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ABSTRACT

This two-part paper presents precise measurements of the
ion currents passing between the torch and work piece of the
preheat flame of an oxyfuel cutting torch as a means for replac-
ing contemporary sensing suites. Part II presents the results of a
novel spinning disc Langmuir probe technique to construct spa-
tially resolved measurements of the flame’s ion density distribu-
tion. A bias voltage is applied to a .254mm diameter wire pro-
truding from a spinning disc, and as the wire is passed through
the flame, the measured currents (on the order 101 A) are col-
lected. The process is repeated with incremental wire depths in
the flame to construct the entire planar cross-sectional ion den-
sity. Measurements reveal intense ion concentrations in the in-
ner cones that rapidly decay by an order of magnitude in the
surrounding flow. The outer cone forms a hollow cylinder of
weak ion concentration that declines with distance from the in-
ner cones in a manner consistent with recombination.

1 Introduction

As we establish in part I of this paper [1], ion current mea-
surements in the oxyfuel cutting flame are a promising technol-
ogy to augment or replace the existing sensing suites for these
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systems. These are small currents that can be made to pass be-
tween the torch and work piece through the flame. In part I, we
present methods for scrutinizing aspects of the current-voltage
characteristic between the torch and work piece to establish mea-
sures of standoff distance, ready-to-pierce, pierce success, cut
health, loss-of-cut, and preheat flame health.

In this paper, we present a novel technique for spatially re-
solved measurements of ion density in the preheat flame. Our
present approach to sensing rests on a number of presumptions
about the spatial arrangement of ions inside the flame; where
they are generated, how they migrate, and how saturation occurs.
Before entrusting critical sensing tasks to such a technology, the
underlying physics should be thoroughly understood; we begin
that process here.

1.1 Previous ion density measurements in flames
Signal-level measurements of ion currents were a prominent
part of Thompson’s case for the existence of the electron [2] over
a century ago. He and his contemporaries found that voltages be-
tween platinum wires in a flame could be made to drive electrical
currents up to a maximum, which was called saturation. Lang-
muir famously demonstrated that a cylindrical or spherical probe
could be used to study these plasmas [3], and Boucher and Banta
were able to collect exquisitely precise measurements of the de-
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pletion of charge near a metal surface (now called a ‘“sheath”)
using wire probes [4, 5].

The study of ion concentrations in flames at atmospheric
pressure is severely hindered by the temperatures involved and
the efficiency of heat transfer to the probe. Spatially resolved
measurements were used by Calcote in his study of the ion for-
mation mechanisms [6], but his probe used an actively cooled
platinum wire in sub-atmospheric pressures with air as the ox-
idizer. The density of atmospheric pressure flames drastically
increases the rate heat transfer, and oxyfuel is used for metal
working precisely because the flame temperature is far above the
melting temperatures of most metals. Worse still, the geometric
complexity of the oxyfuel preheat flame requires that the probe
be quite small (we use .25mm or .010in diameter) and long (at
least 10mm or .4in), so actively cooled probes have little hope of
surviving.

Instead, we propose to inject a small wire into the flame for
extremely short periods of time; long enough to collect an elec-
trical measurement, but brief enough to ensure that the wire sur-
vives. It appears that the idea was first proposed by MacLatchy
[71, who used a spinning disc with a wire mounted radially at its
perimeter. The works of Clements and Smy on Langmuir probes
in dense plasmas [8,9, 10, 11] establish that the probe’s satura-
tion current density is a function of its diameter, the local fluid
velocity, and the local ion density. If a wire is driven to negative
voltages, electrons are driven away, and the measured current
per unit length of wire is proportional to the density of positive
molecules in the plasma.

1.2 Spatially resolved measurements

Unfortunately, for a wire injected into a plasma where ion
density cannot be assumed constant along its length, currents
at the wire’s base may be very different from currents at the
wire’s tip. It is not possible to simply calculate an average along
the wire length as was done by MacLatchy. How is it possible
to make spatially resolved measurements? We draw inspiration
from tomography and Abel transformation methods, which infer
some spatially distributed property from a plurality of integrated
line-of-sight measurements. In the same way, we extract spa-
tially resolved current density measurements from a plurality of
individual wire measurements.

We will present the details of the transformation in Section
3, but the approach may be understood by considering a current
measurement obtained from a wire on a spinning disc that can be
moved towards and away from the flame. When the disc is posi-
tioned so that only the very tip of the wire touches the flame and
only the slightest current is detected, then no complicated trans-
form is needed; all of the current was measured at the wire tip,
and the ion density at the flame’s edge may be inferred directly.
If we were to move the disc so the wire is inserted more deeply,
the signal will increase. If we scrutinize the rate of increase with

FIGURE 1. A photograph of the spinning-disc Langmuir probe in
use.

great care, we might subtract off the current we already know to
be encountered at the flame’s edge, leaving only the new signal
encountered at the wire’s tip; now deeper in the flame. If this
process is repeated throughout the flame’s depth, an electrical
cross-section of the flame can be constructed.

2 Experimental design

Two 203mm (8in) diameter aluminum discs capture a
254mm (.010in) diameter nichrome wire, which extends
25.4mm (1.00in) radially from the discs’ edge. The discs are
mounted on a steel spindle, which is, in turn, mounted in a pair
of ceramic (ZrO,) bearings lubricated with dielectric grease. The
spindle is turned by a DC brush motor via a round urethane belt.
The only electrically conductive connection to the spindle and
disc is made through a spring-loaded gold-plated pin mounted
in the white HDPE block visible above the spindle in Figure 1.
Between the white block and the bearings, a photo-interrupter
straddles the spindle and produces a pulse when a hole drilled in
the shaft aligns with the device.

The preheat flame gas flow rates were monitored by ther-
mal mass flow meters and metering valves in a separate room to
protect from thermal drift typical of the torch’s metering valves.

2.1 Wire current measurements

Figure 2 shows how the elements of the system were con-
nected. For these experiments, an Acopian linear power supply
was set to -20V and connected through a sensitive current mea-
surement device (called the “isoshunt” here) to the disc. The

Copyright (© 2020 by ASME



— ::::9 - Photo-
CH4
T v Interrupter
1
X
Iso- OuT |
Shunt com|
_ Acopian -
ES
Ethernet (Isolated)

FIGURE 2. A system diagram of the experiment.

isoshunt created a voltage signal proportional to the current de-
tected at the wire, which was then passed to a LabJack T7 data
acquisition unit. The T7 recorded the optoisolator state and the
wire current at 50kS/s throughout two-second tests.

The isoshunt circuit shown in Figure 3. This circuit directs
the power supplied by the linear power supply through one side
of a balanced bridge. When current flows to the wire, it unbal-
ances the negative half of the bridge, causing a small differential
signal at the input to a custom instrumentation amplifier. This ar-
rangement allows for voltages at the power supply to be as low as
-100V while still permitting highly sensitive measurements. This
approach was necessary because attempts to place a shunt resis-
tor between the power supply and ground caused severe 60Hz
noise due to capacitive coupling through the transformer of the
linear power supply. Grounding the power supply mitigates this
issue.

The negative half of the bridge offers two means of con-
necting the experiment; a high-current connection for signals on
the order of .1 to 10mA, and a low-current connection for sig-
nals on the order of 0.01 to 1uA. The low-current connection
was used for these experiments. Prior to each test, the zero
was set to within ImV. Then, a test current of 10+£.011tA was
driven through the measurement, and the gain was adjusted until
a 5.000£.001V output was produced.

2.2 Scanning the flame

The entire probe assembly was mounted on vertical and hor-
izontal translation stages visible in Figure 1. These allowed lo-
cation of the experiment to within 0.1mm (.004in). To execute
a scan of a horizontal plane of the flame, the vertical stage was
located appropriately and the horizontal stage was used to dwell
for two seconds at each of a series of horizontal locations. First,
the disc was moved towards the flame in 0.25mm (.010in) incre-
ments to a 20mm depth before being retracted at the same incre-
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FIGURE 3. The precision isoshunt circuit used to measure wire cur-
rent

ments, but with a 0.125mm (.005in) offset. In this way, each data
set included 161 data sets spanning 20mm of disc displacement
at 0.125mm increments, but with half of the data collected while
inserting the wire and half of the data collected while extracting
the wire.

Each data set consisted of two seconds of data collected
while the disc was spinning at roughly 400rpm while the wire
current signal and photointerrupter were sampled at 50kS/s. Of
the resulting 100 thousand individual data points, only a small
percentage were collected during the transit through the flame.

2.3 Disc speeds

Here, we devote some attention to ensuring the wire’s sur-
vival in the flame. It spends the majority of its transit in ambi-
ent air, and only a short time in the intense heat of the flame.
Still, when one simply injects a wire of the same material into
the flame, it is not perceptible to the human eye that there is any
delay before it begins to melt.

A wire of diameter, D,,, length, L, with specific heat, ¢, and
density, p, undergoing convection with a coefficient, A, will heat
according to the equation

LxD,? .
Y T =aD,Lh(Ty, —T).

pc
This is a first-order system with time constant

_ peDy,
T= ah .

ey

Let us imagine that the wire enters the flame at time ¢t = 0, and
leaves the flame at time ¢ = 77, and travels a complete rotation at
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time ¢ = f.. Let us define a dimensionless temperature,

T — Tamb

k= ——am
Tflame - Tamh

2

when T, is the ambient air temperature, and T, is the tem-
perature in the flame. In this way, when k = 0, the wire tem-
perature is the same as the ambient, and when k = 1, the wire
temperature is at the flame temperature. Therefore, k obeys a
simple piece-wise differential equation

1 :0<t<ty

Tk+k:{0:tf§t<tc )

If we imagine the wire’s temperature to be &, when leaving
the flame and k,,;,, just prior to entering the flame, we may solve
the piecewise system to obtain

k(t):{(km,-nl)exp(t/r)+1 .: 0<t <ty @
kinax exp(—(t —17)/7) stpststc

After the wire has made many journeys through the flame,
the temperature of the wire entering the flame of one rotation
is the same as the one prior. When we assert this continuity
between at k(0) = k(z.) and k(t;~) = k(t;), we obtain an ex-
pression for the maximum and minimum temperatures purely in
terms of the timing parameters.

L= exp(=ty/7)

1 —exp(—t./7)

. eXP(—la/T) —exp(—tc/7)
min 1 —exp(_tc/f)

kmax =

(52)

(5b)

The times, ., t,, and t7, are determined by the rotation fre-
quency, f and the fraction, ¥ = t7/t., of the disc’s motion that
places the wire in the flame.

1
te = — tfz

f

-2
f

t,=

aNE

We may expand the exponentials of equation 5a to obtain a sim-
pler estimate for the maximum temperature,

2t
kmax"-’xsz_I~ (6)

Clearly, in the limit where f7>> 1, kyax — X-
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FIGURE 4. Maximum and minimum d-less temperatures versus d-

less disc speed for y = 0.2. The dashed line is the approximate k.
from Equation 6

Figure 4 shows the dimensionless temperatures k4, and ki,
versus disc speed, and the approximate kg, is plotted with a
dashed line. The choice of ¥ = 0.02 is consistent with a flame
approximately 12mm (0.5in) across with a wire radius of 100mm
(4in).

Nichrome steel enjoys a high mechanical strength, rela-
tively high density (7,900 kg/m?®), relatively high specific heat
(500J/kg-K) and favorable resistance to corrosion. If the convec-
tive coefficient were approximated on the order of 1000W/m?-K
for a 0.25mm (0.01in) diameter wire, then the time constant, T,
of Equation 1 is about one quarter (0.25) seconds.

Since ) will be constant for a given flame and disc geome-
try, and k4 is a constraint based on the melting temperature of
the wire, we may calculate a minimum safe disc speed. When
we use the expansion in Equation 6, we will produce a conser-
vative calculation for f that cannot be less than 1/27 due to the
singularity in the expansion.

1 kma)c_%2
() (2275) "

If the flame temperature were about 3000K, the wire melt-
ing temperature were about 1700K, and the ambient were about
300K, then k4 = 0.52, and the minimum disc speed is f7 >
0.52. If 7 is 0.25s, then the disc should spin at at least 2.1 rota-
tions per second (124rpm).

For the present study we operate the disc at speeds near 7
revolutions per second (about 400rpm). These speeds are far in
excess of what is required to protect a 0.25mm (.01lin) diameter
wire. If the wire tip is at a radius of 125mm (5in), it will travel at
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roughly 5.3m/s (210in/s), which is safely less than the velocities
that are likely in the flame.

The current signal that should be generated by such an ex-
periment should form a pedestal with a width determined by
the wire’s duration in the flame, and with internal features de-
termined by the length scale of the flame’s micro-structures. If
the wire processes with a speed of 5.3m/s (210in/s) through a
12mm (0.5in) flame, then the pedestal is approximately 2.3ms
wide. The micro-structures that need to be resolved are probably
determined by the number of individual flamelets formed at the
tip’s preheat openings. If we were to assume that these were so
tightly spaced as 1mm, then the pedestal will contain features as
fast as 0.2ms.

Time scales between 2.3ms and 0.2ms correspond to fre-
quency content from 400Hz to SkHz. Of course, these frequen-
cies will scale with the disc speed. If these settings are respected,
digital sampling must be at least 10kHz, and filtration below
S5kHz must be avoided.

Were the diameter of the wire halved, so would the wire’s
thermal time constant, and the minimum disc speed would dou-
ble. Because 400rpm was already an aggressive choice for a
0.25mm (.0lin) wire, it should still be acceptable for a 0.12mm
(.005in) diameter wire.

3 Post-processing

In post-processing, the raw wire current measurements must
be aggregated and interpreted together in order to construct a
map for where these currents occurred in space. The wire current
density per unit area, Jp(x,y), for a wire of diameter, D, may be
taken as a property of the plasma at coordinates, x,y. The actual
signal measured by the wire will be an integration of these local
values all along the wire’s length. The problem that we solve
here is identifying values of Jp over the entire domain that min-
imize disagreement between direct measurement and calculated
values of integrated wire currents.

We apply a coordinate system like the one shown in Figure
5. A wire with diameter, D,,, at an angle 6 from the x-axis,
extending a radius, R, from a center of rotation a distance, d,
from the origin, will incur a current

R
[=1D, / Io(r,d,8)dr )
0

when D,, is the wire diameter, and r is the distance along the
wire.

We will estimate values of Jp at nodes with uniform spacing,
8, in both x and y directions. When we define a grid with N,
nodes along the x-axis and N, nodes along the y-axis. The total

. |

FIGURE 5. The coordinates used to locate the wire and grid nodes.

number of nodes, N, and the number of square elements, N,, are

N, = N,V ©)
N, = (Ne—1)(Ny—1). (10)

If we were to arrange the values of Jp into a vector, X, the
integral in Equation 8 could be reduced to

I=1D,A(R,d,0) X (1)

where each element of A quantifies the contribution of each node
to the integral for a given wire location. While the details of how
A should be calculated are beyond this paper, we offer a brief
overview in the appendix. It may suffice to state that it is derived
by applying a bilinear interpolation scheme between nodes to
permit evaluation of the integral in Equation 8.

Unfortunately, this merely provides us a means for calcu-
lated wire current from a given current density field. In order to
calculate X from many hundreds (or thousands) of direct mea-
surements of I with a wide variety of wire locations, we will
develop a measure of error in our grid and seek to minimize it. A
least-squares approach proves quite functional.

For the k™ measurement in a data set, the grid’s error, e,
will be

e = ﬂDWK(R,dk, Gk) X —1I (12)

when I; is the current measured with the disc location, dj, and
angle, theta;. The total error from all measurements may be
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assessed by the sum of squares, E = ¥ ¢,%>. When our choices
for the n™ element of X is optimal,

2
0= JoE
X,
8ek
=2Y e
B4,

=2Y ("D, A(R.di,60)- X ~ 1) Ar(R,di 8). (13)
k

Here, A, is the element of A corresponding to the n™ element
of X. We may simplify this into a single matrix equation by
repeating it for each value of n to form a system of equations.
For compactness, we also rewrite /_Q(R7dk7 6r) -X as A,TX. The
result is simply

1

Ay = X 14
ang, ilk (14)

Y AT
k

This represents a matrix inversion problem for the calcula-
tion of the node values, X, in terms of the raw measurements,
I.

3.1 First stage post-processing

The scheme we have described in Section 2.2 requires that
a single horizontal of the scan consisted of 161 individual tests
lasting two seconds each. At 50kS/s, there are 16.1 million data
points in a single scan of the flame. The vast majority are data
collected while the wire was passing uselessly through air, and
the raw data are expressed as voltage versus time and not the wire
current versus disc angle (which the above analysis requires).

Therefore, the first post processing step included four major
activities

1. Apply the isoshunt’s calibration to re-scale the voltage data
into UA.

2. Use the photo interrupter’s rising edge to translate time into
disc angle for each measurement.

3. Organize the data into bins by disc angle so that all data at
nearby disc angles are grouped together.

4. Produce statistics on each disc angle bin including number
of data points, mean, median, and standard deviation.

The results were stored in text files and plotted (as in Figure 6
so they could be visually checked for anomalies. The bins were
.0005 radians wide, and each usually contained 15 to 17 samples.
Figure 6 shows a typical result from a single data set collected
quite close to the torch tip. It is already evident that the method
is sufficient to resolve important spatial details in the inner cones.

Signal (uA)

X
61 b+

0.00 0.02 0.04 0.06 0.08 0.10 0.12
Angle (radians)

FIGURE 6. An example of the results of the first post-processing step.

3.2 Second-stage post-processing

Between the mean and median values produced in the first
post-processing step, the median was found to offer superior re-
jection of intermittent asymmetrical jumps in the flame ion activ-
ity. Each median value was accumulated in a solution matrix us-
ing the formulation developed above. This process was repeated
for each of the 161 files to accumulate a master solution matrix
and vector defined in Equation 14.

A grid with 0.25mm (.0lin) node spacing was selected.
Finer resolution would have been impractical since the grid spac-
ing is already equal to the wire diameter. Furthermore, as the grid
resolution approaches the spacing between individual measure-
ments, the solution matrix approaches singular. These settings
were found to be a compromise between the desire for detailed
resolution and numerical stability of the problem.

4 Results

Figures 7 show pseudo-color representations of the post-
processed wire current density in the flame. This indicator of
the local concentration of ions depicts high densities of ions in
the 12 inner cones that rapidly disperse into a uniform hollow
cylinder. The ion density appears to be steadily in decline as the
scanning height descends. In the coordinates shown, the disc is
spinning counter-clock-wise in the plane of the page to the left
of the flame.

To rule out the possibility of decreased signal to the wire
due to corrosion or some other change in the wire’s properties
throughout these tests, they were conducted out-of-order; z =
3mm, z = 6mm, z =4.5mm, and z = 7.5mm.

There are striped artifacts that appear along the x-axis be-
hind the flame due to the unsteadiness in the flame that can be
observed in Figure 6. The effect is readily understood by con-
sidering the explanation we offer for the transform in the intro-
duction. When the wire is quite shallow in the flame, the signals
are very weak. As the wire move deeper into the flame, the al-
gorithm we have developed understands this increase in signal
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FIGURE 7. Ionic cross sections at four distances below the torch tip. The pseudo-color scale is in A per mm? of wire surface.

to be due to new signal encountered at the wire’s tip. However,
if the signal were to fluctuate due to natural oscillations in the
flame, the algorithm would be erroneously assign the change to
new signal encountered at the wire’s tip. This causes intermittent
stripes after the flame. Future efforts may endeavor to modify
the system to quiet these oscillations.

It should be emphasized that we make no attempt to translate
these to ion density measurements. Though this is entirely possi-
ble thanks to the work of Clements and Smy, there are a number
of parameters (such as the local fluid velocity) that are not well
known in our system. We will certainly perform this work, but
for now, we merely assert that the ion density is proportional
to the signal we have reported. Regions of the flame with very
weak signal have very few ions and regions of the flame with
strong signal have many ions.

5 Conclusions

The spinning disc Langmuir probe provides a valid method
for collecting spatially resolved ion density measurements in a
high-temperature atmospheric flame. This preliminary work val-
idates the method that we will use to continue to study the elec-
trical structure of the flame.

Even without translating these units into ion count per cubic
mm, there are a number of important insights that can already be
gained. Visual inspection of the luminous outer cone would place
it closer to 10mm or more in diameter, but these data show no
evidence of electrical charge so far from the centerline. Instead,
charged particles seem to be tightly restricted to a ring roughly
6mm in diameter, directly downstream of the inner cones. There,
their concentration appears to slowly decline.

There are a number of next steps that should be taken.
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1. The Clements and Smy “frozen ion model” should be used
to re-scale these data to estimates of ion concentration.

2. These measurements should be compared with computation
fluid dynamics simulation.

3. These measurements should be used to develop a simplified
one-dimensional model for the flame electrical properties.

4. The simulations should be compared against prior measure-

ment (especially regimes 1 and 3).

Steps should be taken to quiet the flame oscillations.

6. These measurements should be repeated with various volt-
ages applied to the torch.

e

Acknowledgements

The work presented here was made possible by award
1900698 from the National Science Foundation.

A Appendix
A.1 Interpolation

Each element is a finite domain in x,y space over which we
may estimate the continuous function, Jp, at a point, p = [x,y|”,
by linear interpolation of the node values.

Jp(p) =
Xi j ®00(P) +Xiv1,j010(P) + ...
Xi j+1 001 (P) + Xiv1,j+1 011(P) (15)

when the ¢ functions are interpolation functions which we must
define. Note that this is only valid when p lies within the element,
sox; <x<xypandy; <y<yj1.

A formulation of the interpolation functions is facilitated by
using a scaled coordinate system, £ = (x —x;)/(xit1 —Xi), § =
(v =yj)/(vj+1—yj), or

(16)

Il
b
Il
(«%]

This constitutes a coordinate system with its origin at the bottom-
left most node in the element (node n or equivalently node i, j)
extending to £ = 1 at its right-most, and § = 1 at its top most
extent. These interpolation functions are only valid in that range.

For the interpolated values for Jp to agree with the node
values at the verticies, each interpolation function must be one
at its own node and zero at the other three. This implies four
constraints on each interpolation function, permitting a four-term
x,y polynomial. Using the element-scaled coordinate system, the

resulting interpolation functions are

Poo = (1 —%)(1—3) (17a)
d10 =%(1-9) (17b)
P01 = (1-%)y (17¢)
o1 =%y (17d)

and may be more compactly written (j)(ﬁ) Note that each ¢ is
unity when p is at its respective node, but declines to zero at all
other nodes.

A.2 Line Segments

Constructing the wire’s path in space and the bounds on
an element’s regime in space is accomplished by defining line
segments. In the case of elements, the four segments defining
their boundary are simply defined by the segments connecting
the nodes. The wire may be imagined to extend a radius, R, from
the center of rotation at some angle relative to the x-axis.

It is convenient to define a line segment by a starting point,
Do, and a direction, Ap. Therefore, the line segment is defined as

p(s) =po+sAp  Vsel0,1]. (18)

Negative values of s and values greater than 1 represented points
projected beyond the bounds of the line segment. The value of s
is related to the distance along the segment, r, by

r=s||Ap]|. (19)

For line segments expressed within an element’s dimension-
less coordinate system,

=20 T B+ sAp (20)

This alternate formulation for a line segment is simply re-scaled
by the elements size and offset by its bottom-left element’s coor-
dinates.

A.3 Calculating A

Equation 14 reduces the problem to a matrix inversion in
terms of sums of Ay = /ﬂ\(R,dk7 0)). Here, we use the interpo-
lation functions to calculate A for the k data point with the disc
center of rotation at x = —dj, and the wire at an angle, 6;. For
each such wire location, elements may fall into three categories:
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1. Elements through which the wire does not pass,
2. Elements with the wire passing through two faces,
3. An element with the wire passing through only one face.

The first will constitute the vast majority of elements for any
given wire location and do not contribute to the integral. In this
approach, we will consider each element that contains a segment
of the wire, and we will accumulate their contributions to A.

The integration of Jp over only the n element will contain
contributions from the four nodes that form its limits,

/ Jpdr :X,;’j/ ¢00dr+X,-+1,j/ Orodr+ ...
J(n) (n) (n)
Xi,j+1/ ¢01dr+Xi+1,j+l/ ¢11dr (21)
(n) J(n)
Note that we have been quite deliberately vague with regard
to the bounds on the integrals over r. Once we have isolated a line

segment, p(s), within element n, each integral may be rescaled
to be in terms of s,

d 3l [ o0 d 22
|, 0ar =181 [ 6(p(s))ds )

since dr = ||Ap||ds.
So, the four interpolation function integrals are

1 1
cbooz/o ¢oo(s>ds:/0 (1— 20 — sAR)(1 — 5o — sAP)ds
_ARAY AR(1—J0)  AY(1—Ko)

+(1—2%0)(1—7o)

3 2 2
(23a)
1 1
cpmz/o q)lo(s)ds:/o (804 5A8) (1 — o — sAF)ds
ARAD  AR(1—Fy) A9R
- AT AR AT aaog) @an)
3 2 2
1 o]
q)Ol 2/0 (P(n(S)dS:/O (1 —)eo—SA)?)()Afo—l—SA)A/)dS
ARAY  ARYo  AP(1—3%o) A
_ _ 1— 2
3 > 5 + (1 —%0)Fo (23c¢)
1 1
D :/0 ¢11(S)d.§‘:/0 ()€0+sA)€)()70+sA)7)ds
ARA) ARy AS
= = S S (23d)

Finally, we may construct A in terms of these ® formulae.

Here, the contribution to each A element from only element n is

A = [|AF]Poo (24a)
AL = 11AB @0 (24b)
Az(r;)ﬂ = ||Ap||Pox (24c)

AP o1 = 1AB|@1; (24d)

and zero otherwise. The total A vector is constructed by sum-
ming these values contributed from all the elements.

Aij=Y A (25)
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