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Abstract

We study the design of computationally efficient algorithms with provable guarantees, that are robust
to adversarial (test time) perturbations. While there has been an proliferation of recent work on this topic
due to its connections to test time robustness of deep networks, there is limited theoretical understanding
of several basic questions like (i) when and how can one design provably robust learning algorithms? (ii)
what is the price of achieving robustness to adversarial examples in a computationally efficient manner?

The main contribution of this work is to exhibit a strong connection between achieving robustness to
adversarial examples, and a rich class of polynomial optimization problems, thereby making progress on
the above questions. In particular, we leverage this connection to (a) design computationally efficient
robust algorithms with provable guarantees for a large class of hypothesis, namely linear classifiers
and degree-2 polynomial threshold functions (PTFs), (b) give a precise characterization of the price of
achieving robustness in a computationally efficient manner for these classes, (c) design efficient algorithms
to certify robustness and generate adversarial attacks in a principled manner for 2-layer neural networks.
We empirically demonstrate the effectiveness of these attacks on real data.

1 Introduction

The empirical success of deep learning has led to numerous unexplained phenomena about which our current
theoretical understanding is limited. Examples include the ability of complex models to generalize well and
effectiveness of first order methods on optimizing training loss. The focus of this paper is on the phenomenon
of adversarial robustness, that was first pointed out by Szegedy et al. [35]. On many benchmark data sets,
deep networks optimized on the training set can often be fooled into misclassifying a test example by making
a small adversarial perturbation that is imperceptible to a human labeler. This has led to a proliferation of
work on designing robust algorithms that defend against such adversarial perturbations, as well as attacks
that aim to break these defenses.

In this work we choose to focus on perturbation defense, the most widely studied formulation of adversarial
robustness [26]. In the perturbation defense model, given a classifier f, an adversary can take a test example
x generated from the data distribution and perturb it to & such that || — Z|| < 6. Here § characterizes the
amount of power the adversary has and the distance is typically measured in the ¢, norm (other norms that

have been studied include the ¢5 norm). Given a loss function £(-), the goal is to optimize the robust loss
defined as

E(w,y)wD max E(f(f),y)} :

|| x—Z| 0o <&



One would expect that when ¢ is small the label y of an example does not change, thereby motivating the
robust loss objective. Despite a recent surge in efforts to theoretically understand adversarial robustness [38,
39, 40, 23, 32, 16, 4, 12, 19, 36, 27, 28, 13], several central questions remain open. How can one design
provable polynomial time algorithms that are robust to adversarial perturbations? Given a classifier and a
test input, how can one provably construct an adversarial example in polynomial time or certify that none
exists? What computational barriers exist when designing adversarially robust learning algorithms?

In this work we identify and study a natural class of polynomial optimization problems that are intimately
connected to adversarial robustness, and help us shed new light on all three of the above questions simultane-
ously! As a result we obtain the first polynomial time learning algorithms for a large class of functions that are
optimally robust to adversarial perturbations. Furthermore, we also provide nearly matching computational
intractability results that, together with our upper bounds give a sharp characterization of the price of
achieving adversarial robustness in a computationally efficient manner. We now summarize our main results.
Our Contributions Polynomial optimization and Adversarial Robustness. We identify a natural
class of polynomial optimization problems that provide a common and principled framework for studying
various aspects of adversarial robustness. These problems are also closely related to a rich class of well-studied
problems that include the Grothendiéck problem and its generalizations [2, 11, 1, 24]. Given a classifier of
the form sgn(g(z)) with g : R™ — R, input z, and budget § > 0, the optimization problem is

max  g(z + 2).
z€ER™:||z]| 00 <8

Usually, such problems are NP-hard and one relaxes them to find a 2 such that g(z + 2) comes as close
to g(x + z*) in the objective value, where z* is the optimal solution. We instead require the algorithm to
output a 2 such that g(z + 2) > g(x + 2*) at the cost of violating the ¢, constraint by a factor v > 1. An
efficient algorithm for producing such a 2 leads to an adversarial attack (in the relaxed £, neighborhood
of radius vd) when an adversarial example exists. On the other hand, if the algorithm produces no z, then
this guarantees that there is no adversarial example within the ¢, neighborhood of radius §. We then
design such algorithms based on convex programming relaxations to get the first provable polynomial time
adversarial attacks when the given classifier is a degree-1 or a degree-2 polynomial threshold function (PTF).
Algorithms for Learning Adversarially Robust Classifiers. Next we use the algorithm for finding
adversarial examples to design polynomial time algorithms for learning robust classifiers for the class of
degree-1 and degree-2 polynomial threshold functions (PTFs). To incorporate robustness we introduce
a parameter «y, that helps clarify the tradeoff when computational efficiency is desired. We focus on the
0/1 error and say that a class F of PTFs of VC dimension A is y-approximately robustly learnable if there
exists a (randomized) polynomial time algorithm that, for any given £,0 > 0, takes as input poly(A, %)
examples generated from a distribution and labeled by a function in F that has zero §-robust error (realizable
case), outputs a classifier from F that has (§/7)-robust error upper bounded by e. See Section 3 for the
formal definition. We design polynomial time algorithms for degree-1 and degree-2 PTFs with v = 1 and
v = O(y/logn) respectively. Our next result that we discuss below a nearly matching lower bound. Together
this gives nearly optimal approximately robust polynomial time algorithms for learning PTFs of degree at
most 2.

Computational Hardness. While our algorithm for degree-1 PTFs is optimal, i.e., has v = 1, for degree-2
and higher PTFs, we show that one indeed has to pay a price for computational robustness. We establish this
by proving that robust learning of degree-2 PTFs is computationally hard for v = o(log® n), for some constant
¢ > 0 (see Section 6 for formal statements). This is in sharp contrast to the non-robust setting (6 = 0),
where there exist polynomial time algorithms for constant degree PTFs (in the literature this is referred
to as proper PAC learning in the realizable setting). More importantly, our lower bound again leverages
the connection to polynomial optimization and in fact shows that robust learning of degree-2 PTFs for
Y = 0(y/Napproz) 18 NP-hard where 14,00 i3 precisely the hardness of approximation factor of a well-studied
combinatorial optimization problem called Quadratic Programming. Hence, any significant improvement in
the approximation factor in our upper bound is unlikely. While our hardness result applies to algorithms
that output a classifier of low error, we also prove a more robust hardness result showing that for learning



degree-2 and higher PTFs without any loss in the robustness parameter, i.e, v = 1, it is computationally hard
to even find a classifier of any constant error in the range (0, §).

Application to Neural Networks. Finally, we show that the connection to polynomial optimization also
leads to new algorithms for generating adversarial attacks on neural networks. We focus on 2-layer neural
networks with ReLLU activations. We show that given a network and a test input, the problem of finding
an adversarial example can also be phrased as an optimization problem of the kind studied for PTFs. We
design a semi-definite programming (SDP) based polynomial time algorithm to generate an adversarial attack
for such networks and compare our attack to the state-of-the-art attack of Madry et al. [26] on the MNIST
data set.

Paper Outline. In the rest of the paper, we give an overview of related work in Section 2. We define our
model formally and give an overview of our techniques in Section 3. We then describe the connection to
polynomial optimization in Section 4 and use it to design robust learning algorithms in Section 5, and derive
computational intractability results in Section 6. In Section 7, we design adversarial attacks for 2 layer neural
networks, followed by conclusions in Section 9.

2 Related Work

As mentioned in the introduction, there has been a recent explosion of works on understanding adversarial
robustness from both empirical and theoretical aspects. Here we choose to discuss the theoretical works that
are the most relevant to our paper. We refer the interested reader to a recent paper by [18] for a broader
discussion. Prior to their relevance for deep networks, robust optimization problems have been studied in
machine learning and other domains. The works of [7, 20, 33] studies optimization heuristics for optimizing
a robust loss that can handle noisy or missing data. The works of [38, 39] proved an equivalence between
robust optimization and various regularized variants of SVMs. They used this relation to re-derive standard
generalization bounds for SVMs and their kernel versions. Akin to classifier stability, these bounds depend
on the robustness of the classifier on the training set. A recent work of [8] views deep networks as functions
in an RKHS and designs new norm based regularization algorithms to achieve robustness.

Motivated by connections to deep networks a recent line of work studies generalization bounds for robust
learning. The work of [32] provides specific constructions of a linear binary classification task where a single
example is enough to learn the problem in the usual sense, i.e., to achieve low test error, whereas learning
the problem robustly requires a significantly large training set. The authors also show that in certain cases,
non-linearity can help reduce the sample complexity of robust learning. The work of [12] proposes a PAC
model for robust learning and defines adversarial VC dimension as a combinatorial quantity that captures
robust learning via robust empirical risk minimization (ERM). The authors show that for linear classifiers
the adversarial VC dimension is the same as the VC dimension, although there are functions classes and
distributions where the gap between the two quantities could be much higher. The recent works of [40]
and [23] analyze Rademacher complexity of robust loss functions classes. In particular, it is observed that
even for linear models with bounded weight norm, there is an unavoidable dependence on the data dimension
in the Rademacher complexity of robust loss function classes. These results point to the fact that for many
distributions robust learning could require many more training samples than their non-robust counterpart.
The work of [16, 4] studies algorithms and generalization bounds for a model where the adversary can choose
perturbations from a known finite set of small size k.

Another recent line of work studies the trade-off between traditional test error and robust error. The
work of [36] designs a classification task that is efficiently learnable with a linear classifier to low standard
error, but has the property that any classifier that achieves low test error will have high robust error on
the task. The work of [19] designs a task that is learnable by a degree-2 polynomial and relates the test
error of any model to its robust error. Similar conclusions have been observed in [27, 28, 13] and have been
used to design various data poisoning attacks. These results essentially follows from the use of isoperimetric
inequalities for distributions such as the Gaussian and the uniform distribution over the Boolean hypercube.
However, as noted in [19], it is not clear if the same relation holds between test error and robust error for
real world data distributions. The work of [15] relates robustness to the curvature of the decision boundary



and uses it to quantify robustness to random perturbations.

Yet another line of work concerns the design of certificates of perturbation robustness or distributional
robustness of a given classifier (e.g., deep neural networks) at a given point [37, 31, 34]. This is achieved by
the use of convex relaxations of the optimal robustness at a given point. These works also conclude that
by augmenting the training objective with a penalty that depends on the certificates, one can empirically
achieve increased robustness. However these algorithms do not give any guarantees for relating the bound
achieved by the certificate of robustness to the optimal robustness around a given point.

The work of Bubeck et al. [9, 10] provides a cryptographic lower bound by designing a computational
task in R™ that is robustly learnable using poly(n) samples to any given robustness parameter M, but is
hard to learn robustly to any non-trivial robustness parameter € > 0, in polynomial time. When translated
to our model, this provides an instance of a cryptographic learning task that is computationally hard to
~y-approximately robustly learn for any constant v > 1. However, this does not rule out the possibility that
natural function classes can be robustly learned without any loss in robustness parameter. Our result rules
this out for the class of degree-2 and higher PTFs, even in the realizable setting, i.e., when there exists a
robust classifier of zero error! Finally, to the best of our knowledge, our upper bounds are the first to establish
the robustness tradeoff for computationally efficient learning for a large natural class of functions.

3 Model and Preliminaries

We focus on binary classification, and adversarial perturbations are measured in ¢, norm. For a vector
x € R™, we have ||z]|s = max;|z;|. We study robust learning of polynomial threshold functions (PTFs).
These are functions of the form sgn(p(z)), where p(x) is a polynomial in n variables over the reals. Here sgn(t)
equals +1, if ¢ > 0 and —1 otherwise. Given y,y’ € {—1,1}, we study the 0/1 loss defined as £(y,y’) = 1 if
y # 3y’ and 0 otherwise. Given a binary classifier sgn(g(x)), an input z*, and a budget 6 > 0, we say that
x* + z is an adversarial ezample (for input x*) if sgn(g(z* + 2)) # sgn(g(z*)) and that ||z||cc < d. One could
similarly define the notion of adversarial examples for other norms. For a classifier with multiple outputs,
we say that «* + z is an adversarial example iff the largest co-ordinate of g(z* + z) differs from the largest
co-ordinate of g(z*). We now define the notion of robust error of a classifier.

Definition 3.1 (d-robust error). Let f(z) be a Boolean function mapping R™ to {—1,1}. Let D be a
distribution over R™ x {—1,1}. Given § > 0, we define the J-robust error of f with respect to D as
errs,p(f) = E(ay)~n [ SUP.epn 0.5) {(f(z + 2),y)]. Here B (0,6) denotes the (o ball of radius 4, i.e.,
B%(0,0) = {x € R" : ||z[|oc < 0}.

Analogous to empirical error in PAC learning, we denote ers s(f) to be the d-robust empirical error of f,
i.e., the robust error computed on the given sample S. To bound generalization gap, we will use the notion of
adversarial VC dimension as introduced in [12]. Next we define robust learning for PTFs.

Definition 3.2 (y-approximately robust learning). Let F be the class of degree-d PTFs from R"” — {—1,1}
of VC dimension A = O(n?). For v > 1, an algorithm A y-approximately robustly learns F if the following
holds for any ¢,d,7 > 0: Given m = poly(A, %, %) samples from a distribution D over R™ x {—1,1}, if
F contains a function f* such that errs p(f*) = 0, then with probability at least 1 — 1, A runs in time
polynomial in m and outputs f € F such that errs,, p(f) < e. If F admits such an algorithm then we
say that F is v-approximately robustly learnable. Here v quantifies the price of achieving computationally

efficient robust learning, with v = 1 implying optimal learnability.

A Note about the Model and the Realizability Assumption Our definition of an adversarial example
requires that sgn(g(z* + z)) # sgn(g(x*)), whereas for robust learning we require a classifier that satisfies
sgn(g(x* + 2)) # y, where y is the given label of 2*. This might create two sources of confusion to the reader:
a) In general the two requirements might be incompatible, and b) It might happen that initially sgn(g(z*))
predicts the true label incorrectly but there is a perturbation z such that sgn(g(z* + 2)) predicts the true
label correctly. In this case one may not count z as an adversarial example. To address (a) we would like



to stress that all our guarantees hold under the realizability assumption, i.e., we assume that there is true
function ¢* such that for all examples = in the support of the distribution and all perturbations of magnitude
upto 9, sgn(c*(z* + z)) = sgn(c*(z*)). Hence, there will indeed be a target concept for which no adversarial
example exists and as a result will have zero robust error. To address (b) we would like to point out that in
Section 5 where we use the subroutine for finding adversarial examples to learn a good classifier sgn(g), we
always enforce the constraint that on the training set sgn(g(z*)) = sgn(c*(z*)) and g is as robust as possible.
Hence when we find an adversarial example for a point z* in our training set, it will indeed satisfy that
sgn(g(x* + z)) # sgn(c*(z)) and correctly penalize g for the mistake. More generally, we could also define an
adversarial example as one where given pair (*,y) the goal is to find a z such that sgn(g(z* + 2)) # y. All of
our guarantees from Section 4 apply to this definition as well. Finally, in the non-realizable case, the distinction
between defining adversarial robustness as either sgn(g(z* + z)) # sgn(g(x*)), or sgn(g(z* + z)) # y, or even
sgn(g(z* + 2)) # sgn(c*(x)) matters and has different computational and statistical implications [13, 21].
Understanding when one can achieve computationally efficient robust learning in the non-realizable case is an
important direction for future work.

The definition of y-approximately robustly learnability has the realizability assumption built into it. So,
when we prove that a class F is y-approximately robustly learnable, we find an approximate robust learner
from F under the realizability assumption on F i.e. for a set of points from the distribution, the algorithm
guarantees to return an approximate robust learner only if there exists a perfect robust learner in the class F
of learners.

The work of [12] defines the notion of adversarial VC dimension to bound the generalization gap for
robust empirical risk minimization. Additionally, the authors show that for linear classifiers the adversarial
VC dimension remains the same as that of the original class. The bound below then follows by viewing PTFs
as linear classifiers in a higher dimensional space.

Lemma 3.3. Let F be a class of degree-d polynomial threshold functions from R™ — {—1,1} of VC
dimesion A = O(n?). Given §,n1 > 0, and a set S of m evamples (x1,y1),-- ., (Tm,ym) generated from a
distribution D over R"™ x {—1, 1}, with probability at least 1 —1n, we have that sup j¢ z |errs p(f) —efrs s(f)| <

2y/2Alogm/m + +/log(1/n)/(2m).

4 Finding Adversarial Examples using Polynomial Optimization

In this section we introduce the broad class of polynomial optimization problems which are useful in designing
adversarial (test-time) examples with provable guarantees for polynomial threshold functions (PTFs), and
depth-2 neural networks with RELU gates. These polynomial optimization problems are generalizations of
well-studied combinatorial optimization problems like the Grothéndieck problem and computing operator norms
of matrices. We then design algorithms with provable guarantees for some of these classes. Proposition 4.1
restated below illustrates the connection and motivates the family of optimization problems that arise when
designing algorithms with provable guarantees for finding adversarial examples for sgn(g(x)). While our
theory below is stated for binary classifiers, it is easily extended to multiclass classification.

Proposition 4.1. Let v > 1. There is an efficient algorithm that given a classifier sgn(f(z)) and a point
x*, and budget § > 0, guarantees to either (a) find an adversarial example in B (x*,~d), or (b) certify the
absence of any adversarial example in B (x*,0), given access to an efficient optimization algorithm that takes
x* and a polynomial g(z) € { f(x* + 2), —f(z* + 2) } as input and finds a Z such that g(Z) > max.|__<s 9(2)
with ||Z]|ce < 74.

Proof of Proposition 4.1. Let ALG., be the optimization algorithm. Suppose there exists an adversarial
example z* + z* with [|2*]| . < J, and let y* := sgn(f(z*)) be the label for the point z*. Then we have that
max..|z||..<s(—y*) f(x* 4+ 2) > (=y*) f(z* + 2*) > 0. Now for g(z) = —y* f(z* + 2) (a polynomial in z), we
get that ALG, finds a point Z with [|Z]|cc < 76 that also satisfies (—y*)f(z* +2) > 0 ie., sgn(f(z*)) #
sgn(f(z* +7%)), as required. Furthermore, if ALG,, fails, i.e., outputs a 2 such that (—y*)f(z* +2%) < 0, then
from the guarantee of the algorithm we know that max..|._<s(—%*)f(z* 4+ 2) < 0 and hence no adversarial
example exists within a § ball around x*. O



1. Given (A, b,c) that defines the polynomial g(z) := 2T Az + b7z + c.

2. Solve the SDP given by following vector program:
max >, Aij(ui,ug) + 32, bi(ui, uo) + ¢ subject to lui||3 < 62 Vi € [n], |Juol3 = 1.

3. Let uj represent the component of u; orthogonal to ug. Draw ( ~ N(0,I) a standard Gaussian
vector, and set Z; := (u;, ug) + (ui, () for each i € {0,1,...,n}.

4. Repeat rounding O(log(1/n)) random choices of ¢ and pick the best choice.

Figure 1: The SDP-based algorithm for the degree-2 optimization problem.

The proposition above also holds for randomized algorithms. While the proof of the proposition only
requires that the algorithm returns z with g(2z) > 0, it effectively requires that z attains at least as large an
objective value because the constant term can be arbitrary. When the classifier is a degree-d PTF of the form
sgn(f), it leads to the following approximate optimization problem: given as input a degree d polynomial
g : R™ = R (potentially different from f) and any 5, > 0, find in time poly(n,log(%)) and w.p. at least
1 —1n a point z s.t.

g(Z) > max g¢(x) and T € B (0,79). (1)
xeB2 (0,0)

The above problem is closely related to the standard approximation variant of polynomial maximization
problem where the goal is to obtain, in polynomial time, an objective value as close to the optimal one,
without violating the |||/ ball constraint. Instead, our problem asks for the same objective value at the cost
of an increase in the radius of the optimization ball. ! This changes the flavor of the problem, and introduces
new challenges particularly when the polynomial g is non-homogenous.

We begin with the following simple claim about degree-1 PTFs.

Claim 4.2. There is a deterministic linear-time algorithm that given any linear threshold function sgn(b® x+c),
a point x* and § > 0, provably finds an adversarial ezample in the {o ball of § around x* when it exists.

Proof. We use Proposition 4.1 applied with linear functions. For linear function g(x) represented by g(x) :=
bz + ¢ where b € R", ¢ € R, we can easily find a solution Z € B2 (0,6) such that g(Z) = max,ecpn (0,5 9().
This is because the linear form b7z + ¢ is maximized within BZ (0,§) by setting each variable x; to be § if
the corresponding b; > 0, and —§, otherwise. O

As we will see in Section 5, this will further be used to give robust learning algorithms for linear threshold
functions. Our main theoretical result of this section gives an algorithm for provably finding adversarial
examples for degree-2 PTFs.

Theorem 4.3. For any 6,m > 0, there is a polynomial time algorithm that given a degree-2 PTF sgn(f(x))
and a example (x*, sgn(f(x*))), guarantees at least one of the following holds with probability at least (1 —n):
(a) finds an adversarial example (x* + Z) i.e., sgn(f(x*)) # sgn(f(x* + 2)), with ||Z]cc < Cdy/logn, or (b)
certifies that Vz : ||z]|eo < 6, sgn(f(z*)) = sgn(f(x* + z)) for some constant C > 0.

To establish the above theorem using Proposition 4.1, we need to design a polynomial time algorithm
that given any degree-2 polynomial g(z) = 27 Az + T2 + ¢ with A € R"*" b € R", ¢ € R, finds a solution
with [|Z]|cc < O(v/logn) - ¢ such that g(Z) > max ) <s 9(z).

To prove the theorem we use a semi-definite programming (SDP) based algorithm shown in Figure 1, that
is directly inspired by the SDP-based algorithm for quadratic programming (QP) by [29, 11]. However, the
goal in quadratic programming is to find an assignment x € { —1,1}" that maximizes _, ,; a;;z;z;. There
are three main differences from the QP problem. Firstly, unlike QP which finds a solution with ||z|/s =1
with sub-optimal objective value, our goal is to output a solution which attains at least as large a value as
max| . <s ¢(z) while violating the £, length of the vector. Secondly, unlike QP where the diagonal terms
are all 0, in our problem the diagonal terms can be non-zero and hence it is no longer true that the solution

n approximation algorithms literature this will correspond to obtaining a (1, )-bicriteria approximation.



with ||z]lec < 1 will have each co-ordinate being { +1}. Finally and most crucially, QP corresponds to
optimizing a homogeneous degree 2 polynomial, with no linear term. These challenges necessitates non-trivial
modifications to the algorithm and in the analysis. We also remark that it seems unlikely that the upper
bound of O(y/logn) on the approximation factor can be improved even for the special case of homogenous
degree-2 polynomials, based on the current state of the approximability of Quadratic Programming (see
Remark 4.5 for details).

The SDP we consider is given by the following equivalent vector program (the SDP variables correspond
to X;; = (u;,u;)), which can be solved in polynomial time up to arbitrary additive error (using the Ellipsoid
algorithm).

( max ) E Aij <’LLZ', 'LLj> + E bl <u7;, ’LLO> +c (2)
Uo,UL;---Un = y
i,j=1 i=1

st w3 < 6% Vie{1,2,...,n}, and |luol3 = 1. (3)

Let SDP,,,; denote the optimal value of the above SDP relaxation. Clearly the above SDP is a valid relaxation
of the problem; for any valid solution € [—§,4]", consider the solution given by (u; = z;uq : i € [n]) for
any unit vector ug. Hence SDP,, > max |, <5 g(z). Moreover, when the SDP value SDP,,; is negative,
this certifies that the classifier is robust around the give sample z*. We prove Theorem 4.3 by designing
a polynomial time rounding algorithm that takes the SDP solution and obtained a valid Z satisfying the
requirements of the theorem.

Rounding Algorithm. Given the SDP solution, let u; represent the component of u; orthogonal to u.
Consider the following randomized rounding algorithm that returns a solution {Z; : i € [n] } :

Vi € {071,...,’0}7 /x\l = <UZ‘,UO> + <UuC> = <uiﬂu0> + <u$’<>7 with C ~ N(O7Hl)a (4)

where I+ is the projection matrix onto the subspace of span({u1,...,u, }) that is orthogonal to ug. For
convenience, we can assume without loss of generality that ug = eg, where eg is a standard basis vector, and
u; € R"1. Let eg,e1,...,e, represent an orthogonal basis for R®*!. Then

Vie {0,1,...,n}, T = (us,uo) + (uir, ¢) where (¢, e0) =0, (¢,v) ~ N(0,]||v]|3) for every v L e,

and Zp = 1. The rounding algorithm just tries O(log(1/7n)) independent random draws for ¢, and picks the
best of these solutions.

We now give the analysis of the algorithm. We prove Theorem 4.3 by showing the following guarantee for
the rounding algorithm.

Lemma 4.4. There is a polynomial time randomized rounding algorithm that takes as input the solution of
the SDP as defined in Equations 2, and 3, and outputs a solution T such that

P|g(@) > max g(x) and |7 < O(/logn) .5] > Q(1). (5)

z Tzl <
Assuming (5), we can repeat the algorithm at least O(log(1/n)) times to get the guarantee of Theorem 4.3.

Proof of Lemma 4.4. We start with a simple observation that follows from the standard properties of spherical
Gaussians. For any i, j € [n], we have Ed(uf‘,(}(uj‘,()] = (uf‘)THJ-uj- = <uf‘,uj-) Hence we get the key
observation that for Vi,j € {0,...,n},

E (7] = B | (. u0) + (. Q) ) (g 0) + (7, €)) | = o o)y, wo) +E | i, ). )]

= (ui, o) (uj, uo) + (ui, uj) = (us, ug). (6)



Note that this also holds when i = j. We now consider the expected value of ¢(Z). Using (6), Zop = 1 and
since E¢[(uit, ¢)] = 0, we have

Elg(@)] = Y. AyE|2:3;] + ) biEEid0] + cE[]

ii=1 i=1
= Z Aij<ui,uj) + Zbl<ul,u0> + CHU()H% = SDP,u- (7)
ii=1 i=1

We now show that z; < O(y/logn) - § w.h.p. For each fixed i € {1,...,n}, (u},() is distributed as a
Gaussian with mean 0 and variance |[u't||3 < §2 ,

1Zi| < |ui, uo)| + [(uib, O < 8+ [(ui, ¢)| < /Clogn - § with probability at least 1 — 1/n%/2,

using standard tail properties of Gaussians. Hence, using a union bound over all i € [n], we have that

E[o(®)] > max g(x), and B [[F] < O(Viogn) 5] > 1~ % (8)

T lzlleo<o

for C' > 4. Further note that g(Z) can be expressed a degree-d polynomial of the Gaussian vector (. Hence
using hypercontractivity of low-degree polynomials (Theorem 10.23 of [30]), we have

P [o(2) > Eg(®)] > Q).

Hence (5) follows. O

Remark 4.5. Obtaining an approximation factor of O(y) in the ¢, norm of 2, even for the special case
of homogeneous degree-2 polynomials » " j=10ijzir; with no diagonal entries (a; = 0 Vi € [n]) over
||z|lo < 6 is equivalent to obtaining a O(+?)-factor approximation algorithm for the problem called Quadratic
Programming (QP) which maximizes Y ' ._, ajjz;x; over z € { —1,1}" (this is also called the Grothendieck
problem on complete graphs). The best known approximation algorithm for Quadratic Programming (QP)
gives an O(logn)-factor approximation in polynomial time [29, 11]. Further [3] showed that it is hard to
approximate QP within a O(log®n) for some universal constant ¢ > 0 assuming NP does not have quasi-
polynomial time algorithms. Moreover integrality gaps for SDP relaxations [1, 25] suggest that O(logn) factor
maybe be tight for polynomial time algorithms. Hence even for the special case of homogeneous degree-2
polynomials, improving upon the bound of /logn in the approximation factor seems unlikely.

5 From Adversarial Examples to Robust Learning Algorithms

In this section we will show how to leverage the algorithms for finding adversarial examples to design
polynomial time robust learning algorithms for various sub-classes of Polynomial Threshold Functions (PTF).
In particular, these include general degree-1 and degree-2 polynomial threshold functions. We obtain our
upper bounds by establishing a general algorithmic framework that relates robust learnability of PTFs to the
polynomial maximization problem studied in Section 4.This is formalized in the definition below:

Definition 5.1 (y-factor admissibility). For v > 1, we say that a sub-class F of PTFs is y-factor admissible
if F has the following properties:

1. For any a,b,c € R, sgn(f(x)),sgn(g(z)) € F, sgn(af(x) + bg(x) + ¢) € F.

2. For any b € R" and sgn(g(z)) € F, we have that sgn(g(x + b)) € F.

3. There is a y-admissible approximation for { g : sgn(g) € F }.



The first two conditions above are natural and are satisfied by many sub-classes of PTFs. The third
condition in the above definition concerns the optimization problem studied in Section 4. The main result of
this section, stated below, is the claim that any admissible sub-class of PTFs is also robustly learnable in
polynomial time.

Theorem 5.2. Let F be a sub-class of PTFs that is y-factor admissible for v > 1. Then F is y-approzimate
robustly learnable.

Remark 5.3. While we state our upper bounds for perturbations measured in the /o, norm, we would like to
point out that one can define analogously y-factor admissibility for any ¢, norm and the above theorem will
still hold true with the new definition.

To learn a g € F we formulate robust empirical risk minimization as a convex program, shown in Figure 2.
Here we use the fact that the value of any polynomial g of degree d at a given point x can be expressed as
the inner product between the co-efficient vector of g (denoted by coeff(g) € RP) and an appropriate vector
P(r) € RP where D = (n+§71). Our goal is to find a polynomial g € F that correctly classifies all the
training examples (x;,y;). This corresponds to the constraint y;g(x;) > 0 expressed as y;{coeff(g), ¥ (x)) > 0,
a linear constraint in the unknown coefficients coeff(g) of the polynomial g. For example, if g(z) is a degree-2
polynomial of the form a7 Ax + bTz + ¢, then the constraint y;g(z;) > 0 is linear in the unknown coefficients,
a; j,b; and ¢, of the polynomial. Here a; ; corresponds to the (7,j) entry of the matrix A and b; is the ith
coordinate of vector b. We also want to ensure that g is robust around each point in the training set. These
two constraints together can be enforced by the convex program in Figure 2, where the r;’s are additional
variables apart from the coefficients of g. Note that the set of all g is convex because of condition 1 of
Definition 5.1. While constraints in (10) are linear in the variables and easy to implement, (11) is really
asking to check the robustness of g at a given point (z;,y;), which is an NP-hard problem [11]. Instead, we
will use the fact that F is y-factor admissible to design an approximate separation oracle for the type of
constraints enforced in (11). We would like to mention that the classical literature on robust optimization of
linear and convex programs studies a similar setting where typically the goal is to bound the probability of
each constraint being violated while achieving the maximum objective value [5, 14, 6]. In contrast, we are
interested in precisely quantifying how much a constraint can be violated by and relate the bound to the
robustness of the final classifier obtained. We are now ready to prove the main theorem of this section.

Proof of Theorem 5.2. Let 1 > 0 be the success probability desired for the robust learning algorithm and
€ > 0 be the final robust error that is desired. Let B be an algorithm that achieves the «y-factor admissibility
for the class F. Given S, we will run the Ellipsoid algorithm on the convex program in Figure 2. Let
T(m,n) be a (polynomial) upper bound on the number of iterations of the algorithm. In each iteration, given
gsT1,72,« ., m, we will first check whether y;g(x;) > r;. If not, then we have found a violated constraint
with the corresponding separating hyperplane being sgn(r; — y;g(x;)), and the algorithm proceeds to the
next iteration. If all the constraints in (10) are satisfied, then for each ¢ € [m], we run B on the polynomial
yi(g(x;) — g(x; + 2)), where z is the variable and z; is fixed to be the ith data point. Furthermore, we will set
7, the failure probability of B, to be equal to n/(mT (m,n)) and set 6’ that is input to B to be §/v. From
the guarantee of B we get that if there exists an ¢ such that

ry<  sup Yy (9(%‘) —g(zi + Z)), 9)
zeBgo(o,g)

with probability at least 1 — /T (m,n), the B will output a violated constraint of the convex program, i.e.,
an index i € [m] and 2 € B (0,4) such that

Ty < sup Y (9(371’) —g(z; + 2))
2€B™ (0,6)

This gives us a separating hyperplane of the form sgn(y;(g(x;) — g(x; + 2)) — r;), and the algorithm
continues. Hence, we get that when the Ellipsoid algorithm terminates, with probability at least 1 — i, it will



1. Let S = (x1,y1), (x2,92), - - -, (Tm, Ym) be the given training set.
2. Find a degree polynomial g € F that satisfies

yig(x;) > ryy Vi € [m) (10)
T, > sup y; (9(9&) —g(zi + 2)), Vi € [m] (11)
z€Bn (0,6)

Figure 2: The convex program for finding a polynomial g € F with zero robust empirical error.

output a polynomial g € F such that the constraints in (10) and (9) are satisfied. This means that we would
have the empirical robust error efr;,, s(sgn(g)) = 0. Hence, by Lemma 3.3, we get that

2A logm log *
errs/y,p(sgn(g)) < 2y/ = + 2mn ,

A+log(1/n)
2

where A is the VC dimension of F. Choosing m = ¢ , makes errs,, p(sgn(g)) < e. O

It is easy to check that for any fixed d € N, general degree-d PTFs satisfy conditions 1 and 2 of Definition 5.1
(however homogenous degree d polynomials do not satisfy condition 2). We conclude the section by stating
the following corollaries about robust learnability of general degree-1 and degree-2 PTFs.We begin with the
following claim about admissibility and hence robust learnability of degree-1 PTFs.

Corollary 5.4. The class of degree-1 PTFs is optimally robustly learnable.

The proof just follows from Claim 4.2 and since any linear combination or shift of a linear function is also
linear. Similarly, the following corollary about degree-2 PTFs is immediate from Theorem 4.3.

Corollary 5.5. The class of degree-2 PTFs is O(y/logn)-approzimately robustly learnable.

6 Computational Intractability of Learning Robust Classifiers

In this section, we leverage the connection to polynomial optimization to complement our upper bound with
the following nearly matching lower bound.We give a reduction from Quadratic Programming (QP) where given
a polynomial p(z) = ZK]. a;jr;xi, and a value s, the goal is to distinguish whether mamxe{,lyl}np(x) <s
or whether exists an x such that p(x) > $Mgppros- It is known that the distinguishing problem is hard for
Napproz = O(log®n) for some constant ¢ > 0 [3]; moreover the state-of-the-art algorithms give a Nepproz =
O(logn) factor approximation [11] and improving upon this factor is a major open problem. By appropriately
scaling the instance, this immediately implies the hardness of checking whether a given degree-2 PTF is
robust around a given point.

However, this does not suffice for hardness of learning, since given a distribution supported at a single
point, there is a trivial constant classifier that robustly classifies the instance correctly. More generally, there
could exist a different degree-2 PTF that could be easy to certify for the given point. Instead, given a
degree-2 PTF sgn(p(z)), we carefully construct a set of O(n?) points such that any classifier that is robust
on an instance supported on the set will have to be close to the given polynomial p. Having established this,
we can distinguish between the two cases of the QP problem by whether the learning algorithm is able to
output a robust classifier or not. This is formalized below.

Theorem 6.1. There exists 6, > 0, such that assuming NP # RP there is no algorithm that given a set of
N = poly(n, %) samples from a distribution D over R™ x {—1,4+1}, runs in time poly(N) and distinguishes
between the following two cases for any ¢' = o(\/Mapproz0):
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e YES: There exists a degree-2 PTF that has 6-robust error of 0 w.r.t. D.
e NoO: There exists no degree-2 PTF that has §'-robust error at most € w.r.t. D.
Here Nopprox s the hardness of approzimation factor of the QP problem.

Remark 6.2. The above theorem proves that any polynomial time algorithm that always outputs a robust
classifier (or declares failure if it does not find one) will have to incur an extra factor of Q(/Mapproz) in the
robustness parameter §. Our upper bound in Section 5 on the other hand matches this bound. While our
lower bound applies to algorithms that output a classifier of low error, in Appendix (see Theorem 6.7) we
also prove a more robust lower bound that rules out the possibility of an efficient robust learner that incurs
an error less than 1/4.

We will represent an instance of Quadratic Programming (QP) by a polynomial p(x) = 27 Az where A
is a symmetric matrix with zeros on the diagonal, and A;; = A;; = a,;/2. Formally, the N P-hard problem
QP [3, 17] is the following: given 8 > 0 and a polynomial p(x) = 7 Az distinguish whether

No Case : there exists an assignment z* € { —1,1}" such that p(z*) > Bnupproz,

Yes Case : for every assignment z € { —1,1}", p(z) < 3.

We prove that there exists a § > 0 and a set of N = poly(n) points such that it is hard to distinguish
whether there exists a degree-2 PTF that is  robust at all the points or that no degree-2 PTF is nd robust

for n = Q(1/\/Mapproz)-

Theorem 6.3. [Hardness] There exists § > 0, such that assuming NP # RP there is no polynomial time
algorithm that given a set of N = O(n?) labeled points { (z(V),yM), ... (2™ yN)} with (x0),y0)) €
R x {—1,1} for all j € [N] can distinguish between the following two cases

YES Case: There exists a degree-2 PTF that has d-robust empirical error of 0 on these N points.

NO Case: No degree-2 PTF is nd-robust on these points for n = Q(1/\/Mapproz)-

Theorem 6.1 follows from Theorem 6.3 and the standard fact used in establishing learning theoretic
hardness [22], namely if there were a robust learning algorithm for every distribution and € > 0, the one could
use it on the uniform distribution over the instance from Theorem 6.3 with ¢ = ﬁ to determine whether
there exists a degree-2 PTF that has d-robust empirical error of 0 on the points in the instance. Hence
our main goal is to prove Theorem 6.3. In order to get hardness of approximation, we need to pick the set
of points carefully. Our set of points will have the property that in the YES case of the QP instance, the
polynomial 27 Az — z will be & robust at all the points (see Claim 6.6). Furthermore, the points will enforce
the property that any other degree-2 PTF that classifies the points correctly will have to be very close to
2T Az — 2z in terms of the parameters. This will help use rule out the existence of an nd robust classifier in
the NO case, since if one exists, it must be close to 7 Az — z, thereby implying an upper bound on the value
of 7 Az around the neighborhood of zero. This is established in the following key lemma.

Lemma 6.4. Let p(z,z) = 27 Az — 2 be a given polynomial where A is a symmetric matriz with zeros on
the diagonal. For any €,d < 1/10, consider the labeled set S = S1 U Sy U S3U Sy U S5 where,

Sl = {((07 1)v _1>7 ((Oa _1)’ +1)7 ((07 T/)’ _1)’ ((0’ _T/)’ +1)’ ((07 26)’ _1)7 ((07 _26)7 +1)}7

52 = {((eiv'}/)a _1)7 ((eia _7)7 +1)7 ((_eia'y)a _1)a ((_ei7 _7)7 +1)}7 Vie [n}v
S = {((eidv 2)7 _1>7 ((e*i’j’ 2)? _1)7 ((ei,*ﬁ 2)7 _1)7 ((e7i77j7 2)’ _1>}7 Vi#je [n]v

Sy = {((2ei,j’ 1)7 sgn(aid))v ((2e—i,jv 1)7 - Sgn(aiJ))’ ((262',—]'7 1)7 - Sgn(ai,j))v
((2e—i,—j,1),sgn(ai;))}, Vi # j € [n],

and
S5 = {((ei,j’ _2)’ +1)> ((e*i,jﬁ _2)7 +1)7 ((ei:7j7 _2)7 +1)’ ((e*i,*j’ _2)7 +1)}7 Vi#£je [n]v
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Here e; is the vector (0,0,...,7,0,...,0) and e; ; is the vector (0,0, ..., L ,0,..., L ,0,...,0).
( T ) 3 ( V2t V2w )

For every general degree 2 polynomial q'(x, z) with the coefficient of z = ¢, such that sgn(q’) has zero error
on S, we must have ¢, # 0. Moreover, let q(x,z) = _chq’(a:7 z)=aTAv+cle+c2?—z+ca+ Y, Bizai,
where A’ be a symmetric matriz. Then we must have that

max(|ca|, [|Bllso, az:]) < e,

|C4| S 4(5,

|e1,il < min8dy/e + |as i,
J#i

!

1 5 |a,,
Z_f-ZI< N VA
4 4 — maX(E—f— |ai,j

and

)<2+46+¢

provided 7' = Q(";) max(1,1/(e + min;»; |a; ;|)), 7 = Q(2) max(1,1/(e + minsx; a; 5])), v = 4n7.

We first prove Theorem 6.3 assuming the lemma above and finally end the section with the proof of the
lemma.

Proof of Theorem 6.3. Given an n X n symmetric matrix A with zeros on diagonals and given s > 100, we
assume that the following cases are hard to distinguish for some 7gppror > 1,

YES Case: max,c(_1,1}n» 2T Az < s.

NO Case: max,ci_1,1}» 2T Az > SNapprox- The reduction from the instance of the QP problem is sketched
below. Next we establish completeness and soundness of the reduction.

1. Scale the entries of A such that each non zero entry is greater than 10. Scale s by the same factor.
Set § = 1/s and & = 200/n>.

2. Generate the labeled point set S in R"*! as specified in Lemma 6.4 with 7/ = Q(”?z) max(1,1/(e +
ming; a;,;|)), 7 = Q(%) max(1,1/(e + mini; [a; 4|)), v = 4n7.

Figure 3: Reduction from the QP problem.
NO Case: The following claim captures the soundness analysis of the reduction.

Claim 6.5. There does not exist an nd-robust degree-2 polynomial on S for n = Q(1/,/Mapproz)-

Proof. We will prove by contradiction. Let q(z,2) = 27 A'x + ¢f 2 + 222 — 24+ c4 + Y, Bizx; be an nd-robust
polynomial on S.2 The fact that ¢ is correct on (0,25) gives us

4c20% =25+ ¢4 <0 (12)
Furthermore, the fact the fact that ¢ is nd-robust on (0, 26) gives us that

max q(z, 2) < |4c0% — 26 + cy] (13)
,2E

x€B2 (0,m0),2€(26—nd,26+n3)

From Lemma 6.4 this implies that

max 2T A'w < |4cg6? — 20 + ca| 4 (20 +10) + 126 + (28 + nd)? + nend (28 + nd) (14)
zeBZ (0,n

2We can always scale ¢ to get it into this form.
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Substituting the value of ¢ we get that

max a! A’z < 206. (15)
z€B2 (0,n5)

Again using Lemma 6.4 we get that

500
max xl Az < — (16)
x€B, (0,0) n
But since we are in the NO case we also know that

T 2
Az >0 a rox:(sa TroxT 17
zeglg?%,é)x T SNapp Napp (17)
This contradicts the fact that 7 = Q(1/\/Tappros)- O

YES Case: The analysis of the YES case relies on the following claim which establishes J-robustness of the
PTF given by p(z, z) on the point in S.

Claim 6.6. The polynomial p(z, z) = T Az — z is §-robust on S.
We defer the proofs of Claim 6.6 and Lemma 6.4 to Section A.1.

A Lower Bound for Weak Robust Learning. We also prove a robust lower bound that rules out the
possibility of weak robust learning with v = 1. This hardness result allows the algorithm to output a robust
classifier that makes errors on constant fraction of the points! Hence, even when there is a degree-2 PTF that
has § robust error of 0, it is computationally hard to output a degree-2 PTF that has d-robust error of € < i.

Theorem 6.7. [Stronger Distributional Hardness] For every 6 > 0 and £ € (0,1), assuming NP # RP
there is no polynomial time algorithm that given a set of N = poly(n, %) samples from a distribution D over
R™ x {—1,41} can distinguish between the following two cases:

e YES: There exists a degree-2 PTF that has §-robust error of 0 w.r.t. D.
e NO: There exists no degree-2 PTF that has §-robust error at most € w.r.t. D.

The proof of the above theorem uses non-distributional hardness in Theorem A.10. Please see Section A.2.

7 Finding Adversarial Examples for Two Layer Neural Networks

Next we use the framework in Section 4 to design new algorithms for finding adversarial examples in two
layer neural networks with ReLLU activations. The description that follows applies to binary classification
and can be easily extended to multiclass classification. The binary classifier corresponding to the network
is sgn(fi(z) — fa(z)) = sgn(vTo(W=x)) where v = v; — vo. The optimization problem that arises is the
following: given an instance with A € R™*" 3 € R™2 B € R™2X" ¢; € R™, ¢y € R™ ¢y € R, the goal is to
find opt(A, B, 3, ¢), defined as :

opt(A, B, 8,c) := |mHax<5||cQ + Az|l1 +cl 2 — |8+ Bz + co
Zlloo S

z:|

ma
y"Az+clz+ gy = |8+ B 2. (18)

max max
2] 2]lo0 <6 Y|y lloo <1 =

Here B; is the jth row of B. Let ¢ denote (co, c1, c2), and let opt(A, B, 3, c) be the optimal value of the above
problem.

To see the connection to polynomial optimization, notice that if B = 0, then the above problem is exactly
the one we considered in Section 4 in the context of degree-2 PTFs. Furthermore, if A = 0, then 18 is a linear
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1. Given instance I = (A, B, 3,c) of (18), solve SDP with parameter 1 € (0, 1):

n mi
sdp=max > Aji(vi,u)+ Y (i) (uiuo) + Y ealf)(uo,vy) — Y 7+ o
j€[ma],i€ln] i=1 Jj=1 j€[ma]

stVje mi] ul* <1, Vie{l,...,n} |uwl|*<d? and |luol®=1
Vi€ ko] 15> (8 + Y Bjiluiug)), and rj > —(8;+ Y Bjilui, o)),
J J

2. Let uj,vj" represent the components of u;, v; orthogonal to ug. Let ¢ € (0,1) with & = Q(1)/y/Iogm;.
Let ¢ ~ N(0,I) be a Gaussian vector; set Vi € {0,1,....n}, Z = (u;,u) + 2{ui,¢), J; =
<Uj7 U0> + €</U]J"a <>

3. Repeat rounding with poly(n) random choices of ¢ and pick the best choice.

Figure 4: The SDP-based algorithm for Problem (18).

program. However, the presence of both the terms involving A and B make 18 a challenging optimization
problem. Next we discuss how the problem is related to finding adversarial examples for 2-layer neural
networks. A two layer neural network with ReLU gates is given by parameters (vq,vs, W) and outputs
fi(z) = vFo(Wa), fa(x) = vIo(Wz) where z € R® vy,v3 € R¥ and W € RF*". Here o : R™ — R™ is a
co-ordinate wise non-linear operator o(y); = max {0,y; } for each ¢ € [m]. The classifier corresponding to the
network is sgn(fi(z) — fa(x)) = sgn((v1 — v2)To(Wz)) = sgn(vTo(Wz)).

Our algorithm for solving (18) given in Figure 4 is inspired by Algorithm 1 for polynomial optimization.
However, the rounding algorithm differs because the variables y; and variables z; serve different purposes in
(18), and we need to simultaneously satisfy different constraints on them to produce a valid perturbation.
Moreover when the SDP is negative, then this gives a certificate of robustness around z.

We remark that one can obtain provable guarantees similar to Theorem 5.2 for Algorithm 4 under certain
regularity conditions about the SDP solution. However, this is unsatisfactory as this depends on the SDP
solution to the given instance, as opposed to an explicit structural property of the instance. Obtaining
provable guarantees of the latter kind is an interesting open question. The following proposition holds in a
more general setting where there can be an extra linear term as described below.

Proposition 7.1. Let v > 1. Suppose there is an algorithm that given an instance of problem (18) finds
a solution 2,7 with ||Z]lcc < Y0, |[Ullec < 1 such that YT AZ + Iz + kg — || + BZ||1 + co > 0 when
opt(A, B, 3,,¢) > 0, then there is a polynomial time algorithm that given a classifier sgn(f(x)) corresponding
to a two layer neural net where f(x) :=vio(Wz)+ (v')Tx and an example x*, guarantees to either (a) find
an adversarial example in the £ ball of v around x*, or (b) certify the absence of any adversarial example
in the Ly ball of 6.

Proof. Let ((z*) = sgn(f(z*)). We first observe that o(y;) = 1(|ly;| + y;), and o(Wz); = 1(|(W;,z)| +
(W;, z)), where W is the jth row of W. We want to find a Z with ||Z]|c < 70, such that (—£(z*)) f(z*+2) > 0,
or certify that there is no such z with [|Z]|e < 9.

Let S, ={je[k]: —l(z*)v; >0} and S_ = [k]\ S+ and let k; = [S4|. We now split the rows of W into
two (A and B) as follows: for every j € S, define the row A; := $|v;|W;; otherwise let B := |v;|W;.

@)@ +2) = 4 Y oWyt + )+ 0T Wa" +2) = 5 S [yl | (W2 + 2)]

JESL jeES_
= max Zyj<Aj,x*+z>— Z [(Bj,z* + 2)| + ¢l 2 + co,
vel-L1}™ /o5 jes_
where ¢ = %UTW + (v)T and ¢g = %’UTWSC* are constants. Since the dependence on y is linear we also get
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by substituting co := Azx*, § := Bz*,
max (—0(z*))f(z* +2)= max max Y yi{Ajz)+gytclz— Y |8+ (B, 2)| +co,
[ET HZHeoﬁéytl\yllooSljeer jes.

as required. Now the proposition follows from the same argument as in Proposition 4.1. O

8 Experiments

In this section, we evaluate the performance of the SDP based rounding algorithm outlined in Figure 4
to generate adversarial examples for depth-2 neural networks with ReLLU gates, and compare it with the
projected gradient descent(PGD) based attack of Madry et al. [26]. We will show that our approach indeed
finds more adversarial examples. This however, comes at a computational cost since we need to solve one
SDP per example and per pair of classes. We use the MNIST data set and our two layer neural network
has d = 784 input units, k¥ = 1024 hidden units and 10 output units. This leads to an SDP with d + k + 1
vector variables. On an standard desktop with Intel i5 4590 processor, and 4 cores 3.30GHz, solving one
SDP instance takes 200 seconds on average. As a consequence we perform our experiments on randomly
chosen subsets of the MNIST data set. Another optimization we perform for computational reasons is that
given an example x with predicted class ¢, rather than checking for every class j, if one can find an attack
example z that misclassifies x + z to be in class j, we simply pick j to be the class label of the second highest
prediction at x. Hence, the numbers we report below are an underestimate of the effectiveness of the full
SDP based algorithm

We compare the effectiveness of our attack in finding adversarial examples when compared to the the
PGD based attack of Madry et al. [26]. We consider two settings of the parameter §, the maximum amount
by which each pixel can be perturbed to produce a valid attack example. As in [26] we first choose § = 0.3
and train a robust 2-layer network using the algorithm of Madry et al. [26]. We then run the PGD attack and
divide the test set into examples where the PGD attack succeeds (PGDPass) and examples where the PGD
attack fails (PGDfail). We then run our attack on batches of random subsets chosen from each set. In the
algorithm we set 0’ = @ for a hyperparameter o < 1. This is because we want to ensure that the rounded
solutions have £, norm of at most §. In our experiment we set &« = 0.07. The first row of Table 1 shows
the precision and recall of our method. We report the average and the standard deviation across the chosen
batches. As one can see, our method has very high recall, i.e., whenever the PGD attack succeeds, our SDP
based algorithm also finds adversarial examples. Furthermore, on examples where the PGD attack fails, our
method is still able to discover new adversarial examples 30% of the time. Please see Figure 5 for the images
corresponding to some of the examples where the SDP based attack succeeds, but the PGDattack fails and
Figure 6 for the images of some examples where both the PGDattack and SDP based attack succeed. A
visual inspection of both the figures reveals that our attack often produces sparse targeted attacks as opposed
to PGDattack.

We repeat the same methodology with § = 0.01, @ = 0.2. Here we notice that PGD attack succeeds on
only 138 test examples and hence we can afford to run our attack on all of them. As can be seen from the
second row of Table 1 our attack succeeds on all of these examples. Furthermore, we rank the examples in
PGDfail according to the difference of the highest and the second highest of the ten network outputs. The
smaller the difference, the easier it should be to find an adversarial example. Indeed as can be seen from the
table, our method finds 45 new adversarial examples out of the first 100 such ranked examples.

The experiments above suggest that our algorithms can lead to improved adversarial attacks. We would
like to note that the recent work of [31] also studied semi-definite programming based methods for providing
adversarial certificates for 2-layer neural networks. However, our SDP as outlined is Figure 4 is strictly
stronger. In particular, the SDP of [31] is independent of the given example  and as a result we expect our
method to produce better certificates. We leave as future work the task of making our theoretical analysis
practical for large scale applications.
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Figure 5: The figure shows three MNIST random samples from PDGfail (i.e., examples where PGDattack
failed to find an adversarial perturbation), where SDPattack successfully finds adversarial perturbations for
0 = 0.3. The images in the first column represent the original images corresponding to three, the second
column represents the perturbed images produced by the failed PGDattack, and perturbed images produced
by the successful SDPattack. Visual inspection of these examples suggest that our method often produces

sparse targeted perturbations.

0=0.3 PGDpass (6 x 50 random samples) | PGDfail (8 x 100 random samples)
SDP succeds 297 out of 300 total 244 out of 800 total
Mean : 49.5 of 50, Std : 0.76 Mean 30.6 of 100, Std : 2.87
6 =0.01 PGDpass (138 samples) PGDfail (100 ranked)
SDP succeeds 138 45

Table 1: For § = 0.3, we report mean and standard deviation of number of adversarial examples found by
running our SDPattack algorithm on 6 batches of 50 random examples from PGDpass and 8 batches of 100
random samples from PGDfail. For § = 0.01, we run SDPattack on all 138 examples in PGDpass and first

100 sorted examples from PGDfail.
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Figure 6: The figure shows three MNIST random samples from PDGpass (i.e., examples where PGDattack
succeeded to find an adversarial perturbation), where SDPattack successfully finds adversarial perturbations
for § = 0.3. The images in the first column represent the original images corresponding to three, the second
column represents the perturbed images produced by the successful PGDattack, and perturbed images
produced by the successful SDPattack. Visual inspection of these examples suggest that our method often
produces sparse targeted perturbations.
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9 Future Directions

Design of polynomial time algorithms that provably achieve adversarial robustness is an important direction of
research. Several open questions remain to be explored further. In Section 5 we provide a general algorithmic
framework for designing polynomial time robust algorithms. It would be interesting to use our framework to
design robust algorithms for general degree-d PTFs. While there are algorithms to approximately maximize
degree-d polynomials, they focus on the homogeneous case which does not suffice for our purposes. Another
important direction for future work is to convert our adversarial attack algorithm for 2-layer neural networks
into a provably robust learning algorithm via the framework of Section 5. A straightforward invocation of the
framework does not lead to a convex constraint set. It would also be interesting to design provable adversarial
attacks for higher depth networks. Finally, our experimental results suggest that making our SDP based
attack work on a large scale could lead to improved adversarial attacks.
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A Proofs for the Computational Hardness Results

A.1 Proofs of Claim 6.6 and Lemma 6.4
We first prove Claim 6.6 that helps establish the YES case.

Proof of Claim 6.6.

Proof. Tt is easy to check that sgn(z? Az — 2) classifies all of S correctly.

Robustness at ((0,25), —1). Follows from the fact that we are in the YES case and hence max, ¢ gn 0,6y #7 Az <
§2s = 6.

Robustness at ((0,1),—1),((0,7'),—1),((0,—1),4+1),((0,—7"),+1). Follows from the fact that we are in
the YES case and hence max,e pn (0,6) ' Az < 0%s = 1/s < 1/100 and that 7" > n/(206) > 5n.

Robustness at ((0,26),—1), ((0,—26),+1). Follows from the fact that we are in the YES case and hence
maXze B (0,5) 2T Az < §%s = § and that en/10 = 200.

Robustness at ((e;,v),—1), ((e;, —7), +1), ((—ei,v), —1), ((—e;, —7), +1). Let’s argue robustness at ((e;, ), —1)
and the other calculations are similar. The maximum value of T Az in a é-ball around e; is at most

(1+ 5)(52 la; ;| + 52s.

J
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Hence to establish robustness we need that

(T+6)6Z\ai,j| +6%s <y —4. (19)

J

Substituting the value of ¢ and noticing that v, 7 are much larger than § = 1/s < 1/100 we get that it is
enough for the following to hold

278y || < % (20)
j

In other words we need that

g
- > 46 E id 21
e : |a; ;] (21)
J
Substituting the values of v, 7 we get that

n> 5Z|ai,j| (22)
J

This is true since 6 = 1/s and the fact that s > %Zi,j la; ;| > %Z] |a; ;| where the first inequality is
from [11].

Robustness at ((e;;,2),—1),((e—i;,2),—1),((ei,—;,2),—1),((e—;,—j,2),—1). Let’s argue robustness at
((eij,2),—1) and the other calculations are similar. The maximum value of 27 Az in a §-ball around e; ; is
at most

20 max; Zj |ai,j

+6%s+1
2(e + lai ;1)
Hence to establish robustness we need that
20 max; » . |a;
2| ’J|+525+1§2—5. (23)

2(e + lai )
Noticing that § = 1/s and much smaller than 1/100, we get that it is enough for the following to hold

dmax; Y . |a 1

Syl 1 -
20 +aigl) 4

This is again true since § = 1/s and by our assumption |a; ;| > 4 for non-zero entries of A. O

Robustness at ((2e; ;,1),sgn(a; ;)), ((2e—; ;,1), —sgn(a; ;)), ((2e;,—;,1), —sgn(a; ;)), ((2e_; —;,1),sgn(a; ;)).
We'll argue robustness at ((2e; ;,1),+1) and the other calculations are similar. Also for simplicity, assume
sgn(a; ; > 0. The other case is similar. The minimum value of 2T Az in a §-ball arond e; ; is at least

9 26maxi Z]» |ai7j|
2(e + lai ;1)

2

So for robustness, we need

20 max; Zj |ai,j
2(e + |ai ;)

—0%s>1+6

This is true since we have

5111&)(1' Zj |am~

1
2(e +ai,) 4

IN



Proof of Lemma 6.4. We now prove the key lemma that is used in the analysis of our reduction.

Proof. First we prove that if ¢’(x, z) has zero error on S then ¢, must be non zero. Then it is clear that if
¢'(x, z) has zero error on S, then so does ¢(x,z). Consider the case when ¢, = 0. Now ¢'(x, 2) classifies Sy
correctly. More specifically, it classifies the two points ((0,1), —1) and ((0,—1), 1) correctly. This gives us the
following equations

co+cq <0

co+cy >0

and hence we get a contradiction. Moving on to the main part of the proof about the coefficients of ¢(z, z),
the constraints at (0,1),(0,—1), (0,7"), (0, —7") give us

c2—1+¢ <0 (25)
c2+1+4+cs >0 (26)
e — 1 44 <0 (27)
e + 7 44 >0 (28)
From (25) and (26) we get that

—1<co4+cg <1 (29)

Similarly, from (27) and (28) we get that
7 < %o ey < T (30)

This implies that |co| < 1/(7/ — 1) < /10 for 7/ = Q(1/¢).
The constraints at ((0,26), —1), ((0, —24) gives us that

402(52 —20+c4 <0
4¢96% + 20 4+ ¢c4 >0

From the above equations we get that
lea| < €a(20)2 + 26 < 40. (31)

The constraints at (e;,7), (—e;, ), (€, —7), (—ei, —) give us

72% +7cC1, + ey’ —y+es+ 7B <0 (32)
TQCL;J —TC1, + 0272 —Y4cg—7y8; <0 (33)

2 2
T7a; ;T ey +y+cea—TYB8i >0 (34)

2/ 2
T, —Teri eyt +y e+ T8 >0 (35)

From (32) and (35) we get that

TC1; <7y (36)
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Similarly, from (33) and (34) we get that
TC1,45 > —7
Plugging back into the equations above we get that

,.)/2

2
—(46 +2v + i ) < TPal, 4+ B < (40 + 2 + )
-1 ’ =1
and
5 2
7(45 + 2y + T/’y— 1) < Tza/i,i - T’Yﬂi < (46 + 27+ 7_/FY_ 1)
This implies that
1 2
li
@il < (40 + 27+ ——) < /10

for 7/ = Q(”;) max(1,1/min; j|a; ;|), 7 = Q(2) max(1, 1/ min; j|a; ;|), v = 4n7. We also get that

2
7 o) <¢/10

T —

1
|Bi] < —(46 + 2y +
T

for 7’ = Q(”;) max(1,1/min; ; |a; ;|), 7 = Q(g) max(1,1/min, ; |a; ;|), v = 4nT.
The constraints at (e; j,2), (e_; ;,2), (€;,—;,2), (e—i—j,2) give us

li ! !
a; a a; ; Cl C1,j 23;

+

28;

+ 2 4 + +dey — 2+ cq + —es
w/2ai,j

20,5 2055 Gy \/24;5 /205

w/2di,j

20,

li ! i
R R B N '™ SR VRN ST
2055 2055 Qi (/2055 /20

i ! i
Qii | G5 G CLi €1, 20

+40272+C4+

\/ Qdi)j + \/ Qdi)j

2p;

20i; 2055 Gy /245 /20

/ / /
a; a a; ; Cl C1,j 253;

V2, 2.,

Lo D)y W ) ey — 24y — — e
2015 2015 Gij (/2055 /20 V25,5
where @; ; = € + |a; ;|. Combining (40) and (43) we get
a’ . -~ a’ .
o ey — 2+ <0
20,2'7]' 2(11'1]‘ Qq, 5

From this we get that

2
al . 46 4 2 + 2
Sl 944§+ A= + RN

———— < 2+446+¢
Qi 10 72 min, ; |a;,;

for large enough 7. Similarly, combining (41) and (42) we get

al a’

!/
.. .. a: -
7,1 s 1,
b L Bl — 2404 <0
2aij  20ij G

23

\/2&,'7]'

<0

<0

<0

<0

(39)

(46)



From this we get that

@i
-— > —2—46 —e.
Qj, 5
The constraints at (e; j, —2), (e—;;, —2), (€;,—;, —2), (e—; —j, —2) give us
20 265
,/2(1” ,/2(117]

a . a’ . a .
R & B +desy +24 e +

20,5  2a;;5 G5 /20 m

! ! !
Qii G55 Gy C Bi 20;

4 2
2&2'7]' 2&2‘,]‘ C~l7;7j \/26/1"]‘ + \/2(11’] At et \/2011] \/2011]

a,; ai; oaj; c c 20; 203,
1,1 7,3 1, 1,2 1,9 [ 9
— = — +4dco+2+ca+ >0
20,,‘7]‘ 2ai)j am A /2(11] A /Q(NJ,Z'J 2 * \/Q&i’j \/QCLZJ
a/, P a/, . a’, . . . 28 2
j,z ;7,] n ~z,] _ Cllz _ Cl,~] Fdey+24 ¢y — ﬁf /8]
20,2'7]' 2ai,j Qq, 5 A /2ai7j \/2ai7j \/QCL,"J‘ \/QCL,J
Combining (40) and (49) we get
a’; j C1,i _o4 243;
a” \/2a; A /2aw
From this we get that
c1,i < (46 +€)/205 5
for large enough 7. Similarly, from (50) and (42) we get
c1,i > —(40 +€)\/2a; 5.
Finally, the constraints at (2ei’j7 1),(2e—i;,1),(2e;,—;,1),(2e_; —;,1) give us
CL/ 201 2(31 4/61 46
2= +2“+4 Iy =t 2l b -1+t =
ai,j Qs,j Gij /2055 Zaw ! V2045 \/ 24,
al a . a 2cq 4 201 46 46
D ey —lde — —= >
Gij  Gig o Gij o /2005 \/20i V 2am V2G5
al, _d, d, 2 21 4B; 48;
9t 4o LIy )y A 2 Lo —14cq+ - —2_ <0
Q;,j a; j a;,j \/2a; \/2a; fal g \/2a;
2@ + 201-/771-7 + 4@;7]- 2clai 261».7 —1 +oey— 451 _ 4/8] >0

diyj di’j di’j B A /Zai,j A /2&17] \/2&1'7]' \/2&1'7]'
Combining (55) and (58) we get
/ al

a a] J i,J
2—— —|—2 —|—4 >t cg—14+c4 >0
alvj i Qi

24

(59)



From this we get that

al 1 €

2] Z_5—= 60
G, 4 1 (60)
for large enough 7. Similarly, combining (56) and (57) we get

/ ! /

as . a’. . a’ .
2 4220 4 ey —14¢4<0 (61)
@i,j @i,j @i,j
From this we get that
!/
1 €
s — = 62
i, 4 4 (62)
for large enough 7.
O

A.2 Proof of Weak Robust Learning

In this section we prove Theorem 6.3, which in turns uses the non-distributional hardness in Theorem A.10.
But to begin with we first prove an alternate NP hardness result. Although weaker than the hardness result
of the previous section, this will help us prove the more robust bound. More formally, we will prove that

Theorem A.l. [Hardness| For every § > 0, assuming NP # RP there is no polynomial time algorithm that
given a set of N = O(n?) labeled points { (zV,yM), ... (™), y0)} with (20, y@)) e R* 1 x { —1,1} for
all j € [N] can determine whether there exists a degree-2 PTF that has 0-robust empirical error of 0 on these
N points.

The above theorem immediately implies the following result about hardness of optimal robust learning of
degree-2 PTFs.

Corollary A.2. [Distributional Hardness] For every 6 > 0, there exists an € > 0 such that assuming
NP # RP there is no algorithm that given a set of N = poly(n, %) samples from a distribution D over
R™ x {—1,+1}, runs in time poly(N) and distinguishes between the following two cases:

e YES: There exists a degree-2 PTF that has §-robust error of 0 w.r.t. D.
e NO: There exists no degree-2 PTF that has §-robust error at most € w.r.t. D.

We again reduce from the QP problem (Problem QP) which is known to be NP hard. The reduction is
sketehced below.
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Figure 8: The figure shows the construction of a hard instance for the robust learning problem. First, points
(SE(j), z(j)) are sampled randomly and staisfying z\9) = p(x(j)). Fach such point is then perturbed along the
direction of the sign vector of the gradient at (x7,2)) to get two data points of the training set, one labeled
as +1, and the other labeled as —1.

1. Let p(x) := 27 Az be the polynomial given by Problem QP, and let 3,6 be the given parameters.
Set o := 628 + 8, p := c36n>/?m, for some sufficiently large constant ¢z > 1.

2. Using A we generate m points (2, 20)) € R**1 as follows. Sample point () from N(0, p?)”, then
set 20) = p(2)) = (20T Az for each j € [m).

3. Define sU) = sgn(Vp(z())) where the sgn(z) € { —1,1}" refers to a vector with entry-wise signs, and
Vp stands for the gradient of p at /). From each (x(/), 2())) generate (u7), z&j)) = (20 =650, 20) 44)
with label y{) = sgn(z&j) — p(u))) and (v(j),zf}j)) = () + 550 20) — §) with label g =
sgn(”) = p(o®)).

4. Generate o (depends on ¢ and 3 from problem QP) and input the 2m + 1 points in R"* x { £1}
given by ((u(j),zqgj)),ngj)), ((v(j),z,gj)),ngj)) for each j € [m] and (0, o, +1) to the algorithm.

Figure 7: Reduction from the QP problem.

To argue the soundness and the completeness of our reduction, we will first analyze the robustness of
degree-2 PTFs on the 2m added labeled examples ((u(®), sz)), yg)) and ((v®, zq()e)), yf,é)). We will show that
the “intended” PTF sgn(z — p(x)) is the unique degree-2 PTF (up to scaling) that is robust at all these 2m
points. Note that a degree-2 PTF sgn(g(x, z)) on the n+ 1 variables (x, z) may not necessarily be of the form
sgn(z — g(x)) for some degree-2 polynomial g(x). We need to rule out the existence of any other degree-2
PTF of the form sgn(q(x, z)) that is d-robust at these points. Once we have established this, we will then
show that the “intended” PTF sgn(z — p(z)) is é-robust at ((0,«),+1) in the YES case, and not d-robust at
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((0,@),4+1) in the NO case.

We proceed by first proving that the intended PTF sgn(z — p(z)) is robust at the 2m added examples.
Recall that the points () € R” are chosen according to a Gaussian distribution with variance p? in every
direction. The following lemma shows a property that holds w.h.p. for the points {z®) : £ € [m]} that will
be key in proving the robustness of sgn(z — p(z)) at the 2m added points in Lemma A.5.

Lemma A.3. There exists some universal constant C' > 0 such that for any n > 0, assuming p > Cén>/>m/n
we have with probability at least 1 — n that
A; 0
Ve € [m], Vi € [n], W >4, (63)
ill1

where A; denotes the ith row of A.

Proof. The proof follows from the following standard anti-concentration fact about Gaussians.

Fact A.4. Let x* be sampled from N(0, p?)". Let a € R™. There exists a universal constant C' > 0 such that
for any ' >0,
P [[(a,a")| < Clallapn) <.

Set ' :=n/(mn). Fix £ € [m],i € [n]. Using Fact A.4 we have with probability at least 1 —n’

j Aillx U
A; (4) > || A; />H71. >4,
[(Ai, )| = [|Aill2pn” = AT
from our assumption on p. The lemma follows from a union bound over all ¢ € [m],i € [n]. O

We now prove the d-robustness of the “intended” degree-2 PTF sgn(z — p(z)) at the 2m added points
w.h.p.

Lemma A.5. There exists constant C > 0 such that for any n > 0, assuming p > Con*/>m/n, then with

probability at least 1 — ), the degree-2 PTF sgn(z — p(z)) = sgn(z — 21 Az) is 6-robust at all the 2m points
{(@®, 2,0, (09, 27),07) - £ € [m] }.
Proof. Consider a fixed ¢ € [m]. For convenience let z*, z*, u, v, z,,, 2, denote MONFIORYOR v“%z&“,sz)
respectively, and let s = sgn(Vp(z®)) € { —1,1}". Hence z* = z*T Az*, (u,2,) = (z* — s, 2* + §) and
(v, 2y) = (x* + ds,2* — 0). We want to prove that the points (u, z,,) and (v, z,) are ¢ robust i.e., these points
are 0 away in £, distance from the decision boundary of sgn(z — p(x)). We now prove the following claim:
Claim. Any point (z,2) € BX (u, 2,) is on the ‘positive’ side i.e., 2 — 2T Ax > 0.

Note that (u, z,) itself lies inside the ball, and hence the claim will show that sgn(z — 27 Az) is é-robust
at (u, zy). An analogous proof also holds that d-robustness at (v, z,).
Proof of Claim. Let’s now define & = x — x*, Z = z — 2*. A simple observation is that (z, z) lies on the
opposite orthant with respect to (z*,2*) as s , and we have (as shown in Figure 9)

Vj € [d], =26 < s(j)Z(j) <0, and Z > 0.
Using z* = p(z*) and Z > 0, for all (z,z) € B"*((u,2,),0) we have
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Figure 9: The figure shows the radius of robustness around the point (x(i), z(i)). Any degree-2 PTF that is
S-robust at all the data points, must take a value of 4+1 in the upper ball around each (z(, 2(9) of £, radius
of 26 and must take a value of —1 in the lower ball around each (), 2()) of £, radius of 25. We use this
fact to establish that such a PTF must pass through the points (z(?, 2(9).

using the fact that Z(i)s(i) € [—26,0] for each i € [n]. Applying Lemma A.3 we see that with probability
at least (1 —n), (63) holds, and hence [(z*, A;)| > J||A;||1 for each i € [n] as required. This establishes the

claim, and proves the lemma.
O

We now prove that the “intended” PTF sgn(z — p(z)) is the only degree-2 PTF that is robust at the
added 2m examples.

Lemma A.6. Consider any degree-2 PTF sgn(q(z, 2)) that is §-robust at the 2m labeled points { ((u'®), Zq(f)), +1):0€[m]}
and { ((v®, zl(,e)), —1):2€[m]} and is consistent with their labels. Then q(x,z) = C(z — p(x)) for some
C#0.

The proof of Lemma A.6 follows immediately from the following two lemmas (Lemma A.7 and Lemma A.8).

Lemma A.7. Consider any degree-2 PTF on n + 1 variables sgn(q(x, z)) that satisfies the conditions of
Lemma A.6. Then q(z¥),20) =0 for each £ € [m].

Proof. Since sgn(q(u(®, zq(f))) #+ sgn(q(v®, zz(,é))), by the Intermediate Value Theorem,
Iy e [0,1] s.t. (,2) =y, 29) + (1 — ) 0D, 209 and ¢(Z,2) = 0.

Also, since g is d-robust at (u(®), zq(f)) and (v, zq(,z)), we must have that (Z,7) is atleast § far away in £

distance from both (u(@, zi(f)) and (v, z,(,e)). Further by design two points are separated by exactly 20 in
each co-ordinate (see Figure 9 for an illustration)! Hence it is easy to see that v = 1/2 i.e., (Z,2) = (2, 2(9)
as required.

O
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We now show that ¢(x, z) = z — p(z) is the only polynomial over (n + 1) variables that evaluates to 0 on
all points { (29, 2()) : ¢ € [m] }. Together with Lemma A.7 this establishes the proof of Lemma A.6.

Lemma A.8. Let m > (n+ 1)% and let ¢ : R"*' — R be any degree-2 polynomial with q(z©,20) = 0
for all £ € [m], where 2 = (T A*z®) and 2 ~ N(0,p?)" with p > 0. Then with probability 1,
q(z,2) = C(z — 2T A*z) for C #0.

Proof. We can represent a general degree-2 polynomial ¢ : R*t! — R given by
q(z,2) = 2T Az + bTx + ¢ + 2 + ¢22% + c32, where z € R, z € R.

This polynomial is parameterized by a vector w = (A, by, ¢1, b2, ca,c3) € R” where r = ("'2"1) + 2n + 3 (since
A is symmetric). Now given a point (z(9,2(9)), the equation q(z), 2(9)) = 0 is a linear equation over the
coefficients w of q. Hence, the set of conditions q(z), z(é)) = 0 can be expressed as a systems of linear
equations Mw = 0 over the (unknown) co-efficients w. Hence any valid polynomial ¢ corresponds to a solution
of the linear system Mw = 0 and vice-versa. We now describe the matrix M € R™*". Define

f(@,2) = (1) @ (21,...,20) ® (wizj 11 < j € [n]) ® (212,...2,2) D (2%), ®(2) € R,
and My := f(29, 29) v € [m],

where u @ v refers to the concatenation of vectors u and v, and M represents the row £ of M. In other words
flz,2) = Loy, ., @ny @3y BTy, T2, 212, Tj2 ..., By 2, 22, 2), where z; is the jth component of x
and z = 27 A*z. Observe that the “intended” polynomial ¢*(z,2) = z — 27 A*x is a valid solution to this
system of equations. Hence, it will suffice to prove that M has rank exactly r — 1 i.e., M has full column rank
minus one. First observe that as polynomials over the formal variables x, z, all but one of the columns of f
are linearly independent — in fact the only linear dependency in f(x, z) corresponds to the column z that can
be expressed as a linear combination of degree-2 monomials { z;x; : @ < j } since z := 2T A*z is a homogenous
degree-2 polynomial. Further the columns { z;z : j € [n] } have degree 3 and z? has degree 4. Hence excluding
the column corresponding to z, it is easy to see that the rest of the columns are linearly independent (either
they correspond to different monomials, or the degrees are different). Now define g(z, z), M’ analogously to
f(z, z) and M respectively, without the last column that corresponds to z i.e.,

g(z,2) = (1) @ (w1,...,20) © (w7 : 1 < j € [n]) ® (212,...202) ® (%) eR™H,
and M, := g(z'9, 29) V¢ € [m).

From our earlier discussion, the columns of g(x, z) when seen as polynomials over the formal variables z, z
are linearly independent. Hence, it suffices to prove the following claim:
Claim: M’ has full column rank i.e., rank of M' is r.

To see why the claim holds consider the first ¢ rows of the matrix M’ and look at their span S(Ry). If
¢ < r — 1 then the space orthogonal to S(Ry) i.e., S(R;)" is non-empty. Consider any direction v in S(R,)*.

(0, My11) = @@V, 20%Y), where q(x, 2) == (v, g(x, 2))

is a non-zero polynomial of degree 2 in z,z (it is not identically zero because the columns of g(z,z) are
linearly independent as polynomials over z, z). Hence using a standard result about multivariate polynomials
evaluated at randomly chose points (See Fact A.9), we get that g(z(“*V, 2(**1)) £ 0 and so (v, M[,,) # 0
with probability 1. Taking a union bound over all the £ € {1,...,r} completes the proof.

O

Fact A.9. A non-zero multivariate polynomial p : R® — R evaluated at a point x ~ N(0, p*)™ with p > 0
evaluates to zero with zero probability.

We remark that the statement of Lemma A.8 can also be made robust to inverse polynomial error by
using polynomial anti-concentration bounds (e.g., Carbery-Wright inequality) instead of Fact A.9; however
this is not required for proving NP-hardness. We now complete the proof of Theorem A.1.
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Proof of Theorem A.1. We start with the NP-hardness of QP, and for the reduction in Figure 7, we will show
that in the YES case, we will show that there is a d-robust degree-2 PTF (completeness), and in the NO case
we will show that there is no § robust degree-2 PTF (soundness). As a reminder, the NP-hard problem QP
is the following: given a symmetric matrix A € R"*" with zeros on diagonals, and g > 0 distinguish whether
No Case : there exists an assignment y* with [|y*||s < 1 such that ¢(y*) = (y*)T Ay* > B,
Yes Case : max|y <1 yT Ay < .
Completeness (Yes Case): Consider the degree-2 PTF given by sgn(z — p(z)) = sgn(z — 27 Az). From
Lemma A.5, we have that it is § robust at the 2m points { ((u(), zz(f)), yff)) 0 € [m]}and { ((v®, zq()e)), yg@)) e m]}
with probability at least 1 — 7 (for n being any sufficiently small constant). Further, from multilinearity of p
we have that,

T 2 T 2
max Ay = §° max Ay < dé*f=a—4.
le<s? VT ey Y

Hence (o — 6) — max yT Ay >0,
llylleo <8

which establishes robustness at ((0, ), +1) for sgn(z — 27 Az). Hence sgn(z — p(z)) is §-robust at the 2m + 1
points with probability at least 1 — n (for 1 being any sufficiently small constant).

Soundness (No Case): From Lemma A.6, we see that the degree-2 PTF given by sgn(z—p(z)) = sgn(z—2T Az)
is the only degree-2 PTF that can potentially be robust at all the 2m + 1 points with probability 1. Again
analyzing robustness at the example ((0,«),+1), we see that from multilinearity of p,

T 2 T 2
max Ay = §° max Ay > 6 =a—9.
le<s? VT ey Y

Hence (o — 6) — max yT Ay <0,
lyllo <6

which shows that the degree-2 PTF sgn(z — p(z)) is not robust at (0, ). Hence there is no d-robust degree-2
PTF at the 2m + 1 given points, with probability 1. This completes the analysis of the reduction, and

establishes the theorem.
O

Stronger Hardness. We now prove the robust lower bound stated below.

Theorem A.10. [Stronger Hardness] For every 6 > 0 and € € (0,2), assuming NP # RP there is no
polynomial time algorithm that given a set of N = poly(n, 1/e) labeled points { (x™),y™M), ... (xN) 4Ny}
in R x { —1,1} such that there is a degree-2 PTF with §-robust empirical error of 0, can output a degree-2
PTF that has §-robust empirical error of at most € on these N points.

Proof. The proof of this theorem closely follows the proof of Theorem A.1 (the ¢ = 0 case), so we only point
out the differences here. The reduction uses the same gadget (Figure 7) used in Theorem A.1. The main
challenge is the soundness analysis (NO case), where we need to rule out the existence of degree-2 PTFs which
are d-robust and consistent at all but an ¢ fraction of the points. To handle this, we introduce “redundancy’
by including more points (of both kinds) to ensure that even when an arbitrary ¢ fraction of these points
are ignored (the PTF makes errors on them), we can still use the arguments in the soundness analysis of
Theorem A.1.

Recall that our reduction (see Figure 7) generated two sets of points. We have one point of the form

)

(0,a) (let us denote this type as Type A) and m pairs of points { (u'®, zi(f)), (v, zy)) : £ € [m] } which are
obtained by modifying (z(*), 2(8) = p(z(9))) with () generated randomly (let us denote these 2m points as of
Type B).

Set Ny :=n3, Ny := 2n3. In our modified instance, we will have N; points of Type A i.e., N; identical
points (0, @) (note that we can also perturb these points slightly so that they are all distinct, if required).

Further, we will have Ny points of Type B i.e., we will generate N3 /2 pairs of points { (u(?), sz)) 1€ [Ny/2]}
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which are generated as described in Figure 7 after drawing () ~ N (0, p?)" for £ € [No/2] (here a larger
p = O(6n3/2Ny) will suffice). Hence, we have in total N = N; + N, = 3n? points.

The completeness analysis (YES case) is identical to that of Theorem A.1, as sgn(z — p(z)) will be §-robust
at all of the N points (from Lemma A.5 and our choice of ).

We now focus on the soundness analysis (NO case). From ¢ < % and our choice of N; and N,

Ny > e(Ny + Ny) (64)
(1 —¢e)(N1 + N2) >Nl+%+(n+1)2 (65)

From (65) and a pigeonhole argument, any subset of size (1 — ¢)(N; 4+ Na) is guaranteed to have (n + 1)2
pairs of points of the form (u(®, z,(f)) and (v®, zq(,e)). This is because the LHS of (65) represents a lower
bound on the number of points the candidate degree-2 PTF is robust on. The RHS of (65) represents the
number of points needed to ensure that atleast (n + 1)? pairs of points from Type B are picked. Hence
using Lemma A.6 along with a union bound over all the ((ni’i)z) choices of the pairs (note that the failure
probability in Lemma A.8 is 0), the “intended” PTF sgn(z — p(x)) is the only surviving degree-2 PTF.

Again from (64) and the pigeonhole principle, any (1 — ¢) fraction of the points will contain atleast one
point of the Type A i.e., (0,a). Hence in the NO case, the “intended” PTF sgn(z — p(x)) is not J-robust.

This completes the soundness analysis and establishes the theorem.
O
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