Transportation Research Part B 126 (2019) 309-328

S TRANSPORTATION
SEARCH

B Ntk

Contents lists available at ScienceDirect

Transportation Research Part B

journal homepage: www.elsevier.com/locate/trb

The mathematical foundations of dynamic user equilibrium )

Terry L. Friesz?, Ke Han"*

Check for
updates

aDepartment of Industrial and Manufacturing Engineering, Pennsylvania State University, USA
b Department of Civil and Environmental Engineering, Imperial College London, United Kingdom

ARTICLE INFO

ABSTRACT

Article history:

Received 28 February 2017
Revised 22 August 2018

Accepted 24 August 2018
Available online 7 September 2018

Keywords:

Dynamic user equilibrium
Differential variational inequality
Optimal control

Fixed point algorithm

This paper is pedagogic in nature, meant to provide researchers a single reference for
learning how to apply the emerging literature on differential variational inequalities to the
study of dynamic traffic assignment problems that are Cournot-like noncooperative games.
The paper is presented in a style that makes it accessible to the widest possible audience.
In particular, we apply the theory of differential variational inequalities (DVIs) to the dy-
namic user equilibrium (DUE) problem. We first show that there is a variational inequality
whose necessary conditions describe a DUE. We restate the flow conservation constraint
associated with each origin-destination pair as a first-order two-point boundary value
problem, thereby leading to a DVI representation of DUE; then we employ Pontryagin-type
necessary conditions to show that any DVI solution is a DUE. We also show that the DVI

formulation leads directly to a fixed-point algorithm. We explain the fixed-point algorithm
by showing the calculations intrinsic to each of its steps when applied to simple examples.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The question of how to mathematically formulate the dynamic user equilibrium problem has been discussed in con-
siderable depth in the transportation research literature. Some of the many relevant works are Friesz et al. (1993, 2001);
Lo and Szeto (2002); Bliemer and Bovy (2003); Szeto and Lo (2004); Ban et al. (2008); Friesz et al. (2011); Ban et al. (2012);
Friesz et al. (2013); Friesz and Meimand (2014); Han et al. (2015a,b). For the most part these works put forward some sort
of variational inequality in discrete or continuous time, and each such formulation is either a differential variational inequal-
ity (DVI) or can be reformulated as a DVI. Unlike some other expository papers on dynamic traffic assignment (Peeta and
Ziliaskopoulos, 2001; Szeto and Lo, 2005; Chiu et al., 2011), this paper is an informal primer on using differential variational
inequality theory as the foundation for dynamic user equilibrium. This has been done to help what some see as a very large
barrier to understanding dynamic user equilibrium, when approached from the perspective of DVIs. A knowledge of elemen-
tary calculus and the willingness to work though some complicated algebra is all that should be needed for one to profit
from reading this paper. It is hoped that this paper will facilitate mastering the essentials of differential variational inequal-
ity theory, and encourage its use in crafting new models and algorithms within the field of inquiry known as transportation
science.
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2. Discrete and continuous time

It is often argued that, since all dynamic models must ultimately be solved by discretizing the time horizon of interest,
it is a waste of time to develop continuous-time models. The premise of this assertion is false, because, as we show in
this paper, continuous-time models may be solved in continuous time. Moreover, continuous time may be used to describe
fast subsystems of the system being studied, while slower subsystems may be modeled with discrete time. Such a model
is naturally and innately a dual-timescale model, and it may be formed and solved using the ideas put forth in this paper.
Moreover, continuous-time solution of a continuous-time model does not mean one must be able to find a closed-form
solution; we will see that iterative algorithms that produce progressively more accurate continuous-time solutions may be
easily devised and implemented.

It is also the case that continuous-time models may often be discretized and solved with discrete-time algorithms. From
this perspective, continuous-time formulations are a shorthand for model developers, who can, after the formulation stage
is complete, discretize and prepare a model for numerical solution with finite-dimensional algorithms. Also, the reader
should take care not to overlook in the technical material ahead that the differential equations for primal and dual variables,
generated at each step of the algorithmic approach we stress herein, have righthand sides that are functions of time only. As
such, the primal and dual dynamics may be solved trivially, in closed form if polynomial representations of the righthand
sides are employed.

Furthermore, it is important to note that DUE modeling, at its most fundamental level, intrinsically involves flow-
propagation constraints (FPCs) as part of the dynamic network loading (DNL) process that must be executed whenever
the value of path delay is needed. Such constraints ensure flow entering an arc equals flow exiting that same arc at a future
time. Discrete-time models involving such time shifts are intrinsically difficult to form and even more difficult to solve. In
discrete time, FPCs require time steps of unequal length, fractional time steps, or some other approximation. For continuous
time, the presence of FPCs, may be handled straightforwardly. This is important if one “unfolds” the DNL model used in con-
junction with a DUE model, whereby the FPCs become explicit constraints in the DUE calculation as in Friesz et al. (2001).

3. History of the DVI formalism

It was within the transportation modeling literature that the modern DVI formalism was first introduced by
Friesz et al. (2004) and Pang and Stewart (2008), although studies emerged earlier in the optimization literature, which
are closely related to the development of DVIs (Hipfel, 1993; Heemels, 1999; Camlibel, 2001). A DVI is, crudely speaking,
an optimal control problem with its single objective replaced by a variational inequality. The adjective “differential” arises
because in optimal control theory the constraints contain explicit state dynamics, as well as constraints on the control
variables. It should be noted that an infinite dimensional variational inequality is generally not a DVI. That is, a VI in a
Hilbert space, or more generally in a Banach space, is not a DVI unless it has explicit dynamics (differential or difference
equations) that influence its solution. Although some papers initially used the name VICON for variational inequalities with
control variables and explicit state dynamics, most scholars presently use “DVI” in the same sense we do herein. The DVI
formalism builds on the transportation-related work of Friesz et al. (1993); Bernstein et al. (1993) and Friesz et al. (2001).
This early literature used formulations that are special cases of the DVI problem. The DVI formalism now widely employed
originates with Friesz et al. (2004), and includes Friesz and Mookherjee (2006), Friesz et al. (2006), Friesz et al. (2007a,b).
These papers formally present abstract differential variational inequalities, and illustrate how DVIs may be employed in
transportation and regional science applications. Subsequently, Pang and Stewart (2008) provided a broader survey of al-
ternative formulations and applicable numerical solution techniques. Pang and Stewart (2008) refer to their work as the
first formal introduction of differential variational inequalities (DVIs). That claim notwithstanding, the first statement of
the modern differential variational (DVI) problem appears in Friesz et al. (2004). Two other publications supporting this
reading of the literature are Bernstein et al. (1993) and Friesz et al. (2007b). It is within the transportation modeling lit-
erature that the modern DVI formalism was first introduced. In particular, Bernstein et al. (1993) present a DVI for one
version of DUE. Their formulation is the first DVI reported in either the transportation or game theory literature; it em-
ploys the link delay model for network loading. Friesz et al. (2004) provide the first statement of an abstract DVI. Sub-
sequently, Pang and Stewart (2008) catalog various types of DVIs, along with results on existence, uniqueness, and algo-
rithm convergence (Camlibel et al., 2006a; 2006b; 2008). Contemporaneously with the review by Pang and Stewart (2008),
Mookherjee and Friesz (2008) and Friesz et al. (2008) illustrated the importance of DVIs to service sector economic analysis,
urban logistics, and competitive supply chain modeling.

The application of concern in this paper is the dynamic user equilibrium (DUE) problem at the core of dynamic traffic
assignment (DTA). Most published mathematical formulations of DUE express an open-loop version of a dynamic notion
of user equilibrium (DUE) based on some type of generalization of Wardrop’s so-called first principle. Presently some DUE
models treat both route choice and departure time choice as fundamental decisions, while others are concerned with ei-
ther departure time choice or route choice, but not both. In this paper we are concerned only with simultaneous route and
departure time choice, abbreviated as ‘SRDT choice’ or simply ‘SRDT" when no confusion will arise. As the works cited in
Section 1 explain, dynamic user equilibrium (DUE) assumes that some type of dynamic network loading operator, abbrevi-
ated as ‘DNL operator’ or simply ‘DNL’ when no confusion will arise, is available for each path, although there is no need
for the underlying DNL model to have closed-form solutions. The DNL operator provides the effective path delay for every
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path and departure time considered. There are a few different ways a SRDT DUE may be defined. Most definitions of SRDT
DUE are equivalent.

4. Notation and elementary relationships

Before we introduce variational inequality formulations for dynamic user equilibria, we will first provide some definitions
and terminology required to describe the notion of a DUE. The time interval of analysis is a single commuting period or
“day” expressed as [tp, t] C R where R denotes the set of real numbers and tq < t;. We let P be the set of all paths employed
by travelers. For each path p € P we define the path departure rate, which is a function of departure time t € [to, tf] :

hp() @ [to, tr] — Ry,

where R, denotes the set of non-negative real numbers. Each path departure rate (path flow) hy(t) is interpreted as a time-
varying quantity, measured at the entrance of the first arc of the relevant path, and the units for the path flows are usually
vehicles per unit time. We next define h(-) = {h,(-) : p € P} to be a vector of departure rates (path flows). Without creating
confusion, we use h(-) or simply h to represent the vector-valued function of t, the departure time.

We denote the space of square-integrable functions on the interval [to, tf] by Lz[to,tf], and its subset consisting of non-
negative functions by Li[to, tr]. We stipulate that each path flow is square integrable; so that

hy() € Lto. ty]. he) e (lto. ¢) ",

where (L4 [to, tf])lp‘ is a cone! of the |P|-fold product space (L?[to, tf])m consisting of non-negative vector-valued func-
tions.

We note that, by the measure-theoretic nature of the DUE model (Friesz et al., 1993), the path departure rates hy(-), p €
P, are defined only up to a set of measure zero. Letting v be a Lebesgue measure on [ty, tf], one should write V(¢ € [to, &])
to represent the phrase for v-almost all te [ty t;] or simply write V,(t). In other cases, we may suppress any reference to
v-almost all teS so long as doing so does not create confusion.

In DUE modeling, the single most crucial ingredient is the path delay operator, which maps a given vector of departure
rates h to a vector of path travel times. More specifically, we let

Dp(t, h)  Vyu(telto. tg]), VpeP

be the path travel time of a driver departing at time t and following path p, given the departure rates associated with all the
paths in the network, which are expressed by h immediately above. We then define the path delay operator D(-) by letting
D(h) = {Dy(-, h) : p € P}, which is a vector of time-dependent path travel times Dp(t, h). We use D(-) to denote an operator

defined on (Li[to, tf])lpl, which maps a vector valued function h(-) to another vector-valued function {D,(-, h) : p € P}.
More precisely,

[Pl [P
D() . (Li[to, tf]) — (Li[t(), tf])
(4.1)
h(:) ={hp(), pe P} — D(h) ={Dy(-. h), peP}
The effective delay operator W is similarly defined, except that the effective path delay contains, in addition to path travel

time, the pertinent arrival penalties. Thus, the effective path delay is a more general notion of “travel cost” than path delay.
The effective delay operator is defined as follows.

v (Bl i)~ (Bl )" (4.2)
h() ={hp(), peP}  W(h) ={¥,(, h), peP}
where
W,(t, h) = Dp(t. h)+ f(t+Dp(t.h) —=Tp)  Vtelto. tf]. VpeP (4.3)

when Ty is the desired arrival time and T < t;. The term f(t +Dy(t, h) — TA) assesses a nonnegative penalty whenever
t+Dp(t, h) # Ty (4.4)

since t + Dp(t, h) is the clock time at which departing traffic arrives at the destination of path p € P. The arrival penalty
function f{-) usually assumes a ‘V’ shape; see, for example, (7.34). Note that, for convenience, T, is assumed to be indepen-
dent of destination. However, that assumption is easy to relax, and the consequent generalization of our model is a trivial
extension.

1 A cone in a vector space is a subset that is closed under multiplication by positive scalars,
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We interpret W,(t, h) as the perceived travel cost of drivers departing at time ¢ following path p given the vector of path
departure rates h. We stipulate that each path effective delay

\pr(-, h) . [to, tf] — Ry Vp eP

is measurable, strictly positive, and square integrable, where R, denotes the set of positive real numbers. The notion of
strictly positive functions, as we employ them throughout this paper, refers to measurable functions that are positive almost
everywhere. The notation

. [Pl
W(h) = {W,(-, h): peP)e (Lt ty])
is used to express the complete vector of effective delays.

In order to define an appropriate concept of minimum travel costs in the present context, we require the measure-
theoretic analog of the infimum of a set of numbers. In particular, for any measurable function g(-) : [to, tf] — R, the
essential infimum of g(-) on [to, tf] is given by

essinf{g(s)} = sup{xeR: v{se[ty, ty]: g(s) <x} = 0} (4.5)

selto, tf]

where v is a Lebesgue measure. Note that for each x > e?sinf]{g(s)} it must be true by definition that
se to,tf

v{s e [to, ts]: g(s) <x} >0

In other words, the essential infimum g of g(-) is the largest number such that g(-) is no less than g almost everywhere. Let
us define the essential infimum of effective travel delays, which depend on the path flows h:

vy(h) = essinf{W,(t, h)} > 0 VpeP (4.6)
telto, ty)
vij(h) = ggg}{vp(h)} V@, j)ew (4.7)

where we use p € P;; to refer to a specific path contained in the set of paths 7P;; connecting origin-destination (OD) pair
(@i, j) e W, and W is the set of all OD pairs.

5. Statement of the dynamic user equilibrium problem

As a consequence of notations introduced in Section 4, the dynamic user equilibrium model for finding path departure
rates h* >0 is the following:?

hy(t) > 0,pe Py = Wp(t, hi*) =v;(h*) V(@ j)ew
DUE(h, ¥, A) (5.8)
h* e A
where the set of admissible path flows
ty
A=1h=0: > | hy(t)dt=Q; V(i j)ew (5.9)
pEP;j fo

Furthermore, the effective path delay W(-,h*) is a solution of the dynamic network loading model one elects to describe
a network of interest. Moreover, Q = {Q,-j (3, )) e W] is an exogenous, fixed trip table (matrix); and integration is in the

sense of Lebesgue. Definition (5.8) provides the continuous-time DUE problem we want to solve.

Ran et al. (1993); Ran and Boyce (1996) and Ran et al. (1996) also worked in continuous time and created a family of DUE
models sharing a common foundation based on an equivalent optimal control formulation, for which they show the best
responses of generic travelers constitutes a DUE flow pattern. Instead of viewing unit effective travel delay as an operator,
they embedded the notion of network loading within their DUE model. They relied on highly specific arc entrance and
exit flow functions, as well as novel flow propagation constraints that are quite different than the continuous-time physical
identities employed by Friesz et al. (2001), Kachani and Perakis (2009) and Perakis and Roels (2006).

Zhu and Marcotte (2000) observed a variational inequality for DUE may be stated when a DNL model is available. How-
ever, they did not directly prove the existence of solutions to (5.8); and they modified the model by using the following
alternative flow conservation constraints

3 () = Qi(6) vv(te[to, tfl) V(. j)ew (5.10)

P<EPij

2 Note that, by the measure-theoretic nature of the definition, (5.8) only needs to hold for almost every t.



TL. Friesz, K. Han/Transportation Research Part B 126 (2019) 309-328 313

in lieu of

/ hy(0dt=Q; VG, j) e W (5.11)
PePij

In fact Zhu and Marcotte (2000) declare Q(t) is the O-D departure rate which is exogenously given. In (5.10), each Q;(t)
must be a flow (in vehicle per unit time), not a volume, to assure dimensional consistency. On the other hand, the rep-
resentation (5.11) enjoys behavioral richness by allowing shift in departure time; in particular, (5.11) allows drivers to
depart in platoons as is generally observed in real networks; (5.10) eliminates platoon formation. Friesz and Meimand
(2014) and Han et al. (2015a) extend the formulation (5.8) to treat elastic travel demand, while Han et al. (2015a) pro-
vide a comprehensive existence theory. Moreover, working in continuous time, Bliemer and Bovy (2003) have extended the
Friesz et al. (1993) formulation by introducing multiple user classes, thereby creating a quasi-variational inequality.

Friesz et al. (1993) use measure-theoretic argument and show that the DUE problem (5.8) with simultaneous route and
departure time choices can be reformulated as the following variational inequality:

t
find h* e A such that [ W,(t, h*)(h(t) - h*(t))dt >0 VheAa (5.12)
to

A more recognizable form of the VI (5.12) is

find h* € A such that <\I/(h*), h— h*> >0 VheA (5.13)

by invoking the inner product < -, - > in the Hilbert space (Lz[to, tf])m; see Appendix A.1 for more details.

We may show (5.8) is a DVI for SRDT DUE rather easily by restating (5.9) as a differential equation and employing some
elementary facts from the theory of optimal control. To that end, let us continue to treat the trip table (Q,»j 1 (i, j) e W)
as a fixed matrix of non-negative travel demands. We introduce a new state vector y(t) = (yij(t) 1, j)e W), which is

readily recognized as cumulative departures; this vector, for any given instant of time t, belongs to RLWl. As a consequence
the constraints (5.11) may be replaced with the following two-point boundary value problem:

dl ..
WO _ S 0. yylt) =0, yylt) =0y VG ) ew (514)

PEPij
It is rather easy to see that expression
hy(t) > 0,pe Py = Wp(t, h*) =v;; V(@ j)eW, (5.15)
from the definition DUE(h, ¥, A) given in (5.8), leads to the following chain of results for any given (i, j) e W:
\pp(t, h*) > Vjj Vt, Vp € Pij
Wy (t, h*) (hp(t) — by (1)) = vy (hp(t) — (1)) VE, Vp e Py

\

3 / W, (e, 1) (hyp(t) — iy (0)dt > vy S / hp(0) — hi(0))dt
PePyj peP;j
It is immediate that the problem DUE(h, ¥, A) may be expressed as: find h* € Ay such that
Z nlzp(r h*) (hp(t) — iy ())dt = 0 Vhe Ag (5.17)
peP
where
_ dyu(t) . .
Aog=3{h=>0: =Y hy(t). yij(te) =0, yii(tp) =Q; V(. j)ew (5.18)
PePij

Problem (5.17) is a differential variational inequality as that notion is defined in Friesz and Mookherjee (2006);
Friesz (2010); Friesz et al. (2011, 2013); Friesz and Meimand (2014); Han et al. (2015a,b). We need to know some of the
basic theory of differential variational inequalities before we turn to the question of how to compute solutions to (5.17);
that background is given below in Appendices A.1, A.2 and A.4.

6. Verifying the DVI is a DUE

The existence of h* that satisfies (5.8) has been studied in Zhu and Marcotte (2000) and Han et al. (2013a), both based
on a version of the Browder’s fixed-point theorem in topological vector spaces (Browder, 1968). This section is dedicated to
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establishing the connection of DVI to the DUE model. In particular, by observation, the DVI (5.17) may be restated as the
following optimal control problem:

minf = > v(Qj-yit)) + Y Z w,,(t, h*)h,(t)dt Vhe Ao (6.19)

3, j)ew (i, j)ew pePij

However, the criterion J depends on the solution h* € Ay, so it is futile to use (6.19) for calculations. The necessary conditions
for optimal control (see Appendix A.4) may be employed to study the solutions of (6.19). In particular, the transversality
conditions for each (i Jj) e W give us

Lij(tp) = > vij(Q; - yii(tp)) = —vj; = constant
8yu( )
Dew
The Hamiltonian of (6.19) is

D (lllp(t, W)y () + Aij 3 h;(t))

(i, )ew PePij pePij
Hamiltonian is meant to be minimized with respect to its controls. Therefore the equilibrium path flows obey
minH st. —-h<0 (6.20)
Since A;j(ty) = v;j, the Kuhn-Tucker conditions for (i, j) € W and p € P;;
Wyt h*) —vij=pp=0

pphp =0
Thus
(1) h;;(t) >0, pe Pij - \Dp(t, h*) = Vij DUE definition (621)
(2) Yt h)>v5, pePj = hy(t) =0 trivial flow condition )

Expression (6.21) is, of course, what we mean by a dynamic user equilibrium.
7. Fixed point formulation

It is well known that a differential variational inequality may be represented as fixed-point problem whose subprob-
lems are linear-quadratic optimal control problems (Friesz, 2010). In fact under mild regularity conditions, the differential
variational inequality (5.17)—(5.18) is equivalent to this fixed-point problem:

h =Py, [h— @ W,(t. h)], (7.22)

where Py [-] is the minimum norm projection operator onto the convex and closed subset Ay, and « is a positive scalar.
Consequently, we write

2
h= argmln Hh —aW(h) sz
Assuming a constraint qualification holds, the Kuhn—Tucker conditions tell us that

hp —aWy(t, h) —zp, = -V — py V(i j) e W, pe Py (7.23)

for dual variables U?j and ,og associated with the flow conservation and nonnegativity constraints, respectively. When we
recognize that z, = hp, expression (7.23) yields

aWy(t, h) —v)=p)>0 V(@ j)ew, peP; (7.24)

The constant o > 0 may be absorbed by the dual variables; that is
v i

Vij = and Pr="
so that

Wy(t, h) —vj=pp>0 V(@ j)eW, peP; (7.25)
In light of the complementary slackness conditions

pphpy =0 V@, j)eW, peP; (7.26)

op =0 V(@ j)eWw, peP (7.27)
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it is easy to see that (7.25) requires (6.21) to hold. Equivalence of the relevant DVI to the fixed-point problem (7.22) is

assured by convexity.
We turn now to the statement of a fixed-point algorithm made possible by (7.22). In particular we have the following:

DUE Fixed-Point Algorithm
Step 0. Initialization. Set k = 0 and select an initial solution h € Aj. Also select a suitable fixed step size a >0

used in all iterations.?

Step 1. Dynamic Network Loading and Updating. Compute W(t, h¥) using a dynamic network loading model when
flow is h¥ € Aq. For every origin-destination pair (i, j) € W, solve the following algebraic equation for v;; (where
[x]+ = max{0, x} assures non-negativity):

I; /t:f [H4(0) — (e, B + 1], de = Qy (7.28)
where « is a positive constant and [-], is the projection onto the nonnegative orthant. Compute
Rk (t) = h*(t) — a W (t, h*) +v
where
v=(vj: (i, j) e W)
Step 2. Stopping Test. For a predetermined tolerance & ¢ Rl oo if
“hk+1 Rk ” <£

stop and declare h**! a DUE solution. Otherwise set k = k+ 1 and go to Step 1.

This algorithm has an associated proof of convergence provided the effective path delay operators are strongly monotone
increasing. The convergence proof is easy to present in an informal way. First we note that the effective path delay operator
is said to be be strongly monotone increasing when

<\_pk+1 —wk gkt hk) > K ”hk+l _ hk’ 2’ (7.29)

where K; >0 and the obvious notation Wk=W( ., h¥) is employed. It will be convenient to restate (7.29) as

_(\Ijk+l _ \IJk, hk+l _ hk) < —K; ||hk+1 _ hk ||2 (7'30)
If we additionally assume Lipschitz continuity, we know
Hq,kﬂ _ q,k”Z <K ”hkﬂ _ hk| 2’ (731)

where Ky € R. It is well known that the minimum norm projection operator is non-expansive in Hilbert space; therefore
we examine

“hk+2 _ pk+ ”2 < ” (hk+l _ aq_,k+l) _ (hk _ aq,k) ”2
_ ” (hk+l _ hk) _ a(\I”‘” _ \I,k) ”2
— ||hk+l _ hk”2 _ Za(\lfk‘H _ \.IJk’ hk+1 _ hk> + o “\I/’H'] _ qjk ”2

IA

(1 — 20K + a21<0> ket — k|
Thus, upon taking advantage of (7.30) and (7.31), we see that if

(1 —2ak; + a21<0> <1, (7.32)
we have convergence. Expression (7.32) may be restated as

K > # (7.33)

3 The interpretation of the parameter o will be presented in the convergence proof that follows.
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A formal proof of convergence of the fixed-point algorithm when applied to DUE DVIs with strongly monotone increasing
effective delay operators is found in Friesz et al. (2011). The above analysis not withstanding, examples of effective delay
operators that are not monotonically increasing have been reported. Therefore, at present, convergence of the fixed-point
algorithm, as well as other algorithms, cannot be assured.

Remark 7.1. Intuitively from (7.28), and also clear from Sections 7.1 and 7.2, that the parameter « indicates the sensitivity of
how the path flow vector h**! depends on the travel cost W* of the previous iteration. The convergence condition (7.33) sug-
gests that small values of « are required to ensure convergence, provided the monotonicity property of the effective delay
operator.

In the rest of this section, the fixed-point algorithm will be explicitly instantiated for some simple yet representative
network examples, with closed expressions in continuous time. In order to highlight the updating part of the algorithm, we
focus on scenarios where the dynamic network loading yields relatively simple forms of the effective path delays.

7.1. Single bottleneck example

We consider a network consisting of a single bottleneck, based on the Vickrey model (Vickrey, 1969; Han et al., 2013b;
2013c). The capacity of the bottleneck is assumed to be 2000 veh/hr, and the free-flow travel time is set to be zero for
simplicity. Since our DUE problem involves departure time choice, we employ the following effective delay operator:

_ B(Ty—A()) At) <Th
W(t, h) = wD(t, h)+{y(A(t)—TA) AD ST (7.34)

where 8 <w <y are positive constants, T, is the desired time of arrival, and A(t) =t + D(t, h) represents the arrival time.
In the following illustrative calculation, we consider the time horizon of [0,5] (in hr), and select these parameter values:

w=08 B=06 y=12 Ti=3 a=200

where « is the positive constant appearing in the fixed-point algorithm; see Section 7.
Step 0. Initialization. We consider an initial path flow for the fixed-point algorithm:

o 0. tel0.2)ul4. 5]
h (t)—{looo, tel2, 4)

ho ()

1000 [---==-mmmmseemsee —

0 1 2 3 4 5 !

Note that in the case of a single bottleneck, the path choice becomes irrelevant, and the DUE problem reduces to a
departure-time-choice problem. In the following, we work out each intermediate iteration of the fixed-point algorithm, and
interpret their meanings using continuous-time calculations.

ITERATION k = 0.

Step 1a. Dynamic Network Loading. Since the departure rate h%(t) is uniformly below the capacity of the bottleneck, ac-
cording to the Vickrey model the bottleneck delay is zero, i.e. D(t,h®)=0. Thus the effective delay reduces to:

W(t, h%)

0.6(3 - 1) t €0, 3) 18

0y _
Rl = {1.2@—3) te[3, 5]
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Step 1b. Updating. It is easy to compute:

1206 —360  te|0,2)
120t + 640  tel2,3)

0 0y _
WO — W (& hD) =\ Doaor +1720 t e [3. 4) (7.35)
—240t +720 tel[4, 5]
The key step of the fixed-point update is the following equation:
5
/ [10(t) — W (£, 1) + ;)] dt = Qi = 2000 (7.36)
0

We need to find the unique value for v; in order for (7.36) to hold. Given the explicit form (7.35), we readily derive that
v;j = 90; thus the departure rate for k =1, as illustrated in Fig. 1, is

0 telo,2)
1 i i 120t + 730 tel2 3)
RO =[O et h) +u] =) Hui1810  repsa) (7.37)
0 tel4. 5]

ITERATION k = 1.

Step 1a. Dynamic Network Loading. Since the departure rate h'(t) is uniformly below the capacity of the bottleneck, the
bottleneck delay is zero. Thus the effective delay is the same as (7.35).

Step 1b. Updating. From (7.37) and (7.35), we have that

1206 —360  tel0,2)
240t +370 te[2.3)
—480t + 2530 te |3, 4)
240t +720 tel4, 5]

hU(t) —aW(t, h') = (7.38)

Fig. 2 illustrates how (7.38) is constructed. In order to satisfy the demand constraint, the dual variable is again calculated to
be v;; = 90. Thus we have

0 te[0,2)
240t + 460 te[2, 3)

h2(t) = [h'(t) —aW¥(t, K") +v;], = 7.39

©=[ro (e 1) vy, —480t + 2620 te[3, 4) (739)
0 te[4, 5]

Fig. 3 summarizes the first three fixed-point iterations that produce hO(t), hl(t) and h%(t). It can be seen that all the
departures are concentrated in the interval [2,4]. In addition, as subsequent iterations are carried out, the algorithm tends
to shift the departure mass to the time t = 3 where the effective delay is the lowest. Moreover, because drivers departing
during [3,4] generally incur higher costs than those departing in [2, 3], more of them shift away from the departure window
[3,4].

RO(t) — a®¥(t, h°) h(t)

v;;=90
Y 1090 [-=-==mmmmmmmmemmmsese oo ‘
1000 !

I [, A
. I 1 1 . . ! I H .
0 1 2 3 4 5 t I:> 0 1 2 3 4 5 !

—360

Fig. 1. Determination of the dual variable v; to yield h(t).
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hi(t) — a¥(t,hY)

;=90 1180
1090

—360

Fig. 2. Determination of the dual variable v; to yield h?(t).

h(t) wen] —— R

1
1180 hz(t)
1090 h4(t)

1000

Fig. 3. Summary of the first three iterates.

7.2. Three-Path example

In the second example, we consider the seven-arc, three-path network shown in Fig. 4. The three paths are: p; =
{li, L., Is, I}, po ={l1, I, I3, Is, I;}, p3 ={l1, 3, Is, I;}. The effective path delay structure is the same as (7.34), with the
same values for w, 8 and y; now o = 400. In this example, the dynamic network loading is performed using the link trans-
mission model (Yperman et al., 2005; Han et al., 2016), which captures vehicle spillback. The fixed travel demand between
the O-D pair is Q;; = 2000.

Step 0. Initialization. The initial vector of path flows h(t) is illustrated in Fig. 5 and has these numerical values:

h (t) = hd (t) =0,

o i [0 tel0,15)U[35. 5]
hy, (6) = {1000 t e[1.5, 3.5)

Fig. 4. The seven-arc network.
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Step 1a. Dynamic Network Loading. The effective delays resulting from dynamic network loading are expressed in Fig. 5 in

closed form.

Step 1b. Updating. We readily calculate the following:

ho (t) —aWp, (t, h°) = hS, (t) — aW,,(t, h°) = {

h9, (t) — Wy, (t, 1°) =

240t
240t

240t —756  t €0, 2.55)

—480t + 1080 t € [2.55, 5] (7.40)
~760  tel0,15)
+240  te[l5,25) e

—480t + 2040 te[2.5, 3.5)

—480t + 1040 ¢ € [3.5, 5]

Expressions (7.40)— and (7.41) are illustrated in Fig. 6.
The core of the fixed-point iteration is the determination of the dual variable v;;. Note that the same v; must be applied
to all three quantities illustrated in Fig. 6, so that the following holds:

5
/0 [h9, () — a Wy, (£, h%) + u,-j]+ + [, (&) — Wy, (t, h%) + u,-j]+ + [hS, () — a Wy, (£, h%) + u,ijdt =Q;

Based on the closed-form expressions (7.40) and (7.41), we can calculate that v;; = 281. The resulting path flows for the next

iteration are:

0 t € [0, 1.98)
Lo 1 e | 240t —475 £ e[1.98,2.55)
My, () =hyp, (0 =1 4801 + 1361t € [2.55. 2.84)
0 t € (2.84, 5]
0 t [0, 1.5)
B 24004521 rell5,25)
p2 V) T ) 480t +2321 te[2.5, 3.5)
0 t e[3.5, 5]
hp, () hp, (©) hp, ()
1000 [------m-===-o
- - - t - t . —t
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Wy, (£, 1) ¥, (t, %) ¥, (t, h%)
y =—0.6t + 1.89 =-0.6t+19 - - =—0.6t +1.89
Y =12t —27 L o y=126=26 4 5 =12t—27
036 [--o-mmoroeoeoeneaeeee e ! L 0.36 == !
0 1 é 2.55 3‘ 4 5 ' 0 1‘ é 215 ?; é‘t 5‘ ' 0 { é 2.‘55 3‘ 4 5 !
Fig. 5. The initial path flows and their corresponding effective path delays.
K9, (£) — ¥, (t, h%) hY, (£) — aW,, (t, h%) hY, (£) — a¥,, (£, h%)
v;j = 281 /\ v;j =281 v;j =281
. L 255 t . ¢ . . ‘ . : t ¢ 2.55 t !
1 2 4 s 1 2 253 4 5 1 2 3 4 5
= —480t + 1080 = —480t + 1080
% L m, 760 Y = 240t — 756 ¢

wt + 1040

Fig. 6. Determination of the dual variable vj.
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hp, (©) hp, (©) hp, (8)

. ¢ — L Lt

Ly

Fig. 7. The path flows after the first fixed-point iteration.

These path flows are illustrated in Fig. 7.

ITERATION k = 1.

Step 1a. Dynamic Network Loading. Due to the absence of significant congestion, the effective delays remain the same as
those shown in Fig. 5.

Step 1b. Updating. Given the effective delays, we have that

240t — 756 t €[0, 1.98)
480t — 1231 t €[1.98, 2.55)

1 1y _ pl _ 1y _
hy, (£) =Wy, (. h7) = hy, () —aWp, (6. 1) = “gg0r 4 2441 1< [2.55. 2.84) (7.42)
480t + 1080 t < [2.84, 5]
240t —760  tel0, 1.5)
Rl (£) — Wy, (£, b1y = § 480t ~ 239 te[1.5,2.5) (7.43)

—960t +3361 te[2.5,3.5)
—480t + 1040 t € [3.5, 5]

See Fig. 8 for an illustration of these quantities. Based on the closed-form expressions (7.42) and (7.43), we find the unique
value v;; = 281. The resulting path flows from the second iteration are:

0 t < [0, 1.98)
480t — 950  te[1.98, 2.55)
960t + 2722 ¢ € [2.55, 2.84)
0 t € (2.84, 5]

hy, (€) = Iy, (O) =

0 t <0, 1.5)
480t + 42 te[1.5, 2.5)
—960¢t +3642 t e [2.5, 3.5)
0 t €[3.5, 5]

(0 =

These path flows are illustrated in Fig. 9

The dynamic network loading performed during the fixed-point iterations indicate that the effective path delays along
p, are in general higher than those along p; and ps. As a result, in the two consecutive iterations we observe the drivers
moving toward alternatives with lower costs. In particular, at the end of the first iteration, not only do drivers traveling on
path p, move toward t = 2.5 as their departure time, because the cost there is lower, part of them also move to paths p; and
p3 with lower costs (see Fig. 7). At the end of the second iteration, such a choice shift is more pronounced (see Fig. 9). As is
intuitive, the fixed-point algorithm produces an evolutionary pattern that is reminiscent of day-to-day route choice models.
However, note must be made that the algorithm presented here is by no means a behavioral model; rather, it is purely a
consequence of the fixed-point formulation of DUE, a formulation based on a minimum norm projection subproblem that is
a linear-quadratic optimal control problem.

R}, () — aWy, (t, ") kb, (£) — a¥,, (¢, h") kb, () — aW,, (¢, hY)

. . .
4 5 1

y = —480t + 1080 /
y = 240t — 760 R‘mc + 1040

Fig. 8. Determination of the dual variable vj.

y = —480t + 1080

Y = 240t — 756 y = 240t — 756
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h5,® h5.© h3, (O

L t L H ! H L t

0 1 2 3 4 5 0 1 2 25 3 4 5 0 1 2 3 4 5

Fig. 9. The path flows after the second fixed-point iteration.

8. Concluding remarks

We have shown in our analysis the following:

1. Dynamic user equilibrium can be represented as a differential variational inequality (DVI).

2. DVI theory suggests a fixed-point algorithm for calculating DUE solutions.

3. The fixed-point algorithm makes the calculation of state variables (cumulative traffic volumes) a first order initial value
problem wherein the right hand side of each differential equation depends only on time.

4. Similarly, the calculation of adjoint variables (dynamic dual variables for the state dynamics) is based on a first order
terminal value problem wherein the right hand side of each differential equation depends only on time.

5. The state initial value problems and the adjoint final value problems, presented in the appendix, are decoupled. Thus,
one avoids the need to directly solve a two-point boundary value problem, which is one of the most challenging aspects
of optimal control and DVI problems.

It is abundantly clear that the DVI arises from a VI, where the former provides a variational problem that is natural
generalization of an optimal control problem to a Nash-like game. The consequences of this include but are not limited to
the following:

(i) The optimal-control-like aspect of DVIs is important because it allows the large literature on differential games to be
exploited to find numerical schemes for computing DUE.

(ii) The DVI allows immediate affirmation that the dual variables for terminal-time constraints are identical to the adjoint
variables in magnitude, and both are constant in time.

(iii) The minimum effective travel delay is the dual variable, for each OD pair.

(iv) In light of (i), (ii) and (iii), the DUE nature of DVI solutions is confirmed by inspection.

(v) Each of the aforementioned dual variables may be found by a one-dimensional line search.

(vi) The fact that all nonzero departure rates are singular solutions becomes obvious and means the departure rates are
piecewise smooth.

The features listed immediately above, whether used in continuous or discrete time, provide a simple, powerful means
of solving the DUE problem as a fixed-point problem. The fixed-point algorithm needs minor modifications as explained in
Friesz et al. (2011), Han et al. (2015a,b) to enhance its performance and prove convergence for strongly monotone operators.
Since the path delay operators encountered in DUE/DNL modeling are known to be nonmonotone, the fixed-point algorithm
is a heuristic in practice. However, that is presently the case with all DUE/DNL algorithms proposed to date. Mastery of
a substantial fraction of the body of thought pertaining to DVI formulation and fixed-point solution of DUE problems can
be obtained using the results provided in this paper. Other elementary algorithms, especially gap function methods, may
be similarly motivated. Numerical tests reported in Han et al. (2015a,b) provide clear evidence that fixed-point algorithms
are quite effective on small and medium size networks. To date, we find no compelling evidence that more sophisticated
algorithms are needed for deliberate transportation planning analyses.

Appendix A. Infinite Dimensional Mathematical Programming and Optimal Control

In this appendix, we briefly review background material that is employed in the main body of our paper when discussing
differential variational optimal control.

Al. Gdteaux derivatives, gradients, and kuhn—Tucker conditions

The derivative of a function f{x) of a real variable x € R! is defined by

. fx+h) - f(x)

& lim )

dx ~ noo h

provided the indicated limit exists. This definition is not readily generalized to form the derivative of a functional J(v),

which may be thought of as a function of a function v, which assumes scalar values. Consequently, in order to articulate
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necessary conditions for optimality in infinite-dimensional mathematical programming we rely on the notion of a directional
derivative. In fact, we now introduce the notion of a Gateaux derivative, or G-derivative, which we define as follows:

Definition A.1. (G-derivative). Let V be a topological vector space and J a functional defined on V . Provided it exists, the
limit

lim
6—0eR!

= 5](v.) (A1)

is the Gateaux derivative (G-derivative) at ve V in the direction ¢ € V. If the limit §J(v, ¢) exists for all ¢ €V, we say that the
functional J is differentiable in the sense of Gateaux (G-differentiable) at veV.

Jw+6¢) —J©)
g

The G-derivative is a generalization of the idea of a directional derivative familiar in finite-dimensional spaces to infinite-
dimensional spaces. Here, the medium in which the notion of G-derivative is conceived is referred to as topological vector
space, which is one of the basic structures investigated in functional analysis (Rudin, 2006). For instance, the Hilbert space
of square integrable functions on [to, tf] C R, with the inner product defined as

t
mgi[.mmmm, (A2)

is a topological vector space. The same goes for the m-fold space (Lz[to,tf])’11 as we studied in Section 4:

t
<ﬁ9ﬁ[ﬁﬂm%mm (A3)

where the superscript T indicates transpose of the vector-valued function.

Given the pedagogical nature of the paper, as well as the space limitation that does not allow complete and rigorous
elaboration of a topological vector space and its properties, we simplify the presentation in the rest of the paper by restrict-
ing the topological vector space V to be the space (Lz[to,tf])’“, with the inner product defined in (A.3).

When J(v) is a functional over V and if there exists VJ(v) eV such that

8J(v.¢) = (VI(v).¢) VoeV. (A4)

we say VJ(v) is the gradient of J at v. In (A.4) the inner production is associated with the underlying topological vector
space V. Because of the informal nature of this paper we will assume that VJ(v) exists and is well defined for any infinite
dimensional mathematical program we encounter in this paper.

Now let us consider the following infinite dimensional mathematical program:

minJ(v) st veU={v:g®) <0 ie[l,m]}cV (A.5)

We will assume without further comment that some constraint qualification is in effect, U is convex, V is a real Hilbert
space, and J(v) is differentiable in the sense of Gateaux. Furthermore, let the g;(v) for i € [1, m] be functionals which are also
differentiable in the sense of Gateaux, so that the G-derivatives of J(v) and of the g;(v) are denoted by

8J(v,¢) and Ogi(v,¢) ie[l,m] (A.6)

for directions ¢ € V. Additionally, we assume the gradients of J(v) and g;(v), for i[1, m], may be expressed via these rela-
tionships:

8. @) = (VI(v). $) (A7)

8gi(v.¢) = (Vgi(v). ¢) ie[l.m] (A8)

With the apparatus introduced above and the previous invocation of some constraint qualification, it is well known [see
Friesz (2010)] that there are valid Kuhn—Tucker necessary conditions for the infinite dimensional mathematical program
(A.5), namely that there exist multipliers n; for all i€ [1, m] such that, for v* a local minimum J(v) on U, the following
conditions hold:

Vi) +) niVegw) =0 (A9)
i=1

nig(w*) =0 ie[l,m] (A10)

=0 ie[l,m] (A11)

If in addition, J(v) is convex on U and the g;(v) are convex on U for all i<[1, m], then conditions (A.9), (A.10), and (A.11) are
also sufficient for v* to be a global minimum of j(v) on U. While the Kuhn—Tucker conditions (A.9), (A.10), and (A.11) are
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not surprising, they will be fundamental to understanding how a computational scheme will be constructed for problems
like (A.5).

Another key result, which can be proven rigorously [see Friesz (2010)], is that there is a variational equality necessary
condition for (A.5).

Theorem A.2. (Variational inequality necessary condition) Take J(v) to be a functional on V that is G-differentiable at v* e U,
and let UcV be a convex set. A necessary condition for v* € U to be a minimum of ] on U is

Jw,v—-v)>=0 YvelU (A12)

A2. The optimal control problem defined

A form of optimal control problem that is widely used in science, engineering and economics is this one:

ty

min](u) = K[x(tg). t7] +/ folx, u, t)dt (A13)
subject to

dx

dt = fxut) (A14)

X(to) =Xp € R" (A]S)

uelU (A.16)

O[x(ty).t7] =0 (A17)

where x(t) e R" and u(t) e R™ for each te[ty,t], to and ¢ are fixed scalars, U is convex, and xp is fixed. Moreover, the
functions K, ®, fy, and f will have whatever continuity and differentiability we require of them. In particular we take the
control vector u to have jump discontinuities. It is customary to restate (A.13)—(A.17) as

ty
minj(u) = @[x(tf),rf]Jr/ Folxu, t)dt (A18)
fo
subject to
dx
dt = fx ut) (A19)
X(to) =Xo € R" (AZO)
uelU (A.21)

where

D[x(ty). ty] = K[x(ty). tr] + V" O[x(ty). 7]

We will subsequently have need to refer to the state operator for the above optimal control problem, that operator is
conveniently stated as

dx

x(u, t) = arg { aT= fx, u,t), x(to) = xo} (A.22)

For simplicity, we simply assume that the state operator exists and is well-defined. Traditionally the necessary conditions
for this problem are expressed via the Hamiltonian:
Hx u, dt) = fo(x,u, £) + AT f((x, u,t) (A23)

where A(t) € R" for each te[tp, t] is the so-called vector of adjoint variables, which may be linked to dynamic dual vari-
ables.
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A3. The gradient of the criterion functional

It is critical to know, in reference to the optimal control problem (A.13)—(A.17), that

0 f dfy OH
VJ@) = AT + 50 = 3 (A.24)

This result is a direct consequence of analyzing the optimal control problem (A.18)—(A.21) using the notion of a G-derivative;
we provide an overview of how (A.24) is derived. That exercise involves the notions presented in Section A.1, along with
integration by parts, and some tedious algebra. In particular, note that the state dynamics may be expressed as an integral
equation:

x(u. ) =x(t0) + [ ik, €),u £1d
It is immediate that 0

X(u+0p.t) = xX(to) +[f[x(u +0p).u+0p.E1dE
Consequently, 0

Sx(ut, pi 1) — / {8f[x(u,ai>,u,é1 5x(u, pit) + 8f{x<u,ai),u,él su( p)}dé

where of course the G-derivative of u obeys

. u+6p)—u

Employing the shorthand y = §x(u, p; t), we may show that y obeys

dy df  of
=) Tyt Y =0 (A25)

which is recognized as an initial value problem. The G-derivative of ] may be shown to obey

ad(x(tr),t a
sy = Py Sy Gl

We introduce adjoint variables A defined by the following final value problem

T T
d,\ af afo\" I [x(tr) . ts]
<8x> A+ <8x) R i (A.26)
so that
5j(u, p):/ttf L(‘;’}) /\Ta{ +% :|dt (A27)
Note that

IP[x(ty). tr]
aX(tf)

due to (A.26) and the fact that y(ty) = 0, integration by parts yields

.
o (dr (Y, rdy Tt
/to —<dt> ydt_/[o AT e~ [1y]!

=/tf)LTdyd My(tf)

(1Y) = [2e0)] yiep) = D t)) v(to) = ¥ty

dt 0x
9 9 D |x(ts), t
:/ o [a)fc = }dt‘ [a; yap

It follows that

8 (u, /o)zftU [k a54—8ﬁ)]pdt
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By virtue of the definition of the Hamiltonian (A.23), we have

t
8j(u, p) = /t ! [?}I:p}dt (A.28)

as an expression for the G-derivative of the criterion with respect to u. By Theorem Appendix A.2, optimality requires u* e U
to obey

§j(u,p)=0 Vp=0 (A.29)
By statement (A.30), we know
oJ(u*, p)=(VJju*), u—-u*)) VuelU (A.30)
Hence
H
V) = o1 (a31)

for t e [to, 7], which is the component-wise version of (A.24).

A4. Necessary conditions for optimal control

The analysis of Section A.2 also provides the necessary conditions for optimal control. In particular if (x*, u*, A*, t) is an
optimal solution of (A.18)—(A.21), then the following observations may be made:

1. From (A.12) and (A.31), we obtain the key necessary condition obeyed by an optimal solution (x*, u*, A*) of (A.18)—(A.21)
, namely the following variational inequality:

m

OH (x*, u*, A%, t)
Z—

o (ui—u;)=0 VYueU Vtelto, tfl, (A.32)
i

i=1

which is widely known as the minimum principle since it is a necessary condition for minimizing the Hamiltonian with
respect to the controls u e U.
2. The statement of optimal control problem (A.18)—(A.21) contains the state initial value problem:

dx* .
T = f(x*,u*,t)

X*(to) = Xo

3. Conditions (A.26) are the adjoint final value problem:

dir )
(-1 = ViH
. 8<1>[x*(tf), tf]
S

Ab. Solving a DVI using a fixed-Point representation

Under mild regularity conditions, it may be proven that a DVI of the form:

find u* e U such that

(F(x(u*,t),u*, t),u—u*)y >0 YuelU (A33)
is equivalent to the following fixed-point problem:
u* = By[u* — pF(x(u*, t), u*, t)]

where Pyl[.] is the minimum norm projection onto U, p >0 is an arbitrary positive constant, and appropriate regularity con-
ditions are satisfied. The most important regularity conditions are: the existence of the state operator; the strong continuity
and G-differentiability of the state operator; the continuity of F; the continuous differentiability of f and ®; and the con-
vexity of U. The result may be proven by direct application of the minimum principle and associated optimality conditions
to the minimum norm problem intrinsic to projection operator Py[.]. See Friesz (2010) for the details suppressed here.
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A6. The unembellished fixed-Point algorithm and its convergence

Naturally there is an associated fixed-point algorithm based on the iterative scheme:
k! = B,[u" — pF(x(u*,t), u, t)] (A.34)

The positive scalar p may be chosen empirically to assist convergence and may even be changed as the algorithm progresses.
The detailed structure of the fixed-point algorithm is given below:

Fixed-Point Algorithm
Step 0. Initialization.
Identify an initial feasible solution u® € U and set k = 0
Step 1. Solve the optimal control subproblem. Solve the following optimal control subproblem:

&1 2
P k ko k

minJ*(v) = yTO[x(ty). tf] +/to i[u — pF(x*, uk,t) —v]dt (A.35)
subject to

dx

= f&vo (A.36)

X(to) = Xo (A37)

velU (A.38)

Call the solution uk+1,
Step 2. Stopping test. If |u**! — uk|| < &; where &1 € R1, is a preset tolerance, stop and declare u* ~ uk+!. Other-

wise set k =k + 1 and and go to Step 1.

It is not hard to prove that the fixed point algorithm converges when we have Lipschitz continuity and strong mono-
tonicity of the effective delay operators. Such a proof is presented in Friesz (2010), and in Section 7 for a special case of
(A.35)—(A.38).

A7. Mathematical programming algorithms for optimal control

The solution of optimal control problems in continuous time may be approached using algorithms familiar from finite
dimensional nonlinear programming. To illustrate this point, we will be concerned with constructing an algorithm for the
constrained infinite-dimensional mathematical program:

minj(u) st.ueUcV (A.39)
where V is a Hilbert space and
J:V— Rl

Furthermore, we suppose that J(u) is G-differentiable on U and that V = (Lz[to, tf])m. We take V to be a Hilbert space and
the G-derivative of the functional J(u) to be well defined. So we may immediately articulate a variational inequality for the
optimal solution u* e U:

S, @)= (VJu*),u—u*)>0 YuelU (A.40)
A7.1. The minimum norm projection
Consider the mathematical program

min |u—u*| st ueUcV (A41)

where V is a Hilbert space and ||v| = (7, v)% denotes the norm induced by the scalar product. We say that

2= Pylu—u] = argmm”u ut| (A42)
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is the minimum norm projection of u* onto the convex and closed subset U. It is equivalent to write

‘ -’

z

.1
argmin =
ueU 2 |

. 1 T
argergm[ﬂgmj ) = i(u —uf) - (u- u")]

1 2
= argmin / (u—u*)de (A43)
ueU 0 2
since squaring the norm is a monotonic transformation.

A7.2. Structure of the gradient projection algorithm
The gradient projection algorithm is summarized by the following updating rule:

uk+1 — Pu[uk _ GkV](u")] (A_44)

where the superscript k denotes an iteration index and 6 is a step size for iteration k. Note that this is fundamentally

the same projection algorithm familiar from finite-dimensional mathematical programming, but it is now carried out in a

Hilbert space V of which U is a subset; the mechanics of the projection are governed by the variational inequality (A.12).
Based on (A.44) we may now provide the following formal statement of the gradient projection algorithm:

Gradient Projection Algorithm
Step 0. Initialization. Set k = 0 and pick u®(t) e (L?[to, t;])™.
Step 1. Find state trajectory. Using uX(t) solve the state initial-value problem

% = f(x uk 1)
X(to) = Xo

and call the solution x(t).
Step 2. Find adjoint trajectory. Using u¥(t) and x¥(t) solve the adjoint final value problem

dr OH(xk uk 2. t)
Dgr ="
oK |[x(tf),t
Alty) = 7[)(2){) /]

and call the solution AX(¢).
Step 3. Find gradient. Using uX(t), x¥(t), and AX(t) calculate

8H(x",u",)»,t)

VW) = 5
0 fo(xk uk ) v Taf(x",u",t)
= () ——

Step 4. Update and apply stopping test. For a suitably small step size 6, update according to
U = By [uf - 6,V (u")]
If an appropriate stopping test is satisfied, declare
ur(t) ~ ykt1 (t)
Otherwise set k =k + 1 and go to Step 1.
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