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Equilibrium fluctuations of a semiflexible filament cross linked into a network
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We examine the equilibrium fluctuation spectrum of a semiflexible filament segment in a network. The effect
of this cross linking is to modify the mechanical boundary conditions at the end of the filament. We consider
the effect of both tensile stress in the network and its elastic compliance. Most significantly, the network’s
compliance introduces a nonlinear term into the filament Hamiltonian even in the small-bending approximation.
We analyze the effect of this nonlinearity upon the filament’s fluctuation profile. We also find that there are
three principal fluctuation regimes dominated by one of the following: (i) network tension, (ii) filament bending
stiffness, or (iii) network compliance. This work provides the theoretical framework necessary to analyze activity
microrheology, which uses the observed filament fluctuations as a noninvasive probe of tension in the network.
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I. INTRODUCTION

A variety of biological materials are composed of semi-
flexible filamentous networks, including F-actin, collagen,
fibrin, and intermediate filaments [1–3]. Such networks have
a rich linear rheology [4–6] and exhibit a characteristic set of
nonlinear mechanical features, such as negative normal stress
[7,8], nonaffine deformations [9–11], and strain hardening
[12,13]. Because of these nonlinearities, tension propagation
in filament networks appears to strongly deviate from the
predictions of continuum elasticity theory, making it difficult
to predict both the interactions between molecular motors in
cytoskeletal networks and between force-generating cells in
the extracellular matrix.

Microrheology has been a useful probe for the local me-
chanical properties of such systems and a number of tech-
niques have been developed [3]. This approach uses the po-
sition fluctuations of tracer particles, measured using any one
of a variety of instruments such as optical tweezers [14–16]
or laser deflection tracking [17,18], to extract the collective
elastic response properties of the network. A related microrhe-
ological approach that might allow one to map tension in
filament networks is to monitor the transverse undulations of
the network’s filaments. Each filament’s observed fluctuation
profile is specified by its intrinsic bending rigidity and ap-
plied tension so these measurements produce a tension map
in the network, as already explored by Lissek et al. [19].
To enable this activity microscopy, one must consider the
predicted fluctuation spectrum of a filament cross linked into a
network of similar filaments. This cross linking to the network
introduces new mechanical boundary conditions on the ends
of the filament so that the filament’s fluctuation spectrum not
only reports on its intrinsic mechanics, e.g., bending modulus,
but also on the collective mechanical compliance and stress
state of the network to which it is coupled.

In this manuscript we focus on this question of the role
of the boundary conditions on filament fluctuations, showing

that coupling the filament to an elastic network necessarily
introduces a non-quadratic term in the filament’s Hamiltonian,
even in the small bending approximation. The analysis of this
issue, which is necessary to enable activity microscopy in
the filament networks, poses a few theoretically interesting
problems explored here.

In the remainder of this manuscript, we explore the role of
boundary conditions of various complexities, starting from the
classic problem [13] of a filament with its ends constrained to
lie along one axis and subjected to a fixed tensile load. Our
analysis culminates with the case in which the filament’s end
point is coupled to a combination of two Hookean (linear)
elastic springs with differing spring constants such that one
is oriented perpendicular and the other parallel to the un-
deformed filament’s path. This is the most general possible
coupling of the filament to a linear elastic solid. We do
not consider the effect of applied constraint torques at the
boundary, because we assume that the linker molecules are too
small to provide significant torques. In addition, we allow a
variation of the rest length of the longitudinal spring, enabling
us to apply a fluctuating tension with a nonzero mean. This
allows us to explore how the local filament fluctuations report
on the stress state of the network. We summarize our result as
well as discuss experimental tests and dynamical extensions
in Sec. V.

II. SEMIFLEXIBLE FILAMENT MODEL

To study the effect of various boundary conditions on fila-
ment fluctuations, we will compute the two-point correlation
function of the transverse displacement u(x) of an element of
a filament labeled by an arclength variable x. The two-point
function

G(x, x′) = 〈u(x)u(x′)〉 (1)

is a natural extension of the particle mean-square displace-
ment to filaments. The angular brackets 〈. . .〉 denote a
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u(x, t)

FIG. 1. A schematic diagram of a particular filament (blue) cross
linked into a network of similar filaments (red). The cross links are
represented by rings.

thermal average. We do not consider here nonequilibrium
(e.g., motor driven) situations, but such extensions are, in
principle, possible.

A schematic drawing of the filament is shown in the upper
panel of Fig. 2. The projected length �, contour length �∞,
and longitudinal spring anchor point x0 are all shown in the
lower panel of that figure. We treat the filament as being
inextensible with contour length �∞ less than its persistence
length �p ≡ κ/kBT . In this limit we may neglect states of the
filament containing loops or overhangs and describe its state
of deformation by a two-dimensional vector valued function
u(x), giving the transverse displacement of a material element
of the filament parameterized by the arclength. To quadratic
order in these displacements, the Hamiltonian admits two
independent polarization states of these undulatory waves; we
focus on just one of these here, replacing the vector u(x) by
a scalar quantity u(x). In the presence of externally applied

u(x, t)

x

k⊥
x0

k̃

∞

Δ > 0

x0 < 0

FIG. 2. Above: Schematic diagram of a single semiflexible fil-
ament with the left endpoint pinned. Both endpoints are subject
to torque-free boundary conditions. The right endpoint is attached
to a combination of a longitudinal spring of rest length x0 with
spring constant k‖, and a transverse spring of zero rest length
with spring constant k⊥. These represent the elastic compliance of
the network. Below: A schematic diagram showing the connection
of the longitudinal spring and the various lengths defined in the text.
The spring’s anchor point x0 is positive when that spring applies
tension to the perfectly stretched filament, � = �∞. The change in
projected length �� is defined oppositely, becoming positive as the
filament contracts.

tension τapplied, the elastic energy of deformation is given
by [13]

H0 = 1

2

∫ �

0
dx[κu′′(x)2 + τappliedu

′(x)2]

− τapplied�∞ + 1

2
k̃‖(�� + x0)

2. (2)

Here primes denote derivatives with respect to arclength x.
k̃‖ is the spring constant of the external longitudinal spring.
We introduce the transverse spring shown in Fig. 2 through
the boundary conditions, as discussed below. To this order in
u, we may neglect the distinction between that arclength and
the projected length along the direction of the undeformed
filament x̂. We here, and throughout this manuscript, take the
range of integration to be over the projected length � and
hereafter suppress the limits of integration on such integrals.
One may neglect the penultimate term in Eq. (2) proportional
to the externally applied tension, τapplied.

Inextensibility demands that the contour length �∞ remain
unchanged, while filament undulations decrease the filament’s
projected length � relative to the contour length. Geometry
relates the difference between these two lengths, defining
�� as

�� ≡ �∞ − � ≈ 1

2

∫
u′(x)2dx, (3)

where we have kept terms in the integral up to O(u′2).
The boundary conditions obeyed by the filament are found

by applying the variational principle to Eq. (2). Due to the ap-
pearance of fourth order derivatives in the equation of motion,
there are four equations to be satisfied. Pinning the left end of
the filament at zero and demanding that the second derivatives
u′′(x) vanish at both endpoints (the torque free condition)
eliminates three of these. The remaining boundary condition
corresponds to controlling either the transverse force F ext

⊥
(conjugate to u) or the displacement of the right end point.
The first choice of fixing the transverse force leads to

−κu′′′(�) + τu′(�) = F ext
⊥ , (4)

while pinning the transverse displacement at the right end
leads to the simpler condition

u(�) = 0. (5)

Using Eq. (4) we may impose any number of forces on
the end point that depend on that point’s displacement. The
most useful for our purposes is that of a Hookean spring
(with zero rest length), which we implement by adding to the
Hamiltonian

Hk⊥ = 1
2k⊥u(L)2, (6)

which leads to the boundary condition

F ext
⊥ = −k⊥u(�). (7)

We have assumed the rest length of the transverse spring to be
zero. Any finite rest length can be eliminated by rotating the
mean filament axis, and insisting that the longitudinal spring
remain longitudinal. In this manuscript we consider boundary
conditions in which the two springs remain orthogonal to
each other so that their energies decouple to lowest order
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in stretching. More complex elastic boundary conditions can
also be explored.

Equations (2) and (3) allow us to account for the forces as-
sociated with the deformation of the longitudinal spring. This
generates a shift in the tension from the externally applied
one τapplied to one that accounts for the spring’s forces τ—see
below. Due to that spring, the instantaneous tension acting on
the filament depends on its deformation state. This introduces
a nonlinear and nonlocal term into the energy functional,
because the tension depends on the difference between the
projected length and arclength of the filament, which is given
by an integral over the filament’s configuration. We obtain

H = 1

2

∫
[κu′′(x)2 + τu′(x)2]dx

+ k‖
2

∫
u′(x)2u′(y)2dxdy, (8)

provided we identify

τ = τapplied + k̃‖x0, (9)

k‖ = k̃‖/4. (10)

In this calculation we assume that the change in tension
along the filament is instantaneous. This means that we treat
the longitudinal speed of sound in the filament as being
infinite, which is consistent with our inextensibility condition.
Presumably, this condition may be violated for very high
wave-number modes on very long filaments so that these
modes relax faster than the tension propagation time.

There are, indeed, other nonlinear terms associated with
higher curvature configurations of the filament. Such correc-
tions include geometrically nonlinear but local terms in the
Hamiltonian of the form (u′′u′2n)2 for n � 1 [20]. There may
also be local elastic nonlinearities that affect the energetics
of highly bent configurations of the filament. We justify ne-
glecting all of these terms by requiring the persistence length
be sufficiently large, which suppresses highly bent (small
radius of curvature) configurations. The new nonlinear and
nonlocal term introduced by the longitudinal spring may not
be neglected in this limit of stiff filaments. We emphasize that,
while both the longitudinal and transverse springs affect the
boundary conditions, only the longitudinal spring introduces
nonlocal terms in the Hamiltonian.

Before studying the full problem, we first briefly review the
properties of the equilibrium two-point function [Eq. (1)] for
a filament with pinned transverse undulations at its endpoints
[13]. The remaining pieces of the Hamiltonian are diagonal-
ized by Fourier sine series

u(x) ≡
∑
p

up sin(px). (11)

The zero displacement boundary condition—see Eq. (5)—is
satisfied by expanding the transverse displacements in half-
integer wavelengths p = nπ

�
n ∈ N. The two-point function is

then

G(0)
nm = 2kBT/�

κ p4n + τ p2n
δnm. (12)

There is a crossover between curvature-dominated modes
at high p and tension-dominated ones for modes with wave
number smaller than

√
τ/κ . Thus, tensed filaments admit a

second length scale in addition to the thermal persistence
length:

�t =
√

κ/τ , (13)

which we refer to as the tension length. An alternative descrip-
tion of this result is that the filament’s fluctuations are gov-
erned primarily by bending provided that the tension is small
in magnitude when compared to scale of the compressive
force necessary to induce Euler-buckling: κ/�2 = kBT �p/�

2.
Because of the Kronecker δ linking the wave numbers

p and p′ in the two-point function, it is straightforward to
transform G(0)

mn back into position space to obtain G0(x, x′).
We find

G(x, x′) = 2kBT

τ

∞∑
n=1

sin(nπx/�) sin(nπx′/�)
�2t p4n + p2n

. (14)

We observe that the amplitude of mean-square undulations√
G(x, x) peaks at the midpoint �/2, and that the fluctuation

amplitude is dominated by the longest wavelength modes,
which are on the order of the contour length �.

III. TWO-POINT FUNCTION OF FILAMENT
ATTACHED TO SPRINGS

We now determine fluctuations of a filament attached to
both a transverse and longitudinal spring, k⊥ and k‖, respec-
tively, at its right end point. These elastic couplings may
be thought of as representing the elastic compliance of the
network in which the filament is embedded. A sketch of
such a situation is shown in Fig. 1. The schematic diagram
corresponding to the single filament model is shown in the
upper panel of Fig. 2. We begin by examining the effect of
each type of spring individually on the fluctuation spectrum
of the filament, before considering their combined effect.

A. Transverse boundary spring

We start with only a transverse spring. This spring shifts
introduces a force-controlled boundary condition given by
Eqs. (4) and (7). The terms of the sine series introduced in
Eq. (11) no longer individually satisfy this boundary con-
dition. This and the additional energy associated with the
transverse spring constitute its full effect.

We seek to compute the partition sum

Z =
∫

Due−βH . (15)

Normally, this is accomplished by expanding the confor-
mations of the filament in terms of the eigenfunctions of
the Hamiltonian. This expansion makes the sum over states
straightforward. The introduction of the more complex bound-
ary condition at the right end of the filament makes these
eigenfunctions much more complicated than the simple sine
series we used earlier. In this subsection, we first show that
one can still use the sine series and impose the transverse
force boundary condition as a constraint on the infinite sum
of the amplitudes of these sine modes. We then translate

012408-3



JONATHAN KERNES AND ALEX J. LEVINE PHYSICAL REVIEW E 101, 012408 (2020)

those constraints into a correction to the Hamiltonian, which
now may be expanded in the sine series without further
consideration of the problematic boundary condition.

We begin by writing the partition sum, Eq. (15), in terms
of a sine series, and impose the boundary conditions by a δ

function as

Z =
∫ ∏

q

duq

[
δ

(∑
q

F [uq]

)]
e−βH [uq]. (16)

These boundary conditions introduce a constraint on the set
of all the Fourier mode necessary to satisfy transverse force
balance at the right-hand side of the filament. We further
assume that the equation of constraint is a homogeneous
function of the amplitude of the Fourier mode uq of first
degree so that it may be written as

F [un] = ψnun. (17)

There is no sum over the repeated index. The form of ψn

depends on the boundary condition employed, but this form
will always result as long as that boundary condition is a linear
function of the displacement field and its derivatives.

We replace the δ functions by their limit as narrow Gaus-
sians and thereby push the equations of constraint into the
exponent, writing

Z = lim
ε→0

1√
4πε

∫ ∏
n

dun e
−β

∑
nm{ F [un ]F [um ]

4εβ +H [un]}. (18)

The boundary conditions now make up part of a new Hamil-
tonian of the filament H̃ [uq] which is still quadratic in the u
fields but no longer diagonal in them. The effective Hamilto-
nian is given by

H̃nm = 1
2

[
G(0)

nm

]−1
u2n + 1

2

[
G(1)]−1

nmunum. (19)

The purely diagonal part G(0)
nm ∝ δnm is given by Eq. (12).

The correction to this coming from enforcing the boundary
conditions is [

G(1)
nm

]−1 = ψn√
2εβ

ψm√
2εβ

. (20)

For the case of a transverse spring attached to the right
endpoint, we find that

ψn = (−1)n
[
κ p3n + τ pn + k⊥ cos(nπ ) sin(nπ )

]
. (21)

It appears that the last term in the above expression can be
safely set to zero, but this amounts to an incorrect ordering
of limits that will result in not enforcing the transverse force
balance term correctly at the endpoint. We return to this point
below.

The Sherman-Morrison identity [21] allows one to write
the inverse of a matrix plus a dyadic as

(G−1 + vwT )−1 = G − GvwTG

1 + wTGv
. (22)

Using this, we invert the quantity [G(0)]−1 + [G(1)]−1 and
obtain

G̃nm = G(0)
nm − G(0)

nk ψkψlG
(0)
lm

2ε + ψkG
(0)
kl ψl

. (23)

This ε → 0 limit is now well defined. Taking that limit here,
we arrive at the two-point function corrected for the transverse
spring boundary conditions.

The result as written contains indeterminate parts equal to
divergent sums multiplying zero. We address these now. We
may write the two-point function in Eq. (23) in the following
form:

G̃nm = G(0)(pn)δnm − FnFm
D

, (24a)

D = ψkG
(0)
kl ψl , (24b)

Fn = G(0)
nmψm. (24c)

The key term is D, which is given by

Dβ =
∞∑
n=1

(
κ p2n + τ

) + k⊥�

∞∑
n=1

sin 2nπ

nπ

+ k2⊥�2
∞∑
n=1

sin2 nπ

n2π2
. (25)

D is clearly divergent. This arises because we are evalu-
ating a Fourier-series outside of its radius of convergence,
requiring us to analytically continue the sums. We start by
noting that the third term is convergent so we may safely
set it to zero using the sine function. The first term may be
quickly calculated by noting continuations of the Riemann
zeta function: ζ (0) = 1/2 and ζ (−2) = 0. Since the sums
start at n = 1 we find for the first line −τ/2. The second term
is indeterminate. However, we notice that it is the Fourier sine
series of the function k�( 12 − x

2L ), evaluated at x = 2L. From
this we observe that the sum must give −k�/2.

Turning to the calculation of F we find

2β

�
Fn = (−1)n/pn, (26)

as may be checked directly from Eq. (24c) and the definitions
of G(0) and ψ . Putting these pieces together we find the
corrected two-point function:

G̃nm = 2kBT/�

κ p4n + τ p2n
δnm + 4kBT/�

τ + k⊥�

(−1)n+m

pnpm
. (27)

The two-point function decomposes into a sum of a diagonal
part identical to that of the pinned filament—see Eq. (12)—
and an off-diagonal term, coupling modes with different wave
numbers. This off-diagonal coupling results from the trans-
verse spring boundary condition that introduces a coupling
between various modes (labeled by wave number) since that
boundary condition enforces a constraint on the sum of those
modes.

The off-diagonal term in Eq. (27) depends on the sum
of two tensions: the externally imposed tension τ and a
term proportional to the transverse spring constant k⊥�. The
magnitude of this term is controlled by the larger of these
two tensions. When both the tension and transverse spring
constant both go to zero, we have the problem of a filament
with a free end. The expansion of the system in terms of sines
then fails, as is signaled by the divergence of the two-point
function.We note that the real-space solution for the two-point
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p p

p

p

=

=

δpp 2kBT/

κp4 + τp2

k 2p2p 2

8kBT

FIG. 3. The free propagator and nonlocal vertex. Slashes denote
multiplication by momentum squared. The four field interaction
depends on two independent momenta.

function G(x, x′) for the case of a transverse spring can also
be obtained, as shown in the Appendix.

B. Longitudinal spring

We now consider a filament pinned at its right endpoint and
attached to a longitudinal spring. The Hamiltonian is Eq. (8),
with the boundary condition Eq. (5). This time, incorporating
the boundary condition generates a nonlocal term in the
Hamiltonian:

V = k‖
2

∫
u′(x)2u′(y)2dxdy, (28)

as seen in the second line of Eq. (8). Despite this complication,
the two-point function remains exactly solvable. We write the
two-point function in terms of a perturbation theory in the
parameter k‖. Although the second term of Eq. (8) is not small,
we will find that we can sum up all perturbative corrections to
obtain a finite answer.

The two-point function can be written as a sum over
cumulants [22],

〈u(x)u(x′)〉 =
∞∑
n=0

(−β )n

n!
〈V nu(x)u(x′)〉0,c, (29)

where 〈. . .〉0,c denotes the cumulant averaged with respect
to the Hamiltonian in Eq. (2). The perturbation series is
most easily evaluated by reciprocal space. We may organize
the perturbation theory diagrammatically—see Fig. 3. The
interaction vertex, Eq. (28), is rather unusual. It is represented
by a pair of disconnected propagators, with arbitrary wave
numbers p, p′, respectively.

The series Eq. (29) is shown diagrammatically for the first
few terms in Fig. 4. Consider the mth order contribution to
the two-point function. It is given by all possible contractions
of m vertices and two external legs. Due to the form of the
interaction term, all loops are disconnected and thus do not
contribute to the cumulant. As a result, only lines contribute to
the two-point function. Each diagram at mth order is identical

and equal to βk‖�2

8 p4G0(p)G0(p)2m, with G0(p) defined in
Eq. (12). The final step is to determine the combinatoric factor
counting the number of identical diagrams at mth order. In-
specting Fig. 4, we find a total of (4m)!! possible contractions
at mth order. Thus, we obtain

〈upup′ 〉 = δpp′G0(p)
∞∑
n=0

(−βk‖�2p4G0(p)
2)n

(4n)!!

8nn!
. (30)

The sum can be simplified by two identities. First
(4n)!!8−nn!−1 = (2n − 1)!!. The second is (2n − 1)!! =

+ +

...+
=G(p)

FIG. 4. The first three diagrams in the perturbative expansion of
Green’s function. No loops are possible with dressed propagators in
the connected diagrams, allowing the series to be resummed.

(2π )−1/2
∫
dse−s2/2s2n. The second identity regulates the in-

finite sum in Eq. (30). Inserting these two identities and
summing the resulting geometric series yields

G(p) = Ḡ0(p)

√
2

π

∫ ∞

0
ds

e−s2/2

1 + βk‖�2p4Ḡ2
0s

2
, (31)

where we have written Gnm(p) = G(p)δnm. We account for
bubbles∼ 〈u2(x)〉 in the dressed propagator Ḡ0(p), by shifting
τ → τ + 4k〈��〉, where �� satisfies the mean field equation.
Performing this integral, we complete the calculation of the
two-point function. We find

Gnm(p) =
√

π

2βk‖�2
ez

2
nErfc(zn)

p2n
δnm, (32)

where we have introduced

zn = κ p2n + τ

2
√
2k‖/β

. (33)

To gain some physical insight into this result, we rewrite
Eq. (32) as an integral by using the definition of the compli-
mentary error function:

G(p) = 1

p2

∫ ∞

0
dλe− 1

2 β�(κ p2+τ )λ− 1
2 βk‖�2λ2

. (34)

The integral is dominated by its small λ behavior. Specifically,
the integral is controlled by the value of λ for which the
argument of the exponential

−2
(λ) =
(
p2��p + �p�

�2t

)
λ + �p�

2

�3k
λ2 (35)

equals one. Here we have defined a new length scale,

�k = (κ/k‖)1/3, (36)

governing the competition between bending and spring ef-
fects. Considering the thermal persistence length and the
tension length, the filament coupled to a longitudinal spring
admits three independent length scales. The dependence of
the integral upon p and these length scales is determined by
which of the three terms in Eq. (35) reaches unity first with
increasing λ. There are clearly three possibilities generating
three distinct results as shown in Fig. 5.

We fix the ratio of the persistence length to the total of
the filament: z = �p/�. Since the lowest-order bending mode
will dominate, we may replace the wave number p� by π in
the following. In the spring dominated region the λ2 term in

 reaches unity before the other two terms (with increasing
λ). This provides two inequalities. The first, it requires that
y = �t/� is greater than x3/4(z/2)1/4 where x = �k/�. The
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(x∗, π−1)
.

∼ t
3/4

t

k/

Spring Bending 

Tension 

FIG. 5. Parameter space spanned by the ratios of the tension
length and the longitudinal spring length to the filament’s length.
The three regions are defined by the type of boundary term
that dominates the fluctuation profile: tension, network compliance
(spring), or filament bending. The three regions coincide at the point
[(2/z)1/3π−4/3, π ]. The persistence length is set to be �p = � so that
z = 1.

second, it requires x < x� = (2/z)1/3π−4/3. These provide the
boundaries of the spring dominated regime (spring). Below
and to the right of the spring dominated region lies the
tension-dominated regime (tension) in which the tension term
(z/2)λy−2 reaches unity before the other two terms. This
region extends to the right of y = x3/4(z/2)1/4 and bounded
above by y = 1/π . Finally, the remaining part of the param-
eter space diagram is dominated by the longest wavelength
bending mode. This is the bending dominated regime (bend-
ing); see Fig. 5.

The basic principle determining these regions is that the
stiffest elastic element exerts the dominant influence upon the
fluctuation amplitude. The corresponds to picking the shortest
of the length scales associated with tension, bending, and
network compliance introduced above. The key signature of
these three regimes can be understood as follows. Within the
bending-dominated regime, the bending modulus dominates
the amplitude of transverse undulations so that 〈u2〉 ∼ �3T/κ .
In the tension-dominated regime, the same undulations are
controlled by the tensile stress in the network so we expect
〈u2〉 ∼ �T/τ . Finally, in the region of parameter space where
the network’s compliance controls the amplitude of filament
undulations, we expect to observe 〈u2〉 ∼ �

√
T/k‖, making

the variance of u in this regime proportional to
√
T .

To use the observed fluctuations for a filament-based
tension probe, it is desirable to be in the tension domi-
nated regime. For most semiflexible filaments of interest
z = �p/� � 1. As a result, the boundary x� is typically quite
small, resulting in a large tension-dominated regime. Based
on the boundary between the tension and network compliance
(spring) dominated regions, we expect that the minimum
observable tension should be ∼√

T k‖. In fact, the region of
parameter space at small tension y < π−1 where there is a
transition from the tension-dominated fluctuation spectrum to
the transverse spring dominated fluctuation spectrum [along
the curve y = π−1(x/x�)3/4] is likely to be hard to access ex-
perimentally. All three regions, however, may be observable,
particularly for sufficiently stiff filaments.

FIG. 6. Log-log plot of the two-point function G(p) with respect
to wave number for parameters � = 1μm, κ = 0.0413(pNμm), τ =
4.133(pN ), and k‖ = 5(pN/μm). There are two scaling regimes. The
dashed lines illustrate their slopes in the two regimes. At low wave
number, the fluctuations are dominated by a combination of tension
and network compliance, while at high wave number, they are
controlled by the filament’s bending stiffness. Network compliance
shifts the transition p∗ ≈ (�3k�)

−1/4 to the higher wave numbers,
provided we are in the spring-dominated regime �t � (�3k�)

1/4.

For a fixed set of parameters we examine the scaling
behavior of the two-point function with wave number p. Using
the result for the two-point function with a longitudinal spring
in Eq. (32), we make a log-log plot as shown in Fig. 6.
For large k‖, a series expansion shows that G(p) ∼ p−2, as
expected for a tension-dominated filament. As for a simply
pinned filament, there is a transition with increasing wave
number from this tension-dominated regime G(p) ∼ p−2, to
a bending dominated one where G(p) ∼ p−4. The presence of
the longitudinal spring changes that crossover point when that
spring constant is sufficiently large.

These two scaling regimes are well-known for semiflexible
polymers under a fixed tension [13]. The crossover wave
number is there given as p∗ = �−1

t = √
τ/κ . When the spring

constant is sufficiently small, i.e., k‖ < k∗
‖ = min( τ 2�

κ
, π4κ2

2�4kBT
),

the crossover wave number is essentially unaltered by the
presence of the spring. But, when k‖ > k∗

‖ , then p∗ ≈ (�k�)1/4,
which implies that, with decreasing spring constant, p∗ de-
creases as p∗ ∼ k1/4‖ until it reaches �−1

t .
The transition from bending dominated to tension domi-

nated modes should be experimentally accessible upon chang-
ing the longitudinal spring constant using a laser trap to hold
one end of the filament. For filaments with lengths on the
order of μm and a slightly longer persistence length, the
longitudinal spring k‖ controls the crossover wave number
p∗ when the applied tension is O(1)pN, and the longitudinal
spring constant is sufficiently small: k‖ � O(1)pN/nm. This
is achievable with laser traps.

In addition to the crossover between bending and tension
dominated regimes, one may look for the mean tension in the
filament. This is perhaps the most important theoretical result
for the purposes of activity microscopy in networks. We can
simply determine the mean filament tension from the relation

〈τ 〉 = τapplied + k‖x0 + k‖〈��〉. (37)
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τ = 0.1pN/μm

τ = 1pN/μm

τ = 10pN/μm

x (μm)

u
2
(x

)(
nm

)

FIG. 7. Plots of the exact root mean-square height-height fluc-
tuations for parameters � = 1μm, �p = 4/3�, �t = 0.1�. The aver-
age tensions of 0.1, 1, and 10 (pN/μ) correspond to lengths �k =
0.1123, .0498, and .01937 (μm), respectively. The mean tension 〈τ 〉
is calculated using Eq. (37).

The average reduction of projected length of the filament due
to thermal undulations can be directly computed from the two-
point function via: 〈��〉 = �

2

∑
p G(p)p

2. We show in Fig. 7
the expected fluctuation profiles for a range of values κ and
〈τ 〉. From these one can compute the mean tension.

IV. TRANSVERSE AND LONGITUDINAL SPRINGS

Now we consider the combination of a longitudinal and
a transverse spring attached to the right end point. This
represents the most complex boundary condition that will
be encountered in a generic filament network. For this com-
bination of springs, we have not found an exact solution,
but we provide a self-consistent (Hartree) calculation for
the fluctuation spectrum in which we replace the fluctuating
tension in the filament by the longitudinal spring with its mean
value obtained self-consistently in the calculation.

The essential step is to replace the quartic term in the
Hamiltonian Eq. (8) by

k‖
2

[∫
u′(x)2dx

]2

→
∑
p

k‖

[(
�

2

)
p2〈��〉 + 1

2

(
�

2

)2

p4Gp

]
u2p.

(38)

The second term results from the mixed term 〈u′(x)u′(y)〉. We
will show that it may be safely ignored. Upon substituting
Eq. (38), the two-point function is immediately found to be

〈upup〉MFT = 2kBT/�

κ p4 + τ p2 + 2k‖〈��〉p2 + k‖�p4〈upup〉MFT
.

(39)

The final term in the denominator on the right-hand side of
Eq. (39) depends on the full two-point function and must be
satisfied self-consistently. In short, we replace

k‖
2

[∫
u′(x)2dx

]2

−−→
MFT

k‖〈��〉
∫

u′(x)2dx. (40)

k⊥ = 0

k⊥ = 1(pN
/μm)

k⊥ = 10(pN/μm)

k⊥ = 100(pN/μm)

x (μm)

∼ k−1
⊥

u
2
(x

)(
μ
m

)

k⊥ (pN/μm)

u
2
(

)(
μ
m

)

FIG. 8. The MFT root-mean-square fluctuations for various val-
ues of the transverse spring constant k⊥. The inset provides a log plot
of the root-mean-square fluctuations at the spring (right-hand side),
as a function of k⊥. For large large k⊥, the endpoint fluctuation scales
as

√
u2(�) ∼ k−1

⊥ , as expected for an ideal spring. Parameter values
are κ = 0.0413 (pNμm), τ = 4.133 (pN), and k‖ = 5 (pN/μm).

Now we impose a self-consistency condition on the heretofore
unknown value of 〈��〉. This approximation is valid provided
that the variance of �� is small, i.e.,

√
〈��2〉c � 〈��〉.

The MFT Hamiltonian is of the form Eq. (2), but with
τ −→ τ + k‖〈��〉. The two-point function is found using our
previous analysis of the transverse spring problem. We write

〈upup〉MFT = 2kBT/�

κ p4 + τ p2 + 2k‖〈��〉p2 . (41)

We now impose the self-consistency condition by requiring
that

〈��〉 = kBT

2

∑
p

1

κ p2 + τ + 4k‖〈��〉 . (42)

Because of the slow convergence of the sum, it is more con-
venient to solve the self-consistency condition Eq. (42) in po-
sition space. We note that Eq. (41) is the Fourier-transformed
Green’s function associated with the equation of motion for
u(x), as can be obtained by the functional derivative of the
self-consistent Hamiltonian. This result, however, applies to
the case in which we do not allow transverse displacements
at the right end. By changing this Green’s function to the
one appropriate for the transverse spring boundary condi-
tion while keeping the shift in tension, we can obtain the
correct self-consistent condition for the case of a transverse
spring (as well as a longitudinal spring). The position space
Green’s functions for transverse boundary conditions, and
their respective self-consistency conditions are shown in the
Appendix. Specifically, we make use of Eqs. (A7) and (A11)
to plot fluctuation dependence on transverse spring strength,
as shown in Fig. 8.

Figure 8 plots the self-consistent two-point function
〈u(x)2〉MFT with a transverse and longitudinal spring. We vary
the spring constant of the transverse spring k⊥ making several
curves. Stiffer transverse springs clearly suppress endpoint
fluctuations, but that suppression only decreases the variance
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of the endpoint logarithmically in k⊥. Modest amplitude de-
creases require exponentially larger spring constants.

V. CONCLUSION

We have analyzed the effect of various mechanical bound-
ary conditions on the equilibrium fluctuation spectrum of
a semiflexible filament. This work expands upon the well-
known case of equilibrium filament undulations for a filament
constrained to have its end points fixed to lie on an axis and
with a prescribed tension. Specifically, we have considered the
case in which there are Hookean elements constraining both
the transverse and longitudinal displacement of an end in the
presence of mean tension (or compression). We have shown
that one can directly account for the effect of a transverse
harmonic pinning potential acting on the filament ends. More
interestingly, the effect of the longitudinal harmonic potential
acting on the projected length of the filament introduces a fluc-
tuating tension, which is manifested as a nonlinear (quartic)
term in the filament Hamiltonian, even in the case of filaments
shorter than their own thermal persistence length, where
geometric nonlinearities associated with the local filament
curvature can be neglected. Understanding the implications of
these boundary conditions for the fluctuations enable one to
quantitatively interpret the fluctuations of a filament segment
cross-linked to a network of such filaments in terms of the
various model parameters, since the surrounding network acts
to impose elastic constraints on the segment’s end points.

Previous studies of wormlike chain dynamics have in-
corporated local filament extensibility by introducing a new
elastic variable, the elongational strain, which is geometrically
related to transverse undulations [23]. Our tensile load is
treated as being uniform along the filament, but it is controlled
by the transverse undulations of the filament, leading to our
nonlocal term in the Hamiltonian. For extensible filaments,
however, the locally varying tension would also depend on
these elongational modes.

We point out that applying the elastic element to only
one end should be relevant for this application to networks,
since the energy of these “network springs” depends only on
the filament’s deviation from being straight and its projected
length along its path in an unstressed state. Moreover, the local
effect of shear deformation should be to apply a local tension
or compression. Even in the case of nonaffine deformation
[9,24], where applied shear stress leads to local bending, we
expect that the linearity of the response of the filament to
bending (over small angles) will decouple the fluctuations
from the mean bending. Thus, this analysis should allow one
rather generally to use the observed transverse fluctuations
as sort of a microrheological probe of tension propagation in
networks using activity microscopy.

When we consider a filament subjected to a longitudinal
elastic boundary condition that also imposes a finite mean
tension, we note that there are three distinct regimes of
fluctuations in which the scale of transverse undulations is
controlled by one of: (i) the elastic boundary condition, (ii) fil-
ament bending, or (iii) mean tension. We have determined the
boundaries of these parameter regimes, showing that tension
dominates the longitudinal compliance down to small tensions
on the order of

√
T k‖. This result sets the minimum tension

that may be resolved by activity microscopy. Using this result,
we expect that for biopolymer networks with a modulus on the
order of kPa and mesh size on the order of one micron, we will
be able to resolve tensions down to ∼1 pN. This should enable
the detection of both prestress in networks and molecular
motor activity. For small affine network deformations, we
may use the self-consistent longitudinal spring constant k‖ to
estimate the real part G′ of the network shear modulus. For
a given cross section of the network, there are ξ−2 segments,
for ξ the average network mesh size. This leads to a modulus
G ∼ k‖/ξ [13]. Using as an example an F-actin network with
modulus ∼100 Pa and a mesh size of 0.5μm, we estimate
this network generates an effective k‖ ≈ 0.2 pN/nm. Thus,
the network compliance should affect the cross over from
tension to bending dominated fluctuations—see the discussion
of Fig. 6.

The most direct experimental test of the theory is, however,
in the analysis of the fluctuations of a single filament with one
pinned end and Hookean constraints on the other. This might
be achieved using a filament bound to particles that are either
optically or magnetically trapped. The trapping potential of
the bead provides (approximate) Hookean boundary condi-
tions, which are both adjustable and independently measur-
able. As a result, the theory may be tested using a biopolymer
filament of known bending modulus and measured length
(e.g., F-actin) with no remaining fitting parameters.

Based on these calculations, one may imagine two di-
rections for further study. First, one may attempt a self-
consistent evaluation of the compliance of the “network
springs” under the assumption that they represent a network
of filaments identical to the one under consideration. Such
effective medium or mean-field theories have been pursued
for networks of filaments and springs [25–27].

Second, one may ask how the various boundary conditions
affect the dynamics of filament undulations. Other studies
have explored the dynamics of the longitudinal response of
inextensible worm-like chains to local perturbations [28–31].
It remains an open question as to how the boundary conditions
studied here in equilibrium affect those dynamical results.
The presence of a longitudinal compliance once again renders
the basic Langevin theory (with a local drag approximation
[32] or even slender body hydrodynamics [33]) nonlinear. We
intend to explore this question in future work in the limit of
slow dynamics where the tension propagation time along the
filament may be neglected. Of course, this is consistent with
our treatment here of the filament being inextensible.
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APPENDIX: REAL-SPACE MFT GREEN’S FUNCTIONS

The Green’s function satisfies the equation of motion

[
κ∂4

x − (τ + 4k‖〈��〉)∂2
x

]
G(x, x′) = δ(x − x′). (A1)
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To make the equations more readable, we define

λ ≡ 2〈��〉. (A2)

We solve for the Green’s function by first finding solutions of
Eq. (A1) in the regions x �= x′. We then fix the undetermined
coefficients according to the prescribed boundary conditions
and the jump discontinuity at x = x′ necessary to generate the
δ function. The general solutions on the left (L) and right (R)
of this discontinuity are

uL,R(x) = A + Bx +C cosh(px) + D sinh(px), (A3)

where

p ≡ √
τ + 2k‖λ/κ, (A4)

and {A,B,C,D} are, as yet, undetermined coefficients. We re-
quire that uL(x) and uR(x) be equal through the second deriva-
tive. The jump discontinuity then gives u′′′

R (x
′) − u′′′

L (x
′) =

1/κ . Applying the boundary conditions at the discontinuity as
well as at the prescribed boundaries yields an algebraic system
of equations fromwhich the undetermined coefficients may be
found. We obtain, when setting � = 1,

G(x, x)pinned =
√

κ
[
coth

(√ 2k‖λ+τ

κ

)
sinh2

(
x
√

2k‖λ+τ

κ

) − 1
2 sinh

(
2x

√
2k‖λ+τ

κ

) − (x − 1)x
√

2k‖λ+τ

κ

]
(2k‖λ + τ )3/2

(A5)

G(x, x)free =
√

κ
[
coth

(√ 2k‖λ+τ

κ

)
sinh2

(
x
√

2k‖λ+τ

κ

) − 1
2 sinh

(
2x

√
2k‖λ+τ

κ

) + x
√

2k‖λ+τ

κ

]
(2k‖λ + τ )3/2

(A6)

G(x, x)k⊥ =
⎛
⎝x(k⊥(−x) + k⊥ + 2k‖λ + τ )

(2k‖λ + τ )(k⊥ + 2k‖λ + τ )
−

√
κcsch

(√ 2k‖λ+τ

κ

){
cosh

(√ 2k‖λ+τ

κ

) − cosh
[
(1 − 2x)

√
2k‖λ+τ

κ

)]
2(2k‖λ + τ )3/2

⎫⎬
⎭. (A7)

To write the final answer, we must determine λ. The self-consistency condition is

λ =
∫ L

0
dx lim

x′→x
∂x∂x′G(x, x′). (A8)

For each of the three cases we find

λfree =
κ

√
2k‖λ+τ

κ
+ (2k‖λ + τ ) coth

(√ 2k‖λ+τ

κ

)
2
√

κ (2k‖λ + τ )3/2
, (A9)

λpinned =
(2k‖λ + τ ) coth

(√ 2k‖λ+τ

κ

) − κ

√
2k‖λ+τ

κ

2
√

κ (2k‖λ + τ )3/2
, (A10)

λspring =
κ

√
2k‖λ+τ

κ
+ (2k‖λ + τ ) coth

(√ 2k‖λ+τ

κ

)
2
√

κ (2k‖λ + τ )3/2
− k⊥

(2k‖λ + τ )(k⊥ + 2k‖λ + τ )
. (A11)
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