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Abstract

The use of target networks has been a popular
and key component of recent deep Q-learning al-
gorithms for reinforcement learning, yet little is
known from the theory side. In this work, we
introduce a new family of target-based temporal
difference (TD) learning algorithms that main-
tain two separate learning parameters — the target
variable and online variable. We propose three
members in the family, the averaging TD, double
TD, and periodic TD, where the target variable is
updated through an averaging, symmetric, or pe-
riodic fashion, respectively, mirroring those tech-
niques used in deep Q-learning practice. We es-
tablish asymptotic convergence analyses for both
averaging TD and double TD and a finite sample
analysis for periodic TD. In addition, we provide
some simulation results showing potentially su-
perior convergence of these target-based TD al-
gorithms compared to the standard TD-learning.
While this work focuses on linear function approx-
imation and policy evaluation setting, we consider
this as a meaningful step towards the theoretical
understanding of deep Q-learning variants with
target networks.

1. Introduction

Deep Q-learning (Mnih et al., 2015) has recently captured
significant attentions in the reinforcement learning (RL)
community for outperforming human in several challenging
tasks. Besides the effective use of deep neural networks
as function approximators, the success of deep Q-learning
is also indispensable to the utilization of a separate target
network for calculating target values at each iteration. In
practice, using target networks is proven to substantially
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improve the performance of Q-learning algorithms, and
is gradually adopted as a standard technique in modern
implementations of Q-learning.

To be more specific, the update of Q-learning with target
network can be viewed as follows:

Ory1 = 0 + alys — Q51,063 04))VeQ(st, as; 0r)

where y¢ = 7(s¢,at) + ymaxg Q(s¢11,a;6;), 6; is the
online variable, and @ is the target variable. Here the state-
action value function (s, a; 8) is parameterized by 6. The
update of the online variable §; resembles the stochastic
gradient descent step. The term 7(s¢, a;) stands for the inter-
mediate reward of taking action a; in state s, and v, stands
for the target value under the target variable, ;. When the
target variable is set to be the same as the online variable
at each iteration, this reduces to the standard Q-learning
algorithm (Watkins & Dayan, 1992), and is known to be
unstable with nonlinear function approximations. Several
choices of target networks are proposed in the literature to
overcome such instability: (i) periodic update, i.e., the target
variable is copied from the online variable every 7 > 0 steps,
as used for deep Q-learning (Gu et al., 2016; Mnih et al.,
2015; 2016; Wang et al., 2016); (ii) symmetric update, i.e.,
the target variable is updated symetrically as the online vari-
able; this is first introduced in double Q-learning (Hasselt,
2010; Van Hasselt et al., 2016); and (iii) Polyak averaging
update, i.e., the target variable takes weighted average over
the past values of the online variable; this is used in deep
deterministic policy gradient (Heess et al., 2015; Lillicrap
et al., 2015) as an example. In the following, we simply
refer these as target-based Q-learning algorithms.

While the integration of Q-learning with target networks
turns out to be successful in practice, its theoretical con-
vergence analysis remains largely an open yet challenging
question. As an intermediate step towards the answer, in this
work, we first study target-based temporal difference (TD)
learning algorithms and establish their convergence analysis.
TD algorithms (Sutton, 1988; Sutton et al., 2009a;b) are
designed to evaluate a given policy and are the fundamental
building blocks of many RL algorithms. Comprehensive sur-
veys and comparisons among TD-based policy evaluation
algorithms can be found in (Dann et al., 2014). Motivated by
the target-based Q-learning algorithms (Mnih et al., 2015;
Wang et al., 2016), we introduce a target variable into the
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TD framework and develop a family of target-based TD
algorithms with different updating rules for the target vari-
able. In particular, we propose three members in the family,
the averaging TD, double TD, and periodic TD, where the
target variable is updated through an averaging, symmetric
or periodic fashion, respectively. Meanwhile, similar to the
standard TD-learning, the online variable takes stochastic
gradient steps of the Bellman residual loss function while
freezing the target variable. As the target variable changes
slowly compared to the online variable, target-based TD
algorithms are prone to improve the stability of learning
especially if large neural networks are used, although this
work will focus on TD with linear function approximators.

Theoretically, we prove the asymptotic convergence of av-
eraging TD and double TD and establish a finite sample
analysis for the periodic TD. Practically, we also run some
simulations showing superior convergence of the proposed
target-based TD algorithms compared to the standard TD-
learning. In particular, our empirical case studies demon-
strate that the target TD-learning algorithms outperform the
standard TD-learning in the long run with better accuracy
and lower variances, despite their slower convergence at the
very beginning. Moreover, our analysis reveals an important
connection between the TD-learning and the target-based
TD-learning. We consider the work as a meaningful step
towards the theoretical understanding of deep Q-learning
with general nonlinear function approximation.

Related work. The first target-based reinforcement learn-
ing was proposed in (Mnih et al., 2015) for policy optimiza-
tion problems with nonlinear function approximation, where
only empirical results were given. To our best knowledge,
target-based reinforcement learning for policy evaluation
has not been specifically studied before. A somewhat re-
lated family of algorithms are the gradient TD (GTD) learn-
ing algorithms (Dai et al., 2017; Mahadevan et al., 2014;
Sutton et al., 2009a;b), which minimize the projected Bell-
man residual through the primal-dual algorithms. The GTD
algorithms share some similarities with the proposed target-
based TD-learning algorithms in that they also maintain
two separate variables — the primal and dual variables, to
minimize the objective. Apart from this connection, the
GTD algorithms are fundamentally different from the av-
eraging TD and double TD algorithms that we propose.
The proposed periodic TD algorithm can be viewed as ap-
proximately solving least squares problems across cycles,
making it closely related to two families of algorithms, the
least-square TD (LSTD) learning algorithms (Bertsekas,
1995; Bradtke & Barto, 1996) and the least squares policy
evaluation (LSPE) (Bertsekas & Yu, 2009; Yu & Bertsekas,
2009). But they also distinct from each other in terms of the
subproblems and subroutines used in the algorithms. Partic-
ularly, the periodic TD executes stochastic gradient descent
steps while LSTD uses the least-square parameter estima-

tion method to minimize the projected Bellman residual.
On the other hand, LSPE directly solves the subproblems
without successive projected Bellman operator iterations.
Moreover, the proposed periodic TD algorithm enjoys a
simple finite-sample analysis based on existing results on
stochastic approximation.

2. Preliminaries

In this section, we briefly review the basics of the TD-
learning algorithm with linear function approximation. We
first list a few notations used throughout the paper.

Notation ||z||p := vzT Dz for any positive-definite D;
Amin(A) and Apax (A) denotes the minimum and maximum
eigenvalues of a symmetric matrix A, respectively.

2.1. Markov Decision Process (MDP)

A discounted Markov decision process is characterized by
the tuple M = (S, A, P,r,v), where § is a finite state
space, A is a finite action space, P(s,a,s’) := P[s'|s, d]
represents the (unknown) state transition probability from
state s to s’ given action a, r : S x A — [0,0] is a
uniformly bounded stochastic reward, and v € (0,1) is
the discount factor. If action a is selected with the cur-
rent state s, then the state transits to s’ with probability
P(s,a,s’) and incurs a random reward r (s, a) € [0, o] with
expectation R(s,a). A stochastic policy is a distribution
7 € A5|x|4| representing the probability (s, a) = Pla|s],
PT™ denotes the transition matrix whose (s,s’) entry is
P[s'|s] = > qc4 P(s,a,s")m(s,a), and d € A5 denotes
the stationary distribution of the state s € S under policy T,
i.e., d = dP™. The following assumption is standard in the
literature.

Assumption 1 We assume that d(s) > 0 forall s € S.

We also define 7™ (s) and R™(s) as the stochastic reward
and its expectation given the policy 7 and the current state s,
ie. R™(s) := ) ,c 4 7(s,a)R(s,a). The infinite-horizon
discounted value function given policy 7 is

J(s) =E [Z::D’yk'r(sk,ak)

where s € S, E stands for the expectation taken with respect
to the state-action-reward trajectories.

S{)ZS],

2.2. Linear Function Approximation

Given pre-selected basis (or feature) functions ¢y, ..., ¢, :
S = R, ® € RISI*" s defined as

B(1)T o1(s)
o= : eREI*" where g(s) = | : | eR"

()T 6n(s)
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Here n < |S| is a positive integer and ¢(s) is a feature
vector. It is standard to assume that the columns of & do not
have any redundancy up to linear combinations. We make
the following assumption.

Assumption 2 & has full column rank.

2.3. Reinforcement Learning (RL) Problem

In this paper, the goal of RL with the linear function ap-
proximation is to find the weight vector § € R™ such that
Jp = @6 approximates the true value function J™. This
is typically done by minimizing the mean-square Bellman
error loss function (Sutton et al., 2009a)

min 1(0) i= SE[([Eolr(s,0) +7Jo(')] — Jo(s)])?)

1
= §|IR“+’7P“‘I’9—‘I’9II%, (1)

where D is defined as a diagonal matrix with diagonal en-
tries equal to a stationary state distribution d under the policy
w. Note that due to Assumption 1, D > 0. In typical RL
setting, the model is unknown, while only samples of the
state-action-reward are observed. Therefore, the problem
can only be solved in stochastic way using the observations.
In order to formally analyze the sample complexity, we
consider the following assumption on the samples.

Assumption 3 There exists a Sampling Oracle (SO) that
takes input (s, a) and generates a new state s’ with proba-
bilities P(s, a, s") and a stochastic reward r(s,a) € [0, o).

This oracle model allows us to draw ii.d. samples
(s,a,rm,§') from s ~ d(-),a ~ w(s,:),s" ~ P(s,a,-).
While such an i.i.d. assumption may not necessarily hold in
practice, it is commonly adopted for complexity analysis of
RL algorithms in the literature (Bhandari et al., 2018; Dalal
et al., 2018; Sutton et al., 2009a:b). It’s worth mentioning
that several recent works also provide complexity analysis
when only assuming Markovian noise or exponentially /-
mixing properties of the samples (Antos et al., 2008; Bhan-
dari et al., 2018; Dai et al., 2018; Srikant & Ying., 2019).
For sake of simplicity, this paper only focuses on the i.i.d.
sampling case.

A naive idea for solving 1 is to apply the stochastic gradient
descent steps, g1 = O — akﬁsl(ﬁk), where ap > Oisa
step-size and Vgl(f}) is a stochastic estimator of the true
gradient of I at 6 = 6y, Vel(6x) = Ego[(Ee r[r(s,a) +
7 Jou (') = Jou (5))T (Esr [YVoJay (/)] — VT, (5))]. This
approach is called the residual method (Baird, 1995). Its
main drawback is the double sampling issue (Bertsekas
& Tsitsiklis, 1996, Lemma 6.10, pp. 364): to obtain an
unbiased stochastic estimation of Vgl(6y), we need two
independent samples given any pair (s,a) € § x .A. This is

possible under Assumption 3, but hardly implementable in
most real applications.

2.4. Standard TD-Learning

In the standard TD-learning (Sutton, 1988), the gradient
term E.[yVgJp, (s')] in the last line (Vgl(6y)) is omit-
ted (Bertsekas & Tsitsiklis, 1996, pp. 369). The result-
ing update rule is Ox+1 = 0% — axn(Or), where n(0) =
—(r(s,a) +vJo, (s") — Jo,(5))VaJg,(s). While the algo-
rithm avoids the double sampling problem and is simple to
implement, a key issue here is that the stochastic gradient
1(6x) does not correspond to the true gradient of the loss
function [(#) or any other objective functions, making the
theoretical analysis rather subtle. Asymptotic convergence
of the TD-learning was given in the original paper (Sutton,
1988) in tabular case and in Tsitsiklis & Van Roy (1997)
with linear function approximation. Finite-time convergence
analysis was recently established in Bhandari et al. (2018);
Dalal et al. (2018); Srikant & Ying. (2019).

Remark. The TD-learning can also be interpreted as min-
imizing the modified loss function at each iteration

1(6:6') :== %Es‘.a[(Esur[T(sa a) +vJo ()] = Jo(s))?],

where 6 stands for an online variable and @ stands for a
target variable. At each iteration step k, it sets the target
variable to the value of current online variable and performs

a stochastic gradient step, fx 1 = 0 —ax 69!(9; Or) o’
A full algorithm is described in Algorithm 1. -

Algorithm 1 Standard TD-Learning

1: Initialize §y randomly and set 6, = 6.

2: for iteration k = 0,1,...do

3: Sample s ~ d(-) and a ~ 7 (s, )

4: Sample s’ and r(s, a) from SO
5. Let gi = ¢(s)(r(s, @) +7(s") 76} — &(s)70%)
6: Update 0x41 = O — argr
7.
8

Update 9;4_1 = Or+1
: end for

Inspired by the the recent target-based deep Q-learning al-
gorithms (Mnih et al., 2015), we consider several alternative
updating rules for the target variable that are less aggressive
and more general. This then leads to the so-called target-
based TD-learning. One of the potential benefits is that by
slowing down the update for the target variable, we can re-
duce the correlation of the target value, or the variance in the
gradient estimation, which would then improve the stability
of the algorithm. To this end, we introduce three variants
of target-based TD: averaging TD, double TD, and periodic
TD, each of which corresponds to a different strategy of the
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target update. In the following sections, we discuss these
algorithms in details and provide their convergence analysis.

3. Averaging TD-Learning (A-TD)

We start by integrating TD-learning with the Polyak av-
eraging strategy for target variable update. This is moti-
vated by the recent deep Q-learning (Mnih et al., 2015) and
DDPG (Lillicrap et al., 2015). It’s worth pointing out that
such a strategy has been commonly used in the deep Q-
learning framework, but the convergence analysis remains
absent to our best knowledge. Here we first study this for
the TD-learning. The basic idea is to minimize the modified
loss, [(6; 6"), with respect to § while freezing #’, and then
enforce §’ — 6 (target tracking). Roughly speaking, the
tracking step, 6’ — 6, is executed with the update

Oks1 =0k — o Vol(0:00)],_, -
k1 = O + akd(Ok — 01),

where 6 > 0 is the parameter used to adjust the update
speed of the target variable and Vl(6; ;) is a stochastic
estimation of Vgl(6;6)). A full algorithm is summarized
in Algorithm 2, which is called averaging TD (A-TD).

Compared to the standard TD-learning in Algorithm 1, the
only difference comes from the target variable update in
the last line of Algorithm 2. In particular, if we set a =
1/4 and replace 6, with 65 ; in the second update, then it
reduces to the TD-learning.

Algorithm 2 Averaging TD-Learning (A-TD)
1: Initialize 6 and 6 randomly.
2: for iteration k = 0,1,...do
3: Sample s ~ d(-) and a ~ 7 (s, )
: Sample s’ and r(s, a) from SO

4

5. Let gk = ¢(s)(r(s,a) +vo(s') 0 — ()T k)
6: Update 0x41 = O — argr

7 Update 0y ; = 6 + axd(0 — 6;)

8: end for

Next, we prove its convergence under certain assumptions.
The convergence proof is based on the ODE (ordinary dif-
ferential equation) approach (Bhatnagar et al., 2012), which
is standard technique used in the RL literature (Sutton et al.,
2009b). In the approach, a stochastic recursive algorithm is
converted to the corresponding ODE, and the stability of the
ODE is used to prove the convergence. The ODE associated
with A-TD is § = —®T D®6 + v@T DP"®¢’' + ®T DR™
and #' = 86 — 66’. We arrive at the following convergence
result.

Theorem 1 Assume that with a fixed policy w, the Markov

chain is ergodic and the step-sizes satisfy
o0 (= =]
a > 0, Zak:oo, Za%(oo. (2)
k=0 k=0

Then, 0, — 6* and 0, — 0* as k — oo with probability
one, where

6* = —(®TD(yP™ — I)®)'®T DR". (3)

Remark 1 Note that 6* in (3) is not identical to the op-
timal solution of the original problem in (1). Instead, it
is the solution of the projected Bellman equation defined
as 0 = F(®0), where F is the projected Bellman op-
erator defined by F(®6) := II(R™ + vP"®6), where 11
is the projection onto the range space of ®, denoted by
R(®): II(x) := arg min, ¢ p(g) ||z —'||%. The projection
can be performed by the matrix multiplication: we write
(z) := Iz, where I1 := ®(®T D®)~1®T D.

Theorem 1 implies that both the target and online variables
of the A-TD converge to §* which solves the projected Bell-
man equation. The proof of Theorem 1 is provided in Ap-
pendix A of the supplemental material based on the stochas-
tic approximation approach, where we apply the Borkar
and Meyn theorem (Bhatnagar et al., 2012, Appendix D).
Alternatively, the multi-time scale stochastic approxima-
tion (Bhatnagar et al., 2012, pp. 23) can be used with slightly
different step-size rules. Due to the introduction of target
variable updates, deriving a finite-sample analysis for the
modified TD-learning is far from straightforward (Bhandari
et al., 2018; Dalal et al., 2018). We will leave this for future
investigation.

4. Double TD-Learning (D-TD)

In this section, we introduce a natural extension of the A-TD,
which has a more symmetric form. The algorithm mirrors
the double Q-learning (Van Hasselt et al., 2016), but with a
notable difference. Here, both the online variable and target
variable are updated in the same fashion by switching roles.
To enforce §' — 6, we also add a correction term 6(6 —
') to the gradient update. The algorithm is summarized
in Algorithm 3, and referred to as the double TD-learning
(D-TD).

We provide the convergence of the D-TD with linear func-
tion approximation below. The proof is similar to the proof
of Theorem 1, and is contained in Appendix B of the sup-
plemental material. Noting that asymptotic convergence for
double Q-learning has been established in (Hasselt, 2010)
for tabular case, but no result is yet known when linear
function approximation is used.

Theorem 2 Assume that with a fixed policy w, the Markov
chain is ergodic and the step-sizes satisfy (2). Then, 6 —
6% and 6,, — 6* as k — oo with probability one.
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Algorithm 3 Double TD-Learning (D-TD)
1: Initialize 6y and 6, randomly.
2: for iteration k = 0,1,...do
Sample s ~ d(-) and a ~ 7 (s, )
4: Sample s’ and r(s, a) from SO
5. Let gk = ¢(s)(r(s, @) +76(s) 70, — &(s)T6k) +

b

6(6;, — Ok)
6: Let g = ¢(s)(r(s,a) +vp(s") 0, — B(s)T0;) +
0(6x — ;)

7 Update 0x41 = O — argr
8: Update 6, ; = 0}, — axgy,
9: end for

If D-TD uses identical initial values for the target and online
variables, then the two updates remain identical, i.e., 6 =
0}, for k > 0. In this case, D-TD is equivalent to the TD-
learning with a variant of the step-size rule. In practice, this
problem can also be resolved if we use different samples for
each update, and the convergence result will still apply to
this variation of D-TD.

Compared to the corresponding form of the double Q-
learning (Hasselt, 2010), D-TD has two modifications. First,
we introduce an additional term, 6(6}, — 0x) or 6(6x — 60}).
linking the target and online parameter to enforce a smooth
update of the target parameter. This covers double Q-
learning as a special case by setting § = 0. Moreover, the
D-TD updates both target and online parameters in parallel
instead of randomly. This approach makes more efficient
use of the samples in a slight sacrifice of the computation
cost. The convergence of the randomized version is proved
with slight modification of the corresponding proof (see Ap-
pendix C of the supplemental material for details).

5. Periodic TD-Learning (P-TD)

In this section, we propose another version of the target-
based TD-learning algorithm, which more resembles that
used in the deep Q-learning (Mnih et al., 2015). It corre-
sponds to the periodic update form of the target variable,
which differs from previous sections. Roughly speaking,
the target variable is only periodically updated as follows:

Ors1 = Ok — ax Vol(0; 0k (k moa 1)) oty
=V

where Vl(6; Ok (k mod ,)) 18 a stochastic estimator of the
gradient Vgl(6; 0_(x moa ))- The standard TD-learning
is recovered by setting L = 1.

Alternatively, one can interpret every L iterations of the
update as contributing to minimizing the modified loss func-
tion

1

méil'l '!(61 8’) = aEs,a [(Es’,}' [T(S, a) +7J6' (S’)] - Jﬂ(s))z] )

while freezing the target variable. In other words, the
above subproblem is approximately solved at each itera-
tion through L steps of stochastic gradient descent. We
formally present the algorithmic idea in a more general
way as depicted in Algorithm 4 and call it the periodic TD
algorithm (P-TD).

Algorithm 4 Periodic TD-Learning (P-TD)
1: Initialize §y randomly and set 6, = 6.
2: Set positive integers T" and the subroutine iteration steps,
Ly, fork=0,1,...,T—1.
3: Set stepsizes, {8t }i2, for the subproblem.
4: for iteration k =0,1,...,T — 1do
5: Update 641 = SGD(6k, 6., L) such that

Elll0k+1 — 05 113] < €ks1,

where 0, := argmingg [(6; 0},).
6: Update 9;4_1 = Or+1
: end for
8: Return fr 4

~J]

9: procedure SGD(6.04,.Lx)
> Subroutine: Stochastic gradient decent steps

10: Initialize 9];10 = 8;‘-.

11: for iterationt = 0,1,...,Lx — 1 do

12: Sample s ~ d(-) and a ~ 7(s, )

13: Sample s’ and r(s, a) from SO

14: Let g¢ = ¢(s)(r(s,a) + vo(s')T0;, —
8(5)T0k.0)

15: Update ak,H_[ = ﬁk,t — Big:

16: end for

17: Return ak,Lk

18: end procedure

For the P-TD, given a fixed target variable 6. the subrou-
tine, SGD(f, 0}, L« ). runs stochastic gradient descent steps
Ly, times in order to approximately solve the subproblem
arg ming g [(6; 6}, ), for which an unbiased stochastic gra-
dient estimator is obtained by using observations. Upon
solving the subproblem after L;, steps, the next target vari-
able is replaced with the next online variable. This makes it
similar to the original deep Q-learning (Mnih et al., 2015)
as it is periodic if Ly, is set to a constant. Moreover, P-TD
is also closely related to the TD-learning Algorithm 1. In
particular, if Ly =0forallk =0,1,...,7 — 1, then P-TD
corresponds to the standard TD.

Based on the standard results in Bottou et al. (2018, The-
orem 4.7), the SGD subroutine converges to the optimal
solution, ¢, ; := argminggn [(;60;). But as we only
apply a finite number L, steps of SGD, the subroutine will
return an approximate solution with a certain error bound
ey in expectation, i.e., E[||6x41 — 05,1 [|310k] < exs1-
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Below, we establish a finite-time convergence analysis of P-
TD. We first characterize the expected error of the solution.

Theorem 3 Consider Algorithm 4. We have
E[||®6r — ®6%||p]

T-1
<IBloy e d(s) Yo" Ve + "Bl — 36"lo]

Moreover,

TE[||®6, — ®6*

|‘I’||DV maxsesd(s Z T— k\/—
k=1

T]SF}(

The result implies that P-TD achieves an e-optimal so-
lution with high probability by approaching T' — oo
and controlling the error bounds &;. In particular, if
ex = ¢ for all k > 0, then P[||®07 — ®6*||p > 7] <

|2l py/maxses d(s) \/_ ~+TE[|| @6, —28*
T

=) I2] " One can see that
the error is essentially decomposed into two terms, one from
the approximation errors induced from SGD procedures and
one from the contraction property of solving the subprob-
lems, which can also be viewed as solving the projected
Bellman equations. Full details of the proof can be found
in Appendix D of the supplemental material.

To analyze the approximation error from the SGD proce-
dure, existing convergence results in Bottou et al. (2018,
Theorem 4.7) can be applied with some modifications.

Proposition 1 Suppose that the SGD method in Algo-
rithm 4 is run with a stepsize sequence such that, for all

t >0, B = =5 for some B > 1/Auin(®T D®) and
k > 0 such that
1
fo= 2

<
E+2 7 \/Amax(®TDOITDP) (&3 + 1)
Then, for any 0 <t < Ly — 1, we have

. 9 2 X1+ xz2||0k — 9*“%
_ <
E[l|0k+1 — Or.ell210k] < Amin (2T D) K+t+1 '
where
" ﬁ—" ]- T i * *
¥ =(& + &l Bxs + S BT 4 g — a7,

&ax3

X2 S (BAmin (BT D) — 1)
+ ) p (P72~ 2 D(PD -~ @),
and
. B2/ A (BT DSTT D)
-

2(BAmin(PTD®) — 1)

€1 :=30"||®|3 + 2(1 + &3)*||®T DR™||3,
& =313 + 2(1 + &) Amax (37 (PT)T DT DP"®),

£ = 3|21
T Amin (T D3IT D)

Proposition 1 ensures that the subroutine iterate, 6, con-
verges to the solution of the subproblem at the rate of
O(1/Ly). Combining Proposition 1 with Theorem 3, the
overall sample complexity is derived in the following propo-
sition. We defer the proofs to Appendix E and Appendix F
of the supplemental material.

Proposition 2 (Sample Complexity) The e-optimal solu-
tion, E[||0r — 0*| p] < ¢, is obtained by Algorithm 4 with
at most

pi(p2e™? +4xz) In(e™)
number of SO calls , where
2||®||2
. i3,

Amin (BT D®)?(1 ~ )2 Iny~1’
p2 = X1 Amin (DT D®) + x2E[[| 80 — 867 [|3],

and x1 and x are defined in Proposition 1.

As a result, the overall sample complexity of P-TD is
bounded by O((1/€2)1In(1/€)). As mentioned earlier, non-
asymptotic analysis for even the standard TD algorithm
is only recently developed in a few work (Bhandari et al.,
2018; Dalal et al., 2018; Srikant & Ying., 2019). Our sample
complexity result on P-TD, which is a target-based TD algo-
rithm, matches with that developed in Bhandari et al. (2018)
with similar decaying step-size sequence, up to a log factor.
Yet, our analysis is much simpler and builds directly upon
existing results on stochastic gradient descent. Moreover,
from the computational perspective, although P-TD runs in
two loops, it is as the efficient as standard TD.

P-TD also shares some similarity with the least squares
temporal difference (LSTD, Bradtke & Barto (1996)) and
its stochastic approximation variant (fLSTD-SA, Prashanth
et al. (2014)). LSTD is a batch algorithm that directly es-
timates the optimal solution as described in (3) through
samples, which can also be viewed as exactly computing the
solution to a least squares subproblem. fLSTD-SA alleviates
the computation burden by applying the stochastic gradient
descent (the same as TD update) to solve the subproblems.
The key difference between fLSTD-SA and P-TD lies in
that the objective for P-TD is adjusted by the target variables
across cycles. Lastly, P-TD is also closely related to and
can be viewed as a special case of the least-squares fitted
Q-iteration (Antos et al., 2008). Both of them solves a simi-
lar least squares problems using target values. However, for
P-TD, we are able to directly apply the stochastic gradient
descent to address the subproblems to near-optimality.
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Figure 1: (a) Blue line: error evolution of the standard TD-learning with the step-size a; = 1000/(k + 10000); Red
line: error evolution of A-TD with the step-size ax = 1000/(k + 10000) and § = 0.9. The shaded areas depict empirical
variances obtained with several realizations. (a) Error over the interval [0, 3000]; (b) Error over the interval [2000, 3000].
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Figure 2: Blue line: error evolution of the standard TD-learning with the step-size o, = 1000/(k + 10000); Red line: error
evolution of D-TD with the step-size o = 1000/(k 4 10000) and 6 = 0.9. The shaded areas depict empirical variances
obtained with several realizations. (a) Error over the interval [0, 3000]; (b) Error over the interval [2000, 3000].

6. Simulations

In this section, we provide some preliminary numerical
simulation results showing the efficiency of the proposed
target-based TD algorithms. We stress that the main goal of
this paper is to introduce the family of target-based TD algo-
rithms with linear function approximation and provide theo-
retical convergence analysis for target TD algorithms, as an
intermediate step towards the understanding of target-based
Q-learning algorithms. Hence, our numerical experiments
simply focus on testing the convergence, sensitivity in terms
of the tuning parameters of these target-based algorithms,
as well as effects of using target variables as opposed to the
standard TD-learning.

6.1. Convergence of A-TD and D-TD

In this example, we consider an MDP with v = 0.9, |§| =
10,

01 01 --- 01

pr— (01 01 € R10x10
: - - 01
01 --- 01 01

and r™ (s) ~ UJ[0, 20], where U0, 20] denotes the uniform
distribution in [0, 20] and r™ (s) stands for the reward given
policy 7 and the current state s. The action space and
policy are not explicitly defined here. For the linear function
approximation, we consider the feature vector with the radial
basis function (Geramifard et al., 2013) (n = 2), ¢(s) =
[exp(—(s—mz) exp(=(s=10°) | £ R2.

2x 107 ! 2x 107

Simulation results are given in Figure 1, which illustrate
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Figure 3: Blue line: error evolution of the standard TD-learning with the step-size o, = 10000/(k + 10000). Red line:
error of P-TD with the step-size ; = (10000 - (0.997)%) /(10000 + t) and Ly = 40. The shaded areas depict empirical
variances obtained with several realizations. (a) Error over the interval [0, 30000]; (b) Error over the interval [29000, 30000].

error evolution of the standard TD-learning (blue line) with
the step-size, o = 1000/(k + 10000) and the proposed
A-TD (red line) with the e = 1000/(k + 10000) and
6 = 0.9. The design parameters of both approaches are set
to demonstrate reasonably the best performance with trial
and errors. Additional simulation results in Appendix G of
the supplemental material provide comparisons for several
different parameters. Figure 1(b) provides the results in
the same plot over the interval [2000,3000]. The results
suggest that although A-TD with = 0.9 initially shows
slower convergence, it eventually converges faster than the
standard TD with lower variances after certain iterations.
With the same setting, comparative results of D-TD are
given in Figure 2.

6.2. Convergence of P-TD

In this section, we provide empirical comparative analy-
sis of P-TD and the standard TD-learning. The conver-
gence results of both approaches are quite sensitive to
the design parameters to be determined, such as the step-
size rules and total number of iterations of the subprob-
lem. We consider the same example as above but with
an alternative linear function approximation with the fea-
ture vector consisting of the radial basis function, ¢(s) =
[exp(—(s—mz) exp(—(s-10)%) exp(~(s-20)%) ] € R3. From

2x102 * 2x102 2x10
our own experiences, applying the same step-size rule, 5,

forevery k € {0,1,...,T — 1} yields unstable fluctua-
tions of the error in some cases. For details, the reader
is referred to Appendix G of the supplemental material,
which provides comparisons with different design param-
eters. The results motivate us to apply an adaptive step-
size rules for the subproblem of P-TD so that smaller and
smaller step-sizes are applied as the outer-loop steps in-
creases. In particular, we employ the adaptive step-size rule,

Br.+ = (10000 - (0.997)%) /(10000 + t) with L = 40 for
P-TD, and the corresponding simulation results are given
in Figure 3, where P-TD outperforms the standard TD with
the step-size, a, = 10000/ (k+ 10000), best tuned for com-
parison. Figure 3(b) provides the results in Figure 3 in the
interval [29000, 30000], which clearly demonstrates that the
error of P-TD is smaller with lower variances.

7. Conclusion

In this paper, we propose a new family of target-based TD-
learning algorithms, including the averaging TD, double TD,
and periodic TD, and provide theoretical analysis on their
convergences. The proposed TD algorithms are largely in-
spired by the recent success of deep Q-learning using target
networks and mirror several of the practical strategies used
for updating target network in the literature. Simulation re-
sults show that integrating target variables into TD-learning
can also help stabilize the convergence by reducing vari-
ance of and correlations with the target. Our convergence
analysis provides some theoretical understanding of target-
based TD algorithms. We hope this would also shed some
light on the theoretical analysis for target-based Q-learning
algorithms and non-linear RL frameworks.

Possible future topics include (1) developing finite-time
convergence analysis for A-TD and D-TD; (2) extending the
analysis of the target-based TD-learning to the Q-learning
case w/o function approximation; and (3) generalizing the
target-based framework to other variations of TD-learning
and Q-learning algorithms.
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Appendix

A. Proof of Theorem 1

The proof is based on the analysis of the general stochastic recursion

Ok+1 = O + o (h(Ok) + 1)

where h is a mapping h : R™ — R". If only the asymptotic convergence is our concern, the ODE (ordinary differential
equation) approach (Bhatnagar et al., 2012) is a convenient tool. Before starting the main proof, we review essential
knowledge of the linear system theory (Chen, 1995).

Definition 1 (Chen (1995, Definition 5.1)) The ODE, i(t) = Az(t), t > 0, where A € R"™*" and z(t) € R", is
asymptotically stable if for every finite initial state ©(0) = g, (t) - 0ast — oo

Definition 2 (Hurwitz matrix) A complex square matrix A € C™*"™ is Hurwitz if all eigenvalues of A have strictly negative
real parts.

Lemma 1 (Chen (1995, Theorem 5.4)) The ODE, i(t) = Ax(t), t > 0, is asymptotically stable if and only if A is
Hurwitz.

Lemma 2 (Lyapunov theorem (Chen, 1995, Theorem 5.5)) A complex square matrix A € C™*™ is Hurwitz if and only
if there exists a positive definite matrix M = M*™ '~ 0 such that A" M + M A < 0, where A" is the complex conjugate
transpose of A.

Lemma 3 (Schur complement (Boyd & Vandenberghe, 2004, pp. 651)) For any complex block matrix { gT g], we

have

A B
BT C

] ~0& A=0,C—-BTA'B.

Convergence of many RL algorithms rely on the ODE approaches (Bhatnagar et al., 2012). One of the most popular
approach is based on the Borkar and Meyn theorem (Bhatnagar et al., 2012, Appendix D). Basic technical assumptions are
given below.

Assumption 4

1. The mapping h : R™ — R" is globally Lipschitz continuous and there exists a function hy, : R™ — R"™ such that

lim h(cf)

c—o0 ¢

= hao(6), VO €R™

2. The origin in R™ is an asymptotically stable equilibrium for the ODE 6(t) = hoo (6(t)).

3. There exists a unique globally asymptotically stable equilibrium 6° € R™ for the ODE 6(t) = h(6(t)), i.e., 6(t) — 6°
ast — oo.

4. The sequence {ci, Gk, k > 1} with G, = o(6;,€:,1 < k) is a Martingale difference sequence. In addition, there exists
a constant Cy < oo such that for any initial 6 € R", we have E[||ex11]|%|Gx] < Co(1 + ||6x?), ¥k > 0.

5. The step-sizes satisfy (2).

Lemma 4 (Borkar and Meyn theorem) Suppose that Assumption 4 holds. For any initial 6y € R", sup;> [|0k|| < oo
with probability one. In addition, 6 — 6° as k — oo with probability one.



Target TD-Learning

Based on the technical results, we are in position to prove Theorem 1.

Proof of Theorem 1: The ODE (??) can be expressed as the linear system with an affine term
= 7 0
0=A0+b=nh A,

~2"D® ®TDP™®] , _[®TDRT] 5 [0
oI ) S IV T R I

where
A=

Therefore, the mapping h : R* — R™, defined by h(f) = Af + b, is globally Lipschitz continuous. Moreover, we have

heo(6) := i:]_1}1’510 h(tf)/t = A6.

Therefore, the first condition in Assumption 4 holds. To meet the second condition of Assumption 4, by Lemma 1, it suffices
to prove that A is Hurwitz. The reason is explained below. Suppose that A is Hurwitz. If A is Hurwitz, it is invertible,
and there exists a unique equilibrium #¢ € R™ for the ODE § = A + b such that 0 = Af® + b, i.e., 8¢ = —A~1b. Due
to the constant term b, it is not clear if such equilibrium point, §¢, is globally asymptotically stable. From (Antsaklis &
Michel, 2007, pp. 143), by letting = = § — ¢, the ODE can be transformed to & = Ax, where the origin is the globally
asymptotically stable equilibrium point since A is Hurwitz. Therefore, §€ is globally asymptotically stable equilibrium point
of § = A + b, and the third condition of Assumption 4 is satisfied. Therefore, it remains to prove that A is Hurwitz. We
first provide a simple analysis and prove that there exists a 6 > 0 such that for all § > 6%, A is Hurwitz. To this end, we use
the property of the similarity transformation (Antsaklis & Michel, 2007, pp. 88), i.e., A is Hurwitz if and only if BAB~! is

Hurwitz for any invertible matrix B. Letting B = [_II ?] , one gets

BAB-! — [I 0] [—@TD@ 7(IJTDP“<I'] [I 0] _ [—@TDi’—kq@TDP”(I) v®TDP™® ]

I I ol —41 I I|™ | ®TD® —4®TDP"® —~4®TDP™® — I

To prove that BAB~! is Hurwitz, we use Lemma 2 with M = I and check the sufficient condition

BAB~! + BATB!
[ ®TD(—I +~P™)d ~®TDP™® &TD(—I +~P™)d ~TDP3 |7
= |-®TD(~I +~+P™)® —6I —4®TDP*®| " |-&TD(~I +~yP™)® —6I — BT DP™®

_ [®TD(—I + yP™)® + &T(—I + yP")TD® —&T(—I +yP™)T D + 4T DP*d
| —®TD(~I +yP™)®++®T(P7)TD®  —25] —y®T DP"™® — 43T(P™)TD®

=<0. 4)

To check the above matrix inequality, note that @TD(wP” — I)® is negative definite (Bertsekas & Tsitsiklis, 1996,
Lemma 6.6, pp. 300). By using the Schur complement Lemma 3, (4) holds if and only if
0 <261 + v®T DP® + ~v®T PTD®
—{~®T(~I +yP™)TD® + vdT DP"®}T (—®T D(~I +~vP)® — ®T (I +~yP)T®)!
x {=®T (-1 + vP")TD® + v®" DP™®} (5)

The above inequality holds for a sufficiently large 4, i.e., there exists * > 0 such that the above inequality holds for all
d > 6*. Therefore, BAB—! and A are Hurwitz for all § > §*. A natural question is whether or not §* = 0. We prove that
this is indeed the case. The proof requires rather more involved analysis.

Claim: A is Hurwitz for all § > 0.
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Proof: We investigate the equation

—®TD® ~dTDP™®| [z E
oI —61 vyl Tyl

where [I] € C?m is an eigenvector and A € C is an eigenvalue of A. Equivalently, it is written by
Y

Az = — ®TD®x + v®T DP™ oy, (6)
Ay =d(z — y). (7
Solving (7) leads to y = %x, and plugging this expression into y in (6) yields
i)
—_ T _— T T = )
( i) D‘I’+76+A<I) DP @)1: Az. (8)

For any § > 0, the complex number in the above equation
. § A +90)
Ta+A |A + 42
where A* is the complex conjugate of A € C and | - | is the absolute value of a complex number (-), has the absolute value
less than or equal to 1, i.e., |s| = ﬁ < 1. Now, we prove that the complex matrix, &7 D(—I + syP™)®, is Hurwitz for
any s € C such that |s| < 1. For any real vector v € RI°!, we have
v" (ysDP™ + vs*(P™)" D)v =v(s + s*)v" D'/?D'/?P™y

<y(s + ") DY?0]|2[| D2 P ||z

=7v(s + s")|lvlpl|[P"|lp

<v(s +s%)|vllpllvllo

=y(s +s")|lvllb

=y(s + s*)vT Dv

<~v2vT Dv,

€C, 9)

where the first inequality is due to the Cauchy-Schwarz inequality, the second inequality is due to Tsitsiklis & Van Roy
(1997, Lemma 1), and the final inequality follows from the fact that |s| < 1 implies —2 < s + s* < 2. The last result
ensures v’ (syDP™ 4 s*y(P™)T D)v < v2vT D for any v € R!®!, and equivalently,

D(—I + syP™) + (I + s*y(P™)T)D < 2(v — 1) D.

Multiplying both sides of the above inequality by @ from the right and its transpose from the left, one gets
®TD(—I + syP™)® + &7 (—I + s*y(P™)T)D® < 2(—1 + )& D® < 0.

By Lemma 2 with M = I, we conclude that the complex matrix, ®T D(—I + syP™)®, is Hurwitz for any s € C such
that |s| < 1. Based on this observation, we return to (8) and conclude that —®7 D® + ,},6_?_) ®T DP™® is Hurwitz for any
A € C. By the definition of a Hurwitz matrix in Definition 2 and the eigenvalue, we conclude that the real part of A should

be always strictly negative. Therefore, A is Hurwitz for any § > 0. This completes the proof. .

Next, we prove the remaining parts. Since 51 can be expressed as an affine map of 0, = [, 6;]7, it can be easily proved

that the fourth condition of Assumption 4 is satisfied. In particular, if we define my, := Ef:o £y, then my, is Martingale, and
£y is a Martingale difference sequence. Therefore, the fourth condition is met.

Finally, by Lemma 4, § converges to §¢ such that
—oTD® ’y‘I’TDP’T‘i’] [9] [@TDRW] -0

MO=| o —o1 | |¢ 0

By the block matrix inversion, solving the equation leads to the desired conclusion, i.e., ¢ = [g*]
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B. Proof of Theorem 2

The ODE corresponding to Algorithm 3 can be expressed as the linear system with an affine term
= = 0
0=A0+b=nh gl )

A | -2'D®—dI ad"DP"®+4I| , _[®'DRT] [0
"~ |a®"DP™®+6I —-®"D®—6I |* T |®TDR™|’ U |¢]°

where

The proof follows the same lines as the proof of Theorem 1. Therefore, we only prove that A is Hurwitz here. In particular,
A can be represented by A = B + CT BC, where

—9TD® BTDP"P 0 1
B—[ 51 ) ] O_[I o}'

From the proof of Theorem 1, B is Hurwitz, and admits the Lyapunov matrix M = I such that BT M + M B < 0. Thus,

B 0], .
[0 B] is Hurwitz as well, and

B 01" [B o 0
o Bl T|lo B| ™"

Pre- and post-multiplying the left-hand side of the about inequality by the full rank matrix [I CT] and its transpose,
respectively, yields

T T T
I B 0 I I B o][I]_ - o
M [0 B} {C]+[O] [0 B} {c]—B+CBC+B +CBTC = A" + A<0.

By Lemma 2 with M = I, this implies that A is Hurwitz. This completes the proof.

C. Randomized version of D-TD

We consider a randomized version of D-TD in Algorithm 5, which updates either the target or online parameters randomly.

Algorithm 5 Double TD-Learning (D-TD) with Random Update

1: Initialize 6 and 6 randomly.

2: for iteration k = 0,1,...do

Sample s ~ d(+)

4 Sample a ~ 7(s, )

5: Sample s’ and r(s, a) from SO

6: Choose UPDATE(A) with probability v € (0, 1) and UPDATE(B) with probability 1 — v
7.

8

if UPDATE(A) then

: Let gi = ¢(s)(r(s, a) + 79(s')T 8}, — $(s)70%) + (6}, — k)
9: Updatc 9k+1 =0 — Rk
10: else if UPDATE(B) then
11: Let g, = ¢(s)(r(s,a) +vo(s') 6k — ¢(s)760;) + 6(6x — 6)
12: Update 6, = 0} — axgy
13: end if
14: end for

We have the convergence result similar to Theorem 2.
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Theorem 4 Consider Algorithm 5 and assume that with a fixed policy w, the Markov chain is ergodic and the step-sizes
satisfy (2). Then, 0 — 0* and 0;, — 6* as k — oo with probability one.

Proof: The proof is a slight modification of the proof of Theorem 2. The ODE corresponding to Algorithm 5 can be
expressed as the linear system with an affine term

§=AA§+b=:h({g,D,

) ) i vl 0
where A is defined in Appendix B and A = {0 (1—w)I

the proof of Theorem 2, we know AT + A < 0, which is equivalent to (ATA)A=! + A=*(AA) < 0. By Lemma 2 with
M = A1, this implies that A A is Hurwitz. This completes the proof. W

]. The remaining part is to prove that AA is Hurwitz. From

D. Proof of Theorem 3

Before presenting the proof, we first introduce a deterministic version of P-TD summarized in Algorithm 6 in order to make
smooth steps forward. For a fixed @}, (target variable), the subroutine, GradientDecent, runs gradient descent steps L
times in order to approximately solve the subproblem, arg ming_p= [(f; 0}). By the standard results in Bubeck et al. (2015,
Theorem 10.3), the gradient descent iterations converge to the optimal solution 6 , ; := arg mingcgn [(0; 6} ) linearly, the
finite iterates reache an approximate solution within a certain error bound e;. Upon solving the subproblem, the next target
variable is replaced with the next online variable.

Algorithm 6 Deterministic Periodic TD-Learning
1: Initialize 6 randomly and set 6 = 6y

2: Set positive integers 7" and Ly fork =0,1,...,7 —1
3: Set stepsizes, {8t }22,, for the subproblem
4: for iteration k =0,1,...,T — 1do
5: Update
011 = GradientDecent(fy, 0}, L)
such that

10k+1 — 051113 < €rg1,

where £; > 0 is an error bound and 0y, ; := arg mingcg. 1(6; 0 ).
6: Update 9;4_1 = Or+1
: end for
8: Return 61 4

~J

9: procedure GRADIENTDECENT(6y.60}.Ly)

&> Subroutine: Gradient decent steps
10: Set Or0 = Ok
11: for iterationt = 0,1,...,Lx — 1 do

12: Update

gk,.t-i-l = 9;:,,3: — B Vol (0; 9;)|9=9k:; :
13: end for
14: Return ak,Lk

15: end procedure

The overall convergence relies on the fact that approximately solving the subproblem can be interpreted as approximately
solving a projected Bellman equation defined below.
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Definition 3 (Projected Bellman equation) The projected Bellman equation is defined as
&0 = F(20),
where F is the projected Bellman operator defined by
F(®6) :=II(R™ + vP"®0),

I is the projection onto the range space of ®, denoted by R(®): II(x) := argming c g(o) ||z — '||%,. The projection can
be performed by the matrix multiplication: we write I1(z) := Iz, where II := ®(®T D®)~1&T D.

By direct calculations, we can conclude that the solution of the projected Bellman equation is not identical to the solution of
the value function evaluation problem in (1), while it only approximates the solution of (1). The solution of the projected
Bellman equation is denoted by 6*, i.e.,

o6* = F(20*).
Therefore, Algorithm 6 executes an approximate dynamic programming procedure. Based on these observations, the
convergence of Algorithm 6 is given below.
Proposition 3 Consider Algorithm 6. We have
T
207 — 86" |p < | /maxd(s)1@llp Y 7"~ V/Ex + 771260 — 6|,
k=1

To prove Proposition 3, we first summarize some essential technical lemmas. The first lemma states that the operator F is a
contraction.

Lemma 5 The operator F is a v-contraction with respectto || - || p, i.e.,

[F(®z) — F(@y)|p < 7]z — y|[p-

Proof: We have

[F(®z) — F(®y)||p =[TI(R" 4+ ~P"®x) — II(R" +vP"®y)||p
<|R" +yP"®z — (R" +yP"®y)|Ip
=71P"®(x —y)lp
<2(z —y)llps

where the first inequality is due to the non-expansive mapping property of the projection, and the second inequality is due
to Tsitsiklis & Van Roy (1997, Lemma 1). This completes the proof. W

Lemma 6 05, in Algorithm 6 satisfies 0y, = F(®0;).

Proof: The result follows by solving the optimality condition V¢l(6; 6},) = —®T D(R™ +~P™®6}, — ®¢) = 0. In particular,
it implies

T D®0 = ®T D(R™ + vP"®0},).
Multiplying both sides by (&7 D®)~! from the left, we have
6 = (®TD®)'®TD(R™ + vP"®6}).
Again, we multiply both sides by ® from the left to obtain
@9 = &(®" D®)"'®T D(R™ + yP"®},) = II(R™ + yP"®0}).
where IT := ®(®T D®)~1®T D. This completes the proof. M
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Lemma7 [(6;6}) := 1||R™ + yP"®6), — D0||% is p-strongly convex with pi := A (2T DP).
Proof: Noting that
1 1
1(6:6;) = 5 (R™ + 7 P*®6;)T D(R™ + yP"0}) + 56787 D®) — (R + yP"®6;)7 D(®6)

and that ®T D® — Apin (2T D®)I = 0, we conclude that 1(6;6},) — 3||0||3Amin (27 D®) is convex. Therefore, by the
definition of the strongly convex function, the desired conclusion holds. W
Proof of Proposition 3: We have
@Ok 1 — PO%||p =||POr 1 — PO, + PO, — P67 D
<[[®0k+1 — Db s1llD + 11Dk 11 — 267D
<[ ®llpllfk+1 — Os1llD + 19651 — 267D

<\ fmaxd(s)|®] pyErt + 1205, — 2671
= Jmaxd(s)|®]lov/Err + [F(@6:) — F(@6°)
< /max d(5) 1@l pyErrs + 7196, — 861,

where the second equality is due to Lemma 6 and the last inequality is due to Lemma 5. Combining the last inequality over
k=0,1,...,T — 1, one gets the desired result. The last result is obtained by using the Markov inequality. W

Note that the second term in the inequality of Proposition 3 vanishes as T" — oo. The first terms depend on the error incurred
at each iteration. In particular, if e; = € for all k > 0, then

. y/maxges d(s)||® € .
|| @07 — 6%||p < e‘i_(;” ”D‘/_-I-")fT"‘i’ﬁo—(I’G llp-

Therefore, we have

1867 — 36%|p < Y xses d()|12llpVE
< da ,

lim
T—o00 ¥

The remaining error term can vanish if € — 0, and it can be done by increasing Ly — oo.

Finally, the proof of Theorem 3 follows similar lines to the proof of Proposition 3 except for the expectation.

Proof of Theorem 3: We have

E[||®0k+1 — 96%|| o] =E[|[®0k11 — b5 11 + Bi 1 — 6%|D]
<E[[|®6k+1 — ®0;111Ip] + E[[| D651 — 26%| p]
<[ @/l pE[llfk+1 — Ok 14llp] + E[l 265, — 67| p]

</maxd(s)||®l|p/Zk+1 + Ef| 8051 — $67(| D]
=/ maxd(s)|| ] pv/Er+1 + E[|[F(20x) — F(267)|| p]

< Jmax d(s)|9]1py/Ert + VE[I @0 — 267l

where the third inequality is due to E[\/||9k+1 — 0z 413] < \/E[||9k+1 — 03 11113] < \/Eks1- Therefore, we have
E[|[@6k1 — 26°|p] < @], /mag d(s)yExr +7E]I| 86 — 26°]|].

Combining the last inequality over k =0, 1,...,T — 1, the desired result is obtained. W
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E. Proof of Proposition 1

The convergence results in Bottou et al. (2018, Theorem 4.7) can be applied to the procedure SGD of Algorithm 4. We first
summarize the results in Bottou et al. (2018). Consider the optimization problem

6" := argming . F(0),

where F' : R™ — R, let g(6;) be an unbiased i.i.d. stochastic estimation of Vg F'(f) at 8 = 6, and consider the stochastic
gradient descent method in Algorithm 7.

Algorithm 7 Stochastic Gradient Descent (SGD)
1: Initialize ;.
2: for iterationt =0,1,... do
3: Compute a stochastic vector g(6;)
4: Choose a step size 3; > 0
5: Set the new iterate as 0,11 = 6; — Brg(0:).
6: end for

With appropriate assumptions, its convergence can be proved. We first list the assumptions.

Assumption 5 The objective function, F, and SGD Algorithm 7 satisfy the following conditions:

1. F is continuously differentiable and Vo F' is Lipschitz continuous with Lipschitz constant L < 0, i.e., |[VF(6) —
VE(@)||2 < L||6 — 6|2 for all 6,6" € R™.

2. F is c-strongly convex.
3. The sequence of iterates {0,}:° , is contained in an open set over which F is bounded below by a scalar F.

4. There exist scalars pe > p > 0 such that, for all t > 0,
VF(6,) " Elg(6:)|6:] > pl|VF (6:)]I3
and

IE[g(0e)|0e]ll2 < pcllVEF(6:)]l2-

5. There exist scalars M > 0 and My > 0 such that, for all k > 0,

Vig(8:)10] :== E[llg(0:)11310:] — IE[g(8:)|8:][13 < M + My [V ()13

Under Assumption 5, the convergence of iterates of Algorithm 7 in expectation can be proved.

Lemma 8 Under Assumption 5 (with Fine = F(60%)), suppose that the SGD method in Algorithm 7 is run with a stepsize
sequence such that, for all t > 0,

___ B
b= i1
for some B > 1/(cp) and k > 0 such that By < p/(L(M + pk)). Then, for all t > 0, the expected optimality gap satisfies
v
E[F(6;) — F(#*)] < ——
(P8~ FO")] < ——.
where

[ pM e
v immax { L (e 1)(P(6n) — F(O")
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To apply Lemma 8 to SGD of Algorithm 4, we will prove that all the conditions in Assumption 5 are satisfied with
F(0) = 1(6;6},) := || R™ + P ®0;, — 0||%,. The strong convexity is established in Lemma 7. In the following lemmas,
we prove the Lipschitz continuity of the gradient and the remaining conditions in Assumption 5.

Lemma 9 (Lipschitz continuous gradient) F satisfies

IVE@)—VF(@)|2 <L|6—6|2, V60,6 cR"

with L = \/Amax(®T DT D).
Proof: Noting that VF(0) = ®T D(R™ + P™®0), — ®6), we have

IVE(0) —VF(@)|2 =||@" D(R™ + P*®0; — ®0) — & D(R™ + P" 6, — ®¢')|2
=[2TD®(6 - ')

</ Amax(@T DSETDB)||0 — |2,

which proves the desired result. W

Lemma 10 For SGD of Algorithm 4, we have

¥

9=9k,:
E[llg(0k.0)l1316k,¢, 0x] <I1B[13(30” + 3 BI[3 116k 13 + 3N @13110k.c13)-

1
E[g(0k,:)|0k,:,0k] = Vo (§||R’r + P ®0), — @8”%)

Proof: By the definition of g(f ;) in SGD of Algorithm 4, we have
Elg(0x.t)|0x.c, O] =E[(s)(r™(s) + ¢ (s )0k — ¢(5)T Ok t)|Ok.e, O]
=E[®T e, (r"(s) + €2, POy — el DOy 1|0k ¢, O]
—E[®" e.e; (R™ + ecel, D0k — PO 1) |0 1, O]
=®" D(R™ + P"®0; — ®0y ;)

1
=V (EHR’T + P"®6; — Mll%)

¥

6=0r ¢
proving the first equation. For the second result, we have
g(Ok.e) 12 =12 es(r™(s) + €5 POk — €5 BOr.e)I3
<[I®IZlT™(s) + €5 POy — €5 DO [I3
<IIBIZ(3lIr™(s)[3 + 3% B0k 13 + 3l|eT B0 c/13)
SN2 2H7 (8] l2 €er DUk |2 €s PUktll2
<[|2[5(302 + 3|| 13110k ]I + 3811516k 213,
proving the second result. W

The first result in Lemma 10 implies that g(6 ;) is an unbiased stochastic estimation of VF(6 ;). The second result
in Lemma 10 means that the second moment of the stochastic gradient estimation is bounded by a quantity which is
dependent on ||6||2. Based on Lemma 10, we bound the variance of the gradient in the next lemma. Before proceeding, we
introduce an inequality which will be frequently used.

Lemma 11 For any a,b € R", we have

lla+bll3 < (1+e)llall3 + (1 +e~1)|[Bl3,
lla+blI3 > (1 —¢)llall3 + (1 —~)]1Bl3

where € > 0 is any real number.
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Proof: We obtain the first upper bound by
lla + blI3 =llall3 + [1blI3 + 24
<llal[3 + [1bl3 + 2|a"b]
<llall3 + [1b113 + €llall3 + e~ 1bl3

for any £ > 0, where the last inequality is due to the Young’s inequality, |a” b| < ¢|a||3/2 + 7 1||b||3/2. Similarly, the
lower bound can be obtained by

lla + blI3 =llall3 + [1blI3 + 24
>|all3 + [1b]13 — 2la™d]
>||al3 + [1bl13 — llall3 — " [1bl3-

This completes the proof. W

Lemma 12 (Bounded variance) The variance of the gradient is bounded as follows:
V(g(Or,e)|0k.t, 0x] < & + &llOkl3 + &IIVF (Or2) 13,

where
&1 :=30"||®||3 +2(1 + &)*(|2" DR™3
& = 3(|®[|3 + 2(1 + &) *Amax (37 (PT)T DT DP™ @)

£ = 3(|2I3
* 7 A (@TD®ST DD)

Proof: Using the definition of V[g(6;)|6%.¢, 0x] in Assumption 5 and the bound on E[||g(6x.¢)||3|0k.¢, 0x] in Lemma 10, we
have

Vig(0x,0) 10k, O] = Elllg(Ok,0) 1310 ¢, Ok] — | E[g(Ok.2) 0k, 05113
= E[llg(0x,0)l1310x.¢. 0] — IVE (B.2) I3
= Elllg(0x.0)l310k.¢, 0] — (1 + K)[VF (Br.0)II3 + KIIVF (O.0) I3
< |1 21I3(30 + 3[|@[13]16x 13 + 3l|DIIZ 162 ]13) — (1 + E)VE(Or) 12 + KIVF(Or2)lZ  (10)
for any K > 0. A main issue in (10) is the presence of the term depending on 6, ;. We will obtain a bound on the first two
terms which does not depend on 6y, ;. To this end, a lower bound on ||V F (6 ¢)||3 is obtained as follows:
[VF (8x:)|l3 =||@" DR™ + " DP™ &), — 3" D®0y |3
>(1— 1|97 DBy +||5 + (1 — )| 2T DR™ + T DP" &6, |3
>(1 — & 1) Amin (T DOST D®)||0k 1|3 — (1 — €)||®T DR™ + ®T DP™ &6, ||,
for any £ > 0 such that 1 — e~ > 0, where the first inequality is due to Lemma 11. Combining the last inequality with (10)
yields
VIg(0k.0)10k.2, 0] <3071 2[5 + 3| @116k (I3 + {3[18]l2 — (1 + K)(1 — ™) Amin(BT DRDT D) }|6 3
— (1+K)(1—¢)|®" DR™ + 8T DP™ &6, |1 + K|V F(6x.0) 2. (11)

Note that by appropriately choosing &€ > 0 and K > 0, the term related to ||f ¢|| can be removed. In particular, we can
choose € > 0 and K > 0 such that 3||®||3 — (1 + K)(1 — £ 1) Apin (2T D®DT DP) = 0. A solution is

SAmin(BT DBBT DB) + 3||D||4

T T Aam(@TDBOT D)
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and

_ 31|13
K=s—@rpserps) 10

for any 6 > 0. Setting 6 = 1 and substituting these expressions for £ and K in (11) result in

Vig(Ok,e)] <302(|D[|3 + 3[|D[|2]|6x 13 + (1 + &3)é3]| 8T DR™ + @7 DPT @01 + K|V F(0,0)I13

<30?|®|3 + 3[|2[I31|6x |13 + (1 + £3)|| @7 DR™ + ®T DP™ &6 |13 + K||VE (6x,e) 13 (12)
where
£ = 31|53
5 Aam(@T DT D)

Applying Lemma 11 again for |7 DR™ + ®T DP™®6y||2 in (12) yields
VIg(Br,0)[0k,t, 0k] < &1 + E216k13 + &3l VF (Bx,0) 13,

where

& = 30%||®3 +2(1 + &) 9T DR™3
& := 3]|®[|3 + 2(1 + &) Amax (3T (P)T DSST DP" @)

which is the desired conclusion. W
We are now ready to prove Proposition 1.

Proof of Proposition 1: The first statement of Proposition 1 is proven in Lemma 12. To prove the remaining conditions
of Proposition 1, we note that all the results of this section prove that Assumption 5 is satisfied with p = pe = 1,¢ =
Amin(®TD®), L = /Amax (BT DOBTD®), M = &, + &|0k||3, My = &3, and Fipe = ming F(6), where the positive
real numbers &1, 2, and &3 are given in Lemma 12. Then, by using Lemma 8, it can be proved that if the SGD method
in Algorithm 4 is run with a stepsize sequence such that, for all ¢ > 0,

:L
k+t+1

B

for some 8 > 1/Apin(®T D®) and k > 0 such that

__B 1
T2 @7 DOTT DR (6 + 1)

Bo

then, for all 0 < ¢ < Ly — 1, the expected optimality gap satisfies

E[F(Ok,c) — F(011)]0k] < (13)

v
k+t+1

with

_ B2/ Amax(RTDRETD®) (&1 + &6k 113) )
v max{ 2(BAmin (2T D) = 1) T (e D(E ) F(9k+1))}-

Note that 67 , ; is the solution that minimizes F’, which is different from 6*. By the definition of the strong convexity, we
have

F(z) + VF()T(y — z) + 2min

T Dd
Auinl® DD e~y < F(y), Ve,y B
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Letting x = 6, |,y = 0y, in the above inequality yields

)\min QTD(I’ * *
Ainl® DD 1071 — Oual3 < F(Ore) ~ F(0.11),

where we use the fact that 6 , ; minimizes F'. Combining the last inequality with (13), we get

2 v

For later analysis, we will further polish the upper bound. Using F'(6;, ;) > 0 and the triangle inequality, we have

_ 8%V Amax (2T DOST D®) (&1 + &a|Ok13) .
V= ma‘x{ 2(BAmin (2T DY) - 1) T (s D(F (k) — F(9k+1))}

< o ] B2V Amax(2T DRRT DY) (&1 + &[16* 13 + €210 — 6*13)
= 2(BAmin(®TD®) — 1)

,(ﬁ+1)F(9kJ}, 15)

where 6* is the solution of the projected Bellman equation, ®6* = F(®6§*), that we want to find, and it should not be
confused with 6 , ;, which is the solution that minimizes F'.

Next, F'(6) is bounded as
F(6) = %HR” + P ®0, — ;|5
- %"R” + P"®6), — B6y, — (R™ + P™®0" — 3¢*) + (R™ + P"®0" — 6%)|2
< %"R” + P"®6;, — 86y — (R™ + P™®6* — 86)||2 + %HR“ + P80 — 36713,
= SI(P® — @)(0 — ")}, + 31 B™ + Pra0" — 30"
< SAnax(P7® — )T D(P™® - )01 — 0" + 3 |IR” + P726" — 2°[,

where the first inequality is due to the triangle inequality. We combine this result with (15) to obtain

b < max B’V Amax (BT DO®T D) (&1 + &o[|60% (|3 + E2|0x — 67 ||2)
= 2(BAmin(®TD®) — 1)

(k+1) (’H’ 1)

Amax (P"® — )T D(P™® — @))||6x — 6" (|3 +

|R™ + P™®6* — &* II%}

Bzx/hmax(ti’TDN’TD@) (&1 + &|167113 + E2ll6x — 67113)
2(BAmin (®TD®) — 1)

(m—l—l)

1
+ (";r ) Amas (P"® — &) D(P™® — ®)) 01 — 0°12 + IR™ + P"®6" — &6 |7,
=x1 + x2[1fx — 6%(13,

where the second inequality is due to the inequality max{a,b} < a + b and

_ B2V Amax(®TDOBT D) (&1 + &|07[13) | (s + )

g T * *2
o 2(BAmin (2TD®) — 1) t |R™ + P"®6* — &6*||%,
_ .8252'\/)‘max (QTDQQ’TD‘I’) (H + 1) . . _
X2 T (B (BT D®) — 1) 5 Amax((P7® —2)" D(P"® — 9)).

Plugging the upper bound into v in (14) and after simplifications, the desired result follows. W
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F. Proof of Proposition 2

To prove the sample complexity, we will make use of Proposition 1. A tricky part is due to the fact that the constant factor of
the convergence rate depends on ||y — 6*||3. We will prove that || — 6*||3 is bounded by a constant in expectation, which
plays a key role in the proof.

Lemma 13 Suppose that Algorithm 4 is run with ¢; = € for all k > i > 1. Then,
E[l|6; — 0*[|3] < wie + w2, VO<i<Kk,

where

2 (1) 1813 Amax(D) E[| @60 — 6°[13)

LT T Nam(@TDB)(1—12) ° 2T T Aum(@TDY)

Proof: We follow the procedure similar to that of Theorem 3. The main difference relies on the fact that we need a bound on
the squared norm. First, we obtain the chain of inequalities

E[||®:41 — 6" 16:]
=E[|®6i+1 — D07, + DO}y, — 67| 5|61]
S(1+ 67 E[|®0ir1 — 6744|716 + (1 + 6)E[|B6;,; — 867 (3164]
<L+ DE[ @)D 10:+1 — 0741 11D10:] + (1 + OE[[| 267, 1 — O%(|5[6:]
<A+ 620D Amax (D)E[6:1 — 6741 [1310:] + (1 + O)E[| D07, 1 — 26| 5]6:]
=(1+ 67 I1®N D Amax (D)El6ir1 — 0741 [1316:] + (1 + 8)E[|F (26:) — F(267)|316:]
<(L+ 0 D)2 Amax (D)E[I6s41 — 67,1 1316:] + (1 + 6)7*(|B6; — 26”13,

where 0 < 7 < k — 1, the first equality is due to Lemma 11, the second equality follows from Lemma 6, and the last
inequality is due to Lemma 5. Since v € [0,

We simply choose § = lzi?;; yielding

2 2 ‘2
E[[|®6;+1 — 26%(|36:] < ( _772) 1113 Amax (D)E[||641 — 074 1[1316:] + T — |I¢’9= 0|

Taking the total expectation on both sides and using the hypothesis, E[||6;+1 — 6},4(|3] < e forall 0 <i < k — 1, yield

Y2+1

1861 - 86°13] < (1+ 121 ) 19l Anan(D)e + LT Bj06, - 80°[3), O<i<k-1

By the induction argument in ¢, we have

9 2 i—1 2+1 t 2+1 i .
BlI0:— 8 13] < (1+ 725 ) I Amms(D)e Y (15 ) + (L5 Bt — 67|

t=0

2y? ) 1 P +1)’ .2
< (14 725 ) W@l AmaD)e gy + (5 ) Bl 00l

2 2
< (1+ 1225 11 s (D) B[l — 9° 3], V1 <i<k

L‘i‘

2 i
where the second inequality is obtained by letting ¢ — oo and the last inequality is due to (jzil) < 1. Since the

first term on the right hand side is nonnegative, the last inequality holds for i = 0. By using E[||®0; — ®6*||%] >
Amin(®T D®)E[||6x — 6*|2] and arranging terms, we arrive at the conclusion. W

Lemma 13 states that if the subproblems are solved such that E[||; — 6} 3] < & for k > i > 1, then E[||6; — 6*||] is
bounded by a constant depending on ¢ for all k > ¢ > 0. Using this property, we introduce another version of Proposition 1
which drops the dependency of ||6 — 6*||2.
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Proposition 4 Suppose that the SGD method in Algorithm 4 is run with a stepsize sequence such that, for all t > 0,

B

b= i1
for some B > 1/Amin(®T D®) and x > 0 such that

__#B L
T R2S (@ DSSTDE) (6 1 1)

Bo

Moreover, suppose that Algorithm 4 is run with e; = € forallk — 1 > ¢ > 1. Then, forall 0 < t < Ly — 1, the expected
optimality gap satisfies

2 X1+ x2(wi€ +w2)
E * _ 2 < .
[||9k+1 Gk,tHZ] — /\min(@TD@) K+t+ 1

Proof: The proof is completed by taking the total expectation on both sides of (??) in Proposition 1 and using the bound
inLemma13. W

From Proposition 4, we concludes that with the number of subproblem iterations such that

2(x1 + x2(wie +wa))
Amin (PTD®)e

H_]_SLJ;,

each subproblem achieves c-optimality in expectation. Based on this observation, we will now prove the sample complexity.
By Theorem 3, E[||#7+1 — 6% p] < € holds if

€
12l o nclfml'(s}L +~TE[[|®6p — ®6%[|p] < e. (16)
sES 1— ¥
Again, it holds if
VE
|@lp mag d(s) 7 < ac (17)
and
~ATE[||®60 — ®6* | p] < be. (18)

for any real numbers a, b > 0 such that @ + b = 1. The condition (18) holds if

be
T>1n In~. 19
= (E[H%—WHD])’ 7 (19)

The condition (17) holds if

2 271 2
Rl e

< : (20)
12|13 maxees d(s)

Combined with Proposition 1 and Lemma 13, a sufficient condition of (20) is

2 X1 + X2w1€ + xows < a?e?(1—~)?
Anin(@TD®) K+ Ly +1 = [|®]|% max,es d(s)”

Using the upper bound in (20) and arranging terms, we have that the condition (20) (and hance (17)) holds if the number of
iteration, Ly, for the subproblem at iteration k is lower bounded by

2(x1 + x2w2) [|®||}) max.es d(s) 2x 2w

-k—1<
Amin(@TD8) 21— )2 Au(27DF) LI @1
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Combining (19) and (21), we conclude that (16) holds with SO calls at most

1 [20a+ xaws) |l maxsesd(s) . 2xaen o\ [} (EllI%6 — 96"p]
]JJFT_I Amin((I)TD@) a2€2(1 - 7)2 Amin(@TD‘i’) be .

To simplify the expression, @ > 0 and b > 0 are set to be a = y/max.cs d(s) and b = 1 — /max.cs d(s), respectively.
Plugging the explicit expressions for wy,ws in Lemma 13 and further simplifications lead to the desired conclusion.

G. Additional Simulations for Section 6

We consider the same MDP as in Section 6 with a linear function approximation using the feature vector

exn(z—(fo—zﬂ)z) )
98) = | exp(e-10) | R
2% 102
Figure 4(a) depicts the error evolution of the standard TD-learning with different step-sizes, a; = a/(k + 10000),
a = 1000, 4000, by which one concludes that the step-size o = 1000/(k + 10000) provides reasonable performance.
Figure 4(b) illustrates the error evolution of A-TD with step-size o, = 1000/(k + 10000) and 6 = 0.1,0.2,0.5,0.7,0.9.
From Figure 4(b), we can observe that the smaller the d, the slower the convergence rate.
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Figure 4: (a) Errors of the standard TD-learning with different step-sizes, ar = «/(k + 10000), @ = 1000, 4000. (b)
Errors of A-TD with step-size ay = 1000/(k + 10000) and § = 0.1,0.2,0.5,0.7,0.9. The shaded areas depict empirical
variances obtained with several realizations.

Next, we consider the same MDP as in Section 6 with a linear function approximation using the feature vector

exp(—(s—0)?)
2% 102

2
o) = | 22GETH0D | € R

exp(—(s—20)%)
2% 102

Simulation results (error evolution) for the standard TD are given in Figure 5(a) with different step-sizes o =
« /(10000 + k) and &« = 1000, 2000,...,10000. Moreover, simulation results of P-TD are given in Figure 5(b) with
Ly = 5,10, 20,40, 80, 160, 320, where the following different step-sizes are used: 3; = 4000/(10000 + ¢) in Figure 5(b),
B¢ = 6000/(10000 + ¢) in Figure 5(c), 5; = 8000/(10000 + ¢) in Figure 5(d).

Figure 6 illustrates the error plots of P-TD for step-sizes, 5; = 3/(10000 + ¢), 8 = 1000, 2000, . .., 8000 and different
Ly = 10 (Figure 6(a)), Ly = 20 (Figure 6(b)), and 40 (Figure 6(c)).

From Figure 4 and Figure 6, one observes that the error evolution for 8 = 8000 has large fluctuations.
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Figure 5: (a) Error evolution of the standard TD-learning with different step-sizes, ax = a/(k + 10000),

1000, 2000, ...,10000. Error evolution of P-TD with L, = 5,10,20,40, 80,160,320 and the step-sizes, (b) B: =

4000/(10000 + t), (c) Bt = 6000/(10000 + t), (d) B; = 8000/(10000 + t). The shaded areas depict empirical vari-

ances obtained with several realizations.
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Figure 6: Error evolution of P-TD with different step-sizes, 8; = 5/(10000 + ¢), 5 = 1000, 2000, . .., 8000. Each subplot
uses different Ly: (a) Ly = 10; (b) Ly = 20; (¢) Ly = 40. The shaded areas depict empirical variances obtained with
several realizations.




