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Abstract. We develop a probabilistic approach to continuous-time finite state mean field games. Based on an
alternative description of continuous-time Markov chain by means of semimartingale and the weak formulation of
stochastic optimal control, our approach not only allows us to tackle the mean field of states and the mean field of
control in the same time, but also extend the strategy set of players from Markov strategies to closed-loop strategies.
We show the existence and uniqueness of Nash equilibrium for the mean field game, as well as how the equilibrium
of mean field game consists of an approximative Nash equilibrium for the game with finite number of players under
different assumptions of structure and regularity on the cost functions and transition rate between states.

1. Introduction

Mean field game in which players’ states belong to a finite space is first studied in [14]. The dynamics of each
player’s states is depicted by a continuous-time Markov chain, whose transition rate matrix is a function of the
player’s control and probability distribution of all players’ states. By assuming that each player adopts a Markovian
strategy, the Nash equilibrium can be characterized by a HJB equation corresponding to the optimal control of
continuous-time Markov chain on the one hand, and a Kolmogorov equation on how probability distribution of
player’s states evolves on the other hand. Due to the finite nature of the state space, both equations turn out to
be ordinary differential equations and existence of the solution to this forward-backward system can be obtained
by a fixed point argument. Continuous-time finite state mean field games were applied to model socio-economic
phenomena such as paradigm shift in a scientific community and consumer choice in [15]. In [19], the strategic
aspect of cyber attack and defense is analyzed through a finite state mean field game model, in which the author
introduces a major player - the hacker - whose action influences each minor player - the computer user - in terms
of their payoff and dynamics. Theoretical aspects of finite state mean field games with major and minor players
are investigated in [4] where existence of Nash equilibria and results on approximate Nash equilibrium for finite
player game in small duration are obtained, along with the master equation characterizing the Nash equilibrium.

In this paper, we develop a probabilistic framework for continuous-time finite state mean field game. Our starting
point is a semimartingale representation of continuous-time Markov chain introduced in [10]: Let (Xt)0≤t≤T be a
continuous-time Markov chain with m states which are identified with the m standard basis vectors in Rm, then
we can write:

Xt = X0 +

∫
(0,t]

Q∗(t) ·Xt−dt+Mt.

where Q(t) is the transition rate matrix (also known as the Q-matrix) with Q∗(t) being its transpose and M is a
martingale. We immediately notice the analogy with diffusion processes and apply Girsanov Theorem to construct
equivalent probability measures under which the process X admits a different transition rate process. This opens
a pathway to formulating the optimal control problem of continous-time Markov chain in a so-called weak fashion.
Indeed, in the context of optimal control of diffusion processes, the weak formulation links the control of the drift
to the control of the probability measure (as opposed to the control of the path) and identifies the value function
of the control problem as the solution to a backward stochastic differential equation (BSDE). By the comparison
principle of the BSDE, the optimality of the control problem can be obtained by optimizing the driver of the BSDE
which coincides with the Hamiltonian function. It turns out that such procedure can be transplanted to the case of
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optimal control of continuous-time Markov chain, thanks to the theory of BSDE driven by Markov chain developed
in [6] and [7].

Once the optimal control problem can be characterized by a BSDE, our next step is to develop a probabilistic
approach to the mean field game. Probabilistic approach to mean field game is first proposed in [2], where
player’s optimization problem is treated in the strong formulation. By applying Pontryagin’s Maximum Principle,
the optimality of player’s control problem is characterized by a forward-backward stochastic differential equation
(FBSDE). Later in [3], the authors consider the weak formulation of control problem and use the argument of
change of measure which we briefly described above to obtain the BSDE characterizing the optimality. In both
cases, the existence of Nash equilibria of the mean field game boils down to the well-posedness of a BSDE (or
FBSDE) in which the probability distribution of the solution enters into the driver and the terminal condition of
the equation. These are the so-called McKean-Vlasov type of BSDE (or FBSDE) for which the existence of the
solution can be obtained by a fixed-point argument à la Schauder.

By developing the weak formulation, our contributions to finite state mean field game are three-fold. On the
one hand, the flexibility of the probabilistic approach allows us to incorporate not only the mean field of state, but
also the mean field of control into the dynamics and cost functionals of individual players. Mean field of control
is known to be notoriously intractable via PDE method, due to the difficulties in deriving the equation obeyed by
the flow of probability measure of the optimal control. Under the probabilistic framework however, the mean field
of state and the mean field of control can be dealt with in similar manners, although the treatment of mean field
of control is more involved in terms of the topological argument. On the other hand, using the weak formulation
we are able to show Nash equilibria exist among all closed-loop strategies, including the strategies depending on
the past history of player’s states, whereas the PDE approach can only accommodate Markovian strategies.

Lastly, the weak formulation we develop for the finite state mean field game will serve as a launching pad to tackle
the finite state mean field agent-principal problem. Such model is a form of Stackelberg game in which the principal
fixes a contract first and a large population of agents reaches Nash equilibrium according to the contract proposed
by the principal. By fixing a contract we actually mean that the principal chooses a control which enters into each
agent’s dynamics and cost functions. One meaningful direction in probing mean field agent-principal problems is
to understand how the principal can choose the optimal contract so that its own cost function depending on agent’s
distribution is minimized. To the best of our knowledge, this type of problem is first investigated in [9] where the
agent’s dynamics is a diffusion. The main idea is to formulate the optimal contract problem as a Mckean-Vlasov
optimal control problem, in which the state process to be controlled is the Mckean-Vlasov BSDE characterizing
the Nash equilibrium in the weak formulation of the mean field game. With the help of the weak formulation
we develop in this paper, we believe that the same technique can be applied to the case of finite state mean field
agent-principal problem, which could lead to potential applications in epidemics and cyber security.

We would also like to mention a few literatures related to our paper. In [5] the authors proposed a probabilistic
framework for finite state mean field game where the player’s dynamics of states is represented by stochastic
differential equations driven by Poisson random measures. By using Ky Fan’s fixed point theorem, the authors
obtained existence and uniqueness of the Nash equilibrium in relaxed open-loop as well as relaxed feedback controls.
Then under stronger assumption that guarantees uniqueness of optimal non-relaxed feedback control, the authors
deduced existence of Nash equilibria in non-relaxed feedback form. In [8], continuous-time mean field games with
finite state space and finite action space were studied. The authors proved existence of Nash equilibrium among
relaxed feedback controls. In [1] the authors investigated mean field games where each player’s state follows a jump-
diffusion process and the player controls the sizes of the jumps. The formulation is based on weak formulation of
stochastic controls and martingale problems. Existence of Nash equilibrium among relaxed controls and Markovian
controls is established.
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The rest of the paper is organized as follows. In Section 2, we introduce the weak formulation of finite state mean
field game, which is based on a semimartingale representation of continuous-time Markov chain and an argument
of change of measure. We state the assumptions used throughout the paper and give the precise definition of the
Nash equilibrium in the weak formulation. In Section 3, we analyze player’s optimal control problem when facing
a fixed mean field of state and control, by characterizing the value function and the optimal control using a BSDE
driven by Markov chain. Section 4 is devoted to the existence and the uniqueness of the Nash equilibrium. Finally
in Section 5, we formulate the game with finite number of players and show the Nash equilibrium of the mean field
game is an approximate Nash equilibrium of the game with finite number of players.

2. The Weak Formulation for Finite State Mean Field Games

2.1. Notations. If M is a square real matrix, we denote by by M∗ its transpose and M+ its Moore-Penrose
pseudo inverse. For a column vector X , we denote by diag(X) the square diagonal matrix whose diagonal elements
are given by the entries of X . If γ is a random variable on a probability space (Ω,F ,P), we denote its law or its
distribution, namely the push-forward of P by γby P#γ := P ◦ γ−1.

For two square integrable martingales L, M , we denote by [L,M ] the quadratic covariation process of L and
M . For two semimartingales L and M , we denote by 〈L,M〉 the predictable quadratic covariation process of L
and M . For a semimartingale L such that L0 = 0, we denote by E(L) the process of Doléans-Dade exponential of
L. See Chapter II.6 in [21] for the definitions of these standard concepts.

2.2. Controlled probability measure. For the control of continuous-time finite state Markov chains we adopt
the formalism first introduced in [10], and later developed in [6] and [7]. If X = (Xt)0≤t≤T is a continuous-time
Markov chain with m states, we identify these states with the basis vectors ei in Rm and we denote by E the
resulting state space E = {e1, . . . , em}. We assume that the sample paths t → Xt are càdlàg, i.e. right continuous
with left limits, and continuous at T . In other words, we force XT− = XT .

We first construct a canonical probability space for X. Let Ω be the space of càdlàg functions from [0, T ] to
E which are continuous at T , and let X be the canonical process on Ω, that is Xt(ω) := ωt. We denote by
F := (Ft)t∈[0,T ] with Ft := σ{Xs, s ≤ t} the natural filtration generated by X, and we set F := FT . Throughout
the rest of the paper, we fix a probability measure p◦ on the set E. It will be used as the initial distribution
of the process X. On the filtered space (Ω,F,F), we consider the probability measure P under which X is a
continuous-time Markov chain with initial distribution p◦ and transition rates between any two different states
equal to 1. This means that for i, j ∈ {1, . . . ,m}, i �= j and Δt > 0, we have P[Xt+Δt = ej |Ft] = P[Xt+Δt = ej |Xt]
and P[Xt+Δt = ej|Xt = ei] = Δt+ o(Δt). By Appendix B in [10], the process X has the representation:

(1) Xt = X0 +

∫
(0,t]

Q0 ·Xt−dt+Mt,

where Q0 is the square matrix with diagonal elements all equal to −(m− 1) and off-diagonal elements all equal to
1, and
bcM = (Mt)t≥0 is a Rm-valued P-martingale. The multiplication · is understood as matrix multiplication. Indeed,
Q0 is the transition rate matrix of X under the probability measure P.

Remark 2.1. The representation originally proposed in [10] is:

Xt = X0 +

∫
(0,t]

Q0 ·Xtdt+Mt.

However since Xt is only discontinuous on a countable set, we can replace Xt by Xt− in the integral. The reason
for this slight change of representation is to make the integrand a predictable process, which will be suitable for
the change of measure argument in what follows.
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We shall refer to the probability measure P as the reference measure on the sample space. The first step of
the weak formulation of mean field game consists in depicting how each player’s control as well as the mean field
determine the probability measure of the sample path. We denote by S the m-dimensional simplex:

S := {p ∈ Rm;
m∑
i=1

pi = 1, pi ≥ 0},

which we identify with the space of probability distributions on E. Let A be a compact subset of Rl from which
the players can choose their controls. Denote by P(A) the space of probability measures on A. We introduce a
function q:

[0, T ]× {1, . . . ,m}2 ×A× S × P(A) → q(t, i, j, α, p, ν),

and we denote by Q(t, α, p, ν) the matrix [q(t, i, j, α, p, ν)]1≤i,j≤m. Throughout the rest of the paper, we make the
following assumption on q:

Assumption 2.2. (i) For all (t, α, p, v) ∈ [0, T ]×A× S × P(A), the matrix Q(t, α, p, ν) is a Q-matrix.
(ii) There exist constants C1, C2 > 0 such that for all (t, i, j, α, p, ν) ∈ [0, T ]×E2 ×A× S ×P(A) such that i �= j,
we have 0 < C1 < q(t, i, j, α, p, ν) < C2.
(iii) There exists a constant C > 0 such that for all (t, i, j) ∈ [0, T ]×E2, α, α′ ∈ A, p, p′ ∈ S and ν, ν′ ∈ P(A), we
have:

|q(t, i, j, α, p, ν)− q(t, i, j, α′, p′, ν′)| ≤ C(‖α− α′‖+ ‖p− p′‖+W1(ν, ν
′)).

where W1 denotes the 1-Wasserstein distance between probability measures on A.

Recall that a matrix Q = [Qij ] is called a Q-matrix if Qij ≥ 0 for i �= j and∑
j �=i

Qij = −Qii, for all i.

Remark 2.3. Assumption 2.2 is analog to the non-degeneracy condition in the diffusion-based mean field game
models. It guarantees that the probability measure Q(α,p,ν) defined in (7) below, is equivalent to the reference
measure P. In some applications of continuous-time Markov chain models, it happens that jumps from some states
to others are forbidden, in which case the transition rate function q would satisfy q(t, i, j, α, p, ν) ≡ 0 for some
couples (i, j). For example, this is the case in the botnet defense model proposed by [19], as well as in the extended
version of the model which includes an attacker studied in [4]. When that happens, we need to use a different
reference probability measure P: we set the transition rate to 1 for all the jumps, except for those that are forbidden,
for which we set the transition rate to 0. Fortunately, this is the only modification we need to make in order to
accommodate this kind of special case. The arguments presented in the following can be trivially extended to be
compatible with this modified reference probability.

We state without proof a useful property of the martingale M. The proof of this result can be found in [6]:

Lemma 2.4. The predictable quadratic variation of the martingale M under P is given by the formula:

(2) 〈M,M〉t =
∫ t

0

ψtdt,

where ψt is given by:

(3) ψt := diag(Q0 ·Xt−)−Q0 · diag(Xt−)− diag(Xt−) ·Q0.

If we define for each i the matrix ψi by:

ψi := diag(Q0 · ei)−Q0 · diag(ei)− diag(ei) ·Q0,
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thenclearlywehaveψt=
m
i=1 (Xt−=ei)ψ

i.Sinceeachψiisasemi-definitepositivematrix,soisψt. Wedefine
thecorresponding(stochastic)seminorm ·Xt− onR

m by:

(4) Z 2
Xt− :=Z

∗·ψt·Z.

Thesemi-norm ·Xt− canberewritteninamoreexplicitway.Fori∈{1,...,m},letusdefinetheseminorm·ei
onRm by Z 2

ei:=Z
∗·ψi·Z= j=i|Zj−Zi|

2.ThenitiseasytoseethatZ Xt− =
m
i=1 (Xt−=i)Z ei.

Sinceψtissymmetric,wehave(ψ
+
t)
∗=ψ+t. Recallthatψ

+
t isthe Moore-Penrosegeneralizedinverseofthe

matrixψt. Ontheotherhand,itisstraightforwardtoverifythatforallt∈[0,T]andw∈Ω,therangeofthe
matrixψt(i.e.thelinearspacespannedbythecolumnsofψt)isthespace{q∈R

m;
m
i=1qi=0}. Therefore

forallq∈Rm with
m
i=1qi=0,wehaveψt·ψ

+
t·q=q. Thisholdsinparticularforanyrowvectorfromany

Q-matrix,oranyvectoroftheform(ej−ei).

Inorderforthepapertobeasself-containedaspossible,wealsorecallthefollowingversionofGirsanovTheorem
onchangeofprobabilitymeasure.SeeTheoremIII.41in[21]orLemma4.3in[23].

Theorem2.5.LetT>0andL=(Lt)t≥0beamartingaledefinedon[0,T]with∆Lt≥−1. Assumethatthe
Doĺeans-DadeexponentialE(L)ofLisauniformlyintegrablemartingaleandletQbetheprobabilitymeasurehaving
Radon-NikodymderivativeE(L)TwithrespecttoP.Ifthequadraticcovariationprocess[M ,L]isintegrableunder
P,thenM − M ,L isamartingaleunderQ,wherethepredictablequadraticcovariationM ,L iscomputed
underthemeasureP.

WenowdescribehowthecontrolofaplayerandthemeanfieldaffecttheprobabilitylawofX.Letusdefinethe
player’sstrategysetAtobethecollectionofF-predictableprocessesα=(αt)t∈[0,T]suchthatαt∈Afort∈[0,T].
Givenaflowofprobabilitymeasuresp=(pt)t∈[0,T]onE,andaflowofprobabilitymeasuresν=(νt)t∈[0,T]onA,

wedefinethescalarmartingaleL(α,p,ν)underPby:

(5) L
(α,p,ν)
t :=

t

0

X∗s− ·(Q(s,αs,ps,νs)−Q
0)·ψ+s·dMs.

Clearly,thejumpsofthisaregivenby:

(6) ∆L
(α,p,ν)
t =X∗t− ·(Q(t,αt,pt,νt)−Q

0)·ψ+t·∆Xt.

Onecaneasilycheckthatψ+t·(ej−Xt−)=
m−1
m ej− i=j

1
meiwhenXt−=ei=ej.ThereforewhenXt−=ei=

ej=Xt,wehave:

∆L
(α,p,ν)
t = X∗t−·(Q(t,αt,pt,νt)−Q

0)·ψ+t·(ej−Xt−)

= e∗i·(Q(t,αt,pt,νt)−Q
0)·



m−1

m
ej−

k=j

1

m
ek





=
m−1

m
(q(t,i,j,αt,pt,νt)−q

0
i,j)−

1

m
k=j

(q(t,i,k,αt,pt,νt)−q
0
i,k)

= q(t,i,j,αt,pt,νt)−q
0
i,j

= q(t,i,j,αt,pt,νt)−1,

wherethelastequalityisduetothefactthat
m
k=1(q(t,i,k,αt,pt,νt)−q

0
i,k)=0.Thereforewehave∆L

(α,p,ν)
t ≥

−1.ByTheoremIII.45in[21]andtheremarkthatfollows,inordertoshowthatE(L(α,p,ν))isuniformlyintegrable,
itsufficestoshowE[exp(L(α,p,ν),L(α,p,ν)T)]<∞.Thisisstraightforwardsincewehave:

L(α,p,ν),L(α,p,ν)T
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=

∫ T

0

X∗
s− · (Q(s, αs, ps, νs)−Q0) · ψ+

s · d〈M,M〉s
ds

· (X∗
s− · (Q(s, αs, ps, νs)−Q0) · ψ+

s )
∗ds

=

∫ T

0

X∗
s− · (Q(s, αs, ps, νs)−Q0) · ψ+

s · (Q∗(s, αs, ps, νs)−Q0) ·Xs−ds.

and the integrand is bounded by some constant by Assumption 2.2.

We now apply Girsanov’s Theorem. It is straightforward to obtain that:

〈M,L(α,p,ν)〉t =
∫ t

0

d〈M,M〉s · (ψ+
s )
∗ · (Q∗(s, αs, ps, νs)−Q0) ·Xs−

=

∫ t

0

ψs · ψ+
s · (Q∗(s, αs, ps, νs)−Q0) ·Xs−ds

=

∫ t

0

(Q∗(s, αs, ps, νs)−Q0) ·Xs−ds.

In the last equality, we use the fact that (Q∗(s, αs, ps, νs)−Q0)Xs is the difference between two row vectors coming
from Q-matrices, therefore is invariant by ψs · ψ+

s . Let us define the probability measure Q(α,p,ν) by:

(7)
dQ(α,p,ν)

dP
:= E(L(α,p,ν))T .

By Theorem 2.5, we know that the process M(α,p,ν), defined as:

(8) M(α,p,ν)
t := Mt −

∫ t

0

(Q∗(s, αs, ps, νs)−Q0) ·Xs−ds,

is a Q(α,p,ν)-martingale. Therefore the canonical decomposition (1) of X under P can be rewritten as:

(9) Xt = X0 +

∫ t

0

Q∗(s, αs, ps, νs) ·Xs−dt+M(α,p,ν)
t .

This means that under the measure Q(α,p,ν), the stochastic intensity rate of X is given by Q(t, αt, pt, νt). In
addition, since Q(α,p,ν) and P coincides on F0, the law of X0 under Q(α,p,ν) is the same as under the reference
measure P, which is p◦. In particular, when α is a Markov control, i.e. of the form αt = φ(t,Xt−) for some
measurable function φ, X becomes a continuous-time Markov chain with intensity rate q(t, i, j, φ(t, i), pt, νt) under
the measure Q(α,p,ν).

Remark 2.6. In the optimal control literature, admissible controls are often classified into the categories of open-
loop controls and closed-loop controls. Open-loop controls are often referred to controls adapted to the underlying
filtration, which is often generated by the noise process. Closed-loop controls, on the other hand, are controls that
are adapted to the filtration generated by the history of the state process. In our set up, however, we see that the
underlying filtration is indeed the one generated by the past path of the state process. Therefore this difference
vanishes.

2.3. Weak formulation of mean field games. Let f : [0, T ]× E × A × S × P(A) → R and g : E × S → R be
respectively the running and terminal cost functions. In the rest of the paper, we make the following assumptions
on the regularity of the cost functions.

Assumption 2.7. There exists a constant C > 0 such that for all (t, i, j) ∈ [0, T ]× E2, α, α′ ∈ A, p, p′ ∈ S and
ν, ν′ ∈ P(A), we have:

|f(t, ei, α, p, ν)− f(t, ei, α
′, p′, ν′)| ≤C(‖α− α′‖+ ‖p− p′‖+W1(ν, ν

′)),(10)

|g(ei, p)− g(ei, p
′)| ≤C‖p− p′‖.(11)
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When a player chooses a strategy α ∈ A and the mean field is (p,ν), its cost is:

(12) J(α,p,ν) := EQ(α,p,ν)
[∫ T

0

f(t,Xt, αt, pt, νt)dt+ g(XT , pT )
]
.

Each player aims at minimizing its cost, that is, it solves the optimization problem:

(13) V (p,ν) := inf
α∈A

EQ(α,p,ν)
[∫ T

0

f(t,Xt, αt, pt, νt)dt+ g(XT , pT )
]
.

The key idea of the theory of mean field games lies in the limit scenario of having infinitely many players in the
game, where a single player’s strategy α does not alter the mean field (p,ν). Therefore when each player solves its
own optimization problem, it considers (p,ν) as given. A Nash equilibrium is then achieved when the law of Xt

under the player controlled probability law, along with the distribution of its control under the same probability
law, coincide with (p,ν). This justifies the following definition of a Nash equilibrium for the weak formulation of
finite state mean field games.

Definition 2.8. Let p∗ : [0, T ] → S, and ν∗ : [0, T ] → P(A) be two measurable functions and α∗ ∈ A. We say
that the tuple (α∗,p∗,ν∗) is a Nash equilibrium for the weak formulation of the mean field game if:
(i) α∗ minimizes the cost when the mean field is given by (p∗,ν∗):

(14) α∗ ∈ arg inf
α∈A

EQ(α,p∗,ν∗)

[∫ T

0

f(t,Xt, αt, p
∗
t , ν

∗
t )dt+ g(XT , p

∗
T )

]
.

(ii) (α∗,p∗,ν∗) satisfies the consistency conditions whereby for each time t ∈ [0, T ] it holds:

(15) p∗t = {Q(α∗,p∗,ν∗)[Xt = ei]}i=1,...,m,

(16) ν∗t = Q
(α∗,p∗,ν∗)
#α∗t

.

3. Individual Player’s Optimization Problem

Before introducing and solving the individual player optimization problem, we provide the necessary background
on stochastic equations based on continuous time Markov chains.

3.1. BSDE driven by continuous-time Markov chain. We first recall some of the results on BSDEs driven
by continuous-time Markov chains obtained in [6] and [7]. Recall that M is the P-martingale in the canonical
decomposition of the Markov chain X in (1). We consider the following BSDE with unknown (Y,Z), where Y is
an adapted and càdlàg process in R, and Z is an adapted and left-continuous process in Rm:

(17) Yt = ξ +

∫ T

t

F (w, s, Ys, Zs)ds−
∫ T

t

Z∗s · dMs.

Here ξ is a FT -measurable P-square integrable random variable and F is the driver function, assumed to be such
that the process t → F (w, t, y, z) is predictable for all y, z.

Recalling the definition (4) of the stochastic semi-norm ‖ · ‖Xt−
, we have the following existence and uniqueness

result. See Theorem 1.1 in [7].

Lemma 3.1. Assume that there exists C > 0 such that dt⊗ dP-a.s., for all y, y′ ∈ R and z, z′ ∈ Rm we have:

|F (w, t, y, z)− F (w, t, y′, z′)| ≤ C(|y − y′|+ ‖z − z′‖Xt−
).

Then the BSDE (17) admits a solution (Y,Z) satisfying

E

[∫ T

0

|Yt|2dt
]
< +∞, E

[∫ T

0

‖Zt‖2Xt−
dt

]
< +∞.
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In addition, the solution is unique in the sense that if (Y1,Z1) and (Y2,Z2) are two solutions, then Y1 and Y2

are indistinguishable and we have E[
∫ T

0
‖Z1

t − Z2
t ‖2Xt−

dt] = 0.

We also have the following stability property, which can be proved by mimicking the argument used in the proof
of Theorem 2.1 in [16].

Lemma 3.2. For n ≥ 0, let (Yn,Zn) be the solution to the BSDE (17) with driver Fn and terminal condition ξn.
Assume that for each n, Fn satisfies the Lipschitz continuity assumption in Lemma 3.1 with the same constant.
In addition, assume that the following conditions hold:
(i) limn→∞ E[|ξn − ξ0|2] = 0.

(ii) For each t ≤ T , limn→∞ E[(
∫ T

t |Fn(w, s, Y 0
s , Z

0
s )− F 0(w, s, Y 0

s , Z
0
s )|ds)2] = 0.

(iii) There exists C > 0 such that E[(
∫ T

t
(Fn(w, s, Y 0

s , Z
0
s )− F 0(w, s, Y 0

s , Z
0
s ))ds)

2] ≤ C for all t ≤ T and n ≥ 0.
Then we have:

lim
n→+∞

E

[∫ T

t

‖Zn
s − Z0

s‖2Xs−
ds

]
+ E[|Y n

t − Y 0
t |2] = 0.

Finally we state a crucial comparison result for linear BSDEs. See Theorem 3.16 in [7].

Lemma 3.3. Let γ be a bounded predictable process in Rm, β a bounded predictable process in R, φ a non-negative

predictable process in R such that E[
∫ T

0
‖φt‖2dt] < +∞, and ξ a non-negative square-integrable FT -measurable

random variable in R, and let us assume that (Y,Z) solves the linear BSDE:

(18) Yt = ξ +

∫ T

t

(φu + βuYu + γ∗u · Zu)du −
∫ T

t

Z∗u · dMu.

If for all t ∈ (0, T ] and j such that e∗j · Q0 · Xt− > 0, we have 1 + γ∗t · ψ+
t · (ej − Xt−) ≥ 0 where ψ+

t is the
Moore-Penrose inverse of the matrix ψt defined in equation (3), then Y is nonnegative.

Later in the treatment of games with finitely many players, we will need to consider BSDEs driven by multiple
independent continuous-time Markov chains. It turns out that all the results above regarding BSDEs driven by
one single continuous-time Markov chain can be easily extended to this more general setting. For the sake of
completeness, we state and prove these results in the appendix.

3.2. Hamiltonian. We define the Hamiltonian for the optimization problem of the individual player as the function
H from [0, T ]× E × Rm ×A× S × P(A) into R by:

(19) H(t, x, z, α, p, ν) := f(t, x, α, p, ν) + x∗ · (Q(t, α, p, ν)−Q0) · z.
Since the process X takes value in the set {e1, . . . , em}, it is more convenient to consider m Hamiltonian functions
Hi defined for i = 1, · · · ,m by Hi(t, z, α, p, ν) := H(t, ei, z, α, p, ν). Clearly we have:

(20) Hi(t, z, α, p, ν) = f(t, ei, α, p, ν) +
∑
j �=i

(zj − zi)(q(t, i, j, α, p, ν)− 1).

We denote by Ĥi the corresponding minimized Hamiltonian:

Ĥi(t, z, p, ν) := inf
α∈A

Hi(t, z, α, p, ν),

and to show the existence of Nash equilibria, we make the following assumption on the minimizer of the Hamiltonian.

Assumption 3.4. (i) For any t ∈ [0, T ], i ∈ {1, . . . ,m}, z ∈ Rm, p ∈ S and ν ∈ P(A), the mapping α →
Hi(t, z, α, p, ν) admits a unique minimizer which does not depend on the mean field of control ν. We denote the
minimizer by âi(t, z, p).
(ii) âi is measurable on [0, T ]×Rm×S and there exist constants C1 > 0 and C2 ≥ 0 such that for all i ∈ {1, . . . ,m},
z, z′ ∈ Rm, p, p′ ∈ S:
(21) ‖âi(t, z, p)− âi(t, z

′, p′)‖ ≤ C1‖z − z′‖ei + (C1 + C2‖z‖ei)‖p− p′‖.
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Remark3.5.Forthesakeofconvenience,wechoosetomaketheassumptiondirectlyontheuniquenessandthe
regularityoftheminimizeroftheHamiltonian.OnepossiblewaytomakesureAssumption3.4holdsistoimpose
linearityonthetransitionratefunctionq,andstrongconvexityoftherunningcostfunctionf.Forexample,the
followingsetofconditionswillguaranteethatAssumption3.4holds:

Assumption3.6.(i)AisaconvexandcompactsubsetofRl.
(ii)Thetransitionratefunctionqtakestheformq(t,i,j,α,p,ν) =q0(t,i,j,p,ν)+q1(t,i,j,p)·α,whereq0:
[0,T]×E2×S×P(A)→Randq1:[0,T]×E

2×S →Rlaretwocontinuousmappings.
(iii)Therunningcostfunctionfisoftheformf(t,x,α,p,ν)=f0(t,x,α,p)+f1(t,x,p,ν),whereforeachi∈
{1,...,m},themappingf0(·,ei,·,·)(resp.f1(·,ei,·,·))iscontinuouson[0,T]×A×P(resp.[0,T]×S×P(A)).
(iv)Forall(t,ei,p)∈[0,T]×E×S,themappingα→ f0(t,ei,α,p)isoncecontinuouslydifferentiableandthere
existsaconstantC>0suchthat:

(22) ∇αf0(t,ei,α,p)−∇αf0(t,ei,α,p
′)≤Cp−p′.

(v)f0isγ-uniformlyconvexinα,i.e.,forall(t,ei,p)∈[0,T]×E×Sandα,α
′∈A,wehave:

(23) f0(t,ei,α,p)−f0(t,ei,α
′,p)−(α−α′)·∇αf0(t,ei,α,p)≥γα

′−α2

Wedefinethefunctions Ĥand̂aby:

Ĥ(t,x,z,p,ν):=

m

i=1

(x=ei)̂Hi(t,z,p,ν),(24)

â(t,x,z,p):=

m

i=1

(x=ei)̂ai(t,z,p).(25)

Fromitem(i)ofAssumption3.4andthedefinitionofthereducedHamiltonianHi,itisclearthatâ(t,x,z,p)is

theuniqueminimizerofthemappingα→ H(t,x,z,α,p,ν),andtheminimumequalsĤ(t,x,z,p,ν).Inaddition,
fromAssumptions2.2,2.7,3.4,andthedefinitionofthestochasticsemi-norm ·Xt−,itiseasytodeducethe

regularityofthemappingsĤand̂a.

Lemma3.7.ThereexistsaconstantC>0suchthatforall(ω,t)∈Ω×(0,T],p,p′∈S,ν,ν′∈P(A)and
z,z′∈Rm,wehave:

(26) |̂H(t,Xt−,z,p,ν)−Ĥ(t,Xt−,z
′,p′,ν′)|≤Cz−z′Xt− +C(1+zXt−)(p−p

′+W1(ν,ν
′)),

(27) |̂a(t,Xt−,z,p)−â(t,Xt−,z
′,p′)|≤Cz−z′Xt− +C(1+zXt−)p−p

′.

Proof.Inequality(27)isaneasyconsequenceofAssumption3.4andthedefinitionofthestochasticseminorm

·Xt−.Wenowdealwiththeregularityof Ĥ. ByBerge’smaximumtheorem,thecontinuityofHiandthe

compactnessofAimplythecontinuityofĤi.Letz,z
′∈Rm,p,p′∈Sandν,ν′∈P(A).Foranyα∈A,wehave:

Ĥi(t,z,p,ν)−Hi(t,z
′,α,p′,ν′)≤Hi(t,z,α,p,ν)−Hi(t,z

′,α,p′,ν′)

= f(t,ei,α,p,ν)−f(t,ei,α,p
′,ν′)+

j=i

[(zj−zi)−(z
′
j−z

′
i)]q(t,i,j,α,p

′,ν′)

+
j=i

(zj−zi)[q0(t,i,j,p,ν)−q0(t,i,j,p
′,ν′)]+(zj−zi)[q1(t,i,j,p)−q1(t,i,j,p

′)]·α

≤ Cz−z′ei+C(1+zei)(p−p
′+W1(ν,ν

′)),

whereweusedtheLipschitzpropertyoffandq,andtheboundednessofAandq.Sincetheaboveistrueforall
α∈A,takingsupremumoftheleft-handside,weobtain:

Ĥi(t,z,p,ν)−Ĥi(t,z
′,p′,ν′)≤Cz−z′ei+C(1+zei)(p−p

′+W1(ν,ν
′)).
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Exchangingtherolesofzandz′,weobtain:

|̂Hi(t,z,p,ν)−Ĥi(t,z
′,p′,ν′)|≤Cz−z′ei+C(1+zei)(p−p

′+W1(ν,ν
′)),

and(26)followsimmediatelyfromthedefinitionoftheseminorm ·Xt−.

3.3.Player’soptimizationproblem.Inthissubsection,weshowthattheoptimizationproblemoftheplayer
facingagivenmeanfieldofstateandcontrolcanbecharacterizedbyaBSDEdrivenbythecontinuous-time
MarkovchainX.Letusfixmeasurableflowsp:[0,T]→S andν:[0,T]→P(A),anadmissiblestrategyα∈A,
andletusconsidertheBSDE:

(28) Yt=g(XT,pT)+
T

t

H(s,Xs−,Zs,αs,ps,νs)ds−
T

t

Z∗s·dMs.

Lemma3.8.TheBSDE(28)admitsauniquesolution(Y,Z)andJ(α,p,ν)=EP[Y0].

Proof.FromtheboundednessofthetransitionratefunctionqguaranteedbyAssumption2.2,itiseasytocheck
thatthedriverfunctionHoftheBSDE(28)isLipschitzinzwithrespecttothesemi-norm ·Xt−.Thereforeby
Lemma3.1,itadmitsauniquesolution(Y,Z). Moreover,wehave:

Y0= g(XT,pT)+
T

0

H(t,Xt−,Zt,αt,pt,νs)dt−
T

0

Z∗t·dMt

= g(XT,pT)+
T

0

f(t,Xt−,αt,pt,νt)dt−
T

0

Z∗t·(dMt−(Q
∗(t,αt,pt,νt)−Q

0)·Xt−dt)

= g(XT,pT)+
T

0

f(t,Xt−,αt,pt,νt)dt−
T

0

Z∗t·dM
(α,p,ν)
t .

SinceM(α,p,ν)isa martingaleunderthe measureQ(α,p,ν),wetakeexpectationunderQ(α,p,ν)andobtain

J(α,p,ν) =EQ
(α,p,ν)

[Y0]. NowsinceY0isF0-measurable,andQ
(α,p,ν)coincideswithPonF0,weobtain

J(α,p,ν)=EP[Y0].

NowweconsiderthefollowingBSDE:

(29) Yt=g(XT,pT)+
T

t

Ĥ(s,Xs−,Zs,ps,νs)ds−
T

t

Z∗s·dMs,

andweshowthatitcharacterizestheoptimalityofthecontrolproblem(13).

Proposition3.9.Foranymeasurablefunctionpfrom[0,T]toSandanymeasurablefunctionνfrom[0,T]to
P(A),theBSDE(29)admitsauniquesolution(Y,Z).Thevaluefunctionoftheoptimalcontrolproblem(13)is

givenbyV(p,ν)=EP[Y0]andtheprocessα̂
(p,ν)definedby:

(30) α̂
(p,ν)
t :=̂a(t,Xt−,Zt,pt)

isanoptimalcontrol.Inaddition,ifα′∈Aisanoptimalcontrol,wehaveα′t=α̂
(p,ν)
t ,dt⊗dP-a.e.

Proof.Theexistenceanduniquenessofthesolutionto(29)iseasilyverifiedbyusingtheLipschitzpropertyofĤ
providedbyLemma3.7.Let(Y,Z)bethisuniquesolutionanddefinetheprocessα̂byα̂t:=â(t,Xt−,Zt,pt).
Recallthedefinitionof̂ainequation(25). Wehave:

â(t,Xt−,Zt,pt)=

m

i=1

(Xt−=ei)̂ai(t,Zt,pt)=X
∗
t−·

m

i=1

âi(t,Zt,pt)ei .

Sinceâiismeasurableforeachi∈E,weseethatâisameasurablemappingfrom[0,T]×R
m ×Rm ×StoA.

Sinceboththeprocessest→Xt−andZarepredictable,weconcludethatα̂isapredictableprocessandtherefore
anadmissiblecontrol.
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Now let us fix an arbitrary admissible control α ∈ A, and denote by (Yα,Zα) the solution of the corresponding
BSDE (28), and by (Y,Z) the unique solution of:

(31) Yt =

∫ T

t

H(s,Xs−, Zs, α̂s, ps, νs)ds−
∫ T

t

Z∗s · dMs.

Setting ΔY := Yα −Y and ΔZ := Zα − Z and computing the difference of the two BSDEs, we notice that ΔY

and ΔZ solve the following BSDE:

ΔYt =

∫ T

t

[H(s,Xs−, Z
α
s , αs, ps, νs)−H(s,Xs−, Zs, α̂s, ps, νs)]ds−

∫ T

t

ΔZ∗s · dMs.

We can further decompose the driver of the above BSDE as:

H(s,Xs−, Z
α
s , αs, ps, νs)−H(s,Xs−, Zs, α̂s, ps, νs)

= H(s,Xs−, Z
α
s , αs, ps, νs)−H(s,Xs−, Zs, αs, ps, νs) +H(s,Xs−, Zs, αs, ps, νs)

−H(s,Xs−, Zs, α̂s, ps, νs)

= [H(s,Xs−, Zs, αs, ps, νs)−H(s,Xs−, Zs, α̂s, ps, νs)] +X∗
s− · (Q(s, αs, ps, νs)−Q0) ·ΔZ.

Define the processes ψ and γ by ψt := H(t,Xt−, Zt, αt, pt, νt)−H(t,Xt−, Zt, α̂t, pt, νt) and γt := (Q∗(t, αt, pt, νt)−
Q0) ·Xt−. Therefore (ΔY,ΔZ) appears as the solution to a linear BSDE of the form (18) with ψ and γ defined
previously and β = 0. Clearly ψ and γ are both predictable. Since α̂t minimizes the Hamiltonian, ψ is nonnegative.
The boundedness of γ follows from the boundedness of the transition rate function q. It remains to check that
1 + γ∗t · ψ+

t · (ej −Xt−) ≥ 0.

When Xt− = ej, the above inequality holds clearly. So we assume that Xt− = ei �= ej . We have ψ+
t ·(ej−Xt−) =

m−1
m ej −

∑
i�=j

1
mei. Therefore when Xt− = ei �= ej , we have:

γ∗t · ψ+
t · (ej −Xt−) = X∗

t− · (Q(t, αt, pt, νt)−Q0) · ψ+
t · (ej −Xt−)

= e∗i · (Q(t, αt, pt, νt)−Q0) · (m− 1

m
ej −

∑
k �=j

1

m
ek)

=
m− 1

m
(q(t, i, j, αt, pt, νt)− q0i,j)−

1

m

∑
k �=j

(q(t, i, k, αt, pt, νt)− q0i,k)

= q(t, i, j, αt, pt, νt)− q0i,j ,

where the last equality is due to the fact that
∑

k(q(t, i, k, αt, pt, νt)− q0i,k) = 0. Therefore we have:

1 + γ∗t · ψ+
t · (ej −Xt−) = 1 + q(t, i, j, αt, pt, νt)− q0i,j = q(t, i, j, αt, pt, νt) ≥ 0.

By Lemma 3.3, we conclude that ΔY is nonnegative and in particular Y α
0 ≥ Y0. Since α is an arbitrary admissible

control, in light of Lemma 3.8, this means that EP[Y0] ≤ infα∈A J(α,p,ν) = V (p,ν). Finally, we notice that Y0 is
the expected total cost when the control is α̂. We conclude that α̂ is an optimal control and EP[Y0] = V (p, ν).

Now we show that α̂ is the unique optimal control. Let α′ be another optimal control. We consider the solution
(Y′,Z′) to the following BSDE:

(32) Y ′t =

∫ T

t

H(s,Xs−, Z
′
s, α

′
s, ps, νs)ds−

∫ T

t

(Z ′s)
∗ · dMs.

Since α′ is optimal, we have EP[Y ′0 ] = J(α′,p,ν) = V (p,ν) = EP[Y0]. Now taking the difference of the BSDE (31)
and (32), we obtain:

Y0 − Y ′0 =

∫ T

0

[
H(t,Xt−, Zt, α̂t, pt, νt)−H(t,Xt−, Z

′
t, α

′
t, pt, νt)

]
dt−

∫ T

0

(Zt − Z ′t)
∗ · dMt
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=

∫ T

0

[
X∗

t− · (Q(t, α̂t, pt, νt)−Q0) · Zt −X∗
t− · (Q(t, α′t, pt, νt)−Q0) · Z ′t

]
dt

+

∫ T

0

[
f(t,Xt−, α̂t, pt, νt)− f(t,Xt−, α̂t, pt, νt)

]
dt−

∫ T

0

(Zt − Z ′t)
∗ · dMt

=

∫ T

0

[
f(t,Xt−, α̂t, pt, νt)− f(t,Xt−, α

′
t, pt, νt) +X∗

t− · (Q(t, α̂t, pt, νt)−Q(t, α′t, pt, νt)) · Zt

]
dt

−
∫ T

0

(Zt − Z ′t)
∗ · [dMt − (Q∗(t, α′t, pt, νt)−Q0) ·Xt−dt

]
=

∫ T

0

[
H(t,Xt−, Zt, α̂t, pt, νt)−H(t,Xt−, Zt, α

′
t, pt, νt)

]
dt−

∫ T

0

(Zt − Z ′t)
∗ · dM(α′,p,ν)

t .

Taking Q(α′,p,ν)-expectations and using the fact that Q(α′,p,ν) coincides with P in F0, we get:

0 = EP[Y0 − Y ′0 ] = EQ(α′,p,ν)

[Y0 − Y ′0 ]

= EQ(α′,p,ν)

[∫ T

0

[
H(t,Xt−, Zt, α̂t, pt, νt)−H(t,Xt−, Zt, α

′
t, pt, νt)

]
dt

]
≤ 0,

where the last inequality is due to the fact that α̂t minimizes the Hamiltonian. In fact, we have α̂t = α′t, dt ⊗
dQ(α′,p,ν)-a.e. If we assume otherwise, the last inequality would be strict, since the minimizer of the Hamiltonian
is unique by Assumption 3.4. Since P is equivalent to Q(α′,p,ν), we have α̂t = α′t, dt⊗ dP-a.e. �

4. Existence of Nash Equilibria

We state the main result of this section:

Theorem 4.1. Under Assumptions 2.2, 2.7 and 3.4, there exists a Nash equilibrium (α∗,p∗,ν∗) for the weak
formulation of the finite state mean field game in the sense of Definition 2.8.

The rest of this section is devoted to the proof of Theorem 4.1. As in the case of diffusion-based mean field
games, we shall rely on a fixed point argument to show existence of Nash equilibria. We start from a measurable
function p : [0, T ] → S and a measurable function ν : [0, T ] → P(A) where we recall that S is the m-dimensional
simplex which we identify with the space of probability measures on E, while P(A) is the space of probability
measures on A. We then solve the BSDE (29), and obtain the solution (Y(p,ν),Z(p,ν)) as well as the optimal

control α̂(p,ν) given by (30). Finally, we compute the probability measure Q̂(p,ν) := Q(α̂(p,ν),p,ν) as defined in (7),

and consider the push-forward measures of Q̂(p,ν) by (Xt, α̂
(p,ν)
t ). Clearly, we identified a Nash equilibrium if we

find a fixed point for the mapping (p,ν) → Q̂
(p,ν)

#(Xt,α̂
(p,ν)
t )

.

In practice however, the implementation of the fixed-point argument mentioned above is prone to several dif-
ficulties. The foremost challenge lies in the lack of results allowing us to identify compact subsets of the spaces
of measurable functions from [0, T ] to S or P(A). This makes it difficult to apply Schauder’s theorem or similar
versions of fixed point theorems. For this reason, we shall resort to different descriptions of the mean field for
the state and the control. For the mean field of the state, since we have assumed from the very beginning that
X is a càdlàg process, we will directly deal with its probability law on the space D of all càdlàg functions from
[0, T ] to E = {e1, . . . , em} endowed with the Skorokhod topology. The space of probability measures on D and
its topological properties have been studied thoroughly (see [18] for a detailed account), and a simple criterion for
compactness is available.

Unfortunately, resolving the corresponding issue for the control is more involved. Here, we adopt the technique
based on the stable topology used in [3]. Indeed, a measurable mapping from [0, T ] to P(A) can be viewed as a
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randomvariabledefinedonthespace([0,T],B([0,T]),L)takingvaluesinP(A).Here,B([0,T])istheBorelσ-field
of[0,T],Listheuniformprobabilitymeasureon[0,T]andP(A)isendowedwiththe Wasserstein-1distance.
Toobtaincompactness,theideaistouserandomization. Weconsiderthespaceofprobability measureson
[0,T]×P(A),denotedbyP([0,T]×P(A)).Thenforeachmeasurablemappingνfrom[0,T]toP(A),weconsider
themeasureηon[0,T]×P(A)givenbyη(dt,dm):=L(dt)×δνt(dm)whereδistheDiracmeasure. Wemay
endowthespaceP([0,T]×P(A))withtheso-calledstabletopologyintroducedin[17],forwhichconvenientresults
oncompactnessarereadilyavailable.

Inthefollowing,wedetailthestepsthatleadtotheexistenceofNashequilibria. Westartbyspecifyingthe
topologyweuseforthespaceofmeanfieldsonthestateaswellasthecontrol. Wethenproperlydefinethemapping
compatiblewiththedefinitionofNashequilibrium,weshowitscontinuity,andconstructastablecompact.Once
theseingredientsareinplace,weapplySchauder’sfixedpointtheoremtoconclude.

4.1.Topologyforthespaceof meanfields.Wefirstconsiderthemeanfieldforthestatebyendowingthe
statespaceE:={e1,...,em}withthediscretemetricdE(x,y):=(x=y).Thenitiswellknownthat(E,dE)is
aPolishspace.Then,theSkorokhodspace:

(33) D:={x:[0,T]→E,xisc̀adl̀agandleftcontinuousonT}

isendowedwiththeJ1metric:

(34) dD(x,y):=inf
λ∈Λ
max{sup

t≤T
|λ(t)−t|,sup

t≤T
|y(λ(t))−x(t)|}

whereΛisthesetofallstrictlyincreasing,continuousbijectionsfrom[0,T]toitself.ItcanbeprovedthatdD
isametriconDandthemetricspace(D,dD)isaPolishspace.LetusdenotebyPthecollectionofprobability
measureson(D,dD)endowedwiththeweaktopology.RecallthatthereferencemeasurePisanelementofP.Let
P0bethesubsetofPdefinedby:

(35) P0:={Q:
dQ

dP
=L, withEP[L2]≤C0}.

whereC0isaconstantwhichwewillspecifylater(seetheproofofProposition4.10). Wehavethefollowingresult:

Proposition4.2.P0isconvexandrelativelycompactinP.

Proof.TheconvexityofP0istrivial.LetusshowthatP0isrelativelycompact. Weproceedinthreesteps.

Step1. ForK∈Nandδ>0,wedefineDδ,KasthecollectionofpathsinDwhichmeetthefollowingcriteria:
(a)thepathhasnomorethanKdiscontinuities,(b)thefirstjumptime,ifany,happensonorafterδ,(c)thelast
jumphappensonorbeforeT−δ,and(d)theamountsoftimebetweenjumpsaregreaterorequalthanδ. We
nowshowthatDδ,KiscompactinD.SinceDisPolishspaceitisenoughtoshowthesequentialcompactness.
LetusfixasequencexninDδ,K. Foreachxn,weusethefollowingnotation:knisthenumberofitsjumps,
δ≤t1n<t

2
n<···<t

kn
n ≤T−δarethetimesofitsjumps. ∆t

1
n:=t

1
nand∆t

i
n:=t

i
n−t

i−1
n fori=2,...,knare

thetimeelapsedbetweenconsecutivejumpsandx0n,x
1
n,...,t

kn
n arethevaluetakenbyxnineachintervaldefined

bythejumps.Thenwecanrepresentxnusingthevectorynofdimension2(K+1):

yn=[kn,∆t
1
n,∆t

2
n,...,∆t

kn
n,0,...,0,x

0
n,x

1
n,...,x

kn
n,0,...,0].

Intheaboverepresentation,thefirstcoordinateofynisthenumberofjumps. Coordinate2toK+1arethe
timeselapsedbetweenjumpsdefinedabove,andiftherearefewerthanK jumps,wecompletethevectorby0.
CoordinatesK+2to2(K+1)arethevaluestakenbythepathxandcompletedwith0. Clearlythereisa
bijectionfromxntoynbythisrepresentation.BythedefinitionofthesetDδ,K,wehave∆t

i
n∈[δ,T]fori≤kn

and kn
i=1∆t

i
n≤T−δ,whereastherestofthecoordinatesofynbelongstoafiniteset.Thisimpliesthatynlives

inacompactandthereforewecanextractaconvergingsubsequencewhichwestilldenotebyyn.Again,sincekn
andthelastK+1componentscanonlytakefinitelymanyvaluesbytheirdefinition,thereforethereexistsN0



14 RENÉ CARMONA AND PEIQI WANG

such that for n ≥ N0, we have kn = k and xi
n = xi for all i ≤ k. In addition we have Δtin converges to Δti for all

i ≤ k, where Δti ≥ δ for all i ≤ k and
∑k

i=1 Δti ≤ T − ε. We consider the path represented by the vector y:

y = [k,Δt1,Δt2, . . . ,Δtk, 0, . . . , 0, x0, x1, . . . , xk, 0, . . . , 0].

Clearly x belongs to the set Dδ.K and it is straightforward to verify that xn converge to x in J1 metric, where xn

is the path represented by the vector yn. This implies that Dδ.K is compact.

Step 2. Now we show that for any ε > 0, there exists δ > 0 and K ∈ N such that P(Dδ.K) ≥ 1− ε. Recall that P
is the reference measure and under P the canonical process X is a continuous-time Markov chain with transition
rate matrix Q0. Therefore the time of first jump, as well as the time between consecutive jumps thereafter, which
we denote by Δt1,Δ2, . . . are i.i.d. exponential random variables of parameter (m− 1) under the measure P. We
have:

P(Dδ,K) = P[Δt1 > T ] +

K∑
k=1

P

[
{Δt1 ≥ δ} ∩ · · · ∩ {Δtk ≥ δ} ∩ {

k+1∑
i=1

Δti > T } ∩ {
k∑

i=1

Δti ≤ T − δ}
]
.

For each k = 1, . . . ,K, we have:

P

[
{Δt1 ≥ δ} ∩ · · · ∩ {Δtk ≥ δ} ∩ {

k+1∑
i=1

Δti > T } ∩ {
k∑

i=1

Δti ≤ T − δ}
]

≥ P [{Δt1 ≥ δ} ∩ · · · ∩ {Δtk ≥ δ}] + P

[
{
k+1∑
i=1

Δti > T } ∩ {
k∑

i=1

Δti ≤ T − δ}
]
− 1

= (P[Δt1 ≥ δ])k + P

[
{
k+1∑
i=1

Δti > T } ∩ {
k∑

i=1

Δti ≤ T − δ}
]
− 1

= (exp(−k(m− 1)δ)− 1) + exp(−(m− 1)T )
(m− 1)k(T − δ)k

k!
.

It follows that:

P(Dδ,K) ≥
K∑

k=1

(exp(−k(m− 1)δ)− 1) + exp(−(m− 1)T )

K∑
k=0

(m− 1)k(T − δ)k

k!

≥
K∑

k=1

(exp(−k(m− 1)δ)− 1) + exp(−(m− 1)T )

K∑
k=0

(m− 1)kT k

k!
− (1− exp(−(m− 1)δ)).

We can first pick K greater enough such that (exp(−(m− 1)T )
∑K

k=0(m− 1)kT k/k!) is greater than (1− ε/2) and
then pick δ small enough to make the rest of the terms greater than −ε/2, which eventually makes P(Dδ,K) greater
than (1− ε).

Step 3. Finally we show that P0 is tight. For any ε > 0, by Step 2, we can pick δ > 0 and K ∈ N such that
P(D \ Dδ,K) ≤ (ε/C0)

2. For all Q ∈ P0, we have dQ/dP = L and (EP[L2])1/2 ≤ C0 and by Cauchy-Schwartz
inequality we obtain:

Q(D \Dδ,K) = EP[L · 1x∈D\Dδ,K
] ≤ (EP[L2])1/2P(D \Dδ,K)1/2 ≤ ε.

This implies the tightness of P0. Finally by Prokhorov’s Theorem we conclude that P0 is relatively compact. �

We now need to link the convergence of measures on path space to the convergence in S, i.e. measures on state
space. We define the function π by:

π : [0, T ]× P(E) � (t, μ) → [μ#Xt
({e1}), μ#Xt

({e2}), . . . , μ#Xt
({em})] ∈ S
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and prove the following result:

Lemma 4.3. If μn �→ μ in P, there exists a subset D(μ) of [0, T ) at most countable such that for all t �∈ D(μ):

(36) lim
n→+∞

π(t, μn) = π(t, μ).

Proof. Define D(μ) := {0 ≤ t ≤ T ; μ(Xt − Xt− �= 0) > 0}. By Lemma 3.12 in [18], the set D(μ) is at most
countable. In addition, we have T �∈ D(μ) since all the paths in D is left-continuous on T . In light of Proposition
3.14 in [18], we have μn

#Xt
converges to μ#Xt

weakly for all t �∈ D(μ). To conclude, we use the fact that μn
#Xt

for

all t ∈ [0, T ] and n are counting measure on the discrete set E. �

We now turn to the mean field of control. Let (P(A),W1) be the space of probability measures on the compact
set A ⊂ Rl endowed with the weak topology and metricized by the Wasserstein-1 distance. (P(A),W1) is a Polish
space. Since A is compact, it is easy to show that P(A) is tight and therefore by Prokhorov’s theorem (P(A),W1)
is in fact compact. We endow P(A) with its Borel σ−algebra denoted by B(P(A)). We endow [0, T ] with its Borel
σ−algebra B([0, T ]) and the (normalized) Lebesgue measure L(dt) := 1

T dt. Finally, we construct the product space
[0, T ]×P(A) endowed with the σ-algebra B([0, T ])⊗B(P(A)). The space of probability measures on [0, T ]×P(A)
can be viewed as a randomized version of the space of mean field of control. We introduce the stable topology on
this space:

Definition 4.4. Let us denote by R the space of probability measures on ([0, T ]×P(A),B([0, T ])⊗B(P(A))). We
call the stable topology of R the coarsest topology such that the mappings η → ∫

g(t,m)η(dt, dm) are continuous
for all bounded and measurable mappings g defined on [0, T ]×P(A) such that m → g(t,m) is continuous for each
fixed t ∈ [0, T ].

We collect a few useful results on the space R endowed with the stable topology.

Proposition 4.5. The topology space R is compact, metrizable, and Polish.

Proof. Notice that both [0, T ] and P(A) are Polish for their respective topologies. This implies that the σ-algebra
B([0, T ])⊗ B(P(A))) is separable. It follows from Proposition 2.10 in [17] that R is metrizable.

We now show that R is compact. Notice that for an element η in R, its first marginal is a probability measure
on [0, T ] and its second marginal is a probability measure on P(A). It is trivial to see that both the spaces of
probability measures on [0, T ] and on P(A) are tight and therefore relatively compact by Prokhorov’s theorem. We
then apply Theorem 2.8 in [17] and obtain the compactness of R.

Having showed that R is compact and metrizable, we see that R is separable. Compactness also leads to
completeness. Therefore R is Polish space. Finally, we notice that R is also sequential compact since R is
metrizable. �

The following result provides a more convenient way to characterize the convergence in the stable topology.

Lemma 4.6. Denote by H the collection of mappings f of the form f(t, ν) = 1B(t) · g(ν) where B is a Borel
subset of [0, T ] and g : P(A) → R is a bounded Lipschitz function (with respect to the Wasserstein-1 distance on
P(A)). Then the stable topology introduced in Definition 4.4 is the coarsest topology which makes the mappings
η → ∫

[0,T ]×P(A) f(t, ν)η(dt, dν) continuous for all f ∈ H.

Proof. Let H0 be the collection of mappings f of the form f(t, ν) = 1B(t) · g(ν) where B is a Borel subset of [0, T ]
and g : P(A) → R is a bounded and uniformly continuous function. Then clearly we have H ⊂ H0. By Proposition
2.4 in [17], the stable topology is the coarsest topology under which the mappings η → ∫

[0,T ]×P(A)
f(t, ν)η(dt, dν)

are continuous for all f ∈ H0. Therefore, we only need to show that if ηn is a sequence of elements in R such that∫
f(t, ν)ηn(dt, dν) → ∫

f(t, ν)η0(dt, dν) for all f ∈ H, then we have
∫
f(t, ν)ηn(dt, dν) → ∫

f(t, ν)η0(dt, dν) for all
f ∈ H0 as well.

Now let us fix f ∈ H0 with f(t, ν) = 1B(t) · g(ν), Note that P(A) is a compact metric space and g is a
bounded, uniformly continuous and real-valued function. A famous result from [13] (see also [20]) shows that
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g can be approximated uniformly by bounded Lipschitz continuous function. That is, for all ε > 0, we can
find gε ∈ H such that supν∈P(A) |gε(ν) − g(ν)| ≤ ε/3. By our assumption we have

∫
1B(t)gε(ν)η

n(dt, dν) →∫
1B(t)gε(ν)η

0(dt, dν). Therefore there exists N0 such that | ∫ 1B(t)gε(ν)η
n(dt, dν)− ∫

1B(t)gε(ν)η
0(dt, dν)| ≤ ε/3

for all n ≥ N0. Combining these facts we have, for n ≥ N0:

|
∫

1B(t)g(ν)η
n(dt, dν)−

∫
1B(t)g(ν)η

0(dt, dν)| ≤|
∫

1B(t)gε(ν)η
n(dt, dν)−

∫
1B(t)gε(ν)η

0(dt, dν)|

+

∫
1B(t)|gε(ν)− g(ν)|ηn(dt, dν) +

∫
1B(t)|gε(ν)− g(ν)|η0(dt, dν)

≤ε/3 + ε/3 + ε/3 = ε,

which shows that
∫
f(t, ν)ηn(dt, dν) → ∫

f(t, ν)η0(dt, dν). �

Now we consider the following subset of R:

R0 := {η ∈ R; the marginal distribution of η on [0, T ] is L}.
We have the following result:

Lemma 4.7. R0 is a convex and compact subset of R.

Proof. We apply Theorem 2.8 in [17]. In particular, we verify without difficulty that {η[0,T ]; η ∈ R0} = {L} is
compact and {ηP(A); η ∈ R0} is a subset of P(P(A)), which is relatively compact as well. �

For any η ∈ R0, since its first marginal is L, by disintegration we can write η(dt, dm) = L(dt) × ηt(dm) where
the mapping [0, T ] � t → ηt(·) ∈ P(P(A)) is a measurable mapping and the decomposition is unique up to almost
everywhere equality. On the other hand, for any measurable function ν : [0, T ] → P(A), we may construct an
element Ψ(ν) in R0 by:

(37) Ψ(ν)(dt, dm) := L(dt) × δνt(dm).

Since we have changed the way we represent the mean field of control, we need to modify accordingly the definition
of transition rate matrix as well as the cost functionals in order to make them compatible with the randomization
procedure. For any function F : P(A) → R possibly containing other arguments, we denote F : P(P(A)) → R by
F (m) :=

∫
ν∈P(A) F (ν)m(dν), which we call the randomized version of F . Obviously we have F (δν) = F (ν). In

this way, we define without any ambiguity the randomized version q of the rate function q, as well as its matrix
representation Q. We also define f as the randomized version of cost functional f . Since the terminal cost g does
not depend on the mean field of control, we do not need to consider its randomized version.

Recall from Assumption 3.4 that the minimizer âi of the reduced Hamiltonian is only a function of t, z and p.

Consequently, for H , Hi, Ĥ and Ĥ
i
, which are the randomized version of H , Hi, Ĥ and Ĥi respectively, we still

have:

Ĥ(t, x, z, p,m) = inf
α∈A

H(t, x, z, α, p,m),

â(t, x, z, p) = arg inf
α∈A

H(t, x, z, α, p,m).

In addition, we have the following result on the Lipschitz property of Ĥ and â:

Lemma 4.8. There exists a constant C > 0 such that for all (ω, t) ∈ Ω × (0, T ], p, p′ ∈ S, α, α′ ∈ A, z, z′ ∈ Rm

and m,m′ ∈ P(P(A)), we have:

(38) |q(t, i, j, α, p,m)− q(t, i, j, α′, p′,m′)| ≤ C(‖α− α′‖+ ‖p− p′‖+ W̄1(m,m′)),

and

(39) |Ĥ(t,Xt−, z, p,m)− Ĥ(t,Xt−, z
′, p′,m′)| ≤ C‖z − z′‖Xt−

+ C(1 + ‖z‖Xt−
)(‖p− p′‖+ W̄1(m,m′)).
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Proof. We have:

|Ĥ(t,Xt−, z, p,m)− Ĥ(t,Xt−, z
′, p′,m′)|

≤|Ĥ(t,Xt−, z, p,m)− Ĥ(t,Xt−, z, p,m
′)|+ |Ĥ(t,Xt−, z, p,m

′)− Ĥ(t,Xt−, z
′, p′,m′)|

≤
∣∣∣∣∣
∫
ν∈P(A)

Ĥ(t,Xt−, z, p, ν)(m(dν)−m′(dν))

∣∣∣∣∣
+

∫
ν∈P(A)

|Ĥ(t,Xt−, z, p, ν)− Ĥ(t,Xt−, z
′, p′, ν)|m′(dν)

≤
∣∣∣∣∣
∫
ν∈P(A)

Ĥ(t,Xt−, z, p, ν)(m(dν)−m′(dν))

∣∣∣∣∣+ C(1 + ‖z‖Xt−
)‖p− p′‖+ C‖z − z′‖Xt−

.

Since the space P(A) is compact and the mapping ν → Ĥ(t,Xt−, z, p, ν) is Lipschitz, with Lipschitz constant equal
to C(1 + ‖z‖Xt−

), Kantorovich-Rubinstein duality theory implies:∣∣∣∣∣
∫
ν∈P(A)

Ĥ(t,Xt−, z, p, ν)(m(dν)−m′(dν))

∣∣∣∣∣ ≤ C(1 + ‖z‖Xt−
)W̄1(m,m′),

where W̄1(m,m′) is the Wasserstein-1 distance on the space of probability measure on P(A) whose definition we
recall for the sake of definiteness:

(40) W̄1(m,m′) := inf
π∈P(P(A)×P(A))

∫
P(A)×P(A)

W1(ν, ν
′)π(dν, dν′).

Combined with the estimation above, we obtain the desired inequality for Ĥ . The Lipschitz property for q can be
proved in the same way. �

4.2. Mapping fixed points. We now define the mapping whose fixed points characterize the Nash equilibria of
the mean field game in its weak formulation. For any (μ, η) ∈ P ×R0, where η has the disintegration η(dt, dm) =
L(dt) × ηt(dm), we consider the solution (Y(μ,η),Z(μ,η)) to the BSDE:

(41) Yt = g(XT , pT ) +

∫ T

t

Ĥ(s,Xs−, Zs, π(s, μ), ηs)ds−
∫ T

t

Z∗s · dMs.

Denote by α̂
(μ,η) the predictable process t → â(t,Xt−, Z

(μ,η)
t , π(t, μ)), which is the optimal control of the player

faced with the mean field (μ, η) ∈ P(E)×R0. Next, we consider the scalar martingale L(μ,η) defined by:

(42) L
(μ,η)
t :=

∫ t

0

X∗
s− · (Q(s, α̂(μ,η)

s , π(s, μ), ηs)−Q0) · dMs.

Define the probability measure Q̂(μ,η) by:

(43)
dQ̂(μ,η)

dP
:= E(L(μ,η))T ,

where E(L(μ,η)) is the Doléans-Dade exponential of the martingale L(μ,η). Finally we define the mappings Φμ, Φη

and Φ respectively by:

(44) Φμ : P ×R0 � (μ, η) → Q̂(μ,η) ∈ P

(45) Φη : P ×R0 � (μ, η) → L(dt) × δ
Q̂

(μ,η)

#α̂
(μ,η)
t

(dν) ∈ R0
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(46) Φ : P ×R0 � (μ, η) → (
Φμ(μ, η),Φη(μ, η)

) ∈ P ×R0.

Remark 4.9. Before delving into its properties of Φ, we first need to show that the mapping Φ is well-defined.
More specifically, we need to show that given (μ, η) ∈ P ×R0, the outputs Q̂(μ,η) and L(dt) × δ

Q̂
(μ,η)

#α̂
(μ,η)
t

(dν)) does

not depend on which solution to the BSDE (41) we use to construct α̂(μ,η), L(μ,η) and E(L(μ,η)). To this end, let
us consider (Y,Z) and (Y′,Z′) two solutions to BSDE (41), α̂ and α̂

′ the corresponding optimal controls, L and
L′ the corresponding martingales defined in (42), and Q and Q′ the resulting probability measures defined in (43).

By uniqueness of solution to (41), we have E

[∫ T

0 ‖Z ′t − Zt‖2Xt−
dt
]
= 0. Using the Lipschitz continuity of â and q,

it is straightforward to show E

[∫ T

0
‖α′t − αt‖2dt

]
= 0 and eventually Q = Q′.

Proposition 4.10. Let us denote by P̄0 the closure of the set P0 defined in (35). Then the set P̄0 ×R0 is stable
for the mapping Φ.

Proof. It suffices to show that for all (μ, η) ∈ P ×R0, we have Φμ(μ, η) ∈ P0. By the definition of P0 in (35), this
boils down to showing that there exists a constant C0 > 0 such that for all (μ, η), we have:

EP[(E(L(μ,η))T )
2] ≤ C0.

Let us denote Wt := E(L(μ,η))t. By Itô’s lemma we have:

d(W 2
t ) = 2Wt−dWt + d[W,W ]t

since dL
(μ,η)
t = X∗

t− · (Q(t, α̂
(μ,η)
t , π(t, μ), ηt) − Q0) · ψ+

t · dMt and dWt = Wt−dL
(μ,η)
t , denoting It := ψ+

t ·
(Q∗(t, α̂

(μ,η)
t , π(t, μ), ηt)−Q0) ·Xt− we have:

d(W 2
t ) = 2W 2

t−dL
(μ,η)
t +W 2

t−I
∗
t · d[M,M]t · It.

We know that the optional quadratic variation of M can be decomposed as:

[M,M]t = Gt + 〈M,M〉t = Gt +

∫ t

0

ψsds,

where G is a martingale. Therefore we have:

d(W 2
t ) = 2W 2

t−dL
(μ,η)
t +W 2

t−I
∗
t · dGt · It +W 2

t−I
∗
t · ψt · Itdt.

Let Tn be a sequence of stopping time converging to +∞ which localizes both the local martingales
∫ t

0
W 2

s−dL
(μ,η)
s

and
∫ t

0 W
2
s−I

∗
s · dGs · Is. Then integrating the above SDE between 0 and T ∧ Tn and taking the expectation under

P we obtain:

EP[W 2
T∧Tn

] =1 + EP

[∫ T∧Tn

0

W 2
t−I

∗
t · ψt · Itdt

]
= 1 + EP

[∫ T∧Tn

0

W 2
t−I

∗
t · ψt · Itdt

]

≤1 +

∫ T

0

EP
[
W 2

t∧Tn
I∗t∧Tn

· ψt∧Tn
· It∧Tn

]
dt ≤ 1 + C0

∫ T

0

EP[W 2
t∧Tn

].

Here we have used Tonelli’s theorem as well as the fact that I∗s ·ψs · Is is bounded by a constant C0 independent of
μ, η and n, which is a consequence of the boundedness of the transition rate function q. Now applying Gronwall’s
lemma we obtain:

EP[W 2
T∧Tn

] ≤ C0.

where the constant C0 does not depend on n, μ or η. Notice that W 2
T∧Tn

converges to W 2
t almost surely, we apply

Fatou’s lemma and obtain EP[W 2
T ] ≤ C0. �
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4.3.ExistenceofNashequilibria.ThelastmissingpieceinapplyingSchauder’sfixedpointtheoremistoshow
thecontinuityofthemappingΦonP×R0fortheproducttopology.Tothisend,weshowthecontinuityofthe
mappingsΦµandΦη.NoticethatbothPandR0aremetrizable,soweonlyneedtoshowsequentialcontinuity.
Letusfixasequence(µ(n),η(n))n≥1convergingto(µ

(0),η(0))inP×R0,withthedecompositionη
(n)(dt,dν)=

L(dt)×η
(n)
t (dν).TosimplifythenotationwedenoteY

(µ(n),η(n)),Z(µ
(n),η(n)),̂α(µ

(n),η(n)),L(µ
(n),η(n)),̂Q(µ

(n),η(n))

respectivelybyY(n),Z(n),̂α(n),L(n)andQ(n)forn≥0. WealsodenotebyE(n)theexpectationunderQ(n)and

p
(n)
t =π(t,µ(n)),whereasEstilldenotestheexpectationunderthereferencemeasureP.
WestartbyprovingthecontinuityofΦµ,orequivalentlytheconvergenceofQ(n)towardQ(0). Wedividethe

proofintoseveralintermediaryresults.

Lemma4.11.Withoutanylossofgenerality,wemayassumethatthereexistsaconstantCsuchthatZ
(0)
t Xt− ≤

Cforall(ω,t)∈Ω×[0,T].

Proof.WeconsiderthefollowingODEofunknown Vt=[V1(t),...,Vm(t)]∈R
m:

(47)
0 =

dVi(t)

dt
+Ĥi(t,V(t),p

(0)
t ,η

(0)
t )+

j=i

[Vj(t)−Vi(t)],

Vi(T) =g(ei,p
(0)
T ), i=1,...,m.

Setζ:[0,T]×Rm ∋(t,v)→ [ζ1(t,v),...,ζm(t,v)]∈R
m whereζi(t,v):=Ĥi(t,v,p

(0)
t ,η

(0)
t )+ j=i[vj−vi].By

Lemma4.8,weseethatt→ ζ(t,v)ismeasurableforallv∈Rm andv→ ζ(t,v)isLipschitzinvuniformlyin
t. ByTheorem1andTheorem2in[11],theODE(47)admitsauniquesolutionontheinterval[0,T],which
isabsolutelycontinuous. NowwedefineYt=

m
i=1 (Xt=ei)Vi(t)andZt=Vt. BycontinuityofV,wehave

∆Yt:=Yt−Yt−=V
∗
t(Xt−Xt−)=Z

∗
t·∆Xt.ApplyingIto’sformulatoY,weobtain:

Yt=YT−
T

t

m

i=1

(Xt=ei)̇Vi(s)ds−
t<s≤T

∆Ys

=g(XT,p
(0)
T )+

T

t

m

i=1

(Xt=ei)̂H
i
(t,V(t),p

(0)
t ,η

(0)
t )

+
T

t

m

i=1

(Xt=ei)
j=i

[Vj(t)−Vi(t)]−
T

t

Z∗s·dXs

=g(XT,p
(0)
T )+

T

t

Ĥ
i
(s,Xs,Zs,p

(0)
s ,η

(0)
s )ds−

T

t

Z∗s·dMs,

whereinthelastequalityweusedthefactthatdXs=Q
0·Xs−ds+dMsandVt=Zt. Therefore(Y,Z)and

(Y(0),Z(0))solvesthesameBSDE.AswehavediscussedinRemark4.9,wemayassumethatZ(0)=Z.Therefore

Z
(0)
t =V(t).Itfollowsfromthecontinuityoft→ V(t)thatZ

(0)
t Xt− isboundedforallω∈Ωandt∈[0,T]by

auniformconstant.

NowweshowthatZ(n)convergestowardZ(0).

Proposition4.12.Wehave:

(48) lim
n→∞

E
T

0

Z
(n)
t −Z

(0)
t

2
Xt−dt =0.

Proof.ByLemma3.2,itsufficestocheckthat:

In(t):=E (
T

t

Ĥ(s,Xs−,Z
(0)
s ,p

(n)
s ,η

(n)
s )−Ĥ(s,Xs−,Z

(0)
s ,p

(0)
s ,η

(0)
s )ds)

2
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converges to 0 for all t ≤ T , and that In(t) is bounded by C uniformly in t and n. We also need to check

Jn := E[|g(XT , p
(n)
T ) − g(XT , p

(0)
T )|2] converges to 0. By Lipschitz property of the cost functional g and Lemma

4.3, we have:

Jn ≤ C‖p(n)T − p
(0)
T ‖2 = C‖π(μ(n), T )− π(μ(0), T )‖2 → 0,

as n → +∞. To check the uniform boundedness of In(t), we recall from Lemma 3.7 that:

|Ĥ(t,Xt−, Z
(0)
t , p

(n)
t , η

(n)
t )− Ĥ(t,Xt−, Z

(0)
t , p

(0)
t , η

(0)
t )| ≤ C(1 + ‖Z(0)

t ‖Xt−
)(‖p(n)t − p

(0)
t ‖+ W̄1(η

(n)
t , η

(0)
t )),

where W̄1 is the Wasserstein distance on the space P(P(A)). Clearly ‖p(n)t − p
(0)
t ‖ can be bounded by a constant

since p
(n)
t is in the simplex S. On the other hand, we have:

W̄1(η
(n)
t , η

(0)
t ) ≤

∫
(ν1,ν2)∈P(A)2

W1(ν1, ν2)η
(n)
t (dν1)η

(0)
t (dν2).

Since A is compact, W1(ν1, ν2) for (ν1, ν2) ∈ P(A)2 is bounded, which implies that W̄1(η
(n)
t , η

(0)
t ) is also bounded

by a constant uniformly in n and t. This implies:

In(t) ≤ CE[

∫ T

t

(1 + ‖Z(0)
s ‖Xs−

)ds] ≤ C(1 + (E[

∫ T

0

‖Z(0)
s ‖2Xs−

ds])1/2) < +∞,

which means that In(t) is uniformly bounded in n and t. To show that In(t) converges to 0, we write:

In(t) ≤ 2E

⎡
⎣(∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(n)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(n)s ))dt

)2
⎤
⎦

+ 2E

⎡
⎣(∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))dt

)2
⎤
⎦

≤ 2CE

[∫ T

t

(1 + ‖Z(0)
s ‖Xs−

)2‖p(n)s − p(0)s ‖2ds
]

+ 2E

⎡
⎣
(∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))dt

)2
⎤
⎦ .

By Lemma 4.3, we have (1 + ‖Z(0)
s ‖Xs−

)2‖p(n)s − p
(0)
s ‖2 → 0, dt⊗ dP-a.e. On the other hand, we have:

(1 + ‖Z(0)
s ‖Xs−

)2‖p(n)s − p(0)s ‖2 ≤ C(1 + ‖Z(0)
s ‖Xs−

)2,

where the right hand side is ds⊗ dP-integrable. Therefore by the dominated convergence theorem, we obtain:

E

[∫ T

t

(1 + ‖Z(0)
s ‖Xs−

)2‖p(n)s − p(0)s ‖2ds
]
→ 0,

as n → +∞. It remains to show that:

Kn := E

⎡
⎣
(∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))dt

)2
⎤
⎦

converges to 0. For a fix w ∈ Ω and s ≤ T , we have:∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))ds
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=

∫ T

t

∫
ν∈P(A)

Ĥ(s,Xs−, Z
(0)
s , p(0)s , ν)(η(n)s − η(0)s )(dν)ds

=

∫
[0,T ]×P(A)

κ(s, ν)η(n)(ds, dν) −
∫
[0,T ]×P(A)

κ(s, ν)η(0)(ds, dν),

where we defined κ(s, ν) := 1t≤s≤TH(s,Xs−, Z
(0)
s , p

(0)
s , ν). Clearly κ is continuous in ν for all s. On the other

hand, by inequality (26) in Lemma 3.7, for all t ≤ s ≤ T and ν ∈ P(A) we have:

|H(s,Xs−, Z
(0)
s , p(0)s , ν)| ≤ |H(s,Xs−, 0, 0, 0)|+ C‖Z(0)

s ‖Xs−
+ C(1 + ‖Z(0)

s ‖Xs−
)(‖p(0)s ‖+W1(ν, 0)).

Therefore by Lemma 4.11 and the boundedness of P(A), we conclude that the mapping (s, ν) → κ(s, ν) is bounded.
It follows from the definition of stable topology and η(n) → η(0) that:

lim
n→+∞

∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))ds = 0,

for all w ∈ Ω. In addition, we have:(∫ T

t

(Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s ))ds

)2

≤(T − t)

∫ T

t

|Ĥ(s,Xs−, Z
(0)
s , p(0)s , η(n)s )− Ĥ(s,Xs−, Z

(0)
s , p(0)s , η(0)s )|2ds

≤C

∫ T

t

(1 + ‖Z(0)
s ‖Xs−

)2(W̄1(η
(n)
s , η(0)s ))2ds ≤ C

∫ T

t

(1 + ‖Z(0)
s ‖Xs−

)2ds

and
∫ T

t (1 + ‖Z(0)
s ‖Xs−

)2ds is integrable. Apply once again the dominated convergence theorem, we conclude that
Kn converges to 0. This completes the proof. �

We will also need a result on a more convenient representation of the Doléans-Dade exponential of L(n).

Lemma 4.13. Denote by W(n) the Doléans-Dade exponential of L(n). Then the Itô differential of log(W(n))
satisfies:

d[log(W
(n)
t )] = X∗

t− · (Q(t, α̂
(n)
t , p

(n)
t , η

(n)
t )−Q0+O(t, α̂

(n)
t , p

(n)
t , η

(n)
t ) ·Q0) ·Xt−dt+X∗

t− ·O(t, α̂
(n)
t , p

(n)
t , η

(n)
t ) ·dMt,

where O(t, α̂
(n)
t , p

(n)
t , η

(n)
t ) is the matrix with log(q(t, i, j, α̂

(n)
t , p

(n)
t , η

(n)
t )) as off-diagonal elements and zeros on the

diagonal.

Proof. Since W(n) is the Doléans-Dade exponential of L(n), W(n) satisfies the SDE dW
(n)
t = W

(n)
t− dL

(n)
t . Applying

Ito’s formula and noticing that the continuous martingale part of Ln is zero, we have:

d log(W
(n)
t ) = dL

(n)
t −ΔL

(n)
t + log(1 + ΔL

(n)
t ).

Then using dL
(n)
t = X∗

t− · (Q(t, α̂
(n)
t , p

(n)
t , η

(n)
t )−Q0) · ψ+

t · dMt and noticing that the jumps of Ln are driven by
the jumps of M, and hence X , we obtain:

d log(W
(n)
t ) =−X∗

t− · (Q(t, α̂
(n)
t , p

(n)
t , η

(n)
t )−Q0) · ψ+ ·Q0 ·Xt−dt+ log(1 + ΔL

(n)
t )

=X∗
t− · (Q(t, α̂

(n)
t , p

(n)
t , η

(n)
t )−Q0) ·Xt−dt+ log(1 + ΔL

(n)
t ),

where we have used the fact that for all q-matrices A, we have X∗
t− ·A ·ψ+ ·Q0 ·Xt− = −X∗

t− ·A ·Xt−. Piggybacking
on the derivation following equation (6), for Xt− = ei and Xt = ej we have:

log(1 + ΔL
(n)
t ) = log(q(t, i, j, α̂

(n)
t , p

(n)
t , η

(n)
t )).
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Using matrix notation and recalling the definition of O in the statement of Lemma 4.13, we may write:

log(1 + ΔL
(n)
t ) = X∗

t− ·O(t, α̂
(n)
t , p

(n)
t , η

(n)
t ) ·ΔXt.

Using again the equality ΔXt = dXt = Q0 ·Xt−dt+dMt, we arrive at the desired representation of the differential
of log(Wt). �

We now show the first component of the mapping Φ is sequentially continuous.

Proposition 4.14. Q(n) converges to Q(0) in P.

Proof. For two probability measures Q and Q′ in P , the total variation distance d between Q and Q′ is:

(49) dTV (Q,Q′) := sup{|Q(A)−Q′(A)|, A ∈ B(D)}.
It is well-known that convergence in total variation implies weak convergence, hence convergence in the topological
space P . Therefore our aim is to show that dTV (Q

(n),Q(0)) → 0 as n → +∞. By Pinsker’s inequality, we have:

d2TV (Q
(0),Q(n)) ≤ 1

2
E(0)

[
log

(
dQ(0)

dQ(n)

)]
.

Since dQ(n)

dP = E(L(n))T , we have:

d2TV (Q
(0),Q(n)) ≤ E(0)[log(E(L(0))T )− log(E(L(n))T )].

Using Lemma 4.13, we have:

E(0)[log(E(L(0))T )− log(E(L(n))T )]

=E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )−Q(t, α̂

(n)
t , p

(n)
t , η

(n)
t )) ·Xt−dt

]

+ E(0)

[∫ T

0

X∗
t− · (O(t, α̂

(0)
t , p

(0)
t , η

(0)
t )−O(t, α̂

(n)
t , p

(n)
t , η

(n)
t )) ·Q0 ·Xt−dt

]

+ E(0)

[∫ T

0

X∗
t− · (O(t, α̂

(0)
t , p

(0)
t , η

(0)
t )−O(t, α̂

(n)
t , p

(n)
t , η

(n)
t )) · dMt

]
.

By Assumption 2.2, the process t → ∫ t

0
X∗

s− · (O(s, α̂
(0)
s , p

(0)
s , ν

(n)
s )−O(s, α̂

(n)
s , p

(n)
s , ν

(n)
s )) ·dMs is a true martingale

therefore have zero expectation. We now deal with the convergence of the term E0[
∫ T

0 X∗
t− · (Q(t, α̂

(n)
t , p

(n)
t , η

(n)
t )−

Q(t, α̂
(0)
t , p

(0)
t , η

(0)
t )) ·Xt−dt], whereas the term E0[

∫ T

0
X∗

t− · (O(t, α̂
(n)
t , p

(n)
t , η

(n)
t )−O(t, α̂

(0)
t , p

(0)
t , η

(0)
t )) ·Q0 ·Xt−dt]

can be dealt with in the exact the same way. Using the Lipschitz property of â and Q in Lemma 3.7 and Lemma
4.8, we obtain:

E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )−Q(t, α̂

(n)
t , p

(n)
t , η

(n)
t )) ·Xt−dt

]

≤E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(n)
t )−Q(t, α̂

(n)
t , p

(n)
t , η

(n)
t )) ·Xt−dt

]

+ E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )−Q(t, α̂

(0)
t , p

(0)
t , η

(n)
t )) ·Xt−dt

]

≤ E(0)

[∫ T

0

C(‖α̂(n)
t − α̂

(0)
t ‖+ ‖p(n)t − p

(0)
t ‖)dt

]
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+ E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(n)
t )−Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )) ·Xt−dt

]

≤E(0)

[∫ T

0

C‖Z(n)
t − Z

(0)
t ‖Xt−

dt

]
+ E(0)

[∫ T

0

C(1 + ‖Z(0)
t ‖Xt−

)‖p(n)t − p
(0)
t ‖dt

]

+ E(0)

[∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(n)
t )−Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )) ·Xt−dt

]
.

We deal with these terms separately. For the first expectation, by Cauchy-Schwartz inequality, we have:(
E(0)

[∫ T

0

C‖Z(n)
t − Z

(0)
t ‖Xt−

dt

])2

=

(
E

[
W

(0)
T

∫ T

0

C‖Z(n)
t − Z

(0)
t ‖Xt−

dt

])2

≤ E[(W
(0)
T )2]E

⎡
⎣
(∫ T

0

C‖Z(n)
t − Z

(0)
t ‖Xt−

dt

)2
⎤
⎦

≤ CE[(W
(0)
T )2]E

[∫ T

0

‖Z(n)
t − Z

(0)
t ‖2Xt−

dt

]
.

This converges to 0 by Proposition 4.12. For the second expectation, we notice from Lemma 4.11 that ‖Z(0)
t ‖Xt−

is bounded by a constant for all (ω, t) ∈ Ω× [0, T ]. Therefore we have:

E(0)

[∫ T

0

C(1 + ‖Z(0)
t ‖Xt−

)‖p(n)t − p
(0)
t ‖dt

]
≤ C

∫ T

0

C‖p(n)t − p
(0)
t ‖dt,

where the right-hand side converges to 0 by dominated convergence theorem. Finally for the third expectation, we
rewrite the integrand as:∫ T

0

X∗
t− · (Q(t, α̂

(0)
t , p

(0)
t , η

(n)
t )−Q(t, α̂

(0)
t , p

(0)
t , η

(0)
t )) ·Xt−dt

=

∫
[0,T ]×P(A)

X∗
t− ·Q(t, α̂

(0)
t , p

(0)
t , ν) ·Xt−(η

(n)(dt, dν) − η(0)(dt, dν)).

This converges to 0, since η(n) converges to η(0) in stable topology and the mapping ν → Q(t, α̂
(0)
t , p

(0)
t , ν) is

continuous for all t. Notice also that the integrand is bounded by a constant, since q is bounded according
to Assumption 2.2. Then by dominated converges theorem the thrid expectation converges to 0 as well. This
completes the proof. �

To show the continuity of Φη, we need the following lemma.

Lemma 4.15. Let (ν
(n)
t )t≤T be a sequence of measurable functions from [0, T ] to P(A) such that

∫ T

0
W1(ν

(n)
t , ν

(0)
t ) →

0. Then L(dt)× δ
ν
(n)
t

(dν) converges to L(dt)× δ
ν
(0)
t

(dν) in R0 in the sense of the stable topology.

Proof. Set λ(n)(dt, dν) := L(dt) × δ
ν
(n)
t

(dν) for n ≥ 0, let f : [0, T ] × P(A) → R be a mapping of the form

f(t, ν) = 1t∈B · g(ν) where B is measurable subset of [0, T ] and gis a bounded Lipschitz function on P(A). We
then have:∣∣∣∣∣
∫
[0,T ]×P(A)

f(t, ν)λ(n)(dt, dν) −
∫
[0,T ]×P(A)

f(t, ν)λ(0)(dt, dν)

∣∣∣∣∣ ≤
∫
t∈B

|g(ν(n)t )−g(ν
(0)
t )|dt ≤ C

∫ T

0

W1(ν
(n)
t , ν

(0)
t )dt.

By Lemma 4.6, we conclude that λ(n) converges to λ(0) for the stable topology. �
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Proposition 4.16. L(·) × δ
Q

(n)

#α̂
(n)
t

(·) converges to L(·) × δ
Q

(0)

#α̂
(0)
t

(·) in R0 in the sense of the stable topology.

Proof. By Lemma 4.15, we only need to show
∫ T

0
W1(Q

(n)

#α̂
(n)
t

,Q
(0)

#α̂
(0)
t

)dt converges to 0. Notice that:

∫ T

0

W1(Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(0)
t

)dt ≤
∫ T

0

W1(Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

)dt+

∫ T

0

W1(Q
(0)

#α̂
(n)
t

,Q
(0)

#α̂
(0)
t

)dt.

By the very definition of the total variation distance (recall equation 49), we have clearly:

dTV (Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

) ≤ dTV (Q
(n),Q(0)),

which converges to 0 according to the proof of Proposition 4.14. By Theorem 6.16 in [24], since A is bounded and

Q
(n)

#α̂
(n)
t

∈ P(A), there exists a constant C such that:

W1(Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

) ≤ C · dTV (Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

).

This shows that W1(Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

) converges to 0. In addition, it is also bounded since A is bounded. The

dominated convergence theorem then implies that:∫ T

0

W1(Q
(n)

#α̂
(n)
t

,Q
(0)

#α̂
(n)
t

)dt → 0, n → +∞.

Now for the other term, we have:

intT0 W1(Q
(0)

#α̂
(n)
t

,Q
(0)

#α̂
(0)
t

)dt ≤
∫ T

0

E(0)[‖α̂(n)
t − α̂

(0)
t ‖]dt

= E

[
W

(0)
T

∫ T

0

‖α̂(n)
t − α̂

(0)
t ‖dt

]

≤ (E[(W
(0)
T )2])1/2

(
E

[
T

∫ T

0

‖α̂(n)
t − α̂

(0)
t ‖2dt

])1/2

.

The Lipschitz property of â (see Lemma 3.7) and Proposition 4.12 imply that E
[
T
∫ T

0 ‖α̂(n)
t − α̂

(0)
t ‖2dt

]
→ 0. �

We are now ready to show the existence of Nash equilibria.

Proof. (of Theorem 4.1) Consider the product space Γ := P ×R endowed with the product topology of the weak
topology on P and the stable topology on R. By Proposition 4.5, Γ is a Polish space. By Proposition 4.2 and
Lemma 4.7, Γ0 := P̄0 × R0 is a compact and convex subset of Γ and it is stable by the mapping Φ defined in
(46). In addition, we see from Proposition 4.14 and Proposition 4.16 that Φ is continuous. Therefore applying
Schauder’s fixed point theorem, we conclude that Φ admits a fixed point (μ∗, η∗) ∈ P̄0 ×R0.

Now let us define p∗t := π(t, μ∗) ∈ S and α∗t := â(t,Xt−, Z
∗
t , π(t, μ

∗)) where (Y∗,Z∗) is the solution to the BSDE
(41) with μ = μ∗ and η = η∗. We then define P∗ := Pμ∗,η∗ and ν∗t := P∗#α∗t

. Since (μ∗, η∗) is the fixed point of the

mapping Φ, we have η∗t = δν∗t and μ∗ = P∗. It follows that p∗t = π(t,P∗) = [P∗(Xt = ei)]1≤i≤m. By Proposition
3.9, we see that α∗ is the solution to the optimal control problem (13) when the mean field of state is p∗ and the
mean field of control is ν∗. This implies that (α∗,p∗,ν∗) is a Nash equilibrium. �
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5. Uniqueness of Nash equilibrium

Uniqueness of Nash equilibria will be proven under the following conditions.

Assumption 5.1. (i) The transition rate function q does depend neither on the mean field of state p nor on the
mean field of control ν. The cost functional f is separable in the sense that it is of the form:

(50) f(t, x, α, p, ν) = f0(t, x, α) + f1(t,X, p) + f2(t, p, ν).

(ii) For all t ∈ [0, T ], i ∈ {1, . . . ,m}, z ∈ Rm, p ∈ S and ν ∈ P(A), the mapping α → Hi(t, z, α, p, ν) admits a
unique minimizer, whichbecause of assumption (i), only depends on t and z. We denote it by âi(t, z). In addition,
we assume that âi is a measurable from [0, T ]× Rm into A, and that there exists a constant C > 0 such that for
all i ∈ {1, . . . ,m}, and z, z′ ∈ Rm:

(51) ‖âi(t, z)− âi(t, z
′)‖ ≤ C‖z − z′‖ei .

(iii) For all p, p′ ∈ S and t ∈ [0, T ], we have:

m∑
i=1

(g(ei, p)− g(ei, p
′))(pi − p′i) ≥ 0,(52)

m∑
i=1

(f1(t, ei, p)− f1(t, ei, p
′))(pi − p′i) ≥ 0.(53)

Remark 5.2. Item (ii) of Assumption 5.1 holds if we impose additional conditions of linearity and strong convexity
on the transition rate function and the cost function, for example:

Assumption 5.3. (i)The transition rate function q takes the form q(t, i, j, α) = q0(t, i, j)+ q1(t, i, j) ·α, where the
mappings q0 : [0, T ]× E2 → R and q1 : [0, T ]× E2 → Rl are continuous.
(ii) f0 is γ−strongly convex in α, i.e., for all (t, i) ∈ [0, T ]× E and α, α′ ∈ A, we have:

(54) f0(t, ei, α)− f0(t, ei, α
′)− (α− α′) · ∇αf0(t, ei, α) ≥ γ‖α′ − α‖2

Theorem 5.4. Under Assumptions 2.2, 2.7 and 5.1, there exists at most one Nash equilibrium for the weak
formulation of the finite state mean field game.

Proof. Let (α(1),p(1),ν(1)) and (α(2),p(2),ν(2)) be two Nash equilibria of the mean field game. For i = 1, 2, we
denote by (Y(i),Z(i)) the solution to the BSDE (29) with p = p(i), ν = ν(i), which is written as:

Y
(i)
0 = g(XT , p

(i)
T ) +

∫ T

0

Ĥ(t,Xt−, Z
(i)
t , p

(i)
t , ν

(i)
t )dt−

∫ T

0

(Z
(i)
t )∗ · dMt

we have α̂
(i)
t := â(t, Z

(i)
t ), dP ⊗ dt-a.e. Let us denote Q(i) := Q(α̂(i),p(i),ν(i)), the controlled probability measure

defined in (7), under which M(i) := M(α̂(i),p(i),ν(i)) is a martingale. In addition, we use the abbreviation f
(i)
t :=

f(t,Xt−, α̂
(i)
t , p

(i)
t , ν

(i)
t ), g(i) = g(XT , p

(i)
T ) and Q

(i)
t := Q(t, α̂

(i)
t ). Taking the difference of the BSDEs we obtain:

Y
(1)
0 − Y

(2)
0 =g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q0) · Z(1)

t −X∗
t− · (Q(2)

t −Q0) · Z(2)
t )dt

+

∫ T

0

(Z
(1)
t − Z

(2)
t )∗ · dMt

=g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(1)

t )dt+

∫ T

0

(Z
(1)
t − Z

(2)
t )∗ · dM(2)

t

=g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(2)

t )dt+

∫ T

0

(Z
(1)
t − Z

(2)
t )∗ · dM(1)

t .
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Taking expectations with respect to Q(1) and Q(2) and using the fact that

EP[Y
(1)
0 − Y

(2)
0 ] = EQ(1)

[Y
(1)
0 − Y

(2)
0 ] = EQ(2)

[Y
(1)
0 − Y

(2)
0 ],

we obtain the following equality:

(55)

EQ(1)

[
g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(2)

t )dt

]

= EQ(2)

[
g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(1)

t )dt

]
.

Next we notice that:

f1
t +X∗

t− ·Q(1)
t · Z2

t = f(t,Xt−, α̂
(1)
t , p

(1)
t , ν

(1)
t ) +X∗

t− ·Q(t, α̂
(1)
t ) · Z(2)

t

= H(t,Xt−, α̂
(1)
t , Z

(2)
t , p

(1)
t , ν

(1)
t ) ≥ H(t,Xt−, α̂

(2)
t , Z

(2)
t , p

(1)
t , ν

(1)
t )

= H(t,Xt−, α̂
(2)
t , Z

(2)
t , p

(2)
t , ν

(2)
t ) + (f1(t,Xt−, p

(1)
t )− f1(t,Xt−, p

(2)
t ))

+ (f2(t, p
(1)
t , ν

(1)
t )− f2(t, p

(2)
t , ν

(2)
t ))

and using the inequality:

H(t,Xt−, α̂
(1)
t , Z

(2)
t , p

(1)
t , ν

(1)
t ) ≥ H(t,Xt−, α̂

(2)
t , Z

(2)
t , p

(1)
t , ν

(1)
t )

which is due to the fact that α̂
(2)
t minimizes the Hamiltonian α → H(t,Xt−, α, Z

(2)
t , p

(1)
t , ν

(1)
t ) and Assumption 5.1

that the minimizer does not depend on the mean field terms, we get:

f
(1)
t − f

(2)
t +X∗

t−(Q
(1)
t −Q

(2)
t )Z

(2)
t ≥ (f1(t,Xt−, p

(1)
t )− f1(t,Xt−, p

(2)
t )) + (f2(t, p

(1)
t , ν

(1)
t )− f2(t, p

(2)
t , ν

(2)
t )).

Interchanging the indices we obtain:

f
(2)
t − f

(1)
t +X∗

t− · (Q(2)
t −Q

(1)
t ) · Z(1)

t ≥ (f1(t,Xt−, p
(2)
t )− f1(t,Xt−, p

(1)
t )) + (f2(t, p

(2)
t , ν

(2)
t )− f2(t, p

(1)
t , ν

(1)
t )).

Injecting these inequalities into equation (55) we have:

0 = EQ(1)

[
g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(2)

t )dt

]

− EQ(2)

[
g(1) − g(2) +

∫ T

0

(f
(1)
t − f

(2)
t +X∗

t− · (Q(1)
t −Q

(2)
t ) · Z(1)

t )dt

]

≥ EQ(1)

[
g(1) − g(2) +

∫ T

0

(f1(t,Xt−, p
(1)
t )− f1(t,Xt−, p

(2)
t ) + f2(t, p

(1)
t , ν

(1)
t )− f2(t, p

(2)
t , ν

(2)
t ))dt

]

− EQ(2)

[
g(1) − g(2) +

∫ T

0

(f1(t,Xt−, p
(1)
t )− f1(t,Xt−, p

(2)
t ) + f2(t, p

(1)
t , ν

(1)
t )− f2(t, p

(2)
t , ν

(2)
t ))dt

]

= EQ(1)

[
g(1) − g(2) +

∫ T

0

(f1(t,Xt−, p
(1)
t )− f1(t,Xt−, p

(2)
t ))dt

]

− EQ(2)

[
g(1) − g(2) +

∫ T

0

(f1(t,Xt−, p
(1)
t )− f1(t,Xt−, p

(2)
t ))dt

]

where the last equality is due to the fact that [f2(t, p
(2)
t , ν

(2)
t )− f2(t, p

(1)
t , ν

(1)
t )] is deterministic.

From Proposition 3.9, since α(i) is the optimal control with regard to the mean field p(i) and ν(i), we have

α
(i)
t = α̂

(i)
t , dt ⊗ dP-a.e. This implies that Q(i)[Xt− = ek] = Q(α(i),p(i),ν(i))[Xt− = ek] for all i = 1, 2 and
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k = 1, . . . ,m. Since (α(i),p(i),ν(i)) is a Nash equilibrium, we have Q(α(i),p(i),ν(i))[Xt− = ek] = [p
(i)
t ]k. Therefore

we obtain Q(i)[Xt− = ek] = [p
(i)
t ]k for all i = 1, 2 and k = 1, . . . ,m. Now using item (iii) of Assumption 5.1, we

have:

(56)

0 ≥
m∑
i=1

(g(ei, p
(1)
T )− g(ei, p

(2)
T ))([p

(1)
T ]i − [p

(2)
T ]i)

+

∫ T

0

m∑
i=1

(f0(t, ei, p
(1)
t )− f0(t, ei, p

(2)
t ))([p

(1)
t ]i − [p

(2)
t ]i)dt ≥ 0

Assume that there exists a measurable subset N of [0, T ]× Ω with strictly positve dt ⊗ dQ(1) measure, such that

α̂
(1)
t �= α̂

(2)
t on N . By Assumption 5.1, the mapping α → H(t,Xt−, α, Z

(2)
t , p

(1)
t , ν

(1)
t ) admits a unique minimizer

and therefore for all (t, w) ∈ N , we have:

H(t,Xt−, α̂
(1)
t , Z

(2)
t , p

(1)
t , ν

(1)
t ) > H(t,Xt−, α̂

(2)
t , Z

(2)
t , p

(1)
t , ν

(1)
t )

Piggybacking on the argument laid out above, we see that the first inequality is strict in (56) which leads to a

contradiction. Therefore we have α̂
(1)
t = α̂

(2)
t , dt⊗dQ1-a.e., and dt⊗dP-a.e., since P is equivalent to Q(1). It follows

that α
(1)
t = α

(2)
t , dt ⊗ dP-a.e. Finally, using the same type of argument as in the proof of Proposition 4.14, we

obtain Q(1) = Q(2) which finally leads to (p(1),ν(1)) = (p(2),ν(2)). This completes the proof of the uniqueness. �

6. Approximate Nash Equilibrium for Games with Finite Many Players

In this section we show that the solution of a mean field game can be used to construct approximate Nash
equilibria for games with finitely many players. We first set the stage for the weak formulation of the game with
N players in finite state spaces. Recall that Ω is the space of càdlág mappings from [0, T ] to E = {e1, . . . , eM}
which are continuous on T , t → Xt is the canonical process and F := (Ft)t≤T is the natural filtration generated
by X. Let us fix p◦ ∈ S a probability distribution on the state space E. Let P be the probability on (Ω,FT )
under which X is a continuous-time Markov chain with transition rate matrix Q0 and initial distribution p◦.
Let ΩN be the product space of N copies of Ω, and PN be the product probability measure of N identical
copies of P. For n = 1, . . . , N , define the process Xn

t (w) := wn
t of which the natural filtration is denoted by

Fn,N := (Fn,N
t )t∈[0,T ]. We also denote by FN := (FN

t )t∈[0,T ] the natural filtration generated by the process

(X1,X2, . . . ,XN ). Denote Mn
t := Xn

t − X0
t − ∫ t

0 Q0 · Xn
s−ds. It is clear that under PN , X1, . . . ,XN are N

independent continuous-time Markov chains with initial distribution p◦ and Q0 as the transition rate matrix,
and M1, . . . ,MN are independent FN -martingales. For later use, for i = 1, . . . , N , we define the matrix ψn

t by
ψn
t := diag(Q0 ·Xn

t−)−Q0 · diag(Xn
t−)− diag(Xn

t−) ·Q0.

Throughout this section, we let Assumptions 2.2, 2.7 and 3.4 hold. In addition, we adopt the following assump-
tion:

Assumption 6.1. The transition rate function q does not depend on the mean field of state, nor the mean field of
control.

We assume that each player can observe the entire past history of every player’s state. We denote by AN the
collection of FN -predictable processes taking values in A. Each player n chooses a strategy αn ∈ AN . We define

the martingale L(α1,...,αN ) by:

(57) L
(α1,...,αN )
t :=

∫ t

0

N∑
n=1

(Xn
s−)

∗ · (Q(s, αn
s )−Q0) · (ψn

s )
+ · dMn

s ,

and the probability measure Q(α1,...,αN ) by:

(58)
dQ(α1,...,αN )

dPN
= E(α1,...,αN )

T ,
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wherewedenotebyE(α
1,...,αN)theDoĺeans-DadeexponentialofL(α

1,...,αN).Finallyweintroducetheempirical
distributionofthestates:

(59) pNt :=
1

N

N

n=1

(Xnt=e1),

N

n=1

(Xnt=e2),...,

N

n=1

(Xnt=em)∈S,

aswellastheempiricaldistributionofthecontrols:

(60) ν(α1t,...,α
N
t):=

1

N

N

n=1

δαnt ∈P(A),

whereδa(·)istheDiracmeasureona.ThetotalexpectedcostofplayerninthegamewithNplayers,denoted
byJn,N(α1,...,αN),isdefinedas:

(61) Jn,N(α1,...,αN):=EQ
(α1,...,αN)

T

0

f(t,Xnt,α
n
t,p

N
t,ν(α

1
t,...,α

N
t))dt+g(X

n
T,p

N
T).

NowletusconsideraNashequilibrium(α∗,p∗,ν∗)ofthemeanfieldgameinthesenseofDefinition2.8.Recall
that
balpha∗isapredictableprocesswithrespecttothenaturalfiltrationgeneratedbythecanonicalprocessX.For
eachn=1,...,N,wemaydefinethecontrol̂αnofplayernby:

(62) α̂n(w1,...,wN):=α∗(wn).

Clearly,α̂n isFn,N-predictable.Inotherwords,itonlydependsontheobservationofplayern’sownpath.

Thereforethestrategyprofileα̂(N):=(̂α1,...,̂αN)isadistributedstrategyprofile,which meansthatevery
player’sstrategyisonlybasedontheobservationofitsownpath.

Inthefollowing,wewillshowthatα̂(N)isanapproximateNashequilibriuminasensetobemadeclearlater
on.Tothisend,wefirstgivearesultonthepropagationofchaos,whichcompareplayersn’stotalexpectedcost
inthemeanfieldgameversusitstotalexpectedcostinthefiniteplayergame.Tosimplifythenotations,weuse

theabbreviation(β,̂α−n,N)for(̂α1,...,̂αn−1,β,̂αn+1,...,̂αN),Q̂(N)forQα̂
(N)

,̂E(N)forEQ̂
(N)

,andfinallŷE(N)

forEα̂
(N)

. Westartfromthefollowinglemmas:

Lemma6.2.Thereexistsasequence(δN)N≥0suchthatδN →0asN→+∞,andsuchthatforallN≥1,n≤N
andt≤Twehave:

(63) max Ê(N)[W21(ν(βt,̂α
−1,N
t ),ν∗t)],Ê

N[pNt−p
∗
t
2]≤δN.

Proof.SinceQ̂(N)=Qα̂
(N)

andthefactthat(α∗,p∗,ν∗)isanequilibriumofthemeanfieldgame,wededucethat

underthemeasureQ̂(N),thestatesX1t,...,X
N
t areindependentandhavethesamedistributioncharacterizedbyp

∗
t,

andthatthecontrolsα1t,...,α
N
t areindependentandhavethesamedistributionν

∗
t.Therefore,fori∈{1,...,M},

wehave:

Ê(N)



 1

N

N

n=1

(Xnt=ei)−Q̂
N[X1t=ei]

2


=
1

N
(̂Q(N)[X1t=ei]−(̂Q

(N)[X1t=ei])
2)≤

1

4N
,

whichleadsto:

Ê(N)[pNt−p
∗
t
2]=

M

i=1

Ê(N)



 1

N

N

n=1

(Xnt=ei)−Q̂
N[X1t=ei]

2


≤
M

4N
.

Ontheotherhand,ν(βt,̂α
−1,N
t )andν∗tareinP(A)withAbeingacompactsubsetofR

d. Wehave:

Ê(N)[W21(ν(βt,̂α
−1,N
t ),ν∗t)]≤CÊ

(N)[W1(ν(βt,̂α
−1,N
t ),ν∗t)]
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≤CÊ(N)[W1(ν(βt,̂α
−1,N
t ),ν(̂α

(N)
t ))+W1(ν(̂α

(N)
t ),ν

∗
t)]

≤C(̂E(N)[
1

N
βt−α̂

1,N
t ]+̂E(N)[W1(ν(̂α

(N)
t ),ν

∗
t)])

≤C(
1

N
+Ê(N)[W1(ν(̂α

(N)
t ),ν

∗
t)]),

whereCisaconstantonlydependingonsupa∈A a whichchangesitsvaluefromlinetoline. Nowapplying
Theorem1in[12],wehave:

Ê(N)[W1(ν(̂α
(N)
t ),ν

∗
t)]≤ sup

a∈A
a·[(d≤2)(N−1/2log(1+N)+N−2/3)+(d>2)(N−1/d+N−1/2)].

Combiningwiththeestimatespreviouslyshown,weobtainthedesiredresult.

Lemma6.3.ThereexistsaconstantCwhichonlydependsontheboundofthetransitionrateq,suchthatforall
N>0andβ∈Awehave:

(64) Ê(N)



 E
(β,̂α−1,N)
T

Ê
(N)
T

2


≤C.

Proof.LetusdenoteWt:=E
(β,̂α−1,N)
t /̂E

(N)
t .ByIto’sformulawehave:

dWt=
dE
(β,̂α−1,N)
t −∆E

(β,̂α−1,N)
t

Ê
(N)
t−

−
E
(β,̂α−1,N)
t− (d̂E

(N)
t −∆Ê

(N)
t )

(̂E
(N)
t− )

2
+∆Wt

=Wt−
dE
(β,̂α−1,N)
t −∆E

(β,̂α−1,N)
t

E
(β,̂α−1,N)
t−

−
d̂E
(N)
t −∆Ê

(N)
t

Ê
(N)
t−

+∆Wt

Recallthat:

d̂E
(N)
t

Ê
(N)
t−

=

N

n=1

(Xnt−)
∗·(Q(t,̂αnt)−Q

0)·(ψnt)
+·dMn

t,

dE
(β,̂α−1,N)
t

E
(β,̂α−1,N)
t−

=(X1t−)
∗·(Q(t,βt)−Q

0)·(ψ1t)
+·dM1

t+
N

n=2

(Xnt−)
∗·(Q(t,̂αnt)−Q

0)·(ψnt)
+·dMn

t,

anddMn
t=∆M

n
t−Q

0Xnt−dt. Noticingthatforn=1,thejumpsofM
n
tdonotresultinthejumpsofWt,we

obtain:

∆Wt= ∆
E
(β,̂α−1,N)
t

Êαt
=
E
(β,̂α−1,N)
t−

Êαt−
·
1+(X1t−)

∗·(Q(t,βt)−Q
0)·(ψ1t)

+·∆M1
t

1+(X1t−)
∗·(Q(t,̂α1t)−Q

0)·(ψ1t)
+·∆M1

t

−1

= Wt−
(X1t−)

∗·(Q(t,βt)−Q(t,̂α
1
t))·(ψ

1
t)
+·∆M1

t

1+(X1t−)
∗·(Q(t,̂α1t)−Q

0)·(ψ1t)
+·∆M1

t

.

Piggybackingonthecomputationinequation(6),weseethatwhenX1t−=ei=ej=Xt,wehave∆M
1
t=∆X

1
t=

ej−eiand:

∆Wt=Wt−
q(t,i,j,βt)−q(t,i,j,̂α

1
t)

q(t,i,j,̂α1t)
.

LetusdefineΞβttobeanmbymmatrixwherethediagonalelementsare0andtheelementonthei-throwand

thej-thcolumnis
q(t,i,j,βt)−q(t,i,j,̂α

1
t)

q(t,i,j,̂α1t)
.Thenitisclearthat∆Wt=e

∗
i·Ξ

β
t·(ej−ei).Itfollowsthat:

∆Wt=Wt−·(X
1
t−)
∗·Ξβt·∆M

1
t.
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Injecting the above equation into the Itô decomposition of Wt, we obtain:

dWt = Wt−[(Q(t, α̂1
t )−Q(t, βt)) · (ψ1

t )
+ ·Q0 ·X1

t−dt+ (X1
t−)

∗ · Ξβ
t ·ΔM1

t ]

= Wt−[(Q(t, α̂1
t )−Q(t, βt)) · (ψ1

t )
+ ·Q0 ·X1

t−dt+ (X1
t−)

∗ · Ξβ
t · (dM̂1

t +Q∗(t, α̂1
t ) ·X1

t−dt)].

In the second equality, we use the fact that under the measure Q̂(N), the state process X1
t has the canonical

decomposition dX1
t = dM̂1

t +Q∗(t, α̂1
t ) ·X1

t dt where M̂1 is a Q̂(N)-martingale. We also use the equality ΔM1
t =

ΔX1
t = dX1

t . In addition, by replacing X1
t with ei for i = 1, . . . ,M , it is plain to check the following equality:

(Q(t, α̂1
t )−Q(t, βt)) · (ψ1

t )
+ ·Q0 ·X1

t + (X1
t )
∗ · Ξβ

t ·Q∗(t, α̂1
t ) ·X1

t = 0.

This leads to the following representation of Wt:

dWt = Wt−(X
1
t )
∗ · Ξβ

t · dM̂1
t ,

which is a local martingale under the measure Q̂(N). At this stage, the rest of the proof is exactly the same as
the proof of Proposition 4.10. In particular, we make use of Assumption 2.2, that is the transition rate q being
bounded uniformly with regard to the controls. �

We are now ready to prove the form of the propagation of chaos result which we need.

Proposition 6.4. There exists a sequence (εN )N≥0 such that εN → 0 as N → +∞ and such that for all N ≥ 0,
n ≤ N and β ∈ A:

(65)

∣∣∣∣∣Jn,N(β, α̂−n,N )− EQ(β,α̂−n,N )

[∫ T

0

f(t,Xn
t , βt, p

∗
t , ν

∗
t )dt+ g(Xn

T , p
∗
T )

]∣∣∣∣∣ ≤ εN .

Proof. Due to symmetry, we only need to show the claim for n = 1. Let N > 0 and β ∈ A. Using successively
Cauchy-Schwartz inequality, Assumption 2.7, Lemma 6.2 and Lemma 6.3, we have:∣∣∣∣Jn,N (β, α̂−1,N )− EQ(β,α̂−1,N )

[∫ T

0
f(t, X1

t , βt, p
∗

t , ν
∗

t )dt + g(X1
T , p∗T )

]∣∣∣∣
≤ EQ(β,α̂−1,N )

[∫ T

0
|f(t, X1

t , βt, p
∗

t , ν
∗

t )− f(t, X1
t , βt, p

N
t , ν(βt, α̂

−1,N
t ))|dt + |g(X1

T , p∗T )− g(X1
T , pNT )|

]

= Ê(N)

⎡
⎣E(β,α̂−1,N )

T

Ê
(N)
T

∫ T

0
|f(t, X1

t , βt, p
∗

t , ν
∗

t )− f(t, X1
t , βt, p

N
t , ν(βt, α̂

−1,N
t ))|dt + |g(X1

T , p∗T )− g(X1
T , pNT )|

⎤
⎦

≤ Ê(N)

⎡
⎣
⎛
⎝E(β,α̂−1,N )

T

Ê
(N)
T

⎞
⎠

2⎤
⎦
1/2

Ê(N)

[(∫ T

0
|f(t, X1

t , βt, p
∗

t , ν
∗

t ) − f(t, X1
t , βt, p

N
t , ν(βt, α̂

−1,N
t ))|dt + |g(X1

T , p∗T )− g(X1
T , pNT )|

)2
]1/2

≤ CÊ(N)

⎡
⎣
⎛
⎝E(β,α̂−1,N )

T

Ê
(N)
T

⎞
⎠

2⎤
⎦
1/2 [∫ T

0
(Ê(N)[‖pNt − p∗t ‖

2] + Ê(N)[W2
1 (ν(βt, α̂

−1,N
t ), ν∗t )])dt + Ê(N)[‖pNT − p∗T ‖

2]

]1/2

≤ C
√

δN ,

where δN is as appeared in Lemma 6.2, and C is a constant only depending on T , the Lipschitz constant of f and
g and the constant appearing in Lemma 6.3. this gives us the desired inequality. �

As a direct consequence of the above result on the propagation of chaos, we show that the Nash equilibrium of
the mean field game consists of an approximate Nash equilibrium for the game with finite many players.

Theorem 6.5. There exists a sequence εN converging to 0 such that for all N > 0, β ∈ A and n ≤ N , we have:

Jn,N (β, α̂−n,N ) ≤ Jn,N(α̂(N)) + εN .
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Proof. Recall that the strategy profile is α̂(N) = (α̂1, . . . , α̂N ) is defined as:

α̂
n(w1, w2, . . . , wN ) := α∗(wn),

where α∗ is the strategy of the mean field game equilibrium, together with p∗ as the mean field of states and ν∗

as the mean field of control. For a strategy profile (α1, . . . ,αN ) we use the notation:

Kn,N (α1, . . . ,αN ) := EQ(α1,...,αN )

[∫ T

0

f(t,Xn
t , α

n
t , p

∗
t , ν

∗
t )dt+ g(Xn

T , p
∗
T )

]
.

Now taking n = 1, we observe that K1,N(α̂(N)) = EP
N

[Y
(α̂(N))
0 ], where Y

(α̂N )
0 is the solution (at time t = 0) of the

following BSDE:

(66) Yt = g(X1
T , p

∗
T ) +

∫ T

t

H(s,X1
s−, Z

1
s , α̂

1
s, p

∗
s, ν

∗
s )ds−

∫ T

t

(Z1
s )
∗ · dM1

s.

By the optimality of the equilibrium, we know that for all t ∈ [0, T ], α̂1
t minimizes the mapping α → H(t,X1

t−, Z
1
t , α, p

∗
t , ν

∗
t ).

Clearly, the solution of the above BSDE (66) is also the unique solution to the following BSDE:
(67)

Yt = g(X1
T , p

∗
T ) +

∫ T

t

[
H(s,X1

s−, Z
1
s , α̂

1
s, p

∗
s, ν

∗
s ) +

N∑
n=2

(Xn
t )
∗ · (Q(s, α̂n

s )−Q0) · Zn
s

]
ds−

∫ T

t

N∑
n=1

∫ T

t

(Zn
s )
∗ · dMn

s ,

with Zn
t = 0 for n = 2, . . . , N . Indeed, the existence and uniqueness of the BSDE (67) can be checked easily by

applying Theorem 6.7. On the other hand, by following exactly the same argument as in the proof of Lemma 3.8,

we can show that K1,N (β, α̂−1,N ) = EPN

[Y
(β,α̂−1,N )
0 ], where Y

(β,α̂−1,N )
0 is the solution (at time t = 0) of:

(68)

Yt = g(X1
T , p

∗
T ) +

∫ T

t

[
H(s,X1

s−, Z
1
s , βs, p

∗
s, ν

∗
s ) +

N∑
n=2

(Xn
t )
∗ · (Q(s, α̂n

s )−Q0) · Zn
s

]
ds−

∫ T

t

N∑
n=1

∫ T

t

(Zn
s )
∗ · dMn

s .

Notice thatH(s,X1
s−, Z

1
s , α, p

∗
s, ν

∗
s ) = f(s,X1

s−, α, p
∗
s , ν

∗
s )+(X1

s−)
∗·(Q(s, α)−Q0)·Z1

s , andH(s,X1
s−, Z

1
s , α̂

1
s, p

∗
s, ν

∗
s ) ≥

H(s,X1
s−, Z

1
s , βs, p

∗
s, ν

∗
s ). Applying the comparison principle as stated in Theorem 6.8 to the BSDEs (67) and

(68), we conclude that K1,N(β, α̂−1,N ) ≤ K1,N (α̂(N)) for all β ∈ A. Now thanks to symmetry, we have

Kn,N(β, α̂−n,N ) ≤ K1,N(α̂(N)) for all β ∈ A and n = 1, . . . , N . The desired results immediately follows by
applying Proposition 6.4. �

Appendix: BSDEs Driven by Multiple Independent Continuous-Time Markov Chains

Let us consider a probability space (Ω,F ,P) supportingN independent continuous-timeMarkov chainsX1, . . . ,XN .
For each n = 1, . . . , N , we assume that Xn takes only mn states, which are represented by the basis vectors of the
space Rmn . We assume that under P, the transition rate matrix of Xn is Q0,n, which is an mn ×mn matrix where
all the diagonal elements equal −(mn − 1) and all the off-diagonal elements equal 1. We denote by F = (Ft)t∈[0,T ]

the natural filtration generated by (X1, . . . ,XN ). It is clear that for each n, we can decompose the Markov chain

Xn as Xn
t = Xn

0 +
∫ t

0 Q
0,n ·Xn

s−ds+ dMn
t , where M

n is an F-martingale. In addition, due to the independence of
the Markov chains, for all n1 �= n2 and t ≤ T , P-almost surely we have ΔXn1

t = 0 or ΔXn2
t = 0. In other words,

any two Markov chains cannot jump simultaneously.
Let us consider the process X̃ defined by X̃t := X1

t ⊗X2
t ⊗ · · ·⊗XN

t where ⊗ stands for the Kronecker product.

Indeed, X̃ is a Markov chain encoding the joint states of the the N independent Markov chains, and X̃ only takes
values among the unit vectors of the space Rm1×···×mN . We have the following result on the decomposition of X̃.
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Lemma 6.6. X̃ is a continuous-time Markov chain with transition rate matrix Q̃0 given by:

(69) Q̃0 :=
N∑

n=1

Im1 ⊗ · · · ⊗ Imn−1 ⊗Q0,n ⊗ Imn+1 ⊗ · · · ⊗ ImN
.

In addition it has the canonical decomposition:

(70) dX̃t = Q̃0 · X̃t−dt+ dM̃t,

where M̃ is a F-martingale which satisfies:

(71) dM̃t =

N∑
n=1

(X1
t− ⊗ · · · ⊗Xn−1

t− ⊗ Imn
⊗Xn+1

t− ⊗ · · · ⊗XN
t−) · dMn

t .

Proof. In order to keep the notation to a reasonable level of complexity, we only argue the proof for N = 2.
Applying Itô’s formula to X1

t ⊗X2
t and noticing that X1

t and X2
t have no simultaneous jumps, we obtain:

d(X1
t ⊗X2

t ) = dX1
t ⊗X2

t− +X1
t− ⊗ dX2

t

= (Q0,1 ·X1
t−)⊗X2

t−dt+ dM1
t ⊗X2

t− +X1
t− ⊗ (Q0,2 ·X2

t−)dt+X1
t− ⊗ dM2

t .

Using the properties of the Kronecker product, we have:

(Q0,1 ·X1
t−)⊗X2

t− = (Q0,1 ·X1
t−)⊗ (Im2 ·X2

t−) = (Q0,1 ⊗ Im2) · (X1
t− ⊗X2

t−)

dM1
t ⊗X2

t− = (Im1 · dM1
t )⊗ (X2

t− · 1)
= (Im1 ⊗X2

t−) · (dM1
t ⊗ 1) = (Im1 ⊗X2

t−) · dM1
t

X1
t− ⊗ (Q0,2 ·X2

t−) = (Im1 ·X1
t−)⊗ (Q0,2 ·X2

t−) = (Im1 ⊗Q0,2) · (X1
t− ⊗X2

t−)

X1
t− ⊗ dM2

t = (X1
t− · 1)⊗ (Im2 · dM2

t )

= (X1
t− ⊗ Im2) · (1⊗ dM2

t ) = (X1
t− ⊗ Im2) · dM2

t .

Plugging the above equalities into the Itô decomposition yields the desired result for N = 2. The case N > 2 can
be treated by applying a simple argument of induction, which we will not detail here. �

As in the case of a single Markov chain, we define the stochastic matrix ψn
t := diag(Q0,n · Xn

t−) − Q0,n ·
diag(Xn

t−)− diag(Xn
t−) ·Q0,n for n = 1, . . . , N as well as ψ̃t := diag(Q̃0 · X̃t−)− Q̃0 · diag(X̃t−)− diag(X̃t−) · Q̃0.

For n = 1, . . . , N , we define the stochastic seminorm ‖ · ‖Xn
t−

by ‖Z‖2Xn
t−

:= Z∗ · ψn
t · Z where Z ∈ Rmn . We then

define the stochastic seminorm ‖ · ‖X̃t−
by ‖Z̃‖2

X̃t−
:= Z̃∗ · ψ̃t · Z̃ where Z̃ ∈ Rm1×···×mN . Our objective is to show

existence and uniqueness of the following BSDE:

(72) Yt = ξ +

∫ T

t

F (w, s, Ys, Z
1
s , . . . , Z

n
s )ds−

N∑
n=1

∫ T

t

(Zn
s )
∗ · dMn

s .

Here ξ is a FT -measurable P-square integrable random variable and the driver F : Ω×[0, T ]×R×Rm1×· · ·×RmN →
R is a function such that the process t → F (w, t, y, z1, . . . , zN ) is predictable for all y, z1, . . . , zN ∈ R × Rm1 ×
· · · × RmN . The unknowns of the equation are a càdlàg process Y taking values in R and predictable processes
Z1, . . . ,ZN taking valus in Rm1 , . . . ,RmN respectively.

Theorem 6.7. Assume that there exists a constant C > 0 such that dt× P-a.s., we have:

(73) |F (w, t, y, z1, . . . , zN )− F (w, t, ỹ, z̃1, . . . , z̃N )| ≤ C

(
|y − ỹ|+

N∑
n=1

‖zn − z̃n‖Xn
t−

)
.
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Then the BSDE (72) admits a solution (Y,Z1, . . . ,ZN ) satisfying:

E

[∫ T

0

|Yt|2dt
]
< +∞, E

[
N∑

n=1

∫ T

0

‖Zn
t ‖2Xn

t−
dt

]
< +∞

Moreover, the solution is unique in the sense that if (Y(1),Z(1),1, . . . ,Z(1),N ) and (Y(2),Z(2),1, . . . ,Z(2),N ) are two

solutions, then Y(1) and Y(2) are indistinguishable and we have E[
∫ T

0
‖Z̃(1)

t − Z̃
(2)
t ‖2

X̃t−
dt] = 0.

Proof. For simplicity of the presentation, we give the proof for N = 2. It can be easily generalized to any N > 2.
Our first step is to show that the following equality holds for all Z̃ ∈ Rm1×m2 :

(74) ‖Z̃‖2
X̃t−

= ‖(Im1 ⊗ (X2
t−)

∗) · Z̃‖2X1
t−

+ ‖((X1
t−)

∗ ⊗ Im2) · Z̃‖2X2
t−

By the definition of the semi-norm ‖ · ‖X1
t−
, we have:

‖(Im1 ⊗ (X2
t−)

∗) ·Z‖2X1
t−

= Z∗ · (Im1 ⊗X2
t−) · ψ1

t · (Im1 ⊗ (X2
t−)

∗) ·Z
= Z∗ · (Im1 ⊗X2

t−) · (ψ1
t ⊗ 1) · (Im1 ⊗ (X2

t−)
∗) ·Z = Z∗ · (ψ1

t ⊗X2
t−) · (Im1 ⊗ (X2

t−)
∗) ·Z

= Z∗ · [ψ1
t ⊗ (X2

t− · (X2
t−)

∗)] ·Z = Z∗ · (ψ1
t ⊗ diag(X2

t−)) ·Z.

Similarly we have ‖((X1
t−)

∗ ⊗ Im2) ·Z‖2
X2

t−

= Z∗ · (diag(X1
t−)⊗ ψ2

t ) ·Z. Now by the definition of ψ̃t, we have:

ψ̃t = diag(Q̃0 · X̃t−)− Q̃0 · diag(X̃t−)− diag(X̃t−) · Q̃0

= diag((Im1 ⊗Q0,2 +Q0,1 ⊗ Im2) · (X1
t− ⊗X2

t−))− (Im1 ⊗Q0,2 +Q0,1 ⊗ Im2) · diag(X1
t− ⊗X2

t−)

− diag(X1
t− ⊗X2

t−) · (Im1 ⊗Q0,2 +Q0,1 ⊗ Im2)

= diag(X1
t− ⊗ (Q0,2 ·X2

t−)) + diag((Q0,1 ·X1
t−)⊗X2

t−)

− diag(X1
t−)⊗ (Q0,2 · diag(X2

t−))− (Q0,1 · diag(X1
t−))⊗ diag(X2

t−)

− diag(X1
t−)⊗ (diag(X2

t−) ·Q0,2)− (diag(X1
t−) ·Q0,1)⊗ diag(X2

t−)

= ψ1
t ⊗ diag(X2

t−) + diag(X1
t−)⊗ ψ2

t ,

where we have used the fact that for any two vectors X1, X2 we have diag(X1⊗X2) = diag(X1)⊗diag(X2). This
immediately leads to the equality (74). Now we consider the BSDE driven by the continuous-time Markov chain

X̃ with terminal condition ξ and the driver function F̃ defined by:

F̃ (w, t, Y, Z̃) := F (w, t, Y, (Im1 ⊗ (X2
t−)

∗) · Z̃, ((X1
t−)

∗ ⊗ Im2) · Z̃).

By equality (74) and the assumption on the regularity of F , we have:

|F̃ (w, t, Y1, Z̃1)− F̃ (w, t, Y2, Z̃2)|
≤ C(|Y1 − Y2|+ ‖(Im1 ⊗ (X2

t−)
∗) · (Z̃1 − Z̃2)‖X1

t−
+ ‖((X1

t−)
∗ ⊗ Im2) · (Z̃1 − Z̃2)‖X2

t−
)

≤ C(|Y1 − Y2|+
√
2‖Z̃1 − Z̃2‖X̃t−

).

Applying Lemma 3.1 we obtain the existence of the solution to the BSDE:

Yt = ξ +

∫ T

t

F̃ (s, Ys, Z̃s)ds+

∫ T

t

Z̃∗s · dM̃s

Now we set Z1
t := (Im1 ⊗ (X2

s−)
∗) · Z̃s and Z2

t := ((X1
s−)

∗ ⊗ Im2) · Z̃s. From the definition of the driver F̃ and M̃
in equation (71), we see that:

Yt = ξ +

∫ T

t

F (w, s, Ys, (Im1 ⊗ (X2
s−)

∗) · Z̃s, ((X
1
s−)

∗ ⊗ Im2) · Z̃s)ds
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+

∫ T

t

Z̃∗s · [(Im1 ⊗X2
t−) · dM1

t + (X1
t− ⊗ Im2) · dM2

t ]

= ξ +

∫ T

t

F (w, s, Ys, Z
1
s , Z

2
s )ds+

∫ T

t

(Z1
s )
∗ · dM1

t +

∫ T

t

(Z2
s )
∗ · dM2

t

This shows that (Y, Z1, Z2) is a solution to BSDE (72). �

We also state a comparison principle for linear BSDEs driven by multiple independent Markov chains.

Theorem 6.8. For each n ∈ {1, . . . , N}, let γn be a bounded predictable process in Rmn such that
∑mn

i=1[γ
n
t ]i = 0

for all t ∈ [0, T ], and β a bounded predictable process in R. Let φ be a non-negative predictable process in R such

that E[
∫ T

0 ‖φt‖2dt] < +∞ and ξ a non-negative square-integrable FT measurable random variable in R. Let (Y, Z)
be the solution of the linear BSDE:

(75) Yt = ξ +

∫ T

t

(φs + βsYs +

N∑
n=1

(γn
s )
∗ · Zn

s )ds−
N∑

n=1

∫ T

t

(Zn
s )
∗ · dMn

s .

Assume that for all n = 1, . . . , N , t ∈ (0, T ] and j such that (enj )
∗ ·Q0,n ·Xn

t− > 0, we have 1+ (γn
t )
∗ · (ψn

t )
+ · (enj −

Xn
t−) ≥ 0 where (ψn

t )
+ is the Moore-Penrose inverse of the matrix ψn

t . Then Y is nonnegative.

Proof. As before we treat the case for N = 2, for which the argument can be trivially generalized to any N > 2.
Since γn and β are bounded processes and

∑mn

i=1[γ
n
t ]i = 0 for all t ≤ T and n ≤ N , we easily verify that the

Lipschitz condition (73) stated in Theorem 6.7 is satisfied and therefore the BSDE (76) admits a unique solution.
Now consider the following BSDE driven by M:

(76) Yt = ξ +

∫ T

t

(φs + βsYs + γ∗s ·Zs)ds−
2∑

n=1

∫ T

t

Z∗s · dMs,

where γt := (γ1
t ⊗ X2

t−) + (X1
t− ⊗ γ2

t ). It is easy to verify the BSDE (76) admits a unique solution (Y, Z) and
following the same argument as in the proof of Theorem 6.7, we verify that (Yt, Z

1
t , Z

2
t ) := (Yt, (Im1 ⊗ (X2

s−)
∗) ·

Zs, ((X
1
s−)

∗ ⊗ Im2) ·Zs) solves the BSDE (18), which is also its unique solution. Therefore we only need to show
that the solution Y to BSDE (18) is nonnegative. To this ends, we need to apply the comparison principal for the
case of a single Markov chain, as is stated in Lemma 3.3. Note that X1 and X2 do not jump simultaneously and
Xt = X1

t ⊗X2
t . For the jump of X resulting from the jump of X1, we need to show that for k = 1, . . . ,m1:

(77) 1 + γ∗t · ψ+
t · (e1k ⊗X2

t− −X1
t− ⊗X2

t−) ≥ 0.

Let us assume that X1
t− = e1i , X

2
t− = e2j . If k = i, the above equality is trivial. In the following, we consider the

case k �= i. Then by the assumption of the theorem, we have:

(78) 1 + (γ1
t )
∗ · (ψ1

t )
+ · (e1k − e1i ) ≥ 0.

It can be easily verified that:

(diag(e1i )⊗ ψ2
t + ψ1

t ⊗ diag(e2j)) ·
⎡
⎣(m1 +m2 − 2)e1k ⊗ e2j −

∑
k0 �=k

e1k0
⊗ e2j −

∑
j0 �=j

e1i ⊗ e2j0

⎤
⎦

= e1k ⊗ e2j − e1i ⊗ e2j ,

so that we have:

ψ+
t · (e1k ⊗X2

t− −X1
t− ⊗X2

t−)

=
1

m1 +m2 − 1

⎡
⎣(m1 +m2 − 2)e1k ⊗ e2j −

∑
k0 �=k

e1k0
⊗ e2j −

∑
j0 �=j

e1i ⊗ e2j0

⎤
⎦ .
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It follows that:

γ∗t ·ψ+
t · (e1k ⊗X2

t− −X1
t− ⊗X2

t−)

=
1

m1 +m2 − 1
(γ1

t ⊗ e2j + e1i ⊗ γ2
t )
∗ ·

⎡
⎣(m1 +m2 − 2)e1k ⊗ e2j −

∑
k0 �=k

e1k0
⊗ e2j −

∑
j0 �=j

e1i ⊗ e2j0

⎤
⎦

=
1

m1 +m2 − 1

⎡
⎣(m1 +m2 − 2)(e1k)

∗ · γ1
t −

∑
k0 �=k

(e1k0
)∗ · γ1

t − (e2j)
∗ · γ2

t −
∑
j0 �=j

(e2j0)
∗ · γ2

t

⎤
⎦

=
1

m1 +m2 − 1

⎡
⎣(m1 +m2 − 1)(e1k)

∗ · γ1
t −

∑
k0

(e1k0
)∗ · γ1

t − (e2j)
∗ · γ2

t −
∑
j0

(e2j0)
∗ · γ2

t

⎤
⎦

= (e1k)
∗ · γ1

t ,

where in the last equality we used the assumption that
∑mn

i=1[γ
n
t ]i = 0 for n = 1, 2. Now noticing that (e1k)

∗ · γ1
t =

(γ1
t )
∗ · (ψ1

t )
+ · (e1k − e1i ), we obtain:

1 + γ∗t ·ψ+
t · (e1k ⊗X2

t− −X1
t− ⊗X2

t−) = 1 + (γ1
t )
∗ · (ψ1

t )
+ · (e1k − e1i ).

Combining this with the inequality (78), we obtain the inequality (77). Proceeding in a similar way we can also
show that for k = 1, . . . ,m2:

1 + γ∗t · ψ+
t · (X1

t− ⊗ e2k −X1
t− ⊗X2

t−) ≥ 0.

Applying Lemma 3.3 to the BSDE (76), we obtain the desired result. �
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