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Abstract

In this paper, we consider the problem of learning high-dimensional tensor regression prob-
lems with low-rank structure. One of the core challenges associated with learning high-
dimensional models is computation since the underlying optimization problems are often
non-convex. While convex relaxations could lead to polynomial-time algorithms they are
often slow in practice. On the other hand, limited theoretical guarantees exist for non-
convex methods. In this paper we provide a general framework that provides theoretical
guarantees for learning high-dimensional tensor regression models under different low-rank
structural assumptions using the projected gradient descent algorithm applied to a poten-
tially non-convex constraint set © in terms of its localized Gaussian width (due to Gaussian
design). We juxtapose our theoretical results for non-convex projected gradient descent al-
gorithms with previous results on regularized convex approaches. The two main differences
between the convex and non-convex approach are: (i) from a computational perspective
whether the non-convex projection operator is computable and whether the projection has
desirable contraction properties and (ii) from a statistical error bound perspective, the
non-convex approach has a superior rate for a number of examples. We provide three
concrete examples of low-dimensional structure which address these issues and explain the
pros and cons for the non-convex and convex approaches. We supplement our theoretical
results with simulations which show that, under several common settings of generalized low
rank tensor regression, the projected gradient descent approach is superior both in terms
of statistical error and run-time provided the step-sizes of the projected descent algorithm
are suitably chosen.

Keywords: tensors, non-convex optimization, high-dimensional regression, low-rank;

1. Introduction

Parameter estimation in high-dimensional regression has received substantial interest over
the past couple of decades. See, e.g., Buhlmann and van de Geer (2011); Hastie et al. (2015).
One of the more recent advances in this field is the study of problems where the parameters
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and/or data take the form of a multi-way array or tensor. Such problems arise in many
practical settings (see, e.g., Cohen and Collins, 2012; Li and Li, 2010; Semerci et al., 2014;
Sidiropoulos and Nion, 2010) and present a number of additional challenges that do not
arise in the vector or matrix setting. In particular, one of the challenges associated with
high-dimensional tensor regression models is how to define low-dimensional structure since
the notion of rank is ambiguous for tensors (see, e.g., Koldar and Bader, 2009). Different
approaches on how to impose low-rank and sparsity structure that lead to implementable
algorithms have been considered. See, e.g., Gandy et al. (2011); Mu et al. (2014); Raskutti
and Yuan (2015); Tomioka et al. (2013); Yuan and Zhang (2014), and references therein. All
of the previously mentioned approaches have relied on penalized convex relaxation schemes
and in particular, many of these different approaches have been encompassed by Raskutti
and Yuan (2015). The current work complements these earlier developments by studying
the non-convex projected gradient descent (PGD) approaches to generalized low-rank tensor
regression.

While convex approaches are popular since greater theoretical guarantees have been
provided for them, non-convex approaches have gained popularity as recently more theo-
retical guarantees have been provided for specific high-dimensional settings. See, e.g., Fan
and Li (2001); Jain et al. (2014, 2016); Loh and Wainwright (2015). Furthermore, even
though non-convex problems do not in general lead to polynomial-time computable meth-
ods, they often work well in practice. In particular, inspired by the recent work of Jain
et al. (2014, 2016) who demonstrated the effectiveness of non-convex projected gradient de-
scent approaches for high-dimensional linear regression and matrix regression, we consider
applying similar techniques to high-dimensional low-rank tensor regression problems with
a generalized linear model loss function.

Low-rankness in higher order tensors may occur in a variety of ways (see e.g. Koldar and
Bader (2009) for examples). To accommodate these different notions of low-rankness, we
develop a general framework which provides theoretical guarantees for projected gradient
descent algorithms applied to tensors residing in general low-dimensional subspaces. Our
framework relies on two properties ubiquitous in low-rank tensor regression problems: (i)
that the parameter space is a member of a class of subspaces super-additive when indexed
over a partially ordered set; and (ii) there exists an approximate projection onto each
subspace satisfying a contractive property. Assuming that the coefficient tensor lies in a low-
dimensional subspace O satisfying these properties, we establish general risk bounds for non-
convex projected gradient descent based methods applied to a generalized tensor regression
model with covariates with Gaussian design. By developing this general framework in
terms of these properties, we only need to verify that our set satisfies these properties and
also demonstrate that these properties are fundamental to providing theoretical results for
projected gradient descent.

Our main theoretical result shows that the Frobenius norm scales as n~"/?wq[© N Bp(1)],
where n is the sample size, Bp(1) := {A : ||A||r < 1} refers to the Frobenius-norm ball with
radius 1 and wg[© N Br(1)] refers to the localized Gaussian width of ©. While statistical
rates in terms of Gaussian widths are already established for convex regularization ap-
proaches (see, e.g., Chandrasekaran et al., 2012; Raskutti and Yuan, 2015), this to the best
of our knowledge is the first general error bound for non-convex projected gradient descent
in terms of a localized Gaussian width.
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Another major contribution we make is to provide a comparison both in terms of statis-
tical error rate and computation to existing convex approaches to low rank tensor regression.
Using our statistical error bound for non-convex projected gradient descent which is stated
in terms of the localized Gaussian width of ©, we show explicitly that our error bound for
the non-convex approach is no larger (up to a constant) than those for convex regularization
schemes (see, e.g., Theorem 1 of Raskutti and Yuan, 2015), and in some cases is smaller.
To make this comparison more concrete, we focus on three particular examples of low-rank
tensor structure: (i) sum of ranks of each slice of a tensor being small; (ii) sparsity and
low-rank structure for slices; and (iii) low Tucker rank. In case (i), both approaches are
applicable and achieve the same rate of convergence. For case (ii), the non-convex approach
is still applicable whereas a convex regularization approach is not naturally applicable. In
case (iii) again both approaches are applicable but a superior statistical performance can
be achieved via the non-convex method. We supplement our theoretical comparison with
a simulation comparison. Our simulation results show that our non-convex projected gra-
dient descent based approach compares favorably to the convex regularization approach
using a generic cvx solver in terms of both run-time and statistical performance provided
optimal step-size choices in the projected gradient descent and regularization parameters in
the convex regularization approach are used. Furthermore the projected gradient descent
scales to much larger-scale data than generic convex solvers.

1.1. Our contributions
To summarize, we make the following three contributions in our paper:

e Firstly, we provide general error bounds for projected gradient descent applied to
generalized tensor regression problems in terms of the localized Gaussian width of the
constraint set ©. In particular, we provide three novel results. Theorem 1 provides
an upper bound for projected gradient descent with tensor parameters and applies
to any O satisfying the super-additivity and contractive properties described above
and explained in greater detail in Section 3. Theorem 1 substantially generalizes prior
results in Jain et al. (2014, 2016) which focus on sparse vectors and low-rank matrices.
Theorem 2 and 3 apply the general result in Theorem 1 to generalized linear models
and Gaussian linear models respectively. Significantly, Theorems 2 and 3 show that
the localized Gaussian width for the constraint set for © play a crucial role in the
mean-squared error bound. This is the first analysis we are aware of that expresses
the statistical error of PGD in terms of localized Gaussian width which allows us to
deal with PGD in a more unified manner.

e Using Theorem 3, our second major contribution is to provide a comparison in terms
of mean-squared error to standard convex regularization schemes studied in Raskutti
and Yuan (2015). We show using the comparison of Gaussian widths in the convex
and non-convex cases that unlike for vector and matrix problems where convex reg-
ularization schemes provably achieve the same statistical error bounds as non-convex
approaches, the more complex structure of tensors means that our non-convex ap-
proach could yield a superior statistical error bound in some examples compared to
convex regularization schemes. We also prove that our non-convex error bound is no
larger than the convex regularization bound developed in Raskutti and Yuan (2015).
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e Lastly, we demonstrate in Section 5 the benefits of the non-convex approach com-
pared to existing convex regularization schemes for various low-rank tensor regression
problems. We also show through simulations the benefit of using low-rank tensor
regularization schemes compared to using a low-rank matrix scheme.

The remainder of the paper is organized as follows: Section 2 introduces the basics of
the low-rank tensor regression models we consider and introduces the projected gradient de-
scent algorithm. Section 3 presents the general theoretical results for non-convex projected
gradient descent and specific examples are discussed in Section 4. A simulation compari-
son between the convex and non-convex approach is provided in Section 5 and proofs are
provided in Section 7.

2. Methodology

Consider a generalized tensor regression framework where the conditional distribution of a
scalar response Y given a covariate tensor X € R%1X4d2X--XdN ig giyven by

pY[X,T) = h(Y)exp{Y(X,T) — a((X,T))}, (1)

where a(+) is a strictly convex and differentiable log-partition function, A(-) is a nuisance
parameter, and T' € R%1xd2X--Xdn ig the parameter tensor of interest. Typical examples of
a(-) include a(f) = 16? leading to the usual normal linear regression, a(¢) = log(1 + %)
corresponding to logistic regression, and a(f) = e’ which can be identified with Poisson
regression where 6 is a scalar. The goal is to estimate tensor 1" based on the training data
{(X®,y®):1 < i< n}. For convenience we assume (X @ Y #)’s are independent copies
of (X,Y). Hence the negative log-likelihood risk objective, for any A € R%XdzX--xdn ig;
1 & . 4 . .
£(A) = =37 [a((xD, 4) = YO (XD, ) —1og h(y )] (2)
i=1

The notation (-, -) will refer throughout this paper to the standard inner product taken over
appropriate Euclidean spaces. Hence, for A € R#*XdN and B € R >xxdn.

di dn
(A,B) = Z Z AjijnBityjn € R
N=1

Jji=1 J

Using the standard notion of inner product, for a tensor A, ||A|r = (A, A)Y/2. And the

empirical norm || - ||, for a tensor A € R4X*4N ig define as:
1 < :
415 = 3 X0
1=

Also, for any linear subspace A C R%*dX.-xdn = 4, denotes the projection of a tensor A
onto A. More precisely
Ay = argmin ||A — M.
MeA
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2.1. Background on tensor algebra

One of the major challenges associated with low-rank tensors is that the notion of higher-
order tensor decomposition and rank is ambiguous. See, e.g., Koldar and Bader (2009) for
a review. There are two standard decompositions, the so-called canonical polyadic (CP)
decomposition and the Tucker decomposition. In addition to that, there are various notions
of tensor low-rankness considered in the application. In order to simplify notation, we
focus our discussion on third-order tensors (N = 3) but point out that many of the notions
generalize to N > 3. Our general theorem in Section 3 works for general N > 3.

The CP decomposition of a third-order tensor is defined as the smallest number r of
rank-one tensors needed to represent a tensor A € R% *xd2xds.

'
A= Z Uk 1 Uk 2 & Uk 3 (3)
k=1

where uy ,, € Rdm, for1<k<randl<m<3.
A second popular decomposition is the so-called Tucker decomposition. The Tucker
decomposition of a tensor A € R%*492%ds ig of the form:

T2 T3

T1
Ajijnis = D DD Skvkaka Ui 1 Ujaks 2Ujs ks 3
ki1=1ko=1ks=1

so that U, € R *™m for 1 < m < 3 are factors matrices (which are usually orthogonal) and
S € R™M*7™2%7s i3 the so-called core tensor (see, e.g., Koldar and Bader, 2009). The vector
(r1,72,73) is referred to as the Tucker ranks of A. It is not hard to see that if (3) holds,
then the Tucker ranks (r1,r2,73) can be equivalently interpreted as the dimensionality of
the linear spaces spanned by {ug1:1 <k <7}, {up2:1 <k <r} and {up3:1 <k <r}
respectively.

A convenient way to represent low Tucker ranks of a tensor is through matricization.
Denote by M;(-) the mode-1 matricization of a tensor, that is Mj(A) is the dj x (dads)
matrix whose column vectors are the mode-1 fibers of A € R4*42%d3 A fiber is defined by
fixing every index but one, which is the first index in the case of mode-1 fiber. Here A has
dads mode-1 fibers. Ma(+), M3(-) are defined in the same fashion. By defining

rank(M,,(A)) = rp(A),

it follows that (r1(A),r2(A),r3(A)) represent the Tucker ranks of A. For later discussion,
define M; 1 (-) to be the inverse of mode-i matricization, so

-1, d1 % (d2-d. dy xXdaxd
M] . R 1 ( 2 3) — R 1 2 3,
-1, do X (d1-d. di xdoxd
M2 . R 2 ( 1 3) )R 1 2 37
-1, d3 % (d1-d: d1 Xda Xds
M3 . R 3 ( 1 2) —> R 1 2 5,

such that M; '(M;(A)) = A. Also, a tensor can be vectorized via collapsing all its dimen-
sions sequentially, i.e. vec(A) € R¥42ds for A ¢ R9xd2xds and A’s (j1, ja, j3)!" element is
placed in the position of 377 [(j; — DIL,, di] + 1 in vec(A).
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Further, we define slices of a tensor as follows. For an order-3 tensor A, the (1,2) slices
of A are the collection of d3 matrices of di X do

{A.js = (Ajijajs1<ji<di 1<ja<ds 1 1 < J3 < ds}.

2.2. Low-dimensional structural assumptions

As mentioned earlier, there is not a unique way of defining tensor and there are multiple
ways to impose low-rankness/low-dimensionality on a tensor space. Given the ambiguity of
tensor low-rankness, one of the goals of the paper is to develop a general framework that
applies to many different notions of low-rankness. To be more concrete, we focus on three
specific examples of low-rank structure. These three examples fall in the general framework
of our analysis of the PGD algorithm applied to low-dimensional tensor regression. Among
the three, the first two are closely related to viewing the tensor as slices of matrix or lower
order tensor (e.g. 4th order tensor has ’slices’ of 3rd order tensor), and hence measuring
hybrid of group sparsity and lower order low-rankness. The third is the maximum of the
standard Tucker ranks. For simplicity, we focus on the case when N = 3 and then discuss
potential generalization to higher order.
Firstly we place low-rank structure on the matrix slices. In particular first define:

ds
01(r) = { A ¢ Rhxd2xds Z rank(A..j,) <r
Ja=1

We can view ©1(r) as a specific rank-r or less subset of 3rd order tensor space with the
rank defined to be the sum of the rank of the matrix slices. To connect to matrices, an
alternative way to parameterize ©1(r) is as the set of R4 -4*d2.d3 hlock diagonal matrices,
where each block corresponds to the matrix slice A..;, € R%1>d2 and 1 < j3 < d3. The rank
constraint in ©1(r), corresponds exactly to placing a rank constraint on the corresponding
Ré1-dsxdz.ds patrix,

Secondly we can impose a related notion where we bound the maximum of the rank of
each slice and sparsity along the matrix slices.

ds
O(r,s) = { A € RU*2Xds  maxrank(A. ;) <, Z I(A.;, #0) <s
Ja .
Jj3=1

We can view ©3(r, s) as a specific rank-(r,s) or less subset of the third-order tensor. One
natural example where imposing this combination of low-rankness and sparsity for is vector
auto-regressive (VAR) models (see e.g. Basu and Michailidis (2015)). For example, if we
have an M-variate time series and consider a VAR(p) model, d; = dy = M and d3 = p. We
want each auto-regressive matrix slice A..j; to have low-rank and the total number of lags
involved in the problem to be sparse (e.g. to account for immediate effects and seasonal
effects).
Finally, we impose the assumption that Tucker ranks are upper bounded:

O3(r1,r2,73) = {A € R xdzxds . ri(A) <r; for i = 1,2,3} .
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Note that all these low-dimensional structural assumptions ©1(r), O2(r, s) and O3(r1,72,73)
are non-convex sets. Note that O2(r,s) and ©3(r1,r2,73) have two parameters (r,s) and
three parameters (r1,79,73) respectively and our framework deals with this. In the next
subsection we introduce a general projected gradient descent (PGD) algorithm for minimiz-
ing the generalized linear model objective (2) subject to the parameter tensor A belonging
to a potentially non-convex constraint set ©. Also note that it is straightforward to extend
@3(7’1,1"2,7’3) to N > 3.

2.3. Projected Gradient Descent (PGD)

In this section we introduce the non-convex projected gradient descent (PGD) approaches
developed in Jain et al. (2014, 2016) adapted to a general tensor space ©. The problem
we are interested in is minimizing the generalized linear model objective (2) subject to A
belonging to a potentially non-convex set. The PGD algorithm for minimizing a general
loss function f(A) subject to the constraint A € © is as follows:

Algorithm 1 Projected Gradient Descent
1: Input : data Y, X, parameter space O, iterations K, step size 7
2. Initialize : k=0, Tp € ©
3: for k=1,2,...,K do

4: g =T —nV f(T},) (gradient step)

- A L pe

6

7

Ti+1 = Po(gr) or Tp+1 = Po(gr) ((approximate) projection step)
: end for R
: Output : Tg

The notation ]3@() refers to an approximate projection on to © if an exact projection
is not implementable. The PGD algorithm has been widely used for both convex and non-
convex objectives and constraint sets. In our setting, we choose the negative log-likelihood
for the generalized linear model as the functions f(A) to minimize.

An important question associated with projected gradients is whether the projection on
to © is implementable. The projections we consider for ©1(r), O2(r, s) and Os(ry,re,73)
can all be implemented approximately as combinations of projections on to matrix or vector
subspaces defined in Jain et al. (2014, 2016). By using sparsity and low-rankness projections
in the vector and matrix respectively, the projections in ©1, @5 and O3 are implementable.

In particular, for a vector v € R?, we define the projection operator PS(U) as the pro-
jection on to the set of s-sparse vectors by selecting the s largest elements of v in £s-norm.
That is: )

Py(v) := argmin ||z — v||s,.
ll2lleg <s

For a matrix M € R%*92 let P.(M) denote the rank-r projection:

(M) := argmin ||Z — M||.
rank(Z)<r

<

As mentioned in Jain et al. (2014, 2016), both projections are computable. ﬁi(v) is the
thresholding operator which selects the s largest elements of v in ¢3-norm and P,(M) can
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be selecting the top r singular vectors of M. For the remainder of this paper we use both
of these projection operators for vectors and matrices respectively.

3. Main Results

In this section we present our general theoretical results where we provide a statistical
guarantee for the PGD algorithm applied to a low-dimensional space ©.

3.1. Properties for © and its projection

To ensure the PGD algorithm converges for a given subspace ©, we view it as a member of a
collection of subspaces {O(t) : t € E} for some = C Zﬁ and require some general properties
for this collection. The index t typically represents a sparsity and/or low-rank index and
may be multi-dimensional. For example, ©1(r) is indexed by rank r where

== {0, ce 7Cl3 . min{dl, dg}}
Similarly, ©2(r, s) is indexed by t = (r, s) so that
{(0,0),..., (min{dy, d2},ds)},

and Os(ry,re,73) is indexed by rank (71,72, 73) so that

—_
—
—

== {(0, 0, 0), ey (min{dl, dzdg}, min{dg, dldg}, min{dg, dldg})} .

Note that the = is partially ordered where a > (<, <,>)b for two vectors a and b
of conformable dimension means the inequality holds in an element-wise fashion, i.e. the
inequality holds for each element of a and its counterparty in b.

Definition 1. A set {O(t) : t € =} is a superadditive and partially ordered collection of
symmetric cones if

(1) each member O(t) is a symmetric cone in that if z € O(t), then cz € O(t) for any
c€eR;

(2) the set is partially ordered in that for any t1 < to, O(t1) C O(t2);

(3) the set is superadditive in that ©(t1) + O(t2) C O(t1 + t2).

The first two properties basically state that we have a set of symmetric cones in the tensor
space with a partial ordering indexed by ¢. The last property requires that the collection of
subspaces be superadditive in that the Minkowski sum of any two subspaces is contained in
the subspace of dimension that is the sum of the two lower dimensions. All three properties
are essential for deriving theoretical guarantees for the PGD algorithm. By relying on these
properties alone, we obtain a general result that provides a unified way of dealing with
©1(r), O2(r, s) and O3(r1,re,73) as well as many other collections of subspaces.
Furthermore, we introduce the following property of contractive projection, for Pg or
]3@ in Algorithm 1, that is essential for the theoretical performance of the PGD algo-
rithm. Again, we shall view these operators as members of a collection of operators Qg(y) :
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UiO(t) = O(t). The contractive projection property says that, when Qg : UtO(t) — O(t)
are viewed as projections, projection onto a larger “dimension” incurs less approximation
error per dimension compared to projection onto a smaller dimension, up to a constant
factor. This property is adopted from earlier study on vector/matrix case. (see, e.g., Jain
et al., 2014, 2016). The difference here is that in the tensor case, the constant factor §
is no longer one as in vector/matrix case. And later theorems will show that any finite &
can guarantee linear convergence with error bound expressed in Gaussian width for PGD
in tensor case. This means that certain low-cost approximate low-rank projections in the
tensor case are sufficient for PGD and later we will see Tucker rank is the case.

Definition 2. We say that a set {©(t) : t > 0} and corresponding operators Qg :
UO(t) — O(t) satisfy the contractive projection property for some § > 0, denoted by
CPP(6), if for any t; < t2 <tg, Y € O(t1), and Z € O(tp):

1/2

to—t
2 Y — Zlp.

to—t1

1Qoen)(2) — Zr < a\

Here, when O(¢) is indexed by multi-dimensional ¢, the division % refers to a vector with

the jth element to be %

It is clear that ©1(r) is isomorphic to rank-r block diagonal matrices with diagonal
blocks A..1, A.g,..., A.q4 so that {©;(r)} satisfies Definition 1. It is also easy to verify that
{©1(r)} and its projections { Pg, ()} which applies P,.(.) to the dj.d3 x do.d3 block-diagonal
matrix described earlier obeys CPP(1). Later, we will see in Lemmas 2 and 3 that these
two properties are also satisfied by {O2(r,s)} and {©3(ri,72,73)}, and their appropriate

(approximate) projections.

3.2. Restricted strong convexity

Now we state some general requirements on the loss function, namely the restricted strong
convexity and smoothness conditions (RSCS), that is another essential part for the guaran-
tee of PGD performance (see, e.g., Jain et al., 2014, 2016). Recall that for f(A), a function
of tensor A, we can abuse the notation to view f(A) as a function of vectorized tensor, i.e.
f(A) = f(vec(A))and use V2 f(A) to denote the Hessian of function f on vectorized tensor.
Please refer to Section 2.1 for the formal definition of vectorization of a tensor.

Definition 3. We say that a function f satisfies restricted strong convezity and smoothness
conditions RSCS(0,C), Cy) for a set ©, and 0 < C) < C,, < oo if for any A € ©, V2f(A)
is positive semidefinite such that for any B € ©

Cr-||Bllp < IV2£(A) - vee(B)lle, < Cu - [|1B]p,

for some constants C; < C,. Note that RSCS(0,C;, Cy) reduces to restricted strong

convexity and restricted smoothness assumptios for vectors and matrices (see e.g. Jain
et al. (2014, 2016)) when A and B are vectors and matrices. We first state the following
Theorem about the PGD performance under general loss function which is a tensor version
of the results in Jain et al. (2014, 2016).
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Theorem 1 (PGD Error Bound for General Loss Function) Suppose that {O(t) :
t > 0} is a superadditive and partially ordered collection of symmetric cones, together with
operators {Pg() : t > 0} which obey CPP(0) for some constant § > 0, and f satisfies

RSCS(0(ty),Cy,Cy) for some constants C; and C,,. Let Tk be the output from the Kth
iteration of applying PGD algorithm with step size 1 = 1/C,, and projection Pg ) where

L | aetcie
1 ascze? Y

Then

sup  |[Tx —T|r < AnC,Crt - sup (VF(T),A) +¢,
TeO(to—t1) A€O(to)NBy (1)

for any

T
K >20,C; 'log <” 6”F> :

Basically, Theorem 1 guarantees that the PGD applied to general loss minimization
problem with general low-rank constraint enjoys linear convergence rate with statistical
error bounded by the restricted norm of the gradient of loss function evaluation at the true
parameter. Note that we are taking a supremum over the set O(tp) N Bp(1) which relates
to the local Gaussian width which we define shortly. More insight arises when we specialize
f to the generalized linear model.

3.3. Generalized linear models

To use Theorem 1 for a specific f and collection of {O(¢) : t > 0}, we need to verify the
conditions on {©(t) : t > 0}, {Pg() : t > 0} and f satisfying RSCS(0, Cy, Cy), and choose
the step-size in the PGD accordingly.

First we turn our attention to the covariate tensor (X )7, where X (@) ¢ R xd2x...xdy
and how it relates to the RSCS(©, Cy, Cy). With slight abuse of notation, write

vec(X(i)) € Rhdzdn

for 1 < 4 < n which is the vectorization of each tensor covariate X (1), For convenience let
Dy = dids ---dy. Further as mentioned for technical convenience we assume a Gaussian
design of independent sample tensors X ® s.t.

vee(X @) ~ N(0,%) where & € RPV*DPn (4)

With more technical work our results may be extended beyond random Gaussian designs.
We shall assume that 3 has bounded eigenvalues. Let Apin(-) and Apax(-) represent the
smallest and largest eigenvalues of a matrix, respectively. In what follows, we shall assume
that

C? < )\min(z) < Amax(z) < C%L, (5)

for some constants 0 < ¢y < ¢, < 00. For our analysis of the non-convex projected gradient
descent algorithm, we define the condition number x = ¢,/¢;.

10
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A quantity that emerges from our analysis is the Gaussian width (see, e.g., Gordon,
1988) of a set S € RU*d2x-xdn wwhich is defined to be:

() = & (sup(4.6) )

AeS

where G € R%1*d2X-XdN ig 5 tensor whose entries are independent A/(0, 1) random variables.
The Gaussian width is a standard notion of size or complexity of a subset of tensors S.

In addition to the positive semi-definiteness of the Hessian in the GLM, the following
Lemma extends a restricted upper and lower eigenvalue condition to the sample version of
3 and hence guarantees the RSCS for the GLM with Gaussian covariates with quite general
covariance structure.

Lemma 1 Assume that (4) and (5) hold. For any T > 1, there exist constants c1,ca,c3 > 0
such that if n > cwf[ONBr(1)], then with probability at least 1 — co exp(—cswi[ONBr(1)]),

1 « ,
(r'a) IAlF < ~ 3 XD, A7 < (re)?| AR, vA€e.
i=1

Lemma 1 is a direct consequence of Theorem 6 in Banerjee et al. (2015). Using these
definitions, we are in a position to state the main result for generalized linear models.

Theorem 2 (PGD Error Bound for Generalized Linear Model) Suppose that {O(t) :
t > 0} is a superadditive and partially ordered collection of symmetric cones, and together
with operators {Pgy) : t > 0} which obey CPP(5) for some constant § > 0. Assume that
(XD, Y@ :i=1,... n} follow the generalized linear model (1) and X ’s satisfy (4) and
(5), E[Y@|9 < My for some ¢ > 2 and My > 0, 1/78 < Var(YD) < 72 fori=1,...,n
and some 19 > 0, and n > c;wi[O(to) N Br(1)] for some ty and ¢ > 0. Let Tk be the
output from the K iteration of applying PGD algorithm to (2) with step size n = (1¢,) 2
and projection Pg(,) where
[ 46278 K4 —‘
= |=—""—"a=xg3 to]:

1+ 462784

for any given T > 19. Then there exist constants co,c3,cq,c5 > 0 such that

1
C577T4/€26uMY/q

sup | Tk — Tl <
TeO(to—t1) Vn

-wa[O(t) NBr(1)] + ¢,
with probability at least
1 — Keyexp { —cswg[O(to) N Br(1)]} — Keqn™ (927D 1ol p,

for any

T
K > 27%k%log <HHF> .
€
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Notice that the statistical error we have is related to the Gaussian width of the intersec-
tion of a unit Frobenius ball and an (often non-convex) subset of low-dimensional structure
wa[O(to) NBr(1)]. The intersection of ©(tg) with Br(1) means we are localizing the Gaus-
sian width to a unit Frobenius norm ball around T'. Localization of the Gaussian width
means a sharper statsitical error bound can be proven and the benefits of localization in
empirical risk minimization have been previously discussed in Bartlett et al. (2005). Later
we will see how the main result leads to sample complexity bounds applied to ©2(r, s) and
©3(r1,7r2,73). To the best of our knowledge this is the first general result that provides
statistical guarantees in terms of the local Gaussian width of ©(ty) for the projected gradi-
ent descent algorithm. Expressing the error bound in terms of the Gaussian width allows
an easy comparison to already established error bounds for convex regularization schemes
which we discuss in Section 3.4.

The moment conditions on the response in Theorem 2 are in place to ensure that the
restricted strong convexity and restricted smoothness conditions are satisfied for a non-
quadratic loss. When specialized to normal linear regression, these conditions could be
further removed.

3.4. Gaussian model and comparison to convex regularization
Consider the Gaussian linear regression setting which corresponds to the GLM in Equation
2
(1) with a(0) = %. In particular
YO =(x9.1) + (Y, (6)

where ¢()’s are independent A(0, ¢2) random variables. Furthermore, substituting a(f) =
% into the GLM objective (2), we have the least-squares objective:

LS (7)

i=1

f(4)

Now we state our main result for the normal linear regression.

Theorem 3 (PGD Error Bound for Normal Linear Regression) Suppose that {O(t) :
t > 0} is a superadditive and partially ordered collection of symmetric cones, and to-
gether with operators {Pgyy : t > 0} which obey CPP(0) for some constant 6 > 0.

Assume that {(X®,Y®) : i = 1,...,n} follow the Gaussian linear model (6) where
n > cqwi[0(to) N Br(1)] for some ty and ¢y > 0. Let Tk be the output from the K™
iteration of applying PGD algorithm to (2) with step size n = (Tcy,) ™2 and projection Pot)

where
o 46278k ;
DT T 14028kt 0|
for any given T > 1. Then there exist constants ca,c3 > 0 such that
2

~ 8nrikle, o
sup || Tk — Tp < -0

wa[O(ty) NBr(1)] + ¢,
TeO(to—t1) \/ﬁ [ ( ’ ! ]

12
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with probability at least
1 — Kcgexp { —cswg[O(tg) NBr(1)]},

for any

T
K > 27*k%log (”HF> .

€

One of the contributions of this paper outlined in the introduction is to compare the non-
convex PGD approach in tensor regression to the existing convex regularization approach
analyzed in Raskutti and Yuan (2015) applied to the Gaussian linear model (6). In this
section we first summarize the general result from Raskutti and Yuan (2015) and then
provide a comparison to the error bound for the non-convex PGD approach. In particular,
the following estimator for T is considered in Raskutti and Yuan (2015):

~ 1 & . 4
: il (&) _ i)y |12
T € argmin {Qn ;1 Y (A, XN g + )\R(A)} ) (8)

AR X xdn

where the convex regularizer R(-) is a norm on R4 XX~ ‘and A > 0 is a tuning parameter.
The convex conjugate for R (see e.g. Rockafellar (1970) for details) is given by:

R*(B) := sup (A4,B).
AEBR(l)

For example if R(A) = ||A||«, then R*(B) = ||B||s. Following Negahban et al. (2012), for a
subspace © of R4 X XN define its compatibility constant s(0) as

R%(A
s(©) == sup A( 2),
ace/q0} 1AllE

which can be interpreted as a notion of low-dimensionality of ©.
Raskutti and Yuan (2015) show that if 7" is defined by (8) and the regularizer R(-) is
decomposable with respect to O, then if

A > 2wg(Br(1)), (9)

where recall that wg(Br(1)) = E(supAeBR(1)<A,G)). Then according to Theorem 1
in Raskutti and Yuan (2015),

~ ~ s(©)A
max { |7 = T}, |7~ 7 } 5 YO (10)
Vvn
with probability at least 1 — exp(—cn) for some constant ¢ > 0. In particular setting

A =2wa(Br(1)),

5(0)wg(Br(1))
e :

max {|7 = T, |7 - Tllr}

13
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The error bound boils down to bounding two quantities, s(©) and wg(Br (1)), noting that
for comparison pursposes the subpace © in the convex case refers to ©(ty) in the non-convex
case. In the next section we provide a comparison between the error bound for the non-
convex PGD approach and the convex regularization approach. To be clear, Raskutti and
Yuan (2015) consider multi-response models where the response Y@ can be a tensor which
are not considered in this paper.

The error bound for the convex regularization scheme scales as /s(O(to))wa[Br(1)]/v/n
while we recall that the error bound we prove in this paper for the non-convex PGD ap-
proach scales as wg[O(to) NBr(1)]//n. Hence how the Frobenius error for the non-convex
and convex approach scales depends on which of the quantities 1/s(0(to))wa[Br(1)]/v/n or
wa[O(to)NBr(1)]/+/n is larger. It follows easily that wa [0 (o) Br(1)] < /s(O(to))wa[Br(1)]
since

wa[O(t)) NBr(1)] = E[AEG(tS;lﬁ)AH <1(A,G>]
< E[ sup (A, G>]
1< /o)

- to))E[R w (4,6)] = V/s(0(0)ueBr(1)]

The first inequality follows from the subspace compatibility constant since for all A €
O(to) N Br(1 < /s(0(t))||Allr < /s(B(tp)) and the final equality follows since
R(-) is a convex functlon. Therefore the non-convex error bound is always no larger than
the convex error bound and the important question is whether there is a gap between the
convex and non-convex bounds which implies a superior bound in the non-convex case. For
examples involving sparse vectors and low-rank matrices as studied in e.g., Buhlmann and
van de Geer (2011); Jain et al. (2014, 2016), these two quantities end up being identical
up to a constant. On the other hand for tensors, as we see in this paper for ©3(r1, 72, 73),
the Gaussian width using the non-convex approach is smaller which presents an additional
benefit for the non-convex projection approach.

In terms of implementation, the regularizer R(-) needs to be defined in the convex ap-
proach and the important question is whether the convex regularizer is implementable for
the low-dimensional structure of interest. For the non-convex approach, the important im-
plementation issue is whether exact or approximate projection that satisfies the contractive
projection property is implementable. These implementation issues have been resolved in
the vector and matrix cases (see, e.g., Jain et al., 2014, 2016). In Section 5 in this paper,
we focus on whether they apply in the low-rank tensor case under the low-dimensional
structure ©1, ©5 and O3.

4. Specific low rank structure

In this section, we apply Theorem 3 (and by extension Theorem 2) to ©1(r), ©2(r, s) and
©3(r1,7r2,73) and compare our theoretical result to the theoretical bound achieved by the
convex regularization approach. Recall that ©;(r) is isomorphic to rank-r block diagonal
matrices with diagonal blocks A..;, A.a,..., A.4, so that its treatment is identical to the
case of low rank matrix estimation. See Jain et al. (2016) for further discussions. Hence we

14
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will focus on O4(r, s) and O3(r1,72,7r3). To prove error bounds using Theorem 3 we find an
exact or approximate projection Pg(y), prove the contractive projection property and then
find an error bound on the Gaussian width wg[©(¢) N Bg(1)].

4.1. Low-rank structure for matrix slices

Recall that
ds
O(r,s) = { A € RU*2Xds  maxrank(A.,) <, Z I(A.j, #0) <s

J3 .
Jj3=1

For the projection, we define the two-step projection Pg, ;. 4):

(1) for each matrix slice A..;, where 1 < j3 < d, let A.;, := P.(A.j;) be the best rank r
approximation of A..j,;

(2) to impose sparsity, retain s out of d3 slices with the largest magnitude || A. j, ||r, and
zero out all other slices.

As discussed earlier both steps are easily computable using thresholding and SVD operators
as discussed in Jain et al. (2014, 2016).The following lemma proves that the contractive
property of projection onto ©3(r, s) holds for our Pg, ()

Lemma 2 Let the projection operator Pe,(,s) be defined above. Suppose Z € O2 (70, 80),
and r; < re < 19,81 < S2 < 9. Then for any Y € ©a(r1,s1), we have

1Pos(rz,52)(Z) = Zlle < (a+ B+ aB) - [[Y = Z]|r.

where o = \/(so —59)/(s0—s1), B = \/(7“0 —rg)/(ro—11).

Consequently we have the following Theorem:

Theorem 4 Let {X(i),Y(i) ™, follow a Gaussian linear model as defined by (6) with T €
©2(r, s) and
n > ¢y - sr(dy + da + logds)

for some constant ¢; > 0. Then, applying the PGD algorithm with step size n = (1¢,) 2
and projection Pg(, sy where

s’ = [367°k%s], and = [3678k4],

guarantees that, with probability at least 1 — Kco exp{—c3 max(dy, da,logds)}, after K >
27462 1og (|| T ||l /€) iterations,

srmax{dy, da,log(d3)} Le

I Tx — T < 040\/
n

for any T > 1, and some constants ca,c3,cq > 0.
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The convex regularization approach defined by Raskutti and Yuan (2015) is not directly
applicable for ©y(r, s) since there is no suitable choice of regularizer that imposes both low-
rankness of each slice and sparsity. Therefore we discuss the convex regularization approach
applied to the parameter space O1(r) for which a natural choice of regularizer is:

ds
Ri(A) = A

ja=1

where | - ||+ refers to the standard nuclear norm of a matrix. Let T be an estimator
corresponding to the minimizer of the regularized least-squares estimator defined by (8)
with regularizer Ri(A). Lemma 6 in Raskutti and Yuan (2015) proves that

Hf_T’F<\/rmax(dl,dg,logdg)

n

Notice that both ©1(r) and ©y(r, s) focus on the low-rankness of matrix slices of a tensor,
and actually ©1(+) can be seen as relaxation of ©(-,-) since O2(s, ) C O1(sr). Theorem 4
guarantees that, under the restriction of sparse slices of low-rank matrices, PGD achieves
the linear convergence rate with the statistical error of order

\/sr max{dy, dy,log(ds)}
n

If we compare this result with the risk bound of the convex regularization approach where
the true tensor parameter lies in ©1(r) we see that replacing r by sr yields the same rate
which makes intuitive sense in light of the observation that O2(s,r) C ©1(sr).

4.2. Low Tucker rank

We now consider the general set of tensors with low Tucker rank:
@3(7’1,7‘2,7“3) = {A S Rled2Xd3 . Tz(A) S T for 1 = 1,2,3} .

Although we focus on N = 3, note that ©3(r1,72,73) can be easily extended to general N
and we also consider N = 4 in the simulations.

To define the projection Pg,(r, o ) 00 to O3(r1,72,73), We exploit the connection be-
tween Tucker ranks and ranks of different matricizations mentioned earlier. Recall that the
matricization operator M; maps a tensor to a matrix and the inverse operator /\/lj_1 maps
a matrix back to a tensor. Let P,.(M) be the low-rank projection operator that maps a
matrix M to its best rank r approximation. Then we can define the approximate projection
]3@3(7”177”277”3) as follows:

Poy(ry rar) (A) 1= (M3 0 Pry 0 My) 0 (Mg 0 Py 0 Ma) o (M 0 By o My)(A). (1)

The order of which matricization is performed is nonessential. Similar to before, we have the
following projection lemma to be essential in the analysis of PGD applied to the restricted
parameter space Os.
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Lemma 3 Suppose Z € @3(r§0),réo),r§0)), and r

anyY € @3(7“?),1"51), 1“5())1)), we have

1 Poy(rymars) (Z) — Z|lp < [(B1+1)(B2 + 1)(B3 + 1) = 1][|Y — Z|}p

M < 7“2(2) < 7“2(0) fori=1,2,3. Then for

i

where BZ = \/(7’50) _ TZ(2))/(TZ(0) o Tgl)),

This allows us to derive the following result for the PGD algorithm applied with pro-
jection operator P@?)(T'l ,rg,rg)(‘)' Basically, the sequential matrix low-rank projection, as
an approximate projection onto low Tucker rank subset, could achieve the same order er-
ror rate as the exact low Tucker rank projection which might involve expensive iterative

computation.

Theorem 5 Let {X) Y () ", follow a Gaussian linear model as defined by (6) with T €
©3(r1,7r2,73) and

n>c- min{rl(dl + d2d3>, TQ(dQ + dldg), T‘3(d3 + dldg)},
for some constant ¢y > 0. Then, applying the PGD algorithm with step size n = (1¢,) 2
and projection Poy(ry ) where

= [19675kr;] fori=1,2,3

guarantees that, with probability at least 1 — K cg exp{—c3 min(d; +dads, do+d1ds, ds+dids)},
after K > 2r4k%log(||T ||p/€) iterations,

\/min{rl(dl =+ dgdg), 7”2(d2 + d1d3>, T’3(d3 + dldg)}

ITx — Tllr < cso
n

+e€

for any 7 > 1, and some constants ca,c3,cq > 0.
In Raskutti and Yuan (2015), the following convex low-rankness regularizer is considered

for the space Oz(r):

Ra(A) = 3 (IMi(A)[l« + [Ma(A) ][« + [Ma(A)]+.) -

W=

Let 7 be an estimator corresponding to the minimizer of the regularized least-squares
estimator defined by (8) with regularizer Ro(A). An adaptation of the proof of Lemma 10
in Raskutti and Yuan (2015) to ©3(ry,r2,73) proves that:

||f T < \/max(rl, ro,73) - max(dy + dads, do + dids, ds + dida)

n

This shows that convex relaxation in this particular case has greater mean-squared er-
ror since the minimum is replaced by the maximum. The underlying reason is that the
non-convex PGD approach selects the optimal choice of matricization whereas the convex
regularization approach takes an average of the three matricizations which is sub-optimal.
While it may be argued that one could use the regularizer corresponding with only the opti-
mal M(.), Ma(.), or M3(.), since the Tucker ranks (r1,r9,73) are unknown, it is impossible
to know which matricization to use in the convex case.
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5. Simulations

In this section, we provide a simulation study that firstly verifies that the non-convex
PGD algorithm performs well in solving least-squares, logistic and Poisson regression prob-
lems, compares the non-convex PGD approach with the convex regularization approach
we discussed earlier, and also compares using tensor regularization and naive matricization
schemes. Our simulation study includes both third and fourth order tensors. For the pur-
pose of illustration, we consider the balanced-dimension situation where d = di = dy =
d3(= d4), and hence the number of elements is p = d> for a third order tensor and p = d*
for a fourth order tensor.

5.1. Data generation

We first describe three different ways of generating random tensor coefficient T" with different
types of low tensor rank structure.

1. (Low CP rank) Generate three independent groups of r independent random vectors
of unit length, {ug1}y_q, {uk2}}—q and {ug3}),_;. To do this we perform the SVD of
a Gaussian random matrix three times and keep the r leading singular vectors, and
then compute the outer-product

.
T = E Ug,1 @ Ug2 @ Ug, 3.
k=1

The T produced in this way is guaranteed to have CP rank at most r. This can easily
be extended to N = 4.

2. (Low Tucker rank) Generate Myxgxq with i.i.d. A(0,1) elements and then do ap-
proximate Tucker rank-r projection (successive low rank approximation of mode-1,
mode-2 and mode-3 matricization) to get T' = ﬁea(nw)(M ). The T produced in this
way is guaranteed to have largest element of Tucker rank at most r. Once again this
is easily extended to the N = 4 case.

3. (Sparse slices of low-rank matrices) In this case N = 3. Generate s slices of random
rank-r matrices, (with eigenvalues all equal to one and random eigenvectors), and fill
up the remaining d — s slices with zero matrices to get d x d x d tensor T. The T
produced in this way is guaranteed to fall in ©y(r, s).

Then we generate covariates { X 9} | to bei.i.d random matrices filled with i.i.d A'(0,1)
entries. Finally, we simulate three GLM model, the Gaussian linear model, logistic regres-
sion and Poisson regression as follows.

1. (Gaussian linear model) We simulated noise {€}? | independently from N(0,o?)
and we vary o2. The noisy observation is then

YO = (x® 1) 4 0.

2. (Logistic regression) We simulated Binomial random variables:

Y @) ~ Binomial(m, p;), where p; = logit(c - (X@ TY).
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3. (Poisson regression) We simulated

Y@ ~ Poisson()\;), where \; = mexp(a- (X, T)).

5.2. Convergence of PGD under restricted tensor regression

The first set of simulations investigates the convergence performance of PGD under vari-
ous constraints and step-size choices for three different types of low-rankness. One of the
important challenges when using the projected gradient descent algorithm is choosing the
step-sizes (just like selecting the regularization parameter for convex regularization schemes)
and the step-size choices stated in Theorem 2 depend on non-computable parameters (e.g.
Cus Cry -..). In practice, the step is very important in that large step size would lead to di-
vergence and small step size could cause slow convergence. We suggest either start with
relatively large step size and continuously decrease the step size if divergence behavior is
observed until tolerable step size is found, or start with relatively small step size that can
guarantee convergence and gradually increase step size along the way while going back to
small step size when divergence behavior is observed, which is similar to warm start strat-
egy usually used to speed up convergence. In all our simualtions, the step-size 7 is set as a
constant specified in each plot.

5.2.1. THIRD-ORDER TENSORS

In the first two cases (see cases below), PGD with approximate projection }393(,,/7T,7T/) were
applied with different choices of (1/,n) while in the third case the PGD with exact projection
Po, (' sy were adopted with different choices of (', s, 7).

Case la: (Gaussian) Low CP Rank with p = 503, n = 4000, »r = 5, 0 = 0.5 (SNR. ~ 4.5);
Case 2a: (Gaussian) Low Tucker Rank with p = 503, n = 4000, » = 5, 0 = 5 (SNR =~ 7.2);

Case 3a: (Gaussian) Slices of Low-rank Matrices with p = 503, n = 4000, r =5, s =5, 0 = 1
(SNR = 5.2).

Figures 1, 2 and 3 plot normalized rooted mean squared error (rmse) | T — T||g/||T |
versus number of iterations, showing how fast rmse decreases as the number of iterations
increases, under different (1/,n) or (1, s’,n). Notice that here we plot the average rmse with
error bar to be the standard deviation for ten runs for Cases la, 2a and 3a.

Overall, the plots show the convergence of rmse’s, and that the larger the 7’ or s is,
the greater the converged rmse will be, meaning that misspecification of rank/sparsity will
do harm to the performance of PGD. In terms of the choice of step size, the experiments
inform us that if 7 is too large, the algorithm may not converge and the range of tolerable
step-size choices varies in different cases. In general, the more misspecified the constraint
parameter(s) is(are), the lower the tolerance for step size will be. On the other hand, as we
can see in all cases, given 7 under a certain tolerance level, the larger the 7 is, the faster
the convergence will be.
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5.2.2. FOURTH-ORDER TENSORS

Although we have focused on third order tensor for brevity, our method applies straightfor-
wardly to higher order tensors. For illustration, we considered the following two examples
which focus on estimating fourth order low rank tensors.

Case 4a: (Gaussian) Low CP Rank with p = 20%, n = 4000, r =5, 0 = 0.5 (SNR ~ 4.4);
Case 5a: (Gaussian) Low Tucker Rank with p = 20%, n = 4000, r =5, 0 =5 (SNR ~ 7.4).

Figure 4 plots average rmse (with s.d. as error bar) for ten runs vs number of iterations
for Case 4a and Case 5a using 1 = 0.2 under various choices of low-rankness constraint
parameter 7’. In general the convergence behavior for Case 4a and Case 5a are similar to
those for Case la and Case 2a.

5.2.3. LOGISTIC AND POISSON REGRESSION

In the next set of simulations, we study the convergence behavior of the PGD applied to
logistic and Poisson regression situation.

Case 1b: (Logistic) Low CP Rank with p = 503, n = 4000, » = 5, m = 10, a = 0.1 (SNR =~
3.8);

Case 1c: (Poisson) Low CP Rank with p = 303, n = 4000, r = 5, m = 5, a = 0.5 (SNR ~ 4.8).

The results presented in Figures 5 and 6 exhibit similar pattern of convergence as in
Figure 1. We observe also that in the case of low Tucker rank and sparse slices of low-rank
matrices, logistic and Poisson regression have similar convergence behavior to least-squares
regression. In general, a relaxed projection step is inferior to using the true rank parameter
for projection. Once again as the step-size increases, the convergence will speed up until
the step size becomes too large to guarantee convergence.

5.3. Comparison of non-convex PGD to convex regularization

Next, we compare the PGD method with convex regularization methods (implemented via
cvx). In general, the cvx based regularization algorithm is significantly slower than the
PGD method. This is partly due to the fact that the infrastructure of generic cvx is not
tailored to solve the specific convex optimization problems. On the other hand, the PGD is
much easier to implement and enjoys fast rates of convergence, which may also contribute
to its improved performance in terms of run-time. Besides, cvx cannot handle p as large as
those in Cases la, 2a and 3a. Hence, in order to do comparison in terms of the estimation
error, we resort to moderate p so that cvx runs to completion. The simulation setup is as
follows:

Case 6a: (Gaussian) Low CP Rank with p = 103, n = 1000, »r = 5, ¢ = 0.5,1, or 2 (SNR =~
4.8, 2.4 or 1.2);

Case Ta: (Gaussian) Low Tucker Rank with p = 103, n = 1000, r = 5, o = 2.5,5, or 10 (SNR
~ 7.2, 3.6, or 1.8);
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Figure 1: Case la: Low CP rank
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Figure 2: Case 2a: Low Tucker rank
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Figure 3: Case 3a: Sparse slices of low-rank matrices
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Figure 4: Case 4a, 5a: 4th order tensor
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Figure 5: Case 1b: (Logistic) Low CP rank
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0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

iteration iteration iteration

Figure 6: Case 1lc: (Poisson) Low CP rank
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Case 8a: (Gaussian) Slices of Low-rank Matrices with p = 103, n = 1000, » = 5, s = b5,

Case 6b:

Case 8b:

Case 6c¢:

Case 8c:

o =0.5,1, or 2 (SNR =~ 9.6, 4.8, or 2.4);

Logistic) Low CP Rank with p = 103, n = 1000, a = 3.5, » = 5, m = 20,5, or 1
NR ~ 9.0, 4.5 or 2.0);

(
(S
Case 7b: (Logistic) Low Tucker Rank with p = 103, n = 1000, a = 0.5, r = 5, m = 20,5, or 1
(SNR ~ 9.6 , 4.9 or 2.2);

(

Logistic) Slices of Low-rank Matrices with p = 103, n = 1000, « = 1.2, r = 5, s = 5,
=20,5, or 1 (SNR~ 7.7, 3.8, or 1.7);

P01sson) Low CP Rank with p = 103, n = 1000, o = 0.5, r = 5, m = 20,5, or 1
~ 9.6 ,4.7, or 2.1);

(
(SN
Case 7c: (Poisson) Low Tucker Rank with p = 103, n = 1000, o = 0.06, r = 5, m = 20,5, or 1
(SNR ~ 9.0, 4.5 or 2.0);

(

Poisson) Slices of Low-rank Matrices with p = 103, n = 1000, « = 0.25, r = 5, s = 5,
m = 30,10, or 5 (SNR =~ 15.4, 8.8 or 6.2).

Cases 6(a,b,c), 7(a,b,c) and 8(a,b,c) were constructed to represent different types of
tensor low-rankness structure in least-square, logistic and Poisson regression. In each case,
three levels of SNR(high, moderate and low) are considered. For each setting, we simulated
50 groups of (T, e, X) and run PGD and convex-regularization methods for the recovery of
T to get average rmse with standard deviation for the two approaches respectively. Here
we are comparing the best performance achieved by the PGD and convex regularization
method respectively for the PGD we use true parameter as the constraint parameter
r" = r (and s’ = s); for convex regularization method, we do a grid search to choose the
tuning parameter that yields the smallest rmse.

The results are summarized in Table 1. These results show that in general, the PGD
method produces smaller rmse’s than convex regularization methods regardless of the noise
level of the data.

5.4. Comparison of tensor low-rankness approach and simple matricization
approach

Finally, we display the value of considering low-rank tensors rather than a naive low-rank
matricazation scheme. To begin, we consider the following low tensor ranks schemes.

Case 9a: (Gaussian) Low Tucker Rank with p = 303, n = 4000, »r = 5, o = 5,10, or 20 (SNR

~ 5.9, 2.9 or 1.5);

Case 10a: (Gaussian) Low CP Rank with p = 303, n = 4000, » = 5, 0 = 0.5,1,2 or (SNR =~

4.5, 2.2, or 1.1);

Case 11a: (Gaussian) Slices of Low-rank Matrices with p = 303, n = 4000, r = 5, s = 5,

oc=1,2, or 4 (SNR = 5.0, 2.5 or 1.3).
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’ rmse (sd) ‘ SNR ‘ PGD ‘ Convex Regularization ‘

Case 6a High 0.11 (0.01) 0.28 (0.02)
Moderate | 0.22 (0.01) 0.47 (0.02)

Low | 0.46 (0.03) 0.69 (0.02)

Case Ta High 0.07 (0.01) 0.18 (0.01)
Moderate | 0.14 (0.01) 0.32 (0.02)

Low | 0.28 (0.02) 0.51 (0.02)

Case 8a | High | 0.08 (0.01) 0.12 (0.01)
Moderate | 0.16 (0.01) 0.23 (0.01)

Low | 0.30 (0.01) 0.41 (0.02)

Case 6b High 0.16 (0.01) 0.44 (0.02)
Moderate | 0.20 (0.01) 0.54 (0.02)

Low | 0.35 (0.02) 0.66 (0.02)

Case 7b High 0.17 (0.01) 0.46 (0.02)
Moderate | 0.22 (0.01) 0.55 (0.02)

Low | 0.35 (0.01) 0.67 (0.01)

Case 8b | High | 0.26 (0.01) 0.37 (0.02)
Moderate | 0.34 (0.02) 0.50 (0.01)

Low | 0.56 (0.04) 0.68 (0.02)

Case 6c | High | 0.09 (0.01) 0.57 (0.03)
Moderate | 0.17 (0.01) 0.61 (0.04)

Low | 0.39 (0.04) 0.71 (0.03)

Case Tc High 0.12 (0.01) 0.74 (0.02)
Moderate | 0.21 (0.02) 0.75 (0.02)

Low | 0.43 (0.06) 0.80 (0.02)

Case 8¢ High 0.13 (0.01) 0.79 (0.03)
Moderate | 0.22 (0.03) 0.81 (0.03)

Low | 0.32 (0.03) 0.83 (0.02)

Table 1: rmse of nonconvex PGD vs convex regularization
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’ rmse (sd) ‘ SNR ‘ sequential low-rank projection | naive matricization ‘

Case 9a High 0.22 (0.01) 0.57 (0.01)
Moderate 0.24 (0.01) 0.65 (0.01)

Low 0.31 (0.01) 0.80 (0.01)

Case 10a High 0.10 (0.01) 0.58 (0.01)
Moderate 0.35 (0.01) 0.69 (0.01)

Low 0.35 (0.01) 0.85 (0.01)

Case 11a | High 0.15 (0.01) 0.56 (0.01)
Moderate 0.29 (0.01) 0.67 (0.01)

Low 0.57 (0.02) 0.83 (0.01)

Table 2: rmse of approximate Tucker projection vs naive matricization

Case 9a and Case 10a is when the true tensor parameter has low Tucker rank or low
CP rank. Case 11a is when the true tensor parameter is sparse slices of low-rank matrices.
Three levels of SNR(high, moderate and low) are considered. For each setting, we simulated
50 groups of (T, €, X) and run two approaches to recover T. The first approach we use is
the PGD with our tensor low-rank (approximate) projection. In the Case 9a and 10a,
tensor Tucker low-rankness is used via sequential matrix low rank projection, i.e. the
approximate low Tucker rank projection ég(r’ ,7/,r") with ' = 5. While in Case 11la we
exploit combination of group-sparsity and matrix low-rankness via Oz (7', s') with ' = ¢’ =
5. The second approach is to naively use the matricization where we view the p X p x p
tensor simply as a px p? matrix and then impose low-rank structure. For naive matricization
approach, we report the results of matrix rank-r’ projection with 7/ = 5 which yields the best
performance of its kind. Table 2 summarizes the average rmse with standard deviation of the
two approaches for 50 random runs respectively. Hence we can see that if we partially discard
the tensor structure by using only the low-rankness after matricization, the performance
is greatly inferior to the low Tucker approximate projection approach. This applies to all
three cases considered here, i.e. Tucker, CP and sparse slices of low-rank matrices.

6. Conclusion

In this paper, we provide a general framework that offers theoretical guarantees for learning
high-dimensional tensor regression models under different low-rank structural assumptions
using the PGD algorithm applied to a potentially non-convex constraint set © in terms of
its localized Gaussian width. Our framework is the first general theory for PGD applied to
tensor problems and given that the notion of low-rank structure is ambiguous for tensors,
our general framework applies treats them in a unified way.

By providing statistical guarantees in terms of localized Gaussian width, we prove that
the PGD approach has mean-squared error that is no worse than the convex regulariza-
tion counter-part studied in Raskutti and Yuan (2015). We also provided three concrete
examples ©1,05 and O3 of low-dimensional tensor structure and provide implementable
(approximate) projections and provide mean-squared error guarantees. For ©; and ©y we
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provide a convex regularization scheme that achieves the same rate, while for ©3 we show
that the non-convex PGD approach achieves superior mean-squared error.

We supplement our theoretical results with simulations which show that, under several
common settings of generalized low rank tensor regression, the projected gradient descent
approach is superior both in terms of statistical error and run-time compared to convex
approaches provided the step-sizes of the projected descent algorithm are suitably chosen.
Additional simulation results show that PGD with tensor low-rankness constraint also out-
performs naive matricization approaches.

7. Proofs

7.1. Proof of general results

We first prove the results of Section 3: Theorems 1, 2 and 3. In particular, we first provide
a proof for Theorem 1. For convenience we first state the proof for the Gaussian case
(Theorem 3) and then describe the necessary changes needed for the more general GLM
case (Theorem 2).

7.1.1. PROOF OF THEOREM 1

The proof follows very similar steps to those developed in Jain et al. (2014, 2016). Recall
that Tk+1 = P@(tl)(gk) where gk = fk —HVf(fk) For j—\‘k-&-l S @(tl) and any T e @(to —tl),
the superadditivity condition guarantees that there exists a linear subspace A = {alka +
aoT |ag, s € R} such that fkﬂ €A TeAand A C O(ty).

The contractive projection property CPP(J) implies that for any T € ©(tg — t1),

R to — 1 ||V/2
T = galle <[ 25| 1T - gl
Loo
. 45202072
Since t1 = ’71-1-4620510[2 . tO“7
1/2
to—1
52— < (c.oh

Hence,

Ths1 = Tlle < |Tht1 — grlle + 11T — grllr

L2
< (1+a\t0 2 >\|<T—gk>A||F
< (14 QOO T - g)als
< (1 L G ) \T = T — n(VF(T) — V@) alle + 20|V £l

20,

where the final inequality follows from the triangle inequality. If we define the Hessian
matrix of the function f of a vectorized tensor as

H(A) = V*f(A),
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the Mean Value Theorem implies that
vec(Vf(T) = Vf(T})) = H(Ty + (T — Ti)) - (T — T,),
for some 0 < a < 1, and

|Ter = Tlle < (1+ C.CY) I = nH(Ty + a(T = Tio)))vee(Tk = T)vee(a)lles
2|V f(T)]alle-

We now appeal to the following lemma:

Lemma 4 Suppose S is a linear subspace of R, and H is an d x d positive semidefinite
matriz. For any given 0 < ¢ < 1, if for any z € S,

cx'x <z ' Hzx< (2 — c)chx, (12)

then for any z € S, we have

(T = H)2lslle, < (1= )l[2]les
(-)s stands for the projection onto the subspace S.
Proof [Proof of Lemma 4] Suppose the orthonomal basis of S is e; ..., eq, and then

R? = {ce1lc € R} @ ... @ {ceylc € R} & S*
For positive semidefinite H, it can be decomposed as follows
H=D'"D.

Hence we can decompose the rows of D to get

q
D= Nel +(y1,-,yn) "
=1

where y1,...,yn € ST, and \; € R” for i = 1,...,q. Therefore,

g q n q q
DTD =" (A \eie] + ) uryd + W un) D diel + > e ()T
i=1 j=1 k=1 i=1 i=1
Now for any (ai,...,aq)" € R% we have x = > 7 | a;e; € S, and hence

(AN aicy;.
1

DT D = (i aiei)TDTD(i aie;) = Z 4

a
i=1 i=1 i=1 j=

The equation 12 then implies that the matrix

A= {Aiyj}g,jzl where Aiﬂ‘ = AiTAj
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has eigenvalues bounded by ¢ from below and 2 — ¢ from above. Next, notice that for any
z €S, we have z = Y7 | Be; for some (S, ... ,Bq)T € R?, and hence due to the fact that
Y1,---Yn € SJ'

q q q q
(I-D'D T=> 3 (AW Aeie] + Wi u) Y Niel | Bies,
i=1 j=1 i=1 i=1
and furthermore

(I-D'D)s = [I- ijzq: A Aj)eie) zq:

=1 j=1
= (e1,---,eq)(Igxqg — A)(B1, .. -Bq) )

and
I[(1 = DTD)zsllZ, = (Brs - Be)Igxq = M) (Brs--- Bg) T
which completes the proof. |

Condition RSCS(O(to), Ci, Cy) guarantees the condition of Lemma 4 is satisfied with
H =nH(T, + (T — Tj,)), ¢ = (C,C; )™t and S = A. Hence Lemma 4 implies that

T = Tl < (14 (20,677 (1= (GG ) I1Ti = Tl + 29[V F(T)] -
Therefore for any k,
|Trs1 = Tlle < (1 = 2CuC; ) MITk = Tlle + 20Q,
where

Q = sup [(VF(T))allr,

AOC@(to)

where A is any linear subspace of O(ty).We then appeal to the following result.

Lemma 5 Suppose A is a linear subspace of tensor space Q). For any L € QQ,

[(L)allr = sup (A, L)
A€ ANBp (1)

Proof [Proof of Lemma 5| First, we are going to show that

[(L)alle < sup (A, L)
A€ AMBy (1)

Suppose we have (L)4 = P € A. Since for any o > —1, P 4+ aP € A, and hence

IP +aP — Lllp = | P — Lllr + o®||Pllg + a(P,P — L) < [P~ L]l
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we must have (P,P — L) = 0, i.e. (P,L) = (P, P). (otherwise v of small magnitude with
the same sign of (P, P — L) will violate the inequality). Therefore,

P

sup  (A,L) > <
1Pl

L> 1Pl = (L) allr
AE.AO]BF(l)

What remains is to show

[(L)allr = sup (A, L)
ACAMBR(1)

For any D € ANBp(1), let D, be the projection of L onto {aD|a > 0}, and hence
(Da; L) = (Da, Do) < (P, P).

Therefore, we have

D D,
DY<{-Z_1V=(-Z V<P
D, L) <||D\F > <||Da\|F > 1Pl

which completes the proof. |

Lemma 5 then implies

Q= sup [[(VF(T))alr= sup sup  (VF(T),A) < sap (Vf(D]), 4).
AoCO(to) AoCO(to) A€ AoNBy (1) A€O(to)NBp(1)

Therefore, after
T
K:m@qﬂ%hhw
€

iterations,

T — Tllp < e+4nCyC;t sup  (Vf(T),A),
A€O(tg)NBr(1)

which completes the proof.

7.1.2. PROOF OF THEOREM 3
Recall that the original least-squares objective is

_1
2

f(4) > —(x© 42,

=1

Hence, the gradient at true tensor coefficient 7' is :

1S 46 : : 1o
VT = - ZX(@) ® (T, X(z)> _ y(z)] =— ZX(z)C(z)
=1 i=1

for the least-squares objective we consider. Further

1 & . .
V2f(T) = - Y xWex),
=1
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Through vectorization, the Hessian matrix H is

H= Zvec Jvec(X )T,

Lemma 1 then implies that given n > c;w2[O(tg) N Br(1)], with probability at least
1 — ca/2 exp(—czw[O(tg) N Br(1)]),

we have, for any A € O(ty),

(r 1) (A.4) < 130X, 42 < (re(4,4),

=1

which guarantees the RSCS(O(ty), C), Cy) condition with C,, = 7¢, and C; = 7~ 1¢;. Thus
Theorem 1 implies that

ka—THF < e+ 4nk sup ZC ) x0 A
A€eO(to)NBr (1
The last step is to show that
sup Z ¢ x @ < 2e,0n" 2 wg[O(to) NBr(1)],
AE@(to)ﬂBF
with probability at least
1 — ca/2exp { —c3w[O(to) N Br(1)]} .

This can be shown by simply applying Lemma 11 in Raskutti and Yuan (2015) and replacing
{A|R(A) < 1} with ©(tg) NBr(1). Note that all the proof steps for Lemma 11 in Raskutti
and Yuan (2015) are identical for ©(¢p) N Br(1) since the sets ©(t)’s are symmetric.

7.1.3. PROOF OF THEOREM 2

The proof follows the same flow as Theorem 3 but we requires an important concentration
result from Mendelson (2014). Recall that in the GLM setting, according to (2),

1 « : N
A== XD A)) -y (x® Ay).
f(A) n;(a« ,A)) (X, A))
Hence the gradient at true coefficient T is

n

5 (s - Y1) X0,

=1

V) =

where p; = o/ ((X®, T)), and the Hessian matrix at vectorized tensor T is

Z Wiivec(X x @ vec(X( ))T.
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where Wy; = a”((X®, T)).
Since Var(Y®) = o”((X®,T)) = Wy, the moment assumption 1/7¢ < Var(Y®) < 7,
guarantees that
1
s < Wy <75
70
Plus, for any 7 > 79, Lemma 1 guarantees that when n > c;wZ[0(to) N Br(1)],
1~ o
((r/m) )" (4, 4) < 2 3 2XD, )2 < (7/70)eu)*(4, 4).
i=1
Therefore RSCS(0(ty),C),C,) condition holds with C; = 771¢; and C, = 7¢,. Thus
Theorem 1 implies that

~ 1 <& . 4
Tk — T|r < €+ 4nr’s sup — Z YO — ) X® A,
Ae®(to)MBr(1) \ ™ 1T
For the last step, by applying a concentration result on the following multiplier empirical
process

n

sup <1 S —p)x® A

- xX@ A
AeO(to)mBr(1) \ T i > Ae@(to)mBF Z < >

we can bound the quantity by the Gaussian width with large probability, up to some
constant.
More specifically, denote

then {w®}?_, are i.i.d Gaussian random vectors and hence

sp & Zn: YO — ) <X<i>, A>

AE@(to)ﬂBF( ) n i=1

= 72 (YO — p)vee(X)TF

F6vec(®(to)ﬂBF(1)
NG T
_ wup LS (v 0 ) (w®)TF
FeXl/2.vec(O(tg)NBr(1)) n ;
1, G
< C5M)1//q sup S (WHTF

Fex1/2.vec(O(to)nBr (1)) ™ 21
n

_ 1/q 1 (i)
= cs M. sup — X\W A
Y A€O(to)NBp(1) T ; < >

1/q
cs My Pe,
< #w%‘[@(to) NBr(1)],

where the first inequality follows from Theorem 1.9 of Mendelson (2014), and the second

inequality holds in view of Lemma 11 of Raskutti and Yuan (2015), and both inequalities
hold with probability greater than

1 —coexp {—cswg[O(0 + 0) NBr(1)]} — can~ 12D 1ol p,
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7.2. Proofs of results in Section 4

We now present the proofs for the two main examples ©3(r, s) and O3(r). Our proofs involve:
(i) proving that the projection properties hold for both sets of cones and (ii) finding an error
bound for the Gaussian width wg[©(t) N Br(1)].

7.2.1. PROOF OF THEOREM 4

First, it is straightforward to verify that {O2(r, s)} is a superadditive family of symmetric
cones. We then verify the contraction properties as stated by Lemma 2.
Proof [Proof of Lemma 2| We need to develop an error bound for || Pg,(y, s,)(Z) — Z||r for

a general tensor Z € Os(rg,sp). Let Z € Rxd2xds Jenote the tensor whose slices Z.jys
(js = 1,...,ds) are the rank-ro approximation of the corresponding slices of Z. First, it
follows from the contraction property of low rank matrix projector (see, e.g., Jain et al.,
2016) that for all 1 < jg < d3, for any Y., such that rank(Y.;,) <

||ZJ3 - Z'~j3”F < 6HYJ5 - Z"j:sHF‘
By summing over j3 it follows that for any Y € R%1*%2%ds where rank(Y.;;) < for all j3
1Z = Z|le < BIY = Z|e.

The projection P, (r, s,)(Z) involves zeroing out the slices of Z with the smallest mag-

nitude. Let v := vec(|Z.1 ||k, |1 Z.2|l¥, - - - > | Z.as||l7). As shown by Jain et al. (2014), for all
Y where vy = vec(||Y.1l|r, [[Y-2llF, -, |Yoasllr) and |Jvy e, < si1,

1Ps(vz) = vzlle, < alloy — vz,
Therefore
allY = Z||p
a(lY = Z|lr+ 1|1 Z - Z||r)
(a+aB)||Y — Z||r.

HP®2(T2,S2)(Z) - ZHF

ININ TN

Hence using the triangle inequality:
1Poy(r,52)(Z) = Zlk < N1Z = Z|Ip + | Pos(rs.e)(Z) = Zllr < (a + B+ aB) - [[Y = Z]r,

which completes the proof. |

Lemma 2 guarantees that Pg, () satisfies the contractive projection property CPP(4)
with § = 3. Hence, by setting t; = (v, s') and tog = (' + r, s’ + s), Theorem 3 directly
implies the linear convergence rate result with statistical error of order

n" Y 2wq[Oy(r + 1,8 + s) NBr(1)].

It remains to calibrate the Gaussian width. Recall the definition of the convex regular-
izer:

d3
Ri(A) = [|Aj, ]

Js=1
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It is straightforward to show that
Oo(r' + 7,8 +8)NBr(1) C Br, (\/(r' +71)(s' + 5)).
Then Lemma 5 of Raskutti and Yuan (2015) implies that

wa[O2(r" +1,5"+ 5) N By (1)] we[Br, (V (' +7)(s" + 5))]

V(8" +8) (1" + r)wa[Br, (1)]

V(8 + 8)(r +1)1/6(dy + da + log d3)

IN N IA

which completes the proof.

7.2.2. PROOF OF THEOREM b

Once again, it is straightforward to verify that {©3(r1,72,73)} is a superadditive family of
symmetric cones. We now verify the contraction properties
Proof [Proof of Lemma 3| To develop an error bound for ||

(0) .(0) (0))

general tensor Z € O3(ry ', 1y,

@ (Z) — Z||r for a
( T3 )

we introduce the following three tensors (recursively):

Z(l) = (Ml_l % Prl o Ml)(Z)
Zoy = (My'o P, 0 Ms)(Zy)
Zigy = (Mz'oPpyoMs)(Zy),

where we recall that M (), Ma(-) and Mj(-) are the mode-1, mode-2 and mode-3 matri-
cization operators. Therefore P 032 1) (2>)(Z) = Z(3) and:

1P 05 ;@ ,2y(Z) = Zllr < ||13@3(T§2>7T§2>,r§2>)(2) = Zo)lle +1Z@) — Zwllr + 12y — Z|r-
Next note that

1Zay = Zlle = (M7 0 Pry 0 M1)(Z) = Zllp = || By (M1(Z)) = Mi(Z)Ip-
As shown by Jain et al. (2016), for any Y such that r(Y) < rgl),

120 - Zllp < Y — Z]lp.

Using a similar argument and the triangle inequality
122) = Zlle < B2llY = Zyllp < Bo(llY = Zllr + [ 201y — Zl[F) < (B2 + BrB2) Y — Z][r-
Furthermore,

1Z3y — Z2)llr BsllY — Zoyllr

<
< B3(IY = Zlr +11Z2) — Z|IF)
< B3(1+ B1+ B2+ B1B)||Y — Z||r.
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Therefore for all Y € @3(7"%1), rél),rél))

|!13@3(T§2),T§2),r§2))(2) —Zlr = |!13@3(T§2),T§2),r§2))(2) — Zyllr +11Z2) = Zayllr + 120y — ZlIr
< [(Br+1D)(Be+1)(B3+1) = 1Y = Z||p.

N

Lemma 2 guarantees the approximate projection ﬁ@3(,ﬁ1’,«2’,~3) fulfills the contractive
projection property CPP(§) with 6 = 7. And hence via setting t; = (r},7%5,75) and
to = (r} + r1,r5 + r2,7%5 + r3), Theorem 3 directly implies the linear convergence rate re-
sult with statistical error of order n=2wg[03(to) N Br(1)]. To upper bound the Gaussian
width, we define the following nuclear norms:

Ry (A) = [[Mi(A)],
where 1 <14 <3 and ||.||« is the standard nuclear norm. Then it clearly follows that

@3(t0) N Bp(l) C ﬂ?:ﬂBR(i) (\ / 7"2 + 7‘1’)'

Lemma 5 in Raskutti and Yuan (2015) then implies that
wG[Os(to) NBr(1)] < walNiBr, (y/7; +7i)]

< miin weBr;, (\/1i +13)]

< miin \/ 71+ riwe[Br, (1)]

\/6 min{(r’l + Tl)(dl + dgdg), (Té + TQ)(dQ + d1d3), (T‘é + T3)(d3 + Clldg)}

IN

which completes the proof.
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