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Abstract

Thenonparametriclearningofpositive-valuedfunctionsappearswidelyinmachine
learning,especiallyinthecontextofestimatingintensityfunctionsofpointpro-
cesses.Yet,existingapproacheseitherrequirecomputingexpensiveprojectionsor
semidefiniterelaxations,orlackconvexityandtheoreticalguaranteesafterintroduc-
ingnonlinearlinkfunctions.Inthispaper,weproposeanovelalgorithm,pseudo
mirrordescent,thatperformsefficientestimationofpositivefunctionswithina
Hilbertspacewithoutexpensiveprojections.Thealgorithmguaranteespositivity
byperformingmirrordescentwithanappropriatelyselectedBregmandivergence,
andapseudo-gradientisadoptedtospeedupthegradientevaluationprocedure
inpractice. Weanalyzebothasymptoticandnonasymptoticconvergenceofthe
algorithm.Throughsimulations,weshowthatpseudomirrordescentoutperforms
thestate-of-the-artbenchmarksforlearningintensitiesofPoissonandmultivariate
Hawkesprocesses,intermsofbothcomputationalefficiencyandaccuracy.

1 Introduction

Learningpositive-valuedfunctions(orpositivefunctionsforshort)inHilbertspacesispervasive
inmachinelearning,especiallywhenestimatingintensityfunctionsofpointprocesses.Inrecent
years,therehasbeenasurgeofinterestanddemandformodelinglarge-scaletime-seriesanddiscrete
eventdatausingpointprocesses.Thisisfueledbyawidespectrumofapplicationsrangingfrom
modelingfinancialactivities[Embrechtsetal.,2011],tomodelingnetworkdiffusionsuchasin
diseasepropagation[YangandZha,2013]andspreadofnewsonsocialnetworks[Farajtabaretal.,
2015,2017],totrackingandcontroloflarge-scaleandreal-timesystems[Craciunetal.,2015].
Despitethis,progresshasbeenslowonnonparametriclearningofpositivefunctions(orpositive
intensitiesincaseofpointprocesses).

1.1 LearningPositiveFunctions:ExistingResults

Semi-infinite/Semi-definiterelaxations.Inregularizedempiricalriskminimizationoverarepro-
ducingkernelHilbertspace(RKHS),therepresentertheorem[Scḧolkopfetal.,2001]allowsone
towritetheestimateasalinearcombinationofreproducingkernels.Therefore,theoptimization
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problemreducestoaspecialinstanceofsemi-infiniteprogramming(SIP),whichcanthenbesolved
usingavarietyofmethods,suchascuttingplanemethods[WuandFang,1999,Betr̀o,2004,Kortanek
andNo,1993,Papp,2017].IftheRKHShasapolynomialkernel[PrestelandDelzell,2013,Bagnell
andFarahmand,2015],thentheproblemfurtherreducestoasum-of-squares(SOS)optimization,
whichcanbesolvedusingsemi-definiteprogramming(SDP)solvers,e.g.,GrantandBoyd[2014].
Althoughtheseapproachesguaranteepositivity,theyareoftenlimitedtothebatchlearningsetting,
andarecomputationallyexpensive,thusunsuitableforlearninglargeorstreamingdatasets.

Linkfunctions.Anotherapproachforenforcingpositivityistoperformachangeofvariablevia
apointwisemapping,h:R→ R+,knownasalinkfunction.Examplesincludeh(t)=t

2and
h(t)=exp(t),aswellasvarioustypesofactivationfunctionsinneuralnetworks[MeiandEisner,
2017,Xiaoetal.,2017].Byintroducingh,theoriginalproblemoflearningoveraconstrainedsetof
functionsiseffectivelytransformedintoanunconstrainedone.Suchmethodshavebeensuccessfully
appliedtononparametriclearningofintensityfunctionsofPoissonandmultivariateHawkesprocesses
[Flaxmanetal.,2017,Yangetal.,2017].However,despitetheirnumericaladvantage,theintroduction
ofalinkfunctionoftenbreaksconvexityoftheunderlyinglearningproblem.Consequently,the
numericalresultsarenotbackedbytheoreticalguarantees.

Projection.Whenapplyingiterativeoptimizationalgorithmssuchasthegradientdescent,anadhoc
waytoenforcepositivityoftheintermediateupdatesistoperformprojection.Inaparametricsetting,
thiscanbecarriedoutbysolvingaquadraticprogram(QP),withpositivityconstraintenforcedona
largebutfinitesetofpointsoverthesupportoftheestimate(seeAppendixKfordetails).However,
thisapproachdoesnotguaranteeanoptimalsolutionduetorelaxationoftheconstraints.

1.2 OurContribution

Despiterecentadvancesinlearningpositivefunctions,nonparametriclearningalgorithmsthatare
bothcomputationallyefficientandprovidetheoreticalguaranteesremainlargelyelusive.Inthispaper,
wedesignapseudomirrordescentalgorithmthatleveragestheclassicalmirrordescentalgorithmand
asequenceofpseudo-gradientstoachievethesegoals.Whentheobjectiveissmoothandthepseudo-
gradientisclosetothetruegradient,weprovethatthegradientnormvanishesattherateofO(1/

√
k),

wherekisthenumberofiterations.UnderageneralizedversionofthePolyak-Łojasiewiczcondition
[Karimietal.,2016],wefurthershowthattheobjectivevalueconvergestotheoptimalattherateof
O(1/k).Forseveralpointprocessesestimationapplicationsofinterest,includinglearningintensities
ofnonhomogeneousPoissonprocessesandmultivariateHawkesprocesses,weconstructpseudo-
gradientsbasedonkernelembeddings,asthetruefunctionalgradientsfortheseproblemsarenot
accessibleinpractice. Wealsoconductextensivenumericalexperimentsonbothsyntheticand
real-worlddatasets.Thosenumericalresultsshowthatpseudomirrordescentoutperformsexisting
nonparametricapproachesintermsofbothefficiencyandaccuracy.

2 LearningPositiveFunctionsinHilbertSpaces

Wefirstfocusonageneraloptimizationproblem:

min
x∈H+

f(x), (1)

whereHisaHilbertspacethatconsistsoffunctionsmappingacompactsupportΩ⊂RdtoR,and
H+:={x∈H:x(t)≥0,∀t∈Ω}.ThetopologicaldualofH,whichconsistsofcontinuouslinear
operatorsonH,isdenotedbyH∗,andthenormandinnerproductofHaredenotedby ·and·,·,
respectively.Next,weintroducenotationsanddefinitionsthatwillbeusedfrequentlyinouranalysis.

Functionalgradient.ForaĜateauxdifferentiablefunctionalf:H → R,denoteitsĜateaux
derivativeby[Df(x)](·).Thefunctionalgradientoffatx,denotedby∇f(x),belongstoHand
satisfies[Df(x)](y)=∇f(x),yforanyy∈H.BytheRieszrepresentationtheorem,∇f(x)
existsandisunique.Likewise,iffistwiceĜateauxdifferentiable,onecandefinetheHessianoff
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atxby∇2f(x)∈H∗,suchthatforanyy,z∈H,[D[Df(x)](y)](z)=z,[∇2f(x)](y).Formore
details,pleaseseeBauschkeandCombettes[2011].

BregmandivergenceandFenchelconjugate.Letint(H+)betheinteriorofH+,andconsidera
continuouslydifferentiablefunctionalΦ:int(H+)→Rthatisµ-strongly-convexwithrespectto
somenorm·.Thatis,Φ(x)≥Φ(y)+∇Φ(y),x−y+µ2 x−y

2,∀x,y∈int(H+).Definethe
BregmandivergenceinducedbyΦas∆Φ(x,y)=Φ(x)−Φ(y)−∇Φ(y),x−yforx,y∈int(H+),
and∆Φ(x,y)≥

µ
2 x−y

2.TheFenchelconjugateofΦisΦ∗(u)=supx∈H{x,u−Φ(x)},

whichisµ−1-Lipschitz-smoothwithrespectto · ,∗,whichstandsforthedualnormof· .
2

Inthispaper,weaimatleveragingtheclassicmirrordescentalgorithm[NemirovskiandYudin,1983]
toguaranteepositivity.Thisapproachrequiresthefollowingassumption.

Assumption1.Supposeminx∈H+f(x)=f
∗>−∞isachievedatx∗∈int(H+),andthereexists

aΦ:int(H+)→Rcontinuouslydifferentiableandµ-strongly-convexwithrespectto·,suchthat
∇Φ∗(x)∈int(H+)forx∈H.Moreover,letfΦ(x)=(f◦∇Φ

∗)(x)=f(∇Φ∗(x)).Weassume
∇fΦ(∇Φ(x))∈Hforx∈int(H+),andthatfΦisMµ

−1-Lipschitz-smoothforconstantM:

∇fΦ(∇Φ(y))−∇fΦ(∇Φ(x)) ≤Mµ−1∇Φ(y)−∇Φ(x) ,∗, ∀x,y∈int(H+). (2)

WhenΦ(x)=x2/2,wehave∇Φ∗(x)=∇Φ(x)=xand∇fΦ(∇Φ(x))=∇f(x).Inthiscase,
(2)reducestothestandardsmoothnessassumptionontheobjectivef.Formoregeneralchoices
ofΦ,asufficientconditionfor(2)iswhenfisLipschitzsmoothand∇2Φhasuniformlybounded
eigenvaluesoverint(H+).HoweverthisisnotnecessaryaswewillshowinSection3.

Intuitively,Assumption1canbeinterpretedbyintroducinga“dualspace”[Bubecketal.,2015],H =
{∇Φ(x):x∈int(H+)},whichisconnectedtotheprimalspaceH+throughapairofmappings:
∇Φ:int(H+)→H and∇Φ∗:H →int(H+).Noticethat,inthe“dualspace”,theobjectiveand
itsgradientbecomefΦ(∇Φ(x))and∇fΦ(∇Φ(x)),respectively.Therefore,Assumption1assumes
smoothnessoftheobjectiveinthe“dualspace”,wherethedependenceonΦisincorporatedintothe
Lipschitzconstant.AmoredetailedillustrationcanbefoundinAppendixA.

2.1 Pseudo-gradients

Inpractice,theexactgradientcanbecostlytoevaluate,store,ortransmit;sometimesitmayalsolack
desiredpropertiessuchascontinuityorsmoothness.Tocircumventofthesechallenges,acommon
practiceistousearoughdirectionasasubstituteoftheexactgradientinoptimizationalgorithms.
Examplesincludepseudo-gradients[PoljakandTsypkin,1973],thegradientsign[Goodfellowetal.,
2015],ternerygradients[Wenetal.,2017],andquantizedgradients[Wuetal.,2018].Amongthem,
theconceptofpseudo-gradientisthemostgeneral,andthestartingpointofouralgorithmdesign–
usingmirrordescenttoguaranteepositivity–furthermotivatesustointroduceageneralizednotion
ofpseudo-gradientthatiscompatiblewiththeBregmandivergence.

Definition1(Pseudo-gradient).Consideraniterativealgorithminitializedatx(0)andwithinter-
mediateupdatesx(1),...,x(k),whereeachx(k)isgeneratedfromsomegivenruler(x(k−1),g(k))
witharandomdirectiong(k)∈H.LetF(k)betheminimumσ-algebrageneratedbyx(0),...,x(k).
Then,apseudo-gradientforfatx(k)isarandomelementg(k+1)∈Hsatisfying

∇fΦ(∇Φ(x
(k))),E[g(k+1)|F(k)]≥0. (3)

Thenotionofpseudo-gradientwasoriginallyintroducedinPoljakandTsypkin[1973]asarandom
elementinHthathasanacuteanglewiththetruegradient:E[g(k+1)|F(k)],∇f(x(k))≥0.This
canberetainedfromDefinition1bysettingΦ(x)=x2/2.Undertheintuitionthatguidedusto
raiseAssumption1,Definition1definesapseudo-gradienttohaveanacuteanglewiththegradient
inthe“dualspace”.Belowwegiveafewexamplesofpseudo-gradients.

Example1(Stochasticgradientsarepseudo-gradients).Supposeg(k)∈Hisastochasticgradient
offatx(k−1):E[g(k)|F(k−1)]=∇f(x(k−1)).Theng(k)isapseudo-gradientoffatx(k−1).

2SeeAppendixBfordetails.Thetwonorms ·and · neednotbethesame.
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Algorithm1PseudoMirrorDescentAlgorithm

1:Input:numberofiterationsT;stepsizes{ηk}
T
k=0;objectivef;stronglyconvexfunctionΦ.

2:Initializex(0)∈int(H+).
3:fork=1toTdo
4: Computepseudo-gradientg(k).
5: x(k)=argminx∈int(H+) f(x

(k−1))+g(k),x−x(k−1) +η−1k−1∆Φ(x,x
(k−1)).

6:endfor
7:Output:estimatedfunctionx(T).

TheproofisinAppendixD.Whilestochasticgradientsarepseudo-gradients,theconverseisnottrue.
Asisthecasewiththefollowingexamples,pseudo-gradientscan,andoftenturnouttobe,biased.

Example2(Kernelembeddingsarepseudo-gradients).SupposeK(·,·):Ω×Ω→Risasymmetric
positivedefinitekernelsatisfyingx,K,x ≥0foranyx∈H.LetKt=K(t,·)then

g(k)(t)=Kt,∇fΦ(∇Φ(x
(k−1)))

isapseudo-gradientoffatx(k−1).

Example3(Thesignofthegradientisapseudo-gradientforH=L2(Ω)).Foranyx∈int(H+),

∇fΦ(∇Φ(x)),sgn(∇fΦ(∇Φ(x)))=
Ω

|[∇fΦ(∇Φ(x))](t)|dt≥0.

2.2 PseudoMirrorDescent:AlgorithmandTheory

Inthissection,weintroduceanewalgorithm,PseudoMirrorDescent,thatintegratesthestochastic
mirrordescentwithpseudo-gradients.Thestochasticmirrordescenthasbeenextensivelystudied
andwidelyappliedtosolvingconstrainedoptimizationproblems:see,e.g.,theseminalwork
byNemirovskietal.[2009].Whenitcomestothepositivityconstraint,thestochasticmirrordescent
algorithm,leveragingaproperlychosenBregmandivergence,leadstoasimplemultiplicativeupdate
rulethatpreservespositivity,andreducestheruntimeinpractice.

ThepseudomirrordescentalgorithmisdescribedinAlgorithm1,withthemainiteration:

x(k)=argmin
x∈int(H+)

f(x(k−1))+g(k),x−x(k−1) +η−1k−1∆Φ(x,x
(k−1)), (4)

where∆Φ(·,·)istheBregmandivergenceinducedbyΦ.When∇Φ
∗(x)∈int(H+)forx∈H,x

(k)

hasanexplicitexpression,asweshowbelow(seeAppendixEforproof).

Lemma2.UnderAssumption1,thesolutionof(4)reducesto

x(k)=∇Φ∗(∇Φ(x(k−1))−ηk−1g
(k)).

BelowisanexamplethatappliesLemma2.

Example4(ThegeneralizedI-divergence).LetH=L2[0,1],andΦ(x) x,log(x)−1.Then
∆Φ(x,y)=x,log(x)−log(y),and(4)reducestox

(k)=x(k−1)exp{−ηk−1g
(k)}.

SelectionoftheBregmandivergence.Example4gaveanexampleofBregmandivergence,but
thechoiceofBregmandivergenceisratherflexible,andcanbedesignedinamoregeneralfashion.
Inthecontextoflearningpositivefunctions,anydistance-generatingfunctionΦsuchthat∇Φ∗

preservespositivitywouldbesufficient.Intuitively,thismeansthatonecouldstartoutbychoosingan
appropriate∇Φ∗anddeterminethecorrespondingΦsubsequently.Followingthiswayofdesigning
theBregmandivergence,afewmoreexamplescouldbeeasilyconstructed,includingusingΦ(x)=
− logx(t)dt,whichleadstotheItakura-Saitodivergence,aswellasΦ(x)= 0.4x2.5(t)dt.

Next,weprovidebothasymptoticandnonasymptoticconvergenceanalysisforAlgorithm1.Itis
noteworthythatnoneofourresultsassumeconvexityoftheobjective.Tothebestofourknowledge,
thesearethefirstprovenconvergenceresultsonmirrordescentwithpseudo-gradientupdates.
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Convergenceofavanishinggradient.First,weprovethatthepseudo-gradientandthetruegradient
areasymptoticallyorthogonal.

Theorem3.SupposeAssumption1holds,andthestepsizesin(4)satisfyηk≥0,
∞
k=0ηk=∞,

and
∞
k=0η

2
k<∞.Inaddition,letg

(k)satisfy

E[g(k)2,∗|F
(k−1)]≤λk+ρ∇fΦ(∇Φ(x

(k−1))),E[g(k)|F(k−1)] (5)

wherethesequenceλk≥0satisfies
∞
k=0η

2
kλk+1<∞,andρisapositiveconstant.Then,with

probability1,limk→∞ f(x
(k))existsand

liminf
k→∞

∇fΦ(∇Φ(x
(k−1))),E[g(k)|F(k−1)]=0.

TheproofcanbefoundinAppendixH.Theabovetheoremrequiresasetofassumptionsonthestep
sizes,aswellasanupperboundonthepseudo-gradient’snorm,whicharestandardassumptionsin
optimizationliterature[Bottouetal.,2018,PoljakandTsypkin,1973].Undersuchassumptions,the
pseudo-gradientandthegradienteventuallybecomeorthogonaltoeachotherinprobability.This
impliesthateithertheanglebetweenthepseudo-gradientandthegradientbecomesasymptotically
perpendicular,orthenormofthepseudo-gradientconvergesto0.SinceinAlgorithm1,onehasthe
freedomofdesigningthepseudo-gradient,wecanimmediatelyclaimthat,if(i)thepseudo-gradient
issettoalwayshaveanacuteanglewiththetruegradient,and(ii)thenormratiobetweenthe
pseudo-gradientandthegradientislowerbounded,thenthenormofthegradientconvergesto0.An
exampleofthisisgiveninthefollowingcorollary(seeproofinAppendixG).

Corollary4.InAlgorithm1,suppose∇2Φispositivedefinite,andletg(k)=∇fΦ(∇Φ(x
(k−1)))

org(k)=∇f(x(k−1)).Then,wehavelimk→∞ ∇f(x(k))=0inprobability.

Notethat,if∇f(x(k))’svaluesareuniformlycontinuous,thenthiswouldfurtherimplyconvergence
towardsastationarypointoftheobjectivef.

Next,weinvestigatethenonasymptoticconvergencerateofAlgorithm1tocharacterizethebehavior
oftheapproximatesolutionforafinitenumberofiterations(seeproofinAppendixH).

Theorem5.SupposethatAssumption1holds,andthatconstantsc2andc3existsuchthat

E[g(k)2,∗]≤c
2
2+c

2
3E[∇fΦ(∇Φ(x

(k−1))),E[g(k)|F(k−1)]]. (6)

Inaddition,supposethatthestepsizeηkinAlgorithm1satisfiesηk = Θ(1/
√
k)andηk ≤

2µc−23 M
−1forallk,andaconstantc4existssuchthatf(x

(0))−f∗≤c4.Then,

min
0≤i≤k

E[∇fΦ(∇Φ(x
(i))),E[g(i)|F(i−1)]]=O(logk/

√
k).

Notethatif(5)holdswithλk≡c
2
2andρ=c

2
3,then(6)holdsbytakingexpectationonbothsidesof

(5).Theorem5statestherateatwhichtheinnerproductbetweenthepseudo-gradientandtheactual
gradientvanishesunderjustthesmoothnessassumption.Fasterratesandglobalconvergencecanbe
achievedunderstrongerassumptions.Belowweintroducetheconvergenceratewhentheobjective
satisfiesageneralizedversionofthewell-knownPolyak-ŁojasiewiczconditionPolyak[1963].

GlobalconvergenceunderPolyak-Łojasiewiczcondition.Weintroduceourassumptionbelow.

Assumption2(GeneralizedPolyak-Łojasiewiczcondition).Foranyx∈int(H+),suppose

1

2
∇fΦ(∇Φ(x))

2≥γ(f(x)−f∗) forsomeuniversalconstantγ>0.

TheaboveassumptiongeneralizesthePolyak-Łojasiewiczcondition[Polyak,1963],whichcorre-
spondstothespecificchoiceofΦ(x)=x2/2.UnderthischoiceofΦ,pseudomirrordescent
reducestopseudogradientdescent,andconvergeslinearly[PoljakandTsypkin,1973].NotethatAs-
sumption2isaslightlymorerestrictiveconditionthanthePolyak-Łojasiewiczconditionbecause,by
chainrule,itimpliesthePolyak-Łojasiewiczconditionsolongas∇2Φ(x)hasboundedeigenvalues.
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Theorem6.SupposeAssumptions1,2andEquation(6)hold,andaconstantc1>0existssuch
that,forallx(k)satisfyingf(x(k))=f∗,

E[∇fΦ(∇Φ(x
(k−1))),E[g(k)|F(k−1)]]≥c1E∇fΦ(∇Φ(x

(k)))2, ∀k≥1. (7)

Ifwesetηk≡η<min{1/(2γc1),2M
−1µc−23 },then

E[f(x(k))−f∗]≤ 1−2γc1 η−
Mµ−1η2

2
c23

k

[f(x(0))−f∗]+
Mµ−1η2

2
c22.

Ifinsteadwesetηk=min{(2k+1)/[γc1(k+1)
2],M−1µc−23 },then

E[f(x(k))−f∗]≤
Mµ−1c22
2γ2c21k

fork≥Mc23/(γc1µ).

TheproofofTheorem6isgiveninAppendixI,andisbuiltonKarimietal.[2016],inwhichthe
samerateisobtainedforstochasticgradientdescentunderstandardPolyak-Łojasiewiczconditionin
anEuclideanspace.Bycomparison,Theorem6isamoregeneralresult:(i)itappliestostochastic
mirrordescentonHilbertspaces,(ii)itappliestoanypseudo-gradientsatisfying(7).Asitturns
out,theflexibilityinutilizingpseudo-gradientsinsteadofunbiasedstochasticgradientsplaysan
importantroleinmanypracticalapplications,aswewillillustrateinthefollowingsection.

3 PseudoMirrorDescentforPointProcessEstimation

Inthissection,weapplypseudomirrordescenttotheproblemsoflearningtheintensityfunctionsof
Poissonprocesses,aswellastriggeringfunctionsofmultivariateHawkesprocesses.

3.1 LearningPoissonIntensitieswithPseudoMirrorDescent

Forsimplicityofexposition,weconsideraone-dimensionalPoissonprocessover[0,1]withintensity
x∗(t).Theobjectiveforestimatingx∗(t)is

f(x)=
1

0

x(t)dt−
1

0

x∗(t)logx(t)dt. (8)

Thisobjectivecanbeviewedastheexpectationofthenegativelog-likelihoodofaPoissonprocess
overinfinitenumberofsamplepaths. Ourgoalistominimizef(x)overx∈int(H+)with
H=L2[0,1]. Werestrictxtobecontinuous,andwechoosethegeneralizedI-divergenceasthe
Bregmandivergence,withΦ(x) x,log(x)−1.

Derivingpseudo-gradients.Wehave∇Φ(x)=logx,∇Φ∗(x)=exp(x),and

fΦ(y)=
1

0

exp(y)(t)dt−
1

0

x∗(t)y(t)dt.

Hence,∇fΦ(∇Φ(x))=x−x
∗.Inpractice,wecannotsimplychoose∇fΦ(∇Φ(x))asthepseudo-

gradient,sincex∗(t)isunknown,andinsteadonlysamplearrivalsfromthePoissonprocessare
observed.Hence,wechoosethepseudo-gradientas

g(t)=
1

0

x(τ)K(t,τ)dτ−
N

i=1

K(τi,t),

whereK(·,·)isapositivedefinitekernel,andτ1,...,τN arearrivaltimesfromthePoissonprocess.
TheintroductionofK(·,·)isnecessarytoavoidthepresenceofDirac’sdeltafunctionsinthe
expressionofthepseudo-gradient.Substitutexwithx(k)intheexpressionofg.Theresultingg(k)is
apseudo-gradientsinceE[g(k)|F(k−1)]isthekernelembeddingof∇fΦ(∇Φ(x

(k−1))).

Onconvergenceofpseudomirrordescent.WeverifythattheconditionsinTheorem6hold.When
K(·,·)isafinite-dimensionalkernel(e.g.,apolynomialkernel),wehave

E[g(k)|F(k−1)],∇fΦ(∇Φ(x
(k−1)))=

1

0

1

0

(x(k−1)−x∗)(t1)K(t1,t2)(x
(k−1)−x∗)(t2)dt1dt2,
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whichislowerboundedbyλmin x
(k−1)−x∗ 2whereλmin istheminimumeigenvalueofthe

integraloperatorassociatedwithK(·,·).Thisdesignguaranteesthat(7)holds.

Theexpectedlog-likelihoodobjectivein(8)isnotparticularlyniceforlearningpositivefunctions:as
x∞ approaches0,f(x)becomesnon-smooth,andviolatesthegeneralizedPolyak-Łojasiewiczcon-
dition.Nevertheless,forfinitenumberofiterations,itisreasonabletoassumethattheextremevalues
ofx(t)areboundedandthusthefollowingpropositionfollows.

Proposition7.Considerobjective(8)andletΦ(x)=x,logx−1.Then,

•Theµ-strong-convexityofΦand(2)aresatisfiedfortheL1-normwhenxL1≤µ
−1.

•TheobjectivesatisfiesAssumption2withconstantνwhenmint∈[0,1]x(t)≥2ν.

Althoughthispropositionrequires xL1 ≤µ
−1inorderforΦ(x)tobeµ-strongly-convexand

forfΦtobeMµ
−1-Lipschitz-smoothforconstantM,acrudeanalysisshowsthattheupdatesare

essentiallyoftheformx(k+1)(t)=x(k)(t)exp(−ηk[∇fΦ(x
(k))](t))=O(η−1k ).Therefore,with

i.i.d.samplepathsofthePoissonprocessobservedinpractice,onecanexpect,usingstandard
argumentofconcentrationinequality(seee.g.,Rosascoetal.[2010]),thatsuchconditionwouldhold
withhighprobabilityfortheconstantstepsizespecifiedinTheorem6.Indeed,inthenextsection
weshowthat,althoughPolyak-Łojasiewiczconditionisnotstrictlysatisfied,alinearconvergence
behavioratearlystagecanstillbeobserved.Meanwhile,theproofofProposition7alsoshowsthat
(2)mayholdwhen∇2Φdoesnothaveuniformlyboundedeigenvaluesoverint(H+).

3.2 LearningMultivariateHawkesProcesseswithPseudoMirrorDescent

Herein,weapplypseudomirrordescenttolearnthetriggeringfunctionsofamultivariateHawkes
process.Ap-dimensionalmultivariateHawkesprocessisasetofstochasticprocesseswhoseintensity
functions,denotedbyx∗1,...,x

∗
p,arecausallydependentonthepastarrivals[Hawkes,1971]:

x∗i(t)=x
∗
i0+

p

j=1

t

−∞

y∗ij(t−τ)dNj(τ) i∈{1,...,p}. (9)

Here,x∗i0isagivenbaseintensity,Nj(t)isthecountingprocessofdimensionj,andy
∗
ij∈H:=

L2[0,1]isthetriggeringfunctionthatcapturesthemutualexcitationimpactfromdimensionjtoi.
Ourgoalistolearnthep×ptriggeringfunctionsbymaximizingtheexpectedlog-likelihood,which
canbecarriedoutbyoptimizingpseparateobjectivesoftheform[Yangetal.,2017]:

min
yi1,...,yip∈H

fi(yi1,...,yip)=E
T

0

xi(t)−x
∗
i(t)logxi(t)dt, (10)

wherex1,...,xparecalculatedby

xi(t)=x
∗
i0+

p

j=1

t

−∞

yij(t−τ)dNj(τ) i∈{1,...,p}. (11)

Derivingpseudo-gradients.WeconsiderΦ(x)=x,logx−1.Aftersomecalculations,thepartial
derivativeoffΦwithrespectto∇Φ(yij)canbeexpressedas:

[∂∇Φ(yij)fΦ(∇Φ(yi1),...,∇Φ(yip))](s)=E
T

0

1−
x∗i(t)

xi(t)
yij(s)x

∗
j(t−s)dt,

wheres>0(duetocausality),andtheexpectationisoverthesamplepaths. Wechoosethe
pseudo-gradienttobethekernelembeddingoftheaboveandx∗(t)areaccessedthroughsamples:

gij(s)=
T

0

Nj(t)

k=1

K(s,t−tjk)yij(t−tjk)dt−

Ni(T)

m=0

Nj(tim)

n=0

K(s,tim−tjn)

xi(tim)
yij(tim−tjn), (12)

wheretimisthem-tharrivalinthei-thdimension(seeAppendixfordetailedconstruction).

Remark8(Onefficientrepresentationoftheupdates).ForbothPoissonandmultivariateHawkes
processes,theupdatescanbetrackedpointwise.Ifwereplacetheintegrationoveryijorxbysample
averages,g(s)andgi(s)becomelinearcombinationofthekernels.Thisallowsustoperformupdates
bymerelykeepingtrackofthecoefficientsandtheparametersofthosekernels.
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4 NumericalExperiment

Inthissection,wepresentnumericalresultsonsyntheticandrealdatasets.Withsyntheticdata,the
goalistoverifytheresultsofTheorem6,andtocomparetheperformanceofpseudomirrordescent
withthelinkfunctionandprojectionapproachesmentionedintheintroduction. Meanwhile,the
experimentonrealdataisdesignedtoshowthepracticalperformanceofpseudomirrordescent.We
conductexperimentwithvariouschoicesofkernels,includingthepolynomialkernelK(x,y)=
(1+xy)2,andtheSobolevkernelK(x,y)=1+min{x,y}.AsnotedinTheorem6,afinite-
dimensionalkernelguarantees(7),whereasaninfinite-dimensionalkernelhasabetterrepresentation
capability,andhenceabetterperformancewhenfeweriterationsareperformed.Detailedparameter
settingsandadditionalresultscanbefoundinAppendicesKandL.

Learningasyntheticone-dimensionalPoissonprocess.Wesetx∗(t)=exp(−t),andevaluated
theperformanceofpseudomirrordescentunderconstantandvanishingstepsizes.Theresultis
showninFigure1,whereweplottedlog(f(x(k))−f∗)versuskunderconstant(left)andvanishing
stepsizes(mid),andcomparedtheestimationerrorsbetweenpseudomirrordescent,projected
gradientdescent,andthelinkfunctionapproach(right).Thepseudo-gradientiscalculatedusinga
mini-batchof10realizationsandapolynomialkernelK(x,y)=(1+xy)2.Allhyperparameters
arefine-tunedandreportedinAppendixK.Fromtheleft-mostsubplot,weseethat,eventhoughthe
objectivedoesnotsatisfythePolyak-Łojasiewiczcondition,westillobservelinearconvergenceunder
aconstantstepsizeattheinitialstages.Fromtheright-mostsubplot,weseethatthepseudomirror
descentachievesafasterconvergencecomparingtothelinkfunctionapproachandprojectedgradient
descent.AnextensionofthisexperimentiscarriedoutinFigure2,wheretheunderlyingintensity
functionissettoadiscontinuousfunctionx∗(t)=1+10tfort∈[0,1].Theleft-handsideof
Figure2showsthatbothSobolevandpolynomialkernelcanlearnacontinuousapproximationofthe
intensityfunction.Theright-handsideofthefigureshowsthattheSobolevkernelhasaslightlybetter
representationpowerandthusaslightlybetteroverallperformanceinthegivennumberofiterations.

Learningshotdistancesinprofessionalbasketballgames.Weusedtheshotdistancedataof
severalprofessionalbasketballplayersover500games(availableatstats.nba.com).Weapplied
pseudomirrordescent,thelinkfunctionapproach,andaneuralnetworkestimatorbuiltwithPyTorch
[Paszkeetal.,2017]tolearneachplayer’sshootingdistancemodeledasaPoissonprocess.The
pseudo-gradientiscomputedwithaSobolevkernelK(x,y)=1+min{x,y}[Wahba,1990],and
thehyperparametersarefine-tunedandreportedinAppendixK.Figure3depictstheresultwith
thehistogramofthedatainbackground.Wecanseethatthepseudomirrordescentshowsasimilar
accuracycomparedtothelinkfunctionapproachandtheneuralnetworkestimator.

OnlinelearningformultivariateHawkesprocess.Westudiedthemouseembryonicstemcelldata,
whichisoftenmodeledasamultivariateHawkesprocess.Thedatasetweadopted[Chenetal.,2008]
consistsof15DNAsequences,whereeachsequencedocumentstheco-occurrenceof15typesof
transcriptionalregulatoryelements(TREs).WemodeledeachDNAsequenceasa15-dimensional
Hawkesprocess,followingthesettingof[Carstensenetal.,2010].Ourgoalistocomparethe
log-likelihoodperdimension,(10),evaluatedusingtheestimatesofpseudomirrordescent,the
expectationmaximization(EM)algorithm[LewisandMohler,2011],andtheMLE-SGLPproposed
byXuetal.[2016].Thepseudo-gradientiscomputedwiththeSobolevkernelintroducedabove.

Figure4showstwoscatterplotsofperformancecomparison,betweenpseudomirrordescentandthe
EMalgorithm(left),andbetweenpseudomirrordescentandMLE-SGLPL(right).Thehorizontal
axisisthelog-likelihoodofthebenchmarks,implementedwithBacryetal.[2017],andthevertical
axisisthelog-likelihoodofthepseudomirrordescent.Aseachdotrepresentstheper-dimensional
log-likelihoodofoneTREinoneDNAsequence,thereareatotalof15×15=225dots.Wecansee
that,ontheleft-handsubplotinFigure4,mostdotsfalltotheleftofthediagonalline,indicatingthat
pseudomirrordescentisslightlybetterthantheEMalgorithm;ontheright-handsubplot,mostdots
fallinthevicinityofthediagonalline,implyingsimilarperformancesbetweenpseudomirrordescent
andMLE-SGLP.NotethatboththeEMalgorithmandMLE-SGLParebatchlearningalgorithms.

8



0 20000 40000 60000 80000 100000

Number of iterations

10

8

6

4

2

0

2

f(
x
(k
) )
f
*
 (
lo
g
)

=1/500

=1/1000

=1/2000

0 20000 40000 60000 80000 100000

Number of iterations

10

8

6

4

2

0

2

f(
x
(k
) )
f
*
 (
lo
g
)

 k=1/(0.01k+10)

 k=1/(0.01k+100)

 k=1/(0.1k+10)

 k=1/(0.1k+100)

0 200 400 600 800 1000

Number of iterations

6

4

2

0

2

4

L
2
 e
rr
o
r 
(l
o
g
)

Pseudo mirror descent

RKHS + Link function x=y2

Projected gradient descent
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Figure3:Basketballshotdistancedataset:recoveryoftheintensitiesusingpseudomirrordescent
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Figure4:Mouseembryonicstemcelldataset:scatterplotcomparisonbetweenpseudomirrordescent
andexpectationmaximization(left),andbetweenpseudomirrordescentandMLE-SGLP(right).

5 Conclusion

Thispaperintroducedaprinciplealgorithm,pseudomirrordescent,andanewtheoreticalframework
fornonparametricestimationofpositivefunctions.Convergenceresultsonpseudomirrordescent
applytogeneral-purposed(non-convex)optimizationproblems,whichcanbeofindependentinterest.
Weprovidedexamplesonapplyingpseudomirrordescenttolearningintensityandtriggering
functionsofPoissonandmultivariateHawkesprocesses.Besidesitsstrongtheoreticalguarantees,
numericalresultsalsoshowedthatpseudomirrordescentgeneratesnearoptimalperformancein
practice.
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EmmanuelBacry,MartinBompaire,St́ephaneGäıffas,andSorenPoulsen.Tick:aPythonlibrary
forstatisticallearning,withaparticularemphasisontime-dependentmodelling.arXivpreprint
arXiv:1707.03003,2017.

JAndrewBagnellandAmir-massoudFarahmand.LearningpositivefunctionsinaHilbertspace.
NIPSWorkshoponOptimization,(OPT2015),2015.

HeinzHBauschkeandPatrickLCombettes.Convexanalysisandmonotoneoperatortheoryin
Hilbertspaces,volume408.Springer,2011.

BrunoBetr̀o.Anacceleratedcentralcuttingplanealgorithmforlinearsemi-infiniteprogramming.
MathematicalProgramming,101(3):479–495,2004.
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