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Abstract

Moving bottlenecks in road traffic represent an interesting mathematical problem, which
can be modeled via coupled PDE-ODE systems. We consider the case of a scalar conservation
law modeling the evolution of vehicular traffic and an ODE with discontinuous right-hand side
for the bottleneck. The bottleneck usually corresponds to a slow moving vehicle influencing the
bulk traffic flow via a moving flux pointwise constraint. The definition of solutions requires a
special entropy condition selecting nonclassical shocks and we prove existence of such solutions
for initial data with bounded variation. Approximate solutions are constructed via the wave-
front tracking method and their limit are solutions of the Cauchy problem PDE-ODE.

Keywords: Scalar conservation laws with constraints; Wave-front tracking; Traffic flow modeling;
Non-classical shocks.
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1 Introduction

1.1 Modeling of moving bottlenecks

The modeling of the impact of moving bottlenecks on vehicular traffic has been studied by the
transportation engineering community [13, 15, 16] as well as the applied mathematics one [, 9, 14].
In particular, the problem can be modeled via fully coupled PDE-ODE systems. Usually, the PDE
models the evolution of vehicular traffic and the ODE represents the trajectory of a slow moving
vehicle. Mathematically speaking, different approaches are used to model the impact of the moving
bottleneck. In [14], the authors multiply the usual flux function by a mollifier to represent the
capacity drop generated by a slow moving vehicle. They prove the existence of solutions in the
sense of Fillipov [ 1] using a fractional step approach and assuming that the slow moving vehicle
travels at maximal speed. In [3, 9], the moving bottleneck influences the bulk traffic via a moving
pointwise flux constraint. In [8], the authors defined the constrained Riemann problem for the
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following coupled PDE-ODE system

Oup(t, ) + 0 (f(p(t,x))) =0, (t,z) € Ry X R, (1a)
p(0,2) = po(x), reR, (1b)
Flolty(®)) = 9®)p(t,y(0) < Faly) = o max (f(p) =), teRy,  (lo)
y(t) = min(Vy, v(p(t, y(t)+))), teRy,  (1d)
y(0) = vo. (Le)

with f(p) = p(1 — p) and they show that approximate solutions of (1) constructed by a wave-front
tracking method converge to a weak solution of (1a)-(1b). This paper addresses the existence of
solutions for the whole PDE-ODE system (1). In [17], a proof of the stability of solutions for (1)
is given using a wave-front tracking method and the notion of generalized tangent vectors. Some
numerical methods have also been developed in [5, 6, 7, 10]. In [7], the algorithm used is based
on a Godunov scheme combined with a reconstruction technique to avoid diffusion effects and
capture non-classical shocks. In [10], the authors use a wave-front tracking algorithm regarding a
wave-front as a numerical object. An extension to second order model has been studied in [21].
In [21] the Lighthill-Whitham-Richards (briefly LWR) model (1a) has been replaced by the Aw-
Rascle-Zhang second order model [1, 22]. The authors define two different Riemann Solvers and
they propose numerical methods.

1.2 Basic definitions

We consider a stretch of road R. The quantity ppax and Viyax stand for the maximum density
and the maximum speed of cars allowed on the road respectively. Here we focus on the hybrid PDE-
ODE model (1) proposed in [8] describing the impact of a slow moving vehicle on the evolution
of vehicular traffic. The first order model (1a) with (1b) was proposed by Lighthill-Whitham-
Richards [18, 19] and this model consists of a single conservation law for the traffic density. The
function p = p(t,x) € [0, pmax] denotes the macroscopic traffic density at time ¢ > 0 and at the
position z € R. The flux f is given by f : p € [0, pmax] — pv (p), where v € C2 ([0, pmax]; [0, Vinax))
is the average speed of cars. We assume that the flux satisfies the condition

(F) f : C? ([0, pmax]? [07 +OO))a f(O) = f(pmax) =0,
f is strictly concave: —B < f"(p) < —f < 0 for all p € [0, pmax], for some 5, B > 0.

In particular, the speed v is a strictly decreasing function. The ODE (1d) with (le) describes the
trajectory of the slow moving vehicle starting at (¢, z) = (0,y0). The slow moving vehicle moves at
its maximum speed V;, € (0, Vinax) as long as the downstream traffic moves faster, otherwise it has
to adapt its velocity accordingly to the traffic density in front (see Figure 1 where v(p) = 1 — p).
In the sequel, the slow moving vehicle is regarded as a Moving Bottleneck (briefly MB), see
Figure 2. It acts on the evolution of vehicular traffic through the moving constraint (1c). The left
side of (1c) represents the flux of cars at the position of the MB in the MB reference frame. The
quantity Fi, () := amax,co, pmax] (f(2) —¥p) in the right side of (1c) is the reduced maximum flow
due to the presence of the MB (see Figure 3 and Figure 4). For instance, if v(p) = Vipax(1 — =2—)

Pmax
then we have Fi, () := {2 (Vinax — y(t))?.

For future use, o and p, with p, < p, denote the two solutions of the equation F, (§) + Vop =
f(p) and p* is the solution to Vip = f(p) (see Figure 3 and Figure 4). Since f is strictly

concave, fo, po and p* are well-defined. In the case where v(p) = Vijax(1l — pﬁ), we have
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Figure 1: cars speed (--) and slow mov- Figure 2: A slow moving vehicle re-
ing vehicle speed (—) with v(p) = 1—p. garded as a Moving Bottleneck (MB)

blocking one lane.

Figure 3: Flux function for y =V, in a Figure 4: Flux function for y = V} in
fixed reference frame. the MB reference frame.

ﬁa = pmax(vmax - V)(lg‘\/{n?% ﬁo‘ = pmaX(VmaX - V)(l—gVn}a_xa) and ,0* = pmax(l - V:l;x)'

Notation: Given py, p2 € [0, pmax], we denote by o (p1, p2) 1= %ﬁ;p"‘) the Rankine-Hugoniot
speed of the wave-front (p1, p2).

1.3 Main result

Let’s introduce the definition of solutions to the constrained Cauchy problem (1).

Definition 1. The couple
(p,y) € C° ([0, +0cf; L' N BV (R; [0, pmax])) x Wi, ([0, +00[; R)
is a solution to (1) if
i The function p is a weak solution to the PDE in (1), for (t,z) € (0,400) x R, i.e for all
p € C:(R*R),
| [ oo+ p)0n)dadt + [ po(w)o0,2)do = .
R /R R

i For every k € [0, pmax], for all ¢ € CHR?, Ry.), it holds



| [ o= Howe -+ sanlp ~ 1)(1(o) ~ F)Quidacdt + [ oo~ bli(0, )z
R, /R R
42 [ (= ) (k) ~ ki®)p(ty(e)) de >0,
Ry
i For a.et € Ry, y(t) = min(Vy, v(p(t,y(t)+))) or for every t € RT,
(t) =uo -+ [ min (Vi v(p(s. (5)+))) ds.
0

iv The constraint (1¢) is satisfied, in the sense that for a.e. t € R,

ml%i (f(p(t,2)) = y(t)p(t,x)) < Fu()-

The goal of this paper is to prove the existence of solutions for the hybrid PDE-ODE system
defined in (1).

Theorem 1. Let py € BV (R, 0, pmax]), then the Cauchy problem (1) admits a solution in the
sense of Definition 1.

Remark 1. The term 2 fR+(1 —a)(f(k) = ky(t)e(t,y(t)))dt = 0 in (1) select only solutions of
which the flow through the trajectory of MB is maximized, see [3].

The proof of Theorem 1 is structured as follows. We contruct piecewise constant approximate
solutions (p™, y™) of (1) via the wave-front tracking method described in Section 2.2. By introducing
a suitable TV type functional I'(¢) defined in (8), we show that there exists C' > 0 such that, for
every t € Ry, TV (p"(t,-)) < C (see Section 3.1). Lemma 3 in Section 3.1 is devoted to prove the
convergence of the approximate solution (p™,y™) to (p,y) as n — oo. In Section 3.2, we show that
the limit p is a weak solution of (1) in the sense of Definition 1 and p is an entropy admissible
solution in {(0,+00) x R\ {(¢,y(¢));t € R4}. Thus, the limit (p,y) verifies Definition 1 i and 1
ii. Moreover, we prove that the limit (p,y) verifies Definition 1 iv using that both p" are p are
weak solutions of (1a) on {(¢t,z) € [0,T] x R/z < y(t)} and on {(¢,z) € [0,T] x R/y(t) < z}. In
Section 3.3, we study the behavior of p™ around the point (¢, y™(¢)) in order to prove that the limit
(p,y) verifies Definition 1 iii. The main difficulty is there exists an approximate solution (p™,y™)
converging to (p,y) and a set Z of positive measure such that, for every t € Z, v(p" (¢, y™(t)+)) does
not converge to v(p(t,y(t)+)) as n tends to infinity due to the presence of non classical shocks, see
Section 2.4.

2 The Riemann problem of (1) and Wave-front tracking
method

2.1 The Riemann problem with a moving constraint

We consider (1) with Riemann type initial data

_fopr i 2<0 _
po(l’) - { PR if >0 and Yo = 0. (2)

The definition of the Riemann solver for (1) and (2) is described in [8, Section 3]. We denote by
R the standard Riemann solver for (1a)-(1b) where pg is defined in (2).



Definition 2. The constrained Riemann solver R : [0, pmax)? — Lioo(R; [0, pmax]) for (1) and
(2) is defined as follows.

[ If f(R(PL,PR)(Vb)) > Fa(‘/b) + VbR(PLaPR)(Vb); then

R ool = { RG2el @S o v =

i If ViR(pr, pr)(Vs) < f(R(pL, pr)(V3)) < Fo(Vy) + ViR(pL, pr)(Vb), then

R*(pr,pr) = R(pL,pr) and y(t) = V.

iii. If f(R(pr, pr) (Vb)) < ViR(pL, pr)(V3), then

R*(pr,pr) = R(pr,pr) and y(t) =v(pr)t.

The three cases above are illustrated in Figure 5, Figure 6 and Figure 7.
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Figure 5: The solution of the constrained Riemann problem of (1) with pr, = pr = p € (Pas Pa):
case ¢ of Definition 2.
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Figure 6: The solution of the constrained Riemann problem of (1) with 0 < pr < ps and p, <
PR < Pmax: case ii of Definition 2.
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Figure 7: The solution of the constrained Riemann problem of (1) with p* < pr, < pg: case iii of
Definition 2.

2.2  Wave-front tracking method
We introduce on [0, pmax] the mesh //\/l\; = {p? 12:0 defined by

My = pmax(27"IN N[0, 1]).
We add the points g, po and p* to the mesh ./f\/l\jI as described in [8, Section 4.1].
o If min; [fo — A% = pmax2~ "~ ! then we add the point p, to the mesh
M i= Mo U{pa}.
o If |fo — pI'| = min; [po — p7| < pmax2” "' then we replace p' by fa
My = My U {pa} \ {p7'}-

e We perform the same operation for g, and for p*.

We denote by N := card(M,,). We have 2" < N < 2" + 3 and the constructed density mesh
M, = {p?}fv:f)l, sorted in ascending order, includes p,, po and p*. Moreover, for every i,j €
{0,--- ,N — 1}, we have

pmax2in71 < |P:L - P;l‘ < 3pmax 27“71~ (3)
Let po € BV(RR,[0,1]). Since our problem is scalar, we use the very first wave-front tracking
algorithm proposed by Dafermos [1]. The initial density pg is approximated by piecewise constant

functions pg verifying pp(z) € M,, for a.e z € R. We denote by (z})i=1,...m the M € N
discontinuous points of pf.

o If pfi(zl—) < pg(al+), a shock wave (pf (z7'—), pi(2+)) is generated with speed given by
the Rankine-Hugoniot condition.

o If pf(z7—) > pi(al+), we split the rarefaction wave (pf(z?—), p§(z7'+)) into a fan of rar-
efaction shocks. Since, for almost every » € R, pg(x) € My, = {p} j.V;Ol, there exists
Jo < j1 such that pg(z;—) = p}, and pf(zi+) = p. We create j; — jo rarefaction shocks

(P}, P} 1)i=jo,- .jr—1 With speed prescribed by the Rankine-Hugoniot condition. The strength

of each rarefaction shock is less than 3pma,(2’7“1 and greater than pmaXQ*"’l.



Thus, solving approximately the Riemann problem at each point of discontinuity of pf as described
above and piecing solutions together, we construct a solution p™ until two waves meet at time ¢;.
The approximate solution p™(t1,-) is a piecewise constant function verifying p™(t1,z) € M,, for a.e
z € R, the corresponding Riemann problems can again be approximately solved within the class
of piecewise constant functions and so on. We define y™ to be the solution of

y(t) = min(Vb,v(p"(t, y(t)+)))7 te Ry, (4)
y(0) = yo, r €R,

where p"(t,-) is the wave-front tracking approximate solution at time ¢ as described above with
initial data pg, see also [12, Section 2.6].

2.3 Structure of the approximate solution (p",y")

As soon as two discontinuity waves collide (see Figure 8), or a discontinuity wave hits the MB
trajectory (Figure 9, Figure 10, Figure 11 and Figure 12) a new Riemann problem arises and its
solution is obtained in the former case using the standard Riemann solver R and in the latter case
using the constrained Riemann solver R®, see Definition 2. There are no other possible interactions
(for more details, we refer to [3]). The study of these interactions shows that no new rarefaction
shock can arise at t > 0.

PL

Figure 8: Two waves interact together producing a third wave

A wave-front (pr,pr) is called a shock if p;, < pg, a rarefaction shock if p;, > pr and
3pmax2 " < pr — pr < 3Pmax2 "L or a non classical shock if pr = po and pr = Po- Let
p1, P2 € M, verifying that po < p; and # > 0, we introduce the set A(p1, p2,f) C M, x R x R
defined as follows.

z1 < wo with p"(t, ;) = py, 7 € {1,2},
(pg,x1,$2) S A(plap%ﬂ if Vr € [xlva]apmax2in71 < pn(taxf) - pn(tv I+) < 3Pmax 27”717
or pn(t,x—) - pn(t,x-l-) <0,

where p™(t,-) is the wave-front tracking approximate solution at time ¢ with initial data pf. If
(P8, x1,22) € A(p1, p2,t) then z € [x1,22] = p" (¢, x) may decrease by a jump of strength at most
3pmax 27" 1. Thus, shocks or rarefaction shocks are the only wave-fronts which are allowed over
{ﬂ X [l‘l,xg].

Lemma 1. Let p1, p2 € M, verifying that po < p1 and t > 0. We have

5”(,017[)27{) = min To—T1 2 _B(pl — P2 — Pmax

2—n+1 ) .
(pg>x1,22)EA(p1,p2,T)
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Case a) p* < pr < pr and %
—n—1 < _ < —n—1 N
pmax2 SPL—PRS 3pmax2 . Case b) ,0* < pr and pL € [O,ﬁa] U [pa7pR)~

Figure 9: Interaction coming from the right with the MB trajectory

Case b) pr = po and pmax2™ "' < pr — pr <
3pmax27n71

Case a) pr € (P> Pmax)

Figure 10: Interaction coming from the right with the MB trajectory cancelling (Case a)) or
creating (Case b)) a non classical shock.

PL /

Do Pa

Case b) = fa and pmax2 "' < pr — pr <

Case a) pr, € [0, po) 3 b2

Figure 11: Interaction coming from the left with the MB trajectory cancelling (Case a)) or creating
(Case b)) a non classical shock.

Remark 2. §"(p1, p2,t) is the minimal length in space at time ¢ to go from p; to ps in p™ only
using shocks and rarefaction shocks.



Figure 12: pr, € [0, pa], PR € [0, 0] U [pa,p*] and pr + pr < p*. Interaction coming from the left
with the MB trajectory.

Proof. Since (p2,xz1,x2) € A(p1, p2,t), the minimal length in space at time ¢ to go from p; to po
in p™ is obtained by a fan of rarefaction shocks (p1, p2) coming from (z,t) = (x9,0) (see Figure
13). Since p1, pa € M,,, there exists j» < ji such that p1 = p7 and pa = p},. Thus,

o" (P17P27 (t_ p]2+1’pJ2 +£L‘0) B (Eo(p?1’p?1—1) +£L'0) )

=t (0(p,41.05,) — o (P}, P, 1)

By definition of ¢ and using that f is strictly concave, we have

F (1) <o(ph s 05,) < f(05,) and  f'(p}) < a(pf,pf 1) < f(p},_1)-

Using that pmax2™ """ < pf 11 — Py < 3pmax2™ "' and pumax2™ 71 <o — pf 1 < 3pmax2” "7,
we conclude that
0" (p1, p2, 1) t:( (Pfy41) f/(P;‘Ll—l)) )
= t_f ( )(p]2+1 pjl 1) ceE (p?2+1’p?1*1)’
= tﬁ( — Pmax2” et
O

(P 1. P+ 70

P2 = Pjy

To xT

Figure 13: Illustration of the proof of Lemma 1



2.4 An instructive example

Assuming f(p) = pv(p) with v(p) =1 — p. Let po(-) = Paliz; ws) + L(zs,400) and yo = L2
(see Figure 14a). We have V, =1 — po — po = v(pq) and the solution (p,y) of (1) is

0, if () e {t,z) € 0,22 —z1] x R /x < (1 — po)t +x1},
’ ’ {(t,z) € [xg —x1,00) x R /x < (1 = pa)(x2 — 1) + 21},
p(t,x) =< pa, i (tz)e{(t,z)€ 0,22 —21] X R/(1 = po)t + 31 < & < —pPot + z2},
1, if (ta) e [ {(t,z) € [0,22 — 1] x R/ — pat + 22 < z},
’ ’ {(t,z) € [x2 —x1,00) x R /(1 — po)(m2 — x1) + 21 < z}.
and
Vit + yo, if t < 220
y() { %(12 '80)—1-3/07 if 12 yo zt

Since p, € M, and p, € M,, for n large enough, there exist jo,j1 € {1,---, N} such that
Pa = p?g? Pa = p;‘ﬁ and

Mn = {0727?15"' )P 1= p?()vp?o-i-lv"' 7p;'11—1v160t = p?lv"' i1 _277171}'

Let pg = 27”1(—00731) + [)al(wlvyo) + p?lfll(yoéw) + (1= 27”)1(1274-00) (see Figure 14b) and
fa =327 < plt | < po— 27" Tt is obvious that limy, . |05 — pollz1(r) = 0 and TV (pg) =
TV (po). Since p}, 1 € (fa;pa), a non classical shock (pa, pa) and a shock wave (pa, pf, _;) are
created at (0,yo). The shock wave (p! _;,1—27") created at (0,z2) interacts with the shock wave

(Pas P}, —1) at time &7 = 1?7‘”0. The resulting shock (p,,1—27") cancels the non classical shock

w + 1) . Moreover, we have £ < £ < 2 and lim,, o £ = lim, , t§ = .

at time £ := (1 —
We conclude that,
p(t,y(t)+) = pa and p"(t,y" (t)+) = pa, t € (0,1),
plty()+) = 1 and P (5" (O4) = far 1 € .22,
Thus, for every ¢ € (0,¢), we have lim, o p" (¢, y"(t)+) = pa # pa = p(t,y(t)+). However, for
every t € (0,1),

lim min(Vy, v(p" (t,y" (t)+))) = Vo = min(Vp, v(p(t, y(t)+))). (5)

n— oo

Morever, for every t € [t,t3),
min(Vy, v(p" (¢, 4" (t)+))) = Vi and min(Vy, v(p(t,y(t)+))) = 0. (6)
For every t > t3,
min(Vy, v(p" (t, 4" ()+))) = v(1 =27") and  min(Vy, v(p(t, y(t)+))) = 0. (7)
Using that 5 — t, (5), (6) and (7), we deduce that
lim min(V,, v(p™ (¢, y" (¢)+))) = min(Vy, v(p(t, y(¢)+))), for a.et e Ry.

n—oo

Example 2.4 shows that the equality lim, . p" (¢, y"(t)+) = p(t,y(t)+) for almost every ¢ €
R, doesn’t hold since for every ¢ € (0,%), p(t,y(t)+) = po and p"(¢,y"(t)+) = Po. To prove
Definition 1 iii, we construct a measure-zero set A/ such that, for every t € R\ N,

i min(Vi, o(p" (8,57 (1)) = min(Va, v(p(t, y(0)+)

A precise description of A is given in Section 3.3.

10
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(b) Approximate solution P,y
of (1) with n € N*, (p5(-),%) =

€1 Yo T2 x —n ~ n
(27" (—00,01) + Pal(@iwo) + Pii-1L(wowa) +
(a) Solution (p,y) of (1) with (po(-),y0) = (1 = 27"y 400), 22%2)  with  with
(ﬁa:ﬂ'(l’l,wz)(') + ]l(szrOO)(')?%) and t = éa B 3377;71 < p?l_l < pa — 27" and
2 —Y0 no_ 27Y0
Ta—yo T

T—pa T lpam2

Figure 14: Let t = T2 and n € IN". A case where p(t,y(t)+) # p"(t,y"(t)+) over (0,1).

3 Proof of Theorem 1

3.1 Convergence of the wave-front tracking approximate solutions (p", y")

The proof of convergence follows the same arguments as in [8]. For the sake of completeness,
we write the proof in our case where f verifies (F). For a.e t € R, we define the Total Variation
functional

L(t) =T(p"(t,-) =TV(p"(¢,-) + (1), (8)
where « is given by

(1) = { P = pal A p"(Ly (1) =) = po and p"(ty" (1)) = pa,
v 0 otherwise.

Above, (p"(t,-),y"™(t)) is an approximate solution of (1) at time ¢ constructed by the wave-front
tracking method described in Section 2.2.

Lemma 2. [8, Lemma 2] For every n € IN, at any interaction, the functional I'(t) either decreases
by at least pmax2™ """ or remains constant and the number of waves does not increase.

Proof. If no interaction takes place at time ¢, we immediately have T'(f+) = I'(t—) and the number
of wave-fronts remains constant. At any interaction time ¢ = ¢ either two wave-fronts interact or
a wave-front hits the MB trajectory. All the possible interactions are described in Section 2.2.

e Case Figure 8; the wave-front (pr, pas) interacts with the wave-front (par, pr) at time . We
have

L(t+) —=T(t—) = [pr — pr| — lpr — prm| — [P0 — pL| <0,

and the number of wave-fronts decreases by one.

11



e Case Figure 9 and Figure 12; a wave interacts at time ¢ with a MB without creating or
cancelling a non classical shock. We have

I(t4+) —T(t—) = |pr — p| — lpr — p| =0,
and the number of wave-fronts remains constant.

e Case Figure 10 a); a non classical shock (pa, fa) is cancelled at time ¢ by a shock (pa, pr)
coming from the right of the MB trajectory. Since pr > p,, we have

L(t+) = L(t=) = |pr — pal — (|pR = Pal| + |pa = Pal = 2|pa — pal) =0,
and since a non classical shock is cancelled, the number of wave-fronts decreases by one.

e Case Figure 10 b); a non classical shock (pq, fia) is created at time ¢ by a rarefaction shock
(pr,pr) coming from the right of the MB trajectory. Since pr, = po and pmax2” " 1 <
L — PR < 3pmax2 "1, we have

F(ﬂ_)_r({_) = (lpr = Pal + 1pa = Pal = 2|pa — Pal)—lpr—pL] < =2|pr—pL| < _Pmax27n71a

and since a non classical shock is created, the number of wave-fronts increases by one.

e Case Figure 11 a); a non classical shock (pq, g« ) is cancelled at time ¢ by a shock (pr, po)
coming from the left of the MB trajectory. Since pz, € [0, po ), we have

F(E_F) - F(E_) = ‘pL _pa| - (‘,OL - ﬁa| + ‘pa - ﬁa| - 2|pa - [)oe‘) = 07
and since a non classical shock is cancelled, the number of wave-fronts decreases by one.

e Case Figure 11 b); a non classical shock (pq, fo) is created at time ¢ by a rarefaction shock
(pr,pr) coming from the left of the MB trajectory. Since pr = fo and pmax2 "' <
PL — PR < 3pmax2_n_17 we have
L(t+)-T(t=) = (Ipr = pal + Fa = hal = 2lpa — bal)=lpr—pL] < =2|pr—pL] < —pmax2™" ",
and since a non classical shock is created, the number of wave-fronts increases by one.

O

From Lemma 2, we conclude that the wave front tracking procedure can be prolonged to any
time 7" > 0 and for every n € IN, for every t € R,

TV (p"(t,-)) <TV(po) +~(0) = v(t) < TV (po) + 2[fa — Pal- (9)

The inequality (9) is the key point to prove the convergence of the wave-front tracking approximate
solution (p",y™).

Lemma 3. Let (p",y") be an approzimate solution of (1) constructed by the wave-front tracking
method described in Section 2.2. Then, up to a subsequence, we have the following convergences

p" = p, in Ll (Ry x R; [0, pmax)),
y"(-) = y(-), in L>([0,T];R) for all T > 0,

v () = 9(), in LY[0,T;;R) for all T > 0,

for some p € CO(R4; L' N BV(R; [0, pmax])) and y € WH([0,T]; R) N C°([0, T); R) with Lipschitz
constant V.
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Proof. From (9) and using Helly’s Theorem (see [2, Theorem 2.4]), there exists a function p €
CO ([0, T); (L* N BV) (IR; [0, pmax])) and a subsequence of (p™)y, still denoted by (p™),, such that
p" = pin LL (R4 x R; [0, pmax]). By construction of y™ (see Section 2.2), we deduce that

0<g"(t) <V, (10)

for a.e. t > 0 and n € IN\ {0}. Hence Ascoli Theorem [20, Theorem 7.25] implies that there
exists a function y € C° ([0, T];R) and a subsequence of (y").,, still denoted by (y™),, such that
y" converges to y uniformly in C° ([0,7];R). Moreover, y is a Lipschitz function with Lipschitz
constant V4. Thus, we have y"(-) — y(-) in L*°([0,T]; R) for all T' > 0.

To prove that ¢"(-) — %(-) in L*([0,T];R) for all T > 0, we show that TV (¢") is uniformly
bounded. Since ||§"||L~ < Vj, it is sufficient to estimate the positive variation of ¢™ over [0,T],
denoted by PV (y™;[0,T]). More precisely, we have

TV (y";[0,T]) < 2PV (y";[0,T1) + [[9" | = (11)

From Figure 8, Figure 9, Figure 10, Figure 11 and Figure 12 in Section 2.3, the speed of the MB is
increased only by interactions with rarefaction waves coming from the right of the MB trajectory.
Since all rarefaction shocks start at t = 0, we have PV (¢™;[0,T]) < TV (pp). From (11), we deduce
that

TV (5[0, T]) < 2TV (o) + Vi

which concludes the proof of Lemma 3. O

3.2 The limit (p,y) verifies the points i-ii-iv of Definition 1
From (9), for every (to,z9) € R4 x R, there exist lim> p"(to,x) = p"(to,xo+) and
T—>To,T>TQ

lm  p"(tg,x) := p"(to,xo—) and from Lemma 3 there exist  lim  p(tg,z) := p(to, xo+)
T—x0,r<To T—>To,T>To

and lim  p(t, x) := p(to, zo—).

T—x0,r<To
We start by proving that the limit (p,y) defined in Lemma 3 verifies Definition 1 i-ii. Since p"
is a weak solution of (1a) with initial density pZ, then, for every ¢ € C}(IR?*;IR),

|| 0ot 1m0 dodt+ [ pyia)e(0.0)do=o. (12)
R /R R

From Lemma 3, by passing to the limit in (12) as n — 400, we conclude that p is a weak solution
of (1a) and (1b). Similarly, we prove that the limit p verifies the point ii of Definition 1.
We introduce the following sets

D, :={(t,z) € (0,T) xR: z <y"(t)} D} :={(t,x) € (0,T)xR: z>y"(t)}
D™ :={(t,z) € (0,T) xR: x<yt)y D':={(t,x)€ (0, T)xR: z>yt)}.
Let T > 0 and fix ¢ € C}((0,T) x R;R;). Let € > 0 and a € R small enough to have, for

every t € (0,T), for every x € (00,a + 2¢), ¢(t,z) = 0. We introduce the two following Lipschitz
continuous functions ¢! : Ry — R and ¢? : Ry x R — R defined by

0, if0<t<e,

2—1, if e <t < 2e,

1, if 2e <t < T — 2,
=t 1 ifT—2e<t<T—F¢,
0, T —e<t<T.
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and

0, if z < a,
oot 11 ifa<e<ate

Pta) =4 1, if at+e<z<y(t) — 2
w22 g ify, () — 2 <@ < y(t) — €,
0, if y, (t) + € < z.

In particular ¢, : (t,2) — @L(t)p2(t,z)p(t,x) € CL(D, ). Since p" is a weak solution of (1a), for
every € > 0, we have

T
/ / (7" upe + F(0™)Oupe) dtdz = 0. (13)
0 R

By straightforward computations and by passing to the limit as € — 0 in (13), we deduce that

T
/7(/)”81590"" f(p™")0up)dtdx :/0 (fp" (@ y™ (1) =) = p" (t g™ (1) —)g" (1) e(t, y" (1))dt,  (14)

n

Since p is also a weak solution of (1a), replacing p™ and y™ by p and y respectively in the proof of
(14), we also have

T
| 0o 1o deds = [ (Ho(t9t02) = oty 0) ot s)ar (15)

The construction of (p™,y™) and the fact that ¢ > 0 imply

T T
/O[f(ﬂ”(t,y"(t)—))—p”(tvy"(t)—)@"(t)}w(t,y"(t))dt</O Fo(g" ()e(t, y" (t))dt.  (16)

Lemma 3 and the Dominated Convergence Theorem imply

lim (p"Owp + f(p")Oup) dt dx = / (pOrp + f(p)Osp) dt dx, (17)
n oo ; D7

and
T

lim [ Fo (4" () (t, y" () dt = /0 Fa(g(t)e(t, y(t))dt. (18)

n—oQ 0

Therefore, using (14), (15), (16), (17), (18), we get
T
/0 (f(p(t,y(8)=)) = p(t, y(£) )5 () w(t, y(1))dt = /D— (PO + f(p)Owip) di d

= lim (P"Oup + f(p")0up) dl dx

n—-4o0o Dy
T
< lim Fo (" (8))e(t, y™ (t))dt,

n—-+4oo

0
_ / Fol§(8))p(t, y(t))dt.

Analogously,

T T
/0 [F(p(t, y(t)+)) — p(t,y()+)5(0)] @(t, y(t))dt < /O Fo(y(@))e(t, y(t))dt.
By the arbitrariness of ¢, we deduce that

flo@t, y(t)£)) — p(t, y(t)£)y(t) < Fa(y(t)),
for a.e t € (0,T). Thus the couple (p,y) satisfies point iv of Definition 1.
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3.3 The limit (p,y) verifies the point iii of Definition 1

Let € > 0, from Lemma 3 and using the fact that (p",y") satisfies (4), there exists a measure-
zero set N such that, for every t € Ry \ N,

e lim, o p" (¢, z) = p(f, ) for almost every = € IR,

e y(-) is a differentiable function at ¢ = ¢,

e lim, o 9" () = y(t). That is to say, for n large enough, |y"(¢) — y(¢)| < ’3755
e For every n € N, ¢"(¢) = min(Vy, v(p" (¢, y™ (£)+)).

We will prove that for every £ € Ry \ N,

lim min(Vs, o(p" (" (1)+)) = min(Vi, o(p(Ey(D)+)).
From now on, we denote by pi = lim,_y @) 25y P(t,2) and p_ = lim,_,y @) o<y p(t, ). The
following Lemma gives the range of p™ and p in a neighbourhood of (¢,y(t)), see Figure 15.

Lemma 4. Fizt € Ry \ N and ¢ > 0. Assume that p_, py € [0, pmax]. There exists § > 0 such
that
p(f 1‘) c { (max(p, - évo)am?n(f)* + gvpmax))a Ve (y(ﬂ - 5ay({))a (19)
' (max(p+ - %,0)7mln(,0+ + %7pmax))7 Vae (y(t_%y(z) + 6)’

and there exits 0 < 6 < & such that, for n € N large enough,

P (E,z) € { (max(p— — €,0), min(p— + € pmax)), Y € (min(y(t),y"(t)) — 57 min(y(ﬂay"(f)))g
7 (max(ps —€,0),min(ps + € pmax)), V@ € (max(y(t),y" (£)), max(y(£), y" () + ES)-)
20
e
Py +e -
P+ Pt el
PR p(t,) € MK
p— +e€—+
p7 —_
po—e

i i — i i
YD) =6 yrd) =5 v (@) y(@  y@)+6 y@)+0

Figure 15: Tllustration of Lemma 4; p_, p; € [0, pmax] with y"(#) < y(). The approximate density
p"(t,-) over [y™(t) — &,y™(t)] U [y(%),y(t) + 0] belongs to the area surrounded by the dotted lines
(...) and p(t,-) over [y(t) — &, y(t) + &] belongs to the shaded zone.

15



Proof. From Lemma 3, there exists C > 0 such that TV (p(¢,-)) < C. Thus, we have for every
€ > 0, there exists § > 0 such that TV (p(,@),y®)+s)) < 5 and TV (p|y @ —sy@)) < 5- This implies
(19). We argue by contradiction to prove that there exists 6 verifying 0 < 0 < d such that, for n
large enough,

pn(ﬂ J}) € (p+ —€p++ 6)7
for every x € (max(y"(t),y(t)), max(y"(t),y(t)) + 5). We assume that for every 6 > 0 with
0 < 0 < 6, for every ng € N, there exists n > ng and z,, € (max(y"™(t),y(¥)), max(y™(t),y(t)) + 0)

such that p"(£,2,) € [0, p4 — €] U [p4 + €, pmax). In particular, choosing 6 = 2, we construct a
sequence (T, )nen such that

* zn > max(y" (1), y(?)),
* pn(tj xn) € [Oa P+ — 6] U [p-‘r + €, pmax] .
From Lemma 3, there exists a sequence (2,,)menN such that z, > y(t), lim,, e 2m = y(f) and
limy, 00 p"(t, 2m) = p(t, 2m) € (p+ — §,p4+ + 5). Thus, for n large enough, p"(t,z,) € (py —
%7 P+ — %)
o If p"(t,2,) € [0, p+ — €], by diagonal method, we construct (z,)nen such that
— max(y"(1),y(¥)) < zn < Tp,
— limy, 00 20 = y(b),
= p"(tzn) € (p+ — 50+ + 5)-
Since limy, o0 25, = limy 00 Tn = y(¥), for n large enough, we have =, — z, < {%6. Since
zn > y"(t) and z,, > y™(¥), to go from p"(Z, z,,) to p" (¢, x,), we only have shocks or rarefaction

shocks. From Lemma 1, the minimal length in space at time ¢ to go from p" (¢, z,,) to p"(t, z,,)
is

5 (" (E, 20), p" (E, ), ) = TB(p" (B, 20) — p" (%) — prmax2™" ).
Therefore, for n large enough, 6" (p"(t, 2n), p" (t, 2n), ) > {%6. Since z, — zn, < %—e we have
8" (p"(t, zn), P (t, 20 ), ) > Ty — 25, Whence the contradiction.
o If p"(t, ) € [p+ + € Pmax], by diagonal method, we construct (z,)nen such that

— max(y"(1),y(¥)) < zp < zn,
= limy 500 2n = y(g)a
— Pt 2n) € (04 — 50 + 5).
Since lim,, o0 25, = limy, 00 T, = y(f), for n large enough, z, — z, < {’%. Since z, > y"(t)

and z,, > y"(t), to go from p"(t,x,) to p"(t, z,), we only have shocks or rarefaction shocks.
From Lemma 1, the minimal length in space at time t to go from p™(¢,z,) to p™ (¢, z,) is

5" (0" (F, ), p"(E, 2n), 8) = EB(P" (F,20) — P (F, 2n) — pmax2” " H1).
Therefore, for n large enough, §™(p™ (¢, xn), p"(t, 2n),1) > Be  Since Zn — Tp < BLe e have
g g P P ] [
8(p™ (&, Tn), p"(t, 21),t) > 2n — Tpn, whence the contradiction.

Using the same strategy as above, we also show that there exists ) verifying 0 < & < & such that, for
n large enough and for every = € (min(y"(t),y(¢)) — 0, min(y™ (%), y(t))), p"(t,z) € (p— —¢€, p— +¢€).
O
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3.3.1 Point iii of Definition 1 when (p_, py) € [p*, Pmax]
Lemma 5. Fizt € Ry \N and e > 0. If (p—, p1) € [p*, pmax], the only possible case is p_ < py.

Proof. Assume that p* < pi < p—. We have j, < p* and for € small enough, p. < p_ — 3e. From
Lemma 4, we have

p" (8, min(y" (£), y(£)) =) € (p— — & min(p— + € pmax)) C (0% Pmax]; (21)

and B
p" (¢, max(y" (1), y(t))+) € (p+ — € p1 +€) C (p" — € Pmax]- (22)
Since po < p4 + €, to go from p_ — € to p4 + € in p™ we only have shocks and rarefaction shocks.

Therefore, from Lemma 1 and for n large enough

te
5" (p-—eps D) > O (23)

Using that ¢ € R4 \ NV, we have |[y"(f) — y(t)| < E‘% Therefore, from (21), (22) and (23), we
conclude that, for n large enough,

&" (p" (£, min(y" (¢), y(t))—), p" (£, max(y" (), y(£))+), ) > [y"(£) — y(?)|,
whence the contradiction. O

Lemma 6. Fizt € Ry \ N and € > 0. Assume that p* < p_ < py. Then for n € IN* large
enough,

pn(t_’ CC) € (p, - 2€a min(er + 267 Pmax)),
for every x € (min(y(t),y" (t)), max(y(t), y" (1))

An illustration of Lemma 6 is given in Figure 16.

o
p+ e

P+ =€

T T T T T T
yr ) =6 yr () =6 v* (&) yd)  y@) +35 vy +4

Figure 16: Illustration of Lemma 6; p* < p_ < py with y™(f) < y(#). The approximate density
p"(t,-) over (y"(t) — 8, y(t) + ) belongs to the area surrounded by the dotted lines (...) and p(%, -)
over (y(t) — d,y(%) + &) belongs to the shaded zone.

Proof. We argue by contradiction. In the same spirit of Proof of Lemma 4, we construct a sequence
(zn)nenN such that
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*limy, o0 Ty = y(i);
* min(y"(¢),y(?)) < 2, < max(y"(t),y(?)),
* p"(t an) € [0, p— — 2¢] U [min(p4 + 26, pmax), Pmax]-

From Lemma 4, p" (t, min(y" (), y(t))—) € (p— —€, min(p— +¢, pmax) and p" (¢, max(y" (f), y(t))+) €
(p+ — e, min(p4 + €, pmax))- By construction of (z,,)nen and using that ¢ € R\N, we have

ﬁte

zp —min(y" (), y(#) < [y" () —y(D)] < (24)

and

max(y” (0,5(6) — . < [g”(0) — (D] < 2. (25)

e Assuming that p"(¢,z,) € [0, p— — 2¢]. Since po < p— — 2¢, to go from p_ — e to p— — 2¢e in
p™ we only have shocks or rarefaction shocks. Therefore, from Lemma 1, for n large enough,

Be

§"(p- —e,p- —26,t) > — (26)

From (24) and (26), for n large enough, we have §"(p_ —¢, p— —2¢,t) > x,, —min(y"(t), y(?)).
Using that p"(t,z,) € [0, p— — 2¢] and from Lemma 4, we deduce that

p" (t, min(y" (), y(t))—) € (p— — €, min(p— + €, pmax),
whence a contradiction.

e Assuming that py < pmax and p"(t,2,) € [p+ + 2€, pmax]- Since p, < py + €, to go from
P+ + 2€ to p4 + € in p™ we only have shocks or rarefaction shocks. Therefore, from Lemma
1, for n large enough, ~

tpe
5" (pe +26ps +e8) > O, (27)

From (25) and (27), for n large enough, we have 6" (p4 +2¢, p1 +€,t) > max(y"™(t),y(t)) —
Using that p"(f,z,) € [p+ + 26, pmax] and from Lemma 4, we deduce that

p" (t, max(y" (t),y(t))+) € (p+ — €, p+ +¢),
whence a contradiction.
O

Proof of point iii of Definition 1 when (p_,p;) € [p*, Pmax): From Lemma 5, the only
possible case is p* < p— < p4.

e If p, = p_; using Lemma 4 and Lemma 6, we have
o(min(py + 2, puax)) < min(Va, (o™ (£,y"(D)4))) = 5" (0) < min(Ve, v(py — 26)).  (28)

Since t € R’ \V, by passing to the limit in (28) as n — oo, we deduce that for the arbitrarily
of €

§(0) = v(ps) == min(Vi, v(p(E, y(D)+))- (20)
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o If p. # p_ and y() < y™(¢) for an infinite set of indices n; from Lemma 4 we have
o(min(py + € pras)) < min(Vi, v(" (15" (B4)) = 9B < vlpy — ). (30)
Since t € R’ \ NV, the equality (29) holds by passing to the limit in (30) as n — oo.

o If p, # p_ and y™(¢) < y(f) for an infinite set of indices n; in this case, from Lemma 4 and
Lemma 6, p"(¢,y"(t)+) € (p— — 2¢,p4+ + 2¢). We study the behavior of the approximate
solution (p™,y™) in the triangle 7y defined by

Toi={(t.) € [ ts[xIolp —26)(t = D) + " (D) = 6, F (py +20)(t =) + y(D) + 5[}, (31)

with ¢y = v(pl_’(f;)yjﬁ)(:fik). The structure of the proof is illustrated in Figure 17.

Lemma 7. Fizt € Ry \ N and € > 0. Assume that p* < p— < py and y"(t) < y(t) for an
infinite set of indices n. There exists a piecewise constant function £"(-) such that for every

tet,t3),
' (t.£"(t)) € To, (32)

and extending £™(+) to Ry by imposing that £™(t) = 5”(753) for every t € [tfc, 00), we have
Pt (t,x+) € (pr —€,p4 +€), V(t,z)e{(t,x) €t,+o0) xR, z > £"(t)} N Ty. (33)

We denote by t? and tjycn the time when £"(-) and y™(-) exit the triangle Ty respectively. Then

we have min(t?n,tfc) > t+c with ¢ > 0 independent of n and there ezists t,, € [t, min(t?n,tfc))
such that y™(t,) = £"(tn) and im, o t, = t.

D Pt ) € (b4 — €, p4 +€)

— (,€"(1)
- = Ly"(®)

I T T T I
-5 VO @)yt w®+3

Figure 17: p* < p— < p1 < pmax With y™(¥) < y(¢), n € IN.

The proof of Lemma 7 is postponed in Appendix A. From Lemma 3, for a.e t > ¢
¢
0= = [ i (e, (34)
f
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and
lim 3" (t) = y(2). (35)

n—oo

We fix t € (¢, + ¢] with ¢ defined in Lemma 7 such that (34) and (35) hold. For n large
enough, ¢ > t, and p"(s,y"(s)+) € (p+ — €, p+ + €) for every s € [t,,t]. Hence, we have
Y7 (s) € (v(p+ +€),v(p+ — ¢€)) for every s € [t,,t]. By passing to the limit in (34), we have
for a.e t € (t,t+ |
y(t) —y(®)
t—1t

€ [v(p+ +€),v(p4+ — ). (36)

Using that y is differentiable at time ¢ and the arbitrarily of €, we have
y(t) = v(p+) = min(Vy, v(p(t, y(t)+)))-

3.3.2 Point iii of Definition 1 when (p_,p4) € [0, p*]
Lemma 8. Fizt € Ry \ N and ¢ > 0. Assume that (p—,py) € [0,p*]. For n € N* large enough,
for every @ € (min(y" (), y(f)) — 6), max(y" (1), y (7)) +9)),
p"(t,x) € (0, p" + 2e).
Proof. From Lemma 4 and using that (p_, p4) € [0, p*],

0<p"(t,x) < p* +e, (37)

for every @ € (min(y" (D), y(®) — 8), min(y" (@), y(D) ) U (max(y" (D), y(D)), max(y" (@), y(D) +9) ).

To prove Lemma 8, we argue by contradiction: assuming that there exits a sequence (Zp)nen+
such that, for every n € IN,

xp, € min(y"(¢), y(t)), max(y" (¢),y(t))] and p"(t,2,) € [p* + 2€, Pmax]- (38)

Since po, < p* +¢€, to go from p* + 2¢ to p* + € in p™ we can only have shocks or rarefaction shocks.
Therefore, from Lemma 1, for n large enough,

,86

S (p" + 26, p" e t) > — (39)

From (38) and (39) and ¢ € R} \V, we have 6"(p4 + 2¢,p4 + €, ) > max(y™(t),y(t)) — x, and
0" (p+ + 2¢,p4 + €,8) > xp, — min(y™(t),y(¢)). Using that p" (¢, z,) € [p* + 2€, pmax) and (37), we
have a contradiction.

Proof of point iii of Definition 1 when (p_, p1) € [0, p*]: Since t € R}\N,

§(f) = lim §"(F) = lim min(Vs, v(o" (F, " ()+)).

n— oo

From Lemma 8, v(p* + €) < min(V,, v(p"(¢,y™(f))) < V. Since p4 € [0, p*], for arbitrarily of €, we
conclude that

y(t) = Vo = min(Vy, v(p(, y(£)+))).
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3.3.3 Point iii of Definition 1 when p_ < p* < p; or pL < p* <p_

Lemma 9. The only possible case is p_ < p* < p4

Proof. Assuming that py < p* < p_. From Lemma 4, we have p" (¢, min(y"(f),y())—) €
(min(p_ -6 0)7 P— +6) c (p* + %a pmax) and pn(ta max(y"(f), y(f))_F) € [p-i- ) p++d - (Oa p* - E)'

2
Since po < p* — 3, to go from p* + 5 to p* — 5 in p" we only have shocks and rarefaction shocks.

Therefore, from Lemma 1, for n large enough,

n( « € . €2 tBe
0 (p +2,p 2,t)> 5 (40)

Using that ¢ € Ry \ NV, we have |y"(f) — y(f)| < E’% Therefore, from (40), we conclude that
" (p" (t, min(y" (£),y(t)—-)), p" (£, max(y" (t), y(t)+)), £) > [y"(¢) —y(D)],
whence the contradiction. O

Proof of point iii of Definition 1 when p_ < p* < p; or p; < p* < p_:
From Lemma 9, the only possible case is p_ < p* < p4.

e If y(¢) < y™(f) for an infinite set of indices n; from Lemma 4 we have
o(min(ps + € pmax)) < min(Ve, v(p" (@, y" ()4)) == 5"(0) < vlpy ). (41)

Since t € R}, \ V, the equality (29) holds by passing to the limit in (41) as n — oo and using
the arbitrarily of e.

e If y"(t) < y(t) for an infinite set of indices n; we study the behavior of the approximate
solution (p™,y™) in the triangle 77 defined by

Tii={(t:0) € [ty [xo(O)(t = ) + 9" () = 5./ (s + 29t =D +y@ +8[},  (42)

with tf = %' The structure of the proof is illustrated in Figure 18.

Lemma 10. Fizt € Ry \N and € > 0. Assume that p_ < p* < py and y"(t) < y(t) for an
infinite set of indices n. There exists a piecewise constant function £(-) such that for every
te [t ty),

(t,&'(t) € T, (43)

and extending &7 (+) to Ry by imposing that £ (t) = f?(t?) for every t € [tfcl,oo), we have
pl(ta+) € (p+ —e,p4 +€), VY(t,z)e{(t,x) € [t,+o00) xR, z > ()} N Th. (44)

We denote by tf} and t';{n the time when £7(-) and y™(-) exit the triangle Ty respectively. Then

we have min(t?n,t?) > t+c with ¢ > 0 independent of n and there exists t,, € [t, min(t?n,t?)]
such that y"(t,) = &7 (tn) and limy, oo t, = 1.

The proof of Lemma 10 is postponed in Appendix B. Following the same argument as Section
3.3.2, (34), (35) and (36) hold. Using that y is differentiable at time ¢ and the arbitrarily of
€, we have

(1) = v(ps) = min(Vy, v(p(Z, y(£)+)))-
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|:|p ) €[0,p* +¢€) t
.p (p*, py + 2€) I:lP” z) €(0,p* +¢)
[]rto) €lps —eps +0) .P” 1) € (P, p4 +26)
...... (&) [Jrta) € (pr —cpi +0)
— (t~§§(1?> (t.65 (1)
- (L) — (&)
— (ty" ()
b e
f i
| [ | |
T T 1 T T 7
-5 OO ED B  yH+é | ——+— | >
=5 vt &0 &M@ v y(b) +46

(a) & (-) interacts with &'(-) before meeting
)

y" ().

(b) &5 (-) doesn’t interact with £7°(+).

Figure 18: Tllustration of Lemma 10; p_ < p* < py < pmax and y™(t) < y(1).

A  Proof of Lemma 7

We have p_, p4+ € [p*, Pmax|, P— < p+ and y™(¥) < y(¢) for an infinite set of indices n. There
exists a subsequence of (y™),en, still denoted by (y™),en such that for every n € N, y"(t) < y(%).
The construction of £"(+) is based on the three following lemmas:

Lemma 11. For every (t,x) € To, p"(t,x) € [p— — 2¢, min(p4 + 2€, pmax)]-

Proof. From Lemma 4 and Lemma 6, for every = € (y"(f) — 0, y(f) + 8), we have p"(f,z) € [p_ —
2¢, py +2¢€]. Since for every p € [0, pmax], o(p, p— —2€) < v(p— —2¢) and f'(p4 +2¢) < o(p, p— —2e),
an outside wave-front of 7y cannot enter in the triangle 7o. Thus, all discontinuity waves in 7o are
coming from the segment {t} x [y"(¢) — 0, y(f) + d]. Since, po < p— — 2¢, we deduce that we have
P (t,x) € [p— — 2€, py + 2¢] for every (t,x) € Tp and a non-classical shock cannot appear along the
trajectory of y™ in the triangle 7. O

By construction of p™ via the wave-front tracking method, p" (¢, ) has N (¢,n) points of discon-
tinuity 27 < .- <} <--- < 2R, such that for every j € {1, Nt n)}, p"(t,27—) € M,
and p"(t, z?—k) € M,.

Lemma 12. There exists jo € {1,---, N(t,n)} such that 27, € [y"(t),y(t)] and for every j = jo
p"(t,z]+) € (p+ — €, p4 + ). (45)
with 2" < y(t) + 0.

Proof. From Lemma 4 we have p™(f,-) € (pr — €, ps + €) over (y(£),y(f) + ). In particular,
we have p"(t ,y(f)+) € (py — €,py + €). Moreover, there exists jo € {1,---,N(f,n)} such that
af, < y(t) < af . Thus, p"(f 25 +) = p"(Ly(0)+) € (pt — € py + €) and for every j > jo,

ot < alt < y(t) + 6, whence p "(t,x7+) € (p+ — € p+ + ¢€). From Lemma 4 and using p— < p4,

Ly
p"(t,y"(t)—) € (p— — €, p— +¢€). Thus, y"(f) < x?. O
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The proof of Lemma 7 is illustrated in Figure 17. We track forward in time the wave-front
denoted by €"(+) constructed by a wave front tracking method and starting at £"(0) = 7 ; for
every ¢ € [t,t1],

gn(t) = m?(] + (t - E)O‘(pn(ﬂ x;‘Lo_)’ pn(t’ w?0+))7
where t; is defined as follows:

e if £"(-) never interacts with a wave-front in the triangle 7o then ¢; is the time when £(-)
exits the triangle 7.

e otherwise, ¢; is the first time when £" () interacts with a wave-front. By construction of p™,
two waves interacting together produces a third one (see Figure 8). Thus, for every ¢ € [t1, t2],

§"(t) =" (1) + (= ta)o(p™(tr, £ (t1) ), p" (81, €™ (t1) 1)),
where t5 is defined as follows:
— if t € (t1,00] — £™(t) never interacts with a wave-front in the triangle 7y, to is the time
when £"(+) exits the triangle 7o.
— otherwise, to is the first time where £" : (t1,00) — R interacts with a wave-front and

SO on.

By induction, we construct a piecewise constant function £”(-) such that for every ¢ € [¢, tfc),

(t,&"(t)) € Ty with t§ = sup t. We extend £"(-) to Ry by imposing that, for every
tE[t,00], (£,6™(£)ET

te [tfc, 00), £"(t) = 5”(1??). Since an outside wave-front of 7y cannot enter in 7y and from Lemma
12, we conclude that for every (t,z) € {(t,z) € [t,+00) xR, z > £"(t)} N T

pn(t7 J)—‘r) € (p-i- —&py T+ 6)' (46)

From Lemma 11 and (46), we have for a.e t € (t, tfc)

o(ps +6py +26) <E"(E) <olp- —26,p1 —€). (47)
Let t4 = sup t be the time when y"(-) exits the triangle 7. From Lemma 11, for
te[t,00],(t,ym(t))ETo
every t € [t,t} ), we have

(by" () €To and v(ps +2¢) < (1) < v(p- — 26). (48)

Using (47), we have

tfc > { + min 0 , 0 (49)
v(p— —2€) —o(py + € pt +2€) o(p- —2€,py —€) — f'(p+ + 2¢)

and using (48)

t4" >+ min <U d 0 ) (50)

(=20~ [y +29) olp_ —20) — vlps + 20
From (49) and (50), ther exists ¢ > 0 independent of n such that

min(t?,t? VY>t+e.
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From (47) and (48),
9" () = €"(t) = v(ps +2¢) — a(p- — 2¢,pp —€) > 0. (51)
Using (51), y™(+) interacts with £"(-) at time ¢,, > ¢ and

(@) —y" ()
" ulpy +26) —o(p- —26,p4 —€)

Using that lim, . y™(t) = y(t) and y"(f) < £"(t) < y(¢) and (52), we have lim,,_, o t, = 0.

B Proof of Lemma 10

We have p_ < p* < p;y and y"(f) < y(¢) for an infinite set of indices n. There exists a
subsequence of (y™),en, still denoted by (y™)nen, such that for every n € N y"(f) < y(t). By
construction of p™ in Section 2.2, p™(#,-) has N(f,n) points of discontinuity 2} < --- <% <--- <
T (7. Such that for every j € {1,---  N(t,n)}, p"(t,27—) € M, and p"(¢,27+) € M.

Lemma 13. There exists j1 € {1,--- ,N(t,n)} such that
ngl € [yn(ﬂay(a] a’nd pn(ﬂ .13?—‘1-) € (p-i- — € P+ + 6)7
for j = j1 such that x7 < y(t) + 5.

Proof. From Lemma 4, we have p"(f,-) € (py — €,p4 + €) over (y(f),y(f) + 0). In particular,
we have p"(t,y(t)+) € (py — €, py + €). Moreover, there exists j; € {1,---,N(t,n)} such that
of < y(t) < af 4y and p"(tx;,+) = p"(¢y(t)+). For every j > ji, o < af < y(t) +0
and p"(t,2}+) € (p+ — €,p4 + ¢). From Lemma 4 and using p— < p* < py, p"(t,y"(t)—) €
(max(0, p— — €), p— +¢). Thus, y"(f) < 27,. O

Lemma 14. There exists jo € {1,--- ,N(t,n)} such that
o € [y"(8),y(0)] and p"(t,2f+) € (07, py + 26),
for j = jo such that « < y(t) + .

Proof. From Lemma 4, there exits jo € {1,---, N(¢,n)} such that p" (¢, 27 —) < p* and p" (¢, 2}, +) >
p* with ol € [y™(t),y(t)] and for every j > jo, p"(f,x7+) > p*. We assume that there exists
k > jo such that p"(f,z3+) > p+ + 2¢. Using p* < p; and Lemma 13, we have p* < p"(t, 27 +).
Thus, we only have shocks and rarefaction shocks to go from p"(t,z3+) to p"(f,27 +). From

Lemma 1 and Lemma 14, for n large enough,

_ _ te
5" (o (), " (1) >
Using that 23,27 € [y" (%), y(t)] and [y"(f) — y(?)] < %EE, we have a contradiction. O

The proof of Lemma 10 is illustrated in Figure 18. We track forward in time two wave-fronts
denoted by ;' (+) and £7'(+) constructed by a wave front tracking method and starting at &5 (0) = 2,
and &£7'(0) = a7, ; for i € {0,1}, since 2}, is a discontinuity point of p"(f,-), a wave-front &'(-)
such that £I'(0) = 7 is constructed via the wave-front tracking method and we follow it until it
interacts with an other wave-front or y™(-) at time ¢!. By construction of 7; defined in (42), other
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wave-fronts out of the triangle 77 cannot interact with a wave-front in the triangle T1. Thus, from
Lemma 14, for every t € [0,t}], for every z € [€](t), f'(p+ + 2€)(t — ) + y(£) + 6],
p"(t,x+) € (0", p4 + 2€) (53)
and from Lemma 13, for every ¢ € [0, t1], for every z € [€7(t), ' (p4 + 2€)(t — T) + y(E) + 4],
p"(t,x+) € (p+ — € p4+ + ). (54)

e If £7(-) interacts with a shock or a rarefaction shock at time t}; we follow the unique
wave-front produced (see Figure 8). Moreover, p"(t§,z4) € (p*, p4 + 2¢) for every z €
(€8 (), [/ (p+ + 2€)(t — &) + y(t) + 0] and p"(t],2+) € (p4+ — €,p4 + €) for every z €
[§3(2), ' (p+ +26)(E — 1) + y(t) + 0]

o If £7(:) interacts with y"(-) at time ¢}; from (53), (54) and using that all the possible in-
teraction between a wave-front and y () is described in Figure 9, Figure 10, Figure 11 and
Figure 12, we deduce that only the cases illustrated in Figure 9 and Figure 10 a) are pos-
sible. Thus, a unique wave-front is produced. Moreover, p"(t3, 8 (t4)+) € (p*, p+ + 2€),

Pt 6T (8)+) € (p4 — 26, p4 +€) and 7 (8]) = v(p(t], y" (t1)+))-
By an iteration procedure, we construct £f(-) and £7(+) over [, tff]) and [t, tf}) respectively. For

i = 1,2, we extend £'(-) to R4 by imposing that, for every ¢ € [tf’ o0), EM(t) = fl-"(tff). We
conclude that, for every (¢,z) € {(t,z) € [t,400) X R, z < (&)} N ’7'1,

p"(t,z+) € (0,p" +¢), (55)
for every (t,x) € {(t,z) € [t,400) x R, > &5 (t)} N T1,
p"(t,z+) € (%, p+ + 2¢), (56)
and for every (¢,z) € {(t,z) € [t,+o0) x R, = > &P (t)} N T,
p"(t,x4) € (p4 — €, p+ +€). (57)

Fori=1,2, tfc and % are the time when &r(+) and y™(-) exits the triangle 77 respectively. Note
that, for every t € R, £8(t) < £7(t) and as soon as there exists t; > # such that £ (t1) = £2(t1),
we have for every ¢ € [t1,+00] () = &7'(¢). From (55), (56) and (57), we have

tf}) >t + min J , J - (58)
v(0) = a(p* + € p+ +2¢) " v(pg —€) — f'(p4 + 2€)
and B -
, 5 B
5 > ¢+ min , 59
j <v<o> s P Ty s A sy o 2e>> (5)

Therefore, using that lim, .. y"(f) = y(#), y™() € [y"(f) — 6, y(f) + ¢] and the finite speed of y",
there exists ¢ > 0 independent of n such that

min(t? ,tfc",tf}) >t+ec.

From (55), (56) and (57), for every t > ¢ such that (¢, £ (t)) € Ty, (¢,&7(t)) € Ty and (¢, y™(¢)) € T1,
if y™(-) belongs to the area A; defined by for every (¢,x) € Ay, p"(t,x) € (p*, p+ + 2¢€) (see the
shaded zone in Figure 18) then v(p4 + 2¢) < §™(¢) < v(p*) and we have

o(py +26,p1 +€) <ELE) <o(p™,py — ) (60)
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and if y™(-) belongs to the area Ay defined by for every (t,x) € As, p"(t,x) € (0, p* + €) (see white
zone in Figure 18) then v(p* + ¢) < ¢™(t) < V4 then either (60) holds or

o(p" + e pr+€) SE () <vlpy —e) (61)
From (60), (61) and using that f is strictly concave
0 =G0 > (" +6) — o' pr —€) > 0 (62)
Using (62), y™(-) interacts with £7(-) at time ¢, > ¢ and

&) -y ()
"Su(ptte) —alptpy —e€) (63)

Using that lim, . y"(f) = y(t) and y"(f) < £7(t) < y(¢) and (63), limy,— o0 £, = 0.
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