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Abstract

We propose a new randomized algorithm for solving L2-regularized least-squares
problems based on sketching. We consider two of the most popular random embed-
dings, namely, Gaussian embeddings and the Subsampled Randomized Hadamard
Transform (SRHT). While current randomized solvers for least-squares optimiza-
tion prescribe an embedding dimension at least greater than the data dimension, we
show that the embedding dimension can be reduced to the effective dimension of
the optimization problem, and still preserve high-probability convergence guaran-
tees. In this regard, we derive sharp matrix deviation inequalities over ellipsoids for
both Gaussian and SRHT embeddings. Specifically, we improve on the constant
of a classical Gaussian concentration bound whereas, for SRHT embeddings, our
deviation inequality involves a novel technical approach. Leveraging these bounds,
we are able to design a practical and adaptive algorithm which does not require
to know the effective dimension beforehand. Our method starts with an initial
embedding dimension equal to 1 and, over iterations, increases the embedding
dimension up to the effective one at most. Hence, our algorithm improves the
state-of-the-art computational complexity for solving regularized least-squares
problems. Further, we show numerically that it outperforms standard iterative
solvers such as the conjugate gradient method and its pre-conditioned version on
several standard machine learning datasets.

1 Introduction

We study the performance of a randomized method, namely, the Hessian sketch [34], in the context
of regularized least-squares problems,

* . 1 2
" 1= argmin {f(x) 1= 5l Az — b3 + 2|x||§} , )
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where A € R"*9 is a data matrix and b € R” is a vector of observations. For clarity purposes and
without loss of generality (by considering instead the dual problem of (1)), we make the assumption
that the problem is over-determined, i.e., n > d and that rank(A4) = d.

The regularized solution =* can be obtained using direct methods which have computational com-
plexity O(nd?). In the large-scale setting n, d > 1, this is prohibitively large. A linear dependence

O(nd) is preferable and this can be obtained by using first-order iterative solvers [18] such as the
conjugate gradient method (CG) for which the per-iteration complexity scales as O(nd). Using the

- . — — A . o
standard prediction (semi)-norm error || A(Z — z*)||3 where A : = oI, the evaluation criterion

for an estimator z, these iterative methods have time complexity which usually scales proportionally
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to the condition number « of A (or y/k with acceleration) in order to find a solution Z with acceptable
accuracy. This also becomes prohibitively large when « > 1. Besides the computational complexity,
the number of iterations of an iterative solver is also a relevant performance metric in the large-scale
setting, as distributed computation may be necessary at each iteration. In this regard, randomized
preconditioning methods [37, 4, 29] involve using a random matrix S € R™*" with m < n to
project the data A, and then improve the condition number of A based on a spectral decomposition
of SA. On the other hand, the iterative Hessian sketch (IHS) introduced by [34] and considered
in [30, 25, 26, 31, 35] addresses the conditioning issue differently. Given zy,x; € R4, it uses a
pre-conditioned Heavy-ball update with step size @ and momentum parameter (3, given by

T4l = Ty — /.LH51Vf(CEf) + ﬂ(iﬂt—$t_1) (2)

where the Hessian H := A A of f(x) is approximated by Hg = A'S'SAand Sisa sketching
matrix. We refer to the update (2) as the Polyak-IHS method, and, in the absence of acceleration
(8 = 0), we call it the gradient-IHS method. In contrast to preconditioning methods [37, 4, 29], the
IHS does not need to pay the full cost O(md min{m, d}) for decomposing the matrix S A. Although
solving exactly the linear system Hg - z = V f(x) also takes time O(md min{m, d}), approximate
solving (using for instance CQ) is also efficient and faster in practice [31, 30].

The choice of the sketching matrix .S is critical for statistical and computational performances.
A classical sketch is a matrix S with independent and identically distributed (i.i.d.) Gaussian
entries NV(0,m~!) for which forming SA requires in general O(mnd) basic operations (using
classical matrix multiplication). On the other hand, it has been observed [27, 16] and also formally
proved [15, 26] in several contexts that random projections with i.i.d. entries degrade the performance
of the approximate solution compared to orthogonal projections. In this regard, the SRHT [1] is
an orthogonal embedding for which the sketch S A can be formed in O(ndlog m) time, and this is
much faster than Gaussian projections. Consequently, along with the statistical benefits of orthogonal
projections, this suggests to use the SRHT as a reference point for comparing sketching algorithms.

In the context of unregularized least-squares problems (v = 0), [25] showed that the error %HA(a:t -
2*)||3 of the Polyak-IHS method is smaller than (d/m)! for both Gaussian and SRHT matrices
provided that m = d. More recently, it has been shown in [26] that the scaling (d/m)* is exact for
Gaussian embeddings in the asymptotic regime where we let the relevant dimensions go to infinity,
whereas the exact scaling for the SRHT is slightly smaller than (d/m)?.

In the regularized case (v > (), more relevant than the matrix rank is the effective dimension
de : = trace(A(AT A + v21;) "1 AT) which always satisfies d. < d, and it is significantly smaller
than d when the matrix A has a fast spectral decay. It has been shown in [31] that one can pick
m ~ d, and achieve the error rate (d./m)* by using the well-structured approximate Hessian

Hg:=A"STSA+v* 1. 3)
Further, with m = d, instead of m = d, the linear system Hg - z = V f(z:) can be solved in

time O(d2d) instead of O(d?) by computing and caching a factorization of S A and then using the
Woodbury matrix identity [20] to invert Hg.

However, it is necessary to estimate d. (which is usually unknown) to be able to pick m =~ d. and
then achieve these computational and memory space savings. The randomized technique proposed
by [3] can be used to estimate d., but under the restrictive assumption that d, is very small (e.g., see
Theorem 60 in [3]). In [31], the authors propose to use a heuristic Hutchinson-type trace estimator [5]
and do not provide any guarantee on the estimation accuracy of d.. Consequently, our main goal in
this paper is to design an adaptive algorithm which does not require the knowledge of d., but is still
able to use a sketch size m < d, and achieve an error rate (d,/m)®.

State-of-the-art randomized preconditioning methods [37, 4, 29] prescribe to use m proportional to
d in the context of unregularized least-squares problems. Since it appears non-trivial to adapt and
analyze these methods to the regularized case with sketch sizes m ~ d, nor to design an adaptive
scheme which does not require the knowledge of d., we focus our attention to the Polyak-IHS method
in this work.

1.1 Notations

We denote by ||z]| or ||z]|2 the Euclidean norm of a vector z, || M |2 the operator norm of a matrix M
and || M || 7 its Frobenius norm.



We introduce the diagonal matrix D : = diag( \/a?w? ey \/U‘(’gi u2> where o1 > ... > o4 are
2

the singular values of the matrix A. We define the effective dimension as d, : = ‘l"’;“"f; . We denote
2

by U € R™*% a matrix of left singular vectors of A and by U € R+ >4 3 matrix of left singular

vectors of A : = { A ]
V~Id

Given a sequence of iterates {z; }, we define its error at time ¢ as §; : = % || A(z;, — z*)||.

For a sketching matrix S € R™*", we denote the approximate Hessian Hg : = ATSTSA + 121,

and the exact Hessian H : = ZTZ. Critical to our convergence analysis is the matrix Cg :=
DUTSTSU — 13)D + I,.

1.2 Overview of our contributions

Our main contribution is to propose an iterative method that does not require the knowledge of d.,
and is still able to achieve the error rate O ((de/m)*). Our method is initialized with an arbitrary m
(e.g, m = 1) and, at each iteration of the Polyak-IHS update (2), it uses an improvement criterion to
decide whether it should increase m or not. We prove that the adaptive sketch size satisfies at each
iteration m < d. and that our algorithm improves on the state-of-the-art computational complexity
for solving regularized least-squares problems.

Our algorithmic parameters and improvement criterion depend on the extreme eigenvalues of Cg,
and it is then critical for optimal performance to have a sharp estimation of these. For Gaussian
embeddings, we provide a sharper constant for well-known Gaussian concentration bounds [24].
Our constant is tight in a worst-case sense, and our analysis is based on a recent extension [39]
of Gordon’s min-max theorem [17]. In the SRHT case, although similar concentration bounds
were already obtained (e.g., see Theorem 1 in [13]), we provide a novel technical approach which
generalizes the classical results and analysis proposed in [40].

We evaluate numerically our adaptive algorithm on several standard datasets. We consider two
settings: (i) the regularization parameter v is fixed; (ii) one aims to compute the several solutions
along a regularization path. The latter setting is more relevant to many practical applications [43, 22]
where estimating a proper regularization parameter is essential. In both cases, we show empirically
that our method is faster than the standard conjugate gradient method and one of the state-of-the-art
randomized preconditioning methods [37].

Finally, we address the underdetermined case d > n. By considering the dual of (1) which is
itself an overdetermined regularized least-squares problem, we show that our adaptive algorithm and
theoretical guarantees apply to this setting. We defer the presentation of these results to Appendix A.2.

1.3 Other related work

Another class of sketch-and-solve algorithms project both A and b, and then computes = :=
argmin,, +[|SAz — Sb||3 + 5 ||z|3 (see e.g. [16, 33, 32, 38, 14, 7, 8]). In [3], the authors showed
that for m =~ d. /e, the estimate T satisfies f(Z) < (1 + ¢)f(z*). This can result in large m for
even medium accuracy, whereas our method yields an e-approximate solution with m =~ d. under
the mild requirement that the number of iterations T satisfies T ~ log(1/¢). Further, the effective
dimension can be efficiently estimated only in limited settings (e.g., see Theorem 60 in [3]). Closely
related to our work is the iterative method proposed by [11] for solving underdetermined ridge

regression problems. It involves a similar approximation of the Hessian A4 by Hg, where the
sketch size m depends on the effective dimension d. as opposed to the data dimension d. However
their proposed method also requires prior knowledge or estimation of d.. Several sketch-and-solve
algorithms [10, 44] for ridge regression were not analyzed in terms of d. but d. In the context of kernel
ridge regression, it was shown that Nystrom approximations of kernel matrices have performance
guarantees for sketch sizes proportional to the effective dimension [6, 2, 12].

Other versions of the IHS have been proposed in the literature, especially in the context of unregular-
ized least-squares. A fundamentally different version uses the same update (2) but with refreshed
sketching matrices, i.e., a new matrix S' is sampled at each iteration and independently of the previous



ones, and the approximate Hessian Hg is re-computed. Surprisingly, refreshing embeddings does
not improve on using a fixed embedding: it results in the same convergence rate in the Gaussian
case [25, 26] and in a slower convergence rate in the SRHT case [26].

2 Preliminaries

We provide deterministic convergence guarantees for the Polyak- and gradient-IHS methods, and we
relate the convergence rates to the extreme eigenvalues of the matrix C.

Let S € R™*? be any sketching matrix with arbitrary sketch size m, and denote by 7, (resp. v4) the
largest (resp. smallest) eigenvalue of Cs. Since the matrix DU " ST SUD is positive semi-definite
and || D||2 < 1, it holds that C'g is positive definite. Given two real numbers A > A > 0, we define
the S-measurable event Eg : = {\ < 74 < 11 < A}. The proofs of the two next results are based on
standard analyses of gradient methods [36], and they are deferred to Appendix B.1.

Theorem 1. Consider the step size pga(A, A) : = 2/(+ + 1 ). Then, conditional on g, the gradient-
IHS method satisfies at each iteration

Si41 A=)’
i;tr < cga(A,A),  where ng()\’A):(A—i-)\> . 4)

Theorem 2. Consider the step size i, (A, A) : =4/ (% + \%A)Q and momentum parameter 3, (A, A) :

2
_ (YA-V> ” i
= ( AT \F/\) . Then, conditional on Eg, the Polyak-IHS satisfies

2
ﬂﬁ) . )

VA + VX

The above rates cyq(A, A) and ¢, (X, A) will play a critical role in the design of our adaptive method.
For the gradient-IHS method, it should be noted that we are able to monitor the improvement ratio
between two consecutive iterates. However, for the Polyak-IHS method, we only obtain an asymptotic
guarantee as ¢ — +oo. This standard result regarding the Heavy-ball method [36] essentially follows
from the fact that the iterates obey a non-symmetric linear dynamical system so that, according to
Gelfand’s formula, the spectral and operator norms of this linear system only coincide asymptotically.

lim sup (?) <ep(AA),  where ¢,(N\A) :(
0

t—o0

3 Sharp convergence rates for Gaussian and SRHT embeddings

According to Theorems 1 and 2, we need sharp estimates of the extreme eigenvalues of C's in order
to pick optimal parameters for the Polyak- and gradient-IHS methods.

3.1 The Gaussian case

We provide a concentration bound on the edge eigenvalues v; and ~4 of the matrix Cg in terms
of the aspect ratio %. Our analysis is based on a generalized Gordon’s Gaussian comparison
theorem [17, 39] and it provides sharper constants than existing results. We defer the proof to

Appendix C.1.

Theorem 3. Let p,n7 > 0 be some parameters, and S € R™*" be a Gaussian embedding with
m > %@. Then, it holds with probability at least 1 — Re~mP1/2 that

N < 1= |IDIP+ DA + /ep)?
va = 1—||D|3+ ||D|3(1 — \/c,p)?, provided that p € (0,0.18], n € (0.01].

where ¢, : = (1 + 3,/1)%

(6)

The lower! and upper bounds (6) are respectively increasing and decreasing in || D||2, so that one can

replace the potentially unknown quantity || D||2 by 1 as follows.

"For the lower bound, we use the restrictions p < 0.18 and < 0.01 for the sake of having simple
expressions, while covering a range of values useful in practice. However, similar lower bounds hold for any
p € (0,1) and small enough 7.



Definition 3.1 (Practical parameters for Gaussian embeddings). Given p < 0.18 and n < 0.01,
we define the bounds A, ,, := (1 — \/¢;p)* and A, ,, := (14 ,/c;p)* where ¢, = (1 4 3/77)%.
We denote the corresponding algorithmic parameters by jtea(p, 1) : = piea(Ap,ns Mpin)s tp(ps 1) 1=
tp(Npms Apy) and By(p, 1) : = Bp(Apm, Ap,y), and the corresponding convergence rates ceq(p,n) :
= Cea( Ao Apn) and cp(p, ) 1= cp(Aps Apyyy)-

According to Theorems 1 and 2, the closer the bounds on 7; and v, to 1, the faster the convergence
rates of the Gradient- and Polyak-IHS updates. Consequently, one needs to pick both p and 7 small.
However, this trades off, on the one hand, with a larger sketch size m (i.e., higher computational costs)
and, on the other hand, with a weaker probabilistic guarantee. For instance, suppose that p ~ 0.1
and 7 ~ 0.01 are fixed. This results in m > 102 to get low failure probability e~"*". Such a choice
of the sketch size is particularly relevant when d,./p > 103, i.e., d. = 102, and min{n,d} > 103.
On the other hand, in the very small d. regime, it is harder to keep m close to the target sketch size
de/p. Since our sketching-based method relies on measure concentration phenomena, this should be
expected.

Remark 3.1. Letting d.,m — oo while keeping the aspect ratio p := %“ fixed and taking
n ~ 1/y/m, our bounds (6) converge to the respective limits 1 — | D||3 + ||D||3(1 — \/p)* and

1 —||D||3 + || D||3(1 + \/p)®. When D = ||D||3 - 14, these limits are exact as they correspond to
the edges of the support of the Marchenko-Pastur distribution [28], so that our bounds are tight

in a worst-case sense. Further, we have that ||Cs — Iql2 < [|D|3 (2\/p+p) (1 + 4m~7) with
probability at least 1 — 867@, whereas standard Gaussian concentration bounds (e.g., see [24])
states that ||Cs — 142 < || D||3 (24/p + p) (14 co) with high probability for some universal constant
¢o > 0. In contrast, our factor (1 + 4 m’%) is asymptotically sharper.

3.2 The SRHT case

. delog(de)
m

We provide a concentration bound in terms of the aspect ratio C'(n, d. ) where we introduced

8log(den)
de

this factor satisfies C'(n, d.) = O(1), so that the latter aspect ratio scales as

)2. Under the mild requirement d, > log(n),
d. log(d.)

Our proof generalizes the results and analysis techniques from the work of J. Tropp [40] who treated
the specific case D = I, and it relies on two powerful matrix inequalities, namely, Lieb’s and
the matrix Bernstein inequalities [41, 42]. We defer it to Appendix C.2. We note that similar
concentration bounds were obtained by [13] using different analysis techniques.

the oversampling factor C'(n, d.) : = 2 (1+

Theorem 4. Let p € (0,1) and m > C(n,d.) - %‘%(d“‘). Then it holds with probability at least
1—9/dethat \, <vg <y < A, where A, :=1—|D|3,/pand A, : =1+ ||D||3,/p.

As already discussed in the previous section, the operator norm || D||2 might be unknown in practice,
but one can replace || D||2 by 1 as follows.

Definition 3.2 (Practical parameters for the SRHT). Given p € (0, 1), we define the bounds ), :
=1—/pand A, := 1+ ,/p. We denote the corresponding algorithmic parameters by t4(p) :
= tad(Aps Ap), tip(p) 1= pp(Ap, Ap) and B, (p) : = Bp(A,, Ap), and the corresponding convergence
rates od(p) 1 = Coa(Ap, Ap) and ¢p(p) 1= cp(Ap, Ap).

4 An adaptive method free of the knowledge of the effective dimension

We propose a novel adaptive method with time-varying sketch size. Our algorithm does not require
the knowledge of d., but still achieves a fast rate of convergence while keeping m < d..

Our method is based on monitoring an approximation of the improvement ratio Cy : = g—tl. Given

a threshold C, it proceeds as follows. Starting from an arbitrary initial sketch size (say m = 1),
we compute at time ¢ a gradient-THS update z;, 1. If C; < C, then we accept the update x4, 1.
Otherwise, we reject the update x4 1, increase the sketch size by a constant factor (say m < 2m) and
re-compute the sketched matrix S A. Since only updates with sufficient improvement are accepted,

this method achieves a convergence rate smaller than the chosen threshold C'. Importantly, with, for
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instance, Gaussian embeddings, according to Theorems 1 and 3, as soon as the sketch size becomes
larger than 2(d,./C) then all the updates are accepted, so that the number of rejected updates K is
finite with K < log(d./C)/log(2). However, computing the exact improvement ratio C; requires
the knowledge of Az*, and we alleviate this difficulty as described next.

We provide a proxy of the improvement ratio which is especially compatible with the Gradient- and

. . 1T
Polyak-IHS updates. We introduce the approximate error ry : = ||Cg U A(zy — 2*)||%, and the
approximate ratio c¢; : = ”T“ . In the next result, we relate the approximate error vector r; with a

quantity that can be efﬁcienﬁy computed. We defer the proof to Appendix D.1.

Lemma 1 (Sketched Newton decrement). It holds that r; = % gl H 51 gi, where g; : = V f(xy).

Since the IHS forms at each iteration the descent direction H g 1g,, itis fast to additionally compute the
sketched Newton decrement_2 T = % gtT_ Hg L anq the approximate imprpvement ratio ¢; = 141 /7.
Consequently, we can efficiently monitor the ratio ¢; as opposed to C in order to adapt the sketch
size. Provided that ¢, and C; are close enough, this would yield the desired performance. We describe

our proposed method in Algorithm 1.

Algorithm 1: Adaptive Polyak-IHS method.

Input: A € R"*? b € R™, v > 0, initial sketch size m > 1, initial points o, z; € R?, target
convergence rates Coq, ¢p € (0, 1), gradient descent step size 11,4, Polyak step size ji, > 0
and momentum parameter 3, > 0

Sample S € R™*™ and compute S4 = SA.

Compute g1 = Vf(21), g1 = Hg'g1 and ry = 3¢/ g1.

fort=1,2,..., T —1do

~ ~ -1 1+ 1=
Compute z} = x; — pip G + Byp(zi—x1-1), 97 = V(&) gF = Hg'gt, rf = 397 .
1
+ t
Compute the Polyak-IHS improvement ratio cl‘f = (ﬁ) .
if ¢ < ¢, then
‘ Set Ti41 = .”L’;_, gt+1 = g;_, §t+1 = g;_ and Ti41 = ’I“;_.
else
~ ~ 1 1 T~
Compute z; = ¢ — figa Gt» Ggy = VI (231)s Gga = Hg ' Ggg and 133 = 3054 G-
+
Compute the gradient-THS improvement ratio c;] = :t" .
if c;i < C,q then N . . N
‘ Set x4 = Toqs Gt+1 = Jog» Jt+1 = Jgq and g = Tgd-
else
Set m : = 2m, sample S € R™*" and compute S4 = S - A.
Setg; := Hglgt and return to Step 4.
end
end
end
Return zp.

Note that Algorithm 1 computes first a Polyak-IHS update. According to Theorem 2, the relative
error of the Polyak-IHS update cannot be tightly controlled in finite-time, but only asymptotically as
t — +o0o. This makes difficult to provide guarantees using only the Polyak-IHS update based on
monitoring an approximate improvement ratio. Therefore, if the Polyak-IHS update fails, Algorithm 1
computes a gradient-IHS update, whose improvement between two successive iterates can be tightly
controlled according to Theorem 1. Hence, Algorithm 1 may compute both updates in order to benefit
either from the acceleration of the latter or from the hard convergence guarantees of the former. If
both updates do not make enough progress then the sketch size is increased.

’In the optimization literature [9], the Newton decrement at x of a twice differentiable, convex function f is
defined as 1V f(z) "V f(z) 'V f(x).



4.1 Convergence guarantees

We now state high-probability guarantees on the performance of Algorithm 1. We show that the sketch
size and the number of rejected steps remain bounded, i.e., m = O(d,./p) and K = O(log(d./p))
for Gaussian embeddings, whereas m = O(d, log(d.)/p) and K = O(log(d. log(d.)/p)) for the
SRHT. Further, the convergence rate roughly scales as p’. We defer the proofs of the next two results
to Appendices B.2 and B.3.

Theorem 5 (Gaussian embeddings). Let p < 0.18 and n < 0.01. Suppose that we run Algorithm 1

with Caa = Cea(ps 1), & = (P M)s fred = pea(pyn)s p = pp(p,n) and B, = By(p,m) (see
Definition 3.1), and, with an initial sketch size mi,iia = 1. Then, it holds with probability at least

1 — 8e¢—4/2 that, across all iterations, the sketch size remains bounded as
d
m<2c - —, @)
p

where ¢ is a numerical constant which satisfies ¢y < 5. Further, the number of rejected updates is

upper bounded as
co de
< 10g (mfumlp)

log 2

Moreover, at any fixed iteration ¢ > 1, it holds with probability at least 1 — 8~ de/2 that the relative

error satisfies
L 9(1+ 2) a {1 de } (p,m)t" 9)
max — s , .
51 Minitial gdlpo

Theorem 6 (SRHT). Fix p € (0,1). Suppose that we run Algorithm 1 with Geq = cea(p), ¢ = cp(p),
Hod = fed(p)s ftp = pp(p) and B, = SBp(p) (see Definition 3.2), and, with an initial sketch size

+1. ®)

Minital > 1. Denote a, : = 1+£ Then, it holds with probability at least 1 — -~ that across all
iterations, the sketch size remains bounded as
de logd,
m < QapC(n,de)Oig, (10)
p

and the number of rejected updates is upper bounded as

log (apC(n, dJ%)
+1

< 11
log 2 (i
Moreover, it holds almost surely that, across all iterations, the relative error satisfies
1) 2 _
6i 2 (1+ )ng(p)t L (12)

The bound (10) on the sketch size is weaker with the SRHT, which requires an additional factor
log d.. This logarithmic oversampling factor was shown to be necessary for other concentration
bounds (see, for instance, the discussions in [21, 40]). On the other hand, the bound (9) on the relative
error has an additional factor de ” when mypiia < de with Gaussian embeddings. According to our
proof of Theorem 6, this follows from the orthogonality of the SRHT which causes less distortions
than an i.i.d. Gaussian embedding, especially when the embedding dimension is small.

4.2 Time and space complexity

We consider here the SRHT for which computing S A is faster than Gaussian projections. We have
the following complexity result, whose proof is deferred to Appendix B.4.

% Under the hypotheses of
Theorem 6, it holds with probability at least 1 — - that the number of iterations to reach a solution
7 such that 67 /8, < e satisfies T = O( 12/ 8)) Thus the total time complexity C. of Algorithm 1

. log(1/p)
verifies

Theorem 7. Lete € (0,1/2) be a given precision such that ¢ <

dlogde ) na 8112 >> |
P2

c.—o (mg(de/p) (ndlog(de/p) + log(1/7)



The time complexity C. is decomposed into three terms. Sketching the data matrix takes

O(ndlog(d./p)) time. The cost O(‘ﬁﬁ# d) corresponds to computing a factorization of Hg using

the Woodbury identity (see Appendix B.4 for details). These two costs are multiplied by an extra fac-
tor O(log(d./p)) which is the maximum number of rejected steps. The last term is the per-iteration

complexity O(nd) times the number of iterations 7' = O( iggg;;g ). In contrast, other state-of-the-art
randomized preconditioning methods [37, 4, 29] prescribe the sketch size m = @ and they are

also decomposed into three steps: sketching, factoring, and iterating. Sketching with the SRHT
3 2
also costs O(ndlog(d/p)) and the factoring step takes (’)(’11;’75‘1) time. The iteration part costs

og . . : ,3 O 2 O,
O(nd }Oggﬁg ). This yields the total complexity Comer = O(ndlog(d/p) + & lng 4 4 nd }02853 ).

Thus, even with the extra factor log(d../p) due to the rejected steps, our adaptive method improves
on the sketching plus factor costs especially when the effective dimension d, is much smaller than
the data dimension d and thus, on the total complexity.

Regarding space complexity, our method requires O(d - d. log d./p) space to store the sketched
matrix SA whereas the other preconditioning methods needs O(d? log d/p). This is a significant
improvement when d, is much smaller than d.

Remark 4.1. Our results developed so far are relevant for a dense data matrix A. On the other
hand, it is also of great practical interest to develop efficient methods which address the case of
sparse data matrices. If the data matrix A has a few non-zero entries, then embeddings for which
the computational complexity of forming S A scales as O(nnz(A)) may be more relevant for our
adaptive method. Many deviation bounds similar to those we present in Theorems 3 and 4 exist for
sparse embeddings (see, for instance, [11, 23, 13]). We leave the analysis of our adaptive method
with sparse embeddings to future work.

5 Numerical experiments

We carry out numerical simulations of Algorithm 1 and we compare it to standard iterative solvers,
that is, the CG method and the randomized preconditioned CG (pCG) [37]. Numerical simulations
were carried out on a 512Gb desktop station and implemented in Python using its standard numerical
linear algebra modules®.

We consider two evaluation criteria: (i) the cumulative time to compute the solutions up to a given
precision € > 0 along an entire regularization path (several values of v in decreasing order) and the
memory space required by each sketching-based algorithm as measured by the sketch size m, and,
(i1) the same criteria but for a fixed value of v > 0.

We present in Figures 1 and 2 results for two standard datasets (see Appendix A.1 for additional
experiments): (i) one-vs-all classification of MNIST digits and (ii) one-vs-all classification of
CIFAR10 images.

Except for very large values of the regularization parameter v > 0 for which the regularized least-
squares problem (1) is well-conditioned so that the conjugate gradient method is very efficient, we
observe that our method is the fastest and requires less memory space than pCG for computing
both the solutions of the entire regularization path and for a fixed value of v. In particular, pCG
uses m = < for Gaussian embeddings and m = dlogd for the SRHT. Note that, without a priori

knowledge or estimation of the effective dimension d., these are the best statistical lower bounds on
the sketch size known for pCG in order to guarantee convergence. Thus pCG is especially slower at
the beginning because the factorization cost scales as O(d?) and it requires memory space O(d?). In
contrast, our method starts with m = 1 and m does not exceed O(d,./p) for Gaussian embeddings
and O(d, logd./p) for the SRHT, as predicted by Theorems 5 and 6. Our adaptive sketch size
remains sometimes much smaller than these theoretical upper bounds, and we still have a fast rate of
convergence.

We observe in practice that, in Algorithm 1, the Polyak-IHS update is often rejected compared to the
gradient-IHS update, especially with the SRHT. Therefore, in addition to Algorithm 1, we consider
a variant which does not compute the Polyak-IHS update but only the gradient-IHS update. This

3Code is publicly available at https:/github.com/jonathanlctt/eff_dim_solver



variant enjoys exactly the same convergence guarantees as presented in Theorems 5 and 6. Since it
computes only a single candidate update, this variant is faster than Algorithm 1 in the case where the
Polyak-IHS update is often rejected.
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Figure 1: CIFAR10 and MNIST datasets: comparison of CG, pCG, Algorithm 1 and a variant of
Algorithm 1 which only computes gradient-IHS updates. We consider an entire regularization path
v € {107 | j =4,...,—2}. For each algorithm, we start with the largest value v = 10*. For j < 3,
we initialize each algorithm at the previous solution Z found for j + 1. For each value of v, we stop
the algorithm once € = 10~ O-precision is reached. Each run is averaged over 30 independent trials.
Mean standard deviations are reported in the form of error bars.
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Figure 2: CIFAR10 and MNIST datasets: comparison of CG, pCG, Algorithm 1 and our variant
of Algorithm 1 using gradient-IHS updates only. We fix the value of the regularization parameter
v = 10. Each run is averaged over 30 independent trials.

Broader Impact

We believe that the proposed method in this work can have positive societal impacts. Our algorithm
can be applied in massive scale distributed learning and optimization problems encountered in real-life
problems. The computational effort can be significantly lowered as a result of adaptive dimension
reduction. Consequently energy costs for optimization can be significantly reduced.
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A Additional results

A.1 Numerical experiments with synthetic datasets

Here, we consider a synthetic dataset with A having exponential spectral decay o; = 0.957 for
j =1,...,d. The observation vector is generated as follows, b = Az + 1, where x; is a planted

vector with ﬁj\f (0,1) independent entries and 7 is a vector of Gaussian noise ﬁ./\f (0,I,). We

also consider the similar synthetic dataset but with polynomially decaying singular values o; = 1/
forj =1,...,d. Results are reported in Figure 3.
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Figure 3: Exponential and polynomial spectral decays: comparison of CG, pCG, Algorithm 1
and a variant of Algorithm 1 which only computes gradient-IHS updates. We consider an entire
regularization path v € {107 | j = 0,...,—4}. For each algorithm, we start with the largest value
v = 1. For j < 3, we initialize each algorithm at the previous solution Z found for j + 1. For each
value of v, we stop the algorithm once ¢ = 10~1%-precision is met. We observe that pCG is slow at
the beginning due to forming and factoring the m x d sketched matrix S - A with m =~ d. In contrast,
our methods start with m = 1 and the varying sketch size remains much smaller than that of pCG.
This leads to better time and memory space performance, except for the case of Gaussian embeddings
and polynomial decays. In the latter case, our method is slowed down by Gaussian projections which
are expensive. But with the SRHT, our method has the best performance. Each run is averaged over
30 independent trials. Mean standard deviations are reported in the form of error bars.

A.2 The underdetermined case n < d

A dual of the problem (1) is
= anguin { AT+ el -0
and one can map the optimal dual solution z* to the primal one using the relationship
zt=AT 2. (13)
The dual problem fits into the primal overdetermined framework we consider in the main body of this

manuscript. Indeed, we have that

. . 1 ~ V2
2" = argmin {g(z) i= §||AT2 —b|]* + 2||z||2} ; (14)
z€R™

where b = Afb and Af is the pseudo-inverse of A. One might wonder whether b needs to be
computed in order to apply the previous framework to the dual overdetermined case: this is not
the case. Indeed, in Algorithm 1, the observation vector b only appears in the gradient formula, as
Vf(x;) = AT (Ax; — b). For the dual problem (14), we have

Vg(z) = A(A 2z —b) = AAT 2 —b.
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That is, the gradient is easily computed and Algorithm 1 can be applied to the dual problem (14)
with the exact same guarantees for the sketch size and the number of rejected steps as in Theorems 5
and 6, while having guarantees on the error

1 . v? .
€ 1= §|\AT(Zt - 2P+ 7”% - 2*|?,

. . 2 .
Using the map z; = AT z;, the notation &, = $||A(z; — 2*)||? + 4 ||z, — 2*||* and assuming that
2o = 0 so that ¢g = f(z*)/v?, we obtain with Algorithm 1 that &; < p'eg, and consequently

1 £\ ]2 v? w2 L T N v? T N
SIAGe —2) 17 + o llze — 2|7 = S AA " (20 — 2°)[I7 + 5 [[A (2 — 27))|
2 2 2 2

o1(A)? g

N

Thus, the total number of iterations to reach e-relative accuracy for x; becomes

B log(1/¢) 4 log(o1(A)*/v?) +log(f(x*) /%))
r=0 ( log(1/p) ) |
) o

Under the hypothesis € < ﬁ of Theorem 7 and the additional hypothesis o < ¢!, this

number of iterations scales as

T = O (log(1/¢)/log(1/p)) -

Consequently, we obtain the same total computational complexity (both in time and space) as stated
in Theorem 7 to reach an approximate solution x; with e-relative accuracy.

B Proof of main results

B.1 Proof of Theorems 1 and 2

We denote by A = ULV T a singular value decomposition of the matrix A, where U = [uy, . .., u4] €
R™*4 has orthonormal columns, V' = [v1,...,v4] € R?*9 has orthonormal columns, and ¥ =
diag(o1,...,04), withoy > ... 2 04 > 0.

We denote D = diag (\/0‘721”2 e \/0‘2‘1”2), D’ = diag (\/a;:ru? e \/0;’+V2 ), and further,
1 d 1 d

[7::[‘(/]5,}, i::diag(\/of—i—ﬂ,...,g/ag—&—zﬁ).

Note that A = UXV . Indeed,
~e, T |UDEVT [ uxvT o] [ A
sV = |:VD/EVT:| - |:VY(VId)Vv—r 2 Pl

Further, the columns of U are orthonormal, and the matrix s diagonal with non-negative entries,
so that UXV' T is a singular value decomposition of A.

Given an embedding S € R™*", denote by S the (m +d) x (n + d) block-diagonal matrix {g 1% ] .
Denote b = [8} . We have that ATSTSA = ATSTSA + v2I; = Hg. Consequently, given a step
size p € R and a momentum parameter 3 € R, the update formula (2) of the Polyak-IHS method can
be equivalently written as

g1 = Ty — M(ATSTSA)_lﬁT(Axt —b) + Bz —x4-1) - (15)
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Multiplying the update formula (15) by U T A, subtracting U " Az*, using the normal equation
ATh= AT Az* and using the notation ¢; : = U " A(z; — x*), we obtain that

€t41 = € — ,LLUTA(ATSTSA)ilATUGt + ﬁ(et - et_l)
= (I — M(UTSTgﬁ)_l) er + Bler —erq).
Further, unrolling the expression U ' ST SU = D(UTSTSU — I;)D + I; = Cs, we find the error

recursion

€t Id +—

e ] e

c= M ()
B.1.1 Gradient-IHS method
For the gradient-IHS method, we have that 8 = 0 so that the dynamics (16) simplifies to
err1 = (Ig — uCSTl)et .
Using the fact that §; = 1||e;|?, we obtain that for any ¢ > 0,

041
Ot

The eigenvalues of the matrix I; — uCy ! are given by 1 — A/ﬁ where the v;’s are the eigenvalues of
Cs indexed in non-increasing order. Then,

< Mg —pCgl3.

It = 05 e =max {1 = £ - 211
B! Yd
If A\, A > 0 are two real numbers such that A < 74 < 71 < A, then it holds that for any p > 0,

1 M { p u}
max<q |l — —[,|[1——| <max<|1l——|,[1—=]|¢ .
fi- 212} <max{in- 104

Picking p = 2/(5 + ) yields that
A=)
Iy — uC3te < [ —=
- u0s'le < (553
which is the result claimed in Theorem 1.

B.1.2 Polyak-IHS method

2 we immediately find by recursion that

Using (16) and the fact that 6; = %Het

(5t+1 + 0,
01+ do

From Gelfand formula, we obtain that

N o

)t < 1M (u, BY'|

lim sup (&5) ! < p(M(p, ﬁ))Q,

t—o0 50

where p(M (1, 3)) is the spectral radius* of the matrix M (y, 3). Let C's = TAT T be an eigenvalue
decomposition of the positive definite matrix C's — where A = diag(v1,...,7q4) andy; > ...74 >0
—, and define the (2d) x (2d) permutation matrix IT as

1ifiodd, j=1
I;; =<1 ifieven, j=n+1
0 otherwise

“The spectral radius of a complex-valued matrix is the largest module of its complex eigenvalues.
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Then, it holds that

1L
H{g % M(”’ﬁ)[g %HT_ : 2 o

-1
where M;(u, 8) = [1 +5 I K4 _0[1 . That is, M (1, 3) is similar to the block diagonal matrix

with 2 x 2 diagonal blocks M;(u, 3). To compute the eigenvalues of M (u, 3), it suffices to compute
the eigenvalues of all of the M;(u, 3). For fixed 4, the eigenvalues of the 2 x 2 matrix are roots
of the equation u? — (1 + 8 — p/vi)u + B = 0. In the case that 1 > 8 > (1 — \/u/v:)?, the
roots of the characteristics equations are imaginary, and both have magnitude /8. Pick p = p* :
VAV ) ~
=4/(1/VA+1/VN)?and B = B* : = <ﬁ+ﬁ) , where A\, A > 0 are respectively any lower
and upper bounds of 74 and ;. Then, we have that 8 > (1 — \/p/7;)? foralli = 1,...,d, so that
p(M(u, B)) < +/B, and this yields the claimed result. O

B.2 Proof of Theorem 5

We introduce the notationm = 5 - %.
Either the sketch size always remains smaller than 7, which is equivalent to

log (7 / Mintia1)

log(2) '
in which case the statements (7) and (8) of Theorem 5 on the sketch size and the number of rejected
steps hold almost surely.

K < a7

Otherwise, suppose that for some iteration ¢ > 1, we have m > . Lett > 1 be the first such

iteration, so that m < 2m and K < W + 1.

Denote S the sketching matrix sampled at time #. Let ), /5m and A, /5 ) be the bounds as given in
Definition 3.1 (where p is replaced by p/5), and consider the event

gp/5 = {>\p/5,n < Umin(CS) < Umax(CS) < Ap/5,n} ) (18)
which, according to Theorem 3 and the fact that m > 77, holds with probability at least 1 — 8¢~ %"/2,

We assume, from now on, that the event £, /5 holds. Lett > t be any time such that between ¢ and
t, all updates were accepted (either Polyak- or gradient-IHS), so that the sketch size and sketching
matrix are still the same. We claim that it suffices to prove that the gradient-IHS update at time t is
accepted.

Denote z; the current iterate, &, = 3||A(z; — 2*)||> and r, = %HC;?UTZ(:Q — z%)|]%. Let

x;] be the gradient-THS update of Algorithm 1, and denote 61 : = %HZ(x;d —z*)|*and 7t : =
ST

3ICg 2 UTA(J?;& — 2%)||%. Recall from Lemma 1 that 7, and 7 are also the sketched Newton

decrements at x; and z ™, so that the gradient-IHS improvement ratio computed in Algorithm 1 is
+

equal to “—.
t

We need the following technical result whose proof is deferred to Appendix D.2.
Lemma 2. Suppose that p < 0.18 and 7 < 0.01. Then, on the event Sp/5, it holds that

Umax(CS)
. 5.1) < ,n). 19
ooin(Cs) cea(p/5:m) < cealpsn) 19)
We have that
5t min(Cs)
— <c¢ 9,m) < —— = Culpsn),
5, & gd(p/ 77) @ Umax(CS) gd(p 77)
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where inequality (i) follows from Theorem 1, and, inequality (ii) from Lemma 2. Using 7+ < %

and r; > %, it follows that

rt Umax(CS) 6t
T T80 0 o).
Tt Umin(CS) 6t ng(p 17)

. . . . . +
Consequently, the gradient-IHS update mgj verifies the improvement criterion % < cod(p,m), and
the update l‘;j is not rejected.

In summary, as soon as m > T and provided that £, /5 holds, future updates are not rejected. This
holds with probability at least 1 — 8e~4en/2 which concludes the proof of the statements (7) and (8)
on the sketch size and the number of rejected steps.

We turn to showing statement (9). Fix any iteration ¢ > 1. By construction of Algorithm 1, it holds
almost surely that
r 1

t _ _ _
oS max{cea(p,n) ", cp(p, )"} = caalp,m)' T

Denoting by S the sketching matrix at time ¢, and using that §; < opmax(Cs)-r¢ and d1 = omin(Cls, )
r1, it follows that
4] max C max C _
% ¢ OmnlCs) 11 Tmn(Cs)_ ceaa(pm)' T
o1 Omin(Cpiga)  T1 Tiin(C Sy )

On the one hand, according to Theorem 3, we have that

V2 o? d
Tmax (Cs) < + = '<1+\/(1+3\/?1)2 )

2

2 2
o] + V2 o] + V2 Minitial

with probability at least 1 — 8¢~"%/2, Using that < 0.01, (1 +3,/77) < 3/2and (1 + 1/%)2 <

4 max{1, -4}, we obtain

7 Minitial
2 2
v oy de
omax(Cg) <9 max{1 .
mer(Cs) < of +v? o +v? { 7mininaﬂ}
On the other hand, it holds almost surely that
2 v?
Umin(CSinmal) >1- ||D||2 = O’% L2

Combining the latter inequalities, it holds with probability at least 1 — 8e~%"/2 that

5t O'% de t—1
e < 9 1 5 17 9 a 9
01 ( - 2 ) Minitial ealp:)

which concludes the proof.

B.3 Proof of Theorem 6

The proof for the SRHT follows steps similar to the Gaussian case. We introduce the notation

d. log(d,

m=a,- C(n,de)w, (20)
p

145

—vp

Either the sketch size always remains smaller than 772. The latter is equivalent to

and we recall that a,, : =

log (72 / Minitia1)

K < )
log(2)

21

16



in which case the statements (10) and (11) of Theorem 6 on the sketch size and the number of rejected
steps hold almost surely.

Otherwise, suppose that for some iteration ¢ > 1, we have m > m. Lett > 1 be the first such
iteration, so that m < 2m and K < log(l";g/ig)“‘) + 1.

. . . i . P R P
Denote S the sketching matrix sampled at time ¢. Define A, /,, :=1— | /o and A, /q, =1+ @y

and consider the event
gp/a,, = {Ap/ap < Umin(CS) < Jmax(CS) < Ap/a,,} ) (22)

which, according to Theorem 4 and the fact that m > m, holds with probability at least 1 — %.

We assume, from now on, that the event £ o/a, holds. Let ¢ > ¢ be any time such that between ¢ and
t, all updates were accepted (either Polyak- or gradient-IHS), so that the sketch size and sketching
matrix are the same. We claim that it suffices to prove that the gradient-IHS update at time t is
accepted.

— 1l __ T
Denote z; the current iterate, &, = 3| A(z; — *)||> and r; = | Cq 2T Az — o*)|?. Let
x4y be the gradient-THS update of Algorithm 1, and denote 0 : = 3| A(zj — 2*)||> and 7+ : =

1T
Cg2U A(x; — 2%)||%. Recall from Lemma 1 that 7, and 7+ are also the sketched Newton
decrements at x; and 27T, so that the gradient-THS improvement ratio computed in Algorithm 1 is
+
equal to %

We need the following technical result whose proof is deferred to Appendix D.3.

Lemma 3. On the event £, ,,, it holds that % < a, and cea(p/a,) = %

‘We have that

o+ cea(p)
= < C, a = g )
O () sa(p/p) (i) ap

where inequality (i) follows from Theorem 1, and, equality (ii) from the second part of Lemma 3.
Using r* < #Jrcs) and r; > %, it follows that

i < Umax(CS) 5t < Umax(CS’) ) ng(P) <a ng(P)

X X B . = Cq 5
Tt Umin(OS) 5t gmin(CS) ap (2) r Qp &d(p)

where inequality (i) follows from the first part of Lemma 3. Consequently, the gradient-IHS update
x;j verifies the improvement criterion % < ¢gd(p), and the update x;j is not rejected.

In summary, as soon as m > 1 and provided that £, ,, holds, future updates are not rejected. This

holds with probability at least 1 — di, which concludes the proof of the statements (10) and (11) on
the sketch size and the number of rejected steps.

We turn to showing statement (12). Fix any iteration ¢ > 1. By construction of Algorithm 1, it holds
almost surely that

T

t — — _
2 < max{ea(p)' (o)1} = culp)'

Denoting by S the sketching matrix at time ¢, and using that §; < omax(Cs) 7+ and 61 = omin(Cs,p )
r1, it follows that

é < Umax(CS) . E < Umax(CS)
1 A Umin(CSmmal) 1 h Umin(csinilial

) ’ ng(p)til .
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On the one hand, it holds almost surely that

omx(Cs) = sup ||z|% 4+ (Dz, (UTSTSU — I;)Dx)

[lz]|2=1

<1+ sup (z,(UTSTSU — Iy)z)

(%) lzll2<1

<1+ sup (z,UTSTSUz)
llzll2<1

< 2,

(@)
where inequality (i) follows from the fact that || D||2 < 1, and inequality (ii) from the fact that SU is
a partial orthogonal matrix so that || SU||2 < 1. On the other hand, it holds almost surely that

2

n(Cs VY>1—|D|%2 = ———s.
Omin(Cspa) = I1DII2 Py

Combining the latter inequalities, it holds almost surely that
O g % t—1
Lo <1+U2 caa(p) L

which concludes the proof.

B.4 Proof of Theorem 7

According to Theorem 6, we have with probability at least 1 — d% that over an entire trajectory, the
sketch size and the number of rejected steps satisfy

m = O(delogde/p), K = O(log(de/p))-
From now on, we assume that the above event holds.

Then, forming the sketched matrix SA costs at most O(ndlogd,) at any iteration. Using the
Woodbury matrix identity, the inverse of Hg verifies

Hy'= (SA)TSA+121,) " = % (Io — (SA) T (V21 + SA(SA)T)"1SA) .

To reduce the complexity of solving at each iteration the linear system Hg - z = V f(x¢), one
can simply compute and cache a factorization of the matrix (v2I,,, + SA(SA)T) which takes time

d? log?d, . d? log?d,
(’)(CTCZ). Consequently, the total sketching and factor costs scale as O(log(d./p) - (==—s—<d +

ndlog(d./p))). ’

The per-iteration cost is that of computing the matrix-vector products Az; and AT (Az; — b), which
is given by O(nd). Note that the other main numerical operation consists in solving the linear
system Hg - z = V f(z;). Using the cached factorization of the matrix (v21,,, + SA(SA)T) and
the Woodbury identity, this linear system can be solved in time O(%d), which is negligible
compared to O(nd).

According to Theorem 6, we have almost surely that over an entire trajectory,

Or41 g % t

<24 D) culn)

A simple calculation yields that ceq(p) = p. Therefore, a sufficient number of iterations 7" to reach
an e-accurate solution is exactly given by

T log 2 + log(1 + ;’—i) +log(1/e)
log(1/p)

18



2 .
For € < min{ﬁ, 1/2}, this reduces to

Thus, we obtain the total time complexity

- = 0 (tog(de/p) - (25 a4 naton(a. /) + na 2

which is the claimed result.

C Proofs of concentration inequalities

C.1 Gaussian concentration over ellipsoids — Proof of Theorem 3

Letp > 0and m > %. Let S € R™*" be a random matrix with i.i.d. entries A'(0,1/m). We aim to
control the quantities

y1 = sup 14 (z,D(U"STSU — I;)Dx)

llzll=1

¢ = inf 14 (z,D(UTSTSU - 1;)Dxz).

llzll=1

Upper bound on the largest eigenvalue ~;

We introduce the re-scaled matrix D = ”5”2, so that || D||% = d. and || D|2 = 1. We have that

-1 _ 1 _ 1 _ _
n 4 sup (x, D(—G"G — I)Dz) = sup —|GDz|* — || Dz|?

D3 jzy=1 m lle)=1 M

2
= Zsup sup u' Gz +(u, z),
M zeC ueR™
where we introduced the random matrix G € R™*< with i.i.d. Gaussian entries A'(0, 1) and the
first equality holds since SU 4 ﬁG. We also used the notations C = {Dz | ||lz|| =1} and
¥(u,z) 1= —1(||lul|* + m[|z]|*). We introduce the auxiliary random variable

2
Y= sup sup [zllg"u+ Julh"z+p(u,2),
m zeC uerRm

where g € R™ and h € R? are random vectors with i.i.d. entries A/(0,1). Using Theorem 9 (see
Appendix C.1.1), it holds that for any c € R,

1
1}»(71 - >c> <2P(Y >¢). (23)
1Dl

Consequently, it suffices to control the upper tail of Y in order to control that of ~;. First, we recall a
few basic facts on the concentration of Gaussian random vectors (see, for instance, Theorems 3.1.1
and 6.3.2 in [42]). That is, for any > 0, the following event holds with probability at least
1 — de=men/2,

Ey = {lllgll = vml < vmnp, — lgll® =m| <mymp, DAl < mp(1+ i)},
(24)
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On the event &,, we have

2 1 m
Y = =sup sup [|lz]lg"u+ [lullhTz = Slul® = Z-[|=]?
m eC ueRm 2 2

(i) 2 1 m
= —supsup t|z||lg]| +th"z — St* — <=
m zeC t>0 2 2

(i) 2 1 m
< —supsup (|2 +1hT2]) — =2 — —||2))?
= supsup (2] g + |17 =]) = 5~ ]

(iid) 9 12 1

& 2 o g = g+ 20722 4 =gl 2
m zeC 2 2

(iv) 2 2 _ 1

< 2l =ml Ly giiaT)
m zeC 2 2

v Z— Dh||?>  2||Dh
@ [gl® =m| [IDRIZ 2] DAlllgll
m m m

oL A 2L+ (L )
= (L AL+ BYA) + 2331+ 5 Vi)
< (14 vpe,) - 1,

where ¢, := (1 + 3,/1)% In equality (i), we used the fact that for a vector u with fixed norm
|lu|| = t, the maximum of g u is equal to ||g|[t. In inequality (ii), we bounded A"z by |h' 2|
and then relaxed the constraint £ > 0 to ¢t € R. In inequality (iii), we plugged-in the value of the
maximizer t* = ||z||[|g|| + |k " z|. In inequality (iv), we used the fact that for z € C, ||z|| < 1. In
(v), we used the fact that sup, ¢ |h " 2| = ||Dh||. In (vi), we used that, on the event &,, we have

Mﬁ:”ﬂ < /mm, |Dh|| < /mp(1+ /) and ||g|| < v/m(1 + \/np). Consequently, we have that

~1
]1D||2 > (14 /pey)? — 1| <2P[Y > (1+ /pey)® — 1]
2

<2(1-PlE,)
<8- e—mpn/2’

which is the claimed upper bound (6) on ;.

Controlling the smallest eigenvalue ~,

Here we assume that p € (0,0.18] and 5 € (0,0.01]. We make this assumption in order to provide
explicit and simple statements.

We consider the same definitions D, C, ¢ and &, introduced in the proof of the upper bound on ;.
We have that

Yd -1 d -1 T _ ) 1 N ) B )
——— = inf (x,D(—G G —1)Dz) = inf —||GDz|* — || D=z
ID1 it PG )Da) = inf | GD? ~ | Da

2
= —inf sup u' Gz +Y(u,z).
m z€C ycrm

We introduce the auxiliary random variable
2 .
Y := = inf sup ||z]lg"u+ |[ul|h" 2+ ¥(u, 2),
m zeC ueER™

where g € R™ and h € R? are random vectors with i.i.d. entries NV'(0,1). Using Theorem II.1
from [39], it holds that for any ¢ € R,

Ya—1
D13

P( <e)<2P(Y <¢). (25)
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Consequently, it suffices to control the lower tail of Y in order to control that of 4. It holds that

2 1 m
Y = Z inf T I’LT - 2 2
—inf, sup [lflg "+ = = 5l = ]
2 1 m
= — inf sup t ||z th'z— =2 — —|2|]?
- ingsup ¢l gl + ¢hT 2 = 517~ e

_ [l il T <0
L2 () g)12 = m) + P25 4 22 1g]|(AT 2),  otherwise.
Define
Y, := inf —l2|1?,

z€C;
I=llllgll+hT =<0

12112

TZQ
I gy - my 4+ 820

Y := inf
zeC
I=llgll+hT2>0
so that Y = min{Y7, Y5}. For any z € C, it holds that o " z > —|| Dh/|, and consequently
|.DR|1?

g1l

2 T
+ = lzllglhT2)

iz inf —fz]? > -
2€C;
Izl gl <[ DAl
Hence, conditional on the event &, , we have
1+
Yi2-—p ( Vi )
1—/pn

On the other hand, we have

1 . (hT2)2 2
n>—|wﬁ—m+mﬁ—mm%|
m zeC m m

1 (Dh,z)?* 2 _
—|Mﬁ—m+%mf{—wmwmw@
1 2 ) t2
[ RN S Ly P
m o<t<||Dh||

where, in the first inequality, we relaxed the constraint set by removing the constraint || ||| g||+h Tz >
0 and we used the fact that ||z|| < 1. In the second inequality, we used the change of variable z = Dz
with ||z]| = 1. In the third inequality, we used the fact that |(Dh, z)| < ||Dh|| and used the change
of variable |(Dh, x)| =t with t € [0, || Dhl|]. On the event &,, it follows that

Y2 2 p(1 =) = 2/5(1+ 3vA)
> (14 3y~ 2V7(1 + 3v)

=(1-ep)® -1,

One can verify that inequality (i) is equivalent to /p < ﬁ which always holds under the

assumption that p < 0.18 and < 0.01. Then, combining the respective lower bounds on Y; and Y3,

we obtain that
. 1+ﬁ)2 )
Y > min —p( , (1= /epp)® —1
{ 1_\/ﬁ !

> (1—/ep)® — 1,

One can verify that the last inequality is equivalent to
2(1+3
P (1+3ym)

(14372 + (122 )
which always holds the assumption that p < 0.18 and < 0.01.

Thus, we have proved the claimed lower bound on ;.

21



C.1.1 A new Gaussian comparison inequality

We start with the following well-known comparison inequality, which was first derived in [17].

Theorem 8 (Gordon’s Gaussian comparison theorem). Let I, J € N*, and {X;;}, {Y;;} be two
centered Gaussian processed indexed on I x J, such that for any i, € [ with¢ # [ and j, k € J,

EX2 = EY?

EX;; Xk = EY;; Y

EX;; X <EY;Y.
Then, for any {\;;} € RI*/, we have

I J

I J
PO UNszxl| =P UXi =N
i=1 j=1

i=1 j=1

Our next result is a consequence of Gordon’s comparison inequality, and appears to be new. More
specifically, it can be seen as a variant of the Sudakov-Fernique’s inequality (see, for instance,
Theorem 7.2.11 in [42]).

Theorem 9. Let S; C R™ and So C R™ be non-empty sets, and ¢ : S X S2 — R be a continuous
function. Then, for any c € R,

Pl sup y' Gz+o(ry) >c| <2P[ sup |azllg'y+ylh z+y(z,y) =c),
(z,y)€S1 X% S2 (z,y)€S1 X% S2

Proof. The proof relies on several intermediate results, and is deferred to Section C.1.2. O

Lemmad4. Let G € R™*", Z € R, g € R™ and h € R"™ have independent standard Gaussian
entries. Let [y C R™ and /o C R™ be finite sets, and ¢ be a function defined over I; x I. Then, for
any ¢ € R, we have

P( max yTGx+Z||x||y||+w(x,y>>c)<1?( max ||x||gTy+||yth+w<x,y>>c).
(I,y)611><]2 (m,y)611><12

Proof. We introduce two Gaussian processes X and Y indexed over I; X I, defined as
Xoy = llzllg Ty + llyllhTa, Yoy =y Gz + Z|z|lyll,

for all (z,y) € I x I. It holds that EX,,,, = EY,,, = 0, EX?, = 2||z[]?[|y||* = EY;?,, and

E[ Xy Xory] = lzllllz v "y + lylllly' | 2",

E[YeyYary] = | ' 1yl Iyl + 272"y "y
Consequently, we have

E[YzyYory] = E[Xay Xory] = (] 12| = 2 "2") (lyll 19" =y "y")
>0.

Therefore, applying Gordon’s comparison theorem with [ = I; X I3, J being any finite set, and
Azy = P(x,y) — ¢, we obtain that

p(, min v Go+ Zlellyll = (o) >~ ) > B min elgy + Il — vl > —c)

(w,y)ellxlz (ac,y)ellxlg

Using the symmetry of the Gaussian distribution, it follows that

P, "Gt Zlallyl + wios) <) > B( s folsTy + Il + 0(0) < c)
(z,y)€lL xI2 (z,y)€lL X 12

and consequently,

/

P( i yTGx+Z||x|||y||+w<x,y>>c)<P( i ||sc||gTy+||yth+w<x,y>>c),
(z,y)€l1 X I2 (z,y)elL X I2

O
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Corollary 1. Let S; C R™ and Sy C R™ be non-empty sets, and ¢ : S; x So — R be a continuous
function. Then, for any c € R,

Pl sup  y' Gz+Z|zllly| +¥(z.y) =c) <P sup zlg"y+ yllh"z+v(z,y) >,
(w,y)esl X So (x,y)eSl><82

Proof. According to Lemma 4, the result is true if S; and S5 are finite. By monotone convergence, it
is immediate to extend it to countable sets. By density arguments and monotone convergence, it also
follows for any sets S and Ss. O]

C.1.2 Proof of Theorem 9

We define f1(z,y) = y' Gz +(z,y) and fa(x,y) =y Gz + Z||z|||lyll + ¢ (z,y). If Z > 0, then
fl < f2 and Sup;c,y fl('xay) < Supx,y fz(x,y) ThllS,

P sup  fi(z,y)=2e, Z>0] <P sup  fa(z,y) = c] .
(z,y)€S1XS2 (z,y)€S1 X S2
From Corollary 1, we know that
P sup  folw,y)2c| <Pl sup allgTy+lylhTe +p(zy) =] .
(z,y)€S1xS2 (2,y)E€S1 xS
Consequently, using the independence of f; and Z, we get

1
2P< sSup fl(xay) > C) = P( Sup fl(xay> Z ¢, Z > 0)
(z.y

(z,y)€S81xS2 )E€S1 X Sa
< P( sup lzllgTy + ylh "z + (x,y) > c) ,
(z,y)€S1 %X S2

which yields the claim. O

C.2 SRHT matrices — matrix deviation inequalities over ellipsoids
C.3 Preliminaries

Let S € R™*™ be a SRHT matrix, that is, S = RHdiag(e) where R is a row-subsampling matrix
of size m x n, H is the normalized Walsh-Hadamard transform of size n x n and ¢ is a vector of n
independent Rademacher variables. We introduce the scaled diagonal matrix D = T 5\2 . Note that

|D|% = d and | D]z = 1.
Lemma 5. Let e; be the j-th vector of the canonical basis in R™. Then,

_ . 1 1
]P{ ‘max_||e] Hdiag(e)UD|| > oy \/BOg(ﬁn)} <=, (26)
j=1,...,n n n B

Proof. We fix arow index j € {1,...,n}, and define the function
f(x) := ||le] Hdiag(x)UD|| = |z " EUD]|,

where F : = diag(ejTH ). Each entry of F has magnitude n~2. The function f is convex, and its
Lipschitz constant is upper bounded as follows,
_ _ 1
[f(z) = FW)I < Iz —y) "EVD|| < [l =yl | Bll2 V|2 | Dl = ﬁllx —yll-
For a Rademacher vector ¢, we have
de

E f(e) < VEf(e)* = [EUD|r < [|EU2ID]lr =/ —
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Applying Lipschitz concentration results for Rademacher variables, we obtain

P{He;Hdiag(a)Um > \/‘E+ \/Slogn(ﬁ")} < %

Finally, taking a union bound over j € {1,...,n}, we obtain the claimed result. O

Theorem 10 (Matrix Bernstein). Let X = {X7,..., X,,} be a finite set of squared matrices with
dimension d. Fix a dimension m, and suppose that there exists a positive semi-definite matrix V" and
a real number K > 0 such that E[X;] = 0, E[X?] < V, and || X[|2 < K almost surely, where I is
a uniformly random index over {1,...,n}. Let T be a subset of {1, ...,n} with m indices drawn

uniformly at random without replacement. Then, for any t > /m/||V||2 + K/3, we have

P ‘ >t% <8-d-e < /2 )
(3 = ~X : - X T T Y )
2l P TV + Kt/3

where d. : = tr(V)/||V|| is the intrinsic dimension of the matrix V.

Proof. We denote Sp := >, X;. Fix 6 > 0, define 1(t) = €’ — 6t — 1, and use the Laplace
matrix transform method (e.g., Proposition 7.4.1 in [41]) to obtain

P {Amax (ST) >t} < TEUTMST)
1 05
= e"t—et—lEtr(e 1),
and the last equality holds due to the fact that EST = mEX; = 0. Let T = {i1,...,4;,} be
a subset of {1,...,n}, drawn uniformly at random with replacement. In particular, the indices of
T’ are 1ndependent random variables, and so are the matrices { X, }/.;. Write S : = Z;nzl X

Gross and Nesme [19] have shown that for any 6 > 0,
Etrexp (0S7) < Etrexp (6S7/) .
As a consequence of Lieb’s inequality (e.g., Lemma 3.4 in [41]), it holds that

Etrexp (0S7/) < trexp Zlog Ee’Xi | = trexp (m log EeeX’) .
j=1
Thus, it remains to bound E /7. By assumption, E[X;] = 0 and || X7||> < K almost surely. Then,
using Lemma 5.4.10 from [42], we get E e’X7 < exp(g(0) E X7), for any || < 3/K and where
g(0) = W By monotonicity of the logarithm, m -log E e*7 < m-g(f) E X 2. By assumption,

E X? < V and thus, m - logEe?X7 < m - g(f) V. By monotonicity of the trace exponential, it
follows that trexp (m log Ee*1) < trexp (m g(f) V), and further,

1 mg(0)V 1
]P){)\max(ST) 2 t} g mtr (6 9(9) 7]) = mtrgp(mg(@) V)7
where p(a) = e* — 1. The function ¢ is convex, and the matrix m g(6) V' is positive semidefinite.
Therefore, we can apply Lemma 7.5.1 from [41] and obtain
wp(mg(8) V) <de-p(mg(0) |Vll2) < de - em 9@ IWlz

which further implies that

ot

e —0t+m g(6)-| V|| 3 —0t+m g(6)-| V||
IP’{)\max(ST)>t}<de-60t_0t_1~e g 2 <d, - 1+02t2 e g 2,

=14 t% <1+ 3 forall a > 0. Picking

et—a—1

For the last inequality, we used the fact that
0 =t/(m||V|2+ Kt/3), we obtain

(m||V]|2 + Kt/3)? t?/2
> < . . . TN 2o |
P {Amax(S7) > t} < de (1+3 # P\ TV + Kt/3

aal
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Under the assumption ¢ > /m||V||2 + K /3, the parenthesis in the above right-hand side is bounded
by four, which results in

t2/2
P{/\max(ST) 2 t} < 4 de FexP <_7n||‘/||2/+f(t/3> .

Repeating the argument for —S7 and combining the two bounds, we obtain the claimed result. [

C.3.1 Proof of Theorem 4

We write v; : = /- w;, where w; = e;'—Hdiag(s)UD, and ¢ € {+1}" is a fixed vector. We denote

1 1 -
vi= max{ max | v, m‘?} and X, :=wvw, — —D?.
j=1,...n m
Let I be a uniformly random index over {1, ...,n}. We have
E[X)] = “Efww]] - ~D? = lﬁéDUMmg@Heaimmg@UD ~1p
m I m m \n = v m

1 _ n B 1 _
EDW&@@HZ?@%M@@UD—Eﬁ
——
=7

=0.
The last equality holds due to the fact that H? = I, diag(¢)? = I and U " U = I. Further, ||v7||* < 72
a.s., so that ||vr||?v;v] < +?vrv] as., and consequently, E [[|vr||*vrv] | < 4% - E[vsv]]. Thus,

2 = 1 -
E [XIQ} =E [HUI||2UI’UT] — ED“ + ﬁD‘l
2
Y 2 2 =4 1 4
Sl el
1 - 1 -
A2 2 4
2
< p2
m

The first inequality holds due to the fact that E [v;v] | = m ™' D?. Further, we have

1 -
120 = loro] — L57) < max{ max vjnz,m-l} .y
m j=1,....,n

FRREE)

Let T be a subset of m indices in {1,...,n} drawn uniformly at random, without replacement.
Applying Theorem 10 with V' = m =142 D? and using the scale invariance of the effective dimension,
we obtain that for any t > v + ~2/3,

t2/2
P H Xill =2ty <8d- —_—— .
{ 2%, } )

Suppose now that ¢ is a vector of independent Rademacher variables. Note that ), . X

d

DUT(STS —I)UD. From Lemma 5, we know that y < o : = 4/ % + 4/ %de") with probability
at least 1 — d_!. Consequently, with probability at least 1 — d ! — 8d, - exp (—%), for
t > o (1+0/3) we have

HDUT@TS—DUDmgt. 27)
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2
We sett = 04/8/3logd,., and p = M where C(n, d,) = % (1 + /810gd(:ie”)> We

2
choose m large enough so that p < (1 — (8/31log de)_%) . Then, we get that

p{HDUT<sTs_1)UDH2 > DI} v} < dg

which is the claimed result. O

D Proofs of auxiliary results
D.1 Proof of Lemma 1
Let {x:} be a sequence of iterates. Let USVT be a singular value decomposition of A. Denote

5- [ﬁ 1%] o that Hs = (SA)TSA + 121, = (SA)T(SA).

We have that g, = 4 A(x; — x*) and thus,
T —T — o sl s 1T — .
g Hg ge=(A Az, —2"),(A S SA)A Az —2"))

= (A(z; —2*),AA' S SA)A Az, — 2*))

= (A(z; —2*),USV (VEU'S' SUSV )" 'WSU' Az, — 2*))
= (A(zy — ), TT' S SU)T" Az, — 2%))

= (U Az — 2*), (U §' SU)"'U Az, — )>

.

which concludes the proof.

D.2 Proof of Lemma 2

Fix p < 0.18 and < 0.01. Let a > 1 be some numerical constant, and assume that the event £,/
holds. Then, we have that

ced(p/a n):l VPl max(C's) \[+\/pT
R e o RN

Using that , /pc,, < v0.18 - 1.32 < 0.56 and pcy < 0.31, we obtain that

Umax(CS) ]. ].+an f+\/[7
<

1.31 /a+0.56
e \‘?_056 cea(psm) -

V24056 4o decreasing on (0.562, +00) and g(5) < 1. Thus, for any

VT—0.56

The function g : z +— L \/‘351
> b, it holds that

Omax (C,
ng(ﬂ/a,n) . O_Ecvj; < ng(p7 7]) 3

and this concludes the proof. O
D.3 Proof of Lemma 3

By definition, we have on the event & o/a, that

)\p/ap Umm(CS) Umax<CS) Ap/ap )
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where A/, =1 —, /£ and A,/q, =1+ ﬁ, and a, = f_r%. It follows that

P
Tmax (Cs) 1+ aw _ \Ap /P

<

Umi“(cs)\l—\/%_\/@—\/ﬁ'

The function 2 — 222 js decreasing on [1, +00). Since a, > 1, it follows that f(a,) < f(1),i.e.,

/P
N RN [T+ S
Var—vs < 1-vpr 18 Vai—vp < o which yields that

Umax(CS) a
Umin(CS) e

Regarding the second statement of Lemma 3, a simple calculation yields that cyq(p’) = p’ for any

p' € (0,1). This further implies that coq(p/a,) = £ = °2—(p) which concludes the proof. O

s
ap p
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