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Abstract— Modeling the relationships between the quality 
response variables and process settings or in situ sensing variables 
is a fundamental problem in quality engineering. Such 
relationships are important for product quality prediction, 
process monitoring, optimization. Data collected from a single 
system often only carry limited information, hence making 
modeling one system at a time challenging. Multi-task learning 
(MTL) jointly models multiple similar-but-non-identical systems 
and utilize the similarities among systems for better performance. 
However, existing MTL becomes much less effective if important 
variables are missing or unmeasurable in the underlying process 
(latent variables). More importantly, commonly shared latent 
variables across systems often reflect important process 
patterns/behaviors. We proposed an MTL framework for 
multivariate or profile responses by explicitly decomposing the 
variation among systems into explainable variation and latent 
variation. Specifically, the explainable variation is from variables 
observed in data, while the latent variation is from the latent basis 
functions automatically generated from model residuals. The 
proposed method improves the prediction accuracy and 
interpretability of modeling. The simulation and a case study in a 
silicon ingot manufacturing network demonstrate that the 
proposed method can improve the quality modeling performance 
and recovers critical process knowledge for silicon ingot 
manufacturing based on Czochralski (CZ) process.   
 

Note to Practitioners— This research is motivated by quality 
modeling of a semiconductor manufacturing network consist of 
multiple furnaces (systems) producing silicon ingots. An accurate 
quality model in manufacturing is essential for downstream tasks 
such as process monitoring and optimization. As data collected 
from a single system often only carry limited information, 
aggregating data from multiple systems in quality modeling can 
significantly improve the performance. However, different 
systems in a network are often similar-but-non-identical to each 
other due to different degradation status, usage history, product 
receipts. As a result, data from different systems are 
heterogeneous from each other, hence making combining all data 
for modeling inappropriate. Multi-task learning (MTL) solves this 
problem and recovers the similar-but-non-identical nature of 
systems. However, existing MTL is much less effective if important 
latent factors/variables are missing or unmeasurable in the 
underlying process. More importantly, such latent factors can 
reflect important process patterns/behaviors. In this work, we 
improve the MTL framework by explicitly explaining the 
unexplained variations using the latent factors automatically 
generated from model residuals. The simulation and a case study 
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Index Terms— Czochralski (CZ) process, decomposition 
modeling, manufacturing network, multi-task learning, 
semiconductor manufacturing 

I. INTRODUCTION 
manufacturing network connects manufacturing systems 
via sensing, computation, and actuation networks. For 

example, in the silicon ingot production of wafer 
manufacturing, shown in Fig. 1, each silicon ingot grows from 
a furnace/crucible using the same Czochralski (CZ) process [2]. 
However, an ingot typically requires over 50 hours to produce. 
Multiple furnaces are typically used as a connected 
manufacturing network to increase throughput. Different ingot 
growth furnaces are subject to different degradation conditions 
and operating environments, which lead to a different variable 
relationship among the in situ process variables and product 
quality variables [3]. Consequently, the data are collected from 
similar-but-not-identical furnaces. Another challenge is that 
important factors/variables are constantly missing or 
unmeasurable in various manufacturing processes (referred as 
latent factors). For examples, in silicon ingot production, 
critical variables such as deposition thickness can not be 
measured while the ingots are under formation [4]. More 
importantly, such latent factors, which assume to be shared 
across systems, can reflect important process 
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Fig. 1. A schematic of a crystal growth furnace network: the furnaces (left) and 
its internal structure (redrawn with authors’ permission) [1] 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

2 

patterns/behaviors. We will demonstrate this observation in the 
case study. All above issues pose significant challenges for 
quality modeling in a manufacturing network. 

In literature, there are two major strategies to model similar-
but-not-identical systems (e.g., furnaces). One strategy is to 
model all systems with the same model structure and model 
parameters. It assumes that all systems are identical [1]. They 
do not consider the heterogeneities among the systems and 
cannot reflect the heterogeneities in the model structures or 
parameters.  

The other strategy will use the same type of model with 
different model parameters for different machines. The model 
can be independently estimated for each machine based on its 
own data, but it may take a longer time to obtain sufficient 
samples. To model the data aggregated from different machines 
with heterogeneity, people proposed transferred learning and 
multi-task learning (MTL) framework. For transfer learning [5], 
it designates a source model, which is trusted to be accurate for 
the source system and transfers the model with updated 
parameters to the target system by incorporating the system 
similarities. However, it is sometimes difficult to find a reliable 
source model when all systems are experiencing a shortage of 
training samples. As a result, MTL, which simultaneously 
models the data from all systems, is a more suitable framework 
to adopt under this case scenario.  

MTL treats modeling the data from each system/machine as 
a learning task. MTL jointly estimates the model parameters for 
multiple tasks and can adopt different regularizations to recover 
the similar-but-non-identical nature of model parameters 
among systems. In this work, we propose MTL with latent 
variation decomposition (LVD), called MTL-LVD, to integrate 
the parameter-based MTL framework with principal 
component analysis (PCA), which explains the latent variation 
in the model residual space for multivariate responses. The 
simulation study and the case study on the silicon ingot 
manufacturing data show that MTL-LVD discovers the latent 
variation patterns among similar-but-non-identical systems and 
achieve significantly better quality prediction accuracy. 

The rest of the paper is organized as follows. Section II 
reviews the past literature on CZ process modeling and relevant 
technics. Section III introduces the proposed MTL-LVD 
framework; Section IV includes a simulation study, examining 
the performance of MTL-LVD on discovering the multi-
dimensional latent variation terms and the model prediction 
accuracy; Section V performs a case study, illustrating the 
superior performance of MTL-LVD on product quality 
forecasting based on the ingot manufacturing data; Section VI 
draws the conclusion and discussed some future research 
directions.  

II. LITERATURE REVIEW 
Data-driven analysis and modeling help CZ process to 

explore its properties, optimize its productivity, have been 
extensive studied in the past. For example, researchers studied 
the dynamic properties of ingot striations using functional data 
analysis [6], defect concentration using neural network models 
[7], quality modeling using logistic regression [1], model-based 

CZ process control. The simplest approach to model all systems 
is to assume that all systems are identical with the same model 
structure and model parameters [1]. In the literature, various 
predictive regression models, such as Ridge Regression [8], 
LASSO [9], Elastic Net [10], can be estimated by using the 
identical system assumption. Since they do not consider the 
heterogeneities among the systems so they cannot reflect the 
heterogeneities in the model structures or parameters.  

To handle the heterogeneities, people proposed MTL to 
jointly estimate the model parameters for multiple systems 
using various regularizations to enforce the similarity. 
Commonly adopted regularization includes low-rank 
regularization [11, 12], cluster-wise parameter regularization 
[13, 14], task-relation learning [15, 16]. Other MTL works 
include recovering variable relationships among tasks through 
multi-task sparse structure learning [17], improved clustering 
using multi-task nonnegative matrix factorization [18], and 
improved principal component analysis through Multitask PCA 
[19]. A major limitation of the MTL methods is the assumption 
that the observed variables can fully explain the variation of 
data. When important factors/variables are missing or 
unmeasurable, failing to estimate the variation pattern in the 
residual space can significantly impact the modeling 
performance. 

For recovering the latent variation that can not be explained 
by the observed variables from residual space, we can apply 
principal component analysis (PCA). In the literature, there 
have been various PCA works handling various types of data 
such as kernel PCA [20], sparse PCA [21]. To handle the 
functional or tensor-structured data, there have been various 
functional PCA, such as smoothed FPCA [22], sparse FPCA 
[23], sparse longitudinal FPCA [24], multi-channel FPCA 
(MFPCA) [25], sparse multi-channel FPCA (SMFPCA) [26]. 
The past methods can effectively discover the latent variation 
patterns from data in an unsupervised fashion. However, 
extending the knowledge frontier on applying unsupervised 
variation decomposition for a predictive MTL model remains a 
challenge. In this work, we propose to integrate PCA for latent 
variation decomposition (LVD) to recover the latent variation 
in the residual space. We refer to the proposed method as MTL-
LVD. 

III. THE PROPOSED DATA FILTERING METHOD 

A. MTL-LVD 
Without the loss of generality, we can assume that there are 

𝑚𝑚 similar-but-non-identical systems and MTL-LVD is build 
based on the following assumption: 1) We assume that there are 
𝑚𝑚 similar-but-non-identical systems/machines in a 
manufacturing network and the 𝑗𝑗𝑡𝑡ℎ machine is producing 𝑛𝑛𝑗𝑗 
parts (e.g., ingots). 2) When building a linear model for each 
system, model parameters for multiple systems are similar-but-
non-identical (e.g., following low-rank structure). 3) There can 
be latent variation among systems lying in a low-dimensional 
linear space, which can be represented by a set of bases. 

 A linear regression model for the observable predictors, such 
as process setting variables or scalar features of in situ 
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variables, 𝒙𝒙𝑗𝑗 = �𝑥𝑥𝑗𝑗(1),⋯ , 𝑥𝑥𝑗𝑗(𝑝𝑝)�′ ∈ ℝ𝑝𝑝×1 and a single response 
𝑦𝑦𝑗𝑗 of the machine/system 𝑗𝑗, where 𝑗𝑗 = 1, … ,𝑚𝑚, can be written 
as 

 
 𝑦𝑦𝑗𝑗 = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗 + 𝜖𝜖𝑗𝑗 ,  𝑗𝑗 = 1,⋯ ,𝑚𝑚, (1) 

  
where 𝜷𝜷𝑗𝑗 ∈ ℝ𝑝𝑝×1 and the residual 𝜖𝜖 follows the normal i.i.d. 
distribution 𝑁𝑁(0,𝜎𝜎2). Multi-task learning (MTL) aims to 
jointly improve the estimation accuracy of 𝜷𝜷𝑗𝑗 for multiple 
similar-but-non-identical systems by enforcing the similarity of 
𝜷𝜷𝑗𝑗. One of the most commonly adopted regularizations for 
MTL is nuclear norm  || ∙ ||∗ [27], which ensures the estimated 
𝜷𝜷𝑗𝑗 form low-rank structure matrix as 𝐵𝐵 =

�
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
� across systems 

 
 

𝑚𝑚𝑚𝑚𝑚𝑚��𝑦𝑦𝑗𝑗 − 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗
(𝑟𝑟)�

2

2
𝑚𝑚

𝑗𝑗=1

+ 𝜆𝜆1‖𝐵𝐵‖∗ (2) 

 
where the model hyper-parameter 𝜆𝜆1 of the nuclear-norm can 
be selected via five-fold cross-validation (CV).  

In this work, to model multivariate responses for systems 
with 𝑑𝑑 responses, the observed data for each machine 𝑗𝑗 become 
(𝒙𝒙𝑗𝑗, 𝒚𝒚𝑗𝑗), where 𝒚𝒚𝑗𝑗 = �𝑦𝑦𝑗𝑗(1),⋯ ,𝑦𝑦𝑗𝑗(𝑑𝑑)�′ ∈ ℝ𝑑𝑑×1, 𝑗𝑗 = 1, … ,𝑚𝑚. 
Furthermore, we propose to decompose the latent variation 
patterns into a low-dimensional subspace with latent parameters 
for each response 𝑟𝑟 as 𝒗𝒗(𝑟𝑟) = (𝑣𝑣(𝑟𝑟)

1, … , 𝑣𝑣(𝑟𝑟)
𝑞𝑞)′, 𝑟𝑟 = 1, … ,𝑑𝑑. 

The corresponding latent variables for each system 𝑗𝑗 are 
denoted as 𝒖𝒖𝑗𝑗 = (𝑢𝑢1,𝑗𝑗 , … ,𝑢𝑢𝑞𝑞,𝑗𝑗)′. Collectively, 𝑦𝑦𝑗𝑗(𝑟𝑟) can be 
decoupled into the observable variations explained by the input 
variable 𝒙𝒙𝑗𝑗 and the latent variables 𝒖𝒖𝑗𝑗 as 

 
 𝑦𝑦𝑗𝑗(𝑟𝑟) = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑟𝑟) + 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟) + 𝜖𝜖𝑗𝑗
(𝑟𝑟), 𝑗𝑗 = 1,⋯ ,𝑚𝑚 (3) 

 
where 𝜷𝜷𝑗𝑗

(𝑟𝑟) ∈ ℝ𝑝𝑝×1 is the model coefficient machine 𝑗𝑗 and 
response 𝑟𝑟, and the residual 𝜖𝜖𝑗𝑗

(𝑟𝑟) follows the normal i.i.d 
distribution 𝑁𝑁(0,𝜎𝜎2). It worth noting that the assumption 
would not hurt the generalization of the proposed method since 
we can always use more sets of latent parameters 𝒗𝒗(𝑟𝑟) to model 
the non-i.i.d. variation patterns.  

Since the machines are similar-but-non-identical, we assume 
that the model coefficients among machines 𝜷𝜷𝑗𝑗 = 1,⋯ ,𝑚𝑚 form 
low-rank structures, which can be recovered by nuclear-norm 
regularization. Without loss of generality, we can assume that 
the latent parameters 𝒗𝒗(𝑟𝑟) are shared among all machines 𝑗𝑗. 
Collectively, we propose to borrow the framework from the 
parameter-based MTL and estimate the model parameters 𝜷𝜷𝑗𝑗

(𝑟𝑟) 
via  

 
𝑚𝑚𝑚𝑚𝑚𝑚���𝑦𝑦𝑗𝑗(𝑟𝑟) − 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟)�
2

2
𝑑𝑑

𝑟𝑟=1

𝑚𝑚

𝑗𝑗=1
+ 𝜆𝜆1‖𝐵𝐵‖∗ 

(4) 

 𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐼𝐼  

where 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
� and 𝑉𝑉′ = (𝒗𝒗(1) ⋯ 𝒗𝒗(𝑑𝑑)). 

Here, 𝐵𝐵 represents model coefficient matrix corresponding to 
the predictors for 𝑑𝑑 responses and 𝑗𝑗 systems. Furthermore, 𝑉𝑉 is 
the matrix realized from 𝒗𝒗(𝑟𝑟) for 𝑑𝑑 responses. To ensure that 𝑉𝑉 
supports the latent space,  we assume that 𝑉𝑉 is a semi-
orthogonal matrix, which is guaranteed by the constraint 𝑉𝑉′𝑉𝑉 =
𝐼𝐼. It is worth mentioning that we do not enforce the 
orthogonality between 𝐵𝐵 and 𝑉𝑉 to ensure the fidelity of 
parameters estimated for the observable predictors. 

 

B. Parameter estimation and hyper-parameter tuning of 
MTL-LVD 

Estimating the parameters of MTL-LVD in Equation (4) is 
not trivial due to the combination of the nuclear norm, 
orthogonality constraint, and decomposed model coefficients 
(i.e. 𝜷𝜷𝑗𝑗

(𝑟𝑟) and 𝒗𝒗(𝑟𝑟)). We proposed the regularized regression 
approach together with the block coordinate descent algorithm 
to iteratively update 𝜷𝜷𝑗𝑗

(𝑟𝑟),  𝒖𝒖𝑗𝑗, and 𝒗𝒗(𝑟𝑟). The model hyper-
parameters in addition to 𝜆𝜆1, such as 𝑞𝑞, the dimension of the 
latent variation term 𝑉𝑉 in Equation (4), can be tuned via the 
five-fold cross-validation (CV).  

Realizing the Equation (4) considering the observational 
data, we denote 𝑋𝑋𝑗𝑗 = (𝒙𝒙1,𝑗𝑗 , … ,𝒙𝒙𝑛𝑛𝑗𝑗,𝑗𝑗)′ as the design matrix, 𝑈𝑈𝑗𝑗 =
(𝒖𝒖1,𝑗𝑗 , … ,𝒖𝒖𝑛𝑛𝑗𝑗,𝑗𝑗)′ as the generated PCA scores, and 𝒚𝒚𝑗𝑗(𝑟𝑟) =
(𝑦𝑦1,𝑗𝑗

(𝑟𝑟), … ,𝑦𝑦𝑛𝑛𝑗𝑗,𝑗𝑗
(𝑟𝑟))′  to be the 𝑟𝑟th response vector for the 𝑗𝑗th 

system, where 𝑛𝑛𝑗𝑗 is the number of samples for the 𝑗𝑗th system. 
The following constrained quadratic optimization problem can 
be used to estimate 𝐵𝐵,𝑈𝑈,𝑉𝑉. 

 
𝑚𝑚𝑚𝑚𝑚𝑚���𝑦𝑦𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�
2

𝑑𝑑

𝑟𝑟=1

𝑚𝑚

𝑗𝑗=1
+ 𝜆𝜆1‖𝐵𝐵‖∗, 

(5) 

 𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐼𝐼  
 
Equation (5) can be further written by organizing the 

multivariate responses in a matrix format as 
 

𝑚𝑚𝑚𝑚𝑚𝑚��𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗 − 𝑈𝑈𝑗𝑗𝑉𝑉′�
2

𝑚𝑚

𝑗𝑗=1

+ 𝜆𝜆1‖𝐵𝐵‖∗, (6) 

 𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐼𝐼  
where 𝑌𝑌𝑗𝑗 = (𝒚𝒚𝑗𝑗(1), … ,𝒚𝒚𝑗𝑗(𝑑𝑑)) and 𝐵𝐵𝑗𝑗 = �𝜷𝜷𝑗𝑗

(1) ⋯ 𝜷𝜷𝑗𝑗
(𝑑𝑑)�. 

To optimize, we propose to follow the block coordinate type of 
strategy to update 𝐵𝐵,𝑈𝑈,𝑉𝑉 iteratively until convergence. To 
achieve this, we first prove the following propositions: 

Proposition 1:  Given 𝐵𝐵, 𝑈𝑈𝑗𝑗 in Equation (6), 𝑉𝑉 can be solved 
in a closed form via the singular value decomposition (SVD) as 
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follows: 
 

�
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
� =

𝑅𝑅𝑅𝑅𝑊𝑊′, 

𝑉𝑉 = 𝑅𝑅𝑊𝑊′, 

(7) 

where the first 𝑞𝑞 columns in 𝑅𝑅 are used for 𝑉𝑉 = 𝑅𝑅𝑊𝑊′ if 𝑞𝑞 < 𝑑𝑑. 
This proposition is also named as the Procrustes rotation 
procedure, and the detailed proof is shown in [21].  

Proposition 2: Given 𝐵𝐵𝑗𝑗 and V in Equation (6), 𝑈𝑈𝑗𝑗 can be 
solved via  
 

 𝑈𝑈𝑗𝑗 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗�𝑉𝑉. (8) 
 

The proof of Proposition 2 is shown in the Appendix. 
Proposition 3: Given 𝑈𝑈𝑗𝑗 and V in Equation (6), 𝐵𝐵𝑗𝑗 can be 

solved via the proximal gradient descent as follows: 
 𝐵𝐵 = 𝑃𝑃 diag(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′, (9) 

where 𝜎𝜎�𝑖𝑖 = �
𝜎𝜎𝑖𝑖 − 𝜆𝜆

0
𝜎𝜎𝑖𝑖 + 𝜆𝜆

   
𝜎𝜎𝑖𝑖 ≥ 𝜆𝜆1

−𝜆𝜆1 ≤ 𝜎𝜎𝑖𝑖 ≤ 𝜆𝜆1
𝜎𝜎𝑖𝑖 ≤ −𝜆𝜆1

, and 𝑃𝑃,𝜎𝜎𝑖𝑖 ,𝑄𝑄 can be 

obtained by SVD decomposition on 𝐵𝐵� =

�
𝜷𝜷�1

(1)
⋯ 𝜷𝜷�𝑚𝑚

(1)

⋮ ⋱ ⋮
𝜷𝜷�1

(𝑑𝑑)
⋯ 𝜷𝜷�𝑚𝑚

(𝑑𝑑)
� as 𝐵𝐵� = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜎𝜎1 …𝜎𝜎𝑚𝑚)𝑄𝑄′  and 

 𝜷𝜷�𝑗𝑗
(𝑟𝑟)

= 𝜷𝜷𝑗𝑗
(𝑟𝑟) − 𝑡𝑡1(∇�𝑦𝑦𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�
2

/
∇𝜷𝜷𝑗𝑗

(𝑟𝑟)). 
 

The derivation of ∇�𝑦𝑦𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑟𝑟) + 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�

2
/∇𝜷𝜷𝑗𝑗

(𝑟𝑟) is 
shown in the Appendix.  
By decomposing the optimization problem into three sub-
problems via the block coordinate descent approach, the 
iterative algorithm is summarized in Algorithm 1. 

Proposition 4: The proposed algorithm for solving Equation 
(6) can converge to a stationary point.   

The convergence of the block coordinate descent algorithm 
(BCD) can be proved by the monotonic decrease of Equation 
(6) since each BCD update would only decrease the objective 
function. Furthermore, the objective function in Equation (6) is 
lower bounded by zero. Therefore, the BCD algorithm must 
converge to a stationary point.  

Finally, we would like to analyze the complexity of the 
proposed algorithm. Recall that there are 𝑚𝑚 similar-but-non-
identical systems, the dimensionality of the response is 𝑑𝑑, the 
number of samples in each system are 𝑛𝑛𝑗𝑗, the number of 
observed variables is 𝑝𝑝, the number of latent variables is 𝑞𝑞. The 
computational complexity of updating all parameters in each 
iteration becomes O(𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 + 𝑝𝑝2𝑛𝑛𝑛𝑛 + 𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑). The 
derivation can be seen in the Appendix. 

IV. SIMULATION 
To evaluate the performance of MTL-LVD, we performed a 

simulation study to evaluate two performance metrics as 
follows: 1) MTL-LVD is able to recover the simulated 
orthogonal loadings of the decomposed latent variation. 2) The 
prediction error of the multivariate response variable in root 
mean squared prediction errors (RMSPEs) on the testing data 
set (𝒚𝒚𝑗𝑗(𝑟𝑟), 𝑋𝑋𝑗𝑗): ∑ ∑ �𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�
𝐹𝐹

2𝑑𝑑
𝑟𝑟=1

𝑚𝑚
𝑗𝑗=1  for 𝑚𝑚 

systems and 𝑑𝑑 responses. 
The settings to generate the simulation data set are 

summarized in TABLE I. Assuming that there are eight similar-
but-non-identical systems (𝑚𝑚 = 8). Within each system, there 
are eight observable variables in 𝒙𝒙𝑗𝑗 = (𝑥𝑥1,𝑗𝑗 , … , 𝑥𝑥𝑝𝑝,𝑗𝑗)′ (𝑝𝑝 = 10), 
and three variables in the latent variation term 𝒖𝒖𝑗𝑗 =
(𝑢𝑢1,𝑗𝑗 , … ,𝑢𝑢𝑞𝑞,𝑗𝑗)′ (𝑞𝑞 = 3). Each system has 15 data points 
generated from 𝒙𝒙𝑗𝑗′~𝑁𝑁(𝝁𝝁𝑋𝑋, Σ𝑋𝑋), and 𝒖𝒖𝑗𝑗′~𝑁𝑁(𝝁𝝁𝑈𝑈 ,Σ𝑈𝑈), where 𝝁𝝁𝑋𝑋, 
𝝁𝝁𝑈𝑈~𝑁𝑁(𝟎𝟎, 𝐼𝐼), and Σ𝑋𝑋, Σ𝑈𝑈 are covariance matrix with diagonal 
elements as 1 and off-diagonal elements as 0.1. Additionally, 
each system has 𝑑𝑑 multivariate responses as 𝑑𝑑 = 50. The 
underlying model used to generate the response is 
 𝑦𝑦𝑗𝑗(𝑟𝑟) = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑟𝑟) + 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟) + 𝜀𝜀, (10) 
where 𝑗𝑗 = 1, … ,8, 𝑟𝑟 = 1, … ,50. The similarity of the system is 
simulated through the low-rank structure of the model 

parameter matrix 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
� of Equation (6). 

More specifically, the parameters for the observed predictors of 
TABLE I 

SETTINGS OF SIMULATION DATA SETS 

Simulation Settings Values 

Number of Machines Simulated 8 

Length of Response 50 

Number of Samples for Each Machine 15 

Number of Observed Predictors 10 

Number of Latent Predictors 3 

 

ALGORITHM 1 
PSEUDOCODE FOR OPTIMIZATION ALGORITHM FOR SOLVING 

MTL-LVD 
Initialize 𝜷𝜷′: 
 
Initialize 
   𝐵𝐵𝑗𝑗, 𝑈𝑈𝑗𝑗, 𝑉𝑉 as 𝐵𝐵0, 𝑈𝑈𝑗𝑗0, 𝑉𝑉0. 
end 
 
for 𝑗𝑗 = 1,2,3, … do 
   Update 𝑉𝑉 given 𝐵𝐵 and 𝑈𝑈𝑗𝑗 according to (6). 
   Update 𝑈𝑈𝑗𝑗 given 𝐵𝐵 and 𝑉𝑉 according to (7).  
   Update 𝐵𝐵 given 𝑈𝑈𝑗𝑗 and 𝑉𝑉 according to (8). 

      If 
�𝐿𝐿𝑘𝑘−𝐿𝐿𝑘𝑘−1�𝐹𝐹

2

𝐿𝐿𝑘𝑘−1
≤ 𝜖𝜖, then  

         Stop 
      end 

end 
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machine 𝑗𝑗, 𝜷𝜷𝑗𝑗 = �𝜷𝜷𝑗𝑗
(1)′ ⋯ 𝜷𝜷𝑗𝑗

(𝑑𝑑)′�
′
, corresponds to the 

column 𝑗𝑗 of 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
�, which was simulated 

with a random linear combination of 𝑛𝑛 basis vectors out of 𝑚𝑚 
basis vectors [28], where 𝑛𝑛 < 𝑚𝑚. To simulate the basis matrix 
𝑉𝑉′ = (𝒗𝒗(1) ⋯ 𝒗𝒗(𝑑𝑑)), where 𝒗𝒗(𝑟𝑟) = (𝑣𝑣(𝑟𝑟)

1, … , 𝑣𝑣(𝑟𝑟)
𝑞𝑞)′, which 

was randomly generated by pseudo-spline basis implemented in 
GAMSEL package [29] with an input vector of 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐( 𝒛𝒛

10
) and 

𝒛𝒛 = (1, … ,50)′. The error term 𝜀𝜀 follows 𝑁𝑁(0, Σ), and we set 

the signal-to-noise ratio (
𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣�𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑟𝑟)+𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟)�

𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣(𝜀𝜀)
) as 10.  

To evaluate the accuracy of the estimated MTL-LVD 
models, we compare the proposed method with three 
benchmark methods: a linear regression models with 𝑙𝑙1-norm 
(LASSO) [9] for every single system (LASSO-S), a linear 
regression model with 𝑙𝑙1-norm (LASSO) for all systems 
(LASSO-A), and MTL with nuclear norm (MTL-N). MTL-N 
has the loss function from Equation (2), which models the data 
combined from all systems but does not consider the latent 
variation, represented by 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟) in Equation (10).  

For all methods in the simulation and the case study in the 
next section, 5-fold CV was employed to tune the model hyper-
parameters for all the models based on training data, including 
the penalty coefficient on the nuclear-norm (𝜆𝜆1) of MTL-N and 
MTL-LVD. Furthermore, the dimension of the latent variation 
term 𝑉𝑉′ for MTL-LVD is also tuned via the 5-fold CV. To 
ensure the reproducibility of the results, 50 replications were 
performed in the simulation study. Within each replication, the 
data are randomly partitioned in a 70-30 fashion for the training 
and testing datasets. In each replication, all models were trained 
based on the same training data set and tested for prediction 
accuracy in root mean squared errors (RMSEs) using the testing 
data set. 

TABLE II reports the average of RMSEs with standard errors 
(S.E.) shown in parenthesis based on 50 simulation replications. 
We can see that MTL-LVD offers a better prediction 
performance than all three benchmark models. Specifically, 
Linear-S has a significantly higher prediction error due to the 
limited amount of sample size for model training, since only the 
data from a single system are used. In the meantime, Linear-A 
has a much smaller prediction error by aggregating the samples 
from all similar-but-non-identical systems. However, neither of 
these two models consider the heterogeneity among systems 
when the data are aggregated. Using the MTL framework with 

nuclear norm (MTL-N) to fit different sets of model parameters 
for different systems, the prediction error can be further 
reduced. However, MTL-N was not capable of capturing the 
unexplained latent variation, which was simulated by the 
𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟) term in data generator of Equation (10). As a result, the 
MTL-N was outperformed by the proposed method MTL-LVD, 
which achieves the lowest prediction error among all methods 
tested. 

Another purpose of the simulation is to validate whether the 
MTL-LVD can discover the simulated latent variation, which 
can only be explained by the latent variation term. Specifically, 
we would like to validate if MTL-LVD recovers the true basis 
structure simulated in the latent variation term (𝒗𝒗(𝑟𝑟) in Equation 
(5)), which has three simulated basis vectors aggregated as 𝑉𝑉 =
(𝒗𝒗(1) 𝒗𝒗(2) 𝒗𝒗(3)). We generated Fig. 1 to compare the true 
values of three basis vectors in 𝑉𝑉 as solid lines and the 
recovered values by MTL-LVD as dotted lines in a simulaiton 
replication. We can observe that MTL-LVD recovers the all 
three basis vectors with minor discrepancies. The exact 
recovery of basis vectors is not always guaranteed since 
different sets of basis vectors can span the same latent space. 
As the result, the initialization of 𝑉𝑉 in Algorithm 1 impacts the 
final 𝑉𝑉 estimated. Although the basis recovered can be different 
each time, the improvement of prediction accuracy by 
introducing the latent variation decomposition is significant 
(TABLE II). In summary, the proposed MTL-LVD has the 
capability to achieve the best prediction accuracy while 
recovering the multi-dimensional latent variation. 

TABLE II 
AVERAGES AND STANDARD ERRORS OF RMSPES (OR MES) FROM 50 

SIMULATION RUNS 
Method Testing RMSE 

LASSO-S 1.670 
(0.264) 

LASSO-A 0.334 
(0.003) 

MTL-N 0.348 
(0.004) 

MTL-LVD 0.299 
(0.004) 

 

 
Fig. 2. The true values of the three basis vectors simulated (the solid line) and 
the correspondingly recovered basis vectors by MTL-LVD (the dotted line) 
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V. INGOT GROWTH MANUFACTURING CASE STUDY 
The CZ ingot growth process produces monocrystalline 

silicon ingots is both costly and time-consuming [2]. There can 
be various types of defects occurred on the ingots during 
manufacturing, such as the growth of a polycrystalline ingot 
when the monocrystalline ingot is desired [1]. Therefore, it is 
important to model the relationship between the product quality 
variable and the process variables to understand how the 
process variables can impact the product quality. Furthermore, 
the numerical patterns recovered from the residual space 
represent the commonalities of systems for the CZ process, 
hence can contain important process information. In this case 
study, the response variable is the diameter of the continuously 
formed circular ingot surfaces, which are then moving-
averaged into multivariate response vectors of length 50 for all 
ingot samples (𝑑𝑑 = 50 in Equation (4)). 10 process variables 
are generated as the summary statistics of the in situ process 
variables (𝒙𝒙𝑗𝑗′ ∈ ℝ10 in Equation (4)), with the variable names 
omitted due to the confidential concerns. Among the five 
different manufacturing systems (furnaces), we had the data of 
13, 19, 19, 21 and 25 ingots respectively. Each ingot is treated 
as a sample. TABLE IV summarizes the data setting of the 
crystal silicon growth process case study.  

Similar to the simulation study, we compare the MTL-LVD 
with three representative benchmarks: LASSO-S, LASSO-A, 
and MTL-N. 50 replications were performed in the case study 
with the data from 5 furnaces randomly partitioned in a 70-30 
fashion into the training and testing datasets within each 
replication with the same 5-fold CV to select tuning parameters 
as in the simulation studies.  

Finally, we will still use RMSE to evaluate the prediction 
accuracy and the result of the prediction error is summarized in 
TABLE IV. The proposed MTL-LVD has a significantly better 
performance on predicting the diameter of the silicon ingot 
surface than the three benchmark models did over replications. 
LASSO-S has the largest prediction error mainly because 
separately modeling each system will suffer from the effect of 
a small training data set. LASSO-A has a much smaller 
prediction error comparing with LASSO-S, since LASSO-A 
aggregates the samples from five similar-but-non-identical 
furnaces to increase the training sample size of the model. 
However, neither of these two models consider the 
heterogeneities among different manufacturing systems. Using 

the MTL framework with nuclear norm (MTL-N), we can fit 
similar-but-non-identical models for multiple systems 
(furnaces) in the network. As a result, the prediction error was 
greatly reduced. Similar to the result of the simulation study, 
MTL-N could not capture the unexplained variation by the 
observed variables. As a result, introducing the latent variation 
term in MTL-LVD significantly reduced the prediction error on 
the testing data. 

Furthermore, similar to the simulation study, to demonstrate 
the usefulness of the latent variation term in MTL-LVD, we 
show the relationship between the parameters of the latent 
variation term (𝒗𝒗(𝑟𝑟) in Equation (5)) and variation of the 
multivariate response (𝑦𝑦𝑗𝑗(𝑟𝑟) in Equation (5)) in Fig. 3. 
Specifically, 𝒗𝒗(𝑟𝑟) is determined to be one dimensional by 5-fold 
CV and becomes a scalar value for each response, so that in 
total, we have 𝑉𝑉′ = (𝑣𝑣(1), … , 𝑣𝑣(50)) for 50 responses. We 
expect that 𝑣𝑣(𝑟𝑟)should become a larger non-zero value as the 
variance of 𝑦𝑦𝑗𝑗(𝑟𝑟)increases to help to capture the unexplained 
variance by the observable variables.  

In Fig. 3, the variances of the first few responses are large, 
which shows that the variations introduced by different 
furnaces are large at the initial manufacturing stages (i.e., for 
the first a few hours of the process). The variation gradually 
decreased after the initial stages and stayed at a low level 
towards the end of the process. Correspondingly, we also 
observed that the parameters of the latent variation term were 
large at the initial stages and decreased afterwards. The pattern 
of the parameter values ensembles the patterns of response 
variances. The instability at the beginning stages of ingot 
formation in the CZ process is perhaps due to an unstable 
polysilicon melting, which can lead to variations in oxygen 
concentration at the early stages of different ingot formation 

TABLE IV 
SETTINGS OF DATA FROM THE INGOT GROWTH MANUFACTURING 

Settings Values 

Length of Response  50 

Number of Observed Predictors 10 

Sample Size for Furnace 1 13 

Sample Size for Furnace 2 19 

Sample Size for Furnace 3 19 

Sample Size for Furnace 4 21 

Sample Size for Furnace 5 25 

 

Fig. 3.  The variance of responses data across five manufacturing systems for 
50 responses (index 1-50) versus the value of V (the model parameters for latent 
variation term) 
  

TABLE III 
SETTINGS OF DATA FROM THE INGOT GROWTH MANUFACTURING 

Method Testing RMSE 

LASSO-S 7.454  
(1.478) 

LASSO-A 3.129  
(0.143) 

MTL-N 1.075  
(0.119) 

MTL-LVD 0.565  
(0.008) 
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[30]. In summary, the latent variation term in MTL-LVD can 
help the observed variables to capture the variation introduced 
during the data aggregation of multiple similar-but-non-
identical manufacturing systems. As a result, the prediction 
performance of MTL-LVD can be significantly improved.  

VI. SUMMARY 
Although machine learning methods require sufficient 

training data samples to generate a model with good prediction 
performance, such a sample size requirement can be hardly 
fulfilled in many manufacturing applications. In this research, 
we studied a motivating case of modeling the crystal silicon 
ingot manufacturing, which requires the furnace to be 
maintained at a temperature of approximately 1500 degrees 
Celsius over 50 hours. Due to the high cost of the production, 
the in situ manufacturing data and silicon ingot quality data can 
only be collected from a few silicon ingots from a furnace at a 
time. In this work, we incorporated a variation decomposition 
approach to model the latent variation, which cannot be 
captured by the observable variables, into the parameter-based 
MTL. Furthermore, we generalized the proposed methodology 
into a multivariate response and MTL model, which is capable 
of modeling multivariate responses monitored across multiple 
similar-but-non-identical systems (e.g., furnaces). The 
simulation study and the case study have shown that MTL-LVD 
can not only recover the latent variation among data of similar-
but-non-identical systems but also offer significantly better 
accuracy on predicting the multivariate response.  

There are several future research directions on MTL-LVD 
that deserve further investigations. The second one is 
incorporating different regularization terms into MTL-LVD 
based on different engineering perceptions/assumptions of the 
underlying problems. For example, 𝑙𝑙1-norm can be applied to 
replace the nuclear norm in the MTL-LVD to perform variable 
selection and filter out the sensor signals, which are not strongly 
correlated with the responses [9]. The third research direction 
is how to incorporate the estimated 𝑈𝑈 in prediction. In this 
work, we adopted a straightforward approach by averaging 𝑈𝑈 
in prediction, however, other approaches might further improve 
the performance. Another research direction can be using the 
model parameters of the latent variation term, which reflects the 
commonality of machines, to perform process monitoring. Such 
a learned commonality can also be continuously updated and 
become more accurate with incoming samples. 

APPENDIX 

A. Derivation of Proposition 2 
Given 𝐵𝐵 and V, 𝑈𝑈𝑗𝑗 in re-written Equation (2)  

𝐿𝐿 = � ∥ 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗 − 𝑈𝑈𝑗𝑗𝑉𝑉′ ∥2
𝑚𝑚
𝑗𝑗=1 + 𝜆𝜆1||𝐵𝐵||∗, 

can be optimized at step 𝑘𝑘 via  
𝑈𝑈𝑗𝑗𝑘𝑘 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗𝑘𝑘−1�𝑉𝑉𝑘𝑘. 

Derivation: 
For the ease of representation, let’s denote (𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗) above 

as 𝑌𝑌 and 𝑉𝑉′ above as 𝐵𝐵. The proof of Proposition 2 is equivalent 
to solving matrix 𝑈𝑈𝑗𝑗 in the following matrix least square 

formulation: 
argmin

𝐴𝐴
∥ 𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵 ∥2 

where, 
 ∥ 𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵 ∥2 

= 𝑡𝑡𝑡𝑡((𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵)𝑇𝑇(𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵)) 
= 𝑡𝑡𝑡𝑡�𝑌𝑌𝑇𝑇𝑌𝑌 + 𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵 − 𝑌𝑌𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵 − 𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗′𝑌𝑌� 
= 𝑡𝑡𝑡𝑡(𝑌𝑌𝑇𝑇𝑌𝑌) + 𝑡𝑡𝑡𝑡�𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵� − 2𝑡𝑡𝑡𝑡�𝑌𝑌𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵� 

By taking the first derivative of the above formulation and 
set it equal to zero, we have: 

𝛻𝛻𝑈𝑈𝑗𝑗𝑡𝑡𝑡𝑡�𝑈𝑈𝑗𝑗
′𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵′� − 2𝛻𝛻𝑈𝑈𝑗𝑗𝑡𝑡𝑡𝑡�𝑌𝑌

′𝑈𝑈𝑗𝑗𝐵𝐵� = 0, 
2𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵′ − 2𝑌𝑌𝐵𝐵′ = 0, 
−2𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵𝑇𝑇 = −2𝑌𝑌𝐵𝐵′. 

Therefore, the solution is 
𝑈𝑈𝑗𝑗 = (𝑌𝑌𝐵𝐵𝑇𝑇)(𝐵𝐵𝐵𝐵𝑇𝑇)−1 = ((𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗)𝑉𝑉)(𝑉𝑉′𝑉𝑉)−1, 

and recall that 𝑉𝑉′𝑉𝑉 = 𝐼𝐼, then we have, 
𝑈𝑈𝑗𝑗 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗�𝑉𝑉. 

B. Derivation of the gradient in Proposition 3 
𝛻𝛻�||𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝑘𝑘𝒗𝒗(𝑟𝑟)||𝐹𝐹2�
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑟𝑟)

=
�𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝑘𝑘𝒗𝒗(𝑟𝑟)�
′
(𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟))
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑟𝑟)

= −�𝒚𝒚𝑗𝑗(𝑟𝑟)′𝑋𝑋𝑗𝑗�
′
− 𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑟𝑟) + 2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) + 𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)

+ 𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟) = −2𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑟𝑟) + 2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑟𝑟) + 2𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟) 

C. The Computational Complexity of the Model Updating 
Algorithm 

The model updating algorithm can be decomposed into three 
steps. At iteration 𝑘𝑘, we have: 

11: Optimize 𝑉𝑉 given 𝐵𝐵 and 𝑈𝑈𝑗𝑗: 
 

�
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
� = 𝑅𝑅𝑅𝑅𝑊𝑊′, 

𝑉𝑉𝑘𝑘 = 𝑅𝑅𝑊𝑊′. 

 

12: Optimize 𝑈𝑈𝑗𝑗 for given 𝐵𝐵 and 𝑉𝑉: 
 𝑈𝑈𝑗𝑗𝑘𝑘 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗𝑘𝑘−1�𝑉𝑉𝑘𝑘  

13: Optimize 𝐵𝐵 given 𝑈𝑈𝑗𝑗 and 𝑉𝑉: 
 𝐵𝐵𝑘𝑘 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′,  

Recall that there are 𝑚𝑚 similar-but-non-identical systems, the 
dimensionality of the response is 𝑑𝑑 (𝑌𝑌𝑗𝑗 ∈ ℝ𝑛𝑛𝑗𝑗×𝑑𝑑), the number of 
samples in each system are 𝑛𝑛𝑗𝑗, the number of observed variables 
is 𝑝𝑝 (𝑋𝑋𝑗𝑗 ∈ ℝ𝑛𝑛𝑗𝑗×𝑝𝑝), the number of latent variables is 𝑞𝑞 (𝑈𝑈𝑗𝑗 ∈
ℝ𝑛𝑛𝑗𝑗×𝑞𝑞). Furthermore, 𝐵𝐵𝑗𝑗 = �𝜷𝜷𝑗𝑗

(1) ⋯ 𝜷𝜷𝑗𝑗
(𝑑𝑑)� ∈ ℝ𝑝𝑝×𝑑𝑑, 

where 𝑗𝑗 = 1, … ,𝑚𝑚, 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
� ∈ ℝ𝑝𝑝×𝑑𝑑, 𝑉𝑉 ∈

ℝ𝑑𝑑×𝑞𝑞and we assume that 𝑞𝑞 < 𝑑𝑑. 
Since 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗 has a complexity of O(𝑛𝑛𝑗𝑗𝑝𝑝𝑝𝑝 + 𝑛𝑛𝑗𝑗𝑑𝑑)=O((𝑝𝑝 +

1)𝑛𝑛𝑗𝑗𝑑𝑑), �
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

� has a complexity of O((𝑝𝑝 + 1)𝑛𝑛𝑛𝑛), 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

8 

where 𝑛𝑛 = 𝑛𝑛1+, … , +𝑛𝑛𝑚𝑚. �
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
� has a 

complexity of O((𝑝𝑝 + 1)𝑛𝑛𝑛𝑛 +  𝑛𝑛𝑛𝑛𝑛𝑛)= O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑛𝑛). 
Generating 𝑅𝑅𝑅𝑅𝑊𝑊′ in Step 11 has a complexity of O(𝑑𝑑𝑞𝑞2) [31], 
and 𝑉𝑉𝑘𝑘 = 𝑅𝑅𝑊𝑊′ has a complexity of O(𝑑𝑑𝑞𝑞2). Collectively, Step 
11 has a complexity of O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑛𝑛 + 2𝑑𝑑𝑞𝑞2) 

Step 12 has a complexity of O((𝑝𝑝 + 1)𝑛𝑛𝑗𝑗𝑑𝑑 + 𝑛𝑛𝑗𝑗𝑑𝑑𝑑𝑑)= O((𝑝𝑝 +
𝑞𝑞 + 1)𝑛𝑛𝑗𝑗𝑑𝑑) for 𝑈𝑈𝑗𝑗, where 𝑗𝑗 = 1, … ,𝑚𝑚. To update all 𝑈𝑈𝑗𝑗, the 
complexity becomes O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑛𝑛). 

In Step 13, we first use gradient to update un-thresholded 𝐵𝐵𝑗𝑗 

as 𝐵𝐵� = �
𝜷𝜷�1

(1)
⋯ 𝜷𝜷�𝑚𝑚

(1)

⋮ ⋱ ⋮
𝜷𝜷�1

(𝑑𝑑)
⋯ 𝜷𝜷�𝑚𝑚

(𝑑𝑑)
� ∈ ℝ𝑝𝑝𝑝𝑝×𝑚𝑚, where 𝜷𝜷�𝑗𝑗

(𝑟𝑟)
=

𝜷𝜷𝑗𝑗
(𝑟𝑟) − 𝑡𝑡1 �𝛻𝛻�𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�
𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑟𝑟)� �.  
The computation of the gradient 
𝛻𝛻�𝒚𝒚𝑗𝑗(𝑟𝑟) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑟𝑟) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟)�
𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑟𝑟)�

= −2𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑟𝑟) + 2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑟𝑟) + 2𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑟𝑟) 

has a complexity O(𝑛𝑛𝑗𝑗𝑝𝑝 + 𝑝𝑝 + 𝑛𝑛𝑗𝑗𝑝𝑝2 + 𝑝𝑝2 + 𝑝𝑝 + 𝑛𝑛𝑗𝑗𝑝𝑝𝑝𝑝 + 𝑝𝑝𝑝𝑝 +
𝑝𝑝)= O((𝑛𝑛𝑗𝑗 + 3 + 𝑛𝑛𝑗𝑗𝑞𝑞 + 𝑞𝑞)𝑝𝑝 + (𝑛𝑛𝑗𝑗 + 1)𝑝𝑝2). Then, obtaining 

𝜷𝜷�𝑗𝑗
(𝑟𝑟)

 has the complexity of O(�𝑛𝑛𝑗𝑗 + 5 + 𝑛𝑛𝑗𝑗𝑞𝑞 + 𝑞𝑞�𝑝𝑝 + �𝑛𝑛𝑗𝑗 +
1�𝑝𝑝2) and obtaining 𝐵𝐵�  has the complexity of O((𝑛𝑛 + 5𝑚𝑚 +
𝑛𝑛𝑛𝑛 + 𝑞𝑞𝑞𝑞)𝑑𝑑𝑑𝑑 + (𝑛𝑛 + 𝑚𝑚)𝑑𝑑𝑝𝑝2).  

We assume that 𝑝𝑝𝑝𝑝 < 𝑚𝑚 and performing 𝐵𝐵� =
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜎𝜎1 …𝜎𝜎𝑚𝑚)𝑄𝑄′ has a complexity of O(𝑝𝑝𝑝𝑝𝑚𝑚2). Performing 
thresholding and reconstruct 𝐵𝐵 as 𝐵𝐵 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′ has 
a complexity of O((3 + 𝑝𝑝2𝑑𝑑2)𝑚𝑚 + 𝑝𝑝𝑝𝑝𝑚𝑚2). Collectively, Step 
13 has a time complexity as O((𝑛𝑛 + 5𝑚𝑚 + 𝑛𝑛𝑛𝑛 + 𝑞𝑞𝑞𝑞)𝑑𝑑𝑑𝑑 +
(𝑛𝑛 + 𝑚𝑚)𝑑𝑑𝑝𝑝2 + 𝑝𝑝𝑝𝑝𝑚𝑚2 + (3 + 𝑝𝑝2𝑑𝑑2)𝑚𝑚 + 𝑝𝑝𝑝𝑝𝑚𝑚2). 

The overall computational complexity becomes O(2𝑞𝑞2𝑑𝑑 +
2𝑝𝑝𝑝𝑝𝑝𝑝 + 2𝑞𝑞𝑞𝑞𝑞𝑞 + 2𝑛𝑛𝑛𝑛 + 𝑞𝑞𝑞𝑞𝑞𝑞 + 5𝑝𝑝𝑝𝑝𝑝𝑝 + 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 +
𝑝𝑝2𝑛𝑛𝑛𝑛 + 𝑝𝑝2𝑚𝑚𝑚𝑚 + 𝑝𝑝𝑚𝑚2𝑑𝑑 + 3𝑚𝑚 + 𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑).  
𝑛𝑛: the sample size 
𝑝𝑝: the number of observed variables 
𝑞𝑞: the number of latent variables 
𝑑𝑑: the dimensionality of the response  
𝑚𝑚: the number of similar-but-non-identical systems, 
It is safe to assume 𝑞𝑞 < 𝑑𝑑,  𝑚𝑚 < 𝑛𝑛, We can simplify the 

complexity as O(𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 + 𝑝𝑝2𝑛𝑛𝑛𝑛 + 𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑).  
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