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Abstract

A central problem in data streams is to characterize which functions of an underlying fre-
quency vector can be approximated efficiently. Recently there has been considerable effort in
extending this problem to that of estimating functions of a matrix that is presented as a data-
stream. This setting generalizes classical problems to the analogous ones for matrices. For ex-
ample, instead of estimating frequent-item counts, we now wish to estimate “frequent-direction”
counts. A related example is to estimate norms, which now correspond to estimating a vector
norm on the singular values of the matrix. Despite recent efforts, the current understanding for
such matrix problems is considerably weaker than that for vector problems.

We study a number of aspects of estimating matrix norms in a stream that have not previ-
ously been considered: (1) multi-pass algorithms, (2) algorithms that see the underlying matrix
one row at a time, and (3) time-efficient algorithms. Our multi-pass and row-order algorithms
use less memory than what is provably required in the single-pass and entrywise-update models,
and thus give separations between these models (in terms of memory). Moreover, all of our
algorithms are considerably faster than previous ones. We also prove a number of lower bounds,
and obtain for instance, a near-complete characterization of the memory required of row-order
algorithms for estimating Schatten p-norms of sparse matrices.
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1 Introduction

Modern datasets, from text documents and images to social graphs, are often represented as a large
matrix A € R™*™, In many application domains, including database queries, data mining, network
transactions and sensor networks (see e.g. [Lib13, WLLT16, HK15] for recent examples), the input
matrix A is presented to the algorithm as a data stream, i.e., a sequence of items/updates that
can take several forms. In the entry-wise (or insertion-only) model, each item specifies (i, j, A;j)
and provides the value of one entry, in arbitrary order (and the unspecified entries are set to 0).
The row-order model is similar, except that the items follow the natural order (sorted with i as
the primary key, and j as the secondary one). In the turnstile model, each stream item has the
form (4, j,6) and represents an update A;; < A;; + 0 for 6 € R (after initializing A to the all-zeros
matrix). These models capture different access patterns, but all three can represent sparse matrices
quite efficiently, because zero entries are implicit. As usual, the key parameters of an algorithm
in the data-stream model are its memory (also referred to as storage/space requirements) and its
runtime (per update and to report its output).

Many properties of a matrix are directly related to its spectral characteristics, i.e., its singu-
lar values. For example, the number of non-zero singular values is just the matrix rank, which
determines the degrees of freedom of a corresponding linear system; the maximum and minimum
singular values of a matrix determine its condition number, which in turn determines the hardness
of many problems, such as optimization problems; the leading singular values of a matrix determine
how well a matrix can be represented by the principal components; and so forth. It is generally
hard to compute directly the singular values of a matrix, especially in the streaming model, but
luckily, the Schatten norms of the matrix can often be used as surrogates for its spectrum, see e.g.
[ZWJ15, KV16, DNPS16, KO17]. Formally, the Schatten p-norm of a matrix A € R™*™ is defined,

for every p > 1, as
) 2\ /P
lAlls, = (Do)
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where 01 > -+ > Onyin(m,n) are the singular values of A. This definition naturally extends to all
0 < p < 1 although then it is not a norm, and also to p = 0,00 by taking the limit. This is a
very important family of matrix norms, and includes as special cases the well-known trace/nuclear
norm Al = 35,05 = | Alls,, the Frobenius norm [Allr = (3,5,02)"? = || Alls,, and the
spectral/operator norm ||A|op = 01(A) = [|A]|s.. -

We study algorithms that approximate the Schatten p-norm of a matrix A presented in a data
stream. While this problem has attracted significant attention lately [AN13, LNW14, LW16a,
LW16b, LW17], our results address three new aspects. First, we design faster and more space-
efficient multi-pass algorithms. Second, we consider the row-order model, which is a common
access pattern for matrix data (see, e.g. [Lib13]). Third, we design algorithms with faster update
time and/or query time. The above three aspects were not considered previously for matrix norms,
and our work opens the door for further diversification of prevailing models (and thereby of current
algorithms). In particular, our results can be applicable to classical scenarios, e.g., where data is
stored on disk (or any media where a linear scan is much faster than random access), and potentially
lead to performance improvements in other such domains. In the next few subsections, we present
our contributions in more detail.

1.1 New Estimator for PSD Matrices (or Even p)

Our first results rely on a new method for estimating the Schatten p-norm |[[Al|s, of a positive
semidefinite matrix (PSD) matrix A € R™ "™ for integer p > 2. This method yields two new



Problem: Schatten p-norm of PSD A, integer p > 2 (or general A, even p)
passes space update time query time
1 e 2p2-4/p e 2p2-4/p € 2np=2 [LNW14]
1 e 2p24/p €2 e 2p(1-2/p)w Theorems 3.3 and 3.8
[p/2] € 2n €2 e n [Woo14, Theorem 6.1]
[p/2] € 2pl=t/-1) =2 e 2n(1=1/(P=1) " Theorems 3.6 and 3.8

Table 1: Streaming algorithms for (14 €)-approximation of the Schatten p-norm of A € R™*"™. The
bounds for storage/time omit O,(1) factors, and count space in words.

streaming algorithms in the turnstile model, which require, respectively, one pass and [p/2] passes
over the input. Both algorithms are at least as good as the previous ones in all three standard
performance measures of storage, update time, and query time; and each algorithm offers signifi-
cant improvements in two out of these three. Our one-pass algorithm achieves update time O(1)
compared with the previous poly(n), and query time O(n“’(l_p/ 2)), where w < 2.373 is the matrix
multiplication exponent [Le 14], compared with the previous n?~2. And our multi-pass algorithm
requires storage that is sublinear in n, compared with O(n) previously. We note that if p is even,
then the above results extend to arbitrary A € R™*" (and not only PSD) by a standard argument.
A detailed comparison of the bounds is given in Table 1, and the results themselves appear in
Section 3.

Throughout the paper, a matrix is called sparse if it has at most O(1) non-zero entries per row
and per column. We write O(f) as a shorthand for O(f - log®™ f), and write O4(f) to indicate
that the constant in O-notation depends on some parameter a.

Techniques Our technical innovation is an unbiased estimator of Tr(AP) for a symmetric (and
not only PSD) matrix A € R™*™. To see why this is useful, denote the eigenvalues of A by
A1 > -+ >\, and observe that if A is PSD (or alternatively if p is even), then Tr(AP) = > AP =
> 0i(A)P = HAHZP. Our estimator has the form

where G; € R™" are certain random matrices. This estimator X can be computed from the p
bilinear sketches {GiAGal ielp) by straightforward matrix multiplication, where G,11 := G by

convention. And if, say, t = O(n'~2/?), then each bilinear sketch has dimension O(#?) = O(n?~%/7).
These determine the streaming algorithm’s storage requirement and query time, and, if the matrices
{Gi}ie[p] have sparse columns, the updates will be fast.

The main difficulty is to bound the estimator’s variance, which highly depends on the choice
of the matrices {Gi}z’e[p}' The basics of this technique can be seen in the case p = 4, if the G;’s
satisfy the following definition.

Definition 1.1. A random matriz S € R™¥™ is called an (e, , d)-Johnson-Lindenstrauss Transfor-
mation (JLT) if for every V.C R™ of cardinality |V'| < d it holds that

Pr|[Vz eV, ||Sz[3 € (L £e)|z[3] >1-4.

An (e,6,d)-JLT can be constructed with t = O(¢?log(d/d)) rows, which is optimal (see
[KMN11] or [JW13]). While using independent N(0,1/t) Gaussians entries works, there is a con-
struction with only O(¢~!log(1/d)) non-zero entries per column [KN14].



The case p = 4 has a particularly short and simple analysis, whenever G; and G5 are independent
(¢,8,n)-JLT matrices, which we can achieve with t = O(¢~?logn). The first idea is to “peel off”
G; from both sides, using that for any PSD matrix M, with high probability Tr(G;M GZT) €
(1 £¢€)Tr(M) (see Lemma 3.2 for a precise statement). A second idea is to use the identity
Tr(BC) = Tr(CB) to rewrite Tr(AATGY Gy AAT) = Tr(GoAAT AATGT). Now using the first idea
once again, we are likely to arrive at an approximation to Tr(AAT AAT) = ||A|s,. The full details
are given in Section 3.1.

The sketching method extends from p = 4 to any integer p > 2, but the simple analysis above
breaks (because for p > 4 the “inside” matrix M is no longer PSD) and thus our analysis is much
more involved. We first analyze G;’s with independent Gaussian entries, by a careful expansion of
the fourth moment of X, which exploits certain cancellations occurring (only) for Gaussians. We
then consider G;’s that are sampled from a particular sparse JLT due to [TZ04], and employ a
symmetrization-and-decoupling argument to compare the variance of X in this case with that of
Gaussian G;’s.

We make two technical remarks. First, proving E[X] = Tr(AP) is straightforward. Indeed, by the
second idea above, we can rewrite X = Tr(G1 AGL G2 AGY -+ G,AGT) as X = Tr(GTG1AGEGoA - -
GLGpA). Now using E[GTG;] = I together with linearity of trace and of expectation, we obtain
that E[X] = Tr(AP). Second, after setting t = O(n'~%/?) (independent of €), our bound on the
variance is O(E[X]?), which we can decrease in a standard way, taking O(1/e?) repetitions. See
Sections 3.2 and 3.4 for details.

The multi-pass streaming algorithm is implemented slightly differently, in that G; € R,
i.e., has only one row. The other matrices Ga,...,G, € R™" are as before, although we now
set t = O(n'~/®=1). Our estimator X can be computed in [p/2] passes with space only 2t as
follows. In the first pass, compute vectors X < G1AGY € RY*! and Xp <+ G;;FAGl € R*! and
then on the i-th pass update X, < X GT AG;11 and Xp + Gp_i+1AGg_i+2XR. Notice that the
computation in each pass is linear in A. For even p, after completing p/2 passes, compute and
output X' = X7 X € R (and similarly for odd p). This X’ is similar to the estimator X described
above, except for the new dimensions of the G;’s. See Sections 3.3 and 3.4.

This multi-pass algorithm offers a very significant space savings over the one-pass algorithm. It
is also a bit surprising because it is getting close to the corresponding vector norm, namely, £,-norm
on R™, for which the optimal space for O(p) passes is O(nl_z/ P) bits. In fact, for the vector norm,
O(p) passes do not significantly reduce the storage needed compared with one pass, which stands in
sharp contrast to Schatten p-norms. As mentioned before, if p is even then the algorithms extends
to arbitrary A € R™*" by a standard argument.

1.2 Lower Bound for PSD Matrices

Recent work [LW16a] has improved the storage lower bound for estimating Schatten p-norms for
non-integer values of p, by showing that (1 + €)-approximation (in the one-pass entry-wise model)
requires storage nl_g(e), for some function g(e) — 0 as € — 0, even for a sparse matrix. This con-
trasts with our algorithms for PSD matrices (from Section 1.1), where the exponent is independent
of € and bounded away from 1. However, the hard distribution used by [LW16a] is not over PSD
matrices, leaving open the possibility that PSD matrices admit algorithms that use storage O(n<)
for ¢ < 1 independent of e.

We close this gap in Section 4, by adapting the lower bound of [LW16a] to PSD matrices, to
show, for every non-integer p > 0, a storage lower bound of Q(n!=9'(9)) for some function ¢(e) — 0
as € — 0 (again, in the one-pass entry-wise model and even for a sparse matrix). A key feature of
our lower bounds for PSD matrices is that they hold in the model in which each entry of the matrix



Problem: Schatten p-norm of a sparse matrix in row-order stream

which p > 0 space

Algorithms: all p O(n) trivial (by sparsity), e =0
p=0 (mod 4) O, (n'=*P) Section 1.3
p=2 (mod 4) O, (n'~*®+2)  Theorem 6.1, p > 6

Lower Bounds: pe€2Z,p>4  Q(n'~P) Theorem 5.4, for € < €y(p), even multi-pass
p ¢ 27 Qi(n'=1/%) Theorem 5.3, for € < €y(t,p)

Table 2: Bounds for (1 + €)-approximation of the Schatten p-norm of a sparse matrix A € R™*™ in
the one-pass row-order model. Space is counted in bits.

occurs exactly once in the stream. This models applications where the matrix resides in external
memory and is being streamed through main memory; in such a model multiple updates to an entry
may not appear. While it is possible to obtain lower bounds for PSD matrices by embedding the
multiplayer SET-DISJOINTNESS lower bound [BJKS02] for vectors onto the diagonal of a matrix,
to apply such lower bounds the diagonal entries need to be incremented repeatedly, that is, one
such diagonal entry needs to be updated nY) times. In contrast, in our lower bounds each matrix
entry occurs exactly once in the stream, i.e., there are no updates to entries.

1.3 Results for Row-Order Model

For sparse matrices, estimating Schatten p-norms in the row-order model can be reduced to esti-
mating Schatten (p/2)-norms in the turnstile model. Consider estimating \|A||gp for some sparse

matrix A. The algorithm first forms ATA = > AT A; “on the fly”, by reading each row A; and
immediately generating a stream of updates that corresponds to the non-zero entries in A7 A;, and

then it can just estimate the Schatten (p/2)-norm of that stream, because HATAH’;/ 32 = HAng.
P

Observe that each row A; has only O(1) non-zero entries, hence also A7 A; has only O(1) non-zero
entries, and the algorithm only needs O(1) space to generate the updates to A7 A. Moreover, since
A is sparse, also AT A is sparse. It was shown in [LW16a] how to estimate the Schatten p-norm,
for an even integer p, using Op,e(nl_Q/ P) bits of space, even in the turnstile model. For p € 47Z, the
above yields an algorithm in the row-order model that uses O~p,6(n1_4/ P) bits of space for sparse
matrices.

In Sections 5 and 6, we study the problem in the row-order model for all p > 0. When p is not
an even integer, we prove that (1 + €)-approximating the Schatten p-norm in the one-pass entry-
wise model requires Q,(n'~9(9)) bits of space where g(e) — 0 as € — 0. This bound holds even for
sparse matrices, in which case it is almost tight. When p > 4 is an even integer, we prove a lower
bound of Qp(n1_4/f”) bits of space, matching up to logarithmic factors the algorithm from above
for p € 47Z. For the remaining case p = 2 (mod 4), we present an algorithm using Op,e(n1—4/ (p+2))
space, leaving a slight polynomial gap from the lower bound of Qp(n1_4/ Py,

1.4 Previous Work

The aforementioned algorithm of [LNW14] uses a single sketching matrix G, for example, if A is
PSD, then their sketch is S = GAGT, where G € R**™ is a Gaussian matrix. Its estimate for || Al|g,
is produced by summing over all “cycles” S;, ;,Si,5 - - - Si,,i1, Where iy,...,4, € [t] are distinct.
Our sketch improves upon theirs in both update time and query time. The only other streaming



algorithm for Schatten p-norm that we are aware of is that of [LW16a, Theorem 7], which uses

space O(n' 5 poly(2,logn)) but works only for matrices that have O(1)-entries per row and per
column.

One possible approach to improve the update time would be to replace the Gaussian matrices
in [LNW14] with a distribution over matrices that admit a fast multiplication algorithm. The
analysis done in [LNW14] relies on the Gaussian entries (rotational invariance, in particular), so
the replacement matrix should preserve the distribution of the sketch. Kapralov, Potluru, and
Woodruff [KPW16] present just such a distribution on matrices G, where the multiplication G A
can be computed quickly and GA is close to GA in total variation distance. Unfortunately, under
the distribution of [KPW16], or any other with a similar guarantee on total variation distance, each
coordinate update to A results in a dense rank-one update to the sketch, which means that the
update time is not improved.

Several strong lower bounds are known for approximating Schatten p-norms and other matrix
functions, both for the dimension of a sketch and for storage requirement (bits). Li, Nguyen
and Woodruff [LNW14] prove that for 0 < p < 2 every linear sketch that can approximate rank
and Schatten p-norm must have dimension Q(y/n) and every bilinear sketch must have dimension
Q(n'=¢). Li and Woodruff [LW16b] show that every linear sketch for Schatten p-norm, p > 2,
requires dimension Q(n?~*4/?). In [LW16a], they prove space complexity lower bounds that hold
even when the input matrix is sparse. Specifically, they show that one-pass streaming algorithms
which (1 £ €)-approximate various functions of the singular values, including Schatten p-norms
when p is not an even integer, require Q(n'~9(9)) bits of space for some function g(¢) — 0 as
e — 0. Additional space lower bounds, e.g., for p € [1,2), can be deduced from a general statement
of [AKR15], see [LW16a, Table 1].

2 Notation and Preliminaries

The space bounds of sketching algorithms in the turnstile model are stated in terms of sketch
dimension (number of entries). The number of bits required can be larger by a lognM factor,
where M is the absolute ratio of the largest element in the matrix to the smallest. We call a
matrix a Gaussian matriz if its entries are independent N(0,1) random variables. A matrix G of
dimension ¢ X n is a column-normalized Gaussian matrix if G = G'/V/t, where G’ is a Gaussian
matrix. Now-standard techniques such as Nisan’s Pseudo-random generator or k-wise independence
can be used to derandomize Gaussian matrices for use in sketching algorithms. Column-normalized
Gaussian matrices serve as JLT's. In particular, there exists a constant ¢ such that if G be a t x n
column-normalized Gaussian matrix with ¢ > 5 log %, then G is a (¢, 0, d)-JLT [IM9S].

3 New Estimator for PSD Matrices (and Integer p)

The main result in this section is a new one-pass streaming algorithm for estimating the Schatten
p-norm, for integer p > 2. When p is odd, it additionally requires that the input matrix is PSD.
The first version of this algorithm, described in Section 3.2, has the same storage requirement of
O,(n?>=4/7 /%) bits as the previous algorithm of [LNW14] that uses cycle sums, but has simpler
analysis and faster query time', which is roughly matrix multiplication time, n%, instead of nP.
Moreover, it is based on a new method that leads to a [p/2]-pass algorithm with storage requirement

In [KV16], Kong and Valiant independently improve the algorithm in [LNW14] to the same runtime as Theo-
rem 3.3 in this paper by considering only “increasing cycles”.



O,(n'=1/®=1) /¢2) bits, as described in Section 3.3. Previously, the algorithm in [Woo14, Theorem
6.1] has the same number of passes but larger storage requirement O(n/e?).2 Finally, we improve
the update time, as described in Section 3.4, by employing the sketching matrices G; that are
certain sparse matrices instead of Gaussians.

We start in Section 3.1 with the case p = 4, which is based on the same sketch but is significantly
easier to analyse.

3.1 Schatten 4-Norm using JLT matrices
Theorem 3.1. Let G1,Gy € R™™ be independent (e,%,l)—JLT matrices. Then for every A €

nxm
R,

Pr | Tr(G1AATG] G2 AATGY) € (1 £2¢)2|| A8, | =1 —26.

Thus, one can find a (1 £ €)-approzimation to the Schatten-4 norm of a general matriz A € R™*™

using a linear sketch of dimension O(e 2nlogn).

Before proving the theorem, we remark that if each column of G; has only s non-zero entries,
it is easy to see that the update time of this linear sketch is O(s), assuming any entry of G; and
G4 can be accessed in O(1) time (in a streaming algorithm, the entries are usually computed from
a small random seed in polylog(n) time). The query time is dominated by multiplying a matrix of
size t X n with one of size n x t, and thus take O(t* - n/t) = O(n% /2@=1).

Now we prove Theorem 3.1, for which we need the following lemma.

Lemma 3.2. Let G € R™™ be an (¢,0/n,1)-JLT matriz. Then for every PSD matriz A € R™™",
Pr [Tr(GAGT) e(l+e) Tr(A)] >1-6.

Proof. By the Spectral Theorem, A = UAUT, where A is a diagonal matrix and U is an orthonormal
matrix. Then G' = GU is a still (¢,6/n,1)-JLT. Thus

T(GAGT) = Ti(G'AGT) = Tx(VAGTGVA) = Y NelGTGe; = > NG a3
i=1 i=1
By the JLT guarantee and a union bound, with probability at least 1 — §, for all i € [n] we have
|G"e;||3 € [1 — €,1 + €], in which case Tr(GAGT) € (1 + €) Tr(A). O

of Theorem 3.1. Apply Lemma 3.2 to the PSD matrix AAT AAT, to get that with probability at
least 1 — 0 (over the choice of Ga),

Tr(GoAAT AATGT) € (1 4 2¢) Tr(AAT AAT) = (1 £ 2¢)|| A,

where the left-hand side is equal to Tr(AATGT G2 AAT), by the identity Tr(MM?T) = Tr(MT M).
Now suppose (by conditioning) that Go is already fixed, and apply the same lemma to the PSD
matrix AATGgGgAAT, to get that with probability at least 1 — & (over the choice of G1),

Tr(G1AATGE G AATGT) € (1 +2¢) Tr(AATGT GLAAT).

The proof follows by a union bound.

The linear sketch of A consists of the two matrices G1 A and Go A, which suffices to estimate
||AH§4 as above with § = 1/8. This sketch is linear and its dimension is 2¢n, where we can use say
Gaussians to obtain t = O(e 2logn). O

2We note that also in [Woo14, Theorem 6.1] it is required that p is even or that the input matrix is PSD, but this
is erroneously omitted.



3.2 Schatten p-norm Using Gaussians

We now design a sketch for Schatten-p norm that uses column-normalized Gaussian matrices. We
will later extend and refine it to improve the per-update processing time.

Theorem 3.3. For every 0 < € < 1/2 and integer p > 2, there is an algorithm that outputs at
(1 £ €)-approzimation to the Schatten-p norm of a PSD matrix A € R™ "™ using a randomized
linear sketch of dimension s = O,(e~>n*=%P). The update time (for each entry in A) is O(s) and
the query time (for computing the estimate) is O(e 2n(1=2/P)%) where w < 2.373 is the matriz
multiplication constant.

If p is even, the above algorithm extends to a general matriz A € R™>*™,

The first part of the theorem (for PSD matrices) follows directly from Proposition 3.4 below.
The proposition is applicable to all symmetric matrices, but || A% = Tr(AP) only for PSD matrices

or even p. The linear sketch stores GZ-AG;TFH for i = 1,...,p, where by convention Gy = Gi,
repeated independently in parallel O,(1/€?) times. Thus, the sketch has dimension O,(e~2¢?). The
estimator is obtained by computing the Op(1/€2) independent copies of X and reporting their
average. To analyze its accuracy, notice that a PSD matrix A satisfies E[X] = Tr(AP) = ||A]|]}.
Then setting ¢t = n'=2/? gives Var(X) < Op(||A|s,)? and averaging multiple independent copies
of X reduces the variance.

The second part (for general matrices), follows by using the same sketch for the symmetric
matrix B = ( AOT ’3) , because the nonzero singular values of B are those of A repeated twice and
| BJ|% = 2|| All% =2 Tr(AP), where the last equality uses the assumption that p is even.

Because the correctness of the algorithm comes by bounding the variance of X, it is enough
that the entries in each Gaussian matrix are four-wise independent, which is crucial for applications
with limited storage like streaming.

Proposition 3.4. For integer p > 2 and t > 1, let Gy,...,G)p be independent t x n column-
normalized Gaussian matrices. Then for every symmetric matriz A € R™*", the estimator X =

Tr (GlAGgGgA...GZ GpAGT) satisfies

[§]+1 N AV AN
- P - - 2p
E[X] = Tr(A?)  and  Var(X) =0, 1+ZZ:;< - >+Z< - > 1A

z=2

The full proof of this proposition appears in postponed to Section A. We outline the general idea
here. It is standard that a Gaussian matrix is rotational invariant, i.e., G and GU are identically
distributed for any orthogonal matrix U. Thus, by the Spectral Theorem, instead of considering
symmetric matrix A = UAU”, we can consider only its diagonalization A.

The proof of this proposition proceeds first by expanding X in terms of inner products of

columns of the matrix G, i.e., X = Zi17i27___7ipe[n] iy iy - Aiy <g§11),gg)>- <g§§),g§32)> . (gi(f),gi(f)>,

where )\; is the i-th eigenvalue of A and gl(j ) is the i;-th column of G;. We then expand E(X?).
The non-zero terms in E(X?) are composed by only those terms of even powers in every eigenvalue.
Computing the expectation of each term is straightforward because the entries of G are independent
Gaussian random variables, but the crux of the proof is in bounding the sum of the terms. We

introduce a collection of diagrams that aid in enumerating the terms according to their structure
and computing the sum.



3.3 Multi-Pass Algorithm

The proof of Proposition 3.4 relies on the matrices GG; being Gaussians in two places. First, we
assume that the matrix A is diagonal, and in general we need to consider G;U instead of G;.
Second, the columns of these matrices have small variance/moments, as described in (7)-(8). We
now generalize the proof to relax these requirements (e.g., to 4-wise independence) and obtain a
multi-pass algorithm.

Lemma 3.5. For integers p > 2 and 1 < t' < t, let G; € R'*" and Ga,...,Gp € R™™ pe
independent column-normalized Gaussian matrices with 4-wise independent entries. The for every
symmetric matriz A € R™"*"™, the estimator X = Tr (GlAGTGgA. .. GngAGlT) satisfies

/2] 2m1-2(:-1)/
E[X] = Tr(AP) and Var(X) = O, <1 + Z BT — —l— Z = 1> | A H
z=2
The proof of this lemma is postponed to B. It is a direct corollary of the proof of Proposition 3.4,
except that ¢/, the size of the first sketch matrix, is emphasized.
We can now use the above sketch to approximate the Schatten p-norm using O(nl—l/ (P=1)) bits
of space with [p/2] passes over the input.

Theorem 3.6. Let p > 2 be an even integer. There is a [p/2]-pass streaming algorithm, that
on input matriz A € R™™ with n > m given as a stream, outputs an estimate X such that with
probability at least 0.9, X € (1+ E)HAng and uses Op(n'=1/®=Y) /2) words of space. The above
extends to all integers p > 2 if A is PSD.

of Theorem 3.6. Without loss of generality we may assume that A is symmetric as argued in the
proof of Theorem 3.3. We first describe a basic algorithm that produces an estimator for HAng

that is unbiased and has variance Op(HAH%Z ). We will later decrease the variance to O(G2HAH?; )
using the standard technique of independent repetitions in parallel.

The basic algorithm uses a pseudo-random generator to produce a four-wise independent column-
normalized Gaussian matrix. In fact, it samples p such matrices, namely, G; € R'*" and Go, . . ., Gy €
R>™ for t = O(n 1-1/ (p_l)) where the p matrices are independent of each other. In the first pass,
the algorithm computes G1AGYZ and Gp AGT | and stores them in memory. Notice that these are
linear sketches of A, each dimension t. In the second pass, the algorithm uses these results to
compute (G1AGT)G2AGT and Gp_lAGg(GpAGlT) which are again linear sketches of the stream
A (given the result of the first pass), each of dimension ¢. Continuing in this manner until pass
number [p/2], the algorithm stores in memory the vectors h = G|,z AGL,D /2] 41 - GpAGT and
T = G1AGY - GLP/2J—1AGLp/2J> each of dimension t. Now compute Y = A'Th. By Lemma 3.5
we have that E[Y] = Tr(AP) = >, AP (where in the case that p is odd we use the assumption that
A is PSD). Thus, Y is an unbiased estimator for ||A\|gp, and it remains to bound its variance. By
Lemma 3.5,

lp/2] nz—l—2Z;1 )
Var<Y>=op(Zﬁ+Z Y11 = 0,141
p—1

z=2 N p—l z=2M

By repeating the basic algorithm Op(1/ €2) times in parallel and reporting the average of their
estimates Y, we obtain estimator X for \|A||gp that is unbiased and has variance at most %62”14”?;
The correctness of this estimator follows by Chebyshev’s ineuqality. The basic algorithm is required
to store 2p intermediate vectors of dimension ¢ and random seeds for the p Gaussian matrices. By
standard techniques, the length of the seeds is Op(polylogn) bits. The final algorithm stores these
for all the O,(1/€2) repetitions, and Theorem 3.6 follows. O



3.4 Faster Update Time

Since Gaussian matrices are dense, a change to one coordinate of the input matrix A may lead to a
change of every entry in the sketch. This means long update times for a streaming algorithm based
on the sketch. In this section we extend our result for Gaussian sketching matrices to a distribution
over {—1,0,1} valued matrices with only one non-zero entry per column. The new sketch can be
used to improve the update time of algorithms in the last two sections.

Definition 3.7 (Sparse ZD-sketch). Let Dy, be the distribution over matrices G := ZD € R™™,
where Z = (21,29,...,2,) € RX" and D = diag(dy,ds,...,d,) are generated as follows. Let
h: [n] — [t] be a 4-wise independent hash function, and set Z; j = 1_p(;)y, i-¢e., in each z; only
the h(j)-th coordinate is set to 1, and all other coordinates are 0. The diagonal entries of D are
four-wise independent uniform {—1,1} random variables, and D is independent from Z.

Notice that each column of G has a single non-zero entry, which is actually a random sign, and
the n columns are four-wise independent. This random matrix G is similar to the sketching matrix
used in [TZ04] to speed up the update time when estimating the second frequency moment of a
vector in R™. Also note that the ZD-sketch is a version of sparse JL matrices (see e.g., [KN14,
DKS10]). In this paper we do not aim at optimizing the sparsity as we focus on approximating
Schatten norms.

It is fairly easy to show that ZD-sketch works for approximating Schatten p-norm of matrices
with all entries non-negative. The proof is presented in Section C. We now show that the conclusion
of Theorem 3.3 and Theorem 3.6 still hold if we replace the Gaussian matrices in the sketch
with independent samples from the sparse ZD-sketch. A major difficulty that arises in replacing
the Gaussian matrix with the sparse Z D-sketch is the latter’s lack of rotational invariance. To
prove Theorem 3.3 we were able to expand X? in terms of the eigenvalues of A and compute the
expectation term-by-term, but this is not possible for the sparse ZD-sketch. For example, let G
be a Gaussian matrix, for any orthogonal matrix U, the matrix GU is again a Gaussian matrix
with an identical distribution to G. This does not hold for sparse ZD-sketch. As a consequence,
in the expansion of E(X?) in the proof of Proposition 3.4, the non-zero terms would also include
those monomials of odd powers of \;(A4). For example, for Schatten 3-norm, one cannot bound
D i iz is€ln] H?Zl Ai; by O(|A]|§,). But this term appears in the expansion of E(X?) of the
Schatten 3-norm estimator if using the sparse Z D-sketch matrices.

To resolve this problem, we use a technique similar to the proof of Hanson-Wright Inequality
in [RV13] to bound the variance of X. The proof is composed of three major steps. The first
step is to decouple the dependent summands by injecting independence. The second step is to
replace the independent random vectors with fully independent Gaussian vectors while preserving
the variance. We can then apply our techniques for Gaussians to bound the variance of the final
random variable. The case p = 1 is useful to illustrate the technique, even though Schatten 1-norm
approximation can be easily accomplished in other ways. Let G € R™" be the sparse JLT matrix
and let A € R™*" be PSD. The sketch is GAGT and

Tr(GAGT) = Tr(A) = ai;(9i, 95)- (2)

i#]
Since i # j, g; and g; are independent. However the summands are subtly dependent. We first
decouple the summand by choosing ¢; ~Bernoulli(1/2), and write (g;,g;) = 4E(5;(1 — 0;)(gi, g;))-
Let V.= {i: §; = 1}, then Z#j a; j(9i,9;) = 4E; Zie\/,je\_/ a;,j(9i,95). Thus conditioning on §
and {g; : j € V'}, the set {(gi,>_,cy ai,j95) 1 i € V'}is a set of independent random variables. We
can match these random variables with Gaussian random variables of the same variance, and thus



replace g; with independent Gaussian vectors. The same process can be repeated for g; : j € v,
and replace every vector g; : i € [n] by independent Gaussian vectors. This lets us apply similar
techniques as used in the proof of Proposition 3.4 to bound the variance of the resulting random
variable, and thus bound the variance of the original random variable Tr(GAGT) — Tr(A).

The analogue of (2) for the case of our general estimator, X —Tr(AP), is much more complicated
than the p = 1 case. We observe that these terms can be grouped as a sum of products of consecutive
walks, i.e.,

+1 +1 . ' '
Wiy iy Cig i - - - ai27jz+1<g§j+1 ),gi(jﬂ )> for some z. Notice that <g(,z ) g )>

i 595 0) =1 for any j" and 2’. For
each walk, we can apply similar idea to replace the g; vectors with independent Gaussian vectors.
Again, we apply similar techniques as used in the proof of Proposition 3.4 to bound the variance of
each group. As a result, when replacing the Gaussian matrices by sparse JLT matrices, Lemma 3.5
still holds.

Using the sparse Z D-sketch, we are able to achieve the same space bound and query time as in
Theorem 3.3 and Theorem 3.6. But our update time is improved to O(1/€%). We present the full

statement of our theorem below. The full proof can be found in are presented in Section 77.

Theorem 3.8. For every 0 < € < 1/2 and integer p > 2, there is a randomized one-pass streaming
algorithm A with space requirement O(n2_4/ P/e?), that given as input a PSD matriz A € R™™",
outputs with high probability a (1 + €)-approximation of \|A||gp. The algorithm processes an update

in time O(1/€?), and computes the output (after the updates) in time O(n(*=2/P)%) /€2 where w < 3
s the matriz multiplication constant.

There is similarly a randomized [p/2]-pass streaming algorithm B with space requirement
O(n'=Y®=1 /e2)  update time in a pass O(1/€2), and output time O(n(1=2/P) /2).

For even p > 2, both algorithms extend to general input A € R™ ™ with m < n.

4 Lower Bound For PSD Matrices

Theorem 4.1. Suppose that p > 0 and X € R™" is a PSD matriz given in the entry-wise
streaming model.

(a) When p € Z, there is ¢ = c¢(p) > 0 such that every one-pass streaming algorithm that (1 + c)-
approzimates || X||s, with probability 2/3 must use Qp(nl_z/”) bits of space for even p, and
Q,(n' =P~ bits of space for odd p.

(b) When p & Z, for every integer t > 2, there is ¢ = c(p,t) > 0 such that every one-pass streaming
algorithm that (1 + c)-approzvimates || X||s, with probability 2/3 must use Qpi(n' 1Y) bits of
space.

Proof. Let M be drawn from the hard input distribution for even integer p in [LW16a], which
involves an integer parameter ¢t but does not depend on the value of p. This M is drawn from
one of two distributions with the properties that (i) for each even integer r > 2t, there exist a
threshold L and a small constant n which both depend on r and ¢ such that with high probability,
|M]|7 > (1 +n)L when M is drawn from one distribution and || M| < (1 —n)L when M is drawn
from the other distribution; (ii) for any even integer r < 2t, there is no such gap in || M|} between
the two distributions; (iii) distinguishing which distribution M is drawn from requires Q;(n'~1/%)
bits of space for one-pass streaming algorithms, even in the insertion-only model.

It was also proved in [LW16a] that the maximum singular value of M is at most ¢t. Then

A= <JZ’~} tﬁ) is positive semidefinite since its eigenvalues are ¢t + o1(M), ..., t + 0,(M), all of
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which are non-negative. We shall show that there is a constant-factor gap in HAng when M is
drawn from the two distributions, then the same lower bound in property (iii) above follows.

Consider two distributions over the PSD matrices of the above form, induced by the two dis-
tributions of M, respectively. Recall that if p > 0 is not an integer,

Viz| <1, (14+2z)P = Z <Z>xk
k=0

Hence when |o] < t,

(t+o)f +(t—op =20 Y (Z) (%)k

k even
Thus
P _ p p—k k
4, =2 3= (%)t
k even
The existence of a gap in \|A||gp follows immediately from properties (i) and (ii) above. O

We remark that all lower bounds in Theorem 4.1 even hold for sparse matrices, since the hard
instances are sparse. The lower bounds for non-integers p and even integers p are strengthenings of
the same lower bounds in [LW16a], and are almost tight and tight up to polylogarithmic factors,
respectively.

5 Row-Order Model: Lower Bounds

First we discuss lower bounds for estimating Schatten norms in the row-order model. Suppose that
G is a graph with n nodes and m = O(n) edges. Let M € R™*" be the incidence matrix of G and

L € R™" be the Laplacian matrix of G, then L = MTM and thus HMng = HLHZZZ Similarly

to the approach in [LW16a], we shall need a lower bound on distinguishing two families of graphs,
while some matrix derived from the graph has different Schatten norms in the two cases. The lower
bound on distinguishing graphs we shall use is due to Kogan and Krauthgamer [KK15] based on
the Boolean Hypermatching Problem [VY11], defined as follows.

Proposition 5.1 ([KK15]). Let t > 2 be an integer, and let G be an undirected 2-regqular graph on
n nodes consisting of either (a) vertez-disjoint (2t 4 1)-cycles or (b) vertez-disjoint (4t + 2)-cycles.
Every randomized one-pass insertion-only streaming algorithm that, with probability at least 2/3,
determines whether G is of type (a) or type (b) must use Qu(n*~Y*) bits of space.

The next lemma shows that the Laplacian matrix has different Schatten p-norms between the
two cases in the hard instance.

Lemma 5.2. Suppose that t > 2 is an integer and p > 0 is not an integer. Let G be a graph as in
Proposition 5.1, then the Schatten p-norm of the Laplacian matriz of G is different by a constant
factor c(t,p) # 1 between the two types.

Proof. Let m = 4t + 2. To prove the lemma it suffices to show a gap in the Schatten-p norm of
the Laplacian matrix between two (m/2)-cycles and one m-cycles. Let L,, denote the Laplacian
matrix of an m-cycle. Since L,, is circulant, its eigenvalues (and thus singular values since L is
PSD) are given by the following explicit expression:

Omj=2—wh —wdmV 5 =0... m-1

11



where

Wy = 27rzm
Thus 1
1Ll = 22 5 o m is odd;
" +2 zm/2 LoP m is even
i=1 m,j’ .

When m is an even integer, the eigenvalues of L,,/, are eigenvalues of L, more specifically,
Om/2,j = Om,2j- 1t follows that

]

2L, = IEml§, =2 (=107, ; =47,

where we used the fact that m = 4t + 2 in our setting and thus m/2 = 2t + 1 is odd. Note that

9 .
Om,j =2 — 2cos ST _ 4 sin® E,
m m
we have that
n_1
2
2 Lol — Ll =247 Z Isin? I _ g,

Our goal is therefore to show that

Consider the Fourier cosine series expansion

j 1 T(2p+1) DFT(2p+1
gin2e 4T (2p + Z (2p+1) cos (2kj1),
m 22T (p+1)?2 221’1 p—l—k+1 p—k+1) m

where the Fourier coefficient can be obtained by using Binomial Theorem and Gauss Theorem for
hypergeometric functions 9 F; to evaluate the following integral (cf. Exercise 44 on p123 of [AAR99])

w/2 ] ]
/ (1 o e2z€)p—k(1 o e—2z€)p+kd9'
—7/2

Next, observe that

-] 0, k is even;

: m
Z (—=1)’ cos <2kjﬁ) =¢2 -1, k=% (modm); (3)
j=1 -1, otherwise.

The problem reduces to evaluate

S = %{ Z ’Yp(k) - (% - 1> 'Yp(k)}v
k=3~ )

m odd k
k#% —1(mod m)

12



where
I'2p+1)

k) = .
W) = S R T — k1)
Observe that v,(k) > 0 for k£ < [p], 7p([p] +1) < 0 and 7, (k) has alternating signs for k > [p] +1
When [p] is even, it holds that v,(k) < 0 for £ =m/2 — 1(mod m) and thus

1
> 2—1 Z Yp (k)
odd k
when [p] is odd, it holds that ~,(k) > 0 for £ =m/2 — 1(mod m) and thus

1
< 2217—1 Z ’Yp(k)

odd k

The result follows immediately once the following identity is established:

1 I'2p+1) 1
- =, 4
22p—1 O;:k%( 22P 1 %:k Fp+k+DI'(p—k+1) 2 )

Consider the integral representation

0
F@p+l) ! / T 1y gyt
T(p+k+1D(p—Fk+1) 2m ’

oo

where the contour integral goes from the upper edge of the negative real axis from —oo to 0,
then goes clockwise around 0, and returns to —oo along the lower edge of the negative real axis.
Summing under the integral yields that

Z Yp(k)

odd k

1 (0+) 1
_ L / dt
2mi J_o (1 —2)tP(1 —t)P

sin(pm) L1—-p L'(2p)r'(1l —p)

. 2F1< 1+p ’_1> (1+p)
sin(pm) F(l +p)T'(3) T(2pl(1 —p)

T  TEUE+p  T+p)
_ sin(pm) VT2 _ 22p—1 1 B
- B e () T

_ 22p—2

9

where we used the integral representation of hypergeometric function 2F) (Equation (2.3.17) in
[AAR99]) for the second equality, Kummer’s identity ([AAR99, Corollary 3.1.2]) for the third equal-
ity, Legendre’s duplication formula ([AAR99, Theorem 1.5.1]) for the fourth and Euler Reflection
Formula ([AAR99, Theorem 1.2.1]) for the last equality. This establishes (4). O

The next theorem follows easily by combining Proposition 5.1 and Lemma 5.2.

Theorem 5.3. Suppose that t > 2 is an integer and p > 0 is not an even integer. Every randomized
streaming algorithm that with probability at least 2/3 estimates HAng within factor 1 + €, for

€ < €o(t,p), when the input A € R™™ is sparse and given in row-order model, must use Qt(nl_l/t)
bits of space.

13



Proof. Let A be the incidence matrix of G in Proposition 5.1. Since G has exactly n edges, the
size of A is exactly n x n. In the streaming model for GG, each update describes an edge, which
corresponds to a row of A. Thus a stream of G corresponds to a stream of A in row-order model.
By Lemma 5.2, a Schatten-norm algorithm can distinguish the type of G, and the lower bound
therefore follows from Proposition 5.1. O

The theorem above gives a nearly tight bound for estimating the Schatten p-norm for sparse
matrices and p ¢ 27Z. For p € 27 we have the following theorem.

Theorem 5.4. Suppose that t > 2 is an integer and p > 4 is an even integer. Every randomized
streaming algorithm that estimates the Schatten p-norm of the input matriz up to a constant factor
(depending on p) with probability > 2/3 in the row-order model must use Q(n'~*/P) bits of space.
This lower bound holds even for multi-pass algorithms.

Proof. We reduce the problem to the communication complexity of multiparty SET-DISJOINTNESS
[Gro09]. Suppose there are k = 2n?/? players. Each player is given a set in {1,...,n}. Let A
be an empty matrix and we shall show how to construct A according to the input of the SET-
DI1sJOINTNESS problem. For each element j in each player’s set, we add a row e; to A, where e; is
the j-th row of the n x n identity matrix. With high probability the hard instance of multiparty
SET-DISJOINTNESS has m < n elements, and thus A will have m rows. By padding we may assume
that A is n x n, and is clearly given in the row-order model.

When the players’ sets are disjoint, it is clear that all singular values of A are 1 and thus
|A|| = m < n. When the players’ set have a common element, there is a singular value of v/k and
hence \|A||’§p > kP/2 = 2P/2p. Therefore ||A\|gp is different by a constant factor in the two cases.

The communication complexity lower bound of unrestricted protocols for SET-DISJOINTNESS
is Q(n/k) bits, which implies that the streaming lower bound for estimating Schatten p-norm is
Q(n/k?) = Q(n'~*/P) bits, even for multi-pass algorithms. O

As discussed in Introduction, Theorem 5.3 is asymptotically tight up to logarithmic factors for
p € 47Z. For the remaining case p = 2 (mod 4), we present an algorithm using O(n1—4/ (P+2)) space
in Section 6, leaving a slight polynomial gap from the lower bound of Q(n!=%/7).

6 Row-Order Model: Algorithm For Even p

In this section, we present an algorithm which estimates the Schatten p-norm (where p = 2 (mod 4)
is an integer) of n x n sparse matrices in row-order model using O(n!'~%(#+2)) bits of space. The
following algorithm is in a similar flavour to the algorithm in [LW16a], where the Precision Sampling
structure was used to sample rows of a matrix proportionally to their row norms, and we shall omit
such details in this section. Since we are reading A in row-order model, we can sample and obtain
rows of A exactly with weighted reservoir sampling [ES06], but we shall use Precision Sampling to
sample rows of AT A.

Theorem 6.1. Suppose that p = 4k + 2 for some integer k > 1 and A € R"*™ is a sparse matrix
given in one-pass row-order model. Algorithm 1 returns Y such that (1—6)HAHZP <Y < (1+6)HAng

with probability > 2/3, using space Op(nl_rf;12 poly(1/e,logn)).

Proof. The analysis is similar to [LW16a]. Let B = AT A, L = ||B||% and Z = [|A[%. For a matrix
M we shall denote its i-row by M;. We also denote by B; the approximation recovered by the
algorithm to B;. For notational convenience, we also define K1 = --- = K;, = K and Ky, =V.

14



Algorithm 1 Algorithm for p = 4k + 2 and sparse matrices in row order model

Assume that matrix A has at most O(1) non-zero entries per row and per column and is given
in row order model and that p = 4k + 2 for some integer k£ > 1.

I T @e2ni-1/(k+1)

2: Maintain a sketch for estimating ||AT A||% and obtain an (1 + ¢)-approximation L'

3 7« ||A|%

> Can be computed exactly in row-
order model

4: K + set of indices of rows of ATA with norm >./L’/(10T) > COUNT-SKETCH, see [LW16a]

5: V < set of indices of rows of A with norm > /Z/(10T)

6: fors=1,...,k do
Sample T rows of AT A proportionally to row norm
Obtain approximation to the sampled rows

9: I, + the set of the indices of the sampled rows
10: I+ I,UK

11: end for

12: Sample T rows of A proportionally to row norm
13: 41 < the set of the indices of the sampled rows
14: [k—l-l — [k—l—l uv

15: Return Y as defined in (5)

> Maintaining 107 rows of largest
norm

> Precision sampling, see [LW16a]
> By-product of precision sam-
pling, see [LW16a]

> Reservoir sampling

Next, we define for s =1,...,k

. 1, 1€ K,
TS(Z) = 2 .
L/||Bil3, i€ls\ K,
- . 1, 1€ K;
TS(Z) = / D 112 .
L/|Bils, i€l \K
and
1, 1€V,

Ter1(i) = Thy1 (i) = {

We further define
X(i1,...

7it) =

and

k
X(ilv s 7it) = H<Bij7Bij+1><Bij+1 ) Aik+1><Aik+1 ) Bi1> T (Zl)

15

k
H<Bij > Bij+1 > (Bij+1 ) Aik+1><Aik+1 ) Bi1> ' 71 (Zl)

Z/|Ail3, i € T \ V-

o Tt (Thte1),

o Tt (1)



Since B = AT A is PSD, it holds that
P _ p/2
lAlE, = Tx(BY")
=> ¢/ B-(B"B)---(B"B)-B- Be;,
i k—1 times

=> B, -(B"B)---(B"B)-ATA-B]

11

k—1 times

= Y By (BLBy) (BLBi, (A}, A

1+1 ik+1)

BF
1
Ulyeeslot1

= Z <Bij7Bij+1><Bij+17Aik+1><Aik+1=Bi1>’

Ulyeenyiht1

Our estimator is

1 5 .
Y= ) mema A, (5)
i€, ip 1€ kg

where o
o (it ikg1) Hl1<s<k+1:is¢ K}

Following a similar analysis to that in [LW16a], we have that
EY — [|A]g, | < llAllg,,
where we have crucially used the fact that A and AT A are sparse matrices. The variance bound

is similar, too. The covariance terms are sums over i1, ..., 411,44, .., 41 and we split them into
two kinds depending on whether i1 = i), +1- Eventually we shall have

k k+1 k+1
1 2p—dr+4 1 2(r—1 2p—dr+2 1 a2 o
EY? — (BY)* £ 3w IBIFIAIL 0L + D mIBIE T IAIRIAIG 0 <3 '™ 7 I4IE,
r=1 r=1 r=1
which implies that
EY? — (EY)* < || A2
if the constant C' in T = C’nl_l/(k+1)/e2 is large enough. O
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A Proof of Proposition 3.4
Proof. Using the identity Tr(MM7) = Tr(MT M) we have
X =Tr (G1AG]G2A - GLGpA-GT) = Tr (G - G1AGS GoA -+ GIGLA) .

By linearity of trace, expectation and matrix product, and by the fact that E[GZTGZ-] = I, xn for all
i € [p], we have

EX =ETr (G - G1AG]G2A - GLG,A)
=ETr (InxnAG3 GoA--- G GpA)
= ... =Tr(AP).

It remains to bound the variance of X. Without loss of generality we can assume that A is
a diagonal matrix diag(Ai, A2,...,\,), where Ay > --- > \,. Indeed, in the case of a general
symmetric A, we can write A = UAUT for an orthonormal matrix U and a diagonal matrix A.
Then G,AGL, | = (G;U)A(Gi41U)", and the matrices {GiU} |, have the same joint distribution
as {G};ep,), hence Var(X) would not change if A is replaced with A.

Let us write G; = (ggi),géi), e 7.g£Li))7 where each 9](-“

that

€ R is a column vector. It is easily verified

X = Z /\i1/\i2 T /\2p<g§11)7gle)><gz(22)7gz(:)> e < z(f)vgff)>
11,82,...,ipE[n]
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Figure 1: An example of a non-zero variance term (p =9): iy = --- =i5 =} =i%--- =if, ig = i,
iy = 1%, iy = 19 = i = iy and 41,176,197, g are distinct. The term of the eigenvalues in the variance

expression is )\10)\226 )\227 )\fg

Indeed, first write

(GTG1A)iy i, = Y (GT)iy 1(G1)kyig A iy = (92(11),91(2)>Ai27
kelt]

and then expand the trace in
X =Tr (G1G1A- GG A---GIGLA) using all closed walks (i1, iz, .. . ,ip) € [n]P.
It is not difficult to verify that for all j # j' € [n] and 41, 42,4}, € [p],

E[(97, 9] = 1 (i, 2iny, (6)

B[, 9065, 05 ) = Vjimipiy=iy- (7)
@) G, ) () _ 1 1

El(gi, 95y 1495 9 N = Litinipy=(ia,ig)t + 11010 =(i1i0)} T 7 100 ,i)=(,10)}- (8)

Notice that in the last equation, the events in the three indicators are not disjoint, and when
i1 = i) =iy = i the righthand-side evaluates to 1 4 2/t.

We proceed to bound Var(X) < E[X?]. Denoting I = (iy,i2,...,%,) € [n]P with the convention
ipt+1 := i1, and similarly for I, we can write

GG RYRGING:
=X H Ao o) | =20 T Mrstal) o) 6l a7 ). (9)

T jelp L1 jelp)

We can represent each term of X? (a fixed choice for I,I’) by a diagram (see an example
in Figure 1). Each node in the diagram represents an index i;, and each square corresponds to a

G @) W G) )

factor of the form (gZ 93354089575 957 > A line connecting two nodes represents that the respective

indices are equal. Notice that for each square, if a vertical line exists, then both vertical lines must
exist, otherwise the expectation of this square is zero, and it has no contribution to E[X?]. Thus,
for a non-zero diagram, if it has at least one vertical line, then it actually has all possible vertical
lines. Diagrams with no vertical lines can be non-zero diagrams only if they are made entirely by
horizontal cross-lines and parallel lines, which we call the trivial diagrams, and they correspond
to the coefficient of ! /\;) for ¢ # j. Each non-trivial diagram corresponds to an integer partition
of p (i.e.,, a way of writing the integer p as the sum of positive integers, with the order of the
summands/parts having no significance), but we should account also for permutations and cyclic

shifts on the parts. Given an integer partition [p1,po, ..., p.] of p, we write it as (pgzl),pgn) pi,zt’)),
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where p; > py > -+ > py are the distinct parts (or part sizes), and z; counts how many parts are

equal to p;. Then the number of different diagrams for a given integer partition [p1,pa,...,p.] is
t'lp
C[P17P27~~~7Pz} = 21!22! .. Zt/! .

Observe that this number is upper bounded by a constant M, determined only by p. Each integer
partition of p corresponds to a monomial of the eigenvalues. A connected component in the diagram
corresponding to a power of the eigenvalue, and this power is just the size of that component.
For each connected component, the total number of indices is an even number because of the
vertical lines. For a single square, the coefficient is given by Equations (7)-(8). Using the diagram
representation, we can calculate

()t o)
1 )<

All other diagrams either do not exist in the expansion of X2, or have a zero expectation. Diagrams
corresponding to the same partition of p have the same coefficient. Since for each complete square
there is a factor 1 4 2/¢, and for each incomplete square there is a factor 1/t, the coefficient for a
partition [p1,pa,...,p.] with z > 1 parts is

1 2\ P 7%
Zlpy pa,..ps] = 1z <1 + Z) :

For non-trivial diagrams (i.e., have vertical lines) with z > 1 (i.e., excluding the completely con-
nected graph) we collect all such terms as X; and bound their expectation by

M,
EXi )< Y. D WD oD - ERTED iad (11)

z
[p1,p2,..-Pz] i1,02,...,02€[n]

(10)

For non-trivial diagrams and z = 1, there cannot be any incomplete square, and we can compute
the expression explicitly,

B[ Lol o] = (1) oo

i€[n] J€[p]
= | .

For trivial diagrams (no vertical lines), we collect the terms as X5 and bound their expectation by

E[X3]

p z p—z
< £ oo ()=(OC) =)
i#ke(n] =0 \° -

<2 N AN

2
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where MI’, is a constant that depends only on p.
We now turn to bounding E[X1] using (11). For each integer partition [p1,p2,...,p.| of p with
z > 1 parts,

2p1 2p2. 2pz _ 2p1 ) .. 2pz
= (D) ()

i1,12,...,i2€[n] i1€[n] i-€[n]
2 .
IR
5 j
7j=1

Let 2’ be the number of parts with 2p; < p. Clearly, 2/ > z — 1, since at most one part can have
p; > p/2. Consider first the case 2’ = z. It is well-known (via an application of Holder’s inequality)
that |z||, < ||z, < n'/7~Y4|z||, holds for all z € R™ and 1 < r < ¢. This comparison of norms
applies also to the Schatten norms of A (viewed as n-dimensional norms of the eigenvalues of A),
proves that ||A||?;;J < nl/(2pj)—1/p||A||gp. We thus obtain

2 z N 2p; a
H||A|| v < TI (@Al )™ = ne=2 A2 (12)
j=1

In the case 2’ = z — 1, there is a unique j* such that p;» > p/2, and therefore z < (p — p;=) + 1 <
|p/2] + 1. For j # j* we can use the comparison of Schatten norms as above, and for j = j* we
simply use ||A||52pj < ||A]ls,,. We thus obtain

- 2p; 2 N 2p
TTIAIE: < Al IT (nt/Ce =77 alls, )™
J=1 J#j*

< nz—l—2(p—pj*)/p||A||§P (13)
P

<n AL

where the last inequality follows by 1 +2(p — pj)/p > 1+ 2(2 —1)/p = 22/p + (1 — 2/p). With
also the z = 1 term considered, we have

, [p/2]+1 1 2/p p n1—2/z # 2
Var(X) < M 1+Z +Z - 1Al
z=2

where MI’,’ is a constant depends only on p. This completes the proof of Proposition 3.4. ]

B Proof of Lemma 3.5

Proof. We first argue that it suffices to prove the corollary under the assumption that the entries
of Gy are fully independent. Indeed, each of the terms we need to calculate is the expectation of a
polynomial of total degree at most 4 in the random variables G;. For example, the factor contains

G; in a typical term of X? is <gg) gj(f)>( M ()> The expectation of such a polynomial when G;’s

entries are 4-wise independent is exactly the same as when these entries are fully independent.
Assume henceforth that the entries of GG; are mutually independent. We repeat the proof of
Proposition 3.4, except that when considering the square containing (i1, i2), we replace ¢ with ¢’ in
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(8) and (10). In diagrams where this square is complete, the contribution to E[X?], as given by
(9), does not change. When this square is incomplete, we replace t by ¢’ in subsequent calculations
like (11) and (12). The proof is otherwise identical, but we kept the more precise bound obtained
in (13). O

C A Simple Proof for Sparse Sketch of Matrices With Non-Negative
Entries

Lemma C.1. Let G = (g1, 92, .-, 9n) ~ Din, then the following conditions hold.
1. for each i € [n], E{g;, g;) = 1, E[{g;, 9:)%] = 1;
2. for each i,j € [n],i # j, E(gi,95) =0, E[(gi,gj>2] =1/t;
3. for each i, 5,7, j" € [n],{i,j} #{i",j'},i # ;7" # §', Blgi, 95) = El{gi ;) {9ir> 95)] = 0;

Proof. Property 1 follows immediately. For 2, E(g;,g;) = 0 and

2
E{gi, 9;)° = E <Z gi,le,l) = E(9i19;19:k9i.%)
1

1k

t
= ZE(d?d?Zi,lzi,k)
=1
_ i 11
B 2t
=1

For 3, we only need to consider the case when {i, j} {3, j'} # 0. Without loss of generality, assume
i =4, thus,

E(gi 95)(96- 957) = > E(gi19519i.1> 937.1)
l

+ Z E(9:195.19i k> 95" k) = 0,
17k

where we use that g;;9; » = 0 when [ # k. O

The following lemma is a simple case that the variance of a sparse sketch is smaller than the
Gaussian sketch. We will show in the next section that the sparse sketch is superior to the Gaussian
sketch for every symmetric matrix.

Lemma C.2. Let G1 ~ Dy, and let Ga,...G)y be independent copies of Dy, where p > 2 is an
integer and ci,cy are two absolute constants. Let A be a symmetric matrix with all entries non-
negative and 1 < t' < t. Let X = Tr (GlAG2TG2AG3 s GPAGCIF). Let X' be a random wvariable
obtained by replacing G; of X by a column normalized gassian matriz of the same size. Then,

E(X?) < E(X"™).
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Proof. Let J = {ji1,...jp} € [n]P and I = {iy,...ip} € [n]P. Define

(1) (1)><g(2) (2)>

XLJ = aipvjlaih]é T aip*lvjp <gj1 7gi1 j2 7gi2
o)),
We now expand X in a different form,
X=> X
1,J
Thus, X2 = Z XI,JXI’,J"
1,J.1',J’

Define X } 7 analogously by replacing g; with Gaussian vectors. Since each a; ; > 0, with Proposition
3.4 and Lemma C.1, we immediately have that E(X?) < E(X"?). O

The preceding lemma leads to the following theorem.

Theorem C.3. For every integer p > 2, there exists a randomized one-pass streaming algorithm
A using space
O(n>=47 /%), and a [p/2]-pass streaming algorithm B using space O(n*~Y®=1 /2)  given as input
PSD matriz A € R™ ™ with all entries non-negative, then the output of the algorithms A(A) and
B(A) satisfy

PrlA(4) € 1 £ )| Alg,] = 0.99;

and
Pr[B(A) € (1+ e)HAng] > 0.99,

where the probability is over the randomness of the algorithms. Both algorithms require O(1/€?)
time to process each update in a pass. After the updates, A requires time O(n(1_2/ p)w /€2) to compute
its output and B requires time O(n(l_Q/p)/ €2), where w < 3 is the matriz multiplication constant.
For general input matrices A of size n x m for m <n, if A has all entries non-negative, the above
claim holds for even integers p > 2.
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