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Abstract

In this work we consider a multilayered heat-wave system where a 3-D heat equation is coupled with a 3-
D wave equation via a 2-D interface whose dynamics is described by a 2-D wave equation. This system can
be viewed as a simplification of a certain fluid-structure interaction (FSI) PDE model where the structure is
of composite-type; namely it consists of a “thin” layer and a “thick” layer. We associate the wellposedness
of the system with a strongly continuous semigroup and establish its asymptotic decay.

Our first result is semigroup well-posedness for the (FSI) PDE dynamics. Utilizing here a Lumer-Phillips
approach, we show that the fluid-structure system generates a Cg-semigroup on a chosen finite energy
space of data. As our second result, we prove that the solution to the (FSI) dynamics generated by the
Cp-semigroup tends asymptotically to the zero state for all initial data. That is, the semigroup of the (FSI)
system is strongly stable. For this stability work, we analyze the spectrum of the generator A and show that
the spectrum of A does not intersect the imaginary axis.
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1. Introduction
1.1. Motivation and literature

This work is motivated by a longstanding interest in the analysis of fluid-structure interaction
(FSI) partial differential equation (PDE) dynamics. Such FSI problems deal with multi-physics
systems consisting of fluid and structure PDE components. These systems are ubiquitous in na-
ture and have many applications, e.g., in biomedicine [10] and aeroelasticity [22]. However, the
resulting PDE systems are very complicated (due to nonlinearities, moving boundary phenomena
and hyperbolic-parabolic coupling) and despite extensive research activity in last 20 years, the
comprehensive analytic theory for such systems is still not available. Accordingly, by way of ob-
taining a better understanding of FSI dynamics, it would seem natural to consider those FSI PDE
models, which although constitute a simplification of sorts, yet retain their crucial novelties and
intrinsic difficulties. For example, in the past, coupled heat-wave PDE systems (and variations
thereof) have been considered for study: the heat equation component is regarded as a simplifica-
tion of the fluid flow component of the FSI dynamics; the wave equation component is regarded
as a simplification of the structural (elastic) component; see e.g., [[30], Section 9] and [38]. See
also the works [20,2,8,15,19], in which the fluid PDE component of fluid-structure interactions
is governed by Stokes or Navier-Stokes flow.

Here we consider a multilayered version of such heat-wave system; where the coupling of
the 3-D heat and the 3-D wave equations is realized via an additional 2-D wave equation on the
boundary interface. This is a simplified (yet physically relevant) version of a benchmark fluid-
component structure PDE model which was introduced in [37]. This particular FSI problem was
principally motivated by the mathematical modeling of vascular blood flow: such modeling PDE
dynamics will account for the fact that the blood-transporting vessels are generally composed
of several layers, each with different mechanical properties and are moreover separated by the
thin elastic laminae (see [13] for more details). In order to mathematically model these biological
features, the multilayered structural component of such FSI dynamics is governed by a 3-D wave-
2-D wave PDE system. For the physical interpretation and derivation of such coupled “thick-thin”
structure models we refer reader to [17, Chapter 2] and references within.

As we said, although the present multilayered heat- wave- wave system constitutes a simplifi-
cation somewhat of the FSI model in [37] — in particular, the 2-D wave equation takes the place
of a fourth order plate or shell PDE — our results remain valid if we replace the 2-D wave equation
with the corresponding linear fourth order equation. Within the context of the present multilay-
ered heat-wave-wave coupled system, we are interested in asymptotic behavior of the solutions,
and regularization effects of the fluid dissipation and coupling via the elastic interface, inasmuch
as there is a dissipation of the natural energy of the heat-wave-wave PDE system — with this
dissipation coming strictly from the heat component of the FSI dynamics — it is a reasonable ob-
jective to determine if this thermal dissipation actually gives rise to asymptotic decay (at least) to
all three PDE solution components: That is, we seek to ascertain longtime decay of both 3-D and
2-D wave solution components, as well as the heat solution component. Such a strong stability
can be seen as a measure of the “strength” of the coupling condition. For the classical heat-wave
system (without the 2-D wave equation on the interface) this question is by now rather well un-
derstood and precise decay rates are well known (see [3,9] and references within). (We should
emphasize that the high-frequency oscillations in the structure are not efficiently dissipated and
therefore there is no exponential decay of the energy.)
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Fig. 1. Geometry of the FSI Domain.

Our present investigation into the multilayered wave-heat systems is motivated in part by [37]
which considered a nonlinear FSI comprised by 2-D (thick layer) wave equation and 1-D wave
equation (thin layer) coupled to a 2-D fluid PDE across a boundary interface. For these dynam-
ics, wellposedness was established in [37], in part by exploiting an underlying regularity which
was available by the presence of said wave equation. (Such regularizing effects were observed
numerically in [13] and precisely quantified in the sense of Sobolev for a 1-D FSI system in [36].
For similar regularizing effects in the context of hyperbolic-hyperbolic PDE couplings, we refer
to [29,32,33].) By way of gaining a better qualitative understanding of FSI systems, such as those
in [37], we here embark upon an investigation of the aforesaid 3-D heat-2-D wave-3-D wave cou-
pled PDE system; in particular, we will establish the semigroup wellposedness and asymptotic
decay to zero of the underlying energy of this FSI. These objectives of wellposedness and decay
will entail a precise understanding of the role played by the coupling mechanisms on the elastic
interface and by the fluid dissipation. In future work, we will investigate possible regularizing
effects, at least for certain polygonal configurations of the boundary interface.

We finish this section by giving a brief literature review, in addition to the ones mentioned
above. FSI models have been very active and broad area of research in the last two decades
and therefore here we avoid presenting a full literature review: we merely mention here a few
recent monographs and review works [10,11,14,21,31,39], where interested reader can find fur-
ther references. The study of various simplified FSI models which manifest parabolic-hyperbolic
coupling has a long history going back at least to [[30], Section 9], where the Navier-Stokes
equations are coupled with the wave equation along a fixed interface. However, even in the linear
case the presence of the pressure term gives rise to significant mathematical challenges in devel-
oping the semigroup wellposedness theory [4]. Thus, the heat-wave system has been extensively
studied in last decade as a suitable simplified model for stability analysis of parabolic-hyperbolic
coupling occurring in FSI systems, see e.g. [1,5,23,28,41] and references within. To the best
of our knowledge there are still no results about strong stability of FSI systems with an elastic
interface.

1.2. PDE model

Let the fluid geometry Q¢ C R3bea Lipschitz, bounded domain. The structure domain Q3 €
R3 will be “completely immersed” in 3 with Q being a convex polyhedral domain.

In Fig. 1, I'y is the part of boundary of 92y which does not come into contact with €g;
Iy = 02 is the boundary interface between 2y and €2; wherein the coupling between the two
distinct fluid and elastic dynamics occurs. (And so, 02y =I'y UT .) We have that
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K
ry=Uk

T, (1)

where I'; NT"; =@, for i # j. It is further assumed that each I'; is an open polygonal domain.
Moreover, n; will denote the unit normal vector which is exterior to dI'j, 1 < j < K. With

respect to this geometry, the R3 wave—R? wave-R3 heat interaction PDE model is given as

follows: Fori < j <K,

u;—Au=0 in (0,T) x Q2 ?)

ulr; =0 on (0,7) x I'y;

P hj— Ahj+hy =2 — L on (0,T) x T

a2
h; |ar,m3r1 _h1|3r inar; on (0, T) x (aI'; NaIYy), forall 1 </ < K such that I'; N I, # 0

8hj Bh
— = on (0,T) x (dI';Naly), forall1 </ <K

onj arjmarl a”l T ;NaTy
such that aI"; N oIy ;é@
(3)
wy —Aw=0 on (0,7T) x Q4 @)
wylp; = %hj =ulr; on (0,T)x Ty, forj=1,.,K

[1(0), h1(0), hl(o) - hk(0), hK(O) w(0), w (0)] = [uo, hot, hii, ..., hox, hik, wo, wil.

3)
Equation (3); is the dynamic coupling condition and represents a balance of forces on I';. The
left-hand side comes from the inertia and elastic energy of the thin structure, while the right-hand
side accounts for the contact forces coming from the 3-D structure and the fluid, respectively. The
last term of the left-hand side is added to ensure the uniqueness of the solution and physically
means that the structure is anchored and therefore the displacement does not have a translational
component. The coupling conditions (3), and (3)3 represent continuity of the displacement and
contact force along the interface between sides I'; and I';, respectively. Equation (4); is a kine-
matic coupling condition and accounts for continuity of the velocity across the interface I';. It
corresponds to the no-slip boundary condition in fluid mechanics. Note that the boundary condi-
tion in (4) implies that for t > 0,

w(t)|r/. —hj(t) =w(0)|rj —h;0), forj=1,...K

Accordingly, the associated space of initial data H incorporates a compatibility condition.
Namely,

H = {[uo, ho1, hi1, -, hoks hik, wo, wil € L2(Q7) x H'(T'y) x L2(Ty) x ...
x H'(I'g) x L*(Tx) x H' (L) x L?(€), such thatforeach1 < j <K :
() wolr; = hoj;
(i) h0j|8Fjr‘\8F1 = h0[|3rjm3r[ on dI'; NI, forall 1 < < K such that 0I"; N dI'; # @} .
(6)
Because of the given boundary interface compatibility condition, H is a Hilbert space with the
inner product
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K K
(Do, Do)m = (uo, uo)e, + Z(Vh()j, Vhoj)r; + Z(hoj', hoj)r;
=1 =1

K
+Z(h1j, Elj)rj + (Vwo, Vo) g, + (w1, W), , (7
=

where

o = [uo, hot, hi, ... hok , hix, wo, wil € Hy ®¢ = [io, hoi, hi1, ..., hok , hik, Wo, W1 ]| € H.

®)
1.3. Novelty and challenges

The novelty of this work is that we consider an FSI model in which the interface is elastic
and has mass. This is the simplest model 3-D of the interaction of the fluid with the composite
structure which retains basic mathematical properties of the physical model. To the best of our
knowledge this is the first result about asymptotic behavior of solution to such problems. We
work in setting where the structure domain is polyhedron and dynamics of each polygon side of
the boundary is governed by the 2-D linear wave equation. The wave equations are coupled via
dynamic and kinematic coupling conditions over the common boundaries. We choose this setting
because it will directly translate to numerical analysis of the problem. This work is an important
first step to a finer analysis of the asymptotic decay (e.g. decay rates) and regularity properties
of the solutions, and to better understanding of the influence of the elastic interface with mass to
the qualitative properties of the solutions.

By way of establishing the semigroup wellposedness of the multilayered FSI model (2)-(5) —
i.e., Theorem 1 below — we will show that the associated generator A, defined by (10) and (A.i)-
(A.iv) below, is maximal dissipative, and so generates a Co-semigroup of contractions on the
natural Hilbert space of finite energy (21). The presence of the “thin layer” wave equation on I';,
1 < j < K, complicates this wellposedness work, vis-a-vis the situation which prevails for the
previous 3-D heat-3-D wave models in [3,5,23,38,41] for which a relatively straight invocation of
the Lax-Milgram Theorem suffices to establish the maximality of the associated FSI generator. In
the present work, we will likewise apply Lax-Milgram in order to ultimately show the condition
Range(M.I — A) = H — where A > 0 positive; in particular, Lax-Milgram will be applied for
the solvability of a certain variational equation, relative to elements in a certain subspace of
H'(Qf) x H'(I')) x ... x H'(Tg) x H'(Q;). (See (24) below.) This variational equation of
course reflects the presence of the thin wave components % ; in (2)-(5). The complications arise in
the subsequent justification that the solutions of said variational equation give rise to solutions of
the resolvent equation (in (15) below) which are indeed in D(A). In particular, we must proceed
delicately to show that the obtained thin layer solution components of resolvent relation (15)
satisfy the continuity conditions (3), and (3)3.

Having established the existence of a Cp-semigroup of contractions {eA’ } ~0 C £L(H) which
models the multilayer FSI PDE dynamics (2)-(5), we will subsequently show the strong decay
of this semigroup; this is Theorem 2 below. Inasmuch as our analysis of the regularizing effects
of the resolvent operator R(A; A) is to be undertaken in future work — assuming there be such
underlying smoothness, at least for some geometrical configurations of the polygonal boundary
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segments; see Remark 5 below — the compactness of D(A) is generally questionable. Accord-
ingly, in order to establish asymptotic decay of solutions to the FSI PDE dynamics (2)-(5), we
will work to satisfy the conditions of the wellknown [1]; see also [34]. In particular, we will
show below that o (A) NiR = @. (In our future work on discerning uniform decay properties of
solutions to the multilayered FSI system (2)-(5), the spectral information in Theorem 2 is also
requisite; see e.g., the resolvent criteria in [27] and [12].) In showing the nonpresence of ¢ (A)
on the imaginary axis —in particular, to handle the continuous spectrum of A— we will proceed
in a manner somewhat analogous to what was undertaken in [7] (in which another coupled PDE
system, with the coupling accomplished across a boundary interface, is analyzed with a view
towards stability). However, the thin layer wave equation in (3) again gives rise to complica-
tions: In the course of eliminating the possibility of approximate spectrum of A on iR, we find it
necessary to invoke the wave multipliers which are used in PDE control theory for uniform stabi-
lization of boundary controlled waves: namely, inasmuch as each & j-wave equation in (3) carries
the difference of the 3-D wave and heat fluxes as a forcing term, we cannot immediately control
the thick wave trace %—'5 r, in H—2 (I's)-norm, this control being needed for strong decay. (This
issue absolutely does not appear for the previously considered 3-D heat-3-D wave FSI models

of [23] and the other mentioned works, since therein we have only the difference of heat and
wave fluxes as a coupling boundary condition, which immediately leads to a decent H 3 Ty)
estimate of the wave normal derivative, owing to the thermal dissipation.) Consequently, we must
invoke static versions of the wave identities in [14], [40] and [6], by way of estimating the nor-
mal derivative of (a component of) the 3-D wave solution variable w in (4); see relation (74)
below.

1.4. Notation

For the remainder of the text norms || - || are taken to be L2(D) for the domain D. Inner
products in L2(D) is written (-, -), while inner products L,(dD) are written (-, -). The space
H?® (D) will denote the Sobolev space of order s, defined on a domain D, and HS(D) denotes
the closure of C§°(D) in the H*(D) norm which we denote by || - || #s(p) or | - [ls,p. We make
use of the standard notation for the trace of functions defined on a Lipschitz domain D, i.e. for a
scalar function ¢ € H' (D), we denote y (w) to be the trace mapping from H'(D) to H'/2(dD).
We will also denote pertinent duality pairings as (-, -) x x x’-

2. Main results
2.1. The thick wave-thin wave-heat generator

With respect to the above setting, the PDE system given in (2)-(5) can be recast as an ODE
in Hilbert space H. That is, if ®(t) = [u, hi, 2h1, ... hg, Lhix, w, w;] € C([0, T]; H) solves

(2)-(5) for @ € H, then there is a modeling operator A : D(A) C H — H such that ®(-) satis-
fies,

%Cb(z‘) =AD(t); P0) = Dy. 9)

In fact, this operator A : D(A) C H— H is defined as follows:
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A 0 00 0 0 0 O
0 0 I--. 0 0 0 O
2 A=DO0--- 0 020
A=| S S (10)
0 o 0-- 0 I 0 O
—glre 0 0 (A=D) 0 FIr, O
0 0 0 0 0 0 I
.0 0 0 0 0 A 0]

D(A) ={[uo, ho1, k11, ..., hok ., hig, wo, w1l € H:
Ad)upe H' (Qf), hij e H'(T)) for1 < j <K, w; € H'(Q);
(Addi) (@) Aug € LX(Qy), Awg € L2(Ry), (b) Ahoj — 52|r, + F2|r; € LX(T))

for 1 <j<K;
oho; 1 .

(c) — € H™2(dI'j), for 1 <j<K;
al’lj X

or;
(Aiiii) uolr; =0, wuolr; =h1j=wilr;, forl <j <K;
(Adv)For1 <j <K:
(a) h1j|6I‘jﬂ8F, =h11|arjm3rl on dI'; NIy, forall 1 < < K such that 9T"; N aI"; # ¥;

dho; oh
by YU =— 0 on ar'; Nary, forall 1 </ <K

anj ar;Nar; O |arnary
such that 3T"; N AT # @} .

(1)
Now, in our first result, we provide a semigroup wellposedness for A : D(A) C H — H. This
is given in the following theorem:

Theorem 1. The operator A : D(A) C H— H, defined in (10)-(11), generates a Cy-semigroup
of contractions. Consequently, the solution ®(t) = [u, hy, %hl, . hk, %hK, w, w,] of (2)-(5),
or equivalently (9), is given by

®(1) = e P € C([0, T]; H),
where ®g = [ug, ho1, hi1, ..., hok, h1k, wo, w1] € H.

After proving the existence and uniqueness of the solution, in our second result, we investigate
the long term analysis of this solution. Our main goal here is to show that the solution to the
system (2)-(5) is strongly stable, which is given as follows:

Theorem 2. For the modeling generator A : D(A) C H— H of (2)-(5), one has o(A) NiR.
Consequently, the Cy-semigroup {eAt} (>0 &iven in Theorem 1 is strongly stable. That is, the
solution ®(t) of the PDE (2)-(5) tends asymptotically to the zero state for all initial data ®o € H.

Remark 3. The wellposedness and stability statements Theorems 1 and 2 are equally valid in the
lower dimensional setting n = 2; i.e., for multilayered 2D heat — 1D wave — 2D wave coupled
PDE systems (2)-(5), in which interface I'y is the boundary of a convex polygonal domain €2
(and so each segment I'; is a line segment). (Also, analogous to the present 3D setting, Q27 is a
Lipschitz domain with 0Q y =y Ul s, with Iy NIy = 0.
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Remark 4. Inasmuch as we wish in future to turn our attention to the numerical analysis and
simulation of solutions of the multilayered PDE system (2)-(5), the boundary interface is taken
here to be polyhedral, with each polygonal boundary segment I'; having its own wave equation
IC-BVP in variable & ;. Alternatively, the Theorems 1 and 2 will also hold true in the case that
boundary interface I'y is smooth: in this case, the “thin” wave equation — in solution variable #,
say — will have its spatial displacements described by the Laplace Beltrami operator A’. That is,
for the multilayered FSI model on a smooth boundary interface I'y, the thin wave PDE component
in (3) is replaced with

ou

on (0,T) x I,
Vp, av

Iy

with the matching velocity B.C.’s
welp, =hy = ulp, on(0,T) x T.

The heat and thick wave PDE components in (2) and (4) respectively are unchanged. In addition,
there are the initial conditions

[1(0), 1:(0), h (0), w(0), wy (0)] =[uo, ko, h1, wo, w1l € L*(5) x H (L) x L*(T'y) x H' ()
x L*(Q;).

Also, the initial conditions satisfy the compatibility conditions wo|p, = ho.

Remark 5. In line with what is observed in [31] and [32], it seems possible — at least for certain
configurations of the polygonal segments I';, j =1, ...K — that the domain D(A) of the multi-
layer FSI generator (as prescribed in (A.i)-(A.iv) above) manifests a regularity higher than that
of finite energy; i.e., D(A) C H'(Qy) x H'*PI(Ty) x H'(I'y) x ... x H4P1(T'g) x H'(T) x
HtP2 Q) x HY(S2), where parameters p1, p2 > 0. In the course of our future work — e.g.,
an analysis of uniform decay properties of the FSI model (2)-(5) — this higher regularity will be
fleshed out. We should note that in the case of a smooth boundary interface I'y (see Remark 4),
smoothness of the associated FSI semigroup generator domain comes directly from classic el-
liptic regularity. In dimension n = 2 (see Remark 3), smoothness of the semigroup generator
domain can be inferred by the work of P. Grisvard; see e.g., [26], Theorem 2.4.3 of p. 57, along
with Remarks 2.4.5 and 2.4.6 therein.

3. Wellposedness—proof of Theorem 1

This section is devoted to prove the Hadamard well-posedness of the coupled system given
in (2)-(5). Our proof hinges on the application of the Lumer Phillips Theorem which assures
the existence of a Cp-semigroup of contractions {eA’ } once we establish that A is maximal
dissipative.

t>0

Proof of Theorem 1. In order to prove the maximal dissipativity of A, we will follow a few
steps:
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Step 1 (Dissipativity of A) Given data ®¢ in (8) to be in D(A),
K

(Ao, Do) = (Aug, uo)a; + Z(Vhlj, Vhoj)r,
j=I

K K
+Y Oy, hojr; + Y (A = hoj, hijr,
j=1 j=1

K dwo K dug
+Z<a—v’h”> _Z<8—v’h1j>

j=1 Tj =1 Lj
+(Vwi, Vwp)q, + (Awg, wi)g,

a
= —(Vuo, Vuo)a, + <—uo, u0>
av r,

K K
+ (Vhij. Vhoj)r; + > _(h1j. hor;
j=1 j=1

K K K dho;
: N " hos = b
= (Vi Vhopy, = > (hij oy, + ; < o, ,hl,)ar

k dwo k oug
— i), — 2 hys
+J§( v 1])F_, Z< v l]>l—~,,

j=1

P dwo
+(Vwy, Vwolg, — (Vwi, Vwg)g, — <8—v w1> . (12)
r

(In the last expression, we are implicitly using the fact the unit normal vector v is interior with
respect to I'y.) Note now via domain criterion (A.iv), we have for fixed index j, 1 < j <K,

dhg; oho
(—l,h1j> = Z —<—,h11 .
nj ar; l<I<K any ar;nary
ar;NAT £
Such relation gives then the inference
K
dho;
Z(ﬂ,hu) =0. (13)
j=1 an] 3Fj

Applying this relation and domain criterion (A.iii) to (12), we then have

(A, Do) = —|Vuoll,
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K K
+2i Y Im(Vhij, Vhoyr, +2i 3 Im(hi. hopr, a4
j=1 j=1

+2ilm(Vwi, Vwo)g,,
which gives
Re(A®, )y < 0.

Step 2 (The Maximality of A ) Given parameter A > 0, suppose ® = [ug, ho1, k11, -- ., hok, M1k,
wo, wi] € D(A) is a solution of the equation

(A — A)D = ], (15)

where ®* = [uf, hi,, hi|, ... . hig . hig, wg, w}] € H. Then in PDE terms, the abstract equation

(15) becomes

)\.MO_AMOZME; ifl Qr (16)
u0|1"f =0 on Ff,

andfor 1 <j <K,

Ahgj — hyj =h3j in I’

Jw Ju .
)»hlj—Ah()j-I—hoj—a—vO-f-a—UO:th in I’
uolr; =hij=wilr; in T}

ho,,’lar,—mar, = h()l|81“j081"1 on dI"; NaTy, for all 1 </ < K such that ar'jNary # ?

ohoj dhy,
—_— =— — on oI'; NI, forall 1 < < K such that 9T"; N aI"; # ¥;
Inj lar;nar, I |ar;nar,
(17)
and also
Awp —wy =wg in
{Awl — Awg=w] in Q. (18)

With respect to this static PDE system, we multiply the heat equation in (16) by test function
Qe Hllf(Qf), where

Hf () =1, € H (Qp):¢lr, =0}
f

Upon integrating and invoking Green’s Theorem, then solution component u( satisfies the vari-
ational relation,

aug

[y

In addition, define Hilbert space V by
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V= {[wl,...,w] e H'(T)) x ... x H'(Tg) : Forall 1< j <K,

¥jlar;nar; = Wilar;nar, on 9T; N ATy, forall 1 <1 < K such that 9T'; N 9T # B}
(20)

Therewith, we multiply both sides of the /¢ ;-wave equation in (17) by component y; of ¥y € V,
for 1 < j < K. Upon integration we have for ¢ € ),

A(hiy, YO, — (Ahor, Y, + (hot, YD, — (5 wo, ¥y, + (Suo, Y,

| A1k, Yi)rg — (Dhok i)t + (hok, WK)rx — (o wo, i)y + (5 u0, VK )rg
i (th 1/’1)[‘1

L (hTK ’ WK)FK
For each vector component, we subsequently integrate by parts while invoking the resolvent
relations in (17) (and using the domain criterion (A.iv.b)). Summing up the components of the

resulting vectors, we see that the solution component [h11, ..., h1g] € V of (15) satisfies

K

1 1 3 .
/Z=:1 [Mhlj’ Vi, + 5 Vi Ve, + 2 ¥ + (Gouo = 2w, 1/fj)rj]
[ L 1,
= Z [(hw Vi, — X(hOj’ Vi, — X(Vhoj’ VI//j)l“_/:| , fory e V. @1
=

Moreover, multiplying the both sides of the wave equation in (18) by & € H' (), and integrating
by parts — while using the resolvent relations in (18) — we see that the solution component w; of
(15) satisfies

1 0 1
Mwy, §)q, + X(le’ Vé)q, + (a—vwo,E)Fs = (wi, &g, — X(Vwé, VE)q,, for & € H' ().
(22)
Set now

W={lg. v vk, E1€ HE (@) x V x H Q) 1 ¢lr, =) =Elr,, for 1 < j <K

K
g ¥ Wi 6y = 1902, + DO [IV0S T, + wslE, [+ 1vel, . @3
j=1

With respect to this Hilbert space, we have the following conclusion, upon adding (19), (21) and
(22):if @ = [ug, ho1, h11, - - ., hok, Pk, wo, wi] € D(A) solves (15), then necessarily its solution
components [ug, k11, ..., h1g, w1] € W satisfy for [p, ¥, E] € W,
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Auo, @)a, + (Vuo, Vo), +A(wi, £)g, + 3 (Vwi, Vé)g,
s 1 1 4 (24)
+ Zl[?»(hlj,lﬁj)rj+x(Vh1j,V1ﬁj)rj+x(h1j7lﬁj)r,-]=F,\ vl
= §
where
¢ X 1 1
B v || =wea +) |:(th7 Vidrg — X(hz;jv Vi, — X(Vhéj’ Vl/fj)r_,]
& =1
(25)

1
+ (wi, &g, — X(Vwé, VE)g,.

In sum, in order to recover the solution ® = [ug, ho1, h11, ..., hok, hik, wo, wi] € D(A) to (15),
one can straightaway apply the Lax-Milgram Theorem to the operator B € L(W, W*), given by

v ][ e

14 Vi |
Vi Vi

‘i: 3 W x W

d ~ 1 — 1~
+Z |:)~(W/7 vir; + x(VW/’ VY ir, + x(lﬁjy Wj)r,:| .
j=1

It is clear that B € £L(W, W*) is W-elliptic; so by the Lax-Milgram Theorem, the equation (24)

has a unique solution

[uo, h11, ..., g, w1] € W. (26)
Subsequently, we set
hyj+hg; .
hoj = A*-/,forlfij, 27
wi+wg
wo = —5—L.
In particular, since the data [ug, h§,, hi,, ... kg, hYy, wi, wi] € H, then the relations in (27)

give that

wolr; =hoj, 1<j<K. (28)

We further show that the dependent variable ® = [ug, ho1, k11, - - ., hok, A1k, wo, w1], given by
the solution of (24) and (27), is an element of D(A): If we take [¢,0,...,0,0] € W in (24),

where ¢ € D(Q2y), then we have

Auo, p)a, — (Aug, )a, = (uy, 9)o, Yo eD(Qy),
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whence
Ao — Aug = ufy in L*(Qy). (29)
Subsequently, the fact that {Aug, uo} € L2(Q27) x H'(S25) gives

dup 1
—Ir €H 2(F) (30)

In turn, using the relations in (27), if we take [0, 0, ..., 0, &] € W, where & € D(£2;), then upon
integrating by parts, we have

Mwi, £)g, — (Awo, §)g, = (Wi, &g, V& eD(Qy),
and so
Awp — Awo =w? in L2(y), (31)
which gives that {Awg, wo} € L?(25) x H' (). A subsequent integration by parts yields that

8w0 _1
—Ir € H3(Ty). (32)

Moreover, let y;t € L(H 7 (I'y), H'(2,)) be the right continuous inverse for the Sobolev trace
map y, € L(H (Q), H2 () viz.,

vs(f) = flr, for f € C®(Qy).

Likewise, let y}?L € L(H 5 (Ty), Hllf (2#)) denote the right inverse for the Sobolev trace map
Yf € E(Hrlf (), HZ(Ty)). Also, for given Vi€ HI(T)), 1< j<K,let

Vi, xel;
(V7)o (1) = { 0. x eT,\r;. (33)

Then (v),,, € H2(Ty) forall 1 < j < K. We now specify test function [¢, ¥, ..., Vg, E] € W
in (24): namely, ¥ € H}(I';), 1 < j <K, and

K K
o=y 1D W) |- E=VT DWW | (34)
j=1 j=1

Therewith we have verbatim from (24),
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Auo, )a, + (Vuo, Vo)g,

K 1 1
+Z |:)»(h1j, vir; + X(Vhlj’ Vyir; + X(hlj, 1/fj)rj:|
=1

1
+i(wy, &), + X(le’ Vé)q,
= (uyp, (p)Qf + Z |:(h1j7 Iﬂj)rj - X(Vh()./w Vl/fj)l"j - x(hojy 1/fj)l“j:|
j=1

1
+(wi, §)q, — X(ng’ VE)g,.

Upon integrating by parts, and invoking the relations in (27), as well as (29)-(32), we get

ouo

K 9 K
<a—v, go> + 3 [AGj ¥)r, — (Ahoj ¥, + (hoj. w,-)r,.]—<%,s> = v,
F.Y FS

Jj=1 j=1

(35)
Since each test function component v; € H(% (I";) is arbitrary, we then deduce from this relation
and (33)-(34) that each hg; solves

In addition, we have from (36), (26), (30), and (32) that { Aho;, ho; } € [H'(T'j)1' x H'(T';), for
1 < j < K. Consequently, an integration by parts gives that

dho,

eH 1), forl <j<K. 37)
3l’lj

Finally: Let given indices j*,[*, 1 < j* [* < K, satisfy aI'j»N 9I';« # @. Let g be a given

1
element in H02+€(8Fj*ﬁ dT;+). Then one has that g« € H%+€(8Fj*) and g € H2€ (3T,
where

- _ g(x),x €edlj= Nolyx - _ g(x),x € ol'j» N Ty
§j(x) = { 0.x €T\ (- Narys); $" W =10, x carye\ (4T N o)

(see e.g., Theorem 3.33, p. 95 of [35]). Subsequently, by the (limited) surjectivity of the Sobolev

Trace Map on Lipschitz domains— see e.g., Theorem 3.38, p. 102 of [35] — there exists ¥+ €
H'*€('j+) and ¥+ € H' () such that

Yjx

ar - =gj* and Ypilr, = &+ (38)

In turn, by the Sobolev Embedding Theorem, if we define, on T, the function
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¥j=(x), forx el
Y(x) = § ¥(x), forxeTys (39)
0, fOI'xEFS\(Fj* UF[*),

then Y(x) € C(T). Since also Yjx € Hl(I‘j*) and Y+ € H' (), we eventually deduce via an
integration by parts that Y € H'(T'y). (See e.g., the proof of Theorem 2, p. 36 of [18].) With this

H'-function in hand, and with aforesaid continuous right inverses y;" € L(H > (Ty), H' ()
and y]?L € E(H% (), Hllf (2¢)), we specify the vector

(o, ¥, &= [y;'(T),O, e ¥, 0,0, Y5, .., O, yj(r)] eWw, (40)

where again, space W is given in (23). With this vector in hand, we consider the thin wave
equation in (36): With respect to the two fixed indices 1 < j*,[* < K, we have via (36)
k(e ¥y ), = (Bhojes i)+ (hojes ¥j)p
— (G — B ype) | h e Y, — (Bho Vi,

J

+ (ho, gﬁl*)r‘]* — (% — %’ '(ﬁp)rl* = <th*, W/*)r* + (th*, wl*)rl*
J

A subsequent integration by parts, with (40) in mind, subsequently yields

by i)+ (Vhoje Vrj)p = <aa}1,°f:’8>3rjmarl* + (hoj ¥j)r.,
+ A (hus Yo )pye + (Vhor, V), — <33};,(;f , g>ar/-mar,* + (hors, Y1),
+ (Vwo, V&), + (Awo, §)g, + (Vuo, Vo)o, + (Auo, 9)g,
( 1 Wi ) + (Al i), -

Invoking (29) and (31), we then have

<3"‘* 8l A\ O 8 lor. 09T +( 0j*: ¥ )Fj + (hors Y,
(e Yy + (Vhoje, Vi), + 4 G Y1), + (Vhare, Vi),
+ (Vwo, V&) q, +A(w1 £)a, —(wl,é) o, T Vuo, Vo)g, + 4 (1o, 9)o, — (ME';JP)Qf

_ (h*;j*, 1/fj*)rj* + (A i)y, -

Invoking the relations in (27) and the variational equation (24), which is satisfied by [ug, k11, .. .
h1k, wi] (where again vector [¢, ¥, €] is given by (40)), we have the relation

<8h0 r

1
r,g> , forallgeHonré(aFj*081”1*).
nj T N3

dhoy
(2
T F)

1
Since HO2 +E(8Fj* N aly«) is dense in H? (oI j» N oINyx), we deduce now that
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ohoj _ ohor
anj* B anl*

. for aT j« N ATy #£0. (41)

Collecting (26)-(32) and (36), (37) and (41), we have that the obtained variable

[uo, hot, A1, ..., hok, hik, wo, wi] € D(A),

and solves the resolvent equation (15). This concludes the proof of Theorem 1, upon application
of the Lumer-Phillips Theorem.

4. Strong stability-proof of Theorem 2

In this section, our main aim is to address the issue of asymptotic behavior of the solution that
we stated in Section 2. In this regard, we show that the system given in (2)-(5) is strongly stable.
Our proof will be independent of the compactness or noncompactness of the resolvent of A (see
Remark 3). It will hinge on an ultimate appeal to the following well known result:
Theorem 6. ([1]) Let T (t);>0 be a bounded Cy-semigroup on a reflexive Banach space X, with
generator A. Assume that o,,(A) NiR = (@, where o, (A) is the point spectrum of A. If o (A) NiR
is countable then T (1), is strongly stable.

The proof of this theorem entails the elimination of all three parts of the spectrum of the
generator A from the imaginary axis. For this, we will give the necessary analysis on the spectrum
in the following subsection.

4.1. Spectral analysis on the generator A

Since we wish to satisfy the conditions of Theorem 6, we will prove that o (A) NiR = @ which
is equivalent to show that

iR C p(A).
To do this, we start with the following Proposition:

Proposition 7. With generator A : D(A) C H— H given in (10)-(11), the point 0 € p(A). That
is, A is boundedly invertible.

Proof. Given ®* = [ué, hiy By e Bk B g Wi wﬂ € H, we take up the task of finding
® =[ug, hot, h11, ..., hok, hig, wo, wi] € D(A) which solves
Ad = d*, (42)

or
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Aug [ uf ]
hi h
3140 21
|r1+(A—1)h01+ B0, hi
: = : . (43)
hik hok
—52Iry + (A = Dhok + %8Iy Mk
wi wy
L Awo i wi |
From the thin and thick wave component of this equation we see that
wy =wj € H' () (44)
hij=h; € H(T)), for 1<j<K (45)

Moreover, from the heat and thick wave components of (43), and the domain criterion (A.iii), we
have that the solution component u( should satisfy the following BVP:

Aug=ug in Qy
uolr, =0 (46)
uolrs = wglr,

Solving this BVP, and estimating its solution, in part by the Sobolev Trace Theorem, we have
* %k
||”0||Hr'f(szf) + Augllg, =C [”"onszf + [Jwg “HI(QS)] : 47
In turn, the use of this estimate in an integration by parts gives

BT
ov

=C [HMSHQf +[wg ”HI(QS)] : (48)

H 239

In addition, with the space V as in (20), we set
x={v.e1evx B @)y =8I, for 1j<K . (49)

With this space in hand, and with the thin-wave and thick-wave components of equation (43) in
mind, we consider the variational relation

(Vwo, V&)q,

K
+ > [(Vhoj, VYpr, + (hoj, ¥ )r;]
j=1
= —(w}, H)q,

K

Z[(hl,,wr +( I/f/)r } (50)

j=l1
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for every [V, £] € x where the term 3”0 |, is from (48). Since the bilinear form b(-, -) : x — R,
given by

K
b([y.£). [V.E]) = (VE.VE)g, + Y [(V¥;. Vi, + (Y. ¥, ] (51)

j=1

for every [V, &], [1}, ’5] € x, is continuous and y -elliptic, then by Lax-Milgram, there exists a
unique solution

¢ = [(ho1, ho2, ..., hok), wol € x (52)

to the variational relation (50). To show that the obtained [ug, [ho1, 11, ..., hok, Rk ], wo, wi] €
H is in D(A) and satisfies the equation (43):
Proceeding very much as we did in the proof of Theorem 1, we take in (50)

[v,§1=1[0,0,....0], ¢,

where ¢ € D(L2;). This gives

(Vwo, V&), = —(w}, H)g,,
whence we obtain
—Awy=—w] in €, (53)
with

Jdwo
lAwollg, + H

=[], + lwollme, ]
H 2 (Ty)

< C|[[ug. gy By gk higdwgs wil . 54)

after using (52). In turn, using aforesaid right continuous inverse y;* € L(H 5 (Ty), H(2y)), let
in (50), test function

K
V. €1 = [ [WDexts oo WKt vt [ D (¥7),0 | | € %
Jj=1

where each ¥ € Hé (I';) (1 <j<K),and each (wj)ext is as in (33). Applying this function to
(50), integrating by parts and invoking (53), we have
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d
—(Awp, £)g, — <$,s|rs>
% T,

M =

+ [(Vhoj,ij)r +(hO]v %)r ]

~.
I
<N

-

ouo . .
|:< 1ﬁj> + (75, 1/fj)l‘_,:| — (], &)gq,-

1

J
Again, as each ; € Hé (T';) is arbitrary, we deduce that each h¢; solves the thin-wave equation

Jw du
_Ah0j+h0j_a_°+ 31)0 —h}j;. in T;, 1<j<K. (55)

A subsequent integration by parts, and invocation of (48), (52) and (54), give for 1 < j <K,

dhoj
ol
e .
5C”[“37[hélthlv"'ththTK]’wS’wﬂ”H' (56)

Now, proceeding as in the final stage of the proof of Theorem 1: let fixed indices j*,[*, 1 <

1
Jj5IF < K, satisfy 9T ;=N 9T« # @. Given function g € H02+€(81"j* N al+), we invoke the
associated functions ¥+ € H'*€(T';+) and ¥+ € H'7€(I+) as in (38), also T € H! () as

in (39). With these functions, and said continuous right inverse y,;" € L(H > (Ty), HY(y)), we
consider test function

W, 61=[[0, ., ¥+, 0, .0, ¥+, ..., 0],y ()] €

Applying this test function to the variational relation (50), and subsequently invoking (53), we
obtain

ow
< - §|r> + (Vhoj, Vo )rs + (hoje Yjor e
+(Vhos, Vs + (hor, Yis)ry.
aug
= —(h1j* ¥ —< Yy >
T

aug

—(hyy, I/fz*)r*—<¥ W*> :
Iy

Integrating by parts with respect to the thin wave components, and invoking (55) and (38), we

lhel‘l ha\/e
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1
Since g € Hy e (oI j» N 0I'yx) is arbitrary, a density argument yields

< 0 ,g> =—< o ,g> LV 1< <K (57)
an j» 9T j+NaTs anys 3T j+MAT

such that 9T"j» N d';+ # @. Collecting (44), (45), (47), (48), (52), (53), (55)-(57), we have now
that the obtained [ug, [ho1, h11,--., ok, h1k], wo, w1] € D(A) satisfies the equation (42) for
arbitrary ®* € H. Since also A : D(A) C H — H is dissipative (and so injective), we conclude
that A is boundedly invertible. O

In what follows, we will need the Hilbert space adjoint of A : D(A) C H— H which can be
readily computed:

Proposition 8. The Hilbert space adjoint A* : D(A*) C H — H of the thick wave-thin wave-heat
generator is given as,

A 0O 00 0 0 0 0
0 0 I --- 0 0 0 0
—gplr I =2) 0 0 0 —%lr, 0

AF — : : Do : : S
0 0 o --- 0 —1I 0 0
2 00 - (I=A) 0 =2, 0
0 0 0 0 0 0 -1
0 0 0 0 0 —-A 0

where

D(A*) = {[uo, ho1, h11, ..., hok . hik, wo, w1l € H:
(A*i)uge H'(Qy), hj e HY(Tj) for 1 < j <K, w; € H(Qy);
(A%.ii) (a) Aug € L(27), Awg € L(Ry), (b) — Ahgj — F|p, — B |p) e LA(T))

forl <j<K;
3h0j _1 .
(c) e H2(dI'j), for1 < j <K;
nj

ar;
(A*iil) uolr, =0, uolr; =hij =wilr;, for1 <j <K;
(A*iv)For1 < j <K:
(a) hlj|3f‘jr18r‘1 =h]1|3rjm3r, on dI'; NIy, forall 1 <[ < K such that 0T"; N aI'; # @;

dho; oh
by 20 =_ 20 on 9T; NIy, forall 1 </ <K

onj ar;Nary any ar;Nary
such that 9T'; N o # ¥} .

Now, we continue with analyzing the point and continuous spectra of the generator A:

Lemma 9. The point 6, (A) and continuous spectra o.(A) of A have empty intersection with iR.
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Proof. To prove this, it will be enough to show that iR\{0} has empty intersection with the
approximate spectrum of A; see e.g., Theorem 2.27, pg. 128 of [24]. To this end, given 8 # 0,
suppose that i8 is in the approximate spectrum of A. Then there exist sequences

Uy uy

hln wikn
Sln wikn

{®n} = : C D(A); {(BI —A)D,} = : CH, (58)
hgn 907(”
SKn 1p[*(n
Won wf’;,,
L Win | L w>1kn i

which satisfy forn =1, 2, ...,
) 1
Ppllg=1, GBI —A)Dyllg < pe (59

As such, each ®,, solves the following static system:

. B ok
{lﬁu,; | Abfo uk ;‘n Qy 60)
nily = on 1 ¢
Forl<j <K,
lﬂh/n - %_jn = onn in 1_‘j
—B2hjn — Ahjy + hjy + S — Ton — gt 4 iB* in T 61
Jjn jn T jn T, v =V, Tibel, in T
Also
iBwo, —wi, =wg, in Qg 62)
—B*won — Awo, = wi, + iBwg, in Qg
and againfor 1 < j <K,
Mn|r,- =§jn = w]n|[‘j
ohy,; oh
ksl = forall 1 </ < K such that 9T'; N 9T % . (63)
onj ar;nary ony ar;NaTy

Now the left part of the proof of Lemma 9 will be given in five steps:
STEP 1: (Estimating the heat component of ®,,)

Proceeding as we did in establishing the dissipativity of A : D(A) C H— H, (see relations (12)
and (14)), if we denote

F = (il —A)D,
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then from the relation

((BI = A)Dy, @)y = (P, P)m,

we obtain

IViallgy, =Re(®5, @p)n. (64)
From (59), we then have

1im u, =0 in H'(Q)). (65)

In turn, via the thin wave resolvent condition in (61) and boundary conditions in (63), we have
forl<j<K

i i
hjn = __Mn|Fj - =

B B

From this relation, we can then invoke (65), the Sobolev Trace Map, and (59), to have

£
@, in r;.

lim hj =0 in H2(;) (66)
n— 00

for 1 < j < K. Moreover, an integration by parts, with respect to the heat equation (60), gives
the estimate

ouy
ov

= C[IVunllg, + 1Au g, |
H™2(3Q)) ‘

= [IVunllg, + iBun - ui]g, |
Now, invoking (64) and (59) gives

3
lim =% =0 in H~ (). (67)

n—oo gy

STEP 2: We start here by defining the “Dirichlet” map D : L2(T) — L%(S;,) via

_ Af=0in Q
DS‘g_f < % {fh_‘ng on FS'
We know by the Lax-Milgram Theorem
Dy € L(HA(Ty), H'(,)). (68)

Therewith, considering the resolvent relations in (62), we set

i
ZnEu)On"f‘EDs[unh‘s +w(>’)<n|l“5]7 (69)
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and so from (62) z, satisfies the following BVP:
—B%z, — Azy = wy, +ipwg, —iBDslunlr, +wg,Ir,] in Qg (70)
Znlr, =0 on Tj.

Since €2 is convex, then z, € H2(Qs). See e.g., Theorem 3.2.1.2, pg. 147 of [25]. In conse-
quence, we can apply the static version of the well-known wave identity which is often used in
PDE control theory— [see (Proposition 7 (ii) of [6]), [16], [40]. To wit, let m (x) be any [C2(Q_S)]3-
vector field with associated Jacobian matrix

dm;(x)
[M(x)]ij: ax:
J

1<i,j<3
Therewith, we have

/MVz,, -Vz,dQ
Q

1 2 2 2\ 45
5 [ IVal™ = A7 lza["}divim)d 2
Qg

+Re / | F7 = iBDlualr, + i, Ir1|m - VZds2s, (7
o}
where
F} = (Rew] Lywg j H Rew 72
g = (Rewy, — Blnwg,) +i(Inwy, + BRew,). (72)

Again, relation (71) holds for any C2-vector field m (x). We now specify it to be the smooth
vector field of Lemma 1.5.1.9, pg. 40 of [25]. Namely, for some § > 0, the C* vector field m (x)
satisfies

—m(x)-v>4 ae.on [ (73)

Specifying this vector field in (71), and considering that z,|r, = 0, we have then




7152 G. Avalos et al. / J. Differential Equations 269 (2020) 7129-7156
= | MVz, -Vz,dQ
Q2

1
+3 / (B |anl? — V2Pl
Qs

—Re / [ Fj = iBDslualr, +wi I, 1] m - VERd 2. (74)
&,

Estimating this relation via (59), ((65), 69), (68) and the Sobolev Trace map, we then have

/

s

2

0
AT < Cs poms (75)

ov

where positive constant Cs g, is independentof n =1, 2, ...
STEP 3: (An energy estimate for /,,)

We multiply both sides of the thin wave 4 j,— equation (61) by & j,, integrate and subsequently
integrate by parts to have for 1 < j < K,

2 dwo,
/|thn| dszfa—v"hjndl"j

Lj Lj
2 2 dup
+B* =1 [ |hju|"dD; — <, indTj
T; r;
4 / Wy + B jndT (76)
1".

J

Here, we are also implicitly using D (A)-criterion (A.iv). For the first term on RHS: we note that
upon combining the regularity for D; in (68) with an integration by parts, we have that

BB—UDS e LOHI(Ty), H™1(y)) (77)

This gives the estimate, via the decomposition (69),

, =C
H™2(Ty)

after also using (59), (65), the Sobolev Trace Map, and (75). Applying this estimate to RHS of
(76), along with (66), (67), and (59) we have

92n
av

= :

0
v llgaDs[unh} + wsnh"s]

H_% (Ty)

. j|§Cﬁ, (78)

H™ 2 (Ty)

mhj, =0in H'(T}), 1<j<K. (79)

li
n—o0
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STEP 4:

We note from the previous step that the limit in (79) when applied to the equation

Bw()n 2 8un % . % . .
S = = Ak (L= B+ S — (U, +iBe,) in Ty, 1<) <K,
gives
I dwop . 1
lim ™ Ir; =0 in H™('j). (80)

In obtaining this limit, along with (79), we are also using (67) and (59). In turn, via an interpola-
tion we have for 1 < j <K,

1 1
2 2

‘ 0Zn < C‘ 0zy 0zZn
av Hﬁé(l—‘j) - ov H—I(Fj) av LZ(F].)
1
owy 0 2 0z, |12
=C” ) ! +1/38_Ds[un|rs+w(*)<n|l"s] a_n (81)
v Vv H-1(Ty) v Lz(l—‘j)
Applying (77), (59), (80) and (75) to RHS of (81), we have now (upon summing up over j),
.0z, . _1
lim — =0 in H™2([y). (82)

n—>o00 gy

STEP 5: By (59) we have that {z,,} of (69) converges weakly to, say, z in HOl (€25). With this limit
in mind, we multiply both sides of the wave equation in (70) by given n € H'(S). Integrating
by parts we then have

0Zn

—B%(zn, Ma, + (Van, Vg, + <— n>
ov r,

= (w}, +ifwg, — ifDslunlr, + wi,Ir, 1, Me,, ¥neH (Q).

Taking the limit of both sides of this equation, while taking into account (59), (65), (68), The
Sobolev Trace Map, and (82), we obtain that z € HO1 (R2;) satisfies the variational problem

—B*(z.ma, + (Vz, Ve, =0, Ve H'(Q)
That is, z satisfies the overdetermined eigenvalue problem

{ —Az=p% in
d
zlr, = 45Ir, =0

which gives that

z=0 in
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Combining this convergence with (69), (65), (59) and (68), we get
lim wo, =0 in H'(). (83)
n— oo

Completion of the Proof of Lemma 9
The resolvent relations in (61), (62) and the convergences (66), (83) give also

lim &, =0 in L*(T';), 1<j<K
100 (84)

lim wi, =0 in H'(Qy)
n—oo
Collecting now, (65), (79), (83) and (84) we have

lim &, =0 in H,

n—o00
which contradicts (59) and finishes the proof of Lemma 9.

Lastly, we give the following Corollary regarding the residual spectrum o, (A):
Corollary 10. The residual spectrum o,(A) of A does not intersect the imaginary axis.

Proof. Given the form of the adjoint operator A* : H— H in Proposition 8, then proceeding
identically as in the proof of Lemma 9 we obtain

op(A)NIR=0.(A")NiR=¢
which finishes the proof of Corollary 10. O

Now, having established the above results for the spectrum of A, we are in a position to give
the proof of Theorem 2:

Proof of Theorem 2. If we combine the above results Proposition 7, Lemma 9 and Corollary 10
and remember that {eAt } />0 18 a contraction semigroup, the strong stability result follows imme-
diately from the application of Theorem 6.
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