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Abstract

In the setting of entangled single-sample distributions, the goal is to estimate some common pa-
rameter shared by a family of n distributions, given one single sample from each distribution.
This paper studies mean estimation for entangled single-sample Gaussians that have a common
mean but different unknown variances. We propose the subset-of-signals model where an unknown
subset of m variances are bounded by 1 while there are no assumptions on the other variances.
In this model, we analyze a simple and natural method based on iteratively averaging the trun-

cated samples, and show that the method achieves error O (7”17}:‘”) with high probability when

m = Q(v/nlnn), slightly improving existing bounds for this range of m. We further prove lower
bounds, showing that the error is ((%)1/2) when m is between Q(Inn) and O(n'/*), and the

error is ((%)1/6> when m is between Q(n'/*) and O(n'~¢) for an arbitrarily small € > 0,
improving existing lower bounds and extending to a wider range of m.

Keywords: Entangled Gaussians, Mean Estimation, Subset-of-Signals

1. Introduction

This work considers the novel parameter estimation setting called entangled single-sample distribu-
tions. In this setting, distributions are entangled in the sense that they share some common parame-
ter and our goal is to estimate the common parameter based on one sample from each distributions
obtained. We focus on the mean estimation problem in the subset-of-signals model when the dis-
tributions are Gaussians. In this problem, we have n independent Gaussians with a common mean
with different unknown variances. Given one sample from each of the Gaussians, our goal is to
estimate the mean.

There can be different configurations of the unknown variances. In this work, we propose a
basic model called subset-of-signals, which assumes that an unknown subset of m variances are
bounded by 1 while there are no assumptions on the other variances. Equivalently, o(,,) < 1 where
O(m) is the m-th smallest value in {o;}; ;. The subset-of-signals model gives a simple setting
specifying the possible configurations of n unknown variances {o;};_; for analysis. While even in
this simple setting, the optimal rates of mean estimation for entangled single-sample Gaussians are
still unknown (for most values of m).

* The work was done during the summer internship of H. Yuan at the University of Wisconsin-Madison.
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The setting of entangled single-sample distributions is motivated for both theoretical and prac-
tical reasons. From the theoretical perspective, it goes beyond the typical i.i.d. setting and raises
many interesting open questions in the most fundamental topics like mean estimation of Gaussians.
It can also be viewed as a generalization of the traditional mixture modeling, since the number of
distinct mixture components could grow with the number of samples and even be as large as the
number of samples. From the practical perspective, traditional i.i.d. assumption can lead to a bad
modeling of data in modern applications, where various forms of heterogeneity occur. In particular,
entangled Gaussians capture heteroscedastic noises in various applications and thus can be a natural
model for studying robustness.

Though theoretically interesting and practically important, few studies exist in this setting.
Chierichetti et al. (2014) considered the mean estimation for entangled Gaussians and showed the
existence of a gap between estimation error rates of the best possible estimator in this setting and the
maximum likelihood estimator when the variances are known. It focused on the case where most
samples are “high-noised” (i.e., most variances are large), and provided bounds in terms of o,
with small m like ©(Inn). Pensia et al. (2019) considered means estimation for symmetric, uni-
modal distributions with sharpened bounds, and provided extensive discussion on the performance
of their estimators in different configurations of the variances. Many questions are still largely open.
In particular, when instantiated in the subset-of-signals model, existing studies provide interesting
upper bounds and lower bounds but a large gap remains. See the related work section and remarks
after our theorems for more details.

This work thus proposes the subset-of-signals model and attempts to gain better understanding
on the problem. For the upper bound, we aim to achieve a vanishing error bound (i.e., the error
bound tends to O when n — +400). We analyze a simple algorithm based on iteratively averaging
the truncated samples: it keeps an iterate and each time it truncates the samples in an interval
around the current iterate and then averages the truncated samples to compute the next iterate. We
also prove lower bounds for a wide range of m, improving known bounds. Our main results are
summarized below.

1.1. Main Results

Problem Setup. Suppose we have n independent samples x; ~ N (u*, J?), where the distribu-
tions have a common mean z* but different variances o?. The mean and variances are all unknown.
We consider the subset-of-signal model, where an unknown subset of m variances are bounded by
1 while there are no assumptions on the other variances. That is, o(,,) < 1 where o(,,) is the m-th
smallest value in {o; }]" ;. Our goal is to estimate the common mean p* from the samples {z;}7 ;.
As usual, we use f(n,m) = O(g(n,m)) (or f(n,m) < g(n,m)) if there exist N, M and
C > 0 such that when n. > N and m > M, f(n,m) < Cg(n,m). f = O(g) hides logarithmic
terms. f = Q(g) (or f 2 g), f = O(g) (or f ~ g), f = 0(g), and f = w(g) are defined as usual.

Upper bound. We obtain the following result for an algorithm based on iteratively averaging
truncated samples(see Algorithm 1 for the details).

Theorem 1 If o(,,y < 1 for m = Q(vnlnn), then with probability at least 1 — 1/n, the output fi
of Algorithm 1 satisfies

vnlnn
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Figure 1: Our bounds and those from previous works for mean estimation of entangled Gaussians
in the subset-of-signals model. x-axis is the number of Gaussians with variances 1, y-axis
is the error. See the text for the details of the bounds.

The result shows that the algorithm can achieve a vanishing error when m = w(v/n Inn). There-
fore, we can achieve vanishing error with only an w(y/Inn/n) fraction of samples with bounded
variances. This means even when the noisy samples dominates the data and the fraction of sig-
nals diminishes when n — 400, we can still obtain accurate estimation. The result also shows
that when there are only a constant fraction of “heavy-noised” data (i.e., m = ©O(n)), the error
rate is O(y/Inn/n), which matches the optimal error rate O(1/+/n) up to a logarithmic factor.
Our result matches the best bound known: the hybrid estimator proposed in Pensia et al. (2019)
achieved O(y/nlnn/m) in the subset-of-signals model, almost the same upper bound as ours, but
for essentially all values of m. On the other hand, our algorithm is simple and natural. The iter-
ative truncation is widely used in practice, so our analysis can be viewed as a justification for this
heuristic. While the estimator in Pensia et al. (2019) combines two estimators and is not related to
practical heuristics.

Our upper bound is in sharp contrast to the robust mean estimation in the commonly studied
adversarial contamination model (Valiant, 1985; Huber, 2011; Diakonikolas et al., 2019), where
an e fraction of the data are adversarially modified and it has been shown that vanishing error is
impossible when ¢ = Q(1). This means that the entangled distributions setting can be much more
benign than the adversarial contamination model. For mean estimation for entangled Gaussians in
the subset-of-signals model, one can view it as an adversary picking n — m variances but having no
control over the sampling process after specifying those variances. That is, it is a semi-adversarial
model and can be much more benign than the fully adversarial contamination model.

Lower bound. We now turn to the lower bound. Note that an instance of our problem is specified
by p* and {3} ;.

Theorem 2 Suppose o(,,,;) < 1.

o Ifm = Q(Inn) and m = O(n'/%), then there exist a family of instances and a distribution

. . 1/2
over these instances such that any estimator has expected error ) ((%) / )
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e For any arbitrarily small € > 0, if m is between Q(n'/*) and O(n'=¢), then there exist
a family of instances and a distribution over these instances such that any estimator has

expected error ) ((%) 1/6>.

The bound is for a distribution over the instances, which then implies the typical minimax
bound. The result show that when m = O(n'/*), it is impossible to obtain vanishing error. When
m is as small as ©(Inn), the error is Q(,/n), paying a factor of Q(y/n) compared to the oracle
bound O(1/+/m) when the m bounded variance samples are known. When m = Q(n'/*), the
lower bound does not exclude the possibility of vanishing error. On the other hand, it shows that

one needs to pay a factor of {2 ((%) Y 6), compared to the oracle bound O(1/4/m) when the m

bounded variance samples are known. It also shows that one needs to pay a factor of {2 ((%)2/ 3) ,

compared to the bound O(1/4/n) when all samples have bounded variance 1.
Our result extends and improves the lower bound in Chierichetti et al. (2014). Their bound is

Q ((%) Y 2) for m between Q(Inn) and o(y/n). Our result extends the range of m by including

the values between Q(n'/2) and O(n'~¢) (for any arbitrarily small € > 0). It also improves their
1/3
bound in the range between Q(n'/*) and o(n!/?), by a factor of (%4>

As far as we know, our upper and lower bounds are the best existing bounds for mean estimation
of entangled single-sample Gaussians in the subset-of-signals model. See Figure 1 for an illustra-
tion. There is still a gap between the known upper and lower bounds. A natural direction is to close
the gap and obtain the optimal rates, which we left as future work.

2. Related Work

Entangled distributions. This setting is first studied by Chierichetti et al. (2014), which consid-
ered mean estimation for entangled Gaussians and presented a algorithm combining the k-median
and the k-shortest gap algorithms. It also showed the existence of a gap between the error rates
of the best possible estimator in this setting and the maximum likelihood estimator when the vari-
ances are known. Pensia et al. (2019) considered a more general class of distributions (unimodal
and symmetric) and provided analysis on both individual estimator (r-modal interval, k-shortest
gap, k-median estimators) and hybrid estimator, which combines Median estimator with Shortest
Gap or Modal Interval estimator. They also discussed slight relaxation of the symmetry assumption
and provided extensions to linear regression. Our work focuses on the subset-of-signals model that
allows to study the minimax rate and helps a clearer understanding of the problem (but our results
can also be used for some other configurations). The algorithm we analyzed is based on the natural
iterative truncation heuristics frequently used in practice to handle heteroscedastic noises, and our
bound for it matches the best known rates (obtained by the hybrid estimator in Pensia et al. (2019))
in the range m = Q(vnlnn). We also extends (to a wider range of m) and improves the lower
bound in Chierichetti et al. (2014).

Yuan and Liang (2020) considered mean estimation for entangled distributions, but the distri-
butions are not assumed to be Gaussians (it only assumed the distributions have the same mean and
their variances exist). Due to this generality, their upper bound is significantly worse than ours: it’s
only for m > 4n/5 (i.e., only a constant fraction of high noise points); it does not achieve a vanish-
ing error when n tends to infinity. The paper doesn’t provide lower bounds. Their algorithm is also
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based on iterative truncation, but has the following important difference: it removes a fixed fraction
of data points in each iteration, rather than doing adaptive truncation. In contrast, our algorithm uses
adaptive truncation interval lengths. This is crucial to obtain our results, since intuitively the best
bias-variance trade-off introduced by the truncation can only be achieved with adaptive truncation.
The entangled distributions setting is also closely related to robust estimation, which have been
extensively studied in the literature of both classic statistics and machine learning theory.

Robust mean estimation. There are several classes of data distribution models for robust mean
estimators. The most commonly addressed is adversarial contamination model, whose origin can
be traced back to the malicious noise model by Valiant (1985) and the contamination model by Hu-
ber (2011). Under contamination, mean estimation has been investigated in Diakonikolas et al.
(2017, 2019); Cheng et al. (2019). Another related model is the mixture of distributions. There
has been steady progress in algorithms for leaning mixtures, in particular, leaning Gaussian mix-
tures. Starting from Dasgupta (1999), a rich collection of results are provided in many studies, such
as Sanjeev and Kannan (2001); Achlioptas and McSherry (2005); Kannan et al. (2005); Belkin and
Sinha (2010a,b); Kalai et al. (2010); Moitra and Valiant (2010); Diakonikolas et al. (2018).

Heteroscedastic models. The setting of entangled distributions is also closely related to het-
eroscedastic models, which have been a classic topic in statistics. For example, in heterogeneous
linear regression (Munoz et al., 1986; Vicari and Vichi, 2013), the errors for different response vari-
ables may have different variances, and weighted least squares has been used for estimating the
parameters in this setting. Another example is Principal Component Analysis for heteroscedastic
data (Hong et al., 2018a,b; Zhang et al., 2018). The entangled Gaussians can be viewed as a model
of mean estimation in the presence of heteroscedastic noises.

3. Upper Bound

The naive method of averaging all samples cannot achieve a small error when some distributions
have large variances. A natural idea is then to reduce the variances. Truncation is a frequently used
heuristic, i.e., projecting the samples to an interval (around a current estimation) to get controlled
variances. However, while averaging the original samples is consistent, truncation can lead to bias.
So truncation introduces some form of bias-variance tradeoff and the width of the interval controls
the tradeoff. Intuitively, the best width will depend on how aligned the interval is with the true mean;
for intervals around estimations of different error, the width for the best tradeoff can be different.
Therefore, we consider iterative truncation using adaptive widths for the interval.

Algorithm 1 describes the details of our method. Given an initial estimation g, it averages the
truncated data in an interval around the estimation iteratively. In particular, the algorithm has K

stages, and each stage has 7" steps. In step ¢ of stage k, given a current estimation ,ugk) and a width

) (k)

parameter 5§k , the algorithm computes the new estimation p, ", by averaging the truncated data

(x4 Aik)), where Agk) is the interval around ugk) with radius 6§k), and ¢ is defined as:

a, if x < a,
o(z;fa, b)) =Sz, ifa<az <D, (D
b, if x > b.

For this algorithm, we prove the following guarantee.
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Algorithm 1: Mean Estimation via Iterative Truncation

Input: {z;}}_,, initialization j, and parameters B, m s.t. B > 2|ug — p1*[, o) < 1
Set 6(0) = B,u(()o) = o, K = |logy 6|, T = [64n1nn/m]
fork=0,1,..., K do
fort =0,1,...,7 do
k k k
A = [ =, 1 + 50
Mt+1 = =iy i A ) // ¢ is defined in Egn (1)

end
k k
M[() +1) _ gp}rl Sk = §(k) /2
end

Output: [ + ,ugfi)l

Theorem 1 If 0(,,,) < 1 for m = Q(vnlnn), then with probability at least 1 — 1/n, the output [i
of Algorithm 1 satisfies

vnlnn

m

Remark. The algorithm needs an initialization o and parameter B. There exist methods to
achieve this, e.g., set 1 as the sample mean and B as two times the diameter of the sample points.

Remark. Our proof actually gives more general results. Let m(J) = max{i : o < 9} and
let H{ be the harmonic mean of {max(c;,0)}7", ie., Hf = n/(> ", W) Then our
analysis shows that for any £ in the algorithm, the estimation at the end of the k-th iteration satisfies

| ,u,T G 1S Hgy/ an That is, with probability at least 1 — 1/n, the algorithm can output an
estimation i (by setting proper K and T') for any § with m(d) = Q(v/nlnn), such that

lnn
o= | S HE Y\ = 2

Since HY < nd/m(6), the erroris < ‘5”‘(};;” So forany t > m = Q(vnlInn), by setting § = oy

(the t-th smallest variance), we can get with probability 1 — 1/n,

opvnlnn

; 3

= pr <
When ¢ = m, we recover the bound in the theorem.

The more general results are more adaptive. First, they can be applied to more general threshold
values ¢. For example, for the configuration of variances where o(;) can increase with n, one
can still get vanishing error when o(;y = o(t/vnlnn). Second, (2) can be applied to different
configurations of o;’s and obtain better bounds. When o(;)’s for i > m are benign, (2) shows that
they can help the estimation and quantifies the provided information with the notion Hj .
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Remark. We would also like to point out, the hybrid estimator proposed in Pensia et al. (2019)
also achieved almost the same upper bound O(y/nInn/m) as ours in the subset-of-signals model,
but for essentially all values of m. Their bound is obtained by combining two estimators, and
depends on a notion 7, the length of the smallest interval containing k£ samples. In comparison, our
bound is for the iterative truncation method frequently used in practice, and depends on the notion
HY.

’ More details of the existing bounds are as follows. Chierichetti et al. (2014) achieved an error
bound miny<j<jog, O (n!/2+/ =15, ) . Among all estimators studied in Pensia et al. (2019),
the superior performance is obtained by the hybrid estimators, which includes version (1): combin-
ing k1-median with ko-shorth and version (2): combining k;-median with modal interval estimator.
These two versions achieve similar guarantees. Version 1 of the hybrid estimator outputs fiy, .,
such that |, k, — p| < 4fl°g"7“2k2 with probability 1 — 2 exp(—c'ks) — 2 exp(—clog? n), where
ki = y/nlogn and ky > Clogn. Here ry, is defined as inf {r: 2 3" | P(|lz; — p*| < r) > %}
So the error bound varies with specific configurations of the variances. Furthermore, the modal

interval estimator or the shorth estimator still work for small m’s, so their bound holds also for
m = O(n'/?).

3.1. Proof of Theorem 1

To prove the theorem, we first focus on one stage and omit the superscript (k). Define

e = | — 1, “)
zi = Pwi; Ay) — p, (5
Zi = z; — Ez;. (6)
We have
* Eﬂ—l((b(wla At
= = i 7
Myl — o Zz %)

Tobound | >~ ; z;|, we need to bound z;’s and |[Ez;|’s. Since z; is 1-Lipschitz w.r.t. y;, a standard e-
net argument gives a uniform concentration bound of z;’s in Lemma 3. |Ez;| is bounded in Lemma 4.
See Appendix A for their proofs.

Lemma3 Let z;(p) = ¢(xi; [0 — 6, 0+ 6]) — p*, Zi(p) = zi(pu) — Ezi(n). With probability at
least 1 — 1/n3, for any u satisfying | — p*| < de, we have

n

Z zi(p)

=1

<dvnlnn + %
n

Lemmad Let z;(pu) = ¢(ai; [u— 6, u+ 0]) — w* and §e = | — p*|. Then

1 § J
Ez| <6.1—= .
Bzl <0 ( 5max{5e,5}max{ai,5}>

Using these two lemmas, we can analyze one iteration of the algorithm.
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Lemma 5 [f§ > e, then with probability at least 1 — 1/n3,

[Inn 1)
€t+1§05 7"{'67& (1_5Hg>

where HY is the harmonic mean of {max(o;,0)}"_1:Hf =n/> " ﬁ

Proof By Lemma 3 and Lemma 4, with probability at least 1 — 1/n3,
n n n

D u| <25+ ) [l

i=1 i=1 i=1

6 n
§C(5\/nlnn+et+et< - )
n 5 £~ max(o;, 0

This leads to the final bound. [ ]

Now we are ready to prove Theorem 1.

At stage k = 0, we have (%) > 2| ,u(()k) — w*|. Suppose this is true for stage k < K, we show
that it is true for k£ + 1.

In stage k, we have 6) > 2¢, for t = 0. Suppose this is true for a step t < T, we show that it
is true for t + 1. Let m(6) = max{i : o(;y < d}. We have

n n no
HY = < =

Yt maery M)

Sl

Then by Lemma 5,

k
e < 050 By o (- mO®)Y
- n 5n

) /ninn (K)v/nIn n
Ife; 2 W, et < e < 5(k)/2. Ife; < W, we have e; 11 < e + C(S(k)\/lT” <

k) vVnl k) /1 Vnl
IO L + 60/ < 00 e
for ¢t <T'. Then Lemma 5 can be applied for all ¢ < T, and thus after 7" iterations,

«— ®y\' o\T  5®
er < O50) lz<lm<§>) +<l_m<5>> vy < OV
=0

< 6() /4. Therefore, we can always guarantee e¢; < 6*) /2

5n m(5k))

Since m(6*)) > m, er < (5 ) /4, 50 §*+D) = §5(K) /2 > 2¢, = 2|u (k1) _ .
Therefore, §(K) > 2]u0 — p*| forall k < K. Since 1 < 6(K) at the end of stage K:

. K)\/nlnn< Vnlnn

.T

nlnn

This is | — | <
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4. Lower Bound

To complement the upper bound, we also provide the following lower bound.
Theorem 2 Suppose o(,,) < 1.

o Ifm = Q(Inn) and m = O(n'/*), then there exist a family of instances and a distribution

. . 1/2
over these instances such that any estimator has expected error ) ((%) / )

e For any arbitrarily small € > 0, if m is between Q(n'/*) and O(n'~¢), then there exist
a family of instances and a distribution over these instances such that any estimator has

expected error ) ((#) 1/6>.

Remark. The lower bound considers two ranges of m. In the first range, the bound is Q(\/ﬁ) at
one end point m = O(Inn), and is (1) at the other end point . = ©(n'/*). It decreases at a
rate of 1/m? as m increases in this range. In the second range, the bound is (1) at one end point
m = ©(n'/*), and is Q(1/n'/2~2¢/3) at the other end point m = ©(n'~¢) (for any arbitrarily small
€ > 0). It decreases at a rate of 1/ m?/3 as m increases, which is slower than that in the first range.
Roughly speaking, the bound excludes the possibility of vanishing error in the first range while still
allows that in the second range, and the transition point is 7 = ©(n'/4).

Our result extends and improves the lower bound in Chierichetti et al. (2014). Their bound is

Q ((#) Y 2) for m between Q(Inn) and o(y/n). Our result extends the range of m by including

the values between Q(n'/2) and O(n'~¢) (for any arbitrarily small € > 0). It also improves their
1/3

bound in the range between Q(n'/*) and o(n!/2), by a factor of Q (%) . The improvement

is obtained by a tighten analysis in the second range of m, which is discussed below.

4.1. Proof of Theorem 2

Our proof follows the high-level idea of Chierichetti et al. (2014) but with a tightened analysis.
We also consider the following distribution over a family of instances: o;’s are i.i.d. sampled; with
probability p, o; = o), and with probability ¢ = 1 — p, 0; = o¢; p* is uniform over {+L,—L}.
Here, p = m/n, 0, = 1, while o, L are parameters to be chosen.

The goal is then to choose o4, L (based on n, m), such that conditioned on p* = +L or pu* =
—L, the other choice of mean has a higher likelihood with a constant probability. If this is true,
then any estimator has an expected error (L) over the above distribution on the instances and
the randomness of the sample points. When m large enough, the probability that o, /9) > 1 is
exponentially small. Then on the distribution over the instances conditioned on o ,,/2) < 1, the
lower bound holds under the assumption o(,,,/9) < 1. By changing the variable m to 2m, the
theorem follows.

We improve over Chierichetti et al. (2014) by noting that, roughly speaking, the requirement on
o4 when m = Q(n'/%) is more relaxed compared to that when m = O(n'/4). This allows us to set
o4 differently to get improved results and also over a more general range of m, as detailed below.

Following the idea above, denote the likelihood of the mean being L as £, and the likelihood
of the mean being —L as £_. We will show that the log-likelihood ratio has sufficiently large
variances so can be negative or positive with constant probabilities. From now on, we condition on
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the true mean is L (the proof for the case with —L is symmetric). Let S, = {i : 0; = 0,} and
Sq ={i:0; = 04}. Define

~_plop _(%—L)z 1 1
N"q/olep< > <og 03>) ®)

_plop (i + L) (1_1>)
D; = /o0 exp ( - Ug% 03 . &)

,C+ 14+ N; 2L 14+ N; 2L 14+ N; 2L
= 1 —x; | = 1 —T; | —x; |.
ﬁ_ Z(nl—l-Di—i_ngl) Z<H1+Di+02$z +Z n1+Di+O'2x

i=1 i€Sp 1€5, q

Then we have

X, X,

We next bound X, and X, respectively. The road map is to show that X, has sufficiently large
variances so can make the log-likelihood ratio negative with constant probability, shown via the
Berry-Essen Theorem. This requires computing the moments, so we first approximate In }igl via
the Taylor expansion of the function In(1+x), and then compute the moments of the approximation.
When m = Q(nl/ 1), the likelihood of x; € S is comparable to that of z; € Sy, so their ratio (as
in (8) or (9)) is in the same order as a constant. We thus use a tighter approximation for In(1 + N;)
and In(1 + D;) in the log-likelihood ratio, and improve over Chierichetti et al. (2014).

Lemma 6 Suppose the mean is L, and ¢ > Cyp, 04 > Cy0,, L < cp,04 for sufficiently large abso-

Z?Z" < Cq for a suffi-

ciently small absolute constant c,, < 1. Let t be a positive integer. Let V; = Z% L(=1) +1(Nij -
Dj)/jandY UQxZ—FV Then fori € S,

lute constants Cy, C, and a sufficiently small absolute constant cr.! Suppose

And with probability at least 1 —n~®1) —exp (0 (U,)),

oo 2t
Y| s vp= (if22) &

Also, with probability at least 1 — c for a sufficiently small absolute constant c, ’X Yic S Yil <

1€8y

Uy = (22)" (220 + ).

Lemma 7 Under the same conditions as in Lemma 6, for i € S,

2 L2g2 4 )
ElYi] S < plo pmm{l LQ}, E[Y?] ~ Zp +£4+ <p/0p> {1 L}+p/apL |

q/aq P q q/aq P q/Uq

And with probability at least 1 — c for a sufficiently small absolute constant c,

U, = (Z;Zf{:)% PN

1. Cq is a constant chosen for the inequality ¢ > Cyp. It doesn’t depend on the value of g. Similar for C,, ¢, etc.

ics, Yi

10
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Now define .

—_— Z;.
Vv M2‘Sq| Z%

To apply the Berry-Essen Theorem, we bound the first three moments of Z;. Clearly, E[Z;] = 0.

Z;i =Y, -ElYi], Z=

Lemma 8 Under the same conditions as in Lemma 6, for i € S,

M, = E[2?] ~ P/ {1L2}+L2

2/Uq 12>
3/ 2 2
My = B2 S B mi { }+ %,
p/o
+ quLQ(a +02L+apL2)+

q

By the Berry-Essen Theorem, conditioned on S,, the CDF F(t) of Z satisfies |F'(t) — ®(t)] <
\/% where ®(t) is the CDF of a standard normal distribution. By the Chernoff’s bound, with
probability 1 — n®W), |S,| =~ pn, |S,| ~ gn ~ n. Assume this is true in the rest of the proof.

Now we consider different cases for p and set 0}, 04 and L accordingly.

Case 1. Suppose p > Q(lnn/n) < > 0.
Then set 0, = 1, 0, = C,/(p?n) and L = cr/(p*n®/?) ~ o,//n for some sufficiently large
constant C;, > 0 and some sufficiently small constant ¢, > 0. Set ¢t = 1. Then

L 1
M2:p20q+—22—.
q n
o L? L3 1 1
Ms S pPoi +p*=— + L2(1+L+L2) St
9q q Oq pn n

Then conditioned on |S,| > gn/2 > n/4, we have —-43 __ < L — 4(1). Then we have for

V/MZ[Sq] pn
constants Cz > O and ¢, > 0, Pr[Z < —Cyz] = Pr [Ziesq Z; < —CZ\/MQISq‘:| > ¢,. So with

a constant probability, — . S, Zi > Cz+/Mon ~ Cz. We also have with probability 1 — ¢ for a
sufficiently small absolute constant c,

ZE < qul

1€S5, q
2
Uq_(p/ap> £ :p2/gpn:1,
a/oq) oq ¢*/oq
2
p/op 1
U :< pn~ — = o(1),
" \d/oy pn W
o
ZE[YZ]Spnp;Upzp%qn—L
i€S, 1/ %q
2 2 4 2
L p/o p/op L
2 P P P
d_ENP S| — +U4+< /0> Joo o?
i€5, q a /%4 /94 94
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1 1 1
§pn<02++po+ >§:0(1).

Therefore, with a constant probability, ln is negative. The expected error E|i — p*| of any
estimator /1 is Q(L) = Q(1/(p*n®/?)) = (\f/m )
Case 2. Suppose p > % and p < n2 —57; for some sufficiently large absolute constant €, and

sufficiently small absolute constant c,. Then set o, = 1, 0, = C,/p?/3 and L = ¢/ (p?/3n!/?) ~

oq4/+/n for some sufficiently large constant C; > 0 and some sufficiently small constant ¢, > 0.
Then
L2 1
My :p2aqL2 +—-~-=
o n
o L2 L
Ms S pPosL? + p*=— +%L2+—:p— —7-
oy O 3 n  nd/
M;
V/M3|S]
Cz >0andc, > 0,Pr[Z < —Cyz] =Pr Ziesq Z; < —CZ\/M2|Sq]} > ¢,. So with a constant

probability, — Zie S, Z; > Cz/Mson ~ Cz. We also have with probability 1 — ¢ for a sufficiently
small absolute constant c,

ZE S qul

1€S5y
6= (2 (i)

0= (4 /aq> net

ZE pijQNl

Then conditioned on |S;| > ¢gn/2 > n/4, we have = 0(1). Then we have for constants

1€Sp /%4

202 A 2 12
> BN S p+4+<p/%> 2y oL
= o4 o q/oq q/oq o2

11
Spn (2 + 5 +pPogL” + mq) Sp'% =o(1).
O'qn n n

Therefore, with a constant probability, In ﬁ—f is negative. The expected error E|i — p*| of any
estimator /1 is Q(L) = Q(1/(p*/*n'/?)) = Q(n'/6 /m?/3).

5. Conclusion

This work considered mean estimation in the setting of entangled single-sampled Gaussians where
given one sample from each of n Gaussians with a common mean but different variances, the goal is
to learn the mean. It studied the subset-of-signals model where an unknown subset of m variances
are bounded, and proved upper and lower bounds, which are summarized in Figure 1. A natural
future direction is to close the gap between the upper bound and the lower bound.

12
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Appendix A. Proofs for Upper Bound
A.1. Proof of Lemma 3

Note that z; (1) is 1-Lipschitz w.r.t. . So a standard e-net argument over the interval [1* —0de, 1* +0]
gives the bound.

More precisely, let X' be an e-net over [1* — 8., u* +0¢), with e = J./n?. A standard construction
gives |X| < 2n?. For a fixed ;1 € X, we have

p—0—p* <Ezip) <p+0—p, (10)
—26 < z(p) < 26. (11)

Since z; (1) is bounded, we have by sub-Gaussian properties (see, e.g., Section 2.5 and 2.6 of Ver-
shynin (2018)),

and we have with probability at least 1 — 1/nS, for the fixed p,

n

Z zZi()

=1

< dévnlnn. (13)

Taking a union bound over X, we have with probability at least 1 — 1/n3, for all 4 € X,

n

Z zi(p)

=1

< dvnlnn. (14)

For any 1/ & X, there is u € X satisfying |/ — p| < e. Therefore,

Yoz < Do ww)|+ >z - zu) (15)
=1 =1 =1
<> aEmw|+ D wl) = m)| + D Bla() — zi(w)] (16)
=1 =1 i=1
< Zii(,u) +en+en (17)
=1
Sovnlnn + . /n. (18)

This completes the proof.

A.2. Proof of Lemma 4

W.L.O.G., suppose p > p*, and let 6. = |u — p*|. Let z; be a shorthand for z;(u). Let g(x) =
1 <—%2> ,Q; = 55_6,()7; = %. Then

V2T exXp g;

\Ezi\ = ]Ezi (19)
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be—0

(0 — 0) ! e ( v ) dx
o V2mo; P 20'2-2
Oe+0 1 .T2

+ ——oxp(—oy | d

foo e (o) b

5 6 —+00 1 :1:2 d
+ (0 + ———exp oy

6 [ oo (o)

@) [ glo)is

—0o0

b;
+ / oixg(z)dr

+ (de +9) /leroo g(x)dx

_bi

-9 [ g@is+ 6.9 [ glwyis

—b; —00

b;
+/ oizg(z)dr
—a; N
+ (0 + 5)/ g(x)dx
b;

b; +o00
— (5.~ ) / g(2)dz + (6. — 6) /b o(x)de

—a; i

b;
+ / oixg(z)dr

—a;

+ (de +9) /lerOO g(x)dx

bi +00
= / [0iz + (0 — 0)]g(x)dx + 256/ g(z)dz.
b;

—a;

We consider two cases.
Case 1: § > §.. Then —a; > 0.

b;
/_ .[07;3: + (0 — 0)]g(z)dx

b; i b;
= deg(x)dx + / | [oiz — 0]g(x)dx + ﬂ [oiz — 0]g(x)dx

i =%
2

b;

= [ otz — [ ool (2-0)av+ | " oz — Olg(a)ds

) i =4 bi—a;
—a; 5 7 T

2

b;
< deg(x)dx.

—a;
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(20)

2D

(22)

(23)

(24)

(25)

(26)

27

(28)

(29)

(30)

D

(32)

(33)

(34

(35)

(36)
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Therefore,

|Ez;| < de g(x)dz + 26, g(x)dx (37)

~ 5, <1 - /_ ;a g(x)dm) (38)
— 5, <1 - /O " g(x)da:) . (39)

Case 2: § < d.. Then a; > 0.

/ b (22 + (5, — 8)]g(x)dx (40)
_ /_ (032 + (6, — 8)]g(x)dz + / b (022 + (6, — 8)]g(x)dx @1)
- /_ (:(56 ~ 8)g(x)dz + /a b (o2 + (6, — )|g(x)dx. 42)
Then second term can be bounded as in Case 1.
/%i[aszr (0 — 0)]g(x)dx </ deg(x (43)
Therefore,
a; b; +o00
Bz < /_%(5 — §)g(x)dz + 6. / o(z)dz + 26, /b o(z)dz (44)
_/ (0 — 0)g(x)da + 6, — 5/ (45)
_ 5 [ g@)dw+ 0. — o, / ; g(@)da 46)
<5.—6 / 47)

<3, (1_56 /0 g(a;)d:v). (48)

In summary, for both cases, we have

5 bi
|Ezz| < 5@ (1 — Hlax{(smé}/(; g(l')dl') . (49)

To simplify the bound, we consider two cases. If 0; < § + &, then b; > 1, and

b; 1
/ g(z)dr > / g(z)dx > 1/2. (50)
0 0

17
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If 0; > 0 + 6, then

b;
/ g(x)dz > big(bi)
0
1 5+&e (6 +6e)?
= — X _
2T Oy P 201-2
>5+6€> 5.
— 50y ~ boj

Then for both cases, we have

5 1)
| < — ’
|EZZ‘ — 66 <1 max{(;e’ 6} 5 maX{O'ia 6})

Appendix B. Proofs for Lower Bound

For convenience, define

P/Up
Q/Uq
2L
5 = 727
Oy
o
v=-2,
Oq
1 1
9 % 9§
Then we have
)2
N, —aexp(— i 5 ) >
20pq
L
D —aexp< (931+2 ) >
Qqu
and
£ n
Y
:Z( +Bw) Z(lnl—l—DiJrﬂxi)'
€Sy 1€S5y
XP Xq

B.1. Proof of Lemma 6

(D)

(52)

(33)

(54)

(35

(56)

(57

(58)

(39

(60)

(61)

(62)

Lemma 9 Suppose the mean is L. For a positive integer j, N} and D! are sub-Gaussian with

norms

: p/oy)’ : ploy’
N7l 5 (222) 1Dl 5 (22

18
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Proof Recall that if the moments of a random variable X satisfy || X ||z, = (E|X P)/P < K \/p for
all p > 1, then || X||y, < K. The lemma then follows from Lemma 10. [

~

Since for any = > 0,

1)+l et QL AV PN
(1) 7e gm(u@gZu, (64)
= 7 = 7
we have
NA 1+ N; D?
vV, — =<1 Vi + = 65
Ty S, S e (©5)
and thus
1 ; — Y| < 2 L5, 66
I SRR D ED BT B S (66)
1€S5y 1€8y 1€8y
By Lemma 10 and 11, for i € .S,
E[N/] = of ——2PL 67)
\/ Opy + 30
E[D!] = ol —P1_ exp (—2‘72> < E[N/], (68)
\Jo2 + o2 Opg T 70
pq q

_ . o2 + jo2
E[N/D]] = PP | S (—QjLQPq‘]q . (69)

1 2 2
\/ 0oy T+ 2502 Tpq + 2505404

By the Chernoff’s bound, with probability 1 — n®1), |Sq| =~ gn ~ n. Conditioned on S, we have
with probability at least 1 — el ym)

max Z szt Z D’Zt <2 Z EN?! ~ a2t7n (70)
: 2t - 2t - v '
1€8y 1€85, 1€Sy
So with probability 1 — n®1) — & n),
1+ N;
Zlnl—kDZ‘ + Bx; — ZYZ < o?tyn. (71)
i€, ! i€S,

Now consider Y;. Since p is sufficiently small compared to ¢ and L is sufficiently small com-
pared to 04, and a < ¢, for some sufficiently small absolute constant ¢, < 1, we have

2t—1 . L2 L2 2t—1 .
EY,] SBL+ Y oy <55 |14 ) oy (72)
j=1 j=1

2
9 9
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S (73)

Q‘b{«o

LS) V)

Let Vij = (—1)*4(N7 — D!)/j, then Y; = Ba; + Y7o, Vi;. By Lemma 10, 11, 12, and that
a < ¢, for some sufficiently small absolute constant ¢, < 1,

2t—1 2t—1 2t—1
EY?)=E 8% + > Vi +2 Z BriVij+2 > VijViy (74)
= J<ksijk=1
2-1 12
~ 5202 + Z o*~y min {1, 02} (75)
j=1 Z
2t—1 2t—1 2
+ z( 1ol ByL + Z J+koﬂ+k'ymin{1,2} (76)
j=1 j<kiik=1 %
L2
~ 6202 + a?ymin {1, 2} + apyL 77
o
P
2 LQ L2
~ L pz/Up min{l,Q} P 78)
o2 /0q o2 qo?
L?)  L?
2/010 mln{1’2}+2 79)
q*/og o3 o

where the last line follows from p < gq.

B.2. Proof of Lemma 7

The proof is similar to that of Lemma 6.
Again, we have

2t 2t
Zl +5, Y v <Zmax{ 2t,gt}. (80)

i€Sp i€Sy €Sy
By Lemma 10 and 11, for i € S,

E[N/] =/ — 222 (81)

\/ Opq +30%
E[D!] = o - exp <—

\ 0py + 303

. 9i o ) 0.2 _|_j0.2

E[N/D]] = o* ——2L——exp | —2jL Pq— . (83)

\/ 02y + 2502 pa T 2005407

Conditioned on S;,, by Lemma 9, we have with probability at least 1 — ¢,

Ni2t D?t 2t 1
Zmax{ TR 2t}N 57 S| + a? \/\Sp|log5. (84)

20

25>

< E[N/ 82
qu+j012,>_ N1, (82)
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By the Chernoff’s bound, with probability 1 — n®(), |S,| ~ pn. So with probability 1 — n®1) — ¢

for a sufficiently small absolute constant c,

1+ N;
g In + N + Bx; — E Y| < o?'pn + ot /pn. (85)
: 1+ D; :
1€Sp 1€Sp
Now consider Y;. Since p is sufficiently small compared to ¢ and L is sufficiently small com-
pared to 04, and a < ¢, for some sufficiently small absolute constant ¢, < 1, we have

2t—1 ) L2 L2 L2
E[YimﬁHZaﬂmin{LQ}s2+amin{1»2}- (86)
= %p % Tp

Let Vij = (=1)7*Y(N/ — DJ)/j. then Y; = Bx; + 35;' Vi;. By Lemma 10, 11, 12, and that
a < ¢, for some sufficiently small absolute constant ¢, < 1,

2t—1 2t—1 2t—1
EY?]=E |8+ > Vi+2) BaVij+2 > ViVa 87)
Jj= Jj=1 j<k;j k=1
2t—1 L2
~ 32(02 + L?) +Za23mm{1 2} (88)
o
j=1 p
2t—1 } 2t—1 ‘ A 12
+ > (“IBL Y (<1l min {1, 02} (89)
i=1 j<kijk=1 b
12
52(0 + L?) + o min { — } + afL (90)
%p
L20—2 L4 L2
~ L4+ < > { } sl O
Iq % q/oq 0
where the last line follows from p < q.
B.3. Proof of Lemma 8
The second moment is
M, = E[Z?] = E[Y?] — E*[Y]] (92)
2 L2 1.2 L2\ ?
2p2/0p min{l,}—i—Q— <2> (93)
q*/oy o5 o o
2 L2 L2
:pQ/Upmin{l,Q}—FQ. 94)
q*/oy o; o
where the last line follows from L is sufficiently small compared to oy.
To compute the third moment, let R; = fx; — SE[x;] = B(z; — L). Then
E[|Z;") = E[|Y; - E[Yi]]’] (95)
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= E[|V; — E[V}] + R:|’]
< E[|V; — E[Vi]]’] + E[| R:|?]
+ 3E(|V; — E[Vi] *| Rs[] + 3E[|Vi — E[Vi]|| Rs|].

The terms can be bounded respectively.
E[|V; - E[Vi]]’] < E[|V; — E[V}]|*| max |V; — E[V{]]

(N} - D) — BN/ — D))

(2 7

< E[|V; — E[V][*] max

J,Tq

< E[|Vi — E[Vi]]*] max{N;, Dy}

< B[V max{N;, D;}

L2
< oy min {1, 2} .
Tp

By Lemma 18 and Lemma 16,

E[|Vi - E[Vi]]*| Ril) < E[V;?| R[] + E*[Vi]E[| R

1

2
2t—1 2t—
SO E[W/ -D RM(ZE[ DEWH
j=1 j=1

2t—1 2t—1 2
< Zamﬁ + (Za37 2) Boy,
2L

< a25 + o’y
9q l]

L
<o
Oq

For E[|V; — E[Vi]||Ri[*), let Vij = (=1)' ' (N — D])/j.

E[|V; - E[VilllR:) < E[[V;|| R[] + [E[VI][E[| R[]

2t—1 2t—1
<> EV4lIRP + ) [EIViER:I.
j=1 j=1

For the first part, by Lemma 19,

3

B[V IR S o 82 Lext(O(L /o)
q

o 0.2 2
ajﬁQJD(Z:—L)erf(@(L/ap)) exp (—0 (2/0?))

. . 02L L?
+ad B2 L= exp (—>

2
o 20p

22

(96)
o7
(98)

99)
(100)
(101)
(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)
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o +02L+a L2
<alpg2-2 Loy (114)
Ogq

For the second part, by Lemma 16,

L2
E[V,4 B[ Ril*] $ o?v—5 8705 (115)
q
Combining the two parts,

E[|Vi — E[VillR:l*] < E[[Vil|Rif*] + E[V;]E[| R[] (116)

< ZOM’QUP

o3+ 02L + opL2

2t—1

+ 0, 27, + o, L2
P Za] 52 2 (117)

2% 2 2
af = av;gﬁ o2 (118)
o3 +02L + 0,12
SJaBQ P p p . (119)
Oq

where the last line follows from v = 0, /0. Finally, also by Lemma 16,

E[|Ri"] < (Bog)®. (120)
Combining all terms together gives
L2
Ms = E[|Z]?] Sa?"ymin{l } +a25— (121)
op 9q
9 o3+ O’2L + o, L2 3
+ap®-L + (Bog) (122)
Oq
p3 o, L? 2/
3/ ? mi {1 2}+ P/, Pr2? (123)
/ Up q Uq
+p/ PI2(63 + 0L+ 0o L2)+—3 (124)
R
B.4. Toolbox
The following properties of Gaussian distributions are useful for proving the lower bounds.
Lemma 10
/ _e=p? 1 @L)? 4 b (125)
e 2b — € 2¢ €T = —_—,
R V2me V% + 2
/ _exn? 1 (@L)? p b _ 2L (126)
e 2b e 2c €r = —¢ bs+tc?,
R 2me Vb2 + c?
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Lemma 11
_@=D)? @+n)? 1 _(@-L)?
/ e 2a2 252 5 e 22 dx (127)
R e
ab a? + 2
= —2I2 . 128
Va2b? + a2c? + b2¢2 P ( a?b? + a?c? + b202> (128)
Lemma 12
/ ,(z—fiﬁ 1 ,(z—g)z P b I (129)
Te 2b e 2c rT = ——— s
R V2me Vb2 + c?
@+0? 1 (z—1)? b 212 B2 2
- - — 2.2
/R” T e T T TR et T waet (150)
Lemma 13
2 _i 1 _(Z*L)2
re 202 ﬁe 22 dx (131)
_ 1 Pt (\/ 27bc - erf w (132)
V2me 2(b2 + ¢2)3/2 V2be
2 2
— 22V b% + 2 exp T + constant (133)
202 22
3 2 2 2
_ b°c orf Vb + ¢ (134)
262 1 2)3/2 V2be
b2cx 22 22
_ \/ﬂ(bQ n 62)3/2 exp <_2b2 — 262) + constant. (135)
Lemma 14
2 _M 1 _(»'C—L)2
/x e 22 5 e 22 dx (136)
e
1 be2 M 2 2
_ CHNPOY S (137)
V2me 2(b% + ¢2)5/2 2b 2c

2 2 2 2 2 2,2
[\/27rc(b4+b202+62M2)-erf(bx+CM+Cx)exp((bx+CM+cm)) (138)

V2beVb? + 2 2022 (1 + c2)
_ Qb\/m(b2$ + CQ(x — M)):| + constant (139)
YWV M) (YrrEM o (140)
S Ayl V2be B + 2 207+ %)
b2 M+ 2)2 2
a \/ﬂ(b?iré)? exp <_(2b2x) - ;cg> (b*x + c*(x — M)) + constant. (141)

Lemma 15 Forany e > 0, erf(e) <

e
m
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Lemma 16 For any non-negative integer p,

1 2 2 .
/ |zP——e 22 dx = P(p— 1)!I - \/; fpis odd (142)
R V2me 1 if p is even

Lemma 17
_(a—1)? _(e+LD)? 1 _@-1)?
/ e e | e (143)
R TC
b b2 2 b - §L22 2 b2
+c e bote c —
=————erf [ 4/ L)+ erf < L> 144
Vb2 + 2 ( 26%c ) V2 + e \bev2b? + 2¢2 (4
4 2 L
NN (145)
Lemma 18
_22 _een?\E o1 a2
/R|ac| <e 22 —e 27 ) \/%Ce 22 dx (146)
bc? M b2 4 2 cM
=" " M )ef| 147
2+ 2257 P ( 20252 + 2%) ) “ (Wﬁ = 462> (147
bc? M 1 2cM
S - M) ef | ————— 148
+ (b2 4 2¢2)3/2 P ( b2 + 2¢2 > o (b\/2b2 + 402> (148)
8 M (b? + ) M? M?
Y e — B S 14
—\[r(zﬂ t 2c2)2 <eXp ( w2 +22) ) TP\ T2 (149)
32 ASM
SV 2 (150)
Lemma 19
9 22 _ (@+M)? 1 22
e 202 —e 262 e 22dx (151)
R 2me
Ly GRSy (152)
(b2 + c2)3/2 V/8be
be? (bt + b2 + 2 M?) of (2 - )M o[ M? (153)
@+ \abevaZ ro) T\ 27 1 2
(154)
2 b2c3 M M2 M?
=t ). 155
t 02+ 22 P ( 302 802) (155)
Proof Let L = M /2. Since % < % when x > —L, and % > (x;;\f)g otherwise, we have
o —22 @ 1 a2
/ Ple e W | e i (156)
R vV

25



LEARNING ENTANGLED SINGLE-SAMPLE GAUSSIANS IN THE SOS MODEL

= —_ €T e 2 — e 2b —F€ 2c X.
—L — 00 vV 2me
By Lemma 13,

400 —L 22 1 22
</ —/ > rle 2 e 22dx
L o V2me

C202 2¢2

b3¢2 . (\/62 N L) 2b2cL ) ( L2 L2>
| .

= er — ex
(b2 + ¢2)3/2 V2be V27 (b? 4 2

By Lemma 14,

oo _@+m? 1 a2
xle” 22 e 22dzx
2me

- (b4 + 6202 + 2 M?) orf < - L) ox <_ 412 >

= GRS Vaevizr e ) P\ T2 )
2b%¢ L I?\

—271_(()2 n 62)2 exXp <—2[)2 9 2> (b + 3 )

Combining the terms completes the proof.
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