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Abstract

Theuseoftargetnetworkshasbeenapopular
andkeycomponentofrecentdeepQ-learningal-
gorithmsforreinforcementlearning,yetlittleis
knownfromthetheoryside.Inthiswork,we
introduceanewfamilyoftarget-basedtemporal
difference(TD)learningalgorithmsthatmain-
taintwoseparatelearningparameters–thetarget
variableandonlinevariable. Weproposethree
membersinthefamily,theaveragingTD,double
TD,andperiodicTD,wherethetargetvariableis
updatedthroughanaveraging,symmetric,orpe-
riodicfashion,respectively,mirroringthosetech-
niquesusedindeepQ-learningpractice. Wees-
tablishasymptoticconvergenceanalysesforboth
averagingTDanddoubleTDandafinitesample
analysisforperiodicTD.Inaddition,weprovide
somesimulationresultsshowingpotentiallysu-
periorconvergenceofthesetarget-basedTDal-
gorithmscomparedtothestandardTD-learning.
Whilethisworkfocusesonlinearfunctionapprox-
imationandpolicyevaluationsetting,weconsider
thisasameaningfulsteptowardsthetheoretical
understandingofdeepQ-learningvariantswith
targetnetworks.

1.Introduction

DeepQ-learning(Mnihetal.,2015)hasrecentlycaptured
significantattentionsinthereinforcementlearning(RL)
communityforoutperforminghumaninseveralchallenging
tasks.Besidestheeffectiveuseofdeepneuralnetworks
asfunctionapproximators,thesuccessofdeepQ-learning
isalsoindispensabletotheutilizationofaseparatetarget
networkforcalculatingtargetvaluesateachiteration.In
practice,usingtargetnetworksisproventosubstantially
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improvetheperformanceofQ-learningalgorithms,and
isgraduallyadoptedasastandardtechniqueinmodern
implementationsofQ-learning.

Tobemorespecific,theupdateofQ-learningwithtarget
networkcanbeviewedasfollows:

θt+1=θt+α(yt−Q(st,at;θt))∇θQ(st,at;θt)

whereyt= r(st,at)+γmaxaQ(st+1,a;θt),θtisthe
onlinevariable,andθtisthetargetvariable.Herethestate-
actionvaluefunctionQ(s,a;θ)isparameterizedbyθ.The
updateoftheonlinevariableθtresemblesthestochastic
gradientdescentstep.Thetermr(st,at)standsfortheinter-
mediaterewardoftakingactionatinstatest,andytstands
forthetargetvalueunderthetargetvariable,θt.Whenthe
targetvariableissettobethesameastheonlinevariable
ateachiteration,thisreducestothestandardQ-learning
algorithm(Watkins&Dayan,1992),andisknowntobe
unstablewithnonlinearfunctionapproximations.Several
choicesoftargetnetworksareproposedintheliteratureto
overcomesuchinstability:(i)periodicupdate,i.e.,thetarget
variableiscopiedfromtheonlinevariableeveryτ>0steps,
asusedfordeepQ-learning(Guetal.,2016;Mnihetal.,
2015;2016;Wangetal.,2016);(ii)symmetricupdate,i.e.,
thetargetvariableisupdatedsymetricallyastheonlinevari-
able;thisisfirstintroducedindoubleQ-learning(Hasselt,
2010;VanHasseltetal.,2016);and(iii)Polyakaveraging
update,i.e.,thetargetvariabletakesweightedaverageover
thepastvaluesoftheonlinevariable;thisisusedindeep
deterministicpolicygradient(Heessetal.,2015;Lillicrap
etal.,2015)asanexample.Inthefollowing,wesimply
refertheseastarget-basedQ-learningalgorithms.

WhiletheintegrationofQ-learningwithtargetnetworks
turnsouttobesuccessfulinpractice,itstheoreticalcon-
vergenceanalysisremainslargelyanopenyetchallenging
question.Asanintermediatesteptowardstheanswer,inthis
work,wefirststudytarget-basedtemporaldifference(TD)
learningalgorithmsandestablishtheirconvergenceanalysis.
TDalgorithms(Sutton,1988;Suttonetal.,2009a;b)are
designedtoevaluateagivenpolicyandarethefundamental
buildingblocksofmanyRLalgorithms.Comprehensivesur-
veysandcomparisonsamongTD-basedpolicyevaluation
algorithmscanbefoundin(Dannetal.,2014).Motivatedby
thetarget-basedQ-learningalgorithms(Mnihetal.,2015;
Wangetal.,2016),weintroduceatargetvariableintothe
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TDframeworkanddevelopafamilyoftarget-basedTD
algorithmswithdifferentupdatingrulesforthetargetvari-
able.Inparticular,weproposethreemembersinthefamily,
theaveragingTD,doubleTD,andperiodicTD,wherethe
targetvariableisupdatedthroughanaveraging,symmetric
orperiodicfashion,respectively.Meanwhile,similartothe
standardTD-learning,theonlinevariabletakesstochastic
gradientstepsoftheBellmanresiduallossfunctionwhile
freezingthetargetvariable.Asthetargetvariablechanges
slowlycomparedtotheonlinevariable,target-basedTD
algorithmsarepronetoimprovethestabilityoflearning
especiallyiflargeneuralnetworksareused,althoughthis
workwillfocusonTDwithlinearfunctionapproximators.

Theoretically,weprovetheasymptoticconvergenceofav-
eragingTDanddoubleTDandestablishafinitesample
analysisfortheperiodicTD.Practically,wealsorunsome
simulationsshowingsuperiorconvergenceoftheproposed
target-basedTDalgorithmscomparedtothestandardTD-
learning.Inparticular,ourempiricalcasestudiesdemon-
stratethatthetargetTD-learningalgorithmsoutperformthe
standardTD-learninginthelongrunwithbetteraccuracy
andlowervariances,despitetheirslowerconvergenceatthe
verybeginning.Moreover,ouranalysisrevealsanimportant
connectionbetweentheTD-learningandthetarget-based
TD-learning. Weconsidertheworkasameaningfulstep
towardsthetheoreticalunderstandingofdeepQ-learning
withgeneralnonlinearfunctionapproximation.

Relatedwork.Thefirsttarget-basedreinforcementlearn-
ingwasproposedin(Mnihetal.,2015)forpolicyoptimiza-
tionproblemswithnonlinearfunctionapproximation,where
onlyempiricalresultsweregiven.Toourbestknowledge,
target-basedreinforcementlearningforpolicyevaluation
hasnotbeenspecificallystudiedbefore.Asomewhatre-
latedfamilyofalgorithmsarethegradientTD(GTD)learn-
ingalgorithms(Daietal.,2017;Mahadevanetal.,2014;
Suttonetal.,2009a;b),whichminimizetheprojectedBell-
manresidualthroughtheprimal-dualalgorithms.TheGTD
algorithmssharesomesimilaritieswiththeproposedtarget-
basedTD-learningalgorithmsinthattheyalsomaintain
twoseparatevariables–theprimalanddualvariables,to
minimizetheobjective.Apartfromthisconnection,the
GTDalgorithmsarefundamentallydifferentfromtheav-
eragingTDanddoubleTDalgorithmsthatwepropose.
TheproposedperiodicTDalgorithmcanbeviewedasap-
proximatelysolvingleastsquaresproblemsacrosscycles,
makingitcloselyrelatedtotwofamiliesofalgorithms,the
least-squareTD(LSTD)learningalgorithms(Bertsekas,
1995;Bradtke&Barto,1996)andtheleastsquarespolicy
evaluation(LSPE)(Bertsekas&Yu,2009;Yu&Bertsekas,
2009).Buttheyalsodistinctfromeachotherintermsofthe
subproblemsandsubroutinesusedinthealgorithms.Partic-
ularly,theperiodicTDexecutesstochasticgradientdescent
stepswhileLSTDusestheleast-squareparameterestima-

tionmethodtominimizetheprojectedBellmanresidual.
Ontheotherhand,LSPEdirectlysolvesthesubproblems
withoutsuccessiveprojectedBellmanoperatoriterations.
Moreover,theproposedperiodicTDalgorithmenjoysa
simplefinite-sampleanalysisbasedonexistingresultson
stochasticapproximation.

2.Preliminaries

Inthissection,webrieflyreviewthebasicsoftheTD-
learningalgorithmwithlinearfunctionapproximation.We
firstlistafewnotationsusedthroughoutthepaper.

Notation xD :=
√
xTDxforanypositive-definiteD;

λmin(A)andλmax(A)denotestheminimumandmaximum
eigenvaluesofasymmetricmatrixA,respectively.

2.1.MarkovDecisionProcess(MDP)

AdiscountedMarkovdecisionprocessischaracterizedby
thetupleM :=(S,A,P,r,γ),whereSisafinitestate
space,Aisafiniteactionspace,P(s,a,s):=P[s|s,a]
representsthe(unknown)statetransitionprobabilityfrom
statestosgivenactiona,r:S×A →[0,σ]isa
uniformlyboundedstochasticreward,andγ∈(0,1)is
thediscountfactor.Ifactionaisselectedwiththecur-
rentstates,thenthestatetransitstoswithprobability
P(s,a,s)andincursarandomrewardr(s,a)∈[0,σ]with
expectationR(s,a).Astochasticpolicyisadistribution
π∈∆|S|×|A|representingtheprobabilityπ(s,a)=P[a|s],
Pπdenotesthetransitionmatrixwhose(s,s)entryis
P[s|s]= a∈AP(s,a,s)π(s,a),andd∈∆|S|denotes
thestationarydistributionofthestates∈Sunderpolicyπ,
i.e.,d=dPπ.Thefollowingassumptionisstandardinthe
literature.

Assumption1Weassumethatd(s)>0foralls∈S.

Wealsodefinerπ(s)andRπ(s)asthestochasticreward
anditsexpectationgiventhepolicyπandthecurrentstates,
i.e.Rπ(s):= a∈Aπ(s,a)R(s,a).Theinfinite-horizon
discountedvaluefunctiongivenpolicyπis

Jπ(s):=E
∞

k=0
γkr(sk,ak)s0=s,

wheres∈S,Estandsfortheexpectationtakenwithrespect
tothestate-action-rewardtrajectories.

2.2.LinearFunctionApproximation

Givenpre-selectedbasis(orfeature)functionsφ1,...,φn:
S →R,Φ∈R|S|×nisdefinedas

Φ:=






φ(1)T

...
φ(|S|)T




∈R

|S|×n,whereφ(s):=






φ1(s)
...

φn(s)




∈R

n.
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Heren |S|isapositiveintegerandφ(s)isafeature
vector.ItisstandardtoassumethatthecolumnsofΦdonot
haveanyredundancyuptolinearcombinations.Wemake
thefollowingassumption.

Assumption2Φhasfullcolumnrank.

2.3.ReinforcementLearning(RL)Problem

Inthispaper,thegoalofRLwiththelinearfunctionap-
proximationistofindtheweightvectorθ∈Rnsuchthat
Jθ:=ΦθapproximatesthetruevaluefunctionJ

π.This
istypicallydonebyminimizingthemean-squareBellman
errorlossfunction(Suttonetal.,2009a)

min
θ∈Rn

l(θ):=
1

2
Es[([Es,r[r(s,a)+γJθ(s)]−Jθ(s)])

2]

=
1

2
Rπ+γPπΦθ−Φθ2D, (1)

whereDisdefinedasadiagonalmatrixwithdiagonalen-
triesequaltoastationarystatedistributiondunderthepolicy
π.NotethatduetoAssumption1,D 0.IntypicalRL
setting,themodelisunknown,whileonlysamplesofthe
state-action-rewardareobserved.Therefore,theproblem
canonlybesolvedinstochasticwayusingtheobservations.
Inordertoformallyanalyzethesamplecomplexity,we
considerthefollowingassumptiononthesamples.

Assumption3ThereexistsaSamplingOracle(SO)that
takesinput(s,a)andgeneratesanewstateswithproba-
bilitiesP(s,a,s)andastochasticrewardr(s,a)∈[0,σ].

Thisoracle modelallowsustodrawi.i.d. samples
(s,a,r,s)froms∼ d(·),a∼ π(s,·),s∼ P(s,a,·).
Whilesuchani.i.d.assumptionmaynotnecessarilyholdin
practice,itiscommonlyadoptedforcomplexityanalysisof
RLalgorithmsintheliterature(Bhandarietal.,2018;Dalal
etal.,2018;Suttonetal.,2009a;b).It’sworthmentioning
thatseveralrecentworksalsoprovidecomplexityanalysis
whenonlyassumingMarkoviannoiseorexponentiallyβ-
mixingpropertiesofthesamples(Antosetal.,2008;Bhan-
darietal.,2018;Daietal.,2018;Srikant&Ying.,2019).
Forsakeofsimplicity,thispaperonlyfocusesonthei.i.d.
samplingcase.

Anaiveideaforsolving1istoapplythestochasticgradient
descentsteps,θk+1=θk−αk∇̃θl(θk),whereαk>0isa
step-sizeand̃∇θl(θk)isastochasticestimatorofthetrue
gradientoflatθ=θk,∇θl(θk)=Es,a(Es,r[r(s,a)+

γJθk(s)]−Jθk(s))
T(Es[γ∇θJθk(s)]−∇θJθk(s)).This

approachiscalledtheresidualmethod(Baird,1995).Its
maindrawbackisthedoublesamplingissue(Bertsekas
&Tsitsiklis,1996,Lemma6.10,pp.364):toobtainan
unbiasedstochasticestimationof∇θl(θk),weneedtwo
independentsamplesgivenanypair(s,a)∈S×A.Thisis

possibleunderAssumption3,buthardlyimplementablein
mostrealapplications.

2.4.StandardTD-Learning

InthestandardTD-learning(Sutton,1988),thegradient
termEs[γ∇θJθk(s)]inthelastline(∇θl(θk))isomit-
ted(Bertsekas&Tsitsiklis,1996,pp.369). Theresult-
ingupdateruleisθk+1 =θk−αkη(θk),whereη(θk):=
−(r(s,a)+γJθk(s)−Jθk(s))∇θJθk(s).Whilethealgo-
rithmavoidsthedoublesamplingproblemandissimpleto
implement,akeyissuehereisthatthestochasticgradient
η(θk)doesnotcorrespondtothetruegradientoftheloss
functionl(θ)oranyotherobjectivefunctions,makingthe
theoreticalanalysisrathersubtle.Asymptoticconvergence
oftheTD-learningwasgivenintheoriginalpaper(Sutton,
1988)intabularcaseandinTsitsiklis&VanRoy(1997)
withlinearfunctionapproximation.Finite-timeconvergence
analysiswasrecentlyestablishedinBhandarietal.(2018);
Dalaletal.(2018);Srikant&Ying.(2019).

Remark. TheTD-learningcanalsobeinterpretedasmin-
imizingthemodifiedlossfunctionateachiteration

l(θ;θ):=
1

2
Es,a[(Es,r[r(s,a)+γJθ(s)]−Jθ(s))

2],

whereθstandsforanonlinevariableandθstandsfora
targetvariable.Ateachiterationstepk,itsetsthetarget
variabletothevalueofcurrentonlinevariableandperforms

astochasticgradientstep,θk+1=θk−αk∇̃θl(θ;θk)
θ=θk
.

AfullalgorithmisdescribedinAlgorithm1.

Algorithm1StandardTD-Learning

1:Initializeθ0randomlyandsetθ0=θ0.
2:foriterationk=0,1,...do
3: Samples∼d(·)anda∼π(s,·)
4: Samplesandr(s,a)fromSO
5: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)

6: Updateθk+1=θk−αkgk
7: Updateθk+1=θk+1
8:endfor

Inspiredbythetherecenttarget-baseddeepQ-learningal-
gorithms(Mnihetal.,2015),weconsiderseveralalternative
updatingrulesforthetargetvariablethatarelessaggressive
andmoregeneral.Thisthenleadstotheso-calledtarget-
basedTD-learning.Oneofthepotentialbenefitsisthatby
slowingdowntheupdateforthetargetvariable,wecanre-
ducethecorrelationofthetargetvalue,orthevarianceinthe
gradientestimation,whichwouldthenimprovethestability
ofthealgorithm.Tothisend,weintroducethreevariants
oftarget-basedTD:averagingTD,doubleTD,andperiodic
TD,eachofwhichcorrespondstoadifferentstrategyofthe



TargetTD-Learning

targetupdate.Inthefollowingsections,wediscussthese
algorithmsindetailsandprovidetheirconvergenceanalysis.

3.AveragingTD-Learning(A-TD)

WestartbyintegratingTD-learningwiththePolyakav-
eragingstrategyfortargetvariableupdate.Thisismoti-
vatedbytherecentdeepQ-learning(Mnihetal.,2015)and
DDPG(Lillicrapetal.,2015).It’sworthpointingoutthat
suchastrategyhasbeencommonlyusedinthedeepQ-
learningframework,buttheconvergenceanalysisremains
absenttoourbestknowledge.Herewefirststudythisfor
theTD-learning.Thebasicideaistominimizethemodified
loss,l(θ;θ),withrespecttoθwhilefreezingθ,andthen
enforceθ→ θ(targettracking).Roughlyspeaking,the
trackingstep,θ→θ,isexecutedwiththeupdate

θk+1=θk−αk∇̃θl(θ;θk)
θ=θk

,

θk+1=θk+αkδ(θk−θk),

whereδ>0istheparameterusedtoadjusttheupdate
speedofthetargetvariableand̃∇θl(θ;θk)isastochastic
estimationof∇θl(θ;θk).Afullalgorithmissummarized
inAlgorithm2,whichiscalledaveragingTD(A-TD).

ComparedtothestandardTD-learninginAlgorithm1,the
onlydifferencecomesfromthetargetvariableupdatein
thelastlineofAlgorithm2.Inparticular,ifwesetαk=
1/δandreplaceθkwithθk+1inthesecondupdate,thenit
reducestotheTD-learning.

Algorithm2AveragingTD-Learning(A-TD)

1:Initializeθ0andθ0randomly.
2:foriterationk=0,1,...do
3: Samples∼d(·)anda∼π(s,·)
4: Samplesandr(s,a)fromSO
5: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)

6: Updateθk+1=θk−αkgk
7: Updateθk+1=θk+αkδ(θk−θk)
8:endfor

Next,weproveitsconvergenceundercertainassumptions.
TheconvergenceproofisbasedontheODE(ordinarydif-
ferentialequation)approach(Bhatnagaretal.,2012),which
isstandardtechniqueusedintheRLliterature(Suttonetal.,
2009b).Intheapproach,astochasticrecursivealgorithmis
convertedtothecorrespondingODE,andthestabilityofthe
ODEisusedtoprovetheconvergence.TheODEassociated
withA-TDisθ̇=−ΦTDΦθ+γΦTDPπΦθ+ΦTDRπ

andθ̇=δθ−δθ.Wearriveatthefollowingconvergence
result.

Theorem1Assumethatwithafixedpolicyπ,theMarkov

chainisergodicandthestep-sizessatisfy

αk>0,

∞

k=0

αk=∞,

∞

k=0

α2k<∞. (2)

Then,θk→ θ
∗andθk→ θ

∗ask→ ∞withprobability
one,where

θ∗=−(ΦTD(γPπ−I)Φ)−1ΦTDRπ. (3)

Remark1Notethatθ∗in(3)isnotidenticaltotheop-
timalsolutionoftheoriginalproblemin(1).Instead,it
isthesolutionoftheprojectedBellmanequationdefined
asΦθ=F(Φθ),whereFistheprojectedBellmanop-
eratordefinedbyF(Φθ):=Π(Rπ+γPπΦθ),whereΠ
istheprojectionontotherangespaceofΦ,denotedby
R(Φ):Π(x):=argminx∈R(Φ) x−x

2
D.Theprojection

canbeperformedbythematrixmultiplication:wewrite
Π(x):=Πx,whereΠ:=Φ(ΦTDΦ)−1ΦTD.

Theorem1impliesthatboththetargetandonlinevariables
oftheA-TDconvergetoθ∗whichsolvestheprojectedBell-
manequation.TheproofofTheorem1isprovidedinAp-
pendixAofthesupplementalmaterialbasedonthestochas-
ticapproximationapproach,whereweapplytheBorkar
andMeyntheorem(Bhatnagaretal.,2012,AppendixD).
Alternatively,themulti-timescalestochasticapproxima-
tion(Bhatnagaretal.,2012,pp.23)canbeusedwithslightly
differentstep-sizerules.Duetotheintroductionoftarget
variableupdates,derivingafinite-sampleanalysisforthe
modifiedTD-learningisfarfromstraightforward(Bhandari
etal.,2018;Dalaletal.,2018).Wewillleavethisforfuture
investigation.

4.DoubleTD-Learning(D-TD)

Inthissection,weintroduceanaturalextensionoftheA-TD,
whichhasamoresymmetricform.Thealgorithmmirrors
thedoubleQ-learning(VanHasseltetal.,2016),butwitha
notabledifference.Here,boththeonlinevariableandtarget
variableareupdatedinthesamefashionbyswitchingroles.
Toenforceθ→ θ,wealsoaddacorrectiontermδ(θ−
θ)tothegradientupdate.Thealgorithmissummarized
inAlgorithm3,andreferredtoasthedoubleTD-learning
(D-TD).

WeprovidetheconvergenceoftheD-TDwithlinearfunc-
tionapproximationbelow.Theproofissimilartotheproof
ofTheorem1,andiscontainedinAppendixBofthesup-
plementalmaterial.Notingthatasymptoticconvergencefor
doubleQ-learninghasbeenestablishedin(Hasselt,2010)
fortabularcase,butnoresultisyetknownwhenlinear
functionapproximationisused.

Theorem2Assumethatwithafixedpolicyπ,theMarkov
chainisergodicandthestep-sizessatisfy(2).Then,θk→
θ∗andθk→θ

∗ask→∞withprobabilityone.
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Algorithm3DoubleTD-Learning(D-TD)

1:Initializeθ0andθ0randomly.
2:foriterationk=0,1,...do
3: Samples∼d(·)anda∼π(s,·)
4: Samplesandr(s,a)fromSO
5: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)+

δ(θk−θk)
6: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)+

δ(θk−θk)
7: Updateθk+1=θk−αkgk
8: Updateθk+1=θk−αkgk
9:endfor

IfD-TDusesidenticalinitialvaluesforthetargetandonline
variables,thenthetwoupdatesremainidentical,i.e.,θk=
θkfork≥0.Inthiscase,D-TDisequivalenttotheTD-
learningwithavariantofthestep-sizerule.Inpractice,this
problemcanalsoberesolvedifweusedifferentsamplesfor
eachupdate,andtheconvergenceresultwillstillapplyto
thisvariationofD-TD.

ComparedtothecorrespondingformofthedoubleQ-
learning(Hasselt,2010),D-TDhastwomodifications.First,
weintroduceanadditionalterm,δ(θk−θk)orδ(θk−θk),
linkingthetargetandonlineparametertoenforceasmooth
updateofthetargetparameter. ThiscoversdoubleQ-
learningasaspecialcasebysettingδ=0.Moreover,the
D-TDupdatesbothtargetandonlineparametersinparallel
insteadofrandomly.Thisapproachmakesmoreefficient
useofthesamplesinaslightsacrificeofthecomputation
cost.Theconvergenceoftherandomizedversionisproved
withslightmodificationofthecorrespondingproof(seeAp-
pendixCofthesupplementalmaterialfordetails).

5.PeriodicTD-Learning(P-TD)

Inthissection,weproposeanotherversionofthetarget-
basedTD-learningalgorithm,whichmoreresemblesthat
usedinthedeepQ-learning(Mnihetal.,2015).Itcorre-
spondstotheperiodicupdateformofthetargetvariable,
whichdiffersfromprevioussections.Roughlyspeaking,
thetargetvariableisonlyperiodicallyupdatedasfollows:

θk+1=θk−αk∇̃θl(θ;θk−(kmodL))
θ=θk

,

where∇̃θl(θ;θk−(kmodL))isastochasticestimatorofthe
gradient∇θl(θ;θk−(kmodL)).ThestandardTD-learning
isrecoveredbysettingL=1.

Alternatively,onecaninterpreteveryLiterationsofthe
updateascontributingtominimizingthemodifiedlossfunc-
tion

min
θ
l(θ;θ):=

1

2
Es,a[(Es,r[r(s,a)+γJθ(s)]−Jθ(s))

2],

whilefreezingthetargetvariable.Inotherwords,the
abovesubproblemisapproximatelysolvedateachitera-
tionthroughLstepsofstochasticgradientdescent. We
formallypresentthealgorithmicideainamoregeneral
wayasdepictedinAlgorithm4andcallittheperiodicTD
algorithm(P-TD).

Algorithm4PeriodicTD-Learning(P-TD)

1:Initializeθ0randomlyandsetθ0=θ0.
2:SetpositiveintegersTandthesubroutineiterationsteps,
Lk,fork=0,1,...,T−1.

3:Setstepsizes,{βt}
∞
t=0,forthesubproblem.

4:foriterationk=0,1,...,T−1do
5: Updateθk+1=SGD(θk,θk,Lk)suchthat

E[θk+1−θ
∗
k+1

2
2]≤εk+1,

whereθ∗k+1:=argminθ∈Θl(θ;θk).
6: Updateθk+1=θk+1
7:endfor
8:ReturnθT+1

9:procedureSGD(θk,θk,Lk)
Subroutine:Stochasticgradientdecentsteps

10: Initializeθk,0=θk.
11: foriterationt=0,1,...,Lk−1do
12: Samples∼d(·)anda∼π(s,·)
13: Samplesandr(s,a)fromSO
14: Let gt = φ(s)(r(s,a) +γφ(s)Tθk −
φ(s)Tθk,t)

15: Updateθk,t+1=θk,t−βtgt
16: endfor
17: Returnθk,Lk
18:endprocedure

FortheP-TD,givenafixedtargetvariableθk,thesubrou-
tine,SGD(θk,θk,Lk),runsstochasticgradientdescentsteps
Lktimesinordertoapproximatelysolvethesubproblem
argminθ∈Rnl(θ;θk),forwhichanunbiasedstochasticgra-
dientestimatorisobtainedbyusingobservations.Upon
solvingthesubproblemafterLksteps,thenexttargetvari-
ableisreplacedwiththenextonlinevariable.Thismakesit
similartotheoriginaldeepQ-learning(Mnihetal.,2015)
asitisperiodicifLkissettoaconstant.Moreover,P-TD
isalsocloselyrelatedtotheTD-learningAlgorithm1.In
particular,ifLk=0forallk=0,1,...,T−1,thenP-TD
correspondstothestandardTD.

BasedonthestandardresultsinBottouetal.(2018,The-
orem4.7),theSGDsubroutineconvergestotheoptimal
solution,θ∗k+1 :=argminθ∈Rnl(θ;θk).Butasweonly
applyafinitenumberLkstepsofSGD,thesubroutinewill
returnanapproximatesolutionwithacertainerrorbound
εkinexpectation,i.e.,E[θk+1−θ

∗
k+1

2
2|θk]≤εk+1.
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Below,weestablishafinite-timeconvergenceanalysisofP-
TD.Wefirstcharacterizetheexpectederrorofthesolution.

Theorem3ConsiderAlgorithm4.Wehave

E[ΦθT−Φθ
∗
D]

≤Φ D max
s∈S
d(s)

T−1

k=1

γT−k
√
εk+γ

TE[Φθ0−Φθ
∗
D].

Moreover,

P[ΦθT−Φθ
∗
D ≥τ]≤

γTE[Φθ0−Φθ
∗
D]

τ

+
Φ D maxs∈Sd(s)

τ

T−1

k=1

γT−k
√
εk.

TheresultimpliesthatP-TDachievesan -optimalso-
lutionwithhighprobabilitybyapproachingT → ∞
andcontrollingtheerrorboundsεk. Inparticular,if
εk=εforallk≥0,thenP[ΦθT−Φθ

∗
D ≥τ]≤

Φ D

√
maxs∈Sd(s)

√
ε

τ(1−γ) +γ
TE[Φθ0−Φθ

∗
D]

τ .Onecanseethat

theerrorisessentiallydecomposedintotwoterms,onefrom
theapproximationerrorsinducedfromSGDproceduresand
onefromthecontractionpropertyofsolvingthesubprob-
lems,whichcanalsobeviewedassolvingtheprojected
Bellmanequations.Fulldetailsoftheproofcanbefound
inAppendixDofthesupplementalmaterial.

ToanalyzetheapproximationerrorfromtheSGDproce-
dure,existingconvergenceresultsinBottouetal.(2018,
Theorem4.7)canbeappliedwithsomemodifications.

Proposition1SupposethattheSGDmethodinAlgo-
rithm4isrunwithastepsizesequencesuchthat,forall
t≥0,βt=

β
κ+t+1 forsomeβ>1/λmin(Φ

TDΦ)and
κ>0suchthat

β0=
β

κ+2
≤

1

λmax(ΦTDΦΦTDΦ)(ξ3+1)
,

Then,forany0≤t≤Lk−1,wehave

E[θ∗k+1−θk,t
2
2|θk]≤

2

λmin(ΦTDΦ)

χ1+χ2θk−θ
∗ 2
2

κ+t+1
,

where

χ1:=(ξ1+ξ2θ
∗ 2
2)χ3+

(κ+1)

2
Rπ+PπΦθ∗−Φθ∗ 2D,

χ2:=
ξ2χ3

2(βλmin(ΦTDΦ)−1)

+
(κ+1)

2
λmax((P

πΦ−Φ)TD(PπΦ−Φ)),

and

χ3:=
β2 λmax(ΦTDΦΦTDΦ)

2(βλmin(ΦTDΦ)−1)
,

ξ1:=3σ
2Φ 2

2+2(1+ξ3)
2ΦTDRπ 22,

ξ2:=3Φ
4
2+2(1+ξ3)

2λmax(Φ
T(Pπ)TDΦΦTDPπΦ),

ξ3:=
3Φ 4

2

λmin(ΦTDΦΦTDΦ)
.

Proposition1ensuresthatthesubroutineiterate,θk,con-
vergestothesolutionofthesubproblemattherateof
O(1/Lk).CombiningProposition1withTheorem3,the
overallsamplecomplexityisderivedinthefollowingpropo-
sition.WedefertheproofstoAppendixEandAppendixF
ofthesupplementalmaterial.

Proposition2(SampleComplexity)The -optimalsolu-
tion,E[θT−θ

∗
D]≤ ,isobtainedbyAlgorithm4with

atmost
ρ1(ρ2

−2+4χ2)ln(
−1)

numberofSOcalls,where

ρ1:=
2Φ 2

D

λmin(ΦTDΦ)2(1−γ)2lnγ−1
,

ρ2:=χ1λmin(Φ
TDΦ)+χ2E[Φθ0−Φθ

∗ 2
D],

andχ1andχ2aredefinedinProposition1.

Asaresult,theoverallsamplecomplexityofP-TDis
boundedbyO((1/2)ln(1/)).Asmentionedearlier,non-
asymptoticanalysisforeventhestandardTDalgorithm
isonlyrecentlydevelopedinafewwork(Bhandarietal.,
2018;Dalaletal.,2018;Srikant&Ying.,2019).Oursample
complexityresultonP-TD,whichisatarget-basedTDalgo-
rithm,matcheswiththatdevelopedinBhandarietal.(2018)
withsimilardecayingstep-sizesequence,uptoalogfactor.
Yet,ouranalysisismuchsimplerandbuildsdirectlyupon
existingresultsonstochasticgradientdescent.Moreover,
fromthecomputationalperspective,althoughP-TDrunsin
twoloops,itisastheefficientasstandardTD.

P-TDalsosharessomesimilaritywiththeleastsquares
temporaldifference(LSTD,Bradtke&Barto(1996))and
itsstochasticapproximationvariant(fLSTD-SA,Prashanth
etal.(2014)).LSTDisabatchalgorithmthatdirectlyes-
timatestheoptimalsolutionasdescribedin(3)through
samples,whichcanalsobeviewedasexactlycomputingthe
solutiontoaleastsquaressubproblem.fLSTD-SAalleviates
thecomputationburdenbyapplyingthestochasticgradient
descent(thesameasTDupdate)tosolvethesubproblems.
ThekeydifferencebetweenfLSTD-SAandP-TDliesin
thattheobjectiveforP-TDisadjustedbythetargetvariables
acrosscycles.Lastly,P-TDisalsocloselyrelatedtoand
canbeviewedasaspecialcaseoftheleast-squaresfitted
Q-iteration(Antosetal.,2008).Bothofthemsolvesasimi-
larleastsquaresproblemsusingtargetvalues.However,for
P-TD,weareabletodirectlyapplythestochasticgradient
descenttoaddressthesubproblemstonear-optimality.
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(a)Errorevolutionover[0,3000] (b)Errorevolutionover[2000,3000]

Figure1:(a)Blueline:errorevolutionofthestandardTD-learningwiththestep-sizeαk=1000/(k+10000);Red
line:errorevolutionofA-TDwiththestep-sizeαk=1000/(k+10000)andδ=0.9.Theshadedareasdepictempirical
variancesobtainedwithseveralrealizations.(a)Errorovertheinterval[0,3000];(b)Errorovertheinterval[2000,3000].

(a)Errorevolutionover[0,3000] (b)Errorevolutionover[2000,3000]

Figure2:Blueline:errorevolutionofthestandardTD-learningwiththestep-sizeαk=1000/(k+10000);Redline:error
evolutionofD-TDwiththestep-sizeαk=1000/(k+10000)andδ=0.9.Theshadedareasdepictempiricalvariances
obtainedwithseveralrealizations.(a)Errorovertheinterval[0,3000];(b)Errorovertheinterval[2000,3000].

6.Simulations

Inthissection,weprovidesomepreliminarynumerical
simulationresultsshowingtheefficiencyoftheproposed
target-basedTDalgorithms.Westressthatthemaingoalof
thispaperistointroducethefamilyoftarget-basedTDalgo-
rithmswithlinearfunctionapproximationandprovidetheo-
reticalconvergenceanalysisfortargetTDalgorithms,asan
intermediatesteptowardstheunderstandingoftarget-based
Q-learningalgorithms.Hence,ournumericalexperiments
simplyfocusontestingtheconvergence,sensitivityinterms
ofthetuningparametersofthesetarget-basedalgorithms,
aswellaseffectsofusingtargetvariablesasopposedtothe
standardTD-learning.

6.1.ConvergenceofA-TDandD-TD

Inthisexample,weconsideranMDPwithγ=0.9,|S|=
10,

Pπ=








0.1 0.1 ··· 0.1

0.1 0.1
...

...
...

...
... 0.1

0.1 ··· 0.1 0.1







∈R10×10,

andrπ(s)∼U[0,20],whereU[0,20]denotestheuniform
distributionin[0,20]andrπ(s)standsfortherewardgiven
policyπandthecurrentstates. Theactionspaceand
policyarenotexplicitlydefinedhere.Forthelinearfunction
approximation,weconsiderthefeaturevectorwiththeradial
basisfunction(Geramifardetal.,2013)(n=2),φ(s)=
exp(−(s−0)2)
2×102 ,exp(−(s−10)

2)
2×102

∈R2.

SimulationresultsaregiveninFigure1,whichillustrate
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(a)Errorevolutionover[0,40000] (b)Errorevolutionover[39000,40000]

Figure3:Blueline:errorevolutionofthestandardTD-learningwiththestep-sizeαk=10000/(k+10000).Redline:
errorofP-TDwiththestep-sizeβt=(10000·(0.997)

k)/(10000+t)andLk=40.Theshadedareasdepictempirical
variancesobtainedwithseveralrealizations.(a)Errorovertheinterval[0,30000];(b)Errorovertheinterval[29000,30000].

errorevolutionofthestandardTD-learning(blueline)with
thestep-size,αk=1000/(k+10000)andtheproposed
A-TD(redline)withtheαk =1000/(k+10000)and
δ=0.9.Thedesignparametersofbothapproachesareset
todemonstratereasonablythebestperformancewithtrial
anderrors.AdditionalsimulationresultsinAppendixGof
thesupplementalmaterialprovidecomparisonsforseveral
differentparameters.Figure1(b)providestheresultsin
thesameplotovertheinterval[2000,3000].Theresults
suggestthatalthoughA-TDwithδ=0.9initiallyshows
slowerconvergence,iteventuallyconvergesfasterthanthe
standardTDwithlowervariancesaftercertainiterations.
Withthesamesetting,comparativeresultsofD-TDare
giveninFigure2.

6.2.ConvergenceofP-TD

Inthissection,weprovideempiricalcomparativeanaly-
sisofP-TDandthestandardTD-learning.Theconver-
genceresultsofbothapproachesarequitesensitiveto
thedesignparameterstobedetermined,suchasthestep-
sizerulesandtotalnumberofiterationsofthesubprob-
lem. Weconsiderthesameexampleasabovebutwith
analternativelinearfunctionapproximationwiththefea-
turevectorconsistingoftheradialbasisfunction,φ(s)=
exp(−(s−0)2)
2×102 ,exp(−(s−10)

2)
2×102 ,exp(−(s−20)

2)
2×102 .∈R3.From

ourownexperiences,applyingthesamestep-sizerule,βt,
foreveryk∈{0,1,...,T−1}yieldsunstablefluctua-
tionsoftheerrorinsomecases.Fordetails,thereader
isreferredtoAppendixGofthesupplementalmaterial,
whichprovidescomparisonswithdifferentdesignparam-
eters.Theresultsmotivateustoapplyanadaptivestep-
sizerulesforthesubproblemofP-TDsothatsmallerand
smallerstep-sizesareappliedastheouter-loopstepsin-
creases.Inparticular,weemploytheadaptivestep-sizerule,

βk,t=(10000·(0.997)
k)/(10000+t)withLk=40for

P-TD,andthecorrespondingsimulationresultsaregiven
inFigure3,whereP-TDoutperformsthestandardTDwith
thestep-size,αk=10000/(k+10000),besttunedforcom-
parison.Figure3(b)providestheresultsinFigure3inthe
interval[29000,30000],whichclearlydemonstratesthatthe
errorofP-TDissmallerwithlowervariances.

7.Conclusion

Inthispaper,weproposeanewfamilyoftarget-basedTD-
learningalgorithms,includingtheaveragingTD,doubleTD,
andperiodicTD,andprovidetheoreticalanalysisontheir
convergences.TheproposedTDalgorithmsarelargelyin-
spiredbytherecentsuccessofdeepQ-learningusingtarget
networksandmirrorseveralofthepracticalstrategiesused
forupdatingtargetnetworkintheliterature.Simulationre-
sultsshowthatintegratingtargetvariablesintoTD-learning
canalsohelpstabilizetheconvergencebyreducingvari-
anceofandcorrelationswiththetarget.Ourconvergence
analysisprovidessometheoreticalunderstandingoftarget-
basedTDalgorithms.Wehopethiswouldalsoshedsome
lightonthetheoreticalanalysisfortarget-basedQ-learning
algorithmsandnon-linearRLframeworks.

Possiblefuturetopicsinclude(1)developingfinite-time
convergenceanalysisforA-TDandD-TD;(2)extendingthe
analysisofthetarget-basedTD-learningtotheQ-learning
casew/ofunctionapproximation;and(3)generalizingthe
target-basedframeworktoothervariationsofTD-learning
andQ-learningalgorithms.
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Appendix

A.ProofofTheorem1

Theproofisbasedontheanalysisofthegeneralstochasticrecursion

θk+1=θk+αk(h(θk)+εk+1).

wherehisamappingh:Rn→ Rn.Ifonlytheasymptoticconvergenceisourconcern,theODE(ordinarydifferential
equation)approach(Bhatnagaretal.,2012)isaconvenienttool.Beforestartingthemainproof,wereviewessential
knowledgeofthelinearsystemtheory(Chen,1995).

Definition1(Chen(1995,Definition5.1))TheODE,ẋ(t) =Ax(t),t≥ 0,whereA∈Rn×nandx(t)∈Rn,is
asymptoticallystableifforeveryfiniteinitialstatex(0)=x0,x(t)→0ast→∞.

Definition2(Hurwitzmatrix)AcomplexsquarematrixA∈Cn×nisHurwitzifalleigenvaluesofAhavestrictlynegative
realparts.

Lemma1(Chen(1995,Theorem5.4))TheODE,ẋ(t)=Ax(t),t≥0,isasymptoticallystableifandonlyifAis
Hurwitz.

Lemma2(Lyapunovtheorem(Chen,1995,Theorem5.5))AcomplexsquarematrixA∈Cn×nisHurwitzifandonly
ifthereexistsapositivedefinitematrixM =MH 0suchthatAHM +MA≺0,whereAH isthecomplexconjugate
transposeofA.

Lemma3(Schurcomplement(Boyd&Vandenberghe,2004,pp.651))Foranycomplexblockmatrix
A B
BT C

,we

have

A B
BT C

0⇔A 0,C−BTA−1B.

ConvergenceofmanyRLalgorithmsrelyontheODEapproaches(Bhatnagaretal.,2012).Oneofthemostpopular
approachisbasedontheBorkarandMeyntheorem(Bhatnagaretal.,2012,AppendixD).Basictechnicalassumptionsare
givenbelow.

Assumption4

1.Themappingh:Rn→RnisgloballyLipschitzcontinuousandthereexistsafunctionh∞ :R
n→Rnsuchthat

lim
c→∞

h(cθ)

c
=h∞(θ), ∀θ∈R

n.

2.TheorigininRnisanasymptoticallystableequilibriumfortheODĖθ(t)=h∞(θ(t)).

3.Thereexistsauniquegloballyasymptoticallystableequilibriumθe∈RnfortheODĖθ(t)=h(θ(t)),i.e.,θ(t)→θe

ast→∞.

4.Thesequence{εk,Gk,k≥1}withGk=σ(θi,εi,i≤k)isaMartingaledifferencesequence.Inaddition,thereexists
aconstantC0<∞suchthatforanyinitialθ0∈R

n,wehaveE[εk+1
2|Gk]≤C0(1+θk

2),∀k≥0.

5.Thestep-sizessatisfy(2).

Lemma4(BorkarandMeyntheorem)SupposethatAssumption4holds.Foranyinitialθ0∈R
n,supk≥0 θk <∞

withprobabilityone.Inaddition,θk→θ
eask→∞withprobabilityone.
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Basedonthetechnicalresults,weareinpositiontoproveTheorem1.

ProofofTheorem1:TheODE(??)canbeexpressedasthelinearsystemwithanaffineterm

˙̄θ=Āθ+b=:h
θ
θ

,

where

A:=
−ΦTDΦ γΦTDPπΦ
δI −δI

, b:=
ΦTDRπ

0
, θ̄:=

θ
θ
.

Therefore,themappingh:Rn→Rn,definedbyh(̄θ)=Āθ+b,isgloballyLipschitzcontinuous.Moreover,wehave

h∞(̄θ):=lim
t→∞

h(t̄θ)/t=Āθ.

Therefore,thefirstconditioninAssumption4holds.TomeetthesecondconditionofAssumption4,byLemma1,itsuffices
toprovethatAisHurwitz.Thereasonisexplainedbelow.SupposethatAisHurwitz.IfAisHurwitz,itisinvertible,

andthereexistsauniqueequilibrium̄θe∈RnfortheODĖ̄θ=Āθ+bsuchthat0=Āθe+b,i.e.,̄θe=−A−1b.Due
totheconstanttermb,itisnotclearifsuchequilibriumpoint,̄θe,isgloballyasymptoticallystable.From(Antsaklis&
Michel,2007,pp.143),bylettingx=θ̄−θ̄e,theODEcanbetransformedtȯx=Ax,wheretheoriginistheglobally
asymptoticallystableequilibriumpointsinceAisHurwitz.Therefore,̄θeisgloballyasymptoticallystableequilibriumpoint

of˙̄θ=Āθ+b,andthethirdconditionofAssumption4issatisfied.Therefore,itremainstoprovethatAisHurwitz.We
firstprovideasimpleanalysisandprovethatthereexistsaδ∗>0suchthatforallδ≥δ∗,AisHurwitz.Tothisend,weuse
thepropertyofthesimilaritytransformation(Antsaklis&Michel,2007,pp.88),i.e.,AisHurwitzifandonlyifBAB−1is

HurwitzforanyinvertiblematrixB.LettingB=
I 0
−I I

,onegets

BAB−1=
I 0
−I I

−ΦTDΦ γΦTDPπΦ
δI −δI

I 0
I I

=
−ΦTDΦ+γΦTDPπΦ γΦTDPπΦ
ΦTDΦ−γΦTDPπΦ −γΦTDPπΦ−δI

ToprovethatBAB−1isHurwitz,weuseLemma2withM =Iandcheckthesufficientcondition

BAB−1+BATB−1

=
ΦTD(−I+γPπ)Φ γΦTDPπΦ
−ΦTD(−I+γPπ)Φ −δI−γΦTDPπΦ

+
ΦTD(−I+γPπ)Φ γΦTDPπΦ
−ΦTD(−I+γPπ)Φ −δI−γΦTDPπΦ

T

=
ΦTD(−I+γPπ)Φ+ΦT(−I+γPπ)TDΦ −ΦT(−I+γPπ)TDΦ+γΦTDPπΦ
−ΦTD(−I+γPπ)Φ+γΦT(Pπ)TDΦ −2δI−γΦTDPπΦ−γΦT(Pπ)TDΦ

≺0. (4)

Tochecktheabovematrixinequality,notethatΦTD(γPπ−I)Φisnegativedefinite(Bertsekas&Tsitsiklis,1996,
Lemma6.6,pp.300).ByusingtheSchurcomplementLemma3,(4)holdsifandonlyif

0≺2δI+γΦTDPΦ+γΦTPTDΦ

−{−ΦT(−I+γPπ)TDΦ+γΦTDPπΦ}T(−ΦTD(−I+γP)Φ−ΦT(−I+γP)TΦ)−1

×{−ΦT(−I+γPπ)TDΦ+γΦTDPπΦ} (5)

Theaboveinequalityholdsforasufficientlylargeδ,i.e.,thereexistsδ∗>0suchthattheaboveinequalityholdsforall
δ≥δ∗.Therefore,BAB−1andAareHurwitzforallδ≥δ∗.Anaturalquestioniswhetherornotδ∗=0.Weprovethat
thisisindeedthecase.Theproofrequiresrathermoreinvolvedanalysis.

Claim:AisHurwitzforallδ>0.
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Proof:Weinvestigatetheequation

−ΦTDΦ γΦTDPπΦ
δI −δI

x
y
=λ

x
y
,

where
x
y
∈C2nisaneigenvectorandλ∈CisaneigenvalueofA.Equivalently,itiswrittenby

λx=−ΦTDΦx+γΦTDPπΦy, (6)

λy=δ(x−y). (7)

Solving(7)leadstoy= δ
δ+λx,andpluggingthisexpressionintoyin(6)yields

−ΦTDΦ+γ
δ

δ+λ
ΦTDPπΦ x=λx. (8)

Foranyδ>0,thecomplexnumberintheaboveequation

s:=
δ

δ+λ
=
δ(λ∗+δ)

|λ+δ|2
∈C, (9)

whereλ∗isthecomplexconjugateofλ∈Cand|·|istheabsolutevalueofacomplexnumber(·),hastheabsolutevalue
lessthanorequalto1,i.e.,|s|= δ

|λ+δ|<1.Now,weprovethatthecomplexmatrix,Φ
TD(−I+sγPπ)Φ,isHurwitzfor

anys∈Csuchthat|s|≤1.Foranyrealvectorv∈R|S|,wehave

vT(γsDPπ+γs∗(Pπ)TD)v=γ(s+s∗)vTD1/2D1/2Pπv

≤γ(s+s∗)D1/2v2D
1/2Pπv2

=γ(s+s∗)vD P
πvD

≤γ(s+s∗)vD vD

=γ(s+s∗)v2D

=γ(s+s∗)vTDv

≤γ2vTDv,

wherethefirstinequalityisduetotheCauchy-Schwarzinequality,thesecondinequalityisduetoTsitsiklis&VanRoy
(1997,Lemma1),andthefinalinequalityfollowsfromthefactthat|s|≤1implies−2≤s+s∗≤2.Thelastresult
ensuresvT(sγDPπ+s∗γ(Pπ)TD)v γ2vTDvforanyv∈R|S|,andequivalently,

D(−I+sγPπ)+(−I+s∗γ(Pπ)T)D 2(γ−1)D.

MultiplyingbothsidesoftheaboveinequalitybyΦfromtherightanditstransposefromtheleft,onegets

ΦTD(−I+sγPπ)Φ+ΦT(−I+s∗γ(Pπ)T)DΦ 2(−1+γ)ΦTDΦ≺0.

ByLemma2withM =I,weconcludethatthecomplexmatrix,ΦTD(−I+sγPπ)Φ,isHurwitzforanys∈Csuch
that|s|≤1.Basedonthisobservation,wereturnto(8)andconcludethat−ΦTDΦ+γ δ

δ+λΦ
TDPπΦisHurwitzforany

λ∈C.BythedefinitionofaHurwitzmatrixinDefinition2andtheeigenvalue,weconcludethattherealpartofλshould
bealwaysstrictlynegative.Therefore,AisHurwitzforanyδ>0.Thiscompletestheproof. .

Next,weprovetheremainingparts.Sinceεk+1canbeexpressedasanaffinemapof̄θk=[θ̄k,θk]
T,itcanbeeasilyproved

thatthefourthconditionofAssumption4issatisfied.Inparticular,ifwedefinemk:=
k
i=0εi,thenmkisMartingale,and

εkisaMartingaledifferencesequence.Therefore,thefourthconditionismet.

Finally,byLemma4,̄θkconvergestōθ
esuchthat

h(̄θ)=
−ΦTDΦ γΦTDPπΦ
δI −δI

θ
θ
+
ΦTDRπ

0
=0.

Bytheblockmatrixinversion,solvingtheequationleadstothedesiredconclusion,i.e.,θ̄e=
θ∗

θ∗
.
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B.ProofofTheorem2

TheODEcorrespondingtoAlgorithm3canbeexpressedasthelinearsystemwithanaffineterm

˙̄θ=Āθ+b=:h
θ
θ

,

where

A:=
−ΦTDΦ−δI αΦTDPπΦ+δI
αΦTDPπΦ+δI −ΦTDΦ−δI

, b:=
ΦTDRπ

ΦTDRπ
, θ̄:=

θ
θ
.

TheprooffollowsthesamelinesastheproofofTheorem1.Therefore,weonlyprovethatAisHurwitzhere.Inparticular,
AcanberepresentedbyA=B+CTBC,where

B=
−ΦTDΦ ΦTDPπΦ
δI −δI

, C=
0 I
I 0

.

FromtheproofofTheorem1,BisHurwitz,andadmitstheLyapunovmatrixM =IsuchthatBTM+MB≺0.Thus,
B 0
0 B

isHurwitzaswell,and

B 0
0 B

T

+
B 0
0 B

≺0.

Pre-andpost-multiplyingtheleft-handsideoftheaboutinequalitybythefullrankmatrixI CT anditstranspose,
respectively,yields

I
C

T
B 0
0 B

T
I
C
+
I
C

T
B 0
0 B

I
C
=B+CBC+BT+CBTC=AT+A≺0.

ByLemma2withM =I,thisimpliesthatAisHurwitz.Thiscompletestheproof.

C.RandomizedversionofD-TD

WeconsiderarandomizedversionofD-TDinAlgorithm5,whichupdateseitherthetargetoronlineparametersrandomly.

Algorithm5DoubleTD-Learning(D-TD)withRandomUpdate

1:Initializeθ0andθ0randomly.
2:foriterationk=0,1,...do
3: Samples∼d(·)
4: Samplea∼π(s,·)
5: Samplesandr(s,a)fromSO
6: ChooseUPDATE(A)withprobabilityν∈(0,1)andUPDATE(B)withprobability1−ν
7: ifUPDATE(A)then
8: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)+δ(θk−θk)

9: Updateθk+1=θk−αkgk
10: elseifUPDATE(B)then
11: Letgk=φ(s)(r(s,a)+γφ(s)

Tθk−φ(s)
Tθk)+δ(θk−θk)

12: Updateθk+1=θk−αkgk
13: endif
14:endfor

WehavetheconvergenceresultsimilartoTheorem2.
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Theorem4ConsiderAlgorithm5andassumethatwithafixedpolicyπ,theMarkovchainisergodicandthestep-sizes
satisfy(2).Then,θk→θ

∗andθk→θ
∗ask→∞withprobabilityone.

Proof:TheproofisaslightmodificationoftheproofofTheorem2.TheODEcorrespondingtoAlgorithm5canbe
expressedasthelinearsystemwithanaffineterm

˙̄θ=ΛĀθ+b=:h
θ
θ

,

whereAisdefinedinAppendixBandΛ=
νI 0
0 (1−ν)I

.TheremainingpartistoprovethatΛAisHurwitz.From

theproofofTheorem2,weknowAT+A≺0,whichisequivalentto(ATΛ)Λ−1+Λ−1(ΛA)≺0.ByLemma2with
M =Λ−1,thisimpliesthatΛAisHurwitz.Thiscompletestheproof.

D.ProofofTheorem3

Beforepresentingtheproof,wefirstintroduceadeterministicversionofP-TDsummarizedinAlgorithm6inordertomake
smoothstepsforward.Forafixedθk(targetvariable),thesubroutine,GradientDecent,runsgradientdescentstepsLk
timesinordertoapproximatelysolvethesubproblem,argminθ∈Rnl(θ;θk).BythestandardresultsinBubecketal.(2015,
Theorem10.3),thegradientdescentiterationsconvergetotheoptimalsolutionθ∗k+1:=argminθ∈Rnl(θ;θk)linearly,the
finiteiteratesreacheanapproximatesolutionwithinacertainerrorboundεk.Uponsolvingthesubproblem,thenexttarget
variableisreplacedwiththenextonlinevariable.

Algorithm6DeterministicPeriodicTD-Learning

1:Initializeθ0randomlyandsetθ0=θ0
2:SetpositiveintegersTandLkfork=0,1,...,T−1
3:Setstepsizes,{βt}

∞
t=0,forthesubproblem

4:foriterationk=0,1,...,T−1do
5: Update

θk+1=GradientDecent(θk,θk,Lk)

suchthat

θk+1−θ
∗
k+1

2
2≤εk+1,

whereεk>0isanerrorboundandθ
∗
k+1:=argminθ∈Rnl(θ;θk).

6: Updateθk+1=θk+1
7:endfor
8:ReturnθT+1

9:procedureGRADIENTDECENT(θk,θk,Lk)
Subroutine:Gradientdecentsteps

10: Setθk,0=θk
11: foriterationt=0,1,...,Lk−1do
12: Update

θk,t+1=θk,t−βt∇θl(θ;θk)|θ=θk,t.

13: endfor
14: Returnθk,Lk
15:endprocedure

Theoverallconvergencereliesonthefactthatapproximatelysolvingthesubproblemcanbeinterpretedasapproximately
solvingaprojectedBellmanequationdefinedbelow.



TargetTD-Learning

Definition3(ProjectedBellmanequation)TheprojectedBellmanequationisdefinedas

Φθ=F(Φθ),

whereFistheprojectedBellmanoperatordefinedby

F(Φθ):=Π(Rπ+γPπΦθ),

ΠistheprojectionontotherangespaceofΦ,denotedbyR(Φ):Π(x):=argminx∈R(Φ) x−x
2
D.Theprojectioncan

beperformedbythematrixmultiplication:wewriteΠ(x):=Πx,whereΠ:=Φ(ΦTDΦ)−1ΦTD.

Bydirectcalculations,wecanconcludethatthesolutionoftheprojectedBellmanequationisnotidenticaltothesolutionof
thevaluefunctionevaluationproblemin(1),whileitonlyapproximatesthesolutionof(1).Thesolutionoftheprojected
Bellmanequationisdenotedbyθ∗,i.e.,

Φθ∗=F(Φθ∗).

Therefore,Algorithm6executesanapproximatedynamicprogrammingprocedure.Basedontheseobservations,the
convergenceofAlgorithm6isgivenbelow.

Proposition3ConsiderAlgorithm6.Wehave

ΦθT−Φθ
∗
D ≤ max

s∈S
d(s)Φ D

T

k=1

γT−k
√
εk+γ

T Φθ0−Φθ
∗
D.

ToproveProposition3,wefirstsummarizesomeessentialtechnicallemmas.ThefirstlemmastatesthattheoperatorFisa
contraction.

Lemma5TheoperatorFisaγ-contractionwithrespectto ·D,i.e.,

F(Φx)−F(Φy)D ≤γΦx−ΦyD.

Proof:Wehave

F(Φx)−F(Φy)D =Π(R
π+γPπΦx)−Π(Rπ+γPπΦy)D

≤Rπ+γPπΦx−(Rπ+γPπΦy)D

=γPπΦ(x−y)D

≤γΦ(x−y)D,

wherethefirstinequalityisduetothenon-expansivemappingpropertyoftheprojection,andthesecondinequalityisdue
toTsitsiklis&VanRoy(1997,Lemma1).Thiscompletestheproof.

Lemma6θ∗k+1inAlgorithm6satisfiesΦθ
∗
k+1=F(Φθk).

Proof:Theresultfollowsbysolvingtheoptimalitycondition∇θl(θ;θk)=−Φ
TD(Rπ+γPπΦθk−Φθ)=0.Inparticular,

itimplies

ΦTDΦθ=ΦTD(Rπ+γPπΦθk).

Multiplyingbothsidesby(ΦTDΦ)−1fromtheleft,wehave

θ=(ΦTDΦ)−1ΦTD(Rπ+γPπΦθk).

Again,wemultiplybothsidesbyΦfromthelefttoobtain

Φθ=Φ(ΦTDΦ)−1ΦTD(Rπ+γPπΦθk)=Π(R
π+γPπΦθk).

whereΠ:=Φ(ΦTDΦ)−1ΦTD.Thiscompletestheproof.
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Lemma7l(θ;θk):=
1
2 R

π+γPπΦθk−Φθ
2
Disµ-stronglyconvexwithµ:=λmin(Φ

TDΦ).

Proof:Notingthat

l(θ;θk)=
1

2
(Rπ+γPπΦθk)

TD(Rπ+γPπΦθk)+
1

2
θTΦTDΦθ−(Rπ+γPπΦθk)

TD(Φθ)

andthatΦTDΦ−λmin(Φ
TDΦ)I 0,weconcludethatl(θ;θk)−

1
2 θ

2
2λmin(Φ

TDΦ)isconvex.Therefore,bythe
definitionofthestronglyconvexfunction,thedesiredconclusionholds.

ProofofProposition3:Wehave

Φθk+1−Φθ
∗
D =Φθk+1−Φθ

∗
k+1+Φθ

∗
k+1−Φθ

∗
D

≤Φθk+1−Φθ
∗
k+1 D+ Φθ

∗
k+1−Φθ

∗
D

≤Φ D θk+1−θ
∗
k+1 D+ Φθ∗k+1−Φθ

∗
D

≤ max
s∈S
d(s)Φ D

√
εk+1+ Φθ

∗
k+1−Φθ

∗
D

= max
s∈S
d(s)Φ D

√
εk+1+ F(Φθk)−F(Φθ

∗)D

≤ max
s∈S
d(s)Φ D

√
εk+1+γΦθk−Φθ

∗
D,

wherethesecondequalityisduetoLemma6andthelastinequalityisduetoLemma5.Combiningthelastinequalityover
k=0,1,...,T−1,onegetsthedesiredresult.ThelastresultisobtainedbyusingtheMarkovinequality.

NotethatthesecondtermintheinequalityofProposition3vanishesasT→∞.Thefirsttermsdependontheerrorincurred
ateachiteration.Inparticular,ifεk=εforallk≥0,then

ΦθT−Φθ
∗
D ≤

maxs∈Sd(s)Φ D
√
ε

1−γ
+γT Φθ0−Φθ

∗
D.

Therefore,wehave

lim
T→∞

ΦθT−Φθ
∗
D ≤

maxs∈Sd(s)Φ D
√
ε

1−γ
.

Theremainingerrortermcanvanishifε→0,anditcanbedonebyincreasingLk→∞.

Finally,theproofofTheorem3followssimilarlinestotheproofofProposition3exceptfortheexpectation.

ProofofTheorem3:Wehave

E[Φθk+1−Φθ
∗
D]=E[Φθk+1−Φθ

∗
k+1+Φθ

∗
k+1−Φθ

∗
D]

≤E[Φθk+1−Φθ
∗
k+1 D]+E[Φθ

∗
k+1−Φθ

∗
D]

≤Φ DE[θk+1−θ
∗
k+1 D]+E[Φθ

∗
k+1−Φθ

∗
D]

≤ max
s∈S
d(s)Φ D

√
εk+1+E[Φθ

∗
k+1−Φθ

∗
D]

= max
s∈S
d(s)Φ D

√
εk+1+E[F(Φθk)−F(Φθ

∗)D]

≤ max
s∈S
d(s)Φ D

√
εk+1+γE[Φθk−Φθ

∗
D],

wherethethirdinequalityisduetoE[ θk+1−θ∗k+1
2
2]≤ E[θk+1−θ∗k+1

2
2]≤

√
εk+1.Therefore,wehave

E[Φθk+1−Φθ
∗
D]≤ Φ D max

s∈S
d(s)
√
εk+1+γE[Φθk−Φθ

∗
D].

Combiningthelastinequalityoverk=0,1,...,T−1,thedesiredresultisobtained.
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E.ProofofProposition1

TheconvergenceresultsinBottouetal.(2018,Theorem4.7)canbeappliedtotheprocedureSGDofAlgorithm4.Wefirst
summarizetheresultsinBottouetal.(2018).Considertheoptimizationproblem

θ∗:=argminθ∈RnF(θ),

whereF:Rn→R,letg(θt)beanunbiasedi.i.d.stochasticestimationof∇θF(θ)atθ=θt,andconsiderthestochastic
gradientdescentmethodinAlgorithm7.

Algorithm7StochasticGradientDescent(SGD)

1:Initializeθ0.
2:foriterationt=0,1,...do
3: Computeastochasticvectorg(θt)
4: Chooseastepsizeβt>0
5: Setthenewiterateasθt+1=θt−βtg(θt).
6:endfor

Withappropriateassumptions,itsconvergencecanbeproved.Wefirstlisttheassumptions.

Assumption5Theobjectivefunction,F,andSGDAlgorithm7satisfythefollowingconditions:

1.Fiscontinuouslydifferentiableand∇θFisLipschitzcontinuouswithLipschitzconstantL<0,i.e.,∇F(θ)−
∇F(θ)2≤Lθ−θ 2forallθ,θ∈R

n.

2.Fisc-stronglyconvex.

3.Thesequenceofiterates{θt}
∞
t=0iscontainedinanopensetoverwhichFisboundedbelowbyascalarFinf.

4.ThereexistscalarsµG≥µ>0suchthat,forallt≥0,

∇F(θt)
TE[g(θt)|θt]≥µ∇F(θt)

2
2

and

E[g(θt)|θt]2≤µG ∇F(θt)2.

5.ThereexistscalarsM ≥0andMV≥0suchthat,forallk≥0,

V[g(θt)|θt]:=E[g(θt)
2
2|θt]− E[g(θt)|θt]

2
2≤M +MV ∇F(θt)

2
2

UnderAssumption5,theconvergenceofiteratesofAlgorithm7inexpectationcanbeproved.

Lemma8UnderAssumption5(withFinf=F(θ
∗)),supposethattheSGDmethodinAlgorithm7isrunwithastepsize

sequencesuchthat,forallt≥0,

βt=
β

κ+t+1

forsomeβ>1/(cµ)andκ>0suchthatβ0≤µ/(L(M +µ
2
G)).Then,forallt≥0,theexpectedoptimalitygapsatisfies

E[F(θt)−F(θ
∗)]≤

ν

κ+t+1
,

where

ν:=max
β2LM

2(βcµ−1)
,(κ+1)(F(θ0)−F(θ

∗))
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ToapplyLemma8toSGDofAlgorithm4,wewillprovethatalltheconditionsinAssumption5aresatisfiedwith
F(θ)=l(θ;θk):=

1
2 R

π+γPπΦθk−Φθ
2
D.ThestrongconvexityisestablishedinLemma7.Inthefollowinglemmas,

weprovetheLipschitzcontinuityofthegradientandtheremainingconditionsinAssumption5.

Lemma9(Lipschitzcontinuousgradient)Fsatisfies

∇F(θ)−∇F(θ)2≤Lθ−θ 2, ∀θ,θ∈R
n

withL= λmax(ΦTDΦΦTDΦ).

Proof:Notingthat∇F(θ)=ΦTD(Rπ+PπΦθk−Φθ),wehave

∇F(θ)−∇F(θ)2=Φ
TD(Rπ+PπΦθk−Φθ)−Φ

TD(Rπ+PπΦθk−Φθ)2

=ΦTDΦ(θ−θ)2

≤ λmax(ΦTDΦΦTDΦ)θ−θ 2,

whichprovesthedesiredresult.

Lemma10ForSGDofAlgorithm4,wehave

E[g(θk,t)|θk,t,θk]=∇θ
1

2
Rπ+γPπΦθk−Φθ

2
D

θ=θk,t

,

E[g(θk,t)
2
2|θk,t,θk]≤Φ

2
2(3σ

2+3Φ 2
2θk

2
2+3Φ

2
2θk,t

2
2).

Proof:Bythedefinitionofg(θk,t)inSGDofAlgorithm4,wehave

E[g(θk,t)|θk,t,θk]=E[φ(s)(r
π(s)+φT(s)θk−φ(s)

Tθk,t)|θk,t,θk]

=E[ΦTes(r
π(s)+eTsΦθk−e

T
sΦθk,t)|θk,t,θk]

=E[ΦTese
T
s(R

π+ese
T
sΦθk−Φθk,t)|θk,t,θk]

=ΦTD(Rπ+PπΦθk−Φθk,t)

=∇θ
1

2
Rπ+PπΦθk−Φθ

2
D

θ=θk,t

,

provingthefirstequation.Forthesecondresult,wehave

g(θk,t)
2
2=Φ

Tes(r
π(s)+eTsΦθk−e

T
sΦθk,t)

2
2

≤Φ 2
2r

π(s)+eTsΦθk−e
T
sΦθk,t

2
2

≤Φ 2
2(3r

π(s)22+3e
T
sΦθk

2
2+3e

T
sΦθk,t

2
2)

≤Φ 2
2(3σ

2+3Φ 2
2θk

2
2+3Φ

2
2θk,t

2
2),

provingthesecondresult.

ThefirstresultinLemma10impliesthatg(θk,t)isanunbiasedstochasticestimationof∇F(θk,t).Thesecondresult
inLemma10meansthatthesecondmomentofthestochasticgradientestimationisboundedbyaquantitywhichis
dependentonθk

2
2.BasedonLemma10,weboundthevarianceofthegradientinthenextlemma.Beforeproceeding,we

introduceaninequalitywhichwillbefrequentlyused.

Lemma11Foranya,b∈Rn,wehave

a+b22≤(1+ε)a
2
2+(1+ε

−1)b22,

a+b22≥(1−ε)a
2
2+(1−ε

−1)b22

whereε>0isanyrealnumber.
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Proof:Weobtainthefirstupperboundby

a+b22=a
2
2+ b22+2a

Tb

≤a22+ b22+2|a
Tb|

≤a22+ b22+εa
2
2+ε

−1b22

foranyε>0,wherethelastinequalityisduetotheYoung’sinequality,|aTb|≤εa22/2+ε
−1b22/2.Similarly,the

lowerboundcanbeobtainedby

a+b22=a
2
2+ b

2
2+2a

Tb

≥a22+ b
2
2−2|a

Tb|

≥a22+ b
2
2−εa

2
2−ε

−1b22.

Thiscompletestheproof.

Lemma12(Boundedvariance)Thevarianceofthegradientisboundedasfollows:

V[g(θk,t)|θk,t,θk]≤ξ1+ξ2θk
2
2+ξ3∇F(θk,t)

2
2,

where

ξ1:=3σ
2Φ 2

2+2(1+ξ3)
2ΦTDRπ 22

ξ2:=3Φ
4
2+2(1+ξ3)

2λmax(Φ
T(Pπ)TDΦΦTDPπΦ)

ξ3:=
3Φ 4

2

λmin(ΦTDΦΦTDΦ)
.

Proof:UsingthedefinitionofV[g(θt)|θk,t,θk]inAssumption5andtheboundonE[g(θk,t)
2
2|θk,t,θk]inLemma10,we

have

V[g(θk,t)|θk,t,θk]=E[g(θk,t)
2
2|θk,t,θk]− E[g(θk,t)|θk,t,θk]

2
2

=E[g(θk,t)
2
2|θk,t,θk]− ∇F(θk,t)

2
2

=E[g(θk,t)
2
2|θk,t,θk]−(1+K)∇F(θk,t)

2
2+K ∇F(θk,t)

2
2

≤ Φ 2
2(3σ

2+3Φ 2
2θk

2
2+3Φ

2
2θk,t

2
2)−(1+K)∇F(θk,t)

2
2+K ∇F(θk,t)

2
2 (10)

foranyK>0.Amainissuein(10)isthepresenceofthetermdependingonθk,t.Wewillobtainaboundonthefirsttwo
termswhichdoesnotdependonθk,t.Tothisend,alowerboundon∇F(θk,t)

2
2isobtainedasfollows:

∇F(θk,t)
2
2=Φ

TDRπ+ΦTDPπΦθk−Φ
TDΦθk,t

2
2

≥(1−ε−1)ΦTDΦθk,t
2
2+(1−ε)Φ

TDRπ+ΦTDPπΦθk
2
2

≥(1−ε−1)λmin(Φ
TDΦΦTDΦ)θk,t

2
2−(1−ε)Φ

TDRπ+ΦTDPπΦθk
2
2,

foranyε>0suchthat1−ε−1>0,wherethefirstinequalityisduetoLemma11.Combiningthelastinequalitywith(10)
yields

V[g(θk,t)|θk,t,θk]≤3σ
2Φ 2

2+3Φ
4
2θk

2
2+{3Φ

4
2−(1+K)(1−ε

−1)λmin(Φ
TDΦΦTDΦ)}θk,t

2
2

−(1+K)(1−ε)ΦTDRπ+ΦTDPπΦθk
2
2+K ∇F(θk,t)

2
2. (11)

Notethatbyappropriatelychoosingε>0andK>0,thetermrelatedtoθk,t
2
2canberemoved.Inparticular,wecan

chooseε>0andK>0suchthat3Φ 4
2−(1+K)(1−ε

−1)λmin(Φ
TDΦΦTDΦ)=0.Asolutionis

ε=
δλmin(Φ

TDΦΦTDΦ)+3Φ 4
2

δλmin(ΦTDΦΦTDΦ)
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and

K=
3Φ 4

2

λmin(ΦTDΦΦTDΦ)
−1+δ

foranyδ>0.Settingδ=1andsubstitutingtheseexpressionsforεandKin(11)resultin

V[g(θk,t)]≤3σ
2Φ 2

2+3Φ
4
2θk

2
2+(1+ξ3)ξ3Φ

TDRπ+ΦTDPπΦθk
2
2+K ∇F(θk,t)

2
2

≤3σ2Φ 2
2+3Φ

4
2θk

2
2+(1+ξ3)

2ΦTDRπ+ΦTDPπΦθk
2
2+K ∇F(θk,t)

2
2 (12)

where

ξ3:=
3Φ 4

2

λmin(ΦTDΦΦTDΦ)
.

ApplyingLemma11againforΦTDRπ+ΦTDPπΦθk
2
2in(12)yields

V[g(θk,t)|θk,t,θk]≤ξ1+ξ2θk
2
2+ξ3∇F(θk,t)

2
2,

where

ξ1:=3σ
2Φ 2

2+2(1+ξ3)
2ΦTDRπ 22

ξ2:=3Φ
4
2+2(1+ξ3)

2λmax(Φ
T(Pπ)TDΦΦTDPπΦ)

whichisthedesiredconclusion.

WearenowreadytoproveProposition1.

ProofofProposition1:ThefirststatementofProposition1isproveninLemma12.Toprovetheremainingconditions
ofProposition1,wenotethatalltheresultsofthissectionprovethatAssumption5issatisfiedwithµ=µG =1,c=
λmin(Φ

TDΦ),L= λmax(ΦTDΦΦTDΦ),M=ξ1+ξ2θk
2
2,MV =ξ3,andFinf=minθF(θ),wherethepositive

realnumbersξ1,ξ2,andξ3aregiveninLemma12.Then,byusingLemma8,itcanbeprovedthatiftheSGDmethod
inAlgorithm4isrunwithastepsizesequencesuchthat,forallt≥0,

βt=
β

κ+t+1

forsomeβ>1/λmin(Φ
TDΦ)andκ>0suchthat

β0=
β

κ+2
≤

1

λmax(ΦTDΦΦTDΦ)(ξ3+1)
,

then,forall0≤t≤Lk−1,theexpectedoptimalitygapsatisfies

E[F(θk,t)−F(θ
∗
k+1)|θk]≤

ν

κ+t+1
(13)

with

ν=max
β2 λmax(ΦTDΦΦTDΦ)(ξ1+ξ2θk

2
2)

2(βλmin(ΦTDΦ)−1)
,(κ+1)(F(θk)−F(θ

∗
k+1)) .

Notethatθ∗k+1isthesolutionthatminimizesF,whichisdifferentfromθ
∗.Bythedefinitionofthestrongconvexity,we

have

F(x)+∇F(x)T(y−x)+
λmin(Φ

TDΦ)

2
x−y22≤F(y), ∀x,y∈R

n.
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Lettingx=θ∗k+1,y=θk,tintheaboveinequalityyields

λmin(Φ
TDΦ)

2
θ∗k+1−θk,t

2
2≤F(θk,t)−F(θ

∗
k+1),

whereweusethefactthatθ∗k+1minimizesF.Combiningthelastinequalitywith(13),weget

E[θ∗k+1−θk,t
2
2|θk]≤

2

λmin(ΦTDΦ)

ν

κ+t+1
. (14)

Forlateranalysis,wewillfurtherpolishtheupperbound.UsingF(θ∗k+1)≥0andthetriangleinequality,wehave

ν=max
β2 λmax(ΦTDΦΦTDΦ)(ξ1+ξ2θk

2
2)

2(βλmin(ΦTDΦ)−1)
,(κ+1)(F(θk)−F(θ

∗
k+1))

≤max
β2 λmax(ΦTDΦΦTDΦ) ξ1+ξ2θ

∗ 2
2+ξ2θk−θ

∗ 2
2

2(βλmin(ΦTDΦ)−1)
,(κ+1)F(θk) , (15)

whereθ∗isthesolutionoftheprojectedBellmanequation,Φθ∗=F(Φθ∗),thatwewanttofind,anditshouldnotbe
confusedwithθ∗k+1,whichisthesolutionthatminimizesF.

Next,F(θk)isboundedas

F(θk)=
1

2
Rπ+PπΦθk−Φθk

2
D

=
1

2
Rπ+PπΦθk−Φθk−(R

π+PπΦθ∗−Φθ∗)+(Rπ+PπΦθ∗−Φθ∗)2D

≤
1

2
Rπ+PπΦθk−Φθk−(R

π+PπΦθ∗−Φθ∗)2D+
1

2
Rπ+PπΦθ∗−Φθ∗ 2D

=
1

2
(PπΦ−Φ)(θk−θ

∗)2D+
1

2
Rπ+PπΦθ∗−Φθ∗ 2D

≤
1

2
λmax((P

πΦ−Φ)TD(PπΦ−Φ))θk−θ
∗ 2
2+
1

2
Rπ+PπΦθ∗−Φθ∗ 2D,

wherethefirstinequalityisduetothetriangleinequality.Wecombinethisresultwith(15)toobtain

ν≤max
β2 λmax(ΦTDΦΦTDΦ)(ξ1+ξ2θ

∗ 2
2+ξ2θk−θ

∗ 2
2)

2(βλmin(ΦTDΦ)−1)
,

(κ+1)

2
λmax((P

πΦ−Φ)TD(PπΦ−Φ))θk−θ
∗ 2
2+
(γ+1)

2
Rπ+PπΦθ∗−Φθ∗ 2D

≤
β2 λmax(ΦTDΦΦTDΦ) ξ1+ξ2θ

∗ 2
2+ξ2θk−θ

∗ 2
2

2(βλmin(ΦTDΦ)−1)

+
(κ+1)

2
λmax((P

πΦ−Φ)TD(PπΦ−Φ))θk−θ
∗ 2
2+
(κ+1)

2
Rπ+PπΦθ∗−Φθ∗ 2D

=χ1+χ2θk−θ
∗ 2
2,

wherethesecondinequalityisduetotheinequalitymax{a,b}≤a+band

χ1=
β2 λmax(ΦTDΦΦTDΦ)(ξ1+ξ2θ

∗ 2
2)

2(βλmin(ΦTDΦ)−1)
+
(κ+1)

2
Rπ+PπΦθ∗−Φθ∗ 2D,

χ2=
β2ξ2 λmax(ΦTDΦΦTDΦ)

2(βλmin(ΦTDΦ)−1)
+
(κ+1)

2
λmax((P

πΦ−Φ)TD(PπΦ−Φ)).

Pluggingtheupperboundintoνin(14)andaftersimplifications,thedesiredresultfollows.
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F.ProofofProposition2

Toprovethesamplecomplexity,wewillmakeuseofProposition1.Atrickypartisduetothefactthattheconstantfactorof
theconvergenceratedependsonθk−θ

∗ 2
2.Wewillprovethatθk−θ

∗ 2
2isboundedbyaconstantinexpectation,which

playsakeyroleintheproof.

Lemma13SupposethatAlgorithm4isrunwithεi=εforallk≥i≥1.Then,

E[θi−θ
∗ 2
2]≤ω1ε+ω2, ∀0≤i≤k,

where

ω1:=
2 1+γ2

1−γ2 Φ 2
Dλmax(D)

λmin(ΦTDΦ)(1−γ2)
, ω2:=

E[Φθ0−Φθ
∗ 2
D]

λmin(ΦTDΦ)
.

Proof:WefollowtheproceduresimilartothatofTheorem3.Themaindifferencereliesonthefactthatweneedaboundon
thesquarednorm.First,weobtainthechainofinequalities

E[Φθi+1−Φθ
∗ 2
D|θi]

=E[Φθi+1−Φθ
∗
i+1+Φθ

∗
i+1−Φθ

∗ 2
D|θi]

≤(1+δ−1)E[Φθi+1−Φθ
∗
i+1

2
D|θi]+(1+δ)E[Φθ

∗
i+1−Φθ

∗ 2
D|θi]

≤(1+δ−1)E[Φ 2
D θi+1−θ

∗
i+1

2
D|θi]+(1+δ)E[Φθ

∗
i+1−Φθ

∗ 2
D|θi]

≤(1+δ−1)Φ 2
Dλmax(D)E[θi+1−θ

∗
i+1

2
2|θi]+(1+δ)E[Φθ

∗
i+1−Φθ

∗ 2
D|θi]

=(1+δ−1)Φ 2
Dλmax(D)E[θi+1−θ

∗
i+1

2
2|θi]+(1+δ)E[F(Φθi)−F(Φθ

∗)2D|θi]

≤(1+δ−1)Φ 2
Dλmax(D)E[θi+1−θ

∗
i+1

2
2|θi]+(1+δ)γ

2Φθi−Φθ
∗ 2
D,

where0≤i≤k−1,thefirstequalityisduetoLemma11,thesecondequalityfollowsfromLemma6,andthelast

inequalityisduetoLemma5.Sinceγ∈[0,1),thereexistsδ>0suchthat(1+δ)γ2<1,whichisequivalenttoδ<1−γ
2

γ2 .

Wesimplychooseδ=1−γ2

2γ2 ,yielding

E[Φθi+1−Φθ
∗ 2
D|θi]≤ 1+

2γ2

1−γ2
Φ 2
Dλmax(D)E[θi+1−θ

∗
i+1

2
2|θi]+

γ2+1

2
Φθi−Φθ

∗ 2
D.

Takingthetotalexpectationonbothsidesandusingthehypothesis,E[θi+1−θ
∗
i+1

2
2]≤εforall0≤i≤k−1,yield

E[Φθi+1−Φθ
∗ 2
D]≤ 1+

2γ2

1−γ2
Φ 2
Dλmax(D)ε+

γ2+1

2
E[Φθi−Φθ

∗ 2
D], ∀0≤i≤k−1.

Bytheinductionargumentini,wehave

E[Φθi−Φθ
∗ 2
D]≤ 1+

2γ2

1−γ2
Φ 2
Dλmax(D)ε

i−1

t=0

γ2+1

2

t

+
γ2+1

2

i

E[Φθ0−Φθ
∗ 2
D]

≤ 1+
2γ2

1−γ2
Φ 2
Dλmax(D)ε

1

1−γ
2+1
2

+
γ2+1

2

i

E[Φθ0−Φθ
∗ 2
D]

≤ 1+
2γ2

1−γ2
Φ 2
Dλmax(D)ε

1

1−γ
2+1
2

+E[Φθ0−Φθ
∗ 2
D], ∀1≤i≤k,

wherethesecondinequalityisobtainedbylettingi→ ∞ andthelastinequalityisdueto γ2+1
2

i

<1.Sincethe

firsttermontherighthandsideisnonnegative,thelastinequalityholdsfori=0.ByusingE[Φθk−Φθ
∗ 2
D]≥

λmin(Φ
TDΦ)E[θk−θ

∗ 2
2]andarrangingterms,wearriveattheconclusion.

Lemma13statesthatifthesubproblemsaresolvedsuchthatE[θi−θ
∗
i
2
2]≤εfork≥i≥1,thenE[θi−θ

∗ 2
2]is

boundedbyaconstantdependingonεforallk≥i≥0.Usingthisproperty,weintroduceanotherversionofProposition1
whichdropsthedependencyof θk−θ

∗ 2
2.
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Proposition4SupposethattheSGDmethodinAlgorithm4isrunwithastepsizesequencesuchthat,forallt≥0,

βt=
β

κ+t+1

forsomeβ>1/λmin(Φ
TDΦ)andκ>0suchthat

β0=
β

κ+2
≤

1

λmax(ΦTDΦΦTDΦ)(ξ3+1)
.

Moreover,supposethatAlgorithm4isrunwithεi=εforallk−1≥i≥1.Then,forall0≤t≤Lk−1,theexpected
optimalitygapsatisfies

E[θ∗k+1−θk,t
2
2]≤

2

λmin(ΦTDΦ)

χ1+χ2(ω1ε+ω2)

κ+t+1
.

Proof:Theproofiscompletedbytakingthetotalexpectationonbothsidesof(??)inProposition1andusingthebound
inLemma13.

FromProposition4,weconcludesthatwiththenumberofsubproblemiterationssuchthat

2(χ1+χ2(ω1ε+ω2))

λmin(ΦTDΦ)ε
−κ−1≤Lk,

eachsubproblemachievesε-optimalityinexpectation.Basedonthisobservation,wewillnowprovethesamplecomplexity.
ByTheorem3,E[θT+1−θ

∗
D]≤ holdsif

Φ Dmax
s∈S
d(s)

√
ε

1−γ
+γTE[Φθ0−Φθ

∗
D]≤ . (16)

Again,itholdsif

Φ Dmax
s∈S
d(s)

√
ε

1−γ
≤a (17)

and

γTE[Φθ0−Φθ
∗
D]≤b. (18)

foranyrealnumbersa,b>0suchthata+b=1.Thecondition(18)holdsif

T≥ln
b

E[Φθ0−Φθ∗ D]
/lnγ. (19)

Thecondition(17)holdsif

ε≤
a22(1−γ)2

Φ 2
Dmaxs∈Sd(s)

. (20)

CombinedwithProposition1andLemma13,asufficientconditionof(20)is

2

λmin(ΦTDΦ)

χ1+χ2ω1ε+χ2ω2
κ+Lk+1

≤
a22(1−γ)2

Φ 2
Dmaxs∈Sd(s)

.

Usingtheupperboundin(20)andarrangingterms,wehavethatthecondition(20)(andhance(17))holdsifthenumberof
iteration,Lk,forthesubproblematiterationkislowerboundedby

2(χ1+χ2ω2)

λmin(ΦTDΦ)

Φ 2
Dmaxs∈Sd(s)

a22(1−γ)2
+

2χ2ω1
λmin(ΦTDΦ)

−κ−1≤Lk (21)
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Combining(19)and(21),weconcludethat(16)holdswithSOcallsatmost

1

lnγ−1
2(χ1+χ2ω2)

λmin(ΦTDΦ)

Φ 2
Dmaxs∈Sd(s)

a22(1−γ)2
+

2χ2ω1
λmin(ΦTDΦ)

−κ−1 ln
E[Φθ0−Φθ

∗
D]

b
.

Tosimplifytheexpression,a>0andb>0aresettobea= maxs∈Sd(s)andb=1− maxs∈Sd(s),respectively.
Pluggingtheexplicitexpressionsforω1,ω2inLemma13andfurthersimplificationsleadtothedesiredconclusion.

G.AdditionalSimulationsforSection6

WeconsiderthesameMDPasinSection6withalinearfunctionapproximationusingthefeaturevector

φ(s)=
exp(−(s−0)2)
2×102

exp(−(s−10)2)
2×102

∈R2.

Figure4(a)depictstheerrorevolutionofthestandardTD-learningwithdifferentstep-sizes,αk =α/(k+10000),
α=1000,4000,bywhichoneconcludesthatthestep-sizeαk=1000/(k+10000)providesreasonableperformance.
Figure4(b)illustratestheerrorevolutionofA-TDwithstep-sizeαk=1000/(k+10000)andδ=0.1,0.2,0.5,0.7,0.9.
FromFigure4(b),wecanobservethatthesmallertheδ,theslowertheconvergencerate.

(a)StandardTD (b)A-TD

Figure4:(a)ErrorsofthestandardTD-learningwithdifferentstep-sizes,αk=α/(k+10000),α=1000,4000.(b)
ErrorsofA-TDwithstep-sizeαk=1000/(k+10000)andδ=0.1,0.2,0.5,0.7,0.9.Theshadedareasdepictempirical
variancesobtainedwithseveralrealizations.

Next,weconsiderthesameMDPasinSection6withalinearfunctionapproximationusingthefeaturevector

φ(s)=






exp(−(s−0)2)
2×102

exp(−(s−10)2)
2×102

exp(−(s−20)2)
2×102




∈R

3.

Simulationresults(errorevolution)forthestandardTDaregiveninFigure5(a)withdifferentstep-sizesαk =
α/(10000+k)andα=1000,2000,...,10000. Moreover,simulationresultsofP-TDaregiveninFigure5(b)with
Lk=5,10,20,40,80,160,320,wherethefollowingdifferentstep-sizesareused:βt=4000/(10000+t)inFigure5(b),
βt=6000/(10000+t)inFigure5(c),βt=8000/(10000+t)inFigure5(d).

Figure6illustratestheerrorplotsofP-TDforstep-sizes,βt=β/(10000+t),β=1000,2000,...,8000anddifferent
Lk=10(Figure6(a)),Lk=20(Figure6(b)),and40(Figure6(c)).

FromFigure4andFigure6,oneobservesthattheerrorevolutionforβ=8000haslargefluctuations.
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(a)StandardTD (b)PeriodicTD,βt=4000/(10000+t)

(c)PeriodicTD,βt=6000/(10000+t) (d)PeriodicTD,βt=8000/(10000+t)

Figure5:(a)ErrorevolutionofthestandardTD-learningwithdifferentstep-sizes,αk = α/(k+10000),α=
1000,2000,...,10000. ErrorevolutionofP-TDwithLk =5,10,20,40,80,160,320andthestep-sizes,(b)βt=
4000/(10000+t),(c)βt=6000/(10000+t),(d)βt=8000/(10000+t).Theshadedareasdepictempiricalvari-
ancesobtainedwithseveralrealizations.
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(a)PeriodicTD,Lk=10 (b)PeriodicTD,Lk=20

(c)PeriodicTD,Lk=40

Figure6:ErrorevolutionofP-TDwithdifferentstep-sizes,βt=β/(10000+t),β=1000,2000,...,8000.Eachsubplot
usesdifferentLk:(a)Lk=10;(b)Lk=20;(c)Lk=40.Theshadedareasdepictempiricalvariancesobtainedwith
severalrealizations.


