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Abstract

In this paper we establish the Qi-Keng Lu uniformization theorem for Stein spaces
with possibly isolated normal singularities.
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1 Introduction

Canonical metrics play a fundamental role in the study of the complex structure of the under-
lying complex manifolds. They provides a fertile place where complex analysis and complex
geometry interact. Here we say a metric w on a complex manifold M is canonical if it is
invariant under biholomorphic transformations. Among important invariant metrics are the
Bergman metrics and Kahler-Einstein metrics. Since the classical work including Kobayashi
[Ko], and Fefferman [Fel]-[Fe3], the Bergman kernel and the Bergman metric take a central
place in the study of the geometry of Stein manifolds with bounded pseudoconvex boundaries.
One expects the underlying manifold to possess special analytic structure if certain geometric
conditions are posed on their Bergman metrics. For instance, Cheng conjectured in [CY] that
the Bergman metric of a smoothly bounded strongly pseudoconvex domain has a constant Ricci
curvature if and only it is biholomorphic to the unit ball. Cheng’s conjecture was previously
obtained by Fu-Wong [FW] and Nemirovski-Shafikov [NS] in the case of complex dimension
two. There are also other closely related versions of the Cheng conjecture in terms of metrics
defined by other canonical functions as in the work of Li [L1],[L2] and [L3]. Recently, the
authors confirmed Cheng’s conjecture in higher dimensional case based on the previous work
by many mathematicians. More precisely, one has the following theorem:

Theorem 1.1. The Bergman metric of a smoothly bounded strongly pseudoconvex domain in
C"(n > 2) is Kdhler-Einstein if and only if the domain is biholomorphic to the ball.

A crucial ingredient in the proof of Theorem 1.1 is the following classical uniformization
result of Lu [Lu].
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Theorem 1.2. (Qi-Keng Lu) Let D be a bounded domain in C". Then the Bergman metric of D
15 complete and has constant holomorphic sectional curvature if and only if D s biholomorphic
to the unit ball in C™.

It is natural to ask whether an analog of Theorem 1.1 can be expected on a Stein space
of complex dimension at least two with possibly normal singularities. One of the first steps
toward understanding this question is then to generalize the Lu theorem to Stein spaces with
isolated normal singularities. And this is the main purpose of this paper. To explain our result,
we first recall the notions of the Bergman kernel and the Bergman metric on a Stein space.

Let 2 be a Stein space with possibly isolated singularities and write Reg(2), or €4, for
the collection of the smooth points of Q2. Write A"(Reg(2)) for the space of the holomorphic
n—forms on Reg({2) and define the Bergman space of Q to be A%(Q) = {a € A"(Reg(Q)) :
|fReg(Q) a Aa| < oco}. Assume A%(Q) has a non-zero element. Then A%(Q) is a Hilbert space
with inner product:

(o, B Z%/R AP or .9 € A" (Reg().
eg

Let {a;}7", be an orthonormal basis of A*(€2),m < oo, and define the Bergman kernel to
be Ko =", a; A@j. In a local holomorphic coordinate chart (U, z) of Reg(f2), we have

Ko =k(z,2)dzy AN---dz, NdZZ N\ -+ - NdZ, in U.

Here k(z,Z) = Y70, la;(2)? if o = aj(2)dz1 A --- Adzy,j > 1, in the local coordinate chart.
Assume Kgq is nowhere zero on Reg(Q2). We define an Hermitian (1,1)—form to be w? =
V—1901og k(z,%). We call w? the Bergman metric if it induces a (positive definite) metric on
Reg(Q).

To further study the Bergman metric, we pause to recall the definition of holomorphic maps
from a complex manifold X to the infinite dimensional projective space P>°. Let F' be a map
from X to P> := {[z1, -, 2m, -] : (21, , Zm, -+ ) € £2}. We say F is holomorphic if for any
p € X, there is a local holomorphic coordinate chart (U, z) with p € U and a set of holomorphic
functions {f;}52, on U such that

1. The set of functions {f;}32, is base point free, i.e., they have no common zeros in U.

2. The infinite sum Y 7 [f;|* converges uniformly on every compact subsets of U.
3. F=1fi,~,fn,---]onU.

If X is equipped with a Kahler metric w, we further say F' is isometric if
w=V=1001og(}_ |f;(=)I*)
j=1
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on U. Let Q be as above. Always assume that A%(Q) is base-point free over Q,.,. Then it is
equipped with the Bergman metric w” and let {a;}7-, be an orthonormal basis of A*(Q2). Then

it induces a natural holomorphic map F' from Reg(2) to P> given by
F=lay, a5 ]

Here if m is finite, we then add zero components to make the target to be P>°. The right hand
side of the above equation is understood as follows. In a local holomorphic coordinates chart
(U,2) : [oq, -+ a4, -] = [a1(2), -+ ,a(2),---] if @ = ajdzy A --- A dz,. Note this definition
is independent of the choices of coordinates. Indeed, if o; = bjdw; A --- A dw,, in another
coordinates chart (V,w), then on U NV every b; just differs from a; by the same non-zero
factor, i.e., the Jacobian of the change of coordinates. We also remark that {a;}7; must be
base point free by the fact that Kq is nowhere zero. We will call I’ the Bergman-Bochner map
from Reg(2) to P> and denote it by Bq.
We are now in a position to state our main theorem:

Theorem 1.3. Let Q be a normal Stein space with A*(Q) base-point free over Qyey. Assume its
Bergman metric is complete at infinity and the induced Bergman-Bochner map is one-to-one
over Qyeg. Then Q is biholomorphic to the unit ball B™ if and only if (Qreg, w®) has constant
holomorphic sectional curvature.

Here we say the metric is complete at infinity if for every real number R > 0, the ball
centered at py € Reg(§2) with radius R (with respect to the metric) has compact closure in
Q). To finish off the introduction, we formulate the following generalized Cheng’s conjecture,
which is affirmatively answered by Theorem 1.3 when the holomorphic sectional curvature is
constant:

Conjecture 1.4. Let Q) be a normal Stein space with a smoothly compact strongly pseudoconvex
boundary. Then the Bergman metric of .4 has constant Ricci curvature iof and only if § is
biholomorphic to the unit ball in a complex Fuclidean space.

Acknowledgement: The authors would like to thank Ngaiming Mok for his many stimu-
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2 Proof of Theorem 1.3

We give a proof of Theorem 1.3 in this section. The only-if part is trivial and we only prove
the converse statement. Assume (Reg(€2),w?) has constant holomorphic sectional curvature \.
A Priori A can be of any sign or zero. Write (Xy,ws) for the space form where the metric is
normalized so that the holomorphic sectional curvature equals A. More precisely,



e If A <0, then we let Xy = B" and wg, the (suitably normalized) Poincaré metric;
e If A =0, then we let Xqg = C" and wy,; the standard Euclidean metric;
o If A > 0, then we let Xy = P" and wg the (suitably normalized) Fubini-Study metric.

Then by assumption, there is a connected open subset U of Reg({2) and a holomorphic
isometric map f : (U, w?) — (Xo,ws). By a classical theorem of Calabi [Cal, f extends holo-
morphically along any path v € Reg(2) with v(0) € U. In other words, f extends to a possibly
multi-valued map F' from Reg(2) to My. We will prove F' must be indeed single-valued.

We will need the following two lemmas. Consider the case A > 0. Then X is the projective
space P" and wy; is the normalized Fubini-Study metric. That is, writing [n] = [10, 71, - , 7]
for the homogeneous coordinates of P", wy, is given by wy = py/—10991og ||n||? for some constant
w>0.

Lemma 2.1. In the case A > 0 as above, we must have p equal to some positive integer m.

Proof of Lemma 2.1: By shrinking U, we assume U is contained in some holomorphic
coordinate chart. And by a holomorphic change of coordinates, we assume z(p) = 0 for some
p € U. Recall K(z,z) = k(z,Z2)dzy A+~ Ndz, Ndzi A - - - NdZ, on U. Without loss of generality,
assume f(0) = [1,0,---,0]. Shrinking U further if necessary, assume f(U) is contained in the
Euclidean cell Vo = {[n0,- -+ , 7] : mo # 0} of P". Write g for the inverse of f defined from a
small neighborhood V' of f(0) to U. Note ¢ is also isometric: g*(w?) = wy. This yields if we
write £ = (&, -+ ,&,) for the inhomogenous coordinates of P™ on Vj, then

p0dlog(1 + [|€]|*) = 901log k(g(£), g(€)) on V.

Thus the difference of log(1 + [|€]]*)* and log k(g(£), (£)) equals to a pluriharmonic function

1. Shrinking V' if necessary, assume ) = h + h for a holomorphic function h on V. We thus
conclude

k(g(€), 9())e"®” = (1 + [l€]I*)".

We then use the fact that k(z,Zz) = E;nzl laj(z)[* and apply the Taylor expansion of (1 + z)*
on {x € R: |z| <1} to get

i o - (u—-k+1
> 10y g)(@)f = 1+ HEE DR D
j=1 k=1 ’

Fix [ > 1. Apply ag?Qal? to both sides of the equation and evaluate at & = 0. The left hand
1 1

side always gives a nonnegative number. But if x4 is non-integer, the right hand side will give a

negative number for some sufficiently large [, a plain contradiction. Hence 1 must be a positive

integer. il



Lemma 2.2. The normalized space form (Xg,ws) can be isometrically embedded into P> by a
holomorphic map B.

Proof of Lemma 2.2: We start with the case when A > 0. By Lemma 2.1, we have in this
case Xo = P" and wy = mddlog ||n||? for some positive integer m. We know (M, ws) can be
holomorphically isomerically embedded into (P, wrg) by the m™ Veronese embedding for some
appropriate N. Here wpg is the standard Fubini-Study metric on PY. Furthermore, (PY,wps)
can be canonically embedded into P> (by adding zero components). This finishes the proof of
Lemma 2.2 in the positive A\ case.

We next consider the case A < 0. In this case, Xy = B" and wy, = —uddlog(l — ||w||?)
for some p > 0, where w = (wy,--- ,w,) is the coordinates of B" C C". We use the Taylor
expansion of (1 — z)™#* about the point x =0 on {x € R : |z| < 1} to obtain

(1=l =14 30 AEED k=)

|2k
k! '

[[0]
k=1

The right hand side converges uniformly on compact subsets of B™. This shows that for a
certain sequence of monomials {P;}32, in w such that (1 — [|w[]?*)™* = 14 372, [P;(w)]?,
which converges uniformly on compact subsets of B"”. This leads to a natural isometric map
B=[1,P, P, ] from (Xo,ws) to P®. It is clear that F' is an embedding as the wis,
1 < j <n, (with appropriate coefficients) are among the Ps.

The proof for the case A = 0 is similar. Note wy = 99||w||?> = ddlog(el*I*) where w is the
coordinates of Xy = C", and we use the Taylor expansion of elvl® at w =0:

o0 2k

lwl2 _ |w]]

=1+ - (1)
k=1

It converges uniformly on compact subsets of C". As in the case A < 0, we obtain from (1) an
isometric embedding from X, to P*°. This establishes Lemma 2.2.

Now U C Reg(f2) can be isometrically embedded into P> in two ways: (a). Bg embeds
(U, wP) isometrically into P>, and (b). (U,w?) is isometrically embedded into P> by Bo f. By
Calabi’s theorem [Ca], there is a rigid motion of 7" of P> such that

ToBy=BofinU. (2)

As mentined above, (f,U) can be extended holomorphically along any path by [Cal. Let 1,72
be two curves connecting p € U to some point ¢ € Reg(2). Write (f1,V) and (f2, V) for
the two holomorphic branches obtained from holomorphic continuaion of (f, U) along the two
curves. By the uniqueness of holomorphic continuation, we know (2) is preserved along the
continuation. Thus we have

ToBg=Bofi=BofyinV.
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However, since Bq, B and T are all embeddings, we have that f; = f, in V. Hence (f,U)
extends a well-defined holomorphic map F' on Reg(€2), which is local isometric. By (2) again,
we have T o Bg = B o F on Reg(Q2). This yields that F is an embedding map.

We next prove that the singular set sing(2) of €2 is empty. Seeking a contradiction, suppose
not. Let p € sing(Q2). First note we can assume (£, p) is embedded into some CX with z(p) = 0.
For a sufficiently small €, consider the link N, = {z € CX : ||z|| = e} NQ at pand D, = {2 €

K z|| < e}NQ. Note F is a holomorphic map in D.—{p} and extends holomorphically across
N.. Recall F is an embedding. Then N = F(N,) is a (connected) closed strongly pseudoconvex
hypersurface in Xy (See Milnor [Mi]) and F(D. — {p}) is contained in some pseudoconvex
domain D in X, which has smooth boundary N. We remark that when X, = P, D is defined
to be the set of pomts in P\ N that can be path-connected to a small analytlc disk attached
to N. Clearly D defined in this way is connected and open. To show D has N as its smooth
boundary, we observe any point ¢ that is on the pseudoconcave side of N and close to N
cannot be contained in D. Indeed, suppose ¢ € D. Then we find a point ¢’ on the pseudoconvex
side to N and close to q. Moreover, pick a short smooth curve v, from ¢ and ¢ that cuts N
transversally. On the other hand, there is a curve v, 1n~D from ¢’ to q. Set v = 71 + 72. By
the construction of ~, the intersection number of v and N is +1. Since intersection number is a
homotopic invariant, by the simple connectedness of Xy, this intersection number must be zero
which is a plain contradiction. This proves D is a pseudoconvex domain with smooth boundary
N.

Since p is normal, note we can assume F is the restriction of some holomorphic map F on
{z € CK . ||z|| < €} to D.. This follows from the property of normal singularities if X is B"
or C", and needs some justification when X is P". In this case, we use a theorem of Takeuchi
[T] to see D is Stein, which can be embedded as a submanifold of some CX'. Hence F can
be regarded as a map to CX', and again by the property of normal singularities, F' extends
continuously across p. Furthermore, we can shrink € to make D be contained in one Euclidean
cell of P" and the observation follows readily.

As above by shrinking e if necessary, we can assume the image F'(D.) is contained in
some coordinate chart (U,w) of X,. Now consider the inverse of F|y,, which we denote by
H:N — N, C C". By the Hartogs extension, H extends to a holomorphic function in 5,
which we still denote by H. By the uniqueness of holomorphic maps and by the maximum
principle, H(D) is contained in D.. Furthermore, we have F o H equals the identity map on

D. (In particular, H is embedding). On the other hand, we also have H o F' equals identity on
D, — {p} and by continuity, it also equals identity on D.. This implies H is a biholomorphic
map from D to D.. Hence we prove sing(£2) is empty.

Once we know () has no singularities and thus it is a complete Kahler manifold equipped
with the Bergman metric, a standard argument will show that {2 must be biholomorphic to the
ball. Indeed, we now have a holomorphic isometric immersion F' from €2 to Xy. On the other
hand, we consider the local inverse (g, V) of (f,U), where V' = f(U). It is a local isometric
embedding from f(U) to Q. Since now (2,w?) is complete, (g, f(U)) extends holomorphically



along any path in Xj. (See Proposition 11.3, 11.4 in [He]). As Xj is simply connected, we thus

obtain a holomorphic map G from Xj to €2. Note f o g equals the identity map on V and go f

equals the identity map on U. By the uniqueness of holomorphic functions, F o G and G o F

equal to the identity map on Xy and €2, respectively. We thus conclude €2 is biholomorphic

to X,. Finally, it follows from the assumption on € and w® that X, can only be the complex

unit ball. Furthermore, as the holomorphic sectional curvature of the Bergman metric is a
2

biholomorphic invariant, we have A = — = &
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