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Abstract

Naivemeanfieldvariationalmethodsarethestate-
of-the-artapproachtoinferenceintopicmodels.
Weshowthatthesemethodssufferfromanin-
stabilitythatcanproducemisleadingconclusions.
Namely,forcertainregimesofthemodelparame-
ters,variationalinferenceoutputsanon-trivialde-
compositionintotopics.However-–forthesame
parametervalues-–thedatacontainnoactualin-
formationaboutthetruetopicdecomposition,and
theoutputofthealgorithmisuncorrelatedwith
it.Inparticular,theestimatedposteriormean
iswrong,andestimatedcredibleregionsdonot
achievethenominalcoverage. Wediscusshow
thisinstabilityisremediedbymoreaccuratemean
fieldapproximations.

1.Introduction

Topicmodeling(Blei,2012)aimsatextractingthela-
tentstructurefromacorpusofdocuments(imagesor
texts),thatarerepresentedasvectorsx1,x2,...,xn ∈
Rd. Thekeyassumptionisthatthendocumentsare
(approximately)convexcombinationsofasmallnumber
koftopicsh̃1,...,̃hk ∈R

d. Conditionalonthetop-
ics,documentsaregeneratedindependentlybyletting

xa =(
√
β/d)

k
=1wa,h̃ +za,wheretheweights

wa=(wa,)1≤ ≤kandnoisevectorszaarei.i.d.across
a∈{1,...,n}.Thecoefficientβ≥0canbeinterpreted
asasignal-to-noiseratio.Itisalsousefultointroducethe
matrixX ∈Rn×dwhosei-throwisxi,andtherefore

X =

√
β

d
WHT+Z, (1.1)

whereW ∈Rn×kandH ∈Rd×k.Thea-throwofW,
isthevectorofweightswa,whiletherowsofH willbe
denotedbyhi∈R

k.
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NotethatwabelongstothesimplexP1(k)={w∈R
k
≥0 :

w,1k =1}.Itiscommontoassumethatitsprioris
Dirichlet:thisclassofmodelsisknownasLatentDirich-
letAllocations,orLDA(Bleietal.,2003).Herewewill
considerasymmetricDirichletprior,withallparameters
equaltoν(whichwewilldenotebyDir(ν;k)).Asforthe
topicsH,theirpriordistributiondependsonthespecific
application.herewewillconsidertwosimpleexamples:
intheGaussiancase,weassume(̃hi)i≤d∼iidN(0,Ik);

intheDirichletcase(̃hi)i≤d∼iidDir(̃ν;k).Mostofour
discussionandexplicitformulaswillreferforsimplicity
totheGaussiancase.However,wederivedanalogousex-
pressionsfortheDirichletmodel,andwillcomparewith
numericalsimulationscarriedoutunderbothdistributions.
Ourmethodologyisindeedgeneral.Finally,Zwillbea
noisematrixwithentries(Zij)i∈[n],j∈[d]∼iidN(0,1/d).

InfullyBayesiantopicmodels,theparametersoftheDirich-
letdistribution,aswellasthetopicdistributionsarethem-
selvesunknownandtobelearnedfromdata.Herewewill
workinanidealizedsettinginwhichtheyareknown.We
willalsoassumethatdataareinfactdistributedaccording
tothepostulatedgenerativemodel.Sincewearestudying
thelimitationsofcurrentapproaches,ourmainpointisonly
reinforcedbyassumingthisidealizedscenario.

ComputingtheposteriordistributionofH,W giventhe
dataXiscomputationallychallenging.Sincetheseminal
workofBlei,NgandJordan(Bleietal.,2003),variational
inferenceisthemethodofchoiceforaddressingthisprob-
lemwithintopicmodels.Theterm‘variationalinference’
referstoabroadclassofmethodsthataimatapproximat-
ingtheposteriorcomputationbysolvinganoptimization
problem,see(Jordanetal.,1999;Wainwrightetal.,2008;
Bleietal.,2017)forbackground.Apopularstartingpoint
istheGibbsvariationalprinciple,namelythefactthatthe
posteriorsolvesthefollowingconvexoptimizationproblem:

pW ,H|X(·,·,|X)=arg min
q∈Pn,d,k

KL(qpW ,H|X)(1.2)

whereKL(··)denotestheKullback-Leiblerdivergence.
OptimizationiswithinthespacePn,d,kofprobabilitymea-
suresonH,W.

EvenforW,H discrete,theGibbsprinciplehasexponen-
tiallymanydecisionvariables.Variationalmethodsdiffer
inthewaytheproblem(1.2)isapproximated.Themain
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approachwithintopicmodelingisnaivemeanfield,which
restrictstheoptimizationproblemtothespaceofprobability
measuresthatfactorizeovertherowsofW,H:

q̂(W,H)=

d

i=1

qi(hi)

n

a=1

q̃a(wa). (1.3)

Byasuitableparametrizationofthemarginalsqi,̃qa,this
leadstoanoptimizationproblemofdimensionO((n+d)k),
cf.Section3.Despitebeingnon-convex,thisproblemissep-
aratelyconvexinthe(qi)i≤dand(̃qa)a≤n,whichnaturally
suggeststheuseofanalternatingminimizationalgorithm
whichhasbeensuccessfullydeployedinabroadrangeof
applicationsrangingfromcomputervisiontogenetics(Fei-
Fei&Perona,2005;Wang&Blei,2011;Rajetal.,2014).
Wewillrefertothisastothenaivemeanfielditeration.
Followingacommonuseinthetopicsmodelsliterature,we
willusetheterms‘variationalinference’and‘naivemean
field’interchangeably.

Themainresultofthispaperisthatnaivemeanfield
presentsaninstabilityforlearningLatentDirichletAllo-
cations. Wefocusonthelimitn,d→ ∞ withn/d=δ
fixed. Hence,anLDAdistributionisdeterminedbythe
parameters(k,δ,ν,β).Wewillshowthatthereareregions
inthisparameterspacesuchthatthefollowingtwofindings
holdsimultaneously:

Nonon-trivialestimator. AnyestimatorH,W ofthe
topicorweightmatricesisasymptoticallyuncorrelatedwith
therealmodelparametersH,W.Inotherwords,thedata
donotcontainenoughsignaltoperformanystronginfer-
ence.

Variationalinferenceisrandomlybiased. Giventhe
above,onewouldhopetheBayesianposteriortobecentered
onanunbiasedestimate.Inparticular,p(wa|X)(theposte-
riordistributionoverweightsofdocumenta)shouldbecen-
teredaroundtheuniformdistributionwa=(1/k,...,1/k).
Incontrast,wewillshowthattheposteriorproducedby
naivemeanfieldiscenteredaroundarandomdistribution
thatisuncorrelatedwiththeactualweights.Similarly,the
posteriorovertopicvectorsiscenteredaroundrandomvec-
torsuncorrelatedwiththetruetopics.

OnekeyargumentinsupportofBayesianmethodsisthe
hopethattheyprovideameasureofuncertaintyoftheesti-
matedvariables.Inviewofthis,thefailurejustdescribed
isparticularlydangerousbecauseitsuggestssomemea-
sureofcertainty,althoughtheestimatesareessentiallyran-
dom.Whilethelimitationofvariationalmethodshavebeen
pointedoutinthepast,oursisthefirstcaseinwhichsuch
aninconsistencyisestcabilishedrigorouslyintopicmodels.

Isthereawaytoeliminatethisinstabilitybyusingabetter
meanfieldapproximation? Weshowthatapromisingap-
proachisprovidedbyaclassicalideainstatisticalphysics,

theThouless-Anderson-Palmer(TAP)freeenergy(Thouless
etal.,1977;Opper&Winther,2001).

VariationalinferenceviatheTAPfreeenergy.Weshow
thattheinstabilityofnaivemeanfieldisremediedbyusing
theTAPfreeenergyinsteadofthenaivemeanfieldfreeen-
ergy.Thelattercanbeoptimizedusinganiterativescheme
thatisanalogoustothenaivemeanfielditerationandis
knownasapproximatemessagepassing(AMP).

Therestofthepaperisorganizedasfollows.Section2
discussesasimplerexample,Z2-synchronization,which
sharesimportantfeatureswithlatentDirichletallocations.
Sincecalculationsarefairlystraightforward,thisexample
allowstoexplainthemainmathematicalpointsinasimple
context.Wethenpresentourmainresultsaboutinstability
ofnaivemeanfieldinSection3,anddiscusstheuseof
TAPfreeenergytoovercometheinstabilityinSection4.
Asmentionedabove,allformalstatementswillrefertothe
Gaussiancase,althoughweobtainedanalogousresultsfor
theDirichletcase.Thecorrespondingtheoreticalpredictions
willbecomparedwithnumericalresultsintheplots.Proofs
willbedeferredtotheSupplementaryMaterial(SM),which
alsocontainfurthernumericalillustrationsandtechnical
results.

1.1.RelatedLiterature

Overthelastfifteenyears,topicmodelshavebeengener-
alizedtocoveranimpressivenumberofapplications,in-
cludingmixedmembershipmodels(Eroshevaetal.,2004;
Airoldietal.,2008),dynamictopicmodels(Blei&Lafferty,
2006b),correlatedtopicmodels(Blei&Lafferty,2006a;
Bleietal.,2007),spatialLDA(Wang&Grimson,2008),re-
lationaltopicmodels(Chang&Blei,2009),Bayesiantensor
models(Zhouetal.,2015). Whileotherapproacheshave
beenused(e.g. Gibbssampling),variationalalgorithms
allowtoleverageadvancesinoptimizationalgorithmsand
architecturestowardsthegoalofvariationalinference(Hoff-
manetal.,2010;Brodericketal.,2013).

Despitethisbroadempiricalsuccess,littleisrigorously
knownabouttheaccuracyofvariationalinferenceincon-
cretestatisticalproblems. WangandTitterington(Wang
&Titterington,2004;Wangetal.,2006)studiedthemiss-
ingdataandGaussianmixturemodels.Inthecontextof
Gaussianmixtures,thesameauthorsprovethatthecovari-
anceofthevariationalposteriorisasymptoticallysmaller
(inthepositivesemidefiniteorder)thantheinverseofthe
Fisherinformationmatrix(Wang&Titterington,2005)(see
also(Giordanoetal.,2015)).Alloftheseresultsarees-
tablishedintheclassicallargesampleasymptoticsn→∞
withdfixed.Inthepresentpaperwefocusinsteadonthe
high-dimensionallimitn=Θ(d)andprovethatalsothe
mode(ormean)ofthevariationalposteriorisincorrect.
Thehigh-dimensionalregimeisparticularlyrelevantfor
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theanalysisofBayesianmethods.Indeed,intheclassical
low-dimensionalasymptoticsBayesianapproachesdonot
outperformmaximumlikelihood.

Naivemeanfieldvariationalinferencewasusedin(Celisse
etal.,2012;Bickeletal.,2013)toestimatetheparameters
ofthestochasticblockmodel.Therecentpaper(Zhang&
Zhou,2017)alsostudiesvariationalinferenceinthecon-
textofthestochasticblockmodel.Theworkof(Celisse
etal.,2012;Bickeletal.,2013;Zhang&Zhou,2017)es-
tablishespositiveresultsatlargesignal-to-noiseratio(albeit
foradifferentmodel),whileweproveinconsistencyatlow
signal-to-noiseratio.Generalconditionsforconsistency
ofvariationalBayesmethodsareproposedin(Patietal.,
2017).

Ourworkalsobuildsonrecenttheoreticaladvancesin
high-dimensionallow-rankmodels,thatweremainlydriven
bytechniquesfrommathematicalstatisticalphysics(more
specifically,spinglasstheory).Anincompletelistofrel-
evantreferencesincludes(Korada&Macris,2009;Desh-
pande&Montanari,2014;Deshpandeetal.,2016;Krzakala
etal.,2016;Barbieretal.,2016;Lelarge&Miolane,2016;
Miolane,2017;Lesieuretal.,2017;Alaoui&Krzakala,
2018).Thesepapersproveasymptoticallyexactcharacter-
izationsoftheBayesoptimalestimationerrorinlow-rank
models,toanincreasingdegreeofgenerality,underthehigh-
dimensionalscalingn,d→∞withn/d→δ∈(0,∞).

Relatedideasalsosuggestaniterativealgorithmfor
Bayesianestimation,namelyBayesApproximateMessage
Passing(Donohoetal.,2009;2010).Asmentionedabove,
BayesAMPcanberegardedasminimizingadifferentvari-
ationalapproximationknownastheTAPfreeenergy.An
importantadvantageovernaivemeanfieldisthatAMPcan
berigorouslyanalyzedusingamethodknownasstateevo-
lution(Bayati&Montanari,2011;Javanmard&Montanari,
2013;Berthieretal.,2017).

1.2.Notations

WedenotebyIm theidentitymatrix,andbyJm theall-
onesmatrixinmdimensions. Weuse1k∈R

kforthe
all-onesvector.Wewilluse⊗forthetensor(outer)product.
Inparticular,givenvectorsexpressedinthecanonicalbasis

asu=
d1
i=1uiei∈R

d1andv=
d2
i=jvjej∈R

d2,

u⊗v∈Rd1⊗Rd2isthetensorwithcoordinates(u⊗
v)ij=uivjinthebasisei⊗ej. Wewillidentifythe
spaceofmatricesRd1×d2withthetensorproductRd1⊗
Rd2.GivenasymmetricmatrixM ∈Rn×n,wedenote
byλ1(M)≥λ2(M)≥···≥λn(M)itseigenvaluesin
decreasingorder.Foramatrix(orvector)A∈Rd×nwe
denotetheorthogonalprojectorontothesubspacespanned
bythecolumnsofAbyPA ∈R

d×d,anditsorthogonal
complementbyP⊥A =Id−PA. Whenthesubscriptis

omitted,itisunderstoodthatP =1d1d/dandP⊥ =
Id−P.

2.AToyExample:Z2-Synchronization

Beforepassingtothemainresults,itisusefultopresent
themainideasonatoyexample.InZ2synchronizationwe
areinterestedinestimatingavectorσ∈{+1,−1}nfrom
observationsX ∈Rn×n,generatedaccordingto

X =
λ

n
σσT+Z, (2.1)

whereZ=ZT∈Rn×nisanoisematrixfromtheGaussian
OrthogonalEnsembleGOE(n),namely(Zij)i<j≤n∼iid
N(0,1/n)areindependentof(Zii)i≤n ∼iidN(0,2/n).
Theparameterλ≥0correspondstothesignal-to-noise
ratio.

Itisknownthatforλ≤1noalgorithmcanestimateσ
fromdataXwithpositivecorrelationinthelimitn→∞.
Thefollowingisanimmediateconsequenceof(Korada&
Macris,2009;Deshpandeetal.,2016),seeSupplementary
Material(SM).

Lemma2.1.Undermodel(2.1),forλ≤1andanyesti-
matorσ̂:Rn×n→Rn\{0},thefollowinglimitholdsin
probability:

limsup
n→∞

|̂σ(X),σ|

σ̂(X)2σ 2
=0. (2.2)

Howdoesvariationalinferenceperformonthisprob-
lem? Anyproductprobabilitydistributionq̂(σ) =
n
i=1qi(σi)canbeparametrizedbythemeansmi =

σi∈{+1,−1}
qi(σi)σi, anditisimmediatetoget

KL(̂qpσ|X)=F(m)+const.,where

F(m)≡−
λ

2
m,X0m −

n

i=1

h(mi). (2.3)

HereX0isobtainedfromXbysettingthediagonalentries

to0,andh(x)=−(1+x)2 log(1+x)2 −(1−x)2 log(1−x)2 isthe
binaryentropyfunction.InviewofLemma2.1,thecorrect
posteriordistributionshouldbeessentiallyuniform,result-
inginmvanishing.Indeed,m∗=0isastationarypoint
ofthemeanfieldfreeenergyF(m):∇F(m)|m=m∗

=0.
Werefertothisasthe‘uninformativefixedpoint’.

Ism∗alocalminimum?ComputingtheHessianatthe
uninformativefixedpointyields

∇2F(m)
m=m∗

=−λX0+I. (2.4)

ThematrixX0isarank-onedeformationofaWignermatrix
anditsspectrumiswellunderstood(Baiketal.,2005;F́eral
&Ṕech́e,2007;Benaych-Georges&Nadakuditi,2011).For
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λ≤1,itseigenvaluesarecontainedwithhighprobabilityin
theinterval[−2,2],withλmin(X)→−2,λmax(X)→ 2
asn→ ∞.Forλ>1,λmax(X)→ λ+λ

−1,whilethe
othereigenvaluesarecontainedin[−2,2].Thisimplies

lim
n→∞

λmin(∇
2F

m∗
)=

1−2λ ifλ≤1,

−λ2 ifλ>1.
(2.5)

Inotherwords,m∗=0isalocalminimumforλ<1/2,
butbecomesasaddlepointforλ>1/2.Inparticular,for
λ∈(1/2,1),variationalinferencewillproduceanestimate
m̂ =0,althoughtheposteriorshouldbeessentiallyuni-
form.Infact,itispossibletomakethisconclusionmore
quantitative.IntheSupplementaryMaterialweprovethat
anylocalminimumm̂ hasnorm m̂ 2

2≥c0n,withhigh
probability.

Theabovemathematicalphenomenonimpliesthatnaive
meanfieldleadstoincorrectinferentialstatementsfor
λ∈(1/2,1).Inordertoformalizethispoint,givenany
estimators{̂qi(·)}i≤noftheposteriormarginals,wedefine
theper-coordinateexpectedcoverageas

Q(̂q)=
1

n

n

i=1

Pσi=arg max
τi∈{+1,−1}

q̂i(τi). (2.6)

Thisistheexpectedfractionofcoordinatesthatareesti-
matedcorrectlybychoosingσaccordingtotheestimated
posterior. Ontheotherhand,iftheq̂iwereaccurate,
Bayesiantheorywouldsuggestclaimingthecoverage

Q(̂q)≡
1

n
i≤n

max
τi
q̂i(τi). (2.7)

Thefollowingresultshowsthatmeanfieldoverestimates
thecoverageachieved.

Theorem1.Letm̂ ∈[−1,1]nbeanylocalminimumofthe
meanfieldfreeenergyF(m),undertheZ2-synchronization
model(2.1),andconsiderthecorrespondingposterior
marginalestimatesq̂i(σi)=(1+m̂iσi)/2.Then,there
existsanumericalconstantc0>0suchthat,withhigh
probability,forλ∈(1/2,1),

Q(̂q)≤
1

2
+on(1),Q(̂q)≥

1

2
+c0min (2λ−1),1.

3.InstabilityforTopicModels

3.1.Information-TheoreticLimit

AsinthecaseofZ2synchronizationdiscussedinSection2,
weexpectittobeimpossibletoestimatethefactorsW,H
withstrictlypositivecorrelationforsmallenoughsignal-to-
noiseratioβ(orsmallenoughsamplesizeδ).Theexact
thresholdwascharacterizedrecentlyin(Miolane,2017)
(butseealso(Deshpande&Montanari,2014;Barbieretal.,

2016;Lelarge&Miolane,2016;Lesieuretal.,2017)for
closelyrelatedresults).Thecharacterizationin(Miolane,
2017)isgivenintermsofavariationalprincipleoverk×k
matrices.

Theorem2 (Specialcaseof(Miolane,2017)).Let
In(X;W,H)denotethemutualinformationbetweenthe
dataXandthefactorsH,W undertheLDAmodel(1.1).
Then,thefollowinglimitholdsalmostsurely

lim
n,d→∞

1

d
In(X;W,H)=inf

M ∈Sk
RS(M;k,δ,ν),(3.1)

whereSkistheconeofk×kpositivesemidefinitematrices
andRS(···)isafunctiongivenexplicitlyinSM.

ItisalsoshowninSMthatM ∗=(δβ/k2)Jkisastationary
pointofthefreeenergyRS(M;k,δ,ν). Weshallreferto
M ∗astheuninformativepoint.LetβBayes=βBayes(k,δ,ν)
bethesupremumvalueofβsuchthattheinfimumin
Eq.(3.1)isuniquelyachievedatM ∗(namely,thesupre-
mumβsuchthatRS(M;k,δ,ν)>RS(M ∗;k,δ,ν)forall
M =M ∗.

Asformalizedbelow,forβ <βBayesthedataX donot
containsufficientinformationforestimatingH,W ina
non-trivialmanner.

Proposition3.1.LetM ∗=δβJk/k
2.ThenM ∗isa

stationarypointofthefunctionM → RS(M;β,k,δ,ν).
Further,itisalocalminimumprovidedβ<βspect(k,δ,ν)
wherethespectralthresholdisgivenbyβspect≡k(kν+

1)/
√
δ.

Finally,ifβ < βBayes(k,δ,ν),thereisnoestimator

X → Fn(X)whosemeansquareerrorE WHT−

Fn(X)
2

F
isasymptoticallysmallerthanthemeansquare

errorofthetrivialestimatorFn(X)=c1n(X
T1n)

T,for
c≡
√
β/(k+βδ)aconstant.

Thisresultcomparesthemeansquareerrorofanarbitrary
estimatorFn,tothemeansquareerrorofthetrivialesti-
matorthatreplaceseachcolumnofX byitsaverage.Of
course,βBayes≤βspect.However,thisupperboundappears
tobetightforsmallk.

Remark3.1.Solvingnumericallythe k(k+1)/2-
dimensionalproblem(3.1)indicatesthatβBayes(k,ν,δ)=
βspect(k,ν,δ)fork∈{2,3}andν=1.

3.2.NaiveMeanFieldFreeEnergy

Weconsideratrialjointdistributionthatfactorizesaccord-
ingtorowsofW andH accordingtoEq.(1.3).Itturnsout
(seeSM)that,foranystationarypointofKL(̂qpH,W |X)
oversuchproductdistributions,themarginalstaketheform

qi(h)=e
mi,h−

1
2 h,Qih−φ(mi,Qi)q0(h), (3.2)
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whereq0(·)isthepriordistributionofhi(thei-throw
ofH),andφ:Rk×Rk×k → Risdefinedimplicitly
bythenormalizationcondition qi(dhi)=1. Asimi-

larformholdsfor̃qa(w),withparameters̃ma,Qa,and

normalizationfactorφ̃(̃ma,Qa).Inthefollowingwelet
m =(mi)i≤d,̃m =(m̃a)a≤ndenotethesetofparam-
etersinthesedistributions;thesecanalsobeviewedas
matricesm ∈Rd×kandm̃ ∈Rd×kwhosei-throwismi
(intheformercase)or̃mi(inthelatter).

ItisusefultodefinethefunctionsF,F:Rk×Rk×k→
RkandG,G:Rk×Rk×k→ Rk×kas(proportionalto)
expectationswithrespecttotheapproximateposteriors(3.2)

F(mi;Q)≡ β hqi(dh), (3.3)

G(mi;Q)≡β h⊗2qi(dh). (3.4)

SimilarlyF(̃ma;Q),G(̃ma;Q)willdenotethefirstand
secondmomentsof̃qa(w).Form ∈R

d×k,weoverload
thenotationanddenotebyF(m;Q)∈Rd×kthematrix

whosei-throwisF(mi;Q)(andsimilarlyforF(̃m;Q)).

Whenrestrictedtoaproduct-formansatzwithparametriza-
tion(3.2),themeanfieldfreeenergytakestheform(see
SM)KL(̂qpW ,H|X) =F(r,̃r,Ω,̃Ω)+dX

2
F/2+

logpX(X),where

F(r,̃r,Ω,̃Ω)=
d

i=1

ψ∗(ri,Ωi)+
n

a=1

ψ̃∗(̃ra,̃Ω)

− βTr Xrr̃T +
β

2d

d

i=1

n

a=1

Ωi,̃Ωa ,(3.5)

andψ∗,̃ψ∗aretheLegendredualsofφ,̃φ,e.g.

ψ∗(r,Ω)≡sup
m,Q

r,m −
1

2
Ω,Q −φ(m,Q).

Thisequationimpliesaconvexdualityrelationbetween
(r,̃r,Ω,̃Ω)and(m,̃m,Q,Q).Namely

ri≡
1
√
β
F(mi;Q), Ωi ≡

1

β
G(mi;Q), (3.6)

andsimilarlyfor̃ra,̃Ωaandm̃a,Qa.Bystrictconvexityof

φ(m,Q),̃φ(̃m,Q)(thelatterisstronglyconvexonthehy-

perplane1,̃m =0,1,Q1=0)wecanviewF(···)as

afunctionof(r,̃r,Ω,̃Ω)or(m,̃m,Q,Q).Withanabuse

ofnotation,wewillwriteF(r,̃r,Ω,̃Ω)orF(m,̃m,Q,Q)
interchangeably.

Acritical(stationary)pointofthefreeenergy(3.5)isa
pointatwhich∇F(m,̃m,Q,Q)=0.Itturnsoutthatthe
meanfieldfreeenergyalwaysadmitsapointthatdoesnot

distinguishbetweentheklatentfactors,andinparticular
m =v1Tk,̃m =ṽ1

T
k,asstatedindetailbelow. Wewill

refertothisastheuninformativecriticalpoint(oruninfor-
mativefixedpoint).

Lemma3.2.ThenaivemeanfieldfreeenergyofEq.(3.5)
admitsastationarypointwhereby,foralli∈[d],a∈[n],

m∗i=

√
β

k
(XT1n)i1k, (3.7)

m̃∗a=
β

k(1+q∗1+kq
∗
2)
(XXT1n)a1k, (3.8)

andfurtherQ=iq
∗
1Ik+q

∗
2Jk,Q

∗

a=q̃
∗
1Ik+q̃

∗
2Jk.The

parametersq∗i,̃q
∗
iareexplicitlygivenintheSupplementary

Material.

Wenotethatthereappearalwaystobeauniquestationary
pointoftheformgivenbythislemma.Althoughwedonot
haveaproofofuniqueness,intheSMweprovethatthe
solutionisuniqueconditionalonacertaininequalitythat
canbeeasilycheckednumerically.

3.3.NaiveMeanFieldIteration

Asmentionedintheintroduction,thevariationalapproxima-
tionofthefreeenergyisoftenminimizedbyalternatingmin-
imizationoverthemarginals(qi)i≤d,(̃qa)a≤nofEq.(1.3).
Usingtheparametrization(3.2),weobtainthefollowing

naivemeanfielditerationformt,̃mt,Qt,Q
t
(seeSM):

mt+1=XTF(̃mt;Q
t
),Qt+1=

1

d

n

a=1

G(̃mta;Q
t
),

m̃t=XF(mt;Qt),Q
t
=
1

d

d

i=1

G(mti;Q
t).

Notethat,whilethefreeenergynaturallydependsonthe

(Qi)i≤d,(Qa)a≤n,theiterationsetsQ
t
i=Q

t,Q
t

a=Q
t
,

independentoftheindicesi,a.Infact,anystationarypoint
ofF(m,̃m,Q,Q)canbeshowntobeofthisform.

Thestateofthenaivemeanfielditerationisgivenbythepair

(mt,Qt)∈Rd×k×Rk×k,and(̃mt,Q
t
)canbeviewed

asderivedvariables.Theiterationhencedefinesamap-
pingMX :R

d×k×Rk×k → Rd×k×Rk×k,andwe
canwriteitintheform(mt+1,Qt+1)=MX(m

t,Qt).
Anycriticalpointofthefreeenergy(3.5)isafixedpoint
ofthenaivemeanfielditerationandvice-versa,asshown
intheSM.Inparticular,theuninformativecriticalpoint

(m∗,̃m∗,Q∗,Q
∗
)isafixedpointofthenaivemeanfield

iteration.

3.4.Instability

InviewofSection3.1,forβ <βBayes(k,δ,ν),thereal
posteriorshouldbecenteredaroundapointsymmetricunder
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permutationsofthetopics.Inparticular,theposterior̃q(wa)
overtheweightsofdocumentashouldbecenteredaround
thesymmetricdistributionwa=(1/k,...,1/k).

Aminimumconsistencyconditionforvariationalinference
isthattheuninformativestationarypointisalocalminimum
oftheposteriorforβ<βBayes.Thenexttheoremprovidesa
necessaryconditionforstabilityoftheuninformativepoint,
whichweexpecttobetight.Asdiscussedbelow,itimplies
thatthispointisasaddleinanintervalofβbelowβBayes.
Werecallthattheindexofasmoothfunctionfatstationary
pointx∗isthenumberofthenegativeeigenvaluesofthe
Hessian∇2f(x∗).

Theorem3.Defineq∗1,q
∗
2asinLemma3.2,andlet

L(β,k,δ,ν)≡
β(1+

√
δ)2

1+q∗1

q∗1
δβ

+k
q∗2

1+q∗1+kq
∗
2

1

δβ
+
1

k
−
1

k2 +

.

IfL(β,k,δ,ν) > 1,thenthereexistsε1,ε2 > 0
suchthattheuninformativecriticalpointofLemma3.2,

(m∗,̃m∗,Q∗,Q
∗
)is,withhighprobability,asaddlepoint,

withindexatleastnε1andλmin(F|m∗,̃m∗,Q∗,Q
∗)≤−ε2.

Correspondingly(m∗,Q∗)isanunstablecriticalpointof
themappingMX inthesensethattheJacobianDMX

hasspectralradiuslargerthanoneat(m∗,Q∗).

Remark3.2.Weestablishedananalogousinstabilityphase
transitionfortheDirichletcase.Thecorrespondingpredic-
tionisreportedinFigure3.Explicitformulasarereported
intheSM.

Inthefollowing,wewillsaythatafixedpoint(m∗,Q∗)
isstableifthelinearizationofMX(·)at(m

∗,Q∗)(i.e.
theJacobianmatrixDMX(m

∗,Q∗))hasspectralradius
smallerthanone.BytheHartman-Grobmanlinearization
theorem(Perko,2013),thisimpliesthat(m∗,Q∗)isan
attractivefixedpoint. Vice-versa,wesaythat(m∗,Q∗)
isunstableiftheJacobianDMX(m

∗,Q∗)hasspectral
radiuslargerthanone.Inthiscase,foranyneighborhoodof
(m∗,Q∗),andagenericinitializationinthatneighborhood,
(mt,Qt)doesnotconvergetothefixedpoint.

MotivatedbyTheorem3,wedefinetheinstabilitythresh-
oldβinst=βinst(k,δ,ν)astheinfimumβ≥0suchthat
L(β,k,δ,ν)>1.Letusemphasizethat,whilewediscuss
theconsequencesoftheinstabilityatβinstonthenaivemean
fielditeration,thisisaproblemofthevariationalfreeenergy
(3.5)andnotofthespecificoptimizationalgorithm.

3.5.NumericalResultsforNaiveMeanField

Inordertoinvestigatetheimpactoftheinstabilitydescribed
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above,wecarriedoutextensivenumericalsimulationswith

Figure1.NormalizeddistancesV(H),V(W)ofthenaivemean
fieldestimatesfromtheuninformativefixedpoint.Herek=2,
d=1000andn=dδ:eachdatapointcorrespondstoanaverage
over400randomrealizations.

thenaivemeanfielditeration.Afteranynumberofiterations
t,estimatesofthefactorsH,W areobtainedbycomputing
expectationswithrespecttothemarginals(3.2).Thisresults
in

H
t
=rt=

1
√
β
F(mt;Qt),W

t
=r̃t=

1
√
β
F(̃mt;Qt).

Weselectatwo-dimensionalgridof(δ,β)’sandgenerate
400differentinstancesaccordingtotheLDAmodelfor
eachgridpoint.Wereportvariousstatisticsoftheestimates
aggregatedoverthe400instances.Wehaveperformedthe
simulationsforν=ν̃=1andk∈{2,3},bothforthe
GaussianandtheDirichletmodels.Forspaceconsidera-
tions,wefocushereonthecaseν=1,k=2,anddiscuss
otherresultsintheSM.(Simulationsforothervaluesofν
alsoyieldsimilarresults.)

Weinitializethenaivemeanfielditerationneartheuninfor-
mativefixed-pointanditerateuntilaconvergencecriterion
orthemaximumnumberof300iterationsisreached.

RecallthedefinitionP⊥=Ik−1k1
T
k/k.Inordertoinves-

tigatetheinstabilityofTheorem3,wedefinethequantities

V(W)≡
1
√
n
WP ⊥ F, V(H)≡

1
√
d
HP⊥ F

InFigure1weplotempiricalresultsfortheaverageV(W),

V(H)fork=2,ν=1andfourvaluesofδ,withinthe
Gaussianmodel.InFigure2(leftframe),weplottheem-
piricalprobabilitythatvariationalinferencedoesnotcon-
vergetotheuninformativefixedpointor,moreprecisely,
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P(V(W)≥ε0)withε0=10
−4,evaluatedonagridof

(β,δ)values,forthesamemodel. WealsoplottheBayes
thresholdβBayes(whichnumericallycoincideswiththespec-
tralthresholdβspect)andtheinstabilityβinst.

ItisclearfromFigures1,2(leftframe),thatvariational
inferencestopsconvergingtotheuninformativefixedpoint
(althoughweinitializeclosetoit)whenβisstillsignif-
icantlysmallerthantheBayesthresholdβBayes(i.e.ina
regimeinwhichtheuninformativefixedpointwouldarea-
sonableoutput).Thedataareconsistentwiththehypothesis
thatvariationalinferencebecomesunstableatβinst,aspre-
dictedbyTheorem3
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Figure2.Gaussianmodel.Leftframe:Empiricalfractionofin-
stancessuchthatV(W)≥ε0=10

−4,whereW isthenaive
meanfieldestimate.Herek=2,d=1000and,foreach(δ,β)
pointonagrid,weused400randomrealizationstoestimatethe
probabilityofV(W)≥ε0.Rightframe:Bindercumulantfor

thecorrelationbetweenthenaivemeanfieldestimateW,andthe
trueweightsW,H.Herek=2,d=1000andn=dδ,andwe
averagedover400realizations.Solidlines:Theinstabilitycurve
βinst(δ).Dashedlines:TheBayesphasetransitionβBayes
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Figure3.SameasforFigure2,fortheDirichletmodel.

BecauseofProposition3.1,weexpecttheestimatesH,W
producedbyvariationalinferencetobeasymptoticallyun-
correlatedwiththetruefactorsforβinst<β<βBayes.In
ordertotestthishypothesis,wecomputesuitablecorrela-

tionratiosbetweenH,W andthetrueparameters(known
as‘Bindercumulants’BH andBW ).Thesequantitiesgrow
from0to1asβgrows,andthetransitioniscenteredaround
βBayes.Figure2(rightframe)reportstheresultsBW ona
gridof(β,δ)values.Again,thetransitioniswellpredicted
bytheanalyticalcurveβBayes.Thesedatasupportourclaim
that,forβinst<β<βBayes,theoutputofvariationalinfer-
enceisnon-uniformbutuncorrelatedwiththetruesignal.

InFigure3,werepeatthesameexperimentcarriedoutin
Figure2,butfortheDirichletmodel,with̃ν=ν=1
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Figure4.Gaussianmodel.Bayesiancredibleintervalsascom-
putedbyvariationalinferenceatnominalcoveragelevel1−α=
0.9.Herek=2,n=d=5000,β∈{2,4.1,6}(forreference
βinst≈2.3,βBayes=6).Circles:posteriormean.Squares:true
weights.Red:coordinatesonwhichthecredibleintervaldoesnot
coverthetruevalueofwi,1.

Oncemoreweobservealargeregionofmodelparameters
forwhichthevariationalposteriorisnotcenteredonthe
uninformativepoint,butisuncorrelatedwiththeground
truth.Theinstabilityphasetransitioniswellcapturedby
ourtheoreticalpredictionβinstalsointheDirichletcase.
Finally,inFigure4weplottheestimatesobtainedfor100
entriesoftheweightsvectorwi,1forthreeinstanceswith
n=d=5000andβ=2<βinst,β=4.1∈(βinst,βBayes)
andβ=6=βBayes.Theintervalforwa,1istheform
{wa,1∈[0,1]:q̃a(wa,1)≥ta(α)}andareconstructedto
achievenominalcoveragelevel1−α=0.9.Itisvisually
clearthattheclaimedcoveragelevelisnotverifiedinthese
simulationsforβ>βinst,confirmingouranalyticalresults.
Indeed,forthethreesimulationsinFigure4weachieve
coverage0.87(forβ=2<βinst),0.65(forβ=4.1∈
(βinst,βBayes)),and0.51(forβ=6=βBayes).Furtherresults
ofthistypearereportedintheSM.

4.FixingtheInstability

Thefactthatnaivemeanfieldisnotaccurateforcertain
classesofrandomhigh-dimensionalprobabilitydistribu-
tionsiswellunderstoodwithinstatisticalphysics.Inpartic-
ular,inthecontextofmeanfieldspinglasses(Mezardetal.,
1988),naivemeanfieldisknowntoleadtoanasymptoti-
callyincorrectexpressionforthefreeenergy.Weexpectthe
samemechanismtoberelevantfortopicmodels.

Namely,theproduct-formexpression(1.3)onlyholds
asymptoticallyinthe sense of finite-dimensional
marginals. However, whencomputingtheterm
ÊqlogpX|W ,H(X|H,W) in the KL divergence
(1.2),theerrorduetotheproductformapproximationis
non-negligible. Keepingtrackofthiserrorleadstothe
so-calledTAPfreeenergy.

TheTAPapproachreplacesthefreeenergy(3.5)with
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FTAP=FTAP(r,̃r)definedasfollows(seeSM)

FTAP(r,̃r)=− βTr Xrr̃T −
β

2d

d

i=1

n

a=1

ri,̃ra
2

+
d

i=1

ψ ri,
β

d

n

a=1

r̃⊗2a +

n

a=1

ψ̃ r̃a,
β

d

d

i=1

r⊗2i ,

wherer̃1k=1n,andwedefinedthepartialLegendretrans-
formsψ(r,Q)≡supm{r,m −φ(m,Q)}andsimilarly

for̃ψ(̃r,Q).

Calculusshowsthatstationarypointsofthisfreeenergyare
inone-to-onecorrespondencewiththefixedpointsofthe
followingiteration:

mt+1=XTF(̃mt;Q
t
)−F(mt;Qt)̃Ωt,

m̃t=XF(mt;Qt)−F(̃mt−1;Q
t−1
)Ωt,

Qt+1=
1

d

n

a=1

F(̃mta;Q
t
)⊗2,Q

t
=
1

d

d

i=1

F(mti;Q
t)⊗2.

whereΩt,̃Ωt∈R
k×karematricesdefinedintheSM.The

stationarityconditionsfortheTAPfreeenergyFTAPare
knownasTAPequations,andtheaboveiterativealgorithm
isaspecialcaseofapproximatemessagepassing(AMP),
withBayesianupdates.

EstimatesofthefactorsW,H arecomputedfollowing
thesamerecipeasfornaivemeanfield,cf. Eq.(??),

namelyH
t
= rt = F(mt;Qt)/

√
β,W

t
= r̃t =

F(̃mt;Qt)/
√
β.

ItisnothardtoseethattheAMPiterationadmitsanunin-
formativefixedpoint,whichisastationarypointoftheTAP
freeenergy.Thisconstructionisanalogoustotheonefor
naivemeanfield,andweomitithere.

Thenexttheoremestablishesthattheuninformativefixed
pointoftheTAPfreeenergyisalocalminimumfor
allβbelowthespectralthresholdβspect(k,ν,δ). Since
βBayes(k,ν,δ)≤βspect(k,ν,δ),thisshowsthattheinstability
wediscoveredinthecaseofnaivemeanfieldiscorrected
bytheTAPfreeenergy.

Theorem4. Let(r∗,̃r∗)betheuninformativestation-
arypointoftheTAPfreeenergy.Ifβ <βspect(k,ν,δ),
thenthereexistsε>0suchthat,withhighprobability
λmin ∇

2FTAP|(r∗,̃r∗) ≥ε.

Inordertoconfirmthestabilityanalysisattheprevioussec-
tion,wecarriedoutnumericalsimulationsanalogoustothe
onesofSection3.5.Weinitializetheiterationasfornaive
meanfield,andmonitorthesamequantities,asinSection
3.5.InFigure5wereportresultsonthedistancefromthe

uninformativesubspaceV(W)
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Figure5.Leftframe:Empiricalfractionofinstancessuchthat
V(W)≥ε0=5·10

−3,whereW istheAMPestimate.Here
k=2,d=1000,andforeach(δ,β)pointonthegridweran
AMPon400randomrealizations.Rightframe:Bindercumulant
forthecorrelationbetweenAMPestimatesW,H andthetrue
weightsandtopicsW,H.Herek=2,d=1000andestimates
areobtainedbyaveragingover400
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Figure6.SameasinFigure5,exceptfortheDirichletmodel.

cumulantBW ,measuringthecorrelationbetweenAMPes-
timatesandthetruefactorsW,H (rightframe).Werepeat
thesameexperimentinFigure6fortheDirichletmodel.

Intheintermediateregimeβ∈(βinst,βspect),thebehavior
ofAMPisstrikinglydifferentfromtheoneofnaivemean
field.AMPremainsclosetotheuninformativefixedpoint,
confirmingthatthisisalocalminimumoftheTAPfree
energy.Thedistancefromtheuninformativesubspacestarts
growingonlyatthespectralthresholdβspect(whichcoin-
cides,inthepresentcases,withtheBayesthresholdβBayes).
Atthesamepoint,thecorrelationwiththetruefactorsW,
H alsobecomesstrictlypositive.

5.Discussion

Bayesianmethodsareparticularlyattractiveinunsupervised
learningproblemssuchastopicmodeling.Evenaftera
low-rankfactorizationX ≈WHTiscomputed,itisstill
unclearhowtoevaluateit,ortowhichextentitshouldbe
trusted.Bayesianapproachesprovideestimatesofthefac-
torsW,H,butalsoaprobabilisticmeasureofhowmuch
theseestimatesshouldbetrusted.Totheextentthatthepos-
teriorconcentratesarounditsmean,thiscanbeconsidered
asagoodestimateofatrueunderlyingsignal.

ItiswellunderstoodthatBayesianestimatescanbeunre-
liableifthepriorisnotchosencarefully.Ourworkpoints
atasecondreasonforcaution.Whenvariationalinference
isusedforapproximatingtheposterior,theresultcanbe
substantiallyincorrect.
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