl v e n ess & ef fi cfi e n c y) of c o m p arfi-
s o n m et h o ds at dfiff er e nt pr o bfi e m s c afi es fi n t er ms of t h e n u m b er of
u n k n o w n d e p e n d e n cfi es ( # d e p), w e g e n er at e s e v er afi d at as ets wflt h
dfiff er e nt pr o bfi e m s c afi es v ar yfi n g fi n [1 0 0 , 2 0 0 , 3 0 0 , 4 0 0 , 5 0 0 ] fi n o ur
e x p erfl m e nts. F or e a c h d at as et, w e g e n er at e 3 0 0 0 d at a e x a m pfi es.

6. 3 E vfi d e n c e f o r t h e Ef fi cfi e n c y

I n t hfis e x p erfi m e nt, w e d e m o nstr at e t h e s u p erfi or ef fi cfi e n c y of o ur
m et h o d br o u g ht b y fits n at ur e of dflstrfl b ut a bfififit y.

We c o n d u ct e x p erfi m e nts o n fi v e d at as ets wflt h dfiff er e nt pr o bfi e m
s c afi es ( # d e p r a n g es fr o m 1 0 0 0 0 t o 2 5 0 0 0 0 ). At e a c h s c afl e, afifi c o m p ar-
fis o n m et h o ds ar e tr afi n e d o n 3 dfiff er e nt 1 0 0 0 r a n d o m d at a e x a m pfi es
f or e a c h c h ofi c e of r e g ufi arfi z atfi o n p ar a m et er α . T h e h y p er p ar a m et er
α fis s efi e ct e d fr o m [0 , 1 e − 4 , 1 e − 3 , 1 e − 2 , 1 e − 1 , 1 ]. We us e t h e h y-
p er p ar a m et er w hfi c h o bt afi ns t h e fi o w est pr e dfi ctfi o n err or fi n pr e dfi ctfi n g
gr o u n d tr ut h pr e cfisfi o n m atrfi x. T h e n w e r e p ort t h e c orr es p o n dfi n g
ef fi cfi e n c y of t h e s efi e ct e d h y p er p ar a m et ers. T h e r es ufits ar e pr es e nt e d
usfi n g t h e m e a n a n d st a n d ar d d e vfl atfi o n of r u n nfi n g tfi m e of 3 trfi afis.
Afifi of t h e e x p erfi m e nts fr o m t hfis s e ctfl o n ar e c o n d u ct e d fl n s e q u e ntfl afi
o n t h e s a m e m a c hfl n e.

T h e r es ufits ar e pr es e nt e d fl n Ffi g ur e 2. H er e, D S D st a n ds f or t h e a c-
t u afi r u n nfi n g tfi m e o ur pr o p os e d m et h o d w h er e s u b-t as ks ar e e x e c ut e d
s e q u e ntfl aflfi y. I d e afl D S D st a n ds f or t h e estfi m at e d r u n nfi n g tfi m e of
t h e fi d e afi c as e w h e n aflfi s u b-t as ks ar e f ufifi y dfistrfi b ut e d. T h e r u n nfi n g
tfi m e of I d e afl D S D fis a p pr o xfl m at e d b y t h e r u n nfl n g tfi m e of D S D
dfl vfl d e d b y p , (fi. e., t h e n u m b er of s u b-t as ks). Fr o m t h e r es ufit, w e c a n
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s e e t h at T V G L is ar o u n d 5 t o 1 0 ti m es f ast er t h a n Q UI C gi v e n t h e
a d v a nt a g e of t h eir pr o p os e d A D M M s ol v er [ 1 0 ]. D S D is h o w e v er
u p t o 2 ti m es f ast er t h a n T V G L. D S D bri n gs a cl e ar b e n e fit b e c a us e
of its li g ht w ei g ht c o m p ut ati o n al fr a m e w or k m e nti o n e d i n Ta bl e 1. If
w e c o m p ar e I d e al D S D wit h ot h er a p pr o a c h es, it is at l e ast 2 or d ers
of m a g nit u d e ( 1 0 0 ti m es) f ast er t h a n a n y of t h e m. F or e x a m pl e, it
c a n s ol v e pr o bl e ms w hi c h ot h er c o m p eti n g a p pr o a c h es t a k e h o urs t o
s ol v e wit hi n 1 s e c o n d. Alt h o u g h t h e p erf or m a n c e of I d e al D S D is
t h e t h e or eti c al l o w er b o u n d of D S D, t h e g a p b et w e e n t h e ef fi ci e n c y
of I d e al D S D a n d D S D still i n di c at es t h e p ot e nti al s p a c e f or D S D t o
b e i m pr o v e d. T h e a c c el er ati o n of D S D is d e ci d e d b y t h e n u m b er of
distri b ut a bl e c o m p uti n g r es o ur c es a n d t h e pr ot o c ol f or distri b uti o n.

6. 4 E vi d e n c e f o r t h e Eff e cti v e n ess

I n t his e x p eri m e nt, w e e x hi bit t h e eff e cti v e n ess of o ur pr o p os e d
m et h o d. Gi v e n t h e a v ail a bilit y of gr o u n d tr ut h i n s y nt h eti c d at a,
t h e p erf or m a n c e is e v al u at e d i n t er ms pr e di cti o n err or ( M S E) i n
pr e di cti n g t h e gr o u n d tr ut h pr e cisi o n m atri x.

6. 4. 1  O n t h e G e n er ali z ati o n P erf or m a n c e. First, w e i n v esti-
g at e t h e g e n er ali z ati o n p erf or m a n c e of all a p pr o a c h es b y s h o wi n g
h o w pr e di cti o n err or c h a n g es w h e n t h e si z e of tr ai ni n g d at a e x a m pl es
v ari es. We d e m o nstr at e t h at o ur pr o p os e d D S D is c a p a bl e of g e n er al-
i zi n g w ell wit h l ess tr ai ni n g d at a e x a m pl es. S p e ci fi c all y, w e c o n d u ct
e x p eri m e nts o n f o ur d at as ets wit h diff er e nt pr o bl e m s c al es ( n u m b er
of u n k n o w n d e p e n d n e ci es) fr o m [1 0 0 0 0 , 4 0 0 0 0 , 9 0 0 0 0 , 1 6 0 0 0 0 ]. F or
e a c h pr o bl e m s c al e, w e c o n d u ct e x p eri m e nts wit h diff er e nt tr ai n
si z es: m ∈ [ 2 0 0 , 4 0 0 , 6 0 0 , 8 0 0 , 1 0 0 0 ]. F or e a c h tr ai n si z e, t h e e x p eri-
m e nt is r e p e at e d o n t hr e e diff er e nt m e x a m pl es f or h y p er p ar a m et er
t u ni n g. T h e h y p er p ar a m et er is als o s el e ct e d fr o m [0 , 1 e − 4 , 1 e −
3 , 1 e − 2 , 1 e − 1 , 1 ].

T h e r es ults ar e pr es e nt e d i n Fi g ur e 3. C o n c er ni n g M S E, o ur
pr o p os e d m et h o d o ut p erf or ms t h e ot h er t w o b as eli n es a cr oss m ost
of t h e e x p eri m e nt al c o n fi g ur ati o ns e x c e pt c as es w h e n t h e tr ai n si z e
is v er y li mit e d (m = 2 0 0 ). It is c o nsist e nt wit h o ur ass u m pti o n t h at
D S D h as s m all er m o d el c o m pl e xit y ( pr o p orti o n al t o t h e n u m b er of
p ar a m et ers) gi v e n its n at ur e of distri b ut a bilit y a n d h e n c e g e n er ali z e
b ett er. Fr o m t h e r es ults, w e als o n ot e t h at D S D g e n er ali z es w ors e
o n d at as ets wit h f e w er v ari a bl es, a n d b ett er o n d at as ets wit h m or e
v ari a bl es. F or e x a m pl e, o n b ot h Fi g ur e 3 a a n d Fi g ur e 3 b, t h e g a ps
b et w e e n t h e b est M S E a n d t h e w ors e M S E of D S D ar e l ar g er t h a n
0 .2 , b ut l ess t h a n 0 .1 i n b ot h Fi g ur e 3 c a n d Fi g ur e 3 d. O n t h e ot h er
si d e, t h e bi as es of D S D ar e s m all er o n d at as ets wit h f e w er v ari a bl es
a n d hi g h er o n d at as ets wit h m or e v ari a bl es. F or e x a m pl e, t h e g a p
b et w e e n t h e p erf or m a n c e of D S D a n d t h e s e c o n d b est a p pr o a c h
T V G L is l ar g er w h e n t h e pr o bl e m s c al e is s m all er. T h er ef or e, t h os e
t w o c o u nt er p arts ( g e n er ali z ati o n a bilit y a n d bi as) t o g et h er g u ar a nt e e
t h e eff e cti v e n ess of D S D u n d er v ari o us pr o bl e m s c al es a n d tr ai n
si z es.

6. 4. 2  O n t h e Eff e cti v e n e s s wit h S uf fi ci e nt D at a. T h e e x p er-
i m e nt al s etti n g h er e is i d e nti c al t o t h e e x p eri m e nt al s etti n g f or ef-
fi ci e n c y st u d y i n s e cti o n 6. 3. T h e r es ults ar e s h o w n i n Fi g ur e 4.
A c c or di n g t o t h e r es ults, w e c a n s e e t h at o ur pr o p os e d m et h o d
c o nst a ntl y p erf or ms t h e b est c o m p ar e d t o b as eli n es. T h e o v er all
p erf or m a n c e is b ett er wit h s m all er gr a p h si z e a n d g ets w ors e wit h
m or e c h all e n gi n g pr o bl e m s c al es. T his r es ults a g ai n d e m o nstr at e d

o ur c o n cl usi o n o n t h e eff e cti v e n ess of D S D t h at it pr e di cts w ell b ut
g e n er ali z es fi n e wit h f e w er v ari a bl es, a n d b e h a v es o p p osit el y wit h
m or e v ari a bl es.

6. 5 S e nsiti vit y St u d y

α is t h e o nl y, al b eit ess e nti al, h y p er p ar a m et er of o ur pr o p os e d
m et h o d. It is us e d t o c o ntr ol t h e p e n alti es o n t h e esti m at e d pr e-
cisi o n m atri x. I n or d er t o st u d y t h e i m p a ct of t his h y p er p ar a m e-
t er, w e c o n d u ct e x p eri m e nts o n d at as ets wit h diff er e nt pr o bl e m
s c al es. At e a c h s c al e, w e i n v esti g at e h o w t h e c h oi c e of h y p er p a-
r a m et er aff e cts t h e pr e di cti o n err or ( M S E) b y v ar yi n g α a m o n g
[0 , 1 e − 4 , 1 e − 3 , 1 e − 2 , 1 e − 1 , 1 ]. We o bt ai n t h e r es ults usi n g 1 0 0 0
d at a e x a m pl es f or tr ai ni n g. T h e r es ults ar e pr es e nt e d i n Fi g ur e 6. As
w e c a n s e e fr o m t h e r es ults, w h e n α is l ar g e, t h e pr e di cti o n err or is
al w a ys l ar g e a cr oss all pr o bl e m s c al es. W h e n α is s m all, t h e pr e di c-
ti o n b e c o m es w ors e as t h e pr o bl e m s c al e gr o ws d u e t o t h e o v er fitti n g.
T h e b est p erf or m a n c e is a c hi e v e d w h e n α is n eit h er t o o l ar g e n or t o o
s m all. α = 0 .0 1 is a r el ati v el y st a bl e c h oi c e a cr oss v ari o us pr o bl e m
s c al es.

7 R E A L- W O R L D S T U D Y

D at a T h e a d v a nt a g e of D S D o n s y nt h eti c d at as ets wit h q u a ntit ati v e
r es ults w as d e m o nstr at e d i n S e cti o n 6. I n t his s e cti o n, w e pr es e nt
a n a p pli c ati o n of D S D o n a r e al- w orl d pr o bl e m. We e x pl or e t h e
i nt er-r el ati o ns hi p b et w e e n t h e v ari ati o n of d ail y st o c k pri c e a m o n g
diff er e nt c o m p a ni es. T h e i d e a is t o dis c o v er si g ni fi c a nt c o n n e cti o ns
fr o m t h e u n d erl yi n g gr a p h w h er e c o m p a ni es ar e n o d es. I n p arti c ul ar,
w e c o n d u ct o ur st u d y o n t h e st o c k pri c es of S & P 5 0 0 c o m p a ni es
fr o m t h e b e gi n ni n g of 2 0 0 4 t o t h e e n d of 2 0 0 7. We d o n ot us e t h e
d at a aft er w ar d t o a v oi d t h e bi as c a us e d b y t h e 2 0 0 8 gl o b al fi n a n ci al
crisis 4 . I nst e a d of i d e ntif yi n g t h e d e p e n d e n ci es o n t h e st o c k pri c e, w e
f o c us o n t h e a n al ysis of pri c e v ari ati o n, i. e., t h e diff er e n c e b et w e e n
cl osi n g pri c e a n d o p e ni n g pri c e, si n c e t his m etri c is m or e i nf or m ati v e
f or t h e gr o wt h of a c o m p a n y.

P r e cisi o n Esti m ati o n T o dis c o v er t h e str u ct ur e fr o m st o c k v ari-
ati o ns, w e first n or m ali z e t h e d at a i nt o z er o m e a ns a n d t h e n a p pl y
D S D o n t h e n or m ali z e d d at a t o esti m at e t h e pr e cisi o n m atri x. H o w-
e v er, d u e t o t h e distri b ut a bilit y of D S D, t h e l e ar n e d pr e cisi o n m atri x
is v er y cl os e t o b ut n ot e x a ctl y s y m m etri c as w e i ntr o d u c e d i n S e c-
ti o n 5. 3. S o, w e c o n d u ct n e ar est p ositi v e s e mi d e fi nit e esti m ati o n o n
t h e l e ar n e d pr e cisi o n m atri x f or p ost- pr o c essi n g. We first s y m m etri z e
t h e esti m at e d pr e cisi o n m atri x b y a v er a gi n g its u p p er tri a n g ul ar m a-
tri x a n d its l o w er tri a n g ul ar m atri x, a n d t h e n gr a d u all y i n cr e as e its
di a g o n al e ntri es b y a ti n y n u m b er u ntil it b e c o m es P S D. Us u all y t h e
m atri x is P S D ri g ht aft er fi n di n g its n e ar est s y m m etri c esti m ati o n.

P a rti al C o r r el ati o n T h e pr e cisi o n m atri x its elf c a n t ell t h e c o n di-
ti o n al i n d e p e n d e n c e b et w e e n n o d es w ell, b ut is n ot v er y i nf or m ati v e
f or fi n di n g t h e m ost si g ni fi c a nt c o n n e cti o ns. We alt er n ati v el y us e
p arti al c orr el ati o n as t h e m etri c. P arti al c orr el ati o n is us e d t o m e a-
s ur es t h e d e gr e e of ass o ci ati o n b et w e e n m ulti pl e i nt er d e p e n d e nt
v ari a bl es. T h e p arti al c orr el ati o n Q i j b et w e e n v ari a bl e i a n d v ari a bl e
j is d e fi n e d as:

Q i j = Λ i j / Λ ii · Λ j j

T h e n w e ass u m e t w o c o m p a ni es ar e str o n gl y p ositi v el y d e p e n d e nt
t o e a c h ot h er if t h eir p arti al c orr el ati o n is si g ni fi c a nt.

4 htt ps:// e n. wi ki p e di a. or g/ wi ki/ Fi n a n ci al _ crisis _ of _ 2 0 0 7- 2 0 0 8
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Ffl g u r e 3: G e n e r aflfi z atfi o n p e rf o r m a n c e f o r dflff e r e nt p r o bfi e m s c afi es a n d t r afi n sfi z es

Ffi g u r e 4: Eff e ctfi v e n ess e v afi u atfi o n o n dfiff e r e nt p r o bfi e m s c afi es.
m =

G r o u n d T r u t h  D S D ( M S E: 0. 0 4 2)

Q UI C ( M S E: 0. 1 7 4)  T V G L ( M S E: 0. 1 9 5)

0. 0

0. 2

0. 4

0. 6

0. 8

1. 0

1 0 0 0
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m at rfi c es f r o m afifi m et h o ds. # d e p = 1 0 0 0 0 . m =
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1 0 0 0

Ffi g u r e 6: S e nsfitfi vfit y st u d y of α o n dfiff e r e nt p r o bfi e m s c afi es. m =
1 0 0 0

S ettfi n g I n o ur e x p erfi m e nt, w e a p pfi y D S D t o t hr e e dfiff er e nt
r a n g es of t h e d at as et: ( a). fr o m 2 0 0 4. 0 1. 0 1 t o 2 0 0 5. 1 2. 3 1; ( b). fr o m
2 0 0 6. 0 1. 0 1 t o 2 0 0 7. 1 2. 3 1; a n d ( c). fr o m 2 0 0 4. 0 1. 0 1 t o 2 0 0 7. 1 2. 3 1.
T h e dfis c o v er y wfit h t o p 2 0 sfi g nfi fi c a nt fifi n ks ( hfi g h p artfi afi c orr efi atfi o n)
of afifi d at e r a n g es fis pr es e nt e d fi n Ffi g ur e 7. I n or d er t o v afifl d at e o ur
dfis c o v er y, w e afis o c o m p ar e o ur r es ufits wfit h pr e- d e fi n e d prfi m ar y
s e ct ors of c o m p a nfl es. T h e dfis c o v er y fis p osfitfi v e fif m ost of t h e es-
tfi m at e d fifi n ks ar e fi ntr a-s e ct or fifi n ks, a n d n e g atfi v e fif m ost fifi n ks ar e
fl nt er-s e ct or fifl n ks. T h e fi ntr a-s e ct or fifi n ks a n d fi nt er-s e ct or fifi n ks ar e
pr es e nt e d vfi a s ofifi d e d g es a n d d as h e d e d g es r es p e ctfl v efi y fi n t h e fi g ur e.
T h e wfi dt h of t h e e d g e fls p osfitfi v efi y r efi at e d t o t h e p artfl afi c orr efi atfi o n.
T h e 8 pr e- d e fl n e d s e ct ors ar e m ar k e d wflt h v arfl o us c ofi ors.

I nt e r- S e ct o r flfi n ks & I nt r a- S e ct o r fifi n ks Fr o m t h e r es ufits, w e
c a n o bs er v e t h at m ost of o ur r e v e afi e d c o n n e ctfi o ns ar e fi ntr a-s e ct or
fifi n ks a cr oss afifl d at a r a n g es. We afls o n ot e t h at t h e m ost sfi g nfi fl c a nt
c o n n e ctfl o ns d et e ct e d b y D S D ar e wfit hfl n t h e e n er g y s e ct or, w hfi c h
fis m ar k e d wfit h r e d c ofi or. It r e fi e cts t h e fi n fi atfi o n of ofifi prfi c e c a us e d
b y t h e 2 0 0 0s e n er g y crfisfls 5 . T h e ofifl prfi c e r o u g hfi y b e c a m e a b o ut 5
tfi m es m or e e x p e nsfi v e fr o m 2 0 0 2 t o 2 0 0 8 fi n t h e U S. We afis o n ot e
t h at t h e str o n g est d e p e n d e n c y f o u n d b et w e e n 2 0 0 4 a n d 2 0 0 5 fls a
fi nt er-s e ct or fifi n k b et w e e n Ya h o o a n d A m a z o n. It fis, h o w e v er, a f afis e
n e g atfi v e sfi n c e t h e r et afifi b usfl n ess of A m a z o n fis drfi v e n b y fi nf or m atfi o n

5 htt ps:// e n. wfi kfi p e dfl a. or g/ wfi kfi/ 2 0 0 0s _ e n er g y _ crfisfls
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