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RIGOROUS DERIVATION OF A MEAN FIELD MODEL FOR
THE OSTWALD RIPENING OF THIN FILMS*

SHIBIN DAIt

Abstract. In the late stage of thin liquid films, liquid droplets are connected by an ultra thin
residual film. Experimental studies and numerical simulations show that the size distributions of liquid
droplets approach a self-similar form. However, theoretical study of the size distributions is lacking
because it has been a challenge to retrieve statistical information from the mathematical PDE model
of thin films. To facilitate the study of the statistical information, we rigorously derive a mean field
model for the Ostwald ripening of thin liquid films through homogenization. This model corresponds
to the dilute limit when the droplets are far away from each other and occupy a very small part of
the thin film. Our analysis captures the screening effect of the droplets and shows that the mean field
spatially varies in a length scale proportional to the screening length.
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1. Introduction

Thin liquid films on a solid substrate can be driven by the dewetting effect into com-
plex nonlinear patterns which are localized quasi-stationary liquid droplets connected
by an ultra-thin residual film. The dewetting effect is a result of the balance between
surface tension and intermolecular forces. When there is no evaporation, the total mass
of droplets is conserved since the mass of the ultra-thin residual film can be ignored.
The total number of droplets is observed to decrease and the typical size of droplets
increases. Such a phenomenon is called coarsening. There are two mechanisms for the
coarsening to occur. One mechanism is the migration and collision of droplets. The
other is the exchange of mass between droplets through a diffusive field in the ultra-thin
residual film. Bigger droplets grow while smaller ones shrink and disappear. The second
mechanism is called Ostwald ripening, as it is similar to what happens in the late stage
of phase transitions (see, e.g., [13]).

Experimental studies and numerical simulations show that generically the distribu-
tion of droplet sizes approaches a self-similar form and there is a simple relation called
the coarsening rate between time and the typical size of droplets (see [7] and references
therein). Such a spatio-temporal relation can also be deduced heuristically by asymp-
totic analysis [3-7] under the assumption that the size distribution is self-similar. But
a rigorous justification of the existence of self-similar distributions is lacking. Part of
the reason is, it is a challenge to retrieve statistical information from the mathematical
model of thin films, which is the lubrication theory [11]. Suppose the thin film is on a
substrate Q CRR? and h(z,t) >0 is the thickness of the thin film. Then h satisfies the
following thin film equation

hy =V - (m(h)V(=Ah+U'(h))). (1.1)

Here U is a van der Waals attraction-repulsion potential. The diffusion mobility m(h) =
h? depends on the boundary condition for the fluid velocity at the substrate. Different
types of boundary conditions give different ¢ >0 values. See for example [3,4,6] for
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294 A MEAN FIELD MODEL FOR THIN LIQUID FILMS

discussions about the effect of m(h) on the coarsening mechanisms. There are also
estimates of the coarsening rate by directly studying the thin film equation [12]. This
approach gives rigorous proofs on the universal upper bound of the coarsening rate,
which is true independent of the statistical information.

In two dimensional thin films, the shapes of liquid droplets are paraboloids [3,4].
The contact angle, which is the angle between the surface of the droplets and the
uniform ultra thin residual film, is solely determined by the intermolecular potential
and independent of the sizes of the droplets. Because of this feature, the droplets are
totally determined by their circular bases. The dynamics of the thin film is hence
reduced to the dynamics of the radii of the bases. Suppose at time ¢, there are N (t)
droplets on a square substrate Q= [0,£]2. Let B;:={z €Q:|z—x;| < R;(t)} be the basis
with center x; and radius R;(¢t), i=1,...,N(t). Suppose further that the droplets are
well-separated. The motion of the centers x; are affected by the form of the mobility
m(h). Under the no-slip boundary condition for the fluid at the substrate, we have
m(h)=h3. In this case the motion of the centers z; are minor effects [4]. Thus we
may assume they are fixed in space. Using asymptotic analysis it is derived in [4] that,
under a proper rescaling, the evolution of the droplets is determined by the following
equations.

N(®)
—Au(z,t)=0 ifzeQ\ B, (1.2)
=1
L itreB (1.3)
U= — 1 iy .
R 7
o1
Ri:—2/ [Vu-n]ds onT;:=0B,. (1.4)
Ri r;

For simplicity we take periodic boundary condition on 92. Here v is the rescaled
pressure field, I'; :=dB; is the boundary of the base of the " droplet, n is the outer
normal vector of I';,; [Vu-n] is the jump of the normal gradient of u across the boundary.
Equations (1.2)—(1.4) is a quasi-stationary model for the evolution of droplets. Being
quasi-stationary means that even though the pressure field u depends on time, at each
moment the evolution of u does not explicitly depend on ¢, rather it is determined by the
boundary condition (1.3) on the boundary of droplets and the boundary condition on
0. The motion of the droplet boundary is then determined by (1.4), which guarantees
that the total volume of droplets is preserved during the ripening process. Because of
the parabolic shapes, volumes of droplets are proportional to the cube of the radii of
their bases. We assume droplets are far away from each other so that collisions do not
occur. Using the same technique as in [8], it can be shown that for any given initial
configuration {R;(0)}, there exists T'>0 such that (1.2)—(1.4) has a unique solution in
[0,T], where R; are smooth and ue€ L?(0,T;H*(€2)). The solution can be extended to
some time ¢; when some droplets disappear (radii become 0). After this moment, we
can remove those droplets with radii 0 and restart the evolution.
The first observation is that the total volume of droplets is preserved since

N N
ZR?Ri:Z/ [Vu-n]ds:—/ Audx=0. (1.5)
i=1 i=17/T% Q\Ui B(xi,Ri)

In addition, the surface energy, which is proportional to the total surface area of droplets
and hence to Zi\; R?, is decreasing. This can be seen by the following estimate.
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Multiplying Equation (1.2) by w and integrating over €2, we have

N
:/—uAudaU:/ |Vu|2da:—|—Z/ u[Vu-n]ds
Q Q =171

N
:/Q|Vu|2dxdt+ZRiR,;. (1.6)
=1

Integrating over t; <ts, we get

. 2 1 a 2 1 al 2
- (t2)? == (t1)2. 1.
/tl /Q IVl dxdt+2i§:1:Rl(t2) 2;:1:31@1) (L.7)

Immediately we have

N N
S RHt) <Y R¥(ty) forall ty <t (1.8)
i=1 i=1

To facilitate the study of size distributions, recently mean field descriptions of the
Ostwald ripening of thin films were proposed for the simplified case of one dimensional
thin films [7] (see also [1]) and the physically realistic two dimensional case [2]. These
mean field models were derived using heuristic arguments. Although information about
the delicate relations between droplet size, distance between droplets, and the domain
size were not accurately captured, these mean field models prove to be useful in pre-
dicting the existence and describing the properties of self-similar distributions.

The purpose of this paper is to give a rigorous derivation of a mean field model for
thin films on two dimensional solid substrates, and capture the delicate information that
is missing in those heuristic mean field models. The study of our new model will provide
us more accurate information about the coarsening dynamics of thin liquid films. To
make the paper accessible for a wider readership, in Subsection 1.1 we introduce our
main result in an informal form, and in Subsection 1.2 we give a heuristic derivation
of the mean field model. Also in Subsection 1.2 we state the similarity and difference
between our problem and the two-dimensional Mullins-Sekerka model considered in [9].
Starting from Subsection 1.3 we introduce our result in a rigorous form. In Subsection
1.3 we describe the spatial and temporal rescaling under which we can study the homog-
enization, and also state the main result in a rigorous form. In Section 2 we describe
the details about our time scalings. In Section 3 we consider the homogenization limit
and derive the necessary estimates. In Section 4 we prove our main theorems. Sections
3 and 4 closely follow the structure of [9], with necessary adaptation for the derivation
of our main result. We also provided more details that make the arguments easier for
readers to follow. One difference from [9] is that in Subsection 3.4 we use a different
approach to prove two lemmas (Lemmas 3.4, and 3.5) that can fulfill the same role as
Lemma 3.6, which is proved in [9]. Finally in Section 5 we give some discussion about
further investigations.

1.1. Main result in an informal form. Since the total volume of all droplets
is conserved, we define R to be the radius of the droplet whose volume is the average
volume of all droplets. Suppose initially there are Ny droplets with radii R;(0). Then

No No 1/3

23 R( )

NoR2 = R;(0 3, or Ro= .
=2 IO ° ( Ny )
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Taking Ry as a characteristic droplet size, we nondimensionalize the radii R;(t) into
Ri(t):=R;(t)/Ro. The space locations of the droplets are as important as their sizes.
Let f (t,x,f?) be the joint distribution of the locations and the nondimensionalized sizes
of droplets. Our main result is that f (t;z:,R) satisfies the following system of equations

in the weak sense.

Aa*+2ms/ooo (u ;) f(t,z,R)dR=0, (1.9)
0 R 0 21 1 )

Here ¢ is the fraction of the substrate covered by the droplet bases, which is decreasing
in time, and § >0 is a scaling parameter describing the ratio between the domain size
L and the screening length, denoted by L. For a specific droplet, its neighbor droplets
have a screening effect that blocks the influence from droplets that are far away. A
droplet can only receive influence from droplets within the distance of the screening
length. For discussion about screening length, we refer to [10] for 3D systems and [9] for
2D systems. Roughly speaking, the screening length is determined by the size of droplets
and the distance between droplets. Equation (1.18) gives an approximate formula of
the screening length in the scenario that all droplets are of similar size and the distances
between droplets are roughly the same. The scaling parameter ¢ is then defined by

2
0:= %

S
So ¢ connects the domain size, the typical droplet radius, and the typical distance be-
tween droplets. In Subsection 1.2 we will give a heuristic description of the mean field
model, and in Subsection 1.3 we will rigorously describe the setting and the mathemat-
ical meaning of a weak solution for (1.9)—(1.10).

1.2. Heuristic description of the mean field model. Now we give some
heuristic argument about the behavior of u. Assume the distance between droplets is
much bigger than the size of droplets. Then at a given time, near the droplets, the
pressure u should be similar to the fundamental solution to the 2D Laplacian operator.
Away from droplets, u should be approaching a slowly-varying mean field u, which is the
average of the hydrodynamic pressure of neighbor droplets. Consequently wu, depends
on the spatial distribution of the droplets. This indicates a “cutoftf” of the fundamental
solution. Assume d is the cutoff distance, that is, d is a number bigger than droplet
sizes but smaller than, or at most comparable to, the distance between droplets so that
u becomes the mean field u, at points  when |z —ua;|>d for all i. Then because of
boundary condition (1.3), u should have the following form near the ‘" droplet,

(1_—’LL*) — .
u(z)~ Rl Vo2 ln|x dxllJru* for |z —xz;| <d. (1.11)
g

From the boundary condition (1.4), we obtain an evolution law for R;.

JU (1u> (1.12)

~ TR 4
Ri ]n7 R
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Note that the cutoff distance d is artificial. We assume that d is comparable to the
average distance between the droplets. So heuristically we may take d to be the average
distance, that is, d:[,/\/]v, or Nd?=L?. In addition, without changing the leading
order behavior of the model, we may replace R; by the characteristic radius R of all
droplets. Define R="7R(t) to be the radius of the droplet whose volume is the average
volume of all droplets at time ¢. That is,

(YO R\
R(t)—<N(t)> .

Then roughly speaking, NR? NZ?[:I R? and the coefficient (In£:)~! is replaced by
—1 —1
R\ VNR 1. YN R 1
nR) (YR} (ipzemfl) oL (1.13)
d VNd 2 L2 Ingp—1/2

N 2
SR
:127; (1.14)

is the fraction of the substrate covered by the bases of all droplets. After the above
simplifications, we obtain the following mean field model.

where

¢(t):

. 21 1
Ri=—— [ ——u for all i=1,---,N. 1.15
= Fma (7 ") .

Next we consider the evolution of the distribution of radii. Since the evolution of
droplets depends on their spatial positions, the radius distribution is not independent of
the spatial distribution of their centers. Let f(¢,x,R) be the joint distribution of centers
and radii at time ¢. Given the evolution law for radii (1.15), the transport equation for

fis

0 0 2m 1

Here

_JoJo R*f(t.x,R)dRdx
L2 :

The minimum requirement on f(t,x,R) is [, [;~ R*f(t,x,R)dRdx << L? since the
droplets can not occupy all the substrate. In addition, the conservation of total volume
of droplets translates into [, [~ R®f(t,z, R) dRdx = const.

The mean field u, “slowly varies” on the scale of screening length, denoted by L.
According to [9], if R is the typical radius of droplets and d is the average distance
between droplets, then

¢ (1.17)

L2~d?In(d/R). (1.18)

So if R is much smaller than d, L is much bigger than d and it can even be much bigger
than the system size £. When L >> L, since u, varies on a scale L, it is approximately
constant in €.
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In [2], u. was taken to be a spatial constant and it corresponds to the case L; >> L.
In this case, the spatial positions of droplets do not matter and the joint distribution
f(t,z, R) is simplified into just a distribution of radii, f(¢,R). The value of u, is then
determined by the conservation of total volume of droplets. Hence

SN RN Rt R)AR

e (?) N [TftR)dR

(1.19)

In the case when L, is comparable with £, u, is no longer a spatial constant.
Furthermore, the evolution of droplets also depends on their spatial locations. In [9],
Niethammer and Otto studied a similar problem of the two-dimensional Mullins-Sekerka
model for phase transitions of a two-phase mixture. In the dilute limit, the minor phase
consists of disjoint circular islands. They considered the effect of screening length and
derived a transport equation for the joint distribution of location and size of the circular
particles. Our thin liquid film problem has some similarity to the problem in [9] since the
substrate is two-dimensional. Indeed this paper is motivated by [9], and our approach
closely follows the framework of [9]. However there are some differences that require
extra care and different treatment.

(i) The liquid droplets are three dimensional objects while the substrate is two di-
mensional, hence our problem bears a feature of a mixture of dimensions.

(ii) In [9], the total area covered by the 2D islands is preserved, resulting in a constant
¢. In our situation, the total volume of the 3D liquid droplets is preserved, while
the total area covered by the 3D liquid droplets is decreasing. As a result, our
¢(t) defined by (1.14) is decreasing in time.

(iii) In [9], the authors consider the case when the screening length is comparable
with the system size. Under the simplified assumption that £;= L and the initial
characteristic radius is one, they derived a limiting model. In our problem, to
signify the importance of various situations, we describe in details how the system
should be rescaled based on the relations between the characteristic radius, the
distance between droplets, the domain size, and the screening length. Specifically
we introduce and keep track of a parameter § that describes the relation between
the typical radius of droplets, the average distance between droplets, and the
domain size. § can also be considered as a measure of the system size relative to
the screening length.

1.3. Homogenization and the main result. Mathematically, a mean field
model corresponds to the dilute limit of the evolution equations (1.2)—(1.4). The dilute
limit is the limiting behavior of the system when the fraction of the substrate covered
by the droplets is disappearing, while the total number of droplets is increasing toward
infinity. To study the dilute limit, we need to consider a sequence of domains with bigger
and bigger average droplet distances. Let Qj:=(0,£;)? be a sequence of domains in
which initially there are Ny (0) droplets of radii {Ry;,i=1,...,N;(0)}, whose centers of
bases are on the lattice of spacing dj. Thus L3 = Nj(0)d;. We require Ny (0) — oo and
Z]\Qc(o) R2 .

1_22 ki 50 as k— 00, Also we take R as the characteristic
radius of the initial distribution of droplets, defined by

1/3
SMORS
Ri=| ——mMm— . 1.20
" ( A (1.20)

dj, — 00, while ¢ (0) :=
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By (1.18), the screening length is defined by

L; :=diIn (g’;) (1.21)

In such a system, there are three dimensionless ratios,

2
_ - £ k
=—, =t

Ly, Ls

Only two of these ratios are independent. Indeed,

51 Z’;l <d’;> 52ln<a€>. (1.22)

The homogenization limit corresponds to

d 1
e=—f—— — 40 ask—oo.
Ly, Nk(O)

Since we want to capture the effect of screening length, we keep § >0 as a positive
constant. Thus

ae =ce 1/ (9% (1.23)

decays to zero exponentially as e —07.
We rescale the sequence of domains €2, into the reference domain

Qo:=(0,1)2
by taking z=y/Ly for y € Q) and z €£y. Then the radii are rescaled into
Rii Ry Rii _ Rk i

=— 1.24
ﬁk [:k Rk Rk ( )
Equation (1.24) indicates that it is the normalized radii
A Ry,
Ry ;= —~ 1.25
RS R (1.25)
that we should study the distribution of. By (1.20) we see that
VR0 (1.26)
Np(0) '

In summary, after the nondimensionalization and normalization, we get a domain
Q0 =1(0,1)2, in which we have a lattice grid of size £. At each lattice point x; there is a
circle

BE(t):= B(xi,a. Ry, 4(1)),

which is the base of a liquid droplet.
Next we consider the rescaling in time. According to (1.15), the logarithmic factor

1
lng(t)-1/2
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determines the time scale on which the radius Ry ; varies. Since ¢ is decreasing in time,
and is disappearing as € —0 (see Section 2 for a proof), it is natural to consider the
following nonlinear rescaling of time

- t 1
t::/0 Wd& (1.27)

In Section 2 it is shown that

t
8e2t

Thus it suffices to consider the following linear rescaling of time

—1  uniformly for ¢ € (0,00) as € — 0.

t=R, "0t (1.28)

The appearance of R;4 not only simplifies notations but also is consistent with the
spatio-temporal relation derived in [2].
The pressure field u(t,y), y € Q, correspondingly is rescaled into

1 . -
u(t,y) = R—kﬁs(t,x), where z=y/L}, and = ds>t.

Then

Vyu(t,y)= Ve (t,1) (1.29)

1
RiLr
and
» 3
d};;fﬂ:;?;dls:z_&mzz/ V,ult,y) - nds(y)
11
e 2 Jrs

Vi (t,x) -nds(z). (1.30)

Here I'S =0B¢. According to (1.2)—(1.4), 1. satisfies

~Ad.(t,)=0 in Q\U;Bs, (1.31)
1 _
fe=—— in B, (1.32)
ki
dRy,; 1
Ri]f’:iA/ [Vie-nlds onT5. (1.33)
dt 0e* Ry ; Jrs

Our main result is the following theorem.

THEOREM 1.1.  Consider the system (1.51)-(1.33). Suppose 6 >0 is a fized constant.
Then for any 0 <A< 1/2, there exists e0 >0 such that for any 0<e <eq, the droplets
B(zi,a: Ry i(t)) do not collide. More precisely, we have

B(wi,a. Ry i(f)) C B(zi,\e)  for all {€[0,00). (1.34)

Furthermore, if we assume that initially the total volume is not concentrated on the
few biggest droplets, that is

Zi'ﬁék L(0)>RRi :(0)
SRR (0)

—0 wuniformly in € as R— oo, (1.35)
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then the diffusion field . converges as € —0 to a mean field i, which satisfies the
following system of equations together with the joint distribution dv;(z,r):

/°° V()Y () Vi, dedt
o Jao

+27r5/000 /QOX(O’OO)w(t)C(x) (u - i) dv;(,r) di =0, (1.36)

> ) a1 (1 . .
/0 /QOX(OW) <1/J (t)(—27r1/)(t)§r—2 <r —u*)) dv;(x,r)dt =0, (1.37)

for all € C§°(0,00) and CGCg. The function space C’g is defined by (3.9).

REMARK 1.1. If dv;(z,7) has a density f(f,z,7), then 4. and f(f,z,r) are weak
solutions for

r

e 1 N
—Aﬂ*+277(5/ <1l*—) f(t,x,r)ydr=0, (1.38)
0
and

. 2r (1 .
%f(t,x,r)—&—% (—T;T <T—a*> f(t,x,r)) =0. (1.39)
The topology in which 4. converges to @, will be made clear in Section 4. Apparently
(1.38) is a generalization of (1.19). In addition, in the regime when £ << L, ~0 and
heuristically (1.38) reduces to Ad, ~0. Combined with the periodic boundary condition,
uy is a constant in g and (1.38) heuristically implies (1.19). To make this argument
rigorous, we may consider the situation that § depends on € and 6 —0 as € - 0. It will
be studied in further explorations. Equation (1.39) is of the same form as (1.16), except
that (1.39) is in the tA:RIf&EQtzR;‘fOt m&g time scale.

As was pointed out in [9], it is not necessary for z; to be the grid points. It suffices to
assume the minimum distance between droplets is a fixed portion of the average distance.
In that sense, we need only to find 0 < A <1/2 such that B(x;,Ae)NB(xj, e) =0 if i #j.
For Assumption (1.35), if initially all droplets are bounded uniformly in e, then this
assumption is automatically true.

2. The time scalings
In this section we explain the relation between the two time scalings: the nonlinear
rescaling ¢ ::fot mds and the linear rescaling 5:R24552t. For t, by (1.27),

dit 1
dt Ing=1/2(t)

Let’s estimate dt/dt.

N N N
o R? . 2 R R
Ing(t) =1In (Zﬁgk) =In <7§§ ZR@) =In (ﬁZRii)
k k ;— ;
a? N
:lng—;—kln 622Ri,i

i=1
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2
a
lns—g

a? In (52 Ei\; R z)
= (ln E) 1+ ’

2ln = ’

Qe

:_2< 5) 1_111(522?;1}%%,1')

-1

1 _ <1n€) -1 - In (62 Zivﬂ Riz)

Ing(t)—1/2 ae 2ln >
1 al B
=5e2 <1 - 55s2ln <52 ZR%)) by (1.23)
i=1
=628, (1) (2.2)
Here
1 N B
Be(t):= <1—25€21n<522Ri7i>> . (2.3)
1=1
So
t
t=06¢e? _(s)ds, 2.4
@ [ poas (2.4
p(t) =2/ (07 B=(0) (2.5)

LEMMA 2.1.  B:(t) uniformly converges to 1 for all t € (0,00) as € —0. Consequently

o(t)—0 and —1  uniformly in t€ (0,00) as € —0. (2.6)

t
de?t
Proof. By (1.26) we have

N (0) .

> R (0)=Ny(0) = No=c2.

i=1

Then by Holder’s inequality, the conservation of mass, and the fact that Ny (t) < Ny (0)

Ne(t) Ne(t) 20 [N0) 2
e RL.<ENOVE SR | <N Y RS L(0)
=1 =1 1=1
=e2Ny<1. (2.7)

On the other hand, since the surface area Zf\]:(lt) Ril is decreasing, it is bigger than or
equal to the surface area of the eventual stable equilibrium state when there remains
just one droplet, whose volume equals the preserved total volume of droplets, and thus

. . 1/3
the radius is Ry, f:= (Z;V:kl(o) Ri’i(o)) —e72/3_ G

()
g2 ZRi,i252Ri,f:EQ/3' (2.8)
i=1
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Combining (2.7) and (2.8), we have

N
1 . 1 1
1<1-3de%In (s“' §Rﬁ> <1-50e Ine?/?=1- 55621115. (2.9)
By (2.3)
1 swm< (2.10)
1—%5521n€_ = '

Letting € — 0, we obtain . (t) — 1 uniformly for all ¢ € [0,00). Hence ¢(t) — 0 uniformly
for all t€[0,00) by (2.5). In addition,

t 1
m:;/ Be(s)ds—1  uniformly in ¢ € (0,00) as € — 0. (2.11)

€ 0
0

Because of Lemma 2.1, and since we only consider the limiting behavior when £ — 0,
it suffices to consider the following linear rescaling of time

t=R; 6e%. (2.12)
The following a priori estimate is similar to (1.7).

N(#)

No
A 1 .
// \Viie|? dedi+ - 552§ R}, §5€2§ R (0). (2.13)
i=1

So according to (2.13) and (2.7),

1
/ / Ve |* dodf < = 5522}% 5 (2.14)

By (2.14), if 6~0, then

/ / |Viie|* drdt~0 (2.15)
0 Qo

and 4. is approximately a spatial constant. This is consistent with the screening
length argument given in Section 1. If § is a nonzero constant, then we do not ex-
pect fooo fQo |Viic|? dzdf to be small and u. will not be a spatial constant.

3. Homogenization

Our goal is to consider the homogenization of the system (1.31)—(1.33). To simplify
notations, from now on we omit the hat and the subscript k, and rewrite ¢ as t, Rk,i as
R;, and 1. as u.. Also we drop the subscript of Qg and just write Q=(0,1)2. So the
system we are working on is

—Auc(t,x)=0 in Q\U; B¢, (3.1)
1 _
uE:E in B;, (3.2)
dR; 1

*ﬁAE[VUE'n}dS on I'; =0B;. (3.3)
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The natural space for the pressure u,. is LQ(O,oo;H;)7 where

H) :={u€ H}, (R?):u is periodic with respect to Q}. (3.4)
Recall that the initial distribution of R, satisfies

SNV R 0)

Yo =" (3.5)

As is done when estimating (2.8), the biggest possible radius is attained when there
remains only one droplet, of radius R =¢~2/3, Thus we have the following estimate on
the size of droplets.

Ri(t)<e /3 forall t>0,i=1,...,N(t). (3.6)
Then by (1.23),
a:R;(t) < /3= 1/0%) forall t>0,i=1,... JN(2). (3.7)
Since § >0 is a fixed constant, it is easily seen that
e72/3¢71/0€") 50 as e—0.
Hence for any A >0, there exists £y such that
el /310 <2 for any 0<e <ep.

Combined with (3.7), we get a.R;(t) < Ae for all t >0 and all indices 4, which is (1.34),
the first conclusion of Theorem 1.1.

Similar to what is done in [9], we introduce the rescaled empirical joint distribution
of {(.’El,Rl(t)) = 1,...,N(t)}

N(t) N(t)

e 1 CR(4) =2 5 0
/QX(O’OO)Cth—NO;C(CE“RZ(t))—s ;((x“Rl(t)) for (€ C, (3.8)

where

¢={((z,r): (€ C'(R? x (0,00)),
Cg := ¢ ( is periodic with respect to Q=(0,1)? . (3.9)
and has compact support in 7 € (0,00)

From here on, to simplify notations we omit the domain  x (0,00) when writing inte-
grals with respect to dvf, unless specified otherwise. That is, [(dv§ ::fo(o OO)Cdyf.

The rest of this section is devoted to estimates related to vy and u.. They are
analogous to the estimates in [9]. However, since our problem has the distinctive feature
that the droplets are three dimensional while the diffusion field is two dimensional, and
since we want to capture the effect of the screening length through the parameter ¢, we
give detailed proofs for some of the results.
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3.1. A priori estimates. By taking ¢ smooth and

1if min{R;(¢)} <r <max;{R;(t)},
C(ar)= { 0 if r >2max; {R;(t)} or r < min; {R;(t)}, (3.10)

we translate N (t) < No=¢c"2 into
/dufgl for all t € (0,00). (3.11)

Similarly by taking ¢ smooth and

3 if ming{R; (1)} <r <max; {Ri(t)},
C(ar)= { 0 if r>2max;{R;(t)} or r < imin{R;(t)},

(3.12)
the conservation of volume is written as

/7“3 dv; =1 for all t€(0,00). (3.13)
The condition (1.35) on the initial distribution of volumes translates into

/ r3dvs—0 uniformly in € as R — oo. (3.14)
r>R

In addition, using u. as a test function for (3.1)—(3.3), we get

N(t)
5e? ZRiRi:—/ |Vu|?dz (3.15)
i=1 Q@

and thus for any ¢ >0 we have

K ) ) )
/ /\Vu€|2dmdt+§/r2dyf:5/7"2(11/8g5 (3.16)
0 JQ

by (3.11) and (3.13).

3.2. Control of R; and the Hélder continuity of v;.  Since u. satisfies the
non-homogeneous Dirichlet condition (3.2), for each i we define the following auxiliary
function w; as the solution for

w; =0 on OBx:(z;) (3.18)
w;=1 in B;. (3.19)

Then w; can be extended by zero outside of By.(x;) into a function w; € HI}(Q) Using
w; as a test function for (3.1)-(3.3), we derive the following lemma concerning the
growth rate of the volume of droplets, in terms of R;.

LEMMA 3.1.  For any €>0 and t >0 we have

N() »
5522{(1—5521n (;))R?R?}SQ?‘(‘/ |V |[*da. (3.20)
i=1 Q
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In addition, there exists €1 >0 depending only on X\ and § such that for all t >0 and all
€<ey, we have

t [N(s) , ) 9
R;(s)R;(s) | ds< = (3.21)
0\ i=1
Proof. w; can be solved explicitly
w(x): hl(@;:”) _ ln(|$;€$i|) B ln(\JC;:H)
! ln(ag\—?i) ln(%)—&—ln(%) —6—15—2+ln(&)
ln(ll_m)
=gt —— 2~ 3.22
1—6e2In (&) (3.22)
1 T—T;
Vw; = v R (3.23)
In(%81) [z — ;]2
2 2mde?
Yw;|?dx = = —. (3.24)
~/Bx5($i)| | ln(ﬁ) 1_582111(%)

By (3.3),
552R?R1—:/ Vu5~nds:/ inug-nds:—/ Vu, -Vw;dx. (3.25)
oB; oB; B (zi)\Bf

Hence

S RIRE < / V| da / [Vw;|* d
Bie(z;)\B? Bxe(z:)\B§

2 2
< / [Vuc|?dx ”755}_{_ (3:26)
Bie(z:)\B§ 1_66211(1(#)

and

5e? (1552ln <RZ>) R;lRZ2 §27T/ |Vue|* da.
A Bie(2:)\BS

Since By (x;) are disjoint, summation over all i gives

N(t) R
6622{(1—552111 (;))R;*Rf}gzw/ [Vue|*da. (3.27)
i=1 Q

Since R; <e~2/3, we have

i 1
1—6¢In (1?) >1-de%ln ( 2/3)\> =1+06e2In(e?/3N). (3.28)
€

Let 1 =¢1(\,9) be small enough so that

1
140e2In(e2/3)) > 3 for all e <e;.
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Then by (3.27), for all e <&y we have

N (1)
5€QZR4R2<47T/ |V, |* de,

and by (3.16), for any ¢ >0 we have

N(s)

¢ . 4 1 2m
4 2 2
/0 ;:1 R;(s)R;(s) | ds< 652/0 /Q|Vu5\ dxdt < 2

LEMMA 3.2, Forany0<e<ey and any € CS, we have the following Hélder continuity

of [¢dvs int.
/gdy,g—/gdy; g\/%( '3;2<>|t1—t2|1/2. (3.29)

Proof. For any given ( € Cg , we have 0,.C € CS and

10-C|
ey 2 =
Then
| g 9 1/2
’/ngtE —/CthE <[ty —to] /2 (/ —/Cduf dt)
1 2 0 dt
. N 9 1/2
<ty —to]M? / e 0.C(Ri)Ri| dt
0 i=1
o 5 1/2
<|t1—t2|1/2( 9, C') / 2> RIR;| dt
0 i=1
5, N 1/2
<[ty —to'/? ( | <|)</ 221 2> RIR? dt)
=1
0,¢| v
<|t;—t 1/2< ) / 2N "RIR%dL
t1 —t2] 2 ; ;

0L ([ 5oy -
—1/2 1/2 7‘ 2 4 H2

=1
Or
<V2r (sgghf') [ty — 2]/ Dby (3.21). (3.30)
O
3.3. Tightness of v;. Now we show that if initially the total volume is not

concentrated on the few biggest droplets, neither will it in later times.
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LEMMA 3.3.  For alln>0 and T >0 there exists Ry >0 such that

sup / r3dvi <m  uniformly in e. (3.31)
te(0,T)Jr>Ry
Proof. This Lemma mimics Lemma 3.2 in [9]. Let R be a parameter to be

determined and let ¢ be a smooth cutoff function on (0,00) such that ¢(r)=0 for
r<R/2, p(r)=1 for r> R and that 0<¢'(r) <3/R. Then for any t € (0,T) we have

/DRr dvi < / (r)r3 dvs = /()r dvs + /t<jt/ap(r)r3duf)dt

d ,
< 3 dus + — Y 29(R,)R} | dt
/T>R/2 ot <d Z
/ r3dus + < Ri+3w(Ri))R§Ri) dt
r>R/2
/ 3 dus +
r>R/2
1/2

3 ! 2 EN 4 152 v 2 E 9 2 R2
g 1
/7:>R/27" dVO +/O 1) - RZ Ri 26 (ﬁRZ +36ﬁ> dt

PR;>R/2

IN

1/2

1/2 N
2ZR4R2> (2&2(@(&)%3 +9¢(Ri)2)> dt

IN

IN

1/2

1/2 N
/ 0+—/ (22R4R2> (82}2?) dt
7">R/2 =1

1/2
90t)1/2 t .
< r?’dua—k( / ey RIRZdt
/>R/2 0 R 0 Z

i=1

1 T 1/2
g/ r%lué—l—w by (3.21).
SR/2 R

IN

For any given 7 >0, because of (3.14), we can choose R; >0 depending on T and 7 such
that

, 1807T)1/2
/ 3 dvs + M <n uniformly in €
SR/2 R

for all R> R;. 0

3.4. The regularity of u. and ;. To obtain the necessary compact-
ness, we need the boundedness of u. in L2 _(0,00; H'(2)). Since we already have the
boundedness of Vu. in L?(0,00;L*(2)) by (3.16), to obtain the boundedness of u. in
L2 .(0,00;H'(12)), we need to estimate [ [, |uc[*dxzdt. By Poincaré’s inequality, we
need only to get a bound on fQ U dr = ﬁ fQ usdx. In fact we will do such estimates
locally and then patch them together.

For each i, consider an auxiliary function ¢; that satisfies the following equation for

some constant ¢;,

—A¢i:C¢ in B)\E(:L‘i)\BZ‘, (332)



S. DAI 309

06; |

5 = 1 on 0B;, (3.33)
0;

5‘?1 =0 on OB (x;). (3.34)

We will use ¢; to help us estimate the average of u. in By.\B;. The solvability of
(3.32)—(3.34) requires

o |B)\5(£CZ)\B,L| o )\262 —agR? '

(&

Due to symmetry, ¢; depends only on the radial coordinate r:= |z —1;|. Solving it in
polar coordinates, we get

bi(r) :—%T2+ailnT+5u

/ C; (673
¢’L(r) 2 {r+ r ?
where
)\2 2 Rz
o= )\26%@;31%? >0, [3; is an arbitrary constant. (3.35)
So

Ae Ae 02 a2
[ wepa= [ jsmprarse [ (G0 ar
Bie(zi)\B; acR; a.R; 4 r

2
=27 (af In( A G

aERiH— 16

et e A2e2 4 a2 R?
1 ELLGI Y
o —aZRE)? “(aERZ—)U(vﬁ—azR?)) (3.36)

<A4e4—a§R?>)

= 27ra§ Rf <

By (1.23), we have

e 1 Ri

In addition, since R; <e2/3 for all t >0, we have

Mgt ) i Ne?4+aZR? 1

I -
Lo  Sov4(Ae2—a2R?) 4

0t (\2e2—a2R2)Z

uniformly in ¢ and ¢ >0. Thus by (3.36), there exists €9 =e5(A,0) >0 such that for all
0<e<ey, we have

/ Vif? dv < 3ma? R %Jrl
Bi:(z:)\Bi = e 5 :

1—6e2n(4
< 4na?R? (2;“) . (3.37)
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Multiplying (3.32) by u. and integrating over B). \ B;, we get

2a.R;
#RQQ/ usd:r:/ VUE~V¢¢dz+/ Ueds
e _aeRi Bie(zi)\Bi Bie(z:i)\Bi 0B;

=/ Vue-Vo;dx+2ma,. (3.38)
Bie(w:)\Bi
Writing
Fotoons ™= T ™
UedX = ————F5=5+ Usdx,
Bie(x:)\Bi : 77()‘282_(@]%12) Bic(z:)\B: )
we get
][ dr— -1 / V. Ve d (3.39)
Uedr — — = Ue - Vo dx. .
Bie(x:)\Bi R 2macR; Bie(z:)\Bi
So
) 2
][ U dr — —
Bic(z:)\B; R;
<1 / V. *de / Vi[2da
— € 3
47T2a’gRiQ B (z:)\B; Biae(zi)\B;
1 [1-6e%n(%
<11z n(x) / Vuc2dz) by (3.37). (3.40)
m oe B (zi)\B;
Multiplying both sides by 1652% and summing over all i, we obtain the following
—de2In Bi
lemma.

LEMMA 3.4.  There exists a constant C' such that for all € >0 sufficiently small and
all t>0 we have

Z 552
R;
; 1—5621117

=1

2
gl/ |V, |*dz. (3.41)
T Jao

1
— 7][ ue dx
R; Bie(zi)\Bi

The average over By.(x;)\ B; can be replaced by the average over B).. Indeed, by
the triangle inequality, we have

/ Ue dx
Bxe(z1)
1 1 1
ue dx — ——&-—/ U dx+ —
]Z;Ag(JJi)\Bi RZ W(AQFJQ —ang) B Rz
1
][ Ue dr — —
Bixe(zi)\B; R;

1 1
+—/ Ue dT + —
B;
N\ 172 1/2
1 [1-6e%In(£e) a’R; 1
<= |z Vu|*d st —. (342
_ﬁ< )e2 /Ehg(xi)\Bq; u€| €L + )\2527013]%12 +Ri ( )

1
m(A\2e2 —a2R?)

<

m(A\2e2—a2R?) R;



S. DAI 311

Thus

][ Ue dx —][ Ue dx
Bie(x:)\B; Bie(z4)

1 1 1 / d 1 / d
— U dl — —————= Ue dx
[\ A2e2 —ang A2¢2 Ba (1) A2g2 —ang B,

1 alR? 1 / aZR;
u.dr|+
B)\a(wi)

> ; 222 _agRZZ P
1/2 1/2
a?R? 1 (1-6e2In(%s) / ? /
e / Vel
2222 ﬁ 0e2 Bie(2:)\B;

A2e? —a2R?
a2R2 CLQRZ' 1 2Ri
+55 - +— )t s s
N2e2 \\2e2—a2R?  R;) MN2e2—a2R?

o\ 1/2 1/2
1—6e2In(f
<e 57;(“ / IV [2de +&3 (3.43)
oe Bae(@i)\Bi

for € sufficiently small. Then

o
—— Ug dx
R; Bic(z4) )

1
][ Us dr — — ][ ugdx—][ Ue dx
Bxe(2:)\B; R Bac(2:)\B; Bae ()

<C / |V |*dz 4% |. (3.44)
Bixe(zi)\Bi

Here C=C(8§,\) >0 is a generic constant. Summing up all 4, since N(t) <e~2 we get
the following bound.

2
§e2

R;
1 —6€2IHT

2
20e2

< — +
- 175521n%

LEMMA 3.5. There exists a constant C'=C(0,\) such that for all e>0 sufficiently
small and all t >0 we have
N
> T E

21 B
Pl oe ln

2
<C(/ |Vu5|2dx+6>. (3.45)
Q

o1,
—— Usdr
Ri Jpya)

Inequality (3.45) can be improved using a different approach as in [9], so that € is
removed from the right-hand side. We write down the result as the following lemma
but omit the proof here.

LEMMA 3.6.  There exists a constant C'=C(§,\) >0 such that for all e >0 sufficiently

small and all t >0 we have
2
P i_][ v di
1*552111% R; B (zi) :

i=1

gc/ |Vuc|?da. (3.46)
Q
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Lemmas 3.4, 3.5, and 3.6 fulfill the same role. We only need one of them to carry

out our later analysis. For instance, we will use Lemma 3.4 to prove the following lemma
about v;, which can also be proved using the other two lemmas.

LEMMA 3.7. There exists a constant C =C(5,\) >0 such that for all e >0 sufficiently
small and all t >0 we have

) 1 5 ) ,
- E< 7 . .
/ 1*562]11(7*//\) r2 dyt <C (/\2 /Q|u€| dCC—I—/Q ‘VU6| dl‘) (3 47)

Proof.

5 al &2 1
/1 0e21n( 1"//\ Z1 552lnRT R?
2
2 1 5 2
<2 usdr| +2 7][ U dx
Zl 552111 R; ]{-nscr,,)\B ) Zl 02 o B

2 5e2 1
SC’/ |Vu 2 dz+ = . / |uc|? da
o w;u—(sgﬂn%) (N2e2—a2R?) Jp, (wi\B:

5 1 1
<C c|7d N2 €2d
/'VU | T+ max{(l—582ln}§i) (1)\252a§R12)}/Qu ‘ !

<C </ |V |[*dz+ F/ uEde> when ¢ is sufficiently small.
Q Q

2

Now it is time to prove the L? bound of u..

LEMMA 3.8.  There exists a constant C=C(\,d) such that for all e sufficiently small
and all t >0 we have

2
1+()\_1+5_1/2)||Vu5||L2(Q)
lue?de <C{ || Vue||32(q) + - . (3.48)
/Q < <llz2(Q) f1_5521n§th€

Proof.
N
de? de? 1
— | R U — 1= R; Up — —
; 1—06e? ln% Z]ixs(zi) ) ; 1—de? ln& ' ]ixs(mi) : Ri

o\ 1/2

/2 , N 1/2 N 9
<max L ZEQRZ . ZL i—][ Uedx
T 1—552111% — ' - 1—562111% R; Bie(z4) )
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<ON*Y2|| Ve | 120y + CA?. (3.50)

Rl]l Ue
i=1 Bie(wi)
(552 Ri _
1—6e2In B mA2e2 (/BAE(M) e = el + /IBAE(m)UE )
(552 RZ‘ _ 19 Y2 N (562 Ri
1 52 i e (/Bxs(xi)lug—uJ > +;175521n%ﬂ)\262 /BM(M)UE

5 (& N 1/2
b (o) (S, s e o)
i=1 i=1" Bac(@i)

1)
< CX ||Vu€||L2(Q) +C(51/2||VU5||L2(Q) + 6. (3.51)

Let 2. := f, uc dz. Then

N

or de2
— A ) |u| =
</1—5521n§ Vt)'“' 21—552111%

-

i=1

&

1

So

—1
r
u5|§C</TdVE> (1+(>\_1+5_1/2)||quL2(Q))7
175521nx t

d
/|ug|2dx§2/ |u5—a5|2+2/\a5\2
Q Q Q
— 2

2
r R _ _
§C|VUE%2(0)+C</15821nrdyt) (1+()\ '4d 1/2)vu5|L2(Q)) :
A

an

COROLLARY 3.1.  For all T < oo there exists Cp 5 x=C(T,5,\) <o such that

T b} 1 T )
e 2 W | dwdt < . .52
/0 /1—5621n(r/)\)r2 ”ﬁ/o /Q|“| dt < Cr5.0 (3.52)

Proof. Combining Lemma 3.7 and Lemma 3.8, we only need to prove that for any
T < 00, there exists a constant ¢(7',d,\) such that

.
inf [ s v > o(T,0,) .
tel(%m/ [—oering v 2ol (3.53)

uniformly as € — 0.

1:/r3duf:/ r3duf+/ r?’duf—l—/ 3 dvg
r<Ro Ro<r<R >Ry

RO r
§R8+R%(1—(5521n7)/1; en 1_6€2lnr\dl/§+/>R T'Bdl/ts. (354)
0TIy r 1

According to Lemma 3.3, we can choose R; big enough so that fr>R1 rddvs < % for all
e. In addition, we choose RJ < i. o
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REMARK 3.1. Combining Corollary 3.1 and the fact that [ r3dvi =1, a simple appli-
cation of Holder’s inequality shows that

Tri
/ /fdufdthT’(;,,\. (3.55)
0 T

This indicates that [r~'dyf{ exists almost everywhere in t€[0,00) and it is in
L ([0,00)).

4. The limit as ¢ =0

4.1. The existence of the limit of v{.  Asis in [9], according to (3.11) and
(3.29), the Arzela-Ascoli theorem guarantees that there exists a family of nonnegative
Borel measures {14}, and a subsequence of v¢, still denoted by v§, such that

/(dyf —)/(dyt locally uniformly in ¢ € [0,00). (4.1)

for any (¢ in a countable dense subset of C’%) NC*. Again by the uniform boundedness of
v (3.11), we can extend (4.1) to all (€ Cy.

Since [ dvf <1, the weak lower semicontinuity guarantees the uniform boundedness
of v,

/dut <1. (4.2)

By the tightness of v§ (Lemma 3.3), we have
/ r3dvf —0 uniformly in & as M — oco. (4.3)
r>M
On the other hand, (3.11) indicates that
/ r3dvf —0 uniformly in € as o — 0. (4.4)
r<o

So the conservation of volume (3.13) is preserved by v,
/rs dyy=1 for all t€]0,00). (4.5)

4.2. The limit of wu.. First we observe that, according to (3.16) and (3.52),
for any given T', u. is bounded in L?(0,7;H(Q2)). So there exists u, € L?(0,T; H'(Q))
and a subsequence of u., still denoted by u., such that u. —u, in L2(0,7;H'(Q)). In
addition, the trace theorem indicates that wu. is spatially periodic in space with respect
to Q.

Let Cy(0,T") denote continuous functions in ¢ with compact support in (0,7") and
C}(€) denote continuously differentiable functions that are periodic with respect to €.
THEOREM 4.1. For any 1(t) € Co(0,T) and any ¢ € C}(S2), we have

/O : / WOVC() - Vi, dadt+ 276 /O ' / W) () (u—i) ddi=0.  (4.6)
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Before proving Theorem 4.1, we state the following lemma, which is a fact used
in [9] but we think it deserves to be singled out as a lemma. It is essential when we
need to exchange integrals in a ball into an integral on the boundary of that ball.
LEMMA 4.1. For any ue H'(B,(0)), we have

/ udm—f/ uds
B, 2 Jom,

Proof. The idea is to use integration by parts to transform the volume integral into
a boundary integral.
Let ¢(z)=—1|z|?. Then

<V 27TT2||VU||L2(BT). (47)

—Ap=1 in B,(0),

1
Vgo-n:—ir on 0B,.

/ udxz/ (—Ap)udr= Vu~Vg0—/ uVe-n
B, B, 0B,

"

1
:/ Vu-chJrfr/ uds.
B, 2 JoB,
/ udz—f/ uds
B, 2 Jom

r

Hence

<|Vulz2ey IV@ll L2(8,) = V2rr?||Vul 2 (5,)- (4.8)

d
REMARK 4.1. A special case of Lemma 4.1 is when u is harmonic in B,.. The mean
value property says

1 1
u(0)=— uds=— [ udz. (4.9)
27r Jop, e Jp,

/ udx:i/ uds (4.10)
B, 2 Jo,

LEMMA 4.2.  For w; defined by (3.17)-(3.19), we have

/()Tw(t)iﬁ;C(xi’Ri)/a

Proof. This is exactly Lemma 4.1 in [9]. O
Proof. (Proof of Theorem 4.1.) For any () and ((z),

Hence

T
Ue (—Vw; -n) dt—>27r/ z/J(t)/Cu*dz/tdt. (4.11)
0

Bixe ()

0/()T1p(t)/ﬂg~(Au5)dzdt

T
=/ w(t)/VC-VuE—V-(CVug)dxdt
0 Q
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/ < / V¢ Vuedatdt—&-z CVue-nds> dt
oB¢
T
:/0 w(t)/QVC~VuEda:dt+;/o W(t) | (Vue-ndsdt. (4.12)

oBs
Apparently
T T
/ w(t)/VC~Vu€dxdt—>/ w(t)/V(:-Vu*dxdt as € —0. (4.13)
0 Q 0 Q

We only need to consider the limit of

N T
Z/ P(t) (Vue-ndsdt as e—0.
i=1"0

aB:

Because of the definition of v§, we want to replace ¢ by ((z;) on dB$. Since Aw; =0,
w; =1 on 0B{, and w; =0 on 0By (x;),

(Vu.-nds
oBs

= ((xi)inuE-nds—i—/ (¢ —C(x))w; Vue -nds
aB: aBs

:—C(xi)/BM(M)\BfV-(inus)dx—/BM(wi)\Bs ((C C(x ))wZVu5> x

o f w9 (G de

:C(azi)/ uEVwi~nds—((xi)/ ue Vw; -nds
dBs OBxe(x4)

—/ (inC'VUE—F(C—C(xi))Vwi-Vu5>dx
Bxe(zi)\B§
= Ji+J5+ Ji. (4.14)

We analyze the above equation term by term. J{ is simple.

T=cw) [ aVwinds=ceyg [ Vuinds
oB: Ri

iJoBs
de? 1
= 21((2;) >
1—5621n(1§j) WC(m)Ri
Z/ W(t)J: dt——27r6/ s2§:¢(t)g( )= LI S
! - Ri1— 552111(%)
1
:—27r(5/ Y () 1= 5521 r —dvdt

— 2#5/ (/ dvt> dt ase—0. (4.15)
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For Ji and Ji, we have the following lemma, which completes the proof of Theorem

4.1. 0
LEMMA 4.3.
N T ) T
; /0 Y(t)Jsdt — 276 /0 W(t) ( / C(x)u*(;v)dut) dt, (4.16)
N T
Z/ W(t)JEdt —0. (4.17)
i=170

Proof. For Ji, we further split it into two terms using Lemma 4.1.

_ 5e? 1
Jl I . v ;o d = T < o1 B\ 2 d
2 C(xz)/BBxs(Ii)ua fene 1_682111(%) C(xZ))\f‘: /BBAa(xi)us ’

5e2 2
 1-6e2In (i) (=) A2g2

/ ucdr+1I; by (4.7).
Be ()

) 5e2
|G <|————— 2V27||Vuel 2B, (24))- (4.18)
17652111(%) A

(i)

So

T N
< C(sup|<|)562/0 @D Vuellrz(sy. oo di
i=1

N T .
> | v
- N 12 , o 1/2
SC(Sup|<|)5€2/O Wj(t” (Zl> (ZHVUEH%Q(BAE(IJ)) dt
=1 =

1=

1
T N \1/2 1/2
SC(SUP|C|)5€/O |¢(t)|<5221) </Q|Vus|2d$> di
i=1

e 1/2
<O (sup|C) el 2 0.1 (/ /Q|Vu5|2dx>
0

<C(sup|¢)) 8% eyl 2o,y by (3.16)
—0 ase—0.

Thus
N

T .
im > /0 () Thdt

=1

tim [ (o) > () / dz | dt (4.19)
— 1 T; Ue AT . .
=0 /g —~1—09e2ln (Ri ) AZe? Bie(wi)

i=1 A

Let

e? i 1 : e
gps(x): 1—562111(%)4(3%)#)\252’ if ‘I 1’1|§/\6, (420)
0, otherwise.
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Then for any ve C5°((0,T) x ),
N 22 1
/ /90E vit) dmdt—/ <z:: —6e2In ( %) (e i)ﬂ)\2€2 /Bm(mi)v(x)dm> a
N

/ /C v(t,x)dvy dt+ 1.
—>/ /C v(t,x)dvdt. (4.21)

Here we used the fact that I. —0 as ¢ —0.
So by the strong convergence of u. — u, in L?(0,7;L?(£2)) and the boundedness of
¢- in L?(0,T;L%(R)), we have

N T T
1%; /0 W(t)Jsdt = lim 276 / / V() ue () e (z) dadt

=276 / ( / ¥(t) dut> dt. (4.22)

Now we consider Ji. For x € By.(z;), since

o) —ctal=| [ v<<xi+t<x—xi>>-<x—xi>dt\sxa<sup|v<|>,

we have

i =| - / (W V- Ve + (¢~ ((2)) V-V, ) da
B)\E(TZ \B‘)E

< (sup|V(]) (Hwi 2By« (2i)\Bs) T A Vw; HLZ(BAE(:Q))) [Vuel|2 (B, (21))

1/2
s 5e? oe?
< V¢ A 5 +1{2
L e (”1—&%@))

: HVUEHLQ(BAE(M))
< C(sup|V¢|) 64262 (51 %e + 1) || Vue|| 2By (1) - (4.23)

Here we used Equation (3.24) and the following estimate

1 Ae r 2
2 —
”wiL?(B)\E(:ci)\Bf)27r1n2(a31:‘,i)/a R T(ln(g)) dr

edilq

1 (acR;)? aR; \°> [ r
-9 - 1 - In(—)d
”hﬁ(a;fi){ 2 (n( Ae )) /aERirn(Ae) g
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: {(aERi)Q ln(aERi)+ 222 (asRi)z}

=27 _
2/a:R;
In“( e 2 e 4 4
2
2.2 2
< TA e o _ . (4.24)
2 1—0e2In(5t)

So

)Jidt

=1

N 1/2
C sup| V) [ 200.r)8" 22(6" 2 +1)- </ ( 221) (Z'WZLZ(B“(“))))

i=1

1/2
T/ N 2
C (sup |V 19| r20,7)0 "/ 22 (51 % +1) ( /0 (Z|WEL2<BM(M»> )

. 1/2
C (s [VC1) 18] 5 0.y 32 (6224 1) ( [ |Vu€2dxdt>
0 Q

< C(sup|VCD) %[l 20, 02(87 2 +1) by (3.16)
—0 ase—0. (4.25)
0

4.3. The limit equation for the droplet distribution. Finally we state the
following theorem about the droplet distribution.

THEOREM 4.2. For all Y € C§°(0,00) and ¢ € C’g with 9¢/0r € Cg, we have
¢ 1
/ / (t)C+2mp(t )——(ru* 1) | dvpdt=0. (4.26)

Proof. For a given ¢, let T'>0 be big enough so that suppty C (0,7"). Then

—/O 22w C(ai R
:/O sz_z{wt) o)+ 00 G i B e

T

N
EZZ{w/(t)C(w’H )+1/J( ) C(xlaRi)FlRﬁ vue'nds} dt

aB:

I
S~

<1

T 1

S {00t 00 G 01 B

i=1

§e? 1
%/ /( £)C+2m(t )aifg( 1+7‘u*)> v, dt. (4.27)

Here we used Lemma 4.2.

I
S—



320 A MEAN FIELD MODEL FOR THIN LIQUID FILMS

5. Discussions and conclusions

We have derived a mean field model for the Ostwald ripening of thin liquid films. In
this model, the system size £ and the screening length £, induced by the droplets are
involved through a parameter 6~ £2?/L£2, which we assume to be a positive constant.

ER

This model is a generalization of the mean field model proposed in [2], which heuristically
corresponds to the case when £ << Ly, or § ~0. The result in this paper promotes the
understanding of the delicate relations between the domain size, the distance between
droplets, and the characteristic size of the droplets. In the case when the system size £
is much bigger than L, i.e., when § = oo, little is known about a mean field approach
and we are currently investigating this possibility. On the other hand, both the mean
field model in this paper and that in [2] (and that for 1D thin films [1,7]) only consider
the Ostwald ripening mechanism in thin liquid films. The migration and collision of
liquid droplets are ignored. We expect to derive a model that includes the migration and
collisions. Such a model will likely have some terms similar to those in the Smoluchowski
coagulation models.

Acknowledgments. The author thanks the anonymous referees for their careful
reading and valuable comments that improved the quality of the paper. The author
acknowledges support by US NSF through grants DMS-1802863 and DMS-1815746.

REFERENCES

[1] S. Dai, On a mean field model for 1D thin film droplet coarsening, Nonlinearity, 23:325-340, 2010.
1,5
[2] S. Dai, On the Ostwald ripening of thin liquid films, Commun. Math. Sci., 9:143-160, 2011. 1,
1.2, 1.3, 5
[3] K. Glasner, F. Otto, T. Rump, and D. Slepcev, Ostwald ripening of droplets: the role of migration,
Euro. J. Appl. Math., 20:1-67, 2009. 1, 1
[4] K.B. Glasner, Ostwald ripening in thin film equations, STAM J. Appl. Math., 69(2):473-493, 2008.
1,1
[5] K.B. Glasner and T.P. Witelski, Coarsening dynamics of dewetting films, Phys. Rev. E,
67(1):016302, 2003. 1
[6] K.B. Glasner and T.P. Witelski, Collision versus collapse of droplets in coarsening of dewetting
thinfilms, Phys. D, 209(1-4):80-104, 2005. 1, 1
[7] M.B. Gratton and T.P. Witelski, Transient and self-similar dynamics in thin film coarsening,
Phys. D, 238(23-24):2380-2394, 2009. 1, 1, 5
[8] B. Niethammer, Derivation of the LSW theory for Ostwald ripening by homogenization methods,
Arch. Ration. Mech. Anal., 147:119-178, 1999. 1
[9] B. Niethammer and F. Otto, Domain coarsening in thin films, Comm. Pure. Appl. Math.,
54(3):361-384, 2001. 1, 1.1, 1.2, 1.2, 1.1, 3, 3, 3.3, 3.4, 4.1, 4.2, 4.2
[10] B. Niethammer and F. Otto, Ostwald ripening: the screening length revisited, Calc. Var. Partial
Diff. Equ., 13(1):33-68, 2001. 1.1
[11] A. Oron, S.H. Davis, and S.G. Bankoff, Long-scale evolution of thin liquid film, Rev. Mod. Phys.,
69:931-980, 1997. 1
[12] F. Otto, T. Rump, and D. Slepéev, Coarsening rates for a droplet model: rigorous upper bounds,
SIAM J. Math. Anal., 38(2):503-529, 2006. 1
[13] P.W. Voorhees, The theory of Ostwald ripening, J. Stat. Phys., 38(1/2):231-252, 1985. 1



