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Localized Stability Analysis and Design of Symmetric Spatially
Distributed Systems over Sparse Proximity Graphs”

Nader Motee' and Qiyu Sun?

Abstract— The focus of this paper is on the finite or infinite
dimensional class of spatially distributed linear systems with
Hermitian and sparse state matrices. We show that exponential
stability of this class of systems can be inferred in a decentral-
ized and spatially localized manner, which is practically relevant
to many real-world applications (e.g., systems with spatially
discredited PDE models). Then, we obtain several sufficient con-
ditions that allow us to adjust strength of existing couplings in a
network in order to sparsify or grow a network, while ensuring
global stability. Our proposed necessary and sufficient stability
certificates are independent of the dimension of the entire
system. Moreover, they only require localized knowledge about
the state matrix of the system, which makes these verifiable
conditions desirable for design of robust spatially distributed
linear systems against subsystem failure and replacement.

I. INTRODUCTION

The interest in stability verification of infinite-dimensional
linear systems and distributed parameter systems dates back
to couple of decades ago [4], [5], [9], where the focus
has been on characterization of stability conditions in a
centralized setting. Some recent studies show that for a class
of spatially distributed systems, so called spatially decaying
systems, stability verification can be potentially localized
using spatial truncation techniques [15]-[17]. The goal of
this paper is to propose spatially localized and decentralized
conditions for exponential stability of finite- or infinite-
dimensional spatially distributed systems. Our main focus
is on the class of systems with band (sparse) and Hermitian
state matrices, i.e., matrices whose rows and columns contain
only a few nonzero entries and they are Hermitian.

Our Contributions: First, we provide centralized quanti-
tative characterizations of exponential stability property of
spatially distributed linear systems with finite bandwidth
(i.e., sparse) and Hermitian state matrices. We show that
some of these characterizations are more amenable to lo-
calized and decentralized verification schemes. Next, we
derive a necessary condition for exponential stability that
can be implemented locally at subsystem level using only
local information. Our main contribution is introduction of
some locally verifiable sufficient conditions for exponential
stability. It is proven that these sufficient conditions are also
necessary and almost optimal. The significant feature of our
localized verifiable conditions is that they depend only on
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the spatially localized portions of the state matrix of the
system and they are independent of the dimension of the
entire system. Our results are novel with respect to our
earlier work [18] as in this manuscript our focus is solely
on symmetric systems and propose new design rules (in the
form of several sufficient conditions) for network synthesis
through sparsification (eliminating a coupling by reducing its
coupling strength to zero) or growing (by strengthening the
existing couplings).

Notations: The set CT contains all complex numbers z €
C with nonnegative real-part, i.e., ®(z) > 0. The Hermitian
of a matrix B is shown by B*. The index function on a set
F is denoted by yr and its cardinality by #F. Let £2(V)
(or simply ¢5) contain all vectors ¢ = [¢;];ey with bounded

norms
2\ 1/2
lellz = (3 leif?)

iey
The set B2 contains all matrices B on ¢? with bounded
induced norm

IB|lgz := sup |Bc||z.

llellz=1
II. PRELIMINARY NOTIONS ON SPATIAL GRAPHS

In this section, we recall some preliminary results on
geodesic metric p on connected simple graphs, and we
present several equivalent conditions to characterize matrices
whose spectra are contained in the open left-half complex
plane.

The r-neighborhood of agent ¢ € V over graph G = (V, &)
is defined by B(i,r) = {j € V | p(i,j) < r}. To
study localization features of spatially distributed systems,
we presume that:

Assumption 2.1: The counting measure g on the graph
G is a doubling measure, i.e., there exists a positive number
Dy(G) such that

/Lg(B(i, QT)) < DO(g)MQ(B(iv T))

hold for all 4 € V and r > 0.

The doubling property of the counting measure jpg im-
plies that numbers of agents in r-neighborhood and (2r)-
neighborhood of any agent are comparable.

The maximal number of direct communication links for
every agent in a spatially distributed system with underlying
graph G can be measured by the maximal vertex degree,
which is represented by deg(G). We observe that the dou-
bling constant of the counting measure pg on graph G, i.e.,
the minimal constant Do(G) > 1 for which inequality (1)
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holds, dominates the maximal vertex degree of the graph G,
i.e., deg(G) < Do().

Definition 2.2: A counting measure pg on graph G =
(V,€) is said to have polynomial growth if there exist
positive constants D1(G) and d such that

ng(B(i,r)) < Di(G)(1+1)

forall i €V and r > 0.

For a graph G associated with a spatially distributed sys-
tem, the minimal constants d and D1 (G) for which inequality
(2) hold are so called Beurling dimension and density of that
spatially distributed system, respectively. It is shown in [6]
that the doubling measure ;g has polynomial degree with
D1(G) = Do(G) and d = log, Dy(G).

Remark 2.3: For the class of spatially distributed systems
whose subsystems (nodes) are located on a d-dimensional
manifold and direct communication link between two nodes
exists only if their spatial distance is less than a certain range,
one can prove that the Beurling dimension of this class of
systems is d and density is related to Ricci curvature of the
underlying manifold.

2

III. PROBLEM STATEMENT

The interconnection topology of a spatially distributed
system can be described by an (in)finite graph G := (V, €),
where )V is the index set of all nodes and & is the set of
all interconnection links in the system. A vertex represents a
subsystem (also referred to as node) and an edge between two
nodes means that a direct communication link exists between
them. Throughout the paper, it is assumed that G is un-
weighted, undirected, connected, and simple, i.e., there is no
graph loops nor multiple edges, which can be interpreted as
follows: (i) subsystems in a spatially distributed system can
communicate across the entire network, but they have direct
communication links only with neighboring subsystems, (ii)
direct communication links between agents are bidirectional,
(iii) subsystems have identical communication capabilities,
(iv) the communication component in each subsystem is
not used for data transmission within that subsystem, (v)
there is no multiple direct communication links between two
subsystems.

Since the underlying graph G is connected and undirected,
we can define the geodesic distance p on G such that:

e pg(i,i) =0 for all i € G; and

e pg(i,7) is the number of edges in a shortest path

connecting two distinct vertices 7,5 € G [8].

In many applications, communication between two distinct
subsystems happens by transmitting information through
the chain of intermediate subsystems connecting the two
subsystems using their shortest path. In such cases, the
communication cost between those two subsystems, say
1,7 € V, is usually proportional to their geodesic distance
PG (i’ J )

Definition 3.1: Matrix B = [b(4, j)]; jev is called o-band
for some o > 0 if

bij) =0 if p(i.f) > 0. 3)
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We consider the class of linear time-invariant systems with
finite or infinite dimensions whose dynamics are governed by
the following differential equation

ity = Bu(t), )

dt

where state matrix B is a o-band matrix and initial condition
¥(0) = 1o € fy are known. The exponential stability of
this class of linear systems is one of fundamental problems
in distributed control systems (see [3] and references in
there). The exponential stability of (4) can be guaranteed
by requiring the spectrum of matrix B to lie strictly in the
left-half complex plane, i.e.,

cB)c{zeC|R(z) < -0} 5)

for some 6 > 0.

The localized and decentralized stability verification prob-
lem is practically relevant to several real-world applications.
For instance, it is often the case in a spatially distributed
system that the state matrix B with finite bandwidth is
stored by subsystems in a distributed manner. Since there
are local storage limitations, each subsystem in the network
should only store its own corresponding row (and perhaps
its neighboring rows) in the state matrix. However, each
subsystem have only partial access to information of the
entire state matrix, perhaps due to privacy or security issues
in the network. These limitations encourages us to utilize
localized and decentralized verification tools to check the
spectral set property (5). One of the important features of
our results is that our localized conditions are independent
of the system size.

In this paper, we consider exponential stability of a linear
system (4) on a spatially distributed network with a Her-
mitian state matrix B. First, we present several equivalent
statements on the exponential stability of the linear system
(4) on a spatially distributed network.

Theorem 3.2: Suppose that B is a Hermitian matrix in 2.
Then the following statements are equivalent to each other:

(i) B is strictly negative definite.
(i1) There exists a positive constant Ay such that

[|(zI=B)c|l2 = Aollc]l2 (6)
for all z € C* and ¢ € ¢2.
(iii) There exists a positive constant Ay such that
c*Bc <0 )
and
[Bellz > Aollc|l2 (8)

hold for all ¢ € ¢2.

Condition (8) implies that constant Ay is equal to the
absolute value of the maximal eigenvalue of of negative def-
inite matrix B. For a spatially invariant linear system whose
Toeplitz state matrix Ay = [p(z —J)] o Hf.:rmitian, p(§)
is real-valued and takes negative values. Hence it follows that
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its stability threshold is equal to the lower bound of p(§),

Ay = .flrelﬂfii ‘15(5) |

Derived from Theorem 3.2, we have the following neces-
sary conditions, which can be verified by evaluating maximal
or minimal eigenvalues of some localized matrices.

Theorem 3.3: Let G := (V,€) be the communication
graph of a spatially distributed network. Suppose that the
linear system (4) is exponentially stable with stability thresh-
old Ay and that the state matrix B is Hermitian and belongs
to B, N B2 for some 7 > 0. Then the following localized
inequalities

c*x)'Bx;'c<0 9)

and

X B e > Af|Ixiell3 (10)

hold for all N > 7, i €V and ¢ € ¢2.

For the linear system (4) with a Hermitian state matrix,
sufficient conditions for stability take simple forms.

Theorem 3.4: Let the communication graph G = (V, £) of
a spatially distributed network be undirected and unweighted
and its counting measure pg : 2¥ — Z have the polynomial
growth (2). Suppose that state matrix B € B, N B2 is
Hermitian for some 7 > 0. Then the linear system (4) with
the state matrix B is exponentially stable if there exist a
positive integer Ny and a positive number By, satisfying

C
By > 4\/5; Di(G) (0 + 1) Bl Ny b, (1D

where
HBHOO = Sup |Cl(Z,j)| < 007

i,jEV
such that
X °Bx}’c <0 (12)
and
X BAxG e > BY lIxi ell? (13)
hold for all i,, € Vy, and c € ¢2.
For a given Hermitian matrix B = [b(7,j)]i jey in

B, N B2, the sufficent conditions (12) and (13) in Theorem
3.4 are spatially localized in neighborhood of each leading
subsystem i,, € Vp,, where each subsystems only need to
have access to portion of state matrices B that is determined
by truncation operator Xﬁ:- In particular, the requirement
(12) holds if the largest eigenvalue of the spatially localized
principal submatrix [b(j,j")]; j:eB(,,,N) i nonpositive for
every im € V-

For a Hermitian matrix B, define

By(i)= inf [Bx'c|2,

Ix¥ell2=1

(14)

where N > 1 and ¢ € V. The quantity By (i) is the same
as square root of the smallest eigenvalue of the spatially
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localized matrix

XVBy Y =

>

keB(4,m)NB(5’,7)

b(4, k)b(k, j")

)

J,j'€B(i,N)
(1

and it can be evaluated in a distributed manner. Then the

constant ENU in (13) can be thought of as the uniform

stability threshold for small-scale systems with state matrices

Xﬁ:B?Xﬁfaim € Vn,-

We can prove that { By (i)}, is a decreasing sequence

that converges to Ay for every i € V,
lim By (i) = Ao. (16)
N —o00

Therefore one can conclude that a symmetric large-scale

linear system on a spatially distributed graph can achieve

higher levels of performance whenever the stability threshold

of its properly-localized small-scale systems are improved.

IV. DESIGN OF SPATIALLY DISTRIBUTED NETWORKS

Given an exponentially stable linear dynamical system (4),
we consider a specific class of state feedback control laws
that alters its dynamics in the following manner

d
() = By(t) +u(?), (17

with
u(t) = wEkﬂ/l(t),

where w is a scalar feedback gain and Ey, kI € V), are
matrices whose have zero entries except (k,!)-th and (I, k)-th
entries taking value one. Our design goal is to apply Theorem
3.4 to compute an interval for the scalar feedback gain such
that the resulting closed-loop network

(18)

%¢(t) = (B + wEx)¥(t) (19)

remains exponentially stable with guaranteed stability thresh-
olds and the stability margin being at the same or higher
level as the system (4). This application can be interpreted
as weight adjustment problem in general symmetric linear
dynamical networks in order to enhance stability threshold
via local adjustments and it can be particularly utilized to
strengthen existing couplings (e.g., when b(k,l),w > 0)
or sparsify (e.g., when b(k,l) > 0 and w < 0) coupling
structure of a linear dynamical network. For 7, M > 0, let
B-(M) denote the set of all band matrices B € B, with
bounded entries || Bl < M.

Theorem 4.1: Let the communication graph G = (V,€)
of the linear system (17) be undirected and unweighted and
its counting measure pg : 2¥ — Z, have the polynomial
growth property (2). Assume that the linear system (17) is
exponentiable stable and its state matrix B = [b(7, j)]; jev
is a Hermitian matrix in B, (M) N B? for some 7 > 0 and
M > 0. Take an integer Ny such that
Bn, inf By, (im) > 4M

im EVNO

% D1(G)r(r+1)4N; L.
(20)
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For k,1 € V with p(k,l) < 7 define

Ma =  inf inf  R((P°c)*EuBP; c) (21)
p(k,im)<No plNo lla=1 m m
o im<ng  1Pigcllz=
and
N, N,
Bkt =  sup sup &E((Pin‘;c)*EleP%‘jc),
(ki) <N NO [0
pim<ng 1P el2=1

(22)
where By (i) is given by (14), Pf\fn" is the projection matrix
onto the eigenspace of the localized matrix X?ff B2X£\Z:
corresponding to its smallest eigenvalue (B, (,,))2. Then
the following statements hold:

(1) If mi; > 0, then there exists ¢g > 0 such that for every
weight w € (0,¢p) such that the modified network (19)
is exponentially stable and the state matrix B + wEy; still
belongs to B, (M).

(ii) If Bx; < 0, then there exists €; > 0 such that for every
weight w € (—e1,0) such that the modified network (19) is
exponentially stable and B 4+ wEy, still belongs to B, (M).

The proof of Theorem 4.1 is technical and eliminated due
to space limitations. Suppose that {efvo ,...,eﬁff } is an
orthonormal basis of the eigenspace coi’respondinkg to the
smallest eigenvalue (B No (im))? of the matrix in (15). Then,
the projection matrix in Theorem 4.1 can be represented by

k
P =" (e )T

s=1

When the smallest eigenvalue is simple with normalized
eigenvector qiNn ?, the project matrix is given by

where constraint HPiVOC”Q = 1 implies that

No

Tm

N
c=q,-
This results in the following closed-form solutions

inf %((P%C)*EMBP%C) =R ((qﬁi’)*Eleqﬁf)

No _
IPNoc=1

and

sup

N,
HP/L'TSCH2=1

R((PYoc) BuBPoc) = R (o) BuBa)")

that can be useful to evaluate 7;; and [g; in (21) and (22).

The quantities ng; in (21) and Sy; in (22) can be evaluated
by using entries b(i, j) of the matrix B with

7;7j S B(k,?N(] +T) mB(l72N(] +7')

Therefore, the requirements 7; > 0 and Sx; < 0 in Theorem
4.1 can be verified by applying local information of the
matrix B in a localized neighborhood of nodes k,l € V.
Given k,l € V, we should select positive weight w if 7, > 0
and negative weight if 5; < 0.

The results of Theorem 4.1 will remain true if matrix Ey;
is replaced by Ry;(0) whose (k,1)’th and (I, k)’th entries
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are sin 0, (k, k)’th entry is cos 6, and (I,!)’th entry is — cos 6
for some 0 < 6 < . We can establish similar result when
the matrix Ej; in Theorem 4.1 is replaced by L;; in which
L;; = eef + eje;f —E;; and e;’s are the standard basis for
ls.
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