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Abstract

Sufficientdimensionreduction(SDR)isaveryusefulconceptforexploratoryanalysisand
datavisualizationinregression,especiallywhenthenumberofcovariatesislarge. ManySDR
methodshavebeenproposedforregressionwithacontinuousresponse,wherethecentralsub-
space(CS)isthetargetofestimation.Variousconditions,suchasthelinearityconditionandthe
constantcovariancecondition,areimposedsothatthesemethodscanestimateatleastaportionof
theCS.InthispaperwestudySDRforregressionanddiscriminantanalysiswithcategoricalre-
sponse.MotivatedbytheexploratoryanalysisanddatavisualizationaspectsofSDR,wepropose
anewgeometricframeworktoreformulatetheSDRproblemintermsofmanifoldoptimization
andintroduceanewconceptcalledMaximumSeparationSubspace(MASES).TheMASESnat-
urallypreservesthe“sufficiency”inSDRwithoutimposingadditionalconditionsonthepredictor
distribution,anddirectlyinspiresasemi-parametricestimator.NumericalstudiesshowMASES
exhibitssuperiorperformanceascomparedwithcompetingSDRmethodsinspecificsettings.

Keywords: Categoricaldataanalysis;Hellingerdistance;semi-parametric;singleindexmodels;
slicedinverseregression;sufficientdimensionreduction.

1.Introduction

1.1Dimensionreductionsubspace

Overthepastseveraldecades,numeroussufficientdimensionreduction(SDR)methodshavebeen
developedtoanalyzedatainregressionproblems.ConsidertheunivariateresponseY∈Randthe
multivariatepredictorX∈Rp.ThegoalofSDRistofindareductionR(X)∈Rqwithq<p
suchthatYisindependentofXgivenR(X).Inthisarticle,wefocusonthelinearSDR,sothat
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thereductionR(X)=BTXforsomematrixB∈Rp×qsuchthat,

Y⊥⊥X|BTX. (1.1)

ThereductionfromXtoBTXpreservesalltheinformationintheregressionofYonXbecause
Y|XhasthesamedistributionasY|BTX.Letspan(B)⊆Rpdenotethesubspacespannedby
columnsofB.Thenspan(B)iscalledadimensionreductionsubspace(DRS).

Definition1(Cook,1998)IftheintersectionofallDRSsisitselfaDRS,thenitiscalledacentral
subspace(CS)anddenotedbySY|X.

Bydefinition,theCSisuniquewhenitexists,andisthenthesmallestDRS.ManySDRmethods
havebeendevelopedtoestimatetheCS.Forexample,slicedinverseregression(SIR;Li,1991)
andslicedaveragedvarianceestimation(SAVE;CookandWeisberg,1991)weretwopioneering
methods.NumerousideasforestimatingtheCShavebeensinceproposedintheliteraturesuchas
Fungetal.(2002);ZhouandHe(2008);Iacietal.(2010);ZhuandFang(1996);Wu(2008);Zhu
andZeng(2006);Yaoetal.(2015,2016);HilafuandYin(2017);Li(2007);Chenetal.(2010);Lin
etal.(2017);Reichetal.(2011).FormorebackgroundandreviewsonSDR,seeCook(2007),Ma
andZhu(2013),andLi(2018).

ManySDRmethodswereintroducedinthecontextofregressionwithcontinuousresponse
Y. Mostofthesemethodsarestillapplicabletobinaryorcategoricalresponse,butmaybecome
ineffective.Forexample,SIRisunabletoestimatetheCSwithdimensionbiggerthanonewhenY
isbinary.Incontrast,ourproposalofseekingmaximumseparationintheconditionaldistributions
X|Yisamoredirectandeffectiveapproach,especiallywhenYisbinary.

1.2Discriminantsubspace

Studyingtherelationshipbetweenamultivariatepredictorandabinaryorcategoricalresponseare
ofsubstantialinterestsinstatistics,especiallyindiscriminantanalysisandcategoricaldataanalysis.
Inthispaper,weconsidertheSDRofacontinuousmultivariatepredictorX∈Rpinthepresence
ofacategoricalresponseY∈{1,...,C},whereC≥2isthenumberofclasses.

AnalogoustothedefinitionoftheCS,CookandYin(2001)proposedthenotionofcentral
discriminantsubspace(CDS)fordimensionreductionindiscriminantanalysis.Theideaistofocus
ontheBayesruleofclassification,whichisφ(X)≡argmaxy=1,...,CPr(Y=y|X),instead
offocusingontheconditionaldistributionofY|XinthedefinitionoftheCS.Thesubspace
span(B)⊆Rpiscalledadiscriminantsubspaceifφ(X)=φ(BTX).

Definition2(CookandYin,2001)Iftheintersectionofalldiscriminantsubspaceisitselfadis-
criminantsubspace,thenitiscalledacentraldiscriminantsubspace(CDS)anddenotedbySD(Y|X).

SimilartotheCS,theCDSmaynotexist.ButwhentheCDSexists,itisthesmallestdiscriminant
subspacebyconstruction.ConnectionsbetweentheCSandtheCDSwereinvestigatedinCook
andYin(2001).Inparticular,theCDSisalwayscontainedintheCS,providedtheexistence.
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ItisnotedinCookandYin(2001)thattheCDSSD(Y|X)maynotbeeasytoestimatedirectly
becauseitdependsonthechoiceofclassifierorassumptionsontheBayesrule.Therefore,unlike
intheregressionofcontinuousY,muchfewermethodsaredevelopedforestimatingCDSor
CSinclassificationandcategoricaldataanalysis:CookandLee(1999)studiedthedifference
ofcovariancesfordimensionreductioninbinaryresponseregression; Wangand Wang(2010)
proposedanalternatingalgorithmforestimatingtheCDSthatiterativelyupdatesthemarginbased
classificationfunctionφ(BTX)andthebasisB;Shinetal.(2014,2017)andYaoetal.(2016)
developednewmethodsforestimatingtheCSinbinaryclassifications.

1.3Ourcontributionsandotherrelatedworks

Inthispaper,weproposeanewconceptcalledtheMaximumSeparationSubspace(MASES)for
regressionanddiscriminantanalysiswithbinaryorcategoricalresponse.ThenotionofMASEShas
manyadvantagesovertheCSandCDS.Firstofall,theexistenceofMASESisalwaysguaranteed.
ThisprovidesasolidtheoreticalgroundforstudiesofSDRwithbinaryandcategoricalresponse.
Inparticular,weshowinTheorem1thatourdefinitionofthe“separation”undersquaredHellinger
distanceisequivalenttotheusual“sufficiency”inSDR.Secondly,thedefinitionofMASESis
linkednaturallytoasemi-parametricestimationprocedure,whichresultsinaconsistentMASES
estimatorforthesubspace.Incontrast,thedefinitionsoftheCSandtheCDSofferlittleinsighton
howtoconstructanestimator.Thirdly,becausetheMASESestimatordirectlyseeksforthemax-
imumseparationamongdifferentclassesorcategories,itoftenprovidesagoodvisualizationand
graphicalsummaryasillustratedintherealdataanalysis(Section6).Finallyandmorepractically,
theMASESsharesthesamenicepropertiesastheCSandCDS.WhentheCSexists,theMASES
willbethesameastheCSandtheMASESestimatordevelopedinthispaperwillbeanatural
estimatorfortheCSinbinaryorcategoricalresponsecase. WhentheCDSexists,theMASES
isguaranteedtocontaintheCDS,andhencetheBayes’rulewillbethesamebasedoneitherthe
originalpredictororthereducedpredictorfromMASES.

Theideaofseekingmaximumseparationhasalonghistoryinstatistics.Itcanbetracedback
totheFisher’soriginaldiscriminantanalysis(Fisher,1936),andhasbeenwidelyusedindiscrimi-
nantanalysis,regressiongraphicsandsufficientdimensionreduction(ZhuandHastie,2003;Cook,
2000;Pardoeetal.,2007;CookandForzani,2009;Lietal.,2011).UnlikeFisher’sdiscriminant
analysis,whichmeasurestheseparationbyEuclideandistanceandoftenisinterpretedundernor-
malityassumptions,thenotionofMASESismoregeneralandisfreeofmodelanddistributional
assumptions.AswediscussinSection5.3,theMASESestimatorcanalsobealsoviewedasa
generalizationofsemi-parametricsingleindexmodels(Ichimura,1993;KleinandSpady,1993)
andmultipleindexmodels(Xia,2008).Finally,ourdefinitionofmaximumseparationwithrespect
toacertaindistanceisconceptuallyverydifferentfromdistance-basedSDRmethods(Shengand
Yin,2016;LeeandShao,2016),wherethedistancesaremeasuredbetweentheresponsevariable
YandalinearcombinationofpredictorsBTX.Incontrast,ourseparationisthestatisticaldistance
betweentheconditionalprobabilitydistributions:X|(Y=1)versusX|(Y=2).
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Therestofthepaperisorganizedasfollows.InSection2,weintroducethedefinitionandsome
basicpropertiesofMASES.InSection3,wefurtherrevealsomeimportantconnectionsbetween
MASESandsufficientdimensionreductioningeneral.InSection4,wedeveloptheestimation
procedure,discusstheselectionoftheMASESdimension,andestablishtheconsistencyofthe
MASESestimator.InSections5and6,wepresentextensivesimulationresultsandarealdata
illustration,followedbyashortdiscussioninSection7.Finally,alltechnicalproofsarerelegated
totheAppendix.

2.MaximumSeparationSubspace(MASES)

2.1Generaldefinition

Thefollowingnotationanddefinitionswillbeusedinourexposition.WeusePA=A(A
TA)−1AT

todenotetheprojectionontospan(A)andletQA =I−PAbetheprojectionontotheorthog-
onalsubspaceofspan(A).TheGrassmmanmanifold,orGrassmannian,consistingofthesetof
alludimensionalsubspacesofRr,u≤r,isdenotedasGr,u.Unlessotherwisespecified,weuse
fk(X),k=1,...,C,todenotetheconditionaldensityfunctionofX|(Y=k).Similarly,for
anyB∈Rp×q,theconditionaldensityfunctionofBTX |(Y=k)isdenotedbyfk(B

TX).
Letδ(f1,f2)beadistanceofthetwo(conditional)probabilitydensityfunctionssuchthat(1)
δ(f1,f2)=δ(f2,f1);(2)δ(f1,f2)≥0foralldensityfunctionsf1andf2withequalityifandonly
iff1=f2almosteverywhere;and(3)δ(f1,f2)≤δ(f1,f3)+δ(f3,f2).Examplesofδ(f1,f2)
includesthesquaredHellingerdistance,theBhattacharyyadistance,thetotalvariationdistance,
theKullback-Leiblerdistance,theKolmogorov-Smirnovdistance,amongothers.
Forbinaryresponse,whereC=2,wedefineD(X)≡δ(f1(X),f2(X))andD(B

TX)≡
δ(f1(B

TX),f2(B
TX))foranymatrixB∈Rp×q.Forthemulti-classproblems,whereC>2,

wegeneralizethedefinitionofD(X)as

D(X)=

C−1

j=1

C

k=j+1

wjkδ(fj(X),fk(X)), (2.1)

wherewjk>0,
C−1
j=1

C
k=j+1wjk=1,aretheweightsforalltheC(C−1)/2pairsofdis-

tances.TheabovedefinitionofD(X)reducestoD(X)=δ(f1(X),f2(X))forC=2. We
introducethepositiveweightswjktoallowmoreflexibilityofthemethods,althoughthechoicesof
weightshavelittleeffectonourtheoreticaldevelopments.Onesimplechoiceistheequalweights,
wjk=2/{C(C−1)},1≤j<k≤C.ThenD(X)isthesimpleaverageofallthepairwise

distances.Anotherintuitivechoiceistheproportionalweights,wjk=
pj+pk

C−1
l=1 m>l(pl+pm)

,where

pj=Pr(Y=j).Thenthisweightwjkisproportionaltotheprobabilitythatanobservationfalls
intoeitherclassjorclassk.Iftheclassesarehighlyunbalanced(i.e.someclasseshavemuchfewer
observationsthanothers),thentheproportionalweightswillbemorerobustthanequalweights.
Wewillbeusingthisproportionalweightsunlessotherwisespecified.
WenextconsidersomepropertiesofthedistancemeasureD(·)definedby(2.1).
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Proposition1ForanymatricesA∈Rp×randB∈Rp×q,where0≤r≤q≤p,ifanyofthe
followingpropertiesaresatisfiedforC=2,thentheyarealsotrueforC>2:

1.(Boundedness.)0≤D(ATX)≤1.

2.(Indistinguishability.)D(ATX)=0ifandonlyifallpairsofprobabilitydensityfunctions
fj(A

TX)andfk(A
TX)areidenticalalmosteverywhereforATX∈Rq.

3.(Perfectseparation.)D(ATX) =1ifandonlyiffj(A
TX)andfk(A

TX)havenon-
overlappingsupportonRqforanyj=k.

4.(Invariance.)Ifspan(A)=span(B)thenD(ATX)=D(BTX).

5.(Monotonicity.)Ifspan(A)⊆span(B),thenD(ATX)≤D(BTX).

ThefirstthreestatementsinProposition1givessomenaturalinterpretationofD(ATX).First,
D(ATX)isboundedbetween0and1,whichissimilartomanyquantitiesthatmeasuresdepen-
denceorgoodness-of-fitbetweentwostatisticalobjects,suchascorrelations,R-squaresandthe
(conditional)distancecorrelation(Székelyetal.,2007;SzékelyandRizzo,2009; Wangetal.,
2015).TheboundednessalsoguaranteestheexistenceofthemaximizerofD(ATX),whichis
neededforourdefinitionoftheMASES.Moreover,D(ATX)onlyachievestheboundaryvalues0
or1whenalltheclassesareperfectlyseparatedoridentical,respectively.Thismakesthenumeri-
calvalueofD(ATX)anaturallyinferentialobject,whichiseasytointerpretandhasthepotential
tobeamodel-freeandflexibleteststatisticsforindistinguishableandperfectlyseparablelinear
combinationsofX.
ThelasttwostatementsinProposition1arecrucialfordevelopingSDRmethods.InSDR,only

thesubspaceisidentifiablewhilethebasismatrixisnot.Theinvarianceimpliesthatthemaximum
ofD(BTX)overthesetofallmatricesB∈Rp×qisthesameasthemaximumofD(ATX)over
thesetofallsemi-orthogonalmatricesA∈Rp×q,ATA=Iq.ThisguaranteesMASESbased
onDisnaturallycoordinate-independent.Finally,themonotonicityimpliesthatthereexistsa
smalleststructuraldimensionthatcanpreservealltheinformationaboutdiscriminantanalysisand
isthereforesufficient. WeassumeDsatisfiesallthebasicpropertiesinProposition1henceforth.
LetD0=0andDq=maxB∈Rp×qD(B

TX),q=1,...,p.

Corollary1Therealwaysexistsanintegerd≥0suchthateither0=D0=Dd=···=Dpor
0≤D0≤···≤Dd−1<Dd=···=Dp≤1.

Thekeystructuraldimensiondisclearlyunique.Ifd=0,then0=D0=···=Dpandthere
isnodiscriminationbetweenanytwoclasses(cf.indistinguishabilityinProposition1).Ifd=p,
thenDp−1<Dpandany(linear)dimensionreductionwillnotbesufficient.Therefore,inour
developmentofMASESestimator,weassume0<d<pwithoutlossofgenerality.

Definition3Letβ=argmaxB∈Rp×dD(B
TX).Thesubspacespan(β)iscalledthemaximum

separationsubspace(MASES)underthedistanceDandisdenotedbyDY|X,whereDisanarbi-
trarydistancethatsatisfiesthepropertiesinProposition1.
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ItispossibletohavemultipleMASES.Ifso,thentheyallachievethesamelevelofseparation,
andareconsideredequivalent.WeconsiderourMASESforcategoricalresponseasthecounterpart
oftheso-calledminimaldimension-reductionsubspaceinregressiongraphics(Cook,1998).In
Section2.2,wefurtherstudyconditionsthatguaranteetheuniquenessoftheMASES.

Wenextconsiderscale-locationtransformationstoestablishtheinvariancepropertyofMASES.

Proposition2TheMASESDY|X ⊆R
palwaysexists.Foranynon-stochasticfullrankmatrix

A∈Rp×pandvectorα∈Rp,theMASESofZ=AX−αonYsatisfiesATDY|Z=DY|X.

IfwetransformXtothestandardizedscaleZ=Σ
−1/2
X (X−E(X)),whereΣXisthecovariance

matrixofX,thenDY|X=Σ
−1/2
X DY|Zcanbeestimatedfromthestandardizedvariables.

2.2 MASESunderthesquaredHellingerdistance

InDefinition3,theMASESDY|XrequiresDtosatisfythepropertiesinProposition1. Wecon-
firmthatmanystatisticaldistancesdosatisfytheseproperties.Someexamplesofcommonlyused
statisticaldistancesareexaminedasfollows.

BoththesquaredHellingerdistanceδH(f1,f2)andthetotalvariationdistanceδTV(f1,f2)are
symmetricandboundedbetween0and1.TheBhattacharyyadistanceisconnectedtothesquared
Hellingerdistance:δB(f1,f2)=−log

√
f1f2dx=−log{1−δH(f1,f2)}∈[0,∞),butisnot

boundedbetween0and1.ThesymmetricKullback-Leibler(KL)distance(KullbackandLeibler,
1951),δKL(f1,f2)= f1log(f1/f2)dx+ f2log(f2/f1)dx∈[0,∞),isalsounbounded.There-
fore,similartothetransformationbetweentheHellingerdistanceandtheBhattacharyyadistance,
weneedtotransformtheKLdistancetobeusedintheconstructionofMASES.Specifically,

DH(X) = δH(f1,f2)=
1

2
( f1(x)− f2(x))

2dx=1− f1(x)f2(x)dx, (2.2)

DTV(X) = δTV(f1,f2)=
1

2
|f1(x)−f2(x)|dx,

DKL(X) = 1−exp{δKL(f1,f2)}=1−exp − f1log(f1/f2)dx− f2log(f2/f1)dx .

Proposition3ThepropertiesinProposition1aresatisfiedbyDH(X),DTV(X)andDKL(X).

Inthispaper,wefocusonthesquaredHellingerdistance,becauseitisanaturalchoicefor
theestimationpurpose(cf.Section4.1).Toemphasizethisparticularchoiceofdistance,wewrite
H2(f1,f2)≡δH(f1,f2),H(X)≡DH(X)andletHY|X⊆R

pbetheMASESunderthesquared
Hellingerdistance(Definition3).

ThenextTheoremshowsthatthechoiceofH(BTX)isindeedanaturalmeasureforthecon-
ditionalindependenceY⊥⊥X|BTX.Specifically,H(BTX)=H(X)reproducesthedefinition
forDRS(1.1)inregressionanddiscriminantanalysiswithcategoricalresponse.
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Theorem1ForanymatrixB∈Rp×q,q≤p,wehavethefollowingequivalence,

H(BTX)=H(X)⇐⇒Y⊥⊥X|BTX. (2.3)

Inotherwords,span(B)isadimensionreductionsubspaceifandonlyifH(BTX)=H(X).

AccordingtoCorollary1andDefinition3,theMASESHY|X=span(β)istheDRSwiththe

smallestdimensiond,suchthatH(βTX)=H(X)forsomebasismatrixβ∈Rp×d.Theorem1
impliesthatHY|X isalwaysaDRS:Y⊥⊥X |β

TX. Moreover,thepursuitofMASESeven

withanover-specifieddimensiond>dstillproducesadimensionreductionwithoutanylossof
information.
TheMASESHY|Xisrelatedtothecentralsubspace(CS;Definition1)andthecentraldiscrim-

inantsubspace(CDS;Definition2)asfollows.

Theorem2IftheCSexists,thentheMASESistheCS,HY|X =SY|X,andisthereforeunique
andisthesmallestDRS.Moreover,iftheCDSexists(whiletheCSmaynotexist),thentheMASES
maynotbeuniquebutalwayscontainstheCDS,SD(Y|X)⊆HY|X.

TheexistenceoftheCSisguaranteedwhenXhasaconvexsupport(Cook,1998,Proposition
6.4).Indiscriminantanalysis,especiallywhentheconditionaldensityfunctionsdonothavethe
samesupportforallclasses,itispossiblethattheCDSexistsbuttheCSdoesnot. Whenthis
happens,theMASESmaybenotunique,but,becauseofTheorem2,anyoftheMASESandthe
intersectionofallMASESwillstillcontaintheCDS.

2.3Twoillustrativeexamples

Weconstructtwoexamplestoillustratethepossiblescenarioswhere(i)theCSandtheCDSdonot
exist,and,(ii)theCDSisapropersubsetoftheMASES.Fordemonstrationandvisualization,we
considerthefollowingtwosimulateddatasetswithabinaryresponseY=1or2andabivariate
predictorX=(X1,X2)

T,andplotthedatainFigure1.
InExample1,wehaveX1∼Unif(−1,1)andX2=sign(X1)Z,whereZ∼Unif(0,1)is

independentofX1.ThenY=1ifX1>0andY=2otherwise.ItisapparentfromFigure1
thatperfectseparationofthetwoclassesisachievedthroughthesignofX1,whichisthesame
asthesignofX2. ThentheCS(ortheCDS)doesnotexist,becausebothspan((1,0)

T)and
span((0,1)T)areDRS(anddiscriminantsubspaces)buttheirintersectionisnolongeraDRS(or
adiscriminantsubspace).ItisstraightforwardtoverifythattheMASESstillexists.Itisanyone-
dimensionalsubspaceofR2andisnotunique.Thisisduetoperfectseparationofthetwoclasses:
anyone-dimensionalBTX=b1X1+b2X2,b1,b2≥0,b1b2=0,keepstheperfectseparation.
Thenon-uniquenessofMASESisnotanissueinpractice,becausethedimensionofMASESis
alwayswell-defined.Therefore,alltheseMASESbecomeequivalentintermsofseparatingclasses
andourestimationprocedureisguaranteetoconvergetooneoftheMASESbyTheorem4.
InExample2,X1andX2areindependentstandardnormalrandomvariable,andYisa

BernoullirandomvariablewithPr(Y=1|X1>0)=1andPr(Y=1|X1<0)=0.6.This

7



ZHANG,MAIANDZ

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1
Example 1

-4 -2 0 2 4
-3

-2

-1

0

1

2

3
Example 2

OU

Figure1:Simulateddatafromthetwoexamples.Opencirclesandsoliddotsindicatetwoclasses.

issimilartoanillustrativeexampleinCookandYin(2001).ClearlyYonlydependsonX1,but
theBayes’ruleistoalwaysclassifyY=1,regardlessofthepredictorinformation.Thismeans
thattheCDSisthenullspace∅,whiletheCSandMASESisspan((1,0)T),whichcontainsuseful
informationinthediscriminantanalysisbeyondBayes’rule.FromFigure1,weseethatthesolid
dotsallresideinthehalfplaneofX1<0.ThisexampleshowsthattheCDSmaymisssome
informationoftheconditionaldistributionsX|YandY|X.

3.Connectionswithothermethodsundervariousprobabilisticmodels

AnadvantageoftheMASESdefinitionisthatweneverneedtoimposethecoveragecondition.
FormostoftheSDRmethodsthattargetsattheCS,thecoverageconditionassumesthattheesti-
mator’spopulationtargetsubspaceexhaustivelyrecoverstheCS.Thisconditionisoftenimplicitly
assumedwithoutwaysofverification.Ontheotherhand,MASESisalwaysexhaustivebydefini-
tion.Inthissection,undervariousprobabilisticmodels,weinvestigateandrevealtheconnections
betweentheMASESandotherclassification,discriminantanalysis,andsufficientdimensionre-
ductionmethods.

3.1Fisher’sdiscriminantanalysisandthelineardiscriminantanalysismodel

Webeginwiththelineardiscriminantanalysis(LDA)model,

X|(Y=y)∼N(µy,Σ),y=1,...,C, (3.1)

whereΣ>0isthecommoncovariancestructureacrossclasses.Themodel(3.1)isanidealistic
modelforprovidingatheoreticaljustificationofFisher’slineardiscriminantanalysisapproach.We
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emphasizethatthismodelisnottheoriginofFisher’sLDA.AsmentionedintheIntroduction,the
ideaofseekingmaximumseparationcanbetracedbacktoFisher’sLDA.Wefirstconsiderbinary
classificationwhereY=1or2.ThenFisher’sLDAdirectionisobtainedfrommaximizingthe
ratioofbetween-classvariationandwithin-classvariation,

wLDA=arg max
w∈Rp×1

wT(µ1−µ2)(µ1−µ2)
Tw

wTΣw
=Σ−1(µ1−µ2), (3.2)

whereΣ=E{cov(X|Y)}isre-definedasthewithin-classvariationwithoutassuming(3.1).By
projectingthedataontothisdirection,X→ wTLDAX,themaximumseparationofthetwoclasses
isachieved.Intuitively,thisisexactlythesamemotivationofourproposedMASESframework–
findingdirections/subspacetoachievemaximumseparationbetweenclasses.

ForC=2,theBayes’ruleofclassificationunder(3.1)is

φLDA(X)=argmax
k=1,2

Pr(Y=k|X)=argmax
k=1,2

{logPr(Y=1)−logPr(Y=2)+wTLDAX},

whichreproducestheFisher’sLDAdirection(3.2).Bystraightforwardcalculation,H(BTX)=
1−exp{−18(µ1−µ2)

TB(BTΣB)−1BT(µ1−µ2)}foranyB∈R
p×qwithfullcolumnrank.

ThenthemaximumseparationDp=H(X)=1−exp{−
1
8(µ1−µ2)

TΣ−1(µ1−µ2)}isattained
byplugginginB=wLDA.Therefore,theMASESHY|X=span(wLDA).

ForC≥2,letΣb=
C
y=1(µy−µ)(µy−µ)

T/Cbethebetweenclasscovariance,where
µ=E(X).Itiseasytoseethatspan(Σb)=span(µ2−µ1,···,µC−µ1)andthustherankofΣb
isalwayslessthanC.Themulti-classLDAsequentiallyfindsdirectionsthatmaximizingtheratio
(wTΣbw)/(w

TΣw),whichleadstotheLDAsubspaceSLDA≡Σ
−1span(Σb).Ontheother

hand,manySDRmethodsestimatestheCSbasedonconditionalmeanandcovariancefunctions,
whichleadstothegeneralizedeigenvalueproblems.Wenextsummarizetheconnectionsbetween
LDA,SIR(Li,1991),SAVE(CookandWeisberg,1991)andMASESundertheLDAmodel.

Proposition4Undermodel(3.1),allthefollowingsubspacesareequaltotheMASESHY|X,

whichhasdimensiond≤min(C−1,p):SY|X,SLDA=Σ
−1span(Σb),SSIR=Σ

−1
X span(Σb),

andSSAVE=Σ
−1
X span(ΣX−Σ).

Proposition4statestheequivalencebetweenthesedifferentmethods:MASES,LDA,SIRand
SAVE.Thisresultisnotsurprising.Althoughthesemethodsmayhavedifferentmotivations,asis
clearfromtheirtargetsubspaces,theyareallexpectedtorecoverthesamemeaningfulsubspace
underthesimpleLDAmodel.Thecommoncovarianceassumptionismoreimportantthanthenor-
malityassumptioninFisher’sderivationofhisdiscriminantdirection(3.2).Withoutthenormality
assumption,however,thefirsttwosamplemomentsarenolongersufficientstatisticforthedistri-
butionsofX|Y=1andX|Y=2.ThenFisher’sLDAisstillasensibleapproachbyfocusing
onlyonthefirsttwomomentstodefinethedistancebetweentwoconditionaldistributions,while
theMASESutilizestheentiredensityfunctionsinmeasuringthedistance.

9
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3.2Quadraticdiscriminantanalysismodel

Considerthequadraticdiscriminantanalysis(QDA)model,

X|(Y=y)∼N(µy,Σy), y=1,...,C, (3.3)

whereΣy>0cannowvaryacrossclasses.CookandForzani(2009)studiedthelikelihood-based
sufficientdimensionreductionunderthismodel,andshowedthattheCSisexhaustivelyestimated
bySAVE,butSIR(andsimilarlyLDA)mayloseimportantinformationbyignoringthechangesin
thecovariancestructuresΣy.

Proposition5Undermodel(3.3),SLDA=SSIR⊆HY|X =SY|X =SSAVE=Σ
−1
X span(Σ1−

ΣX,...,ΣC−ΣX).

Anotherrelatedmethodcalleddifferenceofcovariances(DOC;CookandLee,1999)wasin-
troducedasacompanionofSIRandSAVEinthecontextofbinaryresponseregression,which

estimatesthesubspaceSDOC=Σ
−1/2
X span(Σ2−Σ1).ItwasshowninLemma2ofCookand

Lee(1999)thatSSIR⊆SSAVEandSDOC ⊆SSAVE. AlthoughSAVEismorecomprehensive
thanSIRandDOC,thetwomethodsSIRandDOCcanbeusedtogethertovisualizedifferent
aspectsofthedata:SIRfocusesonthemeanfunctionE(X|Y)andDOCfocusonthecovariance
cov(X|Y).SamephilosophyappliestoMASES:althoughMASESisthemostcomprehensive,it
isoftenstillhelpfultoprovidesummaryplotsofthedatausingmethodssuchasSIRandDOC.

3.3Singleandmultipleindexmodels

Inregression,theindexmodelsoftheformY=f(βTX,)arewidelystudied,whereβ∈Rp×d,
fisareal-valuedfunctionandistheerrortermthatisindependentofX.Thisclassofmodels
includesmorespecialcasessuchasY=f(βTX)+,withconstanterror,andY=f(βTX)+
g(βTX)·,withheteroscedasticerror,wherefandgdenotegenericfunctionsthatareusually
unknown.Singleindexmodelhasd=1andmultipleindexmodelsyallowd>1.Forbinaryor
categoricalresponse,weintroduceamultinomialindexmodel(MIM)as

Pr(Y=j|X)=Pr(Y=j|βTX)=fj(β
TX,j), j=1,...,C, (3.4)

wherefj’sarefunctionswithpositivevaluesandj’sarepotentialrandomdisturbancethatare
independentofXandaretypicallyassumedtobezero.ItisclearthattheCSisspan(β).However,
thegeneralityof(3.4)makesitpossibleforbothSIRandSAVEtofailtorecoveralltheimportant
directions.Nonetheless,MASESisexhaustiveinrecoveringtheCS.

Proposition6UndertheMIM(3.4),SSIR∪SSAVE⊆span(β)=HY|X=SY|X.

10
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3.4SupportVectorMachines(SVM)andPrincipalSupportVectorMachines(PSVM)

Inthissection,wefirstconnectournotionofmaximumseparationwiththatofsupportvectorma-
chines(Boseretal.,1992;CortesandVapnik,1995)undertheprobabilisticSVMmodelproposed
byFrancetal.(2011).Wethendiscussandcompareourmethodwithasufficientdimensionreduc-
tionmethodcalledprincipalsupportvectormachine(PSVM,Lietal.,2011).Thetwosolutions,
MASESandPSVM,arefurthercomparedinnumericalstudies(Section5).
Forthepurposeofgainingintuition,wefollowFrancetal.(2011)’snotationandrestrictour

analysistothelinearSVM(andlater,linearPSVM)inbinaryclassificationwithoutthebiasterm,
whereY∈{+1,−1}istheclasslabelfortwobalancedclassesofdataX∈Rp.ThelinearSVM
isdefinedbyminimizingthefollowingconvexlossfunctionoverparametervector(a.k.a.normal
vector)w∈Rp,

Ln(w;λ)=
λ

2
wTw+

n

i=1

(Y,wTXi), (3.5)

whereλ>0isaregularizationconstantand(Y,wTX)=max{0,1−Y·wTX}isthehinge
lossofclassification.AfterobtainingwSVM=argminwLn(w;λ),thelinearSVMclassifieris
Y=sign(wTSVMX).Whenthetrainingdataareseparable,thelinearSVMhasadirectgeometric
marginmaximizationmotivation.SeeHastieetal.(2009,Chapter4.5)formorebackgroundon
separatinghyperplanesandmaximummargin-basedclassification.TheseparationinMASESis
definedbythedistanceofthetwoconditionaldistributionsf(X|Y=+1)andf(X|Y=−1)
andisalwayswell-definedevenwhenthetrainingdataarenotseparable.
BasedonthisdefinitionofthelinearSVM,thereisaninterestingsemi-parametricprobabilistic

SVMmodel(Francetal.,2011),wherethejointprobabilitydensityfunctionis,

p(X,Y)=C(τ)·h(X)·exp{−(Y,τuTX)/2}, (3.6)

whereτ >0andC(τ)>0arethenormalizingconstant,u∈Rpistheunitvectorsuchthat
uTu=1,(·,·)isthesamehingelossfunctionasin(3.5),andfunctionh(X)makesp(X,Y)
integrableandalsoensuresC(τ)notinvolvingu.Thefollowingpropositionshedslightonwhen
theSVMisefficientinrecoveringthecentralsubspace.

Proposition7Underthemodel(3.6),span(wSVM)istheMLEforHY|X=SY|X=span(u).

CloselyrelatedtoSVM,forcontinuousresponseY∈R,Lietal.(2011)proposedthePSVM
methodtoestimatetheCS.ForacategoricalresponseY∈{1,...,C}(orafterdiscretizingthe
continuousresponse),letYki =I(Yi=k)−I(Yi=k+1),k=1,...,C−1,be(C−1)
binaryresponse.ThenforeachbinaryresponseYki,weapplySVMonthestandardizedpredictor

Zi=Σ
−1
X (Xi−X)toobtaintheparametervectorζk∈R

pfromminimizing(3.5).Finally,the

estimatorfortheCSSY|X isthespanofΣ
−1/2
X vj,j=1,...,d,wheredisthedimensionof

thecentralsubspaceandvjisthej-thleadingeigenvectorof
K−1
k=1 ζkζ

T
k.Underthelinearity

conditionandthecoveragecondition,PSVMfullyrecoverstheCSwhichisalsotheMASES
accordingtoTheorem2.

11
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4.EstimationandConsistency

4.1Estimationprocedure

GiventheMASESdimensiond,theMASEScanbeobtainedfrommaximizingH(BTX)(2.1)
overallmatricesB∈Rp×d,andthenHY|X =span(B)byDefinition3.ByProposition1,we
knowthatthisoptimizationisessentiallyoveralld-dimensionalsubspaceofRp,i.e.optimiza-
tionoverGrassmannianGp,d.Existenceofthesolution(globaloptimum)isguaranteedbecause
theparameterspaceofoptimization,theGrassmannian,iscompactandtheobjectivefunctionis
bounded,i.e.0≤H(BTX)≤1.SincetheobjectivefunctionforC>2istheweightedsumof
pairwiseobjectivefunctionsH2(fj(B

TX),fk(B
TX))forallj,k=1,...,C,weonlydescribe

theestimationprocedureforC=2.Thenthepopulationobjectivefunctiontobeminimizedis

Fpop(B)≡1−H(B
TX)= f1(BTx)f2(BTx)dx=E

f1(BTX)f2(BTX)

f(BTX)
,(4.1)

wheref(BTX)isthemarginaldensityfunctionofBTX. Giveni.i.d.samples(Xi,Yi),i=
1,...,n,thesampleobjectivefunctionisconstructedas

F(B)=

n

i=1

f1(BTXi)f2(BTXi)

p1f1(BTXi)+p2f2(BTXi)+δn
≡

n

i=1

Fi(B), (4.2)

wherepk=nk/n,k=1,2,andtheconstantδn>0isasmallnumbertoletthedenominator
beboundedawayfromzeroforallsamplepointsXi.Thestabilizingconstantδnalsomakessure
thatn−1F(B)convergestothepopulationobjectivefunctionFpop(B)uniformlyinB. Wewill
discussmoreaboutδninTheorem3.Fork=1,2,themultivariatekerneldensityestimatoris

fk(B
TXi)=

1

(n−1)hdnYj=k,j=i
(2π)−d/2exp−(2h2dn)

−1BT(Xi−Xj)
2
2 , (4.3)

wherehn=n
−1/5isusedinallthenumericalstudies. Ourchoiceofhnismotivatedbythe

optimalbandwidthofGaussianbasisfunctions,hn=1.06·σ·n
−1/5,whereweuseσ=1asthe

samplestandarddeviationifinpracticewestandardizethepredictorXinitially.Wedonotinclude
sampleiinthesummationtoavoidover-fittingandtoreducebias(cf.Ichimura,1993;Kleinand
Spady,1993).
Wefindthederivativesofthesampleobjectivefunctiontofacilitatetheiterativeoptimization.

Proposition8Thederivativeofthesampleobjectivefunction(4.2)is

dF(B)

dB
=

n

i=1





Ai
j=i

Wij(Xj−Xi)(Xj−Xi)
TB





, (4.4)

whereAi=(f1if2i)
1/2·(p2f2i−p1f1i+δn)/{2(p1f1i+p2f2i+δn)

2},fki=fk(B
TXi),k=1,2,

Wij=(−1)
Yih−2dn Uij/( m=i,Ym=Yi

Uim)andUij=exp{−(2h
2d
n)
−1BT(Xi−Xj)

2
2}.
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BasedontheexplicitformsofF(B)anddF(B)/dBin(4.2)and(4.4),wemayuseanyoff-the-
shelfoptimizationmethodstoobtaintheMASESestimatorB.Ourcurrentimplementationadopts
thesg_minMatlabpackageforStiefelandGrassmannmanifoldsoptimization(Edelmanetal.,
1998),whichpreservestheorthogonalityconstraintBTB =Id. Othernumericalmethodsfor
optimizationwithorthogonalityconstraints(e.g.WenandYin,2013)canalsobestraightforwardly
incorporatedintoourimplementation.

4.2Initialization,sequentialalgorithm,anddimensionselection

Forournon-convexiterativeoptimization,itiscrucialtoobtainagoodinitialestimator. When
d=1,werandomlygenerate100directionsB1,...,B100∈R

pandselecttheonewiththe
smallestF(B)astheinitialestimator;whend>1,weusethefollowingsequentialalgorithmto
obtainaninitialestimatorBd∈R

p×danduseitinthefullGrassmannianoptimizationofF(B).

Letbj∈R
p,j=1,...,d,bethesequentialdirectionsobtained.LetBj=(b1,...,bj)and

let(Bj,B0j)beanorthogonalbasisforR
p.Setinitialvalueb0=B0=∅andB00=Ip.For

j=0,...,d−1,dothefollowstepstogetthed-dimensionalMASESbasisBd=(b1,...,bd).

1. Minimizethesampleobjectivefunction,b=argminb∈Rp−j,bTb=1F(B0jb).

2.Letbj+1=B0jb∈R
pbethe(j+1)-thmaximalseparationdirection.

Inourexperience,theGrassmannianoptimizationconvergesfasterandismuchmorestableus-
ingthisinitializationthanusingtherandomstartingvalueswhend>1. Moreover,theabove
sequentialalgorithmprovidesanestedsolutionfortheMASESandhencemotivatestheMASES
dimensionselectionprocedureasfollows.

FromCorollary1,weknowthattheMASESdimensiondisdeterminedby0≤D0≤···≤
Dd−1<Dd=···=Dp,whichsuggestsselectingdbyexaminingtheestimateddistancesDq,

q=1,...,p.UnderthesquaredHellingerdistance,wecandirectlyestimateDqasH(B
T
qX)=

1−n−1F(Bq),whereBq∈R
p×q,q=1,...,p,istheq-dimensionalminimizerofthesample

objectivefunctionF(B)in(4.2).However,themanifoldoptimizationdoesnotusuallyproduce
nestedsolutions,i.e.span(Bq)⊆span(Bq+1).Therefore,weselecttheMASESdimensionbased

onthesequentialdirections.Forq=1,...,p,wedefineλq=H(b
T
qX)=1−n

−1F(bq)∈(0,1)
betheq-thaddedseparation.Then,weselecttheMASESdimensionas

d=argmin
q

λq+1
λq
, (4.5)

whichisconceptuallysimilartotheratio-basedestimatorsofdimensioninSDRandfactoranalysis
literature(Lametal.,2011;LeeandShao,2016,e.g.).Numericalperformanceofthisdimension
selectingprocedureisveryencouraging:seeSection5.3forvarioussimulationmodels,andsee
Figure6inSection6fortheillustrationsofthe“scree-plot”basedonaddedseparationsλqandthe
ratioplotofλq+1/λqinarealdataexample.

13
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Finally,whenthenumberofcategoriesCisnotsmall,anotherinitializationapproachinprac-
ticeistofindanone-dimensionalMASESforeverytwoclasses.Thenwecancombinethein-
formationbyeigen-decompositionof j=kbj,kb

T
j,k,wherebj,kisthedirectionusingdatafrom

classesjandk.ThistypeofdecompositionissimilartotheoneinthePSVM(Section3.4).

4.3Consistency

Inthissection,wefirstestablishtheuniformconvergenceofthesampleobjectivefunctionn−1F(B)
tothepopulationobjectivefunctionFpop(B),andthenestablishtheconsistencyoftheminimiz-
ersofF(B).InthefollowingTheorems3and4,weassumethefollowingconditionsforany
B∈Rp×d,BTB=Idandforeachclassk=1,...,C.

(C1)ThereexistsaconstantM1> 0suchthatthedensityfunctionfk(B
TX)satisfiesthat

∇2fk(B
Tx)op≤M1foranyx.TheoperatornormofamatrixM ∈Rp×qisdefined

asM op=inf{c≥0:Mv 2≤cv2,∀v∈R
q}.

(C2)ThereexistsaconstantM2>0suchthatthedensityfunctionfk(B
TX)≤M2.

Theorem3Ifδn→ 0andmax{hn,h
−d/2
n n−1/4}=o(δn),thenn

−1F(B)definedby(4.2)con-
vergestoFpop(B)in(4.1)uniformlyinBasn→∞.

Theaboveresultssuggestthatthebandwidthcanbesetashn =n
−αforα∈(0,12d)to

getconsistencyintheobjectivefunction. Whend=1,ourfindingisinaccordancewiththe
theoreticaldevelopmentsinthesingle-indexmodelliterature(Lemma2KleinandSpady,1993,

forexample).Becausemax{hn,h
−d/2
n n−1/4}=o(δn),theconstantδngoesto0veryslowly.In

ournumericalexperiments,welethn=n
−1/5forbothd=1andd=2,δnbeintheorderof

n−βforβ∈(0,−0.15)(d=1)andβ∈(0,−0.05)(d=2).Inourexperience,aproperlychosen
constantδnhaslittleeffecttotheestimationofMASES.Therefore,inallournumericalstudies,
wesetδn=0forsimplicity.
Next,westudytheconsistencyoftheMASESestimatorundertwoscenarios.Thefirstscenario

iswhenHY|Xisunique,whichcanbeguaranteedbytheexistenceoftheCS.Letβ,βt∈R
p×d

betheminimizersofF(B)andFpop(B),respectively.Insteadofstudyingthepropertiesofβ

directly,weinvestigateitsprojectionmatrix.Thisisbecauseβ,orevenβt,isnotidentifiable.For
anyB∈Rp×dandanyfullrankmatrixO∈Rd×d,wemusthaveF(BO)=F(B).Therefore,
theminimizerβisnotunique,evenifwerequireittobesemi-orthogonal.Similarly,βtisnot
unique.Ontheotherhand,thesubspacesspannedbyβandβt,aswellasthecorrespondingpro-
jectionmatrices,areuniquelydefined.Wehencepresenttheconsistencyintermsoftheprojection
matrices,P

β
=β(βTβ)−1βTandPβt=βt(β

T
tβt)

−1βTt.
ThesecondandmorecomplicatedscenarioiswhenHY|Xisnotunique.Frompreviousdis-

cussion(cf. Section2),weknowthatthismeanstherearemultipled-dimensionalsubspaces
thatachievethesameseparationinthepopulationandarethusequivalent. Weshowthatwhen
theMASESisnotuniqueinthepopulation,ourMASESestimatorisguaranteedtoconvergeto
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oneofthemanyequivalentsubspaces. DefineBt= {B ∈R
p×d:Fpop(B)isminimized},

B={B∈Rp×d:F(B)isminimized}.Wehavethefollowingtheorem.

Theorem4UnderthesameassumptionasTheorem3,ifthepopulationobjectivefunctionFpop(B)
hasauniqueglobalminimumatHY|X =span(βt),thenthesampleestimatorPβconvergesin

probabilitytothepopulationminimizerPβtasn→ ∞;otherwise,foranyB∈B,wehavethat
minB∈B PB−PB

2
F→0withaprobabilitytendingto1asn→∞.

AnimportantimplicationofTheorems2and4isthefollowing: whentheCSexists,the
MASESestimatorisconsistentfortheCS.ApplyingTheorem2toExample1(Figure1),wherethe
CSdoesnotexistandtheMASESisnotunique,wehaveBt={(b1,b2)

T:b1,b2≥0,b1b2=0}
andMASESestimatorconvergestooneoftheperfectseparationsubspacesfromBt.

5.Simulations

Insimulationstudiesandrealdataanalysis,wecomparetheproposedMASESestimatorwith
severaltypesofSDRmethods:(1)widelyacceptedbenchmarkmethodsthatarebasedonthefirst
twoconditionalmomentsofXgivenY,includingSIR(Li,1991),SAVE(CookandWeisberg,
1991),andDR(LiandWang,2007,directionalregression);(2)recentlydevelopedprobability-
enhanceddimensionreductionmethods,PRE-CUME(Zhuetal.,2010;Shinetal.,2014)forSDR
inclassification;(3)cMAVE(YinandLi,2011,MAVEensemblewiththecharacteristicfunctions),
whichwasshowninYinandLi(2011)tobemoreeffectivethanMAVE(Xiaetal.,2002,minimum
averagevarianceestimator)anditsvariationssuchasslicedregression(WangandXia,2008);(4)
PSVM(principalsupportvectormachinesLietal.,2011).
InSection5.1andSection5.2,weconsidermodelswithbinaryresponseandone-dimensional

subspace.Inparticular,Section5.1focusesoninversemodelsthatgenerateXconditionalon
Y;andinSection5.2weincludeforwardmodelswhereYisgeneratedbasedonasingle-index
functionofX.InSection5.3,weincludemorechallengingmodelswherethesubspaceistwo-
dimensionalandYiscategoricalwithmorethantwoclasses.Thesimulationparameters,suchas
meansandcovariancesofnormaldistributions,werechosensuchthattheclasseswerereasonably
separablesothatthesesimulationexampleswereusefulfordistinguishingdifferentSDRmethods.
Figures2and3visuallydemonstratehowchallengingthesimulationexampleswere. Wealso
includedtheresultsofdimensionselectioninSection5.3.Foreachmodelsetting,wesimulated
100independentreplicatesdatasets.Inallsimulationmodels,theCSexistssothattheMASES
estimatorandtheSDRmethodsalltargetatthesamesubspace,andthecomparisonisfair.

5.1Inversemodels

Inthissection,weconsiderabinaryresponseY ∈{1,2},andamultivariatepredictorvector
X∈Rpwithp=15. Weletβ∈Rp×1beabasisforthesubspaceofinterest,i.e.span(β)=
HY|X =SY|X.Foreachsimulationsetting,arandomvectorβanditsorthogonalcompletion

B0∈R
p×(p−1)arerandomlysimulatedsuchthat(β,B0)isanorthogonalbasisforR

p. We
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Figure2:Simulationmodelswithone-dimensionalMASES.Topfourplots:graphicalillustration
oftheinversemodels.ThehorizontalaxisisthediscriminantdirectionβTXandtheverticalaxis
isanarbitrarydirectionβT0Xsuchthatβ

T
0β=0.Opencirclesandsoliddotsrepresentthetwo

classesY=1,2,respectively. Bottomthreeplots:Graphicalillustrationoftheforwardmod-
els.ThehorizontalaxisisthediscriminantdirectionβTXandtheverticalaxisistheprobability
p(X)=1−Pr(Y=1|X)=Pr(Y=2|X).
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Models SIR Logistic SAVE DR PRE cMAVE PSVM MASES

MDA-1
Mean 64.7 62.9 53.7 52.7 69.3 68.7 71.9 16.3

S.E. 0.8 0.8 1.4 1.4 0.6 0.8 0.6 0.7

MDA-2
Mean 53.3 55.2 78.5 66.3 52.4 59.9 44.3 10.4

S.E. 0.7 0.6 0.9 1.2 0.7 2.5 0.6 0.2

LDA-1Ind.
Mean 17.6 26.2 20.5 18.3 20.3 23.3 21.7 11.4

S.E. 0.3 0.5 0.4 0.3 0.4 0.4 0.4 0.2

LDA-1Cor.
Mean 52.7 63.3 54.8 53.2 71.7 59.4 64.5 27.0

S.E. 0.7 0.7 0.7 0.7 0.7 0.7 0.7 0.6

LDA-2Ind.
Mean 30.8 31.0 75.7 62.7 20.3 34.9 23.3 34.4

S.E. 0.6 0.6 1.2 1.7 0.4 0.7 0.4 0.7

LDA-2Cor.
Mean 58.8 62.9 66.8 60.9 62.4 62.9 70.6 37.4

S.E. 0.7 0.6 0.7 0.7 0.7 0.8 0.6 0.7

Table1:Inversemodels.Meanandstandarderroroftheanglesbetweenthetruedirectionβand
variousestimatorsβ,basedon100replicateddatasetseachwithsamplesize200.

comparedMASESwithcompetitorsusingtheanglebetweentheestimateddirectionβandthe
truthβ.Sinceβisjustavector,wealsocomparedMASESwiththedirectionestimatedbylogistic
regression,inadditiontotheSDRmethods. Weconsideredvariousdatageneratingprocessfrom
thefollowinginversemodels. Wegeneratedi.i.d.samplesofX |(Y =j)withsamplesize
nj=100foreachclassj=1,2.Figure2isthegraphicalillustrationoftypicaldatacloudsinthe
simulationset-up.

•MDA-1.Themixturediscriminantanalysismodel.Since(β,B0)formsanorthogonalbasis
forRp,wegeneratedβTXandBT0XseparatelyandthenletX = ββ

TX+B0B
T
0X.

ThediscriminantivecomponentβTXisgeneratedfromtwodifferentmixturedistributions
βTX|(Y=1)∼1

2N(−1,10)+
1
2N(1,0.1)andβ

TX|(Y=2)∼1
2N(0,1)+

1
2N(2,1).

TheothercomponentsaregeneratedasBT0X∼N(0,Ip−1),independentofY.

•MDA-2.SameasMDA-1model,exceptthatwechangethemixturedistributiontoβTX|
(Y=1)∼1

2N(−2,0.1)+
1
2N(2,0.1)andβ

TX|(Y=2)∼1
2N(0,1)+

1
2N(5,1).

•LDA-1.Thelineardiscriminantanalysismodel. WegeneratedX |Yfrommultivariate
normaldistributions,X |(Y =1)∼N(0,Σ)andX |(Y =2)∼N(µ,Σ)where
µ=Σβisthemeandifference.ThenfromProposition4,weknowthatSIRandLDAfind
directioninspan{Σ−1(µ−0)}=span(β).Twotypesofwithinclasscovariancematrices
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Σare:Σ=IpandΣ=AR(0.8),whichistheauto-regressivecovariancesuchthatthe
(i,j)-thelementofthecovariancematrixis(Σ)ij=0.8

|i−j|fori,j=1,...,p.

•LDA-2.SameasLDA-1model,exceptthatwechangethewithinclasscovariancetobe
0.1ΣsothatthetwoclassareeasiertoseparatethanintheLDA-1model.

InTable1,wesummarizetheestimationaccuraciesofeachmethod,usingtheanglesbetweenβ
andβonthe100replicateddatasets.TheMASESestimatordominatesallothercompetitorsinall
models,exceptformodelLDA-2withidentitycovariancematrixΣ=Ip.
AsclearlyillustratedbyFigure2,fortheLDA-1model,thetwoclassesoverlapwitharea-

sonableproportion;andfortheLDA-2model,wemadethetwoclasseswell-separatedalongthe
discriminantdirectionβTX.BecauseofitsequivalencetoLDA,SIRisthemaximumlikelihood
estimatorforthecentralsubspace.FromTable1,weindeedfindthatSIRconsistentlyoutperforms
logisticregression,SAVE,andDR.However,inLDA-2model,whichistheeasiestcaseasthetwo
classesarealmostcompletelyseparatedandΣ=Ip,PREandPSVMhavethebestperformance
andarefollowedbySIRandMASES.Thismaybeduetofinitesampleefficiencygainbyslicing
ontheprobabilitydensityfunctioninPRE,andduetotheperfectseparationrecognizablefrom
margin-basedclassifier.ItisnotedthattheMASESestimatoroutperformsalltheothermethodsin
theotherthreesettings,especiallywhencorrelationishigh.
Forthemixturediscriminantanalysismodels,theMASESestimatorissignificantlybetterthan

populardimensionreductionanddiscriminantanalysismethods.FromFigure2,weseethatthe
MDA-1modelisverydifficultforlinearorfirst-ordermomentmethodssuchasSIR(orequiva-
lentlyLDA),logisticregression,andPREbecausethecentersofthetwoclassesofdistributionsare
closetoeachother.Atthesametime,becauseofthedifferentvariancesintwoclasses,thesecond-
ordermomentmethodssuchasSAVEandDRareabletoperformbetter.Incontrast,MDA-2
modelisdesignedsuchthatthecentersoftwoclassesareseparatedandthefirst-ordermethodsare
betterthanthesecond-ordermethods.Clearly,theMASESestimatorisabletoefficientlydetect
bothmeanandvariancechangesbetweentwoclasses,aswellaslearningcomplicateddistributions
suchasthemixturenormaldistributions.SuchencouragingresultsalsosuggestthatourMASES
estimatorcanbeausefulclassificationtechniqueinthecontextofmixturediscriminantanalysis
models,withoutknowingorestimatingthenumberofnormalmixturesineachclass.

5.2Forwardmodels

SameasSection5.1,weconsiderbinaryresponseY∈{1,2},multivariatepredictorvectorX∈
Rpwithp=15,andi.i.d.samplewiththetotalsamplesizen=200fortwoclasses. We
consideredvariousdatageneratingprocessfromthefollowingforwardmodels,wherewefirst
generatedi.i.d.samplesofXandthengeneratedYfromBernoullidistributionwithprobability
p(βTX).

•SIM-1.Single-indexlogisticregressionmodelwithnormalpredictors,X∼N(0,Σ)where
Σ=AR(0.8),andanonlinearlinkfunctionp(X)=logit{sin(βTX·π/4)+0.1(βTX)2},
wherelogit(x)=1/{1+exp(−x)}.
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Models SIR Logistic SAVE DR PRE cMAVE PSVM MASES

SIM-1
Mean 80.6 80.6 80.8 81.7 83 78.2 82.8 37.8

S.E. 0.6 0.6 0.7 0.7 0.5 0.8 0.5 0.7

SIM-2
Mean 50.3 47.7 66 55.8 55.4 50.8 51.8 31.2

S.E. 0.8 0.7 0.6 0.7 0.6 0.8 0.8 0.7

LR-Ind.
Mean 20.3 20.1 53.1 27 21.2 20.7 21.1 22.2

S.E. 0.4 0.4 1.9 1.1 0.7 0.7 0.1 0.5

LR-Cor.
Mean 50.1 47.6 59.9 52.2 51.8 47.6 48.7 29.2

S.E. 0.7 0.7 0.8 0.7 0.7 0.6 0.6 0.5

Table2:Forwardmodels.Meanandstandarderroroftheanglesbetweenthetruedirectionβand
variousestimatorsβ,basedon100replicateddatasetseachwithsamplesize200.

•SIM-2.Single-indexlogisticregressionmodelwithnon-normalpredictorsandanonlinear
linkfunctionp(X)=logit{βTX+0.1(βTX)3}.Thenon-normalpredictorsweregenerated
asfollows. WefirstgeneratedZ∼N(0,Σ)withΣ=AR(0.8)andthenletXk=Zk,for
k=1,2,7,...,pandletX3= |Z1|+|Z2|+|Z1|·,X4=(Z1+Z2)

2+|Z2|·δ,
X5∼Binomial(5,logit(X2))andX6∼Binomial(5,Φ

−1(X2)),where,δ∼N(0,1)
andΦ−1(x)istheinversenormalcumulativedistributionfunction.

•LR.LogisticregressionmodelwithnormalpredictorsX∼N(0,Σ)andp(X)=logit(2βTX).
WeconsideredbothΣ=AR(0.8)andΣ=Ipsettings.

Figure2displaystheprobabilityfunctionp(X)=1−Pr(Y=1|X)=Pr(Y=2|X)ver-
sustheindexfunctionβTX.ClearlySIM-1isthemostchallengingmodelsettingintermsofthe
probabilityfunctionp(X)=p(βTX).Table2summarizesthecomparisonamongallmethods.
TheMASESestimatorsubstantiallyoutperformsallothercompetitorsinthetwochallengingsin-
gleindexmodels.Theninthelogisticregressionmodel,thelogisticregressionisthebestforthe
simplersettingwithidentitycovarianceΣ=IpbutlosestotheMASESwhenpredictorsarecor-
related.ThisissimilartothefindingsintheLDAmodelsinSection5.1,whereMASESestimator
outperformsSIR/LDAinthecorrelatedpredictorscenarios.

5.3Two-dimensionalmodels

Inthissection,d=2,β=(β1,β2)∈R
p×2andB0∈R

p×(p−2)wererandomlygenerated
suchthat(β,B0)isanorthogonalbasisforR

p. Weconsiderthefollowingsimulations,including
boththemulti-classLDAmodelasageneralizationofbinaryLDAmodelinSection5.1andthe
multipleindexmodels(MIM)asageneralizationofthesingleindexmodels(SIM)inSection5.2
andmixturediscriminantanalysis(MDA)modelsinSection5.1.
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Figure3:Simulationmodelswithtwo-dimensionalMASES.Thetwoaxesarethetwodiscriminant
directionsβT1Xandβ

T
2X.Opencircles,soliddotsandcrossesrepresentthethreeclasses.
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Models SIR SAVE DR PRE cMAVE PSVM MASES

MIM-1
Mean 1.70 1.77 1.77 1.96 1.53 1.96 0.80

S.E. 0.01 0.01 0.01 0.01 0.03 0.01 0.04

MIM-2
Mean 1.71 0.95 0.95 1.88 0.67 1.92 0.58

S.E. 0.01 0.01 0.01 0.01 0.01 0.01 0.01

MIM-3
Mean 1.96 0.88 0.88 1.89 0.79 1.81 0.29

S.E. 0.01 0.01 0.01 0.01 0.02 0.01 0.01

LDAInd.
Mean 0.53 0.81 0.56 0.66 0.85 0.83 0.34

S.E. 0.01 0.02 0.01 0.01 0.02 0.01 0.01

LDACor.
Mean 1.62 1.65 1.62 1.64 1.63 1.67 0.41

S.E. 0.01 0.01 0.01 0.01 0.01 0.01 0.02

Table3:Two-dimensionalsimulationexamples.Meanandstandarderroroftheestimationerror,
P
β
−Pβ F,betweenthetruedirectionsβandvariousestimatorsβ,basedon100replicated

datasets.Thesamplesizeisnk=100foreachclass.

MIM-1 MIM-2 MIM-3 LDAInd. LDACor.

d<d 17 3 2 0 1

d=d 65 97 94 100 99

d>d 18 0 4 0 0

Table4:SelectingtheMASESdimension.Undertheexactlysameset-upasinTable3,wereport
thenumbersofunder-estimation(d<d),correctselection(d=d),andover-estimation(d>d)
oftheMASESdimension,basedon100replicateddatasets.

•MIM-1.Forwardmultipleindexmodelwithtwoclasses.WegeneratedβT1Xandβ
T
2Xfrom

Uniform(−4,4)distributionandBT0X∼N(0,Ip−2)andletX=β1β
T
1X+β2β

T
2X+

B0B
T
0X.ThenY=1ifboth|β

T
1X|and|β

T
2X|arebetween1and3andY=2otherwise.

•MIM-2.Inversemultipleindexmodelwithtwoclasses.WefirstgeneratedYfromBernoulli
distributionwithprobability0.5foreachclass.ThenβTX∈R2wassimulatedasnormalin
thefirstclassβTX|(Y=1)∼N(0,I2),andasmixturenormalinthesecondclassβ

TX|
(Y=2)∼ 1

4N(µ1,I2)+
1
4N(µ2,I2)+

1
4N(µ3,0.1I2)+

1
4N(µ4,0.1I2),whereµ1=

(0,3)T,µ2=(0,−3)
T,µ3=(3,0)

Tandµ4=(−3,0)
T.FinallyBT0X∼N(0,Ip−2)was

generatedindependentlyofY.
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SIR PRE SAVE DR cMAVE PSVM MASES

Birdvs.Plane 0.851 0.631 0.194 0.959 0.305 0.789 0.968

Birdvs.Car 0.550 0.354 0.000 0.004 0.850 0.540 0.978

Planevs.Car 0.916 0.476 0.205 0.968 0.696 0.464 1.000

Overall 0.772 0.487 0.133 0.644 0.617 0.597 0.982

Overall(weighted) 0.759 0.481 0.126 0.609 0.626 0.597 0.981

Table5: Realdataillustration.PairwiseandoverallHellingerdistancesfromthesubspacees-
timatedbyeachmethod.RecallthatfromProposition1,allthenumbersinthetableshouldbe
between0(indicatingindistinguishable)and1(indicatingperfectseparation).

•MIM-3.Inversemultipleindexmodelwiththreeclasses.WefirstgeneratedYfromdiscrete
uniformof1,2and3.Then,forclass1,βTX|(Y=1)∼N(0,I2);forclass2,β

TX|
(Y=2)∼ 1

2N(µ1,I2)+
1
2N(µ2,I2),whereµ1=(3,0)

Tandµ2=(−3,0)
T;forclass

3,βTX |(Y =3)∼ 1
2N(µ3,D)+

1
2N(µ4,D),µ3=(0,3)

T,µ4=(0,−3)
Tand

D=diag(5,1)isadiagonalmatrix.

•LDA.MulticlassLDAmodelwithnormalpredictors. WefirstgeneratedYfromdiscrete
uniformof1,2and3.ThenX |(Y=k)∼N(µk,Σ),whereµ1=0,µ2=3β1,
µ3=3β2.Weconsiderthetwocovariancestructuresasbefore,ΣiseitherIorAR(0.8).

Fortheabovemodels,wesetthetotalsamplesizetoben=n1+n2=200formodelswith
binaryresponseandn=n1+n2+n3=300formodelswiththreeclasses.Figure3graphically
illustratesthetwo-dimensionalsimulationmodels,whereweplottedthesimulateddataonthetwo
truediscriminantdirectionsβT1Xandβ

T
2X.Foreachofthesimulationsetting,weagainsimulated

100independentreplicateddatasetsandsummarizedtheresultsinTable3.WeusedP
β
−Pβ F

insteadoftheangle∠(β,β)becausenowβisnolongeravector. OurMASESestimatoris
substantiallymoreaccurateandefficientthanallothercompetitorsinallfivemodels.

Forallthesemodels,whered=2,wefurtherappliedthedimensionselectionprocedurefrom
Section4.2.TheresultsaresummarizedinTable4.Infouroutoffivemodels,thepercentage
ofcorrectdimensionselectionisabove90%.TheonlyexceptionisinModelMIM-1,wherethe
correctselectionpercentageis65%.ThisisnotsurprisingbecauseModelMIM-1isthemost
challengingmodelwhereMASEShasthebiggestestimationerror(cf.Table3)amongthefive
models.

6.Realdataillustration

WerevisitadiscriminantanalysisdatasetfromCookandForzani(2009),wherethegoalisto
distinguishn1=58birds,n2=64planesandn3=43carsbasedon13continuousSDMFCC
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Figure4: Realdataillustration.Estimatedtwo-dimensionalsubspacesfromvariousdimension
reductionmethods.
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Figure5:Realdataillustration.Estimatedtwo-dimensionalsubspacefromtheproposedmethod.

variables(standingforScaleDependentMel-FrequencyCepstrumCoefficients).Figure6sum-
marizesthescreeplotbasedonaddedseparationsλqandtheratioplotofλq+1/λq,basedonthe
proceduredescribedinSection4.2.ClearlytheMASESdimensionisd=2,whichagreeswith
thecentralsubspacedimensionsuggestedbypreviousstudiesonthisdataset.

Figure4showsthedataprojectedontothefirsttwodirectionsestimatedbyvariouscompetitor
methods.Fromthefirstrowoftheseplots,itisclearthatSIRgivesareasonablygoodsepara-
tionofthethreeclasses,mainlyinlocation,andPRE-CUMEissimilartoSIRastheirestimation
sharessimilarflavor.Fromthesecondrowoftheseplots,weseethatthevariancedifferences
amongclassesarecapturedanddemonstratedbythesecond-ordermethodsSAVEandDResti-
mates.Specifically,theSDMFFCvariableshavethehighestvariabilityforcarsandthelowest
variabilityforbirds.However,thebirdsandplanesarehardtodistinguishbySAVEandDRes-
timates.ThebottomrowoftheplotssummarizestheresultsfromcMAVEandPSVM.Thetwo
methodsdemonstrategoodseparationofbirds,planesandcarsinbothlocationandvariation.This
findingisalsoconsistentwiththeoriginalresultsinCookandForzani(2009).Finally,Figure5
providesthetwo-dimensionalsummaryplotbasedonMASES.Withacloserlookonewouldfavor
MASESovercMAVEandPSVM:thethreeclassesarenotseparatedwellinthetopleftregion
ofthecMAVEplotorthebottomregionofthePSVMplot.TheMASEShasaperfectseparation
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Figure6: Realdataillustration.Screeplotofaddedseparationsλqandratioplotofλq+1/λqfor
selectingtheMASESdimension,wherewesetλ1/λ0=λ1intheratioplot.

inthreeclassesexceptforthetwocars. Moreover,thesmallvariabilityinbirdsareevenmore
apparentinMASESsubspacethaninanyothermethods.

Togainmoreintuition,wecreatedthree-dimensionalplotsforSAVE,DR,cMAVEandMASES
inFigure7.Theothermethods(SIR,PRE-CUMEandPSVM)canonlyfindtwodirectionsbe-
causethenumberofclassisthree.Fromtheplots,wehavemoreevidencethatthemostplausible
dimension(usinganydimensionreductionmethods)forthisdatasetistwoinsteadofthree,and
thatthe3Dplotscannotprovideadditionalusefulinformationbeyondthe2Dvisualization.

Table5summarizesthepairwiseandoverallHellingerdistancesfromthetwo-dimensional
subspaceestimatedbyeachmethod.FortheoverallHellingerdistance,weusedthesimpleaver-
ageandtheweightedaveragesincethethreeclasshavedifferentnumberofobservations,although
thereislittledifferencebetweenthetwo.SinceallthepairwiseandoverallHellingerdistancesare
boundedbetween0(indistinguishable)and1(perfectseparation),thistablegivesagoodsummary
oftheseparabilityamongclasses,andoffersmoreinsightsinadditiontothevisualizationinFig-
ures4,5and7(additional3DplotsintheAppendix).Onethingbecomesmoreapparentinthetable
isthatthepairwiseHellingerdistancebetweenthebirdsandcarsareessentiallyzerosforSAVE
andDR.ThisindicatesthatbirdsandcarsareindistinguishableintheSAVEandDRsubspaces.
ForMASES,thereisaperfectseparationforplanesversuscarsandalmostperfectseparationsfor
birdsversusplanesandbirdsversuscars,whichisconsistentwiththevisualization.Thenumerical
summaryinTable5alsogivesaneasywaytocomparedifferentmethods,asacomplementtothe
graphicalcomparison.Forexample,ifoneonlywantstoseparateplanesfrombirdsandcars,DR
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Figure7: Realdataillustration.Estimatedthree-dimensionalsubspacesfromvariousdimension
reductionmethods.

willbeabetterchoicethanSIRbasedonthetable,whichcannotbeeasilyseenfromthefigures
alone.

7.Discussion

Inthispaper,weproposethegeneralnotionofMASESforSDRwithcategoricalresponse.For
illustration,wefocusedontheMASESunderthesquaredHellingerdistanceanddevelopaneffec-
tiveestimationprocedure.Futuredevelopmentsundervariousotherdistancesshouldbeparallel
andsimilartothedevelopmentinthispaper,andguidedbythebasicpropertieslistedinPropo-
sition1. Weconjecturethattheconvergencerateisgenerallyslowerthan

√
nduetothecurse-
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of-dimensionalityindensityestimatesbutisstillpossibleunderdifferentmodelassumptionsor
estimatorsbasedondifferentdistances.Weleavethistofuturestudies.
ForcontinuousY,wecanreplaceYwiththediscreteversionY∈{1,...,h},whereh≥2is

thenumberofslices,andfocusontheestimationofH
Y|X
.Conceptually,theMASESestimation

ofH
Y|X
issimilartoSIRandSAVEthatestimateS

Y|X
usingthefirsttwoconditionalmoments

ofX|Y,buthasadvantagesoverthesemoment-basedmethodssinceitobtainsmoreinformation
fromtheconditionaldensityfunction.Wealsoleavethisforfutureresearch.
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AppendixA.ProofsandTechnicalDetails

ProofforProposition1andCorollary1

First,weproveProposition1.Forthemulti-classcase,wecanwrite

D(X)=

C−1

j=1

C

k=j+1

wjkδ(fj(X),fk(X))≡

C−1

j=1

C

k=j+1

wjkDjk(X),

whereDjk(X)=δ(fj(X),fk(X))isthedistancefortwoclasses.Thentheconclusionfollows,
becauseallthefivestatementsholdsforeachDjk(X),andthattheweightsarepositiveconstants
thatadduptoone.ThenCorollary1directlyfollowsfromProposition1andthedefinitionsinthe
corollary.

ProofforProposition2

Recallthat0=D0≤···≤Dp≤1fromCorollary1,thustherealwaysexistsadsuchthat
Dd−1<Dd=···=Dp.Thusforthisnumberd,wewanttoshowthatDY|X=span(β)always

exists,whereβ=argmaxBD(B
TX)maximizedoverallB ∈Rp×dsuchthatBTB =Id.

Thisisbecausethat(1)theobjectivefunctionD(BTX)isboundedbetween0and1;and(2)the
optimizationcanberewriteasDY|X =argmaxSD(B

TX)maximizedoverthed-dimensional
GrassmannmanifoldsofRp:S=span(B)∈Gp,d,thustheparameterspaceoftheoptimizationis
compact(i.e.compactnessoftheGrassmannmanifoldsGp,d).
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LetDY|Z =span(β),thenforafullrankscaletransformationZ=AX,itisclearlythat

D(βTZ) =D(βTAX). Thus,DY|X =span(A
Tβ) =ATDY|Z.Fromthedefinitionand

propertiesofthedistancesδ(f1,f2),itiseasytoseethatanoveralllocationchangeX
∗=X−α

willleadtothesamedistanceandthusDY|X∗=DY|X.Therefore,wehavetheconclusionfollows.

ProofforProposition3

BecauseofProposition1,weonlyneedtoprovethefivestatementsforthebinaryclassification.
Becausetheproofsfordifferentdistancesareessentiallyfollowingthesamelogic,weonlyshow
forthesquaredHellingerdistanceδH(f1,f2)=H

2(f1,f2)inthefollowing.

TheStatements1–3aredirectlyfromthedefinitionofthesquaredHellingerdistanceand
H(X).LetT=ATXbetheq-dimensionalrandomvector,then

H(ATX)=H(T)=
1

2
( f1(t)− f2(t))

2dt≥0,

wherethelastequalityH(T)=0isattainedifandonlyiff1(t)=f2(t)almosteverywherefor
t∈Rq.From(2.2),wealsoseethat

H(ATX)=H(T)=1− f1(t)f2(t)dt≤1,

wherethelastequalityH(T) =1isattainedifandonlyif f1(t)f2(t)dt=0,whichis
equivalenttosaythatf1(t)andf2(t)havenon-overlappingsupportonR

q.

Statement4isbecausespan(A)=span(B)impliesthattherandomvariablesATXandBTX
carryexactlythesameinformationabouttheconditionaldistributionofX|Y.ThenH(ATX)=
H(BTX)isjustaconsequenceofthechangeofvariablesintheintegrals.

ForStatement5,recallthatA ∈Rp×r,B ∈Rp×q,r≤ q,andspan(A)⊆ span(B).
Therefore,wecanfindsomematrix(B1,B0)∈R

p×qsuchthatspan(B1) =span(A)⊆
span{(B1,B0)}=span(B).LetS=B

T
1XandT=B

T
0X,wehavethefollowingequations

fromStatement4,

H(ATX)=1− f1(s)f2(s)ds; H(B
TX)=1− f1(t,s)f2(t,s)dtds.

Moreover,wecanwritef1(t,s)=f1(t|s)f1(s),wheref1(t|s)=f(T=t|S=s,Y=1)
andf1(s)=f(S=s|Y=1);andsimilarlyf2(t,s)=f2(t|s)f2(s).Therefore,wecansee
H(ATX)≤H(BTX)fromthefollowinginequality,

f1(t,s)f2(t,s)dtds= f1(s)f2(s){ f1(t|s)f2(t|s)dt}ds≤ f1(s)f2(s)ds,

wherethelastinequalityisbecause f1(t|s)f2(t|s)dt≤1.
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ProofforTheorem1

First,weshowthatH(BTX)=H(X)=⇒Y⊥⊥X|BTX.
LetU =BTXandV =BT0Xwherespan(B0)isthenullspaceofspan(B).Fromthe

definitionofH(·),wecanexpressH(BTX)=H(X)as

fj(u)fk(u)du= fj(u,v)fk(u,v)dudv, ∀j,k=1,...,C. (A.1)

Sincefy(u,v)=fy(u)fy(v|u)fory=1,...,C,wecanre-writetheright-handsideof(A.1)as
fj(v|u)fk(v|u)dv fj(u)fk(u)du.Theleft-handsideminustheright-handsideof(A.1)

becomes

0 = Gjk(u) fj(u)fk(u)du, ∀j,k=1,...,C, (A.2)

whereGjk(u)=1− fj(v|u)fk(v|u)dv.ItiseasytoseethatGjk(u)≥0forallu.Hence
Gjk(u) fj(u)fk(u)du=0,∀j,k=1,...,C,impliesthatwecanpartitionthesupportofU
asT1∪T2,whereT1⊆R

dandT2⊆R
daredefinedasfollows.Foru∈T1,fj(u)fk(u)=0,

∀j,k=1,...,C;foru∈T2,Gjk(u)=0,∀j,k=1,...,C.NoticethatwedonotrequireT1
andT2tobedisjoint.Foru∈T1,fj(u)fk(u)=0,∀j,k=1,...,Cimpliesthatatmostone
classhasnon-zerodensity.ThengivenU=u,weknowthevalueofYwithprobabilityoneand
henceYisindependentofXgivenU=βTX.Ontheotherhand,foru∈T2,ifGjk(u)=0then
V|(U=u,Y=j)∼V|(U=u,Y=k),whichisequivalenttothedefinitionofasufficient
dimensionreductionsubspace:V⊥⊥Y|U.Therefore,

V⊥⊥Y|U⇔BT0X⊥⊥Y|B
TX⇔Y⊥⊥X|BTX. (A.3)

Next,weshowthatY⊥⊥X |BTX =⇒ H(BTX)=H(X).Followingthesamelogic,
wecanstraightforwardlyshownthatY ⊥⊥ X |BTXimplies(A.2)and(A.1),andtherefore
H(BTX)=H(X).

ProofforTheorem2

Whenthecentralsubspaceexists,letSY|X=span(γ)andHY|X=span(β)forsomeorthogonal

matricesγ∈Rp×kandβ∈Rp×d.ToproveSY|X =HY|X,itsufficestoshowthat(1)SY|X ⊆
HY|X and(2)dim(SY|X)=k≥d=dim(HY|X).For(1),becausetheCSistheintersection
ofallSDRsubspaceandtheMASESisalsoSDRsubspace,wehaveSY|X ⊆ HY|X. Bythe

definitionoftheCS,Y⊥⊥X|γTX.FromTheorem1,itimpliesthatH(γTX)=H(X).From
thedefinitionoftheMASES,disthesmallestdimensionsuchthatH(BTX)=H(X)holdsfor
someB∈Rp×d.Therefore,dim(SY|X)=k≥d=dim(HY|X).
Finally,theCDSstatementisadirectconsequenceofTheorem1:theconditionalindependence

ofY⊥⊥X|βTXimpliesthattheBayes’ruleisthesameforφ(X)=φ(βTX)andtherefore
SD(Y|X)⊆span(β)=HY|X.
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ProofforProposition4

Inthemulti-classLDAmodel,wehaveX|(Y=y)∼N(µy,Σ)fory=1,...,C,then,without
lossofgenerality,weconsideronlythefullβ∈Rp×d,1≤d≤p.Fory=1,...,C,the
multivariatenormaldensityleadsusto

f1(βTX)fy(βTX)

= ϕ(βTX;(µ1+µy)/2,β
TΣβ)·exp{−

1

8
(µ1−µy)

Tβ(βTΣβ)−1βT(µ1−µy)},

whereϕ(·;(µ1+µy)/2,β
TΣβ)istheprobabilitydensityfunctionofthed-dimensionalmulti-

variatenormalrandomvariablewithmeanβT(µ1+µy)/2andcovarianceβ
TΣβ.Thenforthe

squaredHellingerdistance,wehave

H(βTX) =

C−1

j=1

C

k=j+1

wjkH
2(fj(β

TX),fk(β
TX))

=

C−1

j=1

C

k=j+1

wjk 1−exp{−
1

8
(µj−µk)

Tβ(βTΣβ)−1βT(µj−µk)},

wherethemaximumisattainedat,

Dp=H(X)=
C−1

j=1

C

k=j+1

wjk 1−exp{−
1

8
(µj−µk)

TΣ−1(µj−µk)}.

TheLDAdirectionsisobtainedfromsequentiallymaximizing(wTΣbw)/(w
TΣw),thew’s

willbeeigenvectorsofΣ−1Σb,whichspanthesubspaceΣ
−1span(Σb)≡SLDA. Letd=

rank(Σb)thenclearlyitisalsothedimensionofSLDA.
Ifweplug-inanybasismatrixWLDA∈R

p×dsuchthatspan(WLDA)=Σ
−1span(Σb)into

H(βTX),wehaveH(WT
LDAX)=H(X).Thisisbecausethat,foranyjandk,

(µj−µk)
TWLDA(W

T
LDAΣWLDA)

−1WT
LDA(µj−µk)

= (µj−µk)
TΣ−1/2PΣ1/2W LDA

Σ−1/2(µj−µk)

= (µj−µk)
TΣ−1/2PΣ−1/2span(Σb)Σ

−1/2(µj−µk)

= (µj−µk)
TΣ−1(µj−µk),

wherethelastequalityisbecausetheprojectionontoΣ−1/2span(Σb)=Σ
−1/2span(µj−µk|

∀j,k=1,...C)=Σ−1/2span(µ2−µ1,···,µC−µ1)isthesubspacethatcontainsΣ
−1/2(µj−

µk).Therefore,byDefinition3andCorollary1,wehaveshownthat,

Dp≥Dd=arg max
β∈Rp×d

H(βTX)≥H(WT
LDAX)=H(X)=Dp,
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whichimmediatelyimpliesthatMASEShasdimensiond≤ min(C−1,p)andisHY|X =
span(WLDA)=span(Σ

−1(µj−µk)|∀j,k=1,...,C)=Σ
−1span(µ2−µ1,···,µC−µ1).

Finally,theequalityofΣ−1span(µ2−µ1,···,µC−µ1)=Σ
−1
X span(µ2−µ1,···,µC−µ1)

isfromtheequivalencebetweenthelineardiscriminantanalysisdirectionandtheleastsquaresdi-
rection(Ye,2007;Maietal.,2012;Mai,2013).ForSAVE,itiseasytoseethatspan(ΣX−Σ)=
span(Σb),thentheconclusionfollows.

ProofforProposition5

TheequivalencebetweenSIRandLDAsubspaceisshownintheproofforProposition4.The
remainingofthispropositionisadirectconsequenceofTheorem2andthefactthatSAVEsubspace
isthecentralsubspaceunderQDAmodel(CookandForzani,2009,Proposition3).

ProofforProposition6

LetBbeanarbitrarybasismatrixfortheMASESHY|X,thenTheorem1impliesthatY ⊥⊥

X|BTXandhencePr(Y=j)⊥⊥X|BTXforallj=1,...,C.Therefore,weknowspan(β)
in(3.4)istheMASES,whichisguaranteedtoprovideasufficientreductionwithoutlossofany
information.ItalsoimmediatelyimpliesthattheMASEScontainsalltheinformationaboutthe
Bayes’ruleandthuscontainstheCDS,providedthattheCDSexists.

ProofforProposition7

Francetal.(2011)showedthatspan(wSVM)isthemaximumlikelihoodestimatorforspan(u)
inmodel(3.6).Underthemodel(3.6),itiseasytoseethatSY|X =HY|X =span(u)asdirect
consequenceofTheorems1and2.

ProofforProposition8

Wecomputethederivativeasfollows,

dF(B)

dB
=

n

i=1

dFi(B)

dB
=

n

i=1

∂Fi(f1,f2)

∂f1

∂f1(B
TXi)

∂B
+
∂Fi(f1,f2)

∂f2

∂f2(B
TXi)

∂B
,(A.4)

whereFi(f1,f2)isthesamefunctionasFi(B)in(4.2)andweabusedthenotationabitherefor
denotingfk=fk(B

TXi),k=1,2.Then,

∂Fi(f1,f2)

∂f1
=
Ai(f1,f2)

f1
,
∂Fi(f1,f2)

∂f2
=−
Ai(f1,f2)

f2
,Ai(f1,f2)≡

f1f2·(p2f2−p1f1+δn)

2(p1f1+p2f2+δn)2
.(A.5)
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ThederivativeofthenormalkerneldensityestimatorwithrespectofBiscomputedasfollows.
Fork=1,2,

∂fk(B
TXi)

∂B
=

−1

(2π)d/2(n−1)h3dn
yj=k
j=i

exp[−
1

2h2dn
BT(Xi−Xj)

2]·(Xj−Xi)(Xj−Xi)
TB,

whichistobecombinedwith(A.5)as

dF(B)

dβ
=

n

i=1

2

k=1 yj=k
j=i

∂Fi(f1,f2)

∂fk

∂fk(β
TXi)

∂β
=

n

i=1





Ai
j=i

Wij(Xj−Xi)(Xj−Xi)
TB





,

whereAi=(f1if2i)
1/2·(p2f2i−p1f1i+δn)/{2(p1f1i+p2f2i+δn)

2}andfki=fk(B
TXi),

k=1,2,andWij=(−1)
Yih−2dn Uij/( m=i,Ym=Yi

Uim)andUij=exp{−(2h
2d
n)
−1BT(Xi−

Xj)
2
2}foralli,j=1,...,n.

ProofforTheorem3

Recallthatweareinterestedinthedensityestimationfunctionofthefollowingform:

fk(β
TXi)=

1

(n−1)hn

n

j=i
Yj=k

K
βTXi−β

TXj
hn

, k=1,2,

whichisthegeneralclassofkerneldensityestimatorusedinourestimation,cf.(4.3).Forsimplic-

ity,wewritethatKhn(x)=
1

hdn
K(h−1n x).Ourproofborrowssomeclassicalideas,suchasthose

inWandandJones(1994).Setpmin =minkpk.Throughouttheproof,foranarbitraryconstant
0< <pmin/2,weassumethat|̂pk−pk|≤.ByHoeffding’sinequality,thiseventhappens
withaprobabilitygreaterthan1−4exp(−2n2).Inwhatfollows,weusetheshorthandnotation
f̂Bk,i=f̂k(B

TXi),f
B
k,i=f̂k(B

TXi).

Lemma1UnderCondition(C1),uniformlyonBTxandB,wehave

|Ef̂k(B
Tx)−fk(B

Tx)|≤
d

2
M1h

2
n. (A.6)
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ProofTheproofisforGaussiankernel,butsimilarconclusionsholdforanykernelKthatsatisfies
wK(w)dw=0,and wTwK(w)dw<∞.Straightforwardcalculationshowsthat

Ef̂k(B
Tx)= Khn(B

Tx−BTy)fk(B
Ty)d(BTy)

= K(BTz)fk(B
Tx−hnB

Tz)d(BTz)

= K(BTz){fk(B
Tx)−(hnB

Tz)T∇fk(B
Tx)+

1

2
h2n(B

Tz)T(∇2fk(ξ))B
Tz}d(BTz)

= fk(B
Tx)+ K(BTz){

1

2
h2n(B

Tz)T(∇2fk(ξ1))B
Tz}d(BTz)

forsomeξ1∈R
d.ByCondition(C1),wehavethat

|Ef̂k(B
Tx)−fk(B

Tx)|= K(BTz){
1

2
h2n(B

Tz)T(∇2fk(ξ))B
Tz}d(BTz),

whichislessthanorequalsto
1

2
h2nM1 K(BTz){(BTz)TBTz}d(BTz)=

d

2
h2nM1.

Lemma2UnderCondition(C1),forsufficientlylargensothat >dM1h
2
n,foranyB∈R

p×d

Pr(sup
i
|̂fk(B

TXi)−fk(B
TXi)|≥)≤2nexp(−

pminn
2(
√
2πhn)

2d

4
). (A.7)

ProofNotethat

Pr(sup
i
|̂fBk,i−f

B
k,i|≥)=Pr(∪i{|̂f

B
k,i−f

B
k,i|≥})≤

n

i=1

Pr(|̂fBk,i−f
B
k,i|≥)

Nowforeachi,

Pr(|̂fBk,i−f
B
k,i|≥)

≤ Pr(|̂fBk,i−E(̂f
B
k,i|Xi)|+|E(̂f

B
k,i|Xi)−f

B
k,i|≥)

= Pr(|̂fBk,i−E(̂f
B
k,i|Xi)|≥/2)

wherewehaveappliedLemma1.Nownotethat,conditionalonXi,̂f
B
k,iisanaverageofnk−1

independentrandomvariables,Khn(B
T(Xi−Xj))andKhn ∈[0,(

√
2πhn)

−d].Because|̂pk−
pk|≤<pmin/2,byHoeffding’sinequality,wehavethat

Pr(|̂fBk,i−E(̂f
B
k,i|Xi)|≥/2|Xi)≤2exp(−

npmin
2(
√
2πhn)

2d

4
) (A.8)
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Itfollowsthat

Pr(|̂fBk,i−E(̂f
B
k,i|Xi)|≥/2)=E{Pr(|̂f

B
k,i−E(̂f

B
k,i|Xi)|≥/2|Xi)}

≤ 2exp(−
pminn

2(
√
2πhn)

2d

4
) (A.9)

Theconclusionfollowsbycombining(A.8)with(A.9).

Lemma3Forx>0,|y|≤x,wehavethat|
√
x+y−

√
x|≤ |y|.

ProofIfy=0,theconclusionistriviallytrue.Ify>0,then|
√
x+y−

√
x|=

√
x+y−

√
x=

x+y−x
√
x+y+

√
x
=

y
√
x+y+

√
x
≤
√
yIfy<0,then|

√
x+y−

√
x|=

√
x− x−|y|=

x−x+|y|
√
x+ x−|y|

=
|y|

√
x+ x−|y|

≤ |y|.

Recallthatthesampleobjectivefunctionis,F(B)= n
i=1

f̂B1,if̂
B
2,i

p̂1f̂B1,i+̂p2f̂
B
2,i+δn

forsome

δn>0.Wenextprovethatn
−1F(B)→Fpop(B)uniformlyinBasn→∞andthat

max{hn,h
−d/2
n n−1/4} δn 1.

Bythetriangleinequality,

|n−1F(B)−Fpop(B)|

≤|n−1F(B)−
1

n

n

i=1

f̂B1,if̂
B
2,i

p1f̂B1,i+p2f̂
B
2,i+δn

|

+ |
1

n

n

i=1

f̂B1,if̂
B
2,i

p1f̂B1,i+p2f̂
B
2,i+δn

−
1

n

n

i=1

fB1,if
B
2,i

p1fB1,i+p2f
B
2,i+δn

|

+ |
1

n

n

i=1

fB1,if
B
2,i

p1fB1,i+p2f
B
2,i+δn

−E
fB1,if

B
2,i

p1fB1,i+p2f
B
2,i+δn

|

+ |E
fB1,if

B
2,i

p1fB1,i+p2f
B
2,i+δn

−Fpop(B)|

≡ L1+L2+L3+L4

Weshowinthefollowingthatallthesefourtermsconvergeto0inprobabilityuniformlyinB.
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L1 ≤ sup
i
|

f̂B1,if̂
B
2,i

p̂1f̂B1,i+̂p2f̂
B
2,i+δn

−
f̂B1,if̂

B
2,i

p1f̂B1,i+p2f̂
B
2,i+δn

|

≤ (
|̂p1−p1|

p̂1
+
|̂p2−p2|

p̂2
)·sup

i

(̂p1f̂
B
1,i+̂p2f̂

B
2,i) f̂

B
1,if̂

B
2,i

(̂p1f̂B1,i+̂p2f̂
B
2,i)(p1f̂

B
1,i+p2f̂

B
2,i)

≤
4
√
p1p2(|̂p1−p1|+|̂p2−p2|)

pmin
≤
4
√
p1p2

pmin

ForL2,setUi=p1f̂
B
1,i+p2f̂

B
2,i+δnandVi=p1f

B
1,i+p2f

B
2,i+δn.

L2 ≤ sup
i
|
f̂B1,if̂

B
2,i

Ui
−

fB1,if
B
2,i

Vi
|

≤ sup
i

f̂B1,if̂
B
2,i k|̂f

B
k,i−f

B
k,i|

UiVi
+sup

i

| f̂B1,if̂
B
2,i− fB1,if

B
2,i|

Vi

≤
k

sup
i

|̂fBk,i−f
B
k,i|

2
√
p1p2δn

+sup
i

| f̂B1,if̂
B
2,i− fB1,if

B
2,i|

δn
≡L5+L6,

whereweusethefactthat
f̂B1,if̂

B
2,i

Ui
≤

1

2
√
p1p2

and|Vi|≥δn.Tothisend,weconsider0<

< M2andsufficientlylargensuchthatmin{δ
2
n
2,δn,}>dh

2
nM1.Notethatthisispossible

becauseδn hn.ConsidertheeventA={|̂f
B
k,i−f

B
k,i|≤min{δ

2
n
2,δn,}}.

ByLemma2,wehavethatPr(A)≥1−Cnexp(−Cnδ4n
4(
√
2πhn)

2d))→1,ifn−1/4h
−d/2
n

δn.Underthisevent,itiseasytoseethatL5≤√
p1p2
.

ByLemma3,wehavethatL6=δ
−1
n supi|f

B
1,if

B
2,i+ηi− fB1,if

B
2,i|≤δ

−1
n supi |ηi|,

whereηi=(f̂
B
1,i−f

B
1,i)̂f

B
2,i+(f̂

B
2,i−f

B
2,i)f

B
1,i.ToshowthatL6≤

√
3M1,wehave

|ηi| ≤|̂fB1,i−f
B
1,i|·̂f

B
2,i+|̂f

B
2,i−f

B
2,i|·f

B
1,i

≤|f̂B1,i−f
B
1,i|·(|̂f

B
2,i−f

B
2,i|+f

B
2,i)+|̂f

B
2,i−f

B
2,i|·f

B
1,i

≤ 3M1δ
2
n
2

ForL3,notethat

fB1,if
B
2,i

p1fB1,i+p2f
B
2,i+δn

≤
1

2
√
p1p2
.

35



ZHANG,MAIANDZOU

ByHoeffding’sinequality,wehavethatPr(L3> )≤2exp{−n
2/(2p1p2)}.Therefore,L3→0

inprobabilityuniformly.
ForL4,notethat,whenδn→0,foranyXiandB,wehave

fB1,if
B
2,i

p1fB1,i+p2f
B
2,i+δn

→
fB1,if

B
2,i

p1fB1,i+p2f
B
2,i

monotonicallyincreasingly.Bydominantconvergencetheorem,L4→ 0foreachB.Thenby
Dini’stheorem,theconvergenceisuniform.Consequently,wehavethedesiredconclusion.

ProofforTheorem4

ToshowthatP
β
convergestothetrueparameterPβtinprobability,wherethepopulationobjective

functionFpop(B)attainsauniqueglobalminimumatHY|X =span(βt),weapplyProposition
4.1.1ofAmemiya(1985),whichestablishestheconvergenceinprobabilityofthesampleestimator
θtoitspopulationtruthθtunderthefollowingthreeconditions:(A1)parameterspaceisacompact
setofRqforsomerealnumberq;(A2)thesampleobjectivefunctionJn(θ)≡Jn(θ;X)isa
measurablefunctionofthei.i.d.datamatrixX=(X1,...,Xn)∈R

p×nforallθ;(A3)n−1Jn(θ)
convergestoanon-stochasticfunctionJpop(θ)uniformlyinθasn→ ∞ andJpop(θ)attainsa
uniqueglobalmaximizeratθt.ForCondition(A1),theoptimizationofB∈R

p×disinfactoverd-
dimensionalGrassmannian.Therefore,theparameterspaceiscompact(aconpactsetofR(p−d)d)
duetothecompactnessofGrassmannian.ForCondition(A2),thesampleobjectivefunctionby
definition,(4.2),isameasurablefunctionofX={(Xi,Yi)}

n
i=1forallB.ForCondition(A3),it

isproveninTheorem3.
Next,fornon-uniqueHY|X.LetG={B :minB∈B B −B

2
F< }.BecauseGisanopen

set,GC∩Θiscompact.ItfollowsthatFpophasamaximumoverG
C∩Θ.Define

Fmax=max
B∈Θ

Fpop(B),̄Fmax= max
B∈GC∩Θ

Fpop(B),0=Fmax−F̄max (A.10)

LetAbetheevent“|F(B)−Fpop(B)|< 0/2forallB”.ThenunderAwemusthavethat,

foranŷB∈B̂,B∈B,

Fpop(̂B)>F(̂B)− 0/2 (A.11)

F(B)>Fmax− 0/2 (A.12)

Ontheotherhand,bydefinitionofB̂,wehaveF(̂B)≥F(B)andhence(A.11)impliesthat

Fpop(̂B)>F(B)− 0/2 (A.13)

Add(A.12)and(A.13)andwehavethat

Fpop(̂B)>Fmax− 0 (A.14)

Bythedefinitionof 0wehavethatAimpliesthat̂B.AlsonotethatPr(A)→ 1.Itfollows
that,Pr(̂B∈G)≥Pr(A)→1.Andwehavethedesiredconclusion.
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