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This study  is  an  investigation  of students’  reasoning  about  integer  comparisons—a  topic
that  is  often  counterintuitive  for  students  because  negative  numbers  of  smaller  absolute
value  are  considered  greater  (e.g.,  −5 >  −  6).  We  posed  integer-comparison  tasks  to  40  stu-
dents  each  in  Grades  2, 4, and  7, as well  as  to  11th  graders  on  a successful  mathematics
track.  We  coded  for correctness  and  for students’  justifications,  which  we  categorized  in
terms of 3 ways  of  reasoning:  magnitude-based,  order-based,  and  developmental/other.
The  7th  graders  used  order-based  reasoning  more  often  than  did  the younger  students,
and  it  more  often  led to  correct  answers;  however,  the  college-track  11th  graders,  who
responded  correctly  to almost  every  problem,  used  a more  balanced  distribution  of  order-
and magnitude-based  reasoning.  We  present  a  framework  for  students’  ways  of  reasoning
about integer  comparisons,  report  performance  trends,  rank  integer-comparison  tasks  by
relative difficulty,  and  discuss  implications  for integer  instruction.

© 2016 Elsevier  Inc. All  rights  reserved.

uction

rs are an important and challenging topic in the transition from arithmetic to algebra (Peled & Carraher, 2007). Chil-
 learn about whole numbers, which are rather intuitive because they relate to counting and quantifying sets of items
rld. Against this backdrop, the notion of a negative number—often described as being “less than zero”—requires
pension of disbelief. In many everyday contexts, such as numbers of people, toys, cookies, and so on or measures
ngth or area, the idea of a number less than nothing seems absurd. How then do students make sense of integers? In
r, what kinds of justifications do they offer for their judgments that one integer is greater than or less than another?
terviewed 40 students each in Grades 2, 4, 7, and 11 and asked them to compare pairs of integers, such as −7 and 3.

per, we report on the justifications that students offered for such comparisons; we categorize the justifications as

 to broader ways of reasoning about integers. We  compare and contrast students’ reasoning by looking both across
 and across grade levels. In this way, we  answer how students reason about different cases of integer comparisons
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tify trends in the reasoning of students with different levels of familiarity with negative numbers. We  conclude
lications for integer instruction that are informed by trends in students’ reasoning.
ewing the literature, we found a lack of literature that systematically sampled K-12 students at different grade levels
mented their explicit reasoning about integer comparisons. We  present a framework of students’ ways of reasoning
iated justifications for integer comparisons. We  also report compelling trends in students’ reasoning both within
een groups. Given the counterintuitive nature of negative numbers, understanding students’ thinking about them
larly important for supporting student learning. The findings reported here advance the field’s understanding of

 thinking about integers. Such research contributes to the efforts of the mathematics education research community
t instruction that enables students to successfully transition from arithmetic to algebra (e.g., Moses & Cobb, 2002;
arraher, 2007).

etical perspective

proach this study from a children’s mathematical-thinking perspective (Steffe, 1991). We regard children’s math-
thinking as being different from that of adults in interesting and important ways. We  take seriously the nature of
s mathematics, whether or not it is correct from an expert perspective. We  believe that seeing mathematics through
s eyes is important for better understanding the sense that they make. This perspective is based on constructivist
s that children have existing knowledge and experiences they bring with them into the classroom and upon which
tinue to build (e.g., Carpenter, Fennema, Franke, Levi, & Empson, 1999; Fuson, Smith, & Lo Cicero, 1997; Steffe &
10; Steffe, 1991, 2002, 2004). We  take this view because the ultimate goal of our research is to find ways to better
hildren’s learning of mathematics (Carpenter et al., 1999; Carpenter, Franke, & Levi, 2003; Empson & Levi, 2011).

round

 early elementary grades, students become acquainted with whole numbers and the basic operations involving
ile they progress in their mathematical educations, students encounter different kinds of numbers. Whole-number

ic is relatively intuitive for children because they can reason about it in ways that are grounded in real-world
(e.g., Carpenter et al., 1999). (Nonnegative) fractions, decimals, and percentages present additional challenges,
hildren are asked to reason about numbers with values between the whole numbers, including between 0 and 1.
ore, these numbers are represented in many ways, and children must learn to relate the various representations.

e time, nonnegative rational numbers can still be related to amounts in real-world contexts (e.g., 3/4 of an apple
hey do with whole numbers, children can draw on their intuitions and physical experiences to make sense of

 and to represent them in multiple ways (e.g., Empson & Levi, 2011). With the introduction of negative numbers,
lenges arise.

 United States, instruction on integer arithmetic is typically concentrated in middle school (National Governors
on Center for Best Practices [NGA] & Council of Chief State School Officers [CCSSO], 2010; Whitacre et al., 2011). By
, students’ comfort levels with nonnegative numbers may  work against them (Bruno & Martinón, 1999). They are
expand their mathematical worlds to include negatives, as well as to reconceive of familiar numbers as positive
e et al., 2016). Previous generalizations cease to be true, and the bounds of mathematical reality are challenged. For

 children who think of −7 as representing 7 of something are asked to see −7 as less than 3, but how can 7 of some-
less than 3 of something? Understandably, the introduction of integers involves notions that are counterintuitive
en (e.g., Vlassis, 2004).

nitude and order

 considering the pedagogical challenges of supporting her students’ understanding of negative numbers, Ball (1993)

y number has two components: magnitude and direction; from a pedagogical point of view, this seems to become
ticularly significant when the students’ domain is stretched to include negative numbers. A focus on the magnitude
ponent leads to a focus on absolute value. This component emerges prominently in many everyday uses of negative

mbers (e.g., debt, temperature). Thus, comparing magnitudes becomes complicated. There is a sense in which −5
ore than −1 and equal to 5, even though, conventionally, the “right” answer is that −5 is less than both −1 and

his interpretation arises from perceiving −5 and 5 as both five units away from zero and −5 as more units away
m  zero than −1. Simultaneously understanding that −5 is, in one sense, more than −1 and, in another sense, less
n  −1 is at the heart of understanding negative numbers. (p. 379).
ically, mathematicians struggled to resolve the contradiction between magnitude and order in the interest of
cy (Gallardo, 2002; Henley, 1999). This dilemma was resolved by the adoption of a more abstract notion of number
vention that privileges order over magnitude. In mathematics today, the symbols < and > and the corresponding

 than and greater than refer to comparisons of order rather than magnitude. In other words, the statements “2 > −10”
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alently “2 is greater than −10” mean that 2 is to the right of −10 on the number line. Technically speaking, these
ts have everything to do with order and nothing to do with magnitude.
ghout this paper, we make use of the distinction between magnitude and order. Consider first the comparison of
nonnegative integers, such as 5 and 6. Thinking in terms of magnitude, six things are more than five things (e.g.,
uld be cars, or marbles, or any countable entity). In other words, comparing in terms of magnitudes means comparing
nalities of sets. Thinking in terms of order, by contrast, 6 is to the right of 5 on the number line, or 6 comes after
ounting. Thus, comparing in terms of order means comparing based on the established sequence of number words,
or locations. Clearly, magnitude and order are distinct foci; yet, for nonnegative numbers, they are consistent. Two
ay  reason differently when comparing 5 and 6, yet they will agree that 6 is greater than 5, and the difference in
oning may  go unnoticed. Likewise, one person may  at times reason in terms of magnitude and at other times in

order, or in both ways in the same instance, without any conflict.
 one compares negative integers, the distinction between magnitude and order becomes much more interesting
ow the judgments conflict. A student who thinks of −6 as 6 (negative) things may  reasonably conclude that this

s more than 5 (negative) things. (Indeed, |−6| is greater than |−5|.) By contrast, a student who  reasons that −5 is
 the right on the number line, or is closer to 0, may  reasonably conclude that −5 is greater than −6. (This order-based
on is conventionally considered to be the correct one.).

ious research on integer comparisons

mmarize literature from two research traditions with different approaches to examining how people compare
First, we review mathematics education research that is focused on students’ reasoning about integer comparisons

 tasks during interviews or instructional activities. Second, we review psychological experiments concerned with
potheses about mental processes or mental representations that might explain patterns in people’s responses to

omparison tasks. We  consider what both of these traditions show us about how students compare integers, and
ify questions that have previously gone unanswered in the literature. We  frame our review of the literature using
ction between magnitude-based and order-based reasoning.

thematics education research concerning integer comparisons
and Carraher (2007) argued that signed numbers should be introduced in the early grades to support students’
of algebraic concepts. Indeed, some studies have involved elementary students in reasoning about integers or
elated tasks before the topic is traditionally introduced (e.g., Bishop, Lamb, Philipp, Whitacre, & Schappelle, 2014;
g, 2014; Hativa & Cohen, 1995). The focus of studies summarized below is on students’ using order-based reasoning

 their number knowledge to include negative integers. Because few articles are focused on integer comparisons,
e studies concerning integer arithmetic more broadly.

ffordances of order-based reasoning. A group of articles illustrate the affordances of order-based reasoning. Wilcox
 analyzing the thinking of a first grader playing a number-line game, highlighted the point that reasoning about

 as locations on a number line affords the possibility of considering numbers to the left of zero. Wilcox argued that,
st, magnitude-based reasoning might introduce a barrier to the learning of integers because “there is nothing less
” (p. 204). Thus, order-based reasoning allows for numbers to the left of zero, because the meaning of number is
o magnitude.
,  Lamb, Philipp, Schappelle, and Whitacre (2011) described how some first graders extended their thinking beyond
mbers to reason about numbers less than zero. Students playing a number-line game invented names for loca-
he left of zero. A student who was already familiar with negative numbers extended his whole-number counting

 into the negatives (e.g., to solve 3 – 5 = by counting backward). Another student used the idea of motion on
er line to support reasoning about integer operations. In these examples, order-based reasoning was particularly

e to productive strategies. By contrast, those students who relied on magnitude-based reasoning were perplexed
erintuitive problems wherein, from a magnitude-based perspective, one must subtract more than one has at the
g. For example, one student’s response to 3 – 5 = was, “You can’t do it, because you can’t take five from three” (p.

 et al. (2014) documented how a second grader called Violet built upon order-based reasoning to solve unfamiliar
rithmetic problems. Violet initially recognized negative numbers as locations on a number line but reasoned about
and subtraction in terms of generalizations based on her experiences with whole numbers, such as the idea that
makes larger. She extended from this conception of number to a conception that included the idea that negatives
posite of positives. In terms of movement on a number line, addition (or subtraction) of a negative number would
he direction opposite from addition (or subtraction) of a positive number.
ding (2014) investigated first graders’ mental models of integers, focusing on how they ordered integers and com-

ir values. She found a hierarchical progression from students who  ignored negative signs to those who focused
te value to those who compared integers on the basis of order. At the most advanced level, students have what
g called an integer conception, which entails reasoning about integer comparisons in terms of order, rather than
e. She found that 71% of first graders initially ignored negative integers or treated them as whole numbers (e.g.,
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5 as 5). Thus, most of the students were essentially unaware of negative numbers. Bofferding found that 23% of
ers had some knowledge of negative numbers and could at least compare negative numbers to positive numbers.

 exhibited integer conceptions and were able to consistently order and compare negative numbers across several
rdering and comparison tasks.
ding compared three instructional interventions aimed at developing first graders’ conceptions of integers. She
at students in all three groups improved. The biggest improvements were among the group that played games

 ordering integers on number lines and participated in activities focused on comparing mathematical expressions
4 – 5 and −4 – −5 to distinguish subtraction and negative signs. Bofferding’s findings indicate potential for students
mary grades to engage productively with integer instruction and to advance their conceptions. We  return to this
he Discussion section.

ffordances of magnitude-based reasoning. The above articles illustrated the affordances of reasoning about integers
er-based way. The following articles emphasize the affordances of magnitude-based reasoning.
cre  et al. (2012) used an opposite-magnitudes context to investigate K-5 students’ integer-related reasoning. In a
f happy and sad thoughts that cancel each other, the authors asked students to evaluate the happiness or sadness
s hypothetical days. They reported three distinct ways of reasoning observed in students’ responses, documenting
g sophistication and formality across the grades. In this context, magnitude-based reasoning was  quite productive,

 that it took into account the positive (happy) or negative (sad) quality of those magnitudes (numbers of days). Thus,
al meanings associated with negatives can clarify that negative numbers that are larger in absolute value should be
d lesser rather than greater, because they are less desirable or have a “negative connotation” (Peled, 1991).
vski and Williams (1999) reported on the reasoning of sixth graders in two teaching experiments. The students
reviously experienced instruction involving negative numbers, and the teaching experiments introduced them to
mbers through the use of one of two  contexts: a disco game or a set of dice games. The authors demonstrated
ents both developed meanings for integers as representing a state or net effect and reinvented rules for integer

ic on the basis of the contextual meanings of addition and subtraction, leveraging magnitude-based reasoning in
texts. In this way of reasoning, ideas of zero pairs (1 + −1 = 0) and equivalent sums (e.g., −5 + 3 = −6 + 4), relevant to
ing of algebra, are emphasized (Peled & Carraher, 2007).

ntegrating order and magnitude. Both order-based and magnitude-based reasoning can support students’ solutions
nvolving integers. The following two articles illustrated how these ways of reasoning may  be integrated. Stephan
z (2012) documented the evolution of collective activity in a seventh-grade class during a unit on integer arith-
truction during the unit was focused on the context of net worth. Students calculated and compared people’s net
nd they solved problems involving changes in net worth. In particular, they used zero as a reference point to com-
ative amounts. For example, students argued that a net worth of −$20,000 should be placed higher (on a vertical
ine) than a net worth of −$22,000 “because −20,000 is being closer to out of debt than −22,000” (p. 453). Thus,
y involving the context of net worth, students brought both magnitude-based and order-based reasoning to bear

paring negative numbers.
 et al. (2014) looked to both the history of mathematics and interviews with elementary school students to identify

 and affordances for integer reasoning. They found that magnitude-based reasoning was  a barrier to the acceptance
e numbers historically, because of the difficulty of conceiving of numbers less than nothing. Acceptance of negative

 came with a shift to more abstract and formal views of number. Bishop and colleagues documented how children
e of the same challenges as mathematicians did historically when they are confronted with negative numbers or
blems that seem counterintuitive because of their previous experiences (e.g., 5 + = 3). They found that children
oned successfully about integers overcame obstacles in three ways: by leveraging order, by using formal (logical)
, and by reasoning in terms of magnitude. Despite the appearance of magnitude-based reasoning as an obstacle to
tance of negative numbers, children used magnitude productively, such as to solve −5 – −3 = by analogy to the

 of “normal numbers” in which 5 − 3 = 2 (p. 51). Bishop et al. thus documented affordances of both order-based and
e-based reasoning in children’s attempts to make sense of integers and integer arithmetic.
g across the studies summarized above, we see an interest in how students conceive of notions of greater than

han when negative numbers are involved, as well as some attempts to encourage the development of order-based,
e-based reasoning, or both. In certain contexts, such as happy and sad thoughts, reasoning about integers in terms

tude can be quite productive for students. Magnitude contexts can also be connected with order-based reasoning,
use of a vertical number line to represent net worth (Stephan & Akyuz, 2012).

 above studies, the affordances and constraints of order-based and magnitude-based reasoning have been implicitly
tly investigated; however, this literature leaves many questions unanswered. In terms of documenting how students
out integer comparisons, we see the following limitations to the previous literature: (a) most investigations have
n integer arithmetic, rather than integer comparisons; (b) most studies have focused on students at a single grade
 these studies have not produced results that allow for comparisons between grade levels; and (d) apart from the
ishop et al. (2014), these studies were conducted with small groups of students or with students at a single school.
ork is motivated by an interest in how students reason about integer comparisons. We  addressed the above limita-
a) conducting a systematic investigation focused on students’ reasoning about integer comparisons, (b) collecting
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 students at multiple grade levels, (c) using the same tasks and coding scheme with each group of students, so
esults may  be compared, and (d) interviewing a range of students from different schools in a deliberate attempt to
epresentative sample of data on students’ reasoning.

chological experiments concerning integer comparisons
rchers in experimental psychology and mathematical cognition have studied how people respond to integer-
on tasks. In this research tradition experiments are laboratory style, often focused on response time, designed
potheses regarding the mental processes and mental representations that people may  use when comparing inte-

 Krajcsi & Igács, 2010; Table 1, for a concise summary of the methods and results of several such studies). Two
g hypotheses feature prominently in this literature, and both suppose the use of a mental number line. According
logenetic1 hypothesis, on the one hand, the mental number line that people use when comparing integers consists
tural numbers. When asked to make comparisons involving negatives, people use this mental natural-number line
h a set of learned rules for operating with negatives. For example, to compare −5 with −6, a person would consult
r mental natural-number line to know that 5 < 6 and then would reverse this inequality for negatives to answer

 −6. According to the ontogenetic hypothesis, on the other hand, the mental number line is extended (over time
 people learn) to include negative numbers. Then this mental integer-number line is used to make all comparisons

 integers. So, a person would compare −5 with −6 on the basis of the relative positions of these numbers on the
mber line: −5 is to the right of −6, so −5 > −6. Various researchers have tested these and related hypotheses for the

rocessing involved in comparing integers (e.g., Fischer, 2003; Ganor-Stern & Tzelgov, 2008; Krajcsi & Igács, 2010;
erger, & Tzelgov, 2012; Varma & Schwartz, 2011).
rchers have reported magnitude effects in which the absolute values of the given integers in a comparison task

 response time (Fischer, 2003; Gullick & Wolford, 2013). Magnitude effects are well known for natural numbers.
ple, people take longer to compare numbers that are close together (e.g., 1 cf. 4) versus numbers that are farther
., 1 cf. 9). Gullick and Wolford (2013) focused on positive–positive and negative–negative comparisons. In cases of

parisons (involving a positive and a negative number), the situation is more complicated. Because of conflicting
ults, whether or how the distance between the numbers affects response time for mixed comparisons is unclear

 Schwartz, 2011).
rchers  have also reported judgment effects, the most notable of which is the Spatial-Numerical Association of Response
ARC) effect, which has to do with associating small or negative numbers with left space and large or positive numbers
t space. For example, some researchers asked subjects to press either the left-most or right-most key on a keyboard
e their responses to a comparison task. When comparing natural numbers, people responded faster on the left side
paring small numbers, and they responded faster on the right side when comparing larger numbers (e.g., Fischer,

e SNARC effect is generally regarded as evidence of the use of a “mental number line,” which may  or may not
egative numbers (e.g., Gullick & Wolford, 2012; Huber, Cornelsen, Korbinian, & Nuerk, 2015; Parnes et al., 2012).
esent study was conducted in a different research tradition than that of the studies described above. One major

e is that we are not interested in response time. We presented integer-comparison tasks in a relatively relaxed
 setting (without time pressure) and asked students to explain their reasoning about each comparison task. We used

 answers (the numbers that they selected as being greater) together with video-recorded evidence of their responses
rize their reasoning and to code their specific justifications. We  are not seeking a one-size-fits-all theoretical

 explain how people compare integers. Indeed, we  see no need to assume that a single mental process or mental
tation should explain people’s reasoning. On the contrary, we are especially interested in differences in students’
ons and ways of reasoning, both between grades and within grades.
cus on the reasoning of K-12 students and investigate trends by grade level, whereas most of the studies in the above
tradition involved college students. College students are generally quite adept at integer-comparison tasks. As a
ror rates tend to very low. We  are interested in the reasoning of students both before and after integer instruction

e value student-centered instruction, which builds upon students’ ideas and approaches. To design and enact such
n, educators need to know how students may  reason about the relevant tasks on the basis of their prior knowledge.

 are interested (among other aspects) in the reasoning of students who give incorrect answers.
und few articles in the psychological literature that reported on the responses of K-12 students to comparison
olving negative integers. Gullick and Wolford (2013) studied the responses of fifth and seventh graders to inte-
arisons between −20 and 20, focusing on positive–positive and negative–negative comparisons. They reported,

 subjects, there was no significant effect of age . . . indicating that fifth-grader (mean = 84.8%) and seventh-grader
8.3%) performance was similar on the task” (p. 6). This result is surprising, given that the researchers were osten-
paring a preinstruction and a postinstruction group. One might reasonably expect the preinstruction group to
tly underperform the postinstruction group. Evidently, even the preinstruction group was familiar with negative

or perhaps some feature of the task design supported them in responding correctly.
rly, Varma and Schwartz (2011) posed integer-comparison tasks to 36 U.S. sixth graders who were in an accelerated
tics class. They reported an error rate of less than 4%. This very low rate may  have been due to (a) the researchers’

 have used a variety of names and descriptions to refer to these hypotheses.
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e of providing real-time feedback to participants on the correctness of their responses after each comparison task
 choice of student population.
gh the two studies above involved K-12 students—the population of interest in our work—the results of those

nd the others above leave many unanswered questions: How do students perform on integer-comparison tasks
y have little or no familiarity with signed numbers? Are there differences in the reasoning of students within

en student groups? How do students themselves describe their reasoning about integer-comparison tasks? What
ions do they offer for their claims that one integer is greater than another, and what ways of reasoning do these

d

ng on the literature reviewed and the ideas discussed above, we  addressed the following research questions: How
ts in Grades 2, 4, 7, and 11 reason about integer comparisons? More specifically, (a) How do students perform when

ng to different types of integer comparisons? (b) What kinds of justifications to do they offer for their judgments,
 frequent are these justifications? (c) How do ways of reasoning relate to performance? Below we  describe the
logical details of this study.

ng and participants

nducted clinical interviews with students in Grades 2, 4, 7, and 11 during the spring of 2011. We  selected a range
levels to investigate trends in integer reasoning to be found at these different levels. At the time and location
dy, most formal integer instruction was concentrated in Grades 5–7. The 2nd and 4th graders had not received

struction on integers and, therefore, would be a source of information about children’s intuitive and informal ways of
. We interviewed 7th graders in May, near the end of their school year, so that they would already have experienced
n focused on integers in Grades 5–7. We  also interviewed 11th graders who  were enrolled in precalculus or calculus
, were on a successful track in school mathematics.
0 students in Grades 2, 4, 7, and 11 were from 11 Southern California public schools (3 elementary schools, 3 middle

 K–8 school, and 4 high schools) with a range of standardized-test scores as indicated by each school’s Academic
nce Index (API). We  purposefully selected schools to ensure the inclusion of those with varied demographics.
articipating school, all students in the classrooms of two teachers at each targeted grade level were invited to

te. Students were then selected randomly from among all who  returned signed consent forms. To reach the total
ents per grade level, we selected 9–11 students per grade level from each of the four schools associated with each

el. In our analysis, we do not attempt to relate specific instructional experiences to students’ conceptions. Rather,
t a representative sample of students to describe the range of conceptions observed and the frequencies of these
ns.
tegorized students into one of four groups, named college-track 11th graders, 7th graders, 2nd and 4th graders with
, and 2nd and 4th graders without negatives. The 7th and 11th graders are simply grouped by grade level because all
roup had received formal instruction on integers and integer operations. The 2nd and 4th graders are grouped on

 of whether we saw evidence that they had some knowledge of negative numbers in their responses to tasks posed
ginning part of the interview. In particular, these groups were determined primarily on the basis of responses to

ing two tasks.

 small number. After the child responded, the interviewer asked, Can you name a smaller number? If the child
ded, “One,” the interviewer asked, What if I gave that away? What number would you have then? If the child responded,

 the interviewer asked, Is there a number smaller than zero?
 count backward, starting at 5? If the child stopped at 0 or 1, the interviewer asked, Can you keep counting back?

mple of 40 students each in Grades 2 and 4 resulted in 41 students in the group of 2nd and 4th graders without
 and 39 students in the group of 2nd and 4th graders with negatives. For the purposes of analysis, we categorized
in this way because we believe that their degree of familiarity with negative numbers is the factor most relevant
dy.

sures and methods of analysis

 paper, we focus on students’ responses to the following integer-comparison tasks:
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cused our analyses on the comparison tasks involving one or two negative integers. We  included the first comparison
s a control. The pairs −5 compare −6 and −5 compare −100 were chosen to test whether students performed
y depending on the distance between two  negative numbers. The other number combinations were chosen to
t distinct cases (e.g., negative cf. zero and negative cf. positive). Apart from −5 compare −100, we  used single-digit

 to avoid conceptual complexities associated with place value in multidigit numbers.

mpts
sks were printed on a sheet of paper, and they were posed to students one at a time. The interviewer verbally

 the directions: For each pair of numbers circle the larger, write = if they are equal, or write? if there is not enough
on to tell which one is larger. The interviewer then asked, Can you read each pair of numbers for me so that when we

 on the video we know which problem you are solving? After the student marked a response, the interviewer asked,
 you think about that?” and then posed additional follow-up questions if necessary to understand how the student
ed each comparison.

dents’ justifications for integer comparisons
l integer-comparison tasks (like those that we  used in this study) do not require computation; they simply require
to decide upon and make a claim about one number relative to another—greater than, less than, or equal to.
re of these tasks contrasts with that of computational items, which are more open-ended in terms of potential
and which require some computational work. Because of the nature of comparison tasks, we speak in terms of

 justifications for integer comparisons as opposed to strategies for making comparisons. We  are interested in how
 justify their comparison claims because we  regard these justifications as a window into students’ underlying ways
ing about integer comparisons. For example, Student A claims that −6 is greater than −5 and offers the justification

ore than 5, along with the example that 6 fingers is more than 5 fingers. Such a justification reveals that Student A
ing about the integer comparison in terms of number magnitude, rather than order. By contrast, Student B argues
s greater than −6 because −5 is closer to 0. Student B is reasoning about this comparison in terms of order, as
to magnitude. We  are interested in both the particular justifications that students offer and the underlying ways
ing that these reveal.

ding scheme
tudent response was coded for correctness and justification for that answer, which belonged to a broader way of
. Justification codes were generated through open coding of a subset of the data. We sought fine-grained codes that

shed nuances of students’ reasoning. These codes were later grouped according to three broader ways of reasoning:
ed reasoning, magnitude-based reasoning, and developmental/other reasoning. The development of the coding
as both grounded in the data that were initially analyzed and informed by our review of the literature.
ed the following scheme to code the responses of all participants. We coded directly from the video recordings
erviews and referred to student work collected during the interviews as needed. Throughout the coding process,
e interviews were randomly assigned to be double coded. Because the coding assignments were made by a project

ber who did not participate in coding, coders were blind to which interviews would be double coded. Using these
oded data, we checked reliability by comparing coding decisions at the fine-grained level of justifications, rather
broader level of ways of reasoning. Coders agreed on 89% of coding decisions for students’ justifications of their
mparisons. Discrepancies were resolved through discussion.

ticular, we refined the coding by revisiting any disagreements that seemed to reflect differences in coders’ con-
ations of the ways of reasoning. We  took a particular interest in responses that were coded as order-based by one

 magnitude-based by another. In these instances, coders reviewed and recoded the data and then argued for their
ations. These discussions led to clarification of operational distinctions between the ways of reasoning, which are

 in the definitions that we present below.

rder-based reasoning about integer comparisons. Order-based reasoning involves reasoning about integers in terms
laces in a counting sequence or their locations on a number line. Students using order-based reasoning focused on
mber came before or after the other number when counting, or which was  further to the right, further to the left,
to 0 on the number line. In particular, the following order-based justifications were identified.
.1. Negative integers are less than positive integers or zero. Students who gave this justification compared negative
o nonnegative integers on the basis of the general principle that negative numbers are always less than positive

 or zero or that positive numbers are always larger than negative numbers or zero. For example, Alana, a 7th grader,
 −7 and 3 by circling 3, and then stating, “Well, the negative side is always going to be less than positive.” In this
 Alana appeared to reference the number line, by indicating that the negative “side” is less than the positive. Note
y children are not familiar with the term positive numbers and so often use alternative language, such as “regular”

 to refer to the set of natural numbers. Students in every participant group used a version of this justification. This
on corresponds to the reasoning of students who  are at the level of the Synthetic mental model or above (Transition



54 

II or Form
rule for c

4.2.3.1
reasoning
is valid fo
parisons 

used it b
a 4th gra
negative  

account n
on the or
by refere
the Form
which pe

4.2.3.1
further to
reasoned
or both. F
because i
being “on
of two in
greater. T
number l
referred t
a special 

line.
4.2.3.1

the numb
further rig
the negat
greater, j
greater th

I th
6  i
the

In  this
and when
to the nu
justificat
comparis
of this jus
response
rule for d
of a ment
(i.e., onto

4.2.3.2. M
bers as re
Students
this way 

some rela
4.2.3.2

to positiv
example,
students 

choosing

2 Exactly
and  magnit
I. Whitacre et al. / Journal of Mathematical Behavior 45 (2017) 47–62

al) in Bofferding’s (2014) scheme. It is also consistent with the phylogenetic hypothesis, in which people apply a
omparing negative and positive integers (Varma & Schwartz, 2011).
.2. Closer to 0 or closer to positive numbers. Students who  gave this justification compared two negative integers by

 that the number closer to 0 (or to the positive integers) would be greater. Note that a closer-to-zero justification
r comparisons of two negative integers, but it would consistently lead to incorrect conclusions if applied to com-
of a negative integer with a positive integer. In identifying this justification, we  are not saying that students who
elieve that it holds for all integers. On the contrary, students tended to use it appropriately. For example, Caden,
der, selected −5 as being greater than −6, saying, “I bet this stumps a lot of kids. It is actually negative 5, because
5 is closer to 0, and negative 6 is one more away from 0.” Caden’s use of 0 as a reference point involves taking into
umbers that are closer to and further from that reference point (in this case, 0), and so this justification is based

dered nature of the number system. Stephan and Akyuz (2012) described students comparing negative net worths
ncing distances from zero. Bofferding (2014) considered students who consistently reason in this way to be using
al mental model that she referred to as Integer. This justification is consistent with the ontogenetic hypothesis, in
ople extend their mental number lines to include negative number-locations (Fischer, 2003).
.3.  Greater further right. Students who gave this justification compared two  integers by reasoning that the number

 the right was greater than, or that the number further to the left was less than, its counterpart. Students who
 this way sometimes referred explicitly to a number line or to the counting sequence, gestured to indicate direction,
or example, a 7th grader named Kylee selected −5 as greater than −6 and explained, “I’d say negative 5 is larger,
t’s like one number to the right than negative 6.” She indicated that her determination was  made on the basis of −5
e number to the right” of −6. Note that this justification is the most generalizable in that it applies to all comparisons
tegers. Regardless of their specific locations on a number line, numbers further to the right are considered to be
hus, this justification is related to Closer to 0 or to positive integers, except that it applies consistently across the
ine. Again, students who consistently reason in this way  are using the Formal mental model that Bofferding (2014)
o as Integer. This justification is especially consistent with the ontogenetic hypothesis, because it does not require
rule for dealing with negative numbers (Fischer, 2003), but instead indicates reference to a unified integer number

.4. Greater further left. Students who provided this justification compared two  negative integers by reasoning that
er further to the left on the number line was greater. This reasoning looked similar to the justification greater
ht, except that it led to opposite conclusions. Some students who used greater further left appeared to reason about
ive side of the number line as a mirror image of the positive side, so that negative numbers further to the left are
ust as positive numbers further to the right are greater. For example, a 2nd grader named Bradley selected −6 as
an −5. He then shared his thinking:

ink the larger number is negative 6, because negative 5 is right here [pointing to −5 on number line] and negative
s right here [pointing to −6 on number line], and whatever one is bigger is on the left side [motions to the left] in

 negatives. All the numbers that are bigger, like, in negatives, it [the larger number] is going left.

 example, Bradley articulated that an aspect of his justification is that he is comparing numbers “in the negatives,”
 comparing negative numbers, one knows that larger numbers are further left on the number line. His reference

mber line and his sweeping motion toward the left provide evidence that this is an order-based justification.2 This
ion is consistent with Bofferding’s (2014) Synthetic mental model in which students consistently make incorrect
ons of pairs of negative integers (although they consistently make mixed comparisons correctly). The relationship
tification to the psychological literature is less clear, because that literature is focused on response times for correct
s; this justification, by contrast, consistently yields incorrect answers. The justification could be a case of a special
ealing with negative integers, together with knowledge of natural numbers (i.e., phylogenetic), or it could be a case
al number line extended to include negatives but with properties that do not align with mathematical conventions
genetic).

agnitude-based reasoning about integer comparisons. Magnitude-based reasoning involves reasoning about num-
presenting amounts or cardinalities. Such reasoning may  or may not involve analogies to specific objects or contexts.

 who gave magnitude-based justifications compared magnitudes (or absolute values) of numbers. Consistent with
of reasoning, students reasoned about zero as nothing, some also considered negative numbers to be nothing, and
ted integers to specific contexts. In particular, the following four magnitude-based justifications were identified:
.1. Compares magnitudes. Students who gave this justification compared two  negative integers by comparing them
e integers or by thinking of negative integers as being more or less negative than another negative number. For
 some students claimed that −6 was larger than −5 by explicitly comparing that pair of numbers to 6 and 5. Other
reasoned that −6 was more negative than −5. For this rationale, students might use that justification to support

 either −6 or −5 as being greater. For example, 7th grader Ida selected −5 as greater than −100, saying, “I think it’s

 what students mean by terms such as larger or greater is often unclear. Responses such as Bradley’s may include elements of both order-based
ude-based reasoning; however, given his explicit reference to the number line, we  consider this justification to be order-based.
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5 because the bigger the number in negatives, the smaller it actually is.” By contrast, 2nd grader Betty (who was
ith negative numbers) claimed that −100 was greater than −5. She said, “That’s a negative 100. Because 100 is

an 5.” Both Ida and Betty compared the magnitudes of −5 and −100, but they drew opposite conclusions.
endency to focus on magnitudes in comparing negative integers has been identified by mathematics education
rs including Ball (1993) and Bofferding (2014). This justification is consistent with the phylogenetic hypothesis in
dents rely on their knowledge of natural numbers, together with rules for dealing with negative numbers. On the
, if such rules are not known or are incorrectly remembered, students might claim that negative integers of greater
value are greater. On the other hand, this justification might also be regarded as consistent with the ontogenetic
is, given again that the students have not yet learned to deal correctly with negatives and have not extended their
umber lines.
.2.  Zero is nothing. Students who gave this justification compared a nonzero integer to zero by reasoning that zero
g. For example, Arnold, a fourth-grade student, selected −9 as greater than 0, explaining, “Zero doesn’t have a
and negative 9 does. It’s [−9] a part of a whole, and zero isn’t.” This example is an instance of a magnitude-based
umber in that the negative number is deemed larger because zero has no magnitude (in Arnold’s words, “Zero
ave a meaning”), whereas the negative integer has magnitude, as inferred by its selection as the larger of the two
. This justification is consistent with Bofferding’s (2014) Initial mental models of integers in which 0 is treated as
est number, either because negative signs are ignored or numbers are compared according to their absolute values.
ompares magnitudes, this justification may  be regarded as consistent with both the phylogenetic and ontogenetic
es.
.3. Negative numbers are nothing. Students who  gave this justification indicated that negative numbers had no
hild might have determined that all positive integers are larger than negative integers because negative integers

magnitude (they are “nothing”). Some students explicitly treated all negative numbers as being equal to 0. For
 4th-grader Cara compared −9 to 0 by placing an equal sign between the two  numbers and saying, “I think it’s
cause, the negative sign is like zero, cause it’s like taking away. So, it’s like the 9 is a zero and this is a zero (points to
ero and zero is equal.” The fact that students may  treat negative numbers as zero was reported by Bofferding (2014)
sponds especially to the Transition I mental model called Conflicted value in her scheme. Again, the psychological

 seems to have little to say about justifications such as this one because that research has been focused on competent
nce.
.4. Converts to context. Students who gave this category of justification contextualized the numbers. For most

 students drew on a magnitude-based view of numbers, such as dollars owed. For example, some students argued
 greater than −6 because it would be better to owe less money. However, others were more creative. One 7th-grade
ay, compared −7 and 3 by relating the numbers to Oreo cookies. She said, “Three is bigger because this [pointing
negative. Would you rather have, like, [pointing to −7] crumbled Oreos, all nasty old, moldy, or 3 good Oreos?
g  her own question] The good Oreos.” In her comparison of −5 and −6, she continued using this context. Circling

tated, “I would rather have negative 5 crumbly old Oreos rather than 6.” Fay used a magnitude-based context for
arisons, by comparing positive and negative numbers with good and “nasty, moldy” Oreos, respectively.

 authors have addressed students’ reasoning about contexts involving directed magnitudes, or opposite magnitudes,
me cases relating these to integers (e.g., Bofferding, 2014; Linchesvski & Williams, 1999; Stephan & Akyuz, 2012;

 et al., 2012). The justification converts to context is different from those cases in that it involves the student’s
a context to reason about a naked-number task. Furthermore, this reasoning did not take place in a mathematics
aching experiment during an integer unit, and many of the contexts that students used were nonstandard (i.e., not

 in the CCSSM or typically used in textbooks (NGA & CCSSO, 2010; Whitacre et al., 2012)). How such justifications
the results of psychological studies is unclear; in those studies participants respond under time pressure and do
verbal explanations. Researchers analyzing such studies tend to assume use of a mental number line and do not
llow for or take an interest in reasoning such as converts to context.

evelopmental/Other reasoning about integer comparisons. Developmental/other reasoning is typical of students who
iliar with negatives. Justifications in this category were based on students’ knowledge of whole numbers and

s. Some students simply ignored minus signs (e.g., treating −7 as 7). Others treated minus signs as indicating
on.  Some simply stated that there were no such numbers. We  identified the following two justifications associated

 way of reasoning:
.1.  Ignores sign(s). Students who gave this type of justification compared a pair of integers by treating them as
umbers. If minus signs were present, the student simply ignored these. Typically, students whose responses received

 did not read the minus sign (e.g., they read −7 and −6 as simply “seven” and “six”). This category also includes the
 of a child who read −7 as “I don’t know, 7” or “line 7” but reasoned about the comparison as if the minus sign had

 Tim, a 4th grader, selected −7 as greater than 3, stating, “Because 7 is a bigger number than 3.” This justification
ds  to Bofferding’s (2014) Initial: Whole number mental model of integers in which “negative integers [are] ignored
 as positive integers” (p. 222). As with other forms of incorrect justifications, relating these to the psychological
 is difficult.
.2.  Treats signs as operations. Students who gave this type of justification treated the minus sign as an operation

an as the sign of the number. For example, 4th-grader Kim selected 3 as greater than −7, explaining, “’Cause minus
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ng to −7], you are taking away 7, so there would be nothing left, so the 3 would be higher.” The conversation
d.

erviewer: Oh, okay. So, there would be nothing left? [Interviewer points to −7]

: Yeah, nothing but a zero. So, if it was a zero, then the 3 would be higher.

 example, Kim treated the minus sign as an operation, chose to subtract 7 from 7, and compared that difference of
 to determine that 3 was the larger number. Although Kim’s answer using this reasoning was correct, the response
ned the code “Correct answer for wrong reason,” because −7 is not equal to 0. This justification also corresponds to
ition I mental model of Conflicted value in Bofferding’s (2014) scheme. Again, we  do not find a meaningful connection
psychological literature.

yses

iewing a participant’s response to a comparison task, the coder marked the value that the participant identified as
arked whether the response was correct or incorrect, and selected from among 11 possible justification codes, which

 generated through constant comparative analysis of pilot data (Corbin & Strauss, 2008). Participants could receive
n one justification code if appropriate to the justification the participant shared. The justification codes fell into
ee broad categories: order-based (4 justification codes), magnitude-based (4 justification codes), or developmental
ation codes). If none of the justification codes matched the justification provided, the justification was marked as

 the justification was written on the code sheet.
the data were coded, the responses to each task were organized by student group to identify percentage correct
ask and to identify the number in each group assigned each justification code. The justification codes within each
y of reasoning were then combined to determine how often the three broad ways of reasoning were used and the

 which each way of reasoning was used to make a correct comparison. In the following section, we present our
nd trends in the data.

ts

wer to our research questions, we present findings concerning the integer-comparison justifications of college-
h graders, 7th graders, 2nd and 4th graders with negatives, and 2nd and 4th graders without negatives. We  report
nds by groups of students in terms of percentages of correct answers on each comparison task. We also report

ges of correct answers by way of reasoning and the prevalence of these ways of reasoning for each student group.

rmance trends by student group and problem type

1 presents the percentages of correct responses to each comparison item for each group of students. These results
lear trends by both student group and problem type. The 2nd and 4th graders without negatives gave few correct
xcept when comparing two nonnegative numbers. The 2nd and 4th graders with negatives performed considerably

ith each item answered correctly by the majority of the students. The 7th graders answered almost all comparison
rectly, as did the college-track 11th graders.
0 students in the sample answered the control item (7 cf. 3) correctly. For each of the other comparisons, marked
es in performance were seen. Comparing a negative to a positive (−7 cf. 3) was the second easiest item, answered

 by more than one third of 2nd and 4th graders without negatives and by nearly 90% of 2nd and 4th graders with
. Comparing a negative number to zero (−9 cf. 0) was  considerably more difficult, answered correctly by just more

 of 2nd and 4th graders without negatives and just fewer than 80% of 2nd and 4th graders with negatives. The tasks

lved comparing two negatives were most difficult. The comparison of two negative numbers that were close in
e (−5 cf. −6) was more difficult than the comparison of two negative numbers that were not close in magnitude
00). In particular, about 15% of 2nd and 4th graders without negatives and about 60% of 2nd and 4th graders with

 correctly compared −5 and −100. By contrast, only about 7% of 2nd and 4th graders without negatives and about

s of Correct Responses to Comparison Tasks, by Student Group.

on items, ordered by difficulty Percentage of correct responses

2nd and 4th graders without negatives 2nd and 4th graders with negatives 7th graders 11th graders

100% (41/41) 100% (39/39) 100% (40/40) 100% (40/40)
36.59% (15/41) 89.74% (35/39) 100% (40/40) 100% (40/40)
21.95% (9/41) 79.49% (31/39) 95% (38/40) 100% (40/40)

00 14.63% (6/40) 61.54% (24/39) 97.5% (39/40) 97.5% (39/40)
7.32% (3/41) 51.28% (20/39) 97.5% (39/40) 97.5% (39/40)
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Table 2
Percentages of Correct Answers by Way  of Reasoning (Across All Comparison Problems Involving a Negative Integer).

Student group Percentages of correct answers by way of reasoning

Order Magnitude Developmental/other

2nd and 4th graders without negatives 100% (17/17) 36.3% (8/32) 7% (9/128)
2nd  and 4th graders with negatives 89.1% (99/111) 20.51% (8/39) 35.2% (6/17)
7th  graders 99.3% (142/143) 76.47% (13/17) 100% (8/8)
11th  graders 99.12% (113/114) 98.11% (52/53) 88.9% (8/9)a

a All instances were “other”.

Table 3
Numbers and Percentages of Responses by Item That Involved Each Way  of Reasoning by 2nd and 4th Graders Without Negatives.

Item Frequency of way  of reasoning by 2nd and 4th without negatives

Order Magnitude Developmental/other

−7 cf. 3 6 (14.6%) 4 (9.7%) 31 (75.6%)
−9  cf. 0 6 (13.9%) 5 (11.6%) 32 (74.4%)
−5  cf. −1
−5  cf. −6
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d and 4th graders with negatives correctly compared −5 and −6. These results indicate the following hierarchy of
difficulty for integer-comparison tasks, from easiest to most difficult:

 versus positive
 versus negative
e  versus zero
e  versus negative with numbers far apart
e versus negative with numbers close together

 larger set of comparison tasks, this hierarchy could be further refined. For example, had we not asked students to
both the pair −5 and −6 and the pair −5 and −100 in our interviews, we  would not have found the difference in
nce on those two subcategories of comparing two  negative numbers.

alence of ways of reasoning and performance by way  of reasoning

2 shows the percentages of correct answers obtained by each student group when using each way  of reasoning. The
 of instances of each way of reasoning also show the relative prevalence of each way  of reasoning for each student
e  saw noteworthy differences in the ways of reasoning used, depending on both grade level and problem type.
singly, most instances (128 of 162) of developmental/other reasoning came from the 2nd and 4th graders without
. Order was the most common way of reasoning among 2nd and 4th graders with negatives (occurring in 111 of
nses), and it was used in nearly 90% of the total responses of 7th graders. It was  also the most common way  of

 among the college-track 11th graders, but, at 66.3% of responses, it was considerably less common than among
raders.

 problems, order-based reasoning clearly led to greater success in integer comparisons for students in all groups
 this difference was negligible for the college-track 11th graders, who answered nearly every problem correctly).
ntages of responses involving order-based reasoning increased dramatically from group to group up to 7th grade

decreased among the college-track 11th graders. Success rates with order-based reasoning were all high (89% and
y contrast, magnitude-based reasoning rarely yielded correct answers for 2nd and 4th graders with or without
. Seventh graders used magnitude-based reasoning rarely but were successful in more than 3/4 of their uses.
rack 11th graders used magnitude-based reasoning in about 30% of their responses, and all but one of these
s was correct. Developmental/other reasoning was very common and almost never successful among 2nd and
rs without negatives. It was scarcely used by students outside of that group.
g at responses to specific items enables us to examine relationships between the particular numbers involved in

omparisons and the ways of reasoning used by each student group. Table 3 shows the prevalence of each way of
 among 2nd and 4th graders without negatives in response to each comparison task. At the level of way of reasoning,
p’s responses were quite consistent. For each item, about 3/4 of the responses were in the developmental category.
ponses were split more or less equally between order-based reasoning and magnitude-based reasoning, except for
arison of −5 and −6. For this item, magnitude-based reasoning was  considerably more common.



58 I. Whitacre et al. / Journal of Mathematical Behavior 45 (2017) 47–62

Table  4
Numbers and Percentages of Responses by Item That Involved Each Way  of Reasoning by 2nd and 4th Graders With Negatives.

Item Frequency of way  of reasoning by 2nd and 4th without negatives

Order Magnitude Developmental/other

−7 cf. 3 32 (78%) 5 (12.1%) 4 (9.7%)
−9  cf.0 31 (73.8%) 6 (14.2%) 5 (11.9%)
−5  cf. −100 24 (58.5%) 13 (31.7%) 4 (9.7%)
−5  cf. −6 24 (55.8%) 15 (34.8%) 4 (9.3%)

Table 5
Numbers and Percentages of Responses by Item That Involved Each Way  of Reasoning by 7th Graders.

Item Frequency of way  of reasoning by 7th graders

Order Magnitude Developmental/other

−7 cf. 3 36 (87.8%) 2 (4.8%) 3 (7.3%)
−9  cf. 0 37  (90.2%) 2 (4.8%) 2 (4.8%)
−5  cf. −100 34 (85%) 5 (12.5%) 1 (2.5%)
−5  cf. −6 36 (78.2%) 8 (17.3%) 2 (4.3%)

Table 6
Numbers and Percentages of Responses by Item That Involved Each Way  of Reasoning by 11th Graders.

Item Frequency of way  of reasoning by 11th graders

Order Magnitude Developmental/Other

−7 cf. 3 32 (76.2%) 8 (19.0%) 2 (4.8%)
−9  cf. 0 31 (73.8%) 9 (21.4%) 2 (4.8%)
−5  cf. −100 25 (59.1%) 16 (36.4%) 2 (4.6%)
−5  cf. −6
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alence of ways of reasoning by student group

4 shows the prevalence of each way of reasoning among 2nd and 4th graders with negatives in response to each
on task. For this group, developmental reasoning was  rare, at about 10% for each item. We see similar proportions for
arisons involving one negative integer (−7 vs. 3 and −9 vs. 0) with about three fourths of the students using order-
soning. We  also see similar proportions for the comparisons of two  negative integers (−5 vs. −6 and −5 vs. −100)
e than half of the responses indicating order-based reasoning and about one-third indicating magnitude-based
.

5 shows the prevalence of each way of reasoning among 7th graders in response to each comparison task involving
e integer. For this group, developmental/other reasoning was  very rare, and order-based reasoning was  extremely
. As with the 2nd and 4th graders with negatives, magnitude-based reasoning was seen more frequently in com-
of two negative integers (−5 cf. −6 and −5 cf. −100) than in comparisons involving only one negative integer (−7
−9 cf. 0).
6 shows the prevalence of each way of reasoning among the college-track 11th graders in response to each compar-

 involving a negative integer. As for the 7th graders, developmental/other reasoning was very rare, and order-based
 was  the most common for all problems. Again, magnitude-based reasoning was seen more frequently in compar-

wo negative integers (−5 cf. −6 and −5 cf. −100) than in comparisons involving only one negative integer (−7 cf. 3
f. 0). On each item, magnitude-based reasoning was  used considerably more often by the 11th graders than by the
rs.
mary, we found clear differences in students’ performance on integer comparisons tasks by student group. Both
e-track 11th graders and the seventh graders appeared to have mastered integer comparisons, 2nd and 4th graders

atives performed moderately well, and 2nd and 4th graders without negatives understandably tended to answer
ons involving negative numbers incorrectly. By and large, students using order-based reasoning outperformed those
gnitude-based reasoning. Among the youngest three groups, the prevalence of order-based reasoning increased
up to group when students’ familiarity with negative numbers increased; however, it decreased among college-
h graders. Among all student groups, magnitude-based reasoning was  used more often to compare two negative

 than to compare a negative with a nonnegative. Magnitude-based reasoning rarely led to correct answers when
he 2nd and 4th graders with or without negatives, but it was used more effectively by the 7th graders and especially
llege-track 11th graders.
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ssion

m in this study was to identify the conceptions students have about comparing integers, ascertain the justifications
r for comparison claims, and determine which classes of comparison problems are easier or more challenging for

 In our data, we observed clear trends depending on the numbers involved in the comparison task. In the results
here, students compared integers classified in five categories of pairs: positive versus positive, positive versus

 negative versus negative with a small difference, negative versus negative with a large difference, and negative
ro. We  analyzed the responses and justifications to the four comparison problems involving negative integers and
ed the distribution among categories of ways of reasoning to identify specific trends. We discuss findings in three
s: by looking across problems, looking across grades, and looking across students’ ways of reasoning.

ssion of trends found in the results

scuss the observed trends in student reasoning and performance. We  then consider implications of the results for
s.

king across problems
lts analyzed across problems, we found a clear and consistent pattern of difficulty among the five problem types.

g to our results, the order of easiest to most challenging problem type was comparing positive versus positive,
ersus negative, negative versus zero, negative versus negative with a large difference between the two numbers,
tive versus negative with a small difference between the two  numbers. This result held for 2nd and 4th graders,
s of their degree of familiarity with integers. For the 7th and 11th graders, because of ceiling effects, we do not
ave found differences in difficulty.

ere interested to find that more students correctly compared −5 and −100 than −5 and −6, although both of these
ons involved two negative integers. We  observed that some students used order-based reasoning to compare −5
, even though they used magnitude-based reasoning in comparing −5 and −6. Overall, there were more instances

based reasoning for −5 versus −100 and more instances of magnitude-based reasoning for −5 versus −6. These
erences of just a few instances, but they were consistent across all three groups of students. For example, one 2nd
ith negatives said, “Because 6 is greater than 5, −6 should be greater than −5,” whereas the same student also
“Negative 5 is a smaller number than negative 100, so it has to be greater. Negative 5 is closer to 1. Negative 100 is

 1.”
mples like the above, we see evidence of conflict, which may  be indicative of a transitional phase between comparing
er and using magnitude. We  believe that both order-based and magnitude-based reasoning are generally available
ts, given their experiences with the natural numbers. Students with limited experience with negative numbers

 2nd and 4th with negatives group) may  draw on either or both of these in response to a particular task. Perhaps
ence between −100 and −5 is so great that some students focused on the distance of these numbers from 0 even
at idea was not salient for them when they compared −5 and −6. As noted in the descriptions of the justifications

ified, students can draw either correct or incorrect conclusions when reasoning in terms of either magnitude or

k and Wolford (2013) reported a distance effect in the response times of 5th and 7th graders for negative–negative
ons. This effect was consistent with our results and those of other studies (that pairs of numbers that are close
tend to be more difficult to compare than pairs that are far apart), although our results concern accuracy rather
onse time.

soning trends by student group
cross the three groups of students revealed how students’ answers and justifications were distributed among the
easoning. About 3/4 of the 2nd and 4th graders without negatives used developmental/other ways of reasoning
e four comparison questions that included at least one negative integer. Second and 4th graders with or without

 used order-based reasoning more often to compare a negative integer with a positive integer or with zero (−7
9 vs. 0) than to compare two negative integers (−5 vs. −6 or −5 vs. −100). These students were more likely

agnitude-based reasoning on the latter two problems than on the former two. Students can compare negative
 with nonnegative numbers by reasoning that negatives are less than zero; however, that reasoning is insufficient
aring two negatives.
eral, the prevalence of order-based reasoning increased substantially from 2nd and 4th graders without negatives
d 4th graders with negatives to 7th graders. Interestingly, it was less prevalent in the responses of the college-track
ers than for 7th graders.
formance trends by way of reasoning
er theme that emerged from our findings is based on students’ ways of reasoning and relationships between way  of

 and correct answers. Among the 2nd, 4th, and 7th graders, order-based reasoning outperformed the other ways of
. For instance, 74% of the 2nd and 4th graders with negatives who  used order-based reasoning correctly compared
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6, whereas only 13% of the students who  use magnitude-based reasoning gave the correct answer. Comparable
ere found for every comparison problem involving a negative number. Thus, order-based reasoning is associated
ectness on these tasks.
ution readers to avoid the conclusion that order-based reasoning is the only valuable way of reasoning about
Integer comparisons are a particular type of task, and order-based reasoning works well for this type of task
he conventional meanings of greater than and less than are based on order, as opposed to magnitude. However, as
lier, researchers have previously identified productive ways in which students can and do make use of magnitude-
soning in integer arithmetic. Furthermore, we  found that the college-track 11th graders used magnitude-based

 more frequently than did the 7th graders, and they almost always used it correctly. The college-track 11th graders
p exhibited flexible use of order-based and magnitude-based reasoning, and their performance on the set of tasks
erful. Thus, our results indicate that ultimately order-based reasoning does not trump magnitude-based reasoning.
tudents who have developed relatively sophisticated understandings of integers are able to effectively use both
easoning.

uctional implications

ding  to Steffe (1991), “As mathematics educators, we  have a choice between using mathematics of children or con-
l school mathematics as the basis on which to teach mathematics. Choosing the former is a fundamental requirement
uctivism for mathematics education” (p. 181). To base mathematics teaching on the mathematics of children, we
t discover and make sense of children’s mathematics. We  interviewed 160 students in Grades 2, 4, 7, and 11 and

 their responses to identify students’ justifications and underlying ways of reasoning about integer comparisons.
gs illuminate the field’s understanding of children’s mathematics in this domain. Instructional implications follow.

ve seen that for younger students, order-based reasoning tends to be used more successfully for comparing integers
t aligns with the mathematical community’s conventional meanings for inequalities involving negative numbers.
of implications for teaching, we see the importance of recognizing that both order and magnitude are familiar
students in the context of whole numbers. When students come to integer instruction, they have had extensive
ce reasoning about whole numbers in terms of both magnitude and order. They can see 6 as being greater than 5 in

 that 6 things is more than 5 things. They can also see 6 as being greater than 5 in the sense that 6 comes after 5 in
ing sequence and is to the right of 5 on the number line. In comparing negative numbers, the question is which of

ys of reasoning will students invoke?
commendation is to create the opportunity for contrasting ways of reasoning about comparing negatives to arise
scussed. We  do not believe that one of these ways makes sense and the other does not. On the contrary, both are
but they conflict. So, in the interest of communication, conventional meanings for notations and terms related to
ons must be established. The mathematical community uses the symbols < and > and the terms less than and greater
ays that are consistent with order-based reasoning. That is, the expression −5 > −6 can be taken to mean that −5 is
ht of −6 on the number line. In that sense, −5 is greater. At the same time, we  can appreciate the sense in which −5
n −6. There is also a conventional notation that we  can use to express this idea. By writing |−5| < |−6|, we specify
re focusing on the magnitudes of the numbers.
ose students who are reasoning about integer comparisons in terms of magnitude, a teacher’s reminder that num-
er to the right on the number line are greater may  be of no help. Instead, we  suggest that teachers acknowledge that
ents are making sense. Their reasoning is not flawed; rather, two reasonable possibilities exist, and a conventional
ation is needed in the interest of precise communication (NGA & CCSSO, 2010). Rather than tell students to compare
numbers in one way and not the other, teachers can help them to become fluent in the written and oral language
matics and to learn to express their ideas in ways that others will understand.
sults from the college-track 11th graders underscore the point that order-based reasoning is not simply superior
tude-based reasoning when it comes to integer comparisons. There are ways of using magnitude-based reason-
mpare integers that are both sensible and correct. The college-track 11th graders selectively used order-based
tude-based reasoning depending on the numbers involved in the comparison task, and their answers were over-
gly correct. For example, an 11th grader using magnitude-based reasoning to compare −5 with −6 stated, “I know
ittler number in negative, like I said, it’s opposite. Because 5 would have been less than 6, but if it is negative, then
r than 6.” Other 11th graders invoked contexts such as debt to reason sensibly and correctly compare negative
They also flexibly invoked order-based comparisons, such as referencing relative positions on a number line. This
icates that a mature understanding of integer comparisons integrates both order and magnitude. What students

ally experience as conflicting ways of reasoning about integers can eventually find harmony, and students can learn
 correctly and flexibly about integer comparisons.
ctions on the literature

late our research to the two literature bases that informed this study. We  focus especially on connections to the
tics education literature and contrast with the psychological literature.
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nnections to mathematics education literature
relevant mathematics education literature order-based and magnitude-based reasoning have been emphasized and
r strategies and conceptions identified that students may  use when reasoning about integer meanings, comparisons,
ions. Through our coding scheme, we organized students’ justifications for integer comparisons into a coherent
rk. Whereas Bofferding (2014), in her scheme of mental models, emphasizes fine-grained developmental levels in

 early conceptions of integers, our framework consists of a variety of possible justifications organized according
r ways of reasoning. We  found that the developmental/other category was  typical of students who had little or

arity with negative numbers. Beyond this distinction, however, our categories are non-hierarchical. In fact, many
competently used multiple justifications within both categories of order-based and magnitude-based reasoning.

ntrasts with the psychological literature
experimental psychologists have taken an interest in the underlying mental representations or processes that
ay  use when comparing integers. Our study contrasts with this research tradition in several ways. The psychological
has focused on competent performance, especially the performance of college students, in response to integer-
on tasks. Some researchers have even provided real-time feedback on the correctness of participants’ responses,
ecting them. By contrast, we investigated the performance and reasoning of K-12 students, and we were interested
in their performance and reasoning, whether or not their responses were correct. Whereas the psychological studies
sed on response time, we considered response time irrelevant to our investigation.
ting the phylogenetic, ontogenetic, and other hypotheses, researchers in the psychological tradition seek a
planation for how people compare integers. By contrast, we  find that students—even those who perform
tly—report reasoning in a variety of ways about integer comparisons. Thus, in our view, reasoning about integer

ons has no single explanation. Different students reason in different ways about the tasks, and the same students
on in a variety of ways. Teachers need to be aware of these different ways of reasoning and particular justifications
rt students in making sense of integers. Thus, frameworks such as ours and that of Bofferding (2014), like other
rks of students’ mathematical thinking (e.g., Carpenter et al., 1999), have the potential to be shared with teachers
ed productively in practice.

usions

search was informed by previous studies that helped to sensitize us to the distinction between magnitude- and
ed reasoning and raised questions for us regarding students’ reasoning about integer comparisons. We  have con-

 systematic study of the justifications and ways of reasoning for integer comparisons of four groups of students—2nd
raders without negatives, 2nd and 4th graders with negatives, 7th graders, and 11th graders. These groups provide
ctional look at students’ reasoning about integers at four relevant points in mathematical education: (a) at a time in
ntary school years when they know very little or nothing about negative numbers, (b) at a time in the elementary
ars when they have some meaning for negative numbers but have not experienced integer instruction, (c) in mid-
l, after substantial integer instruction, and (d) in high school, for those on a successful mathematics track. Trends
ts’ reasoning across these three groups reveal differences related to the development of students’ knowledge of

ve contributed a framework consisting of three broad categories of reasoning about integer comparisons, com-
h the specific justifications belonging to each category. This framework was not determined a priori; instead, it is

 in the responses of the 160 students who participated in this study. The framework was  further informed by addi-
erviews, instructional experiences, discussions with colleagues, and previous research in this area. Such knowledge
rks are essential to a mathematics education research literature that has the power to profoundly inform instruction.
er of Steffe’s (1991) requirements of constructivism for mathematics education is to choose “interpreting children’s
tical activity in learning environments through interactive communication, making qualitative distinctions” over

 on the result or product of their activity” (p. 185, emphasis added). Integer-comparison tasks have only three
products, or answers—less than, greater than, or equal to—and students’ achievement may  be assessed on the
requency of correct answers. Although these answers provide some information, students’ reasoning is revealed
tifications they offer. The framework we have proposed provides qualitative distinctions to inform interpretations
ts’ ways of reasoning. Frameworks of this sort have proven to be valuable to teachers and to have the power to

 mathematics teaching and learning (e.g., Carpenter et al., 1999). We  offer this framework as a tool for mathematics
nd teacher educators to inform interpretations of students’ reasoning about integer comparisons and integers more

Bishop et al., 2014) and to shape instructional goals to focus on ways of reasoning.
edgments
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