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Abstract

Fitting a function by using linear combinations of a large number N of ‘simple’ components
is one of the most fruitful ideas in statistical learning. This idea lies at the core of a variety of
methods, from two-layer neural networks to kernel regression, to boosting. In general, the re-
sulting risk minimization problem is non-convex and is solved by gradient descent or its variants.
Unfortunately, little is known about global convergence properties of these approaches.

Here we consider the problem of learning a concave function f on a compact convex domain
Q2 C R? using linear combinations of ‘bump-like’ components (neurons). The parameters to
be fitted are the centers of N bumps, and the resulting empirical risk minimization problem is
highly non-convex. We prove that, in the limit in which the number of neurons diverges, the
evolution of gradient descent converges to a Wasserstein gradient flow in the space of probability
distributions over ). Further, when the bump width § tends to 0, this gradient flow has a
limit which is a viscous porous medium equation. Remarkably, the cost function optimized by
this gradient flow exhibits a special property known as displacement convezity, which implies
exponential convergence rates for N — oo, § — 0.

Surprisingly, this asymptotic theory appears to capture well the behavior for moderate val-
ues of §, N. Explaining this phenomenon, and understanding the dependence on §, N in a
quantitative manner remains an outstanding challenge.

1 Introduction

In supervised learning, we are given data {(y;, €;)};<n which are often assumed to be independent
and identically distributed from a common law P on R x R? (here T; € R? is a feature vector, and
y; € R is a label or response variable). We would like to find a function f : R4 — R to predict the
labels at new points € R%. Throughout this paper, we will quantify the quality of our prediction
by square loss, hence we are interested in minimizing R(f) = E{(y — f(x))%}.

One of the most fruitful ideas in this context is to use functions that are linear combinations of
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simple components:

| X
N; o(x;w;) . (1.1)

Here 0 : R xRP — R is a component function (a ‘neuron’ or ‘unit’ in the neural network parlance),
and w = (wy,...,wy) € RPN a = (a1,...,ay) € RY are parameters to be learnt from data.
Standard choices for the activation function are o(x;w) = (1 + exp(—{(w,z)))~! (sigmoid) or
o(x;w) = max((w, x);0) (ReLU). In this paper we will instead study a class of activation that
depends on the difference * — w. The objective is to minimize the population (prediction) risk

1Y 2
Ry(a,w) = E{ {y W Zam(w; wz)} } . (1.2)
i=1

Special instantiations of this idea include (we provide only pointers to the immense literature on
each topic):

e Two-layer neural networks [Ros62, AB09];
e Sparse deconvolution [Don92, CFG14];
e Kernel ridge regression and related random feature methods [CST00, RR08];

e Boosting [Sch03, Fri0l, BY03].

Despite the impressive practical success of these methods, the risk function Ry (w) is highly non-
convex and little is known about global convergence of algorithms that try to minimize it (we refer
to Section 2 for further discussion of the related literature).

Notable exceptions to the last statement are provided by random features and by boosting
algorithms. In random feature methods, the parameters w; are not optimized over (they are drawn
iid. from some common distribution), and the resulting risk function becomes convex in the
weights (a1, ...,ayn) to be learnt. While this is a fruitful idea, it gives up the degrees of freedom
afforded by the w;’s

Boosting overcomes non-convexity by fitting the components wi, ..., wy one at the time,
sequentially. The underlying assumption is that the problem of minimizing Ry (w) with respect to
one of the hidden units w; is tractable. However, this is generally not the case when the parameters
w; belong to a high-dimensional space.

The risk function (1.2) crystalizes a central conundrum in statistical learning. In a number of
applications (especially at low noise), it is rarely the case that low prediction error can be achieved
through a function that is linear in the raw covariates, e.g. f(2) = (w, ). In a classical setting, the
statistician would craft nonlinear features out of the covariates on the basis of expert knowledge.
For the model of Eq. (1.1), this amounts to constructing vectors wy, ..., wy. Statistical methods
would then be confined to the convex task of fitting the coefficients ai,...,an. This step is well
understood from a statistical and computational perspective.

Modern machine learning approaches (boosting, neural networks, etc.) hold the promise of
automatizing feature extraction, hence producing superior performances in a wide variety of ap-
plications. Unfortunately, we are still far from understanding in which cases optimizing over the



w;’s yields a significant improvement over —say— choosing them randomly. This central challenge
intertwines statistical and computational aspects. It is not hard to see that varying the weights
w;’s produces a significantly larger function class [Bac17]. The relevant question is what part of
this class can be accessed using gradient descent or other practical algorithms.

The main objective of this paper is to introduce a nonparametric regression model in which these
questions can be addressed rigorously. The model is interesting for at least two reasons: (i) From
a theoretical point of view, global convergence can be proved in the limit of a large neurons. The
proof relies on a mathematical mechanism that has not been explored in the statistics or machine
learning literature before. (i7) From a practical point of view, the model is nontrivial enough to
illustrate the potential advantage of fitting the features w; (we demonstrate this numerically in
Section 4.)

Let Q C R? be a compact convex set with ¥? boundary. We assume {(y;j, z;)};>1 to be i.i.d.
where x; ~ Unif(Q2) and

E(yjlz;) = f(z;), (1.3)

with f: ) — R a smooth function. We try to fit these data using a combination of bumps, namely
| N

flz;w) = Nled(m_wi)a (1.4)
1=

where K%(x) = 09K (x/5), K : R — Rsq is a first order kernel with compact support, and
w; € QO for i < N. Here Q° is a slightly smaller compact set, with Q° — Q as § — 0. (Note that
in our setting the hidden units w; and input data x; have same dimensions, i.e., d = D.) We refer
to Section 5 for a formal statement of our assumptions. From Eq. (1.2), we have

N
Ry(w) = Ry +E{[f(@) ~ S K@ —w)]’}
=1

where Ry = E[(y — f(z))?] and we use the fact that E[y — f(x)|z] = 0. Since the constant Ry
does not depend on parameters w, it does not matter in optimizing Ry (w) over w and henceforth
we write, with a slight abuse of notation,

N
Ry(w) = E{[f(z) - %Zxé(a; —w)]?Y.
=1

The model (1.4) is general enough to include a broad class of radial-basis function (RBF)
networks which are known to be universal function approximators [PS91]. To the best of our
knowledge, there is no result on the global convergence of stochastic gradient descent for learning
RBF networks, and this paper establishes the first result of this type.

It is important to emphasize a few differences with respect to standard RBF networks. First of
all, we do not require the kernel K (x) to be radial, i.e. to depend uniquely on the norm |z|. Second,
we require K to have compact support. This is mainly a technical requirement that simplifies some
arguments: we expect our results to be generalizable to kernels that decay rapidly enough. Finally,
and most crucially, the form (1.4) does not include non-uniform weights for the N components.



A more standard formulation would posit f(z;w) = Zf\il a; K%(x — w;) and learn the weights a;
from data, see Eq. (1.1). We deliberately set the weights to a fixed value because the risk function
is convex in @ = (a;)i<n, and hence fitting a’s to global optimality is ‘easy.” Indeed, universal
approximation could be achieved by keeping the centers w; fixed (and sufficiently dense in Q) and
only adjusting a. As discussed above, our focus is on the role of the w;’s.

Our main result is a proof that, for sufficiently large N and small §, gradient descent algorithms
converge to weights w with nearly optimum prediction error, provided f is strongly concave. Let
us emphasize that the resulting population risk Ry (w) is non-convex regardless of the concavity
properties of f. Our proof unveils a novel mechanism by which global convergence takes place.
Convergence results for non-convex empirical risk minimization are generally proved by carefully
ruling out local minima in the cost function (see Section 2 for pointers to this literature). Instead
we prove that, as N — oo, § — 0, the gradient descent dynamics converges to a gradient flow in
Wasserstein space, and that the corresponding cost function is ‘displacement convex.” Breakthrough
results in optimal transport theory guarantee dimension-free convergence rates for this limiting
dynamics [CIMT01, CMV03, CMV06]. In particular, we expect the cost function Ry (w) to have
many local minima, which are however completely neglected by the gradient descent dynamics.

More specifically, our first step is to show that — for large N — the evolution of the weights
w1, ..., wy under gradient descent can be replaced by the evolution of a probability distribution'
p? € P5(Q), which approximates their empirical distribution. Namely, if (w?, ... ,w’f\,) denote the

~

weights after k iterations with step size €, and p,(CN) = Zf\;l O,k /N is their empirical distribution,
then we have

: N _ 6
yom By =i (1.5)
where the limit holds in the sense of weak convergence or in W; distance (the two are equivalent
since Q is compact). The limit evolution (p{)s>¢ satisfies a partial differential equation (PDE) that
can also be described as the Wasserstein Wy gradient flow (i.e. gradient flow in % (1)), for the
following effective risk

R(p) =w [ [F(@) - K+ pla) da, (1.6)

where vy = 1/|Q| and || denotes the volume of the set 2. Here % denotes the usual convolution. Let
us emphasize that the convergence to Wasserstein gradient flow holds regardless of the concavity
of f.

The use of Wy gradient flows to analyze two-layer neural networks was recently developed in
several papers [MMN18, RVE18, CB18, SS18]. However, we cannot rely on earlier results because
of the specific boundary conditions in our problem. We constrain the w; € Q° by running projected
stochastic gradient descent (SGD): at each step w; moves in the direction of a stochastic gradient
of Ry(w) and then projected back to Q7. This results in a PDE with Neumann boundary condition
on €9, which is not covered by previous theory. We establish a quantitative version of the limit
(1.5) via propagation-of-chaos techniques.

Even if the cost (1.6) is quadratic and convex in p, its Wy gradient flow can have multiple
fixed points, and hence global convergence cannot be guaranteed. Global convergence results were

1Thr0ugh0ut,ﬁg(é\.’ ) denotes the space of probability distributions on X, endowed with Wasserstein metric Wa.



proven in [MMN18] and in [CB18] by showing that, for all ¢ > 0 p{ has a density that is either
smooth, or strictly positive everywhere. However, these convergence results are non-quantitative,
and do not provide convergence rates”.

Indeed, the mathematical property that controls global convergence of Wy gradient flow is
not ordinary convexity but displacement convexity. Roughly speaking, displacement convexity
is convexity along geodesics of the Wy metric, see Section 3.5. The risk function (1.6) is not
displacement convex. Indeed, its quadratic term reads vy [ K5* Ks(x — ') p(z)p(x’)deda’ which is
not displacement convex unless K% K is convex (see Lemma H.1), which cannot be in our setting.
However, for small 6, we can formally approximate K° % p ~ p, and hence hope to replace the risk
function (1.6) with a simpler one

Rip) = [ /(@) = pl@)]da. (1.7)

Most of our technical work is devoted to making rigorous this § — 0 approximation. Namely, we
prove that, as § — 0, p) = p; where p; follows the Wy gradient flow for the risk R(p).

Remarkably, the risk function R(p) is strongly displacement convex (provided f is strongly
concave). A long line of work in PDE and optimal transport theory establishes dimension-free
convergence rates for its Wy gradient flow [CJM 01, CMV03, CMV06]. Namely, if f is a-strongly
concave, then R(p;) < R(po) e 2*. By using the approximation results outlined above, we obtain
global convergence for SGD. With high probability,

Ry (w") < Ry(w®) e™2%% 4 err(N,d, ¢, 6), (1.8)

where the error term err vanishes as N — oo, €,6 — 0 in a suitable order.

This result implies that SGD converges exponentially fast to a near-global optimum with a rate
that is controlled by the convexity parameter «.

Our bounds are not sharp enough to provide quantitative control on the error term err(N, d, ¢, ),
especially in high dimension. Nevertheless, the convergence rate predicted by our asymptotic theory
is in excellent agreement with numerical simulations, cf. Section 4. Explaining this surprising
quantitative agreement is an outstanding challenge.

2 Related literature

The present work ties in several lines of research, some of which were already mentioned in the
introduction. A substantial amount of work has been devoted to analyzing two-layer neural net-
works and developing algorithms with convergence guarantees, see e.g. [ZSJ717, Tial7, BJW18].
However these approaches are typically based on tensor factorization or similar initialization steps
that are not used in practice, and do not scale well (although polynomially) in high dimension.

The landscape of empirical risk minimization was also studied in a number of papers, see e.g.
[LY17, SJL18]. However, global convergence was only proved in the extremely overparametrized
regime in which the neural network essentially behaves as kernel ridge regression [DZPS18].

2 An argument indicating convergence in a time polynomial in d was put forward in [WLLM18], but for a different
type of continuous flow.



Classical theory of neural networks was largely devoted to the two-layer case [AB09], although
the focus was on representation and approximation questions [Cyb89, Bar93], as well as on gen-
eralization error. It was already clear in that context that a two-layer network is conveniently
characterized by the empirical distribution of the hidden neurons, and that it is useful to relax this
from a distribution with N atoms, to a general probability measure. This representation plays an
important role, for instance, in [Bar98|, and was exploited again under the label of ‘convex neural
networks’ in [BRV " 06].

Over the last year, several groups independently revisited this connection, with the objective of
understanding the landscape structure of two-layer networks, and the dynamics of gradient descent
methods [NS17, MMNI18, RVE18, SS18, CB18, MMM19]. In particular, it was proven in [MMNI8§]
that, under certain smoothness condition on the underlying data distribution, the gradient descent
evolution is well approximated by a Wasserstein gradient flow, provided that the number of neurons
exceeds the data dimensions. As mentioned above, the algorithm treated here differs from the ones
analyzed in earlier work, because the weights w; are constrained to lie in the convex set Q°. We
enforce this constraint by using projected SGD, i.e. projecting at each step the weights onto the
set Q9. We generalize the analysis of [MMN18], obtaining convergence to a PDE with Neumann
(reflecting) boundary conditions. As in [MMN18], we build on ideas that were first developed in
the context of interacting particle systems [Dob79, Szn91].

The Wasserstein gradient flow approach was used in [MMN18, CB18] to establish global con-
vergence results. However, these results fall short of our objectives for several reasons:

e The global convergence result of [CB18] rely on certain homogeneity properties of the neurons
that are lacking here. We could obtain homogeneity by adding coefficients to Eq. (1.4), i.e.
considering f(x; w) = Zf\il a; K%(x — w;) and minimizing the risk with respect to the coef-
ficients a;. As mentioned above, we refrain from introducing coefficients not to oversimplify
the problem: when N — oo, it is sufficient to fit the coefficients a; to achieve vanishing risk.

Fitting the a;’s is a least squares problem.

e Most importantly, the techniques [MMN18, CBI18] do not establish any convergence rates.
This is not surprising, as those results hold under weak assumptions on the data distribution
and the activation function. In particular, [MMNI18, CBI18, MMMI19] cover general risk
functions of the form (1.2) under certain smoothness and boundedness conditions on ¢ and
on the functions V(w) = —E{f(x)o(x;w)}, U(w;,ws) = E{o(x;w1)o(x;w2)}. In such
a general setting [MMNI18] provides examples in which the Wasserstein gradient flow has
multiple fixed points, which are singular with respect to the Lebesgue measure. Global
convergence is established in [MMN18, CB18] by proving that PDE solution p; has a strictly
positive density. However, it is difficult to imagine this condition to hold in a quantitative
dimension-independent manner.

In contrast, our results are a first step towards dimension-independent convergence rate, in a
more restricted setting than [MMN18, CB18, MMM19].

In summary, our results do not subsume earlier work, that assumes a more general setting, but
rather establish stronger results in narrower context. Indeed, we believe that specific structural
conditions must be imposed on the data distribution and activation function for the Wasserstein
gradient flow approach to yield quantitative convergence rates. This paper presents one specific



set of assumptions. Although our results are not strong enough to establish non-asymptotic con-
vergence rates, they point clearly in that direction.

3 Model and assumptions

3.1 Notations

We will use lowercase boldface for vectors, e.g. x,y,..., uppercase for random variables, e.g.
X,Y, ..., and uppercase boldface for random vectors, e.g. X,Y,.... The scalar product of two
vectors is denoted by (x,y) = Z?Zl x;y;, and the ¢ norm of a vector is denoted by |x|. The
Euclidean ball in R? with center & and radius r is denoted by B(x;7). Given a set  C R?, we
denote by || its volume.

We will refer to several function spaces in what follows. The most common is the space of
p-th integrable functions ZP(X) on a measure space (X, F,u). Given a function f : X — R,
we denote by || f||.¢r(yy its £7 norm, namely Hngﬂp(X) = [y |f(@)[P p(dz). For § C R™, €*(S)
denotes the space of continuous functions f : S — R with continuous derivatives up to order k. In
particular, €’(S) denotes the space of continuous real-valued functions defined on S. In addition,
for T € Ry and a metric space M (with distance day), €(]0,7], M) denotes the set of continuous
functions f : [0,7] — M, endowed with the distance between two functions f,g € €([0,T], M)
defined as de(jo, 1), M) (f, 9) = supscio ) dm(f(t), g(t)). For a function f: S — R, we let ||f|Lip =
SUpP,zyes |f(x) — f(y)|/|Z — y| be the Lipschitz constant of the function f. Finally, as mentioned
above, P5(X) denotes the space of probability distributions on X', endowed with the Wasserstein
metric Woy

Throughout the paper, we use C' to denote finite constants, which can vary from point to point.
When these constants can depend on some of the problem parameters, e.g. a,b,c, we will write
C(a,b,c). When they are absolute numerical constants, we will emphasize this by writing C..

3.2 Data

As mentioned above, we are given data (y;, ;) ~iiqd. P where x; ~ Unif(Q2), with Q C R? a compact
convex set, and y; = f(x;) + ¢, with f : Q@ — R>g. We assume the ¢; to be i.i.d. o%-subgaussian
random variables with E(e;|x;) = 0. We assume the function f to be concave and smooth.

Our formal assumptions on the set {2 and the function f are as follows:

(A1) Q D B(0;7), with r > 0, is a compact convex set with ¥ boundary.
(A2) f:Q — R>( uniformly concave, i.e., there exists o > 0 such that
(y, V’f(@)y) < —aly]’, VoeQ, yeR’ (3.1)
where V2f denotes the Hessian of f.

(A3) f e E>(Q), with || f|l £y, IV f]l.z~@) < Cs for an absolute constant C..

Without loss of generality, we can also assume that fQ f(x)dx = 1. As a running example, we will
use ) = B(0;r), where we remind r is defined in Assumption (Al).



Remark 3.1. The assumption x; ~ Unif(€2) is quite strong but simplifies our analysis. We believe
our approach can be generalized to a broader family of probability distribution for the covariates
xj, but defer these generalizations to future work.

3.3 Neural network and SGD

Let K € €7 (]Rd) be a non-negative symmetric first order kernel with compact support. Formally,
we assume that

(A4) /K(w) de=1, K(z)>0, /K(:I:) zdx =0, (3.2)
K(—x)=K(z), supp(K)CB(0,c). (3.3)

The assumptions of symmetry and compact support are not crucial, but simplify some of the tech-
nical details later. We will further assume ||V K|| goo (gay, [V2K|| oo (rey and co to be independent
of the ambient dimension d. Notice that this requirement follows from the differentiability and
compact support assumptions if K(x) = k(||z||2) is a radial function.

For § > 0, let K°(x) = 6 “K(x/5). We try to fit the function (1.4) with parameters w =
(wy,...,wy). These parameters are constrained to w; € Q which is a suitable scaling of Q, as
defined in the following. Given 0 < r/cp, with r defined in (A1), define

00 =)0,

where

)\gzsup{)\ZO: AQ @ B(0, ¢ ) QQ}. (3.4)

For two sets A, B C RY, their Minkowski sum is defined as A®@ B = {&x +y : xz € A,y € B}.
Note that As € [0,1] for all §. Furthermore, Q2 D B(0;7) implies As > 0 for all § < r/cy. Finally,
As—o = 1, whence Q9=0 = Q. In our running example, 0 = B(0; r —cpd) is a ball of slightly smaller
radius. Clearly, since € is convex, Q% is convex as well.

We use stochastic gradient descent to minimize the population risk (1.2). At each step, we use a

new data point (yx, k), thus the sample size is equal to the number of iterations of the algorithm.
Assuming for simplicity constant step size € > 0, we update the parameters by

whtt =p {wf — VK (341 — wh) (yk+1 — f(@py; 'wk)) + V2er gf“} . (3.5)

Here gf“ ~ N(0, I;) is Gaussian noise which we take to be i.i.d. across time and neuron indices,
k and 4, and P is the orthogonal projector onto Q°:

P(z) =argmin{|z —z|: = 695}. (3.6)

The noise term /2e7 gf“ is added mainly for technical reasons. Namely, it allows us to control
the smoothness of the solutions of the resulting PDE. In simulations we do not find it useful, and
we believe that a more careful analysis would be able to establish smoothness without the noise
term.



Again, in our running example, we have

if |z] <r—
P(z) =4~ lz) <7 - cod, (3.7)
(r—cod)z/|z| if |z| >r — coo.

We initialize SGD with (w?)i<n ~iid. Pl € Po(00), where p°. is a scaling of a fixed distribution

init

Pinie € P2(Q), 1. p0..(S) = pimie(S/Ns). We assume that the initialization is smooth:

(AB) pii € T(Q0).

3.4 PDE Model, § >0

In the N — oo limit the population risk is approximated by the effective risk R? : 225(Q%) — R
defined in Eq. (1.6). We emphasize that p is a probability distribution supported on Q9. Note that

inf (o) < R(F) = [ [f@) ~ K« fla)] de. (3.8)

Q
In particular lims_o inf ,c 2,(q) Ro(p) = 0.

Our first main result is that the dynamics of SGD is well approximated by the following PDE
(see Section 5.1 for a formal statement):

Apr(w) = V- (pe(w)VE(w; pr)) + TApr(w)

U (w; p) = —vp K2 * f(w) +vg K° % K % p(w), (3.9)

with initial and boundary conditions

)
PO = Pinit>

(n(w), pr(w)V¥(w; py) + TVpy(w)) =0 Yw € 9Q°, (3.10)

where n(z) denotes the inward normal vector to 9Q° at .

A rigorous definition of solutions of this PDE, along with some of their properties, is given in
Appendix B. In Appendix C, we discuss the connection between the PDE (3.9) and the so-called
“nonlinear dynamics”, i.e. a stochastic differential equation that captures the trajectories of the
weights wf. Using this connection, we prove existence and uniqueness of weak solutions of Eq. (3.9).
In the proofs, we will often assume vy = 1, which amounts to a rescaling of time ¢.

For 7 = 0, the evolution defined by Eq. (3.9) corresponds to the gradient flow in Wasserstein
metric for the risk function R‘s(p). For 7 > 0, it is the gradient flow for the free energy functional
F°(p) defined below

1

F(p) = 3 B() ~75(s), S(p) =~ / p(w) log p(aw) duw (3.11)

3.5 Limit PDE, § =0

As mentioned above, in the limit § — 0 the risk function R°(p) is well approximated by R :
Z£%(Q) — R, where R(p) = vo|f — pH?(ﬂ(Q), cf. Eq. (1.7).

9



The corresponding Wasserstein gradient flow is also known as viscous porous medium equation
[Vaz07] and it is given by

Y
Bipi(w) = 1V - (pe(w)V f(w)) + EOA(p?('w)) + 7Ap(w), (3.12)
with initial and boundary conditions

L0 = Pinit»

(n(w), vop(w) V(f(w) — pr(w)) — 7Vpi(w)) =0 Vaw € 09Q. (3.13)

In Appendix A, we give the definition of a weak solution for the PDE (3.12) with initial and
boundary conditions (3.13). We also prove that the weak solution of the PDE (3.12) is unique,
under a mild integrability condition. Again, in proofs we will assume without loss of generality
gy = 1.

As in the 6 > 0 case, the evolution defined by Eq. (3.12) is the gradient flow for the free
energy F'(p) = (1/2)R(p) — 7S(p). Our analysis uses a key property of the risk function R(p) =
voll f—pl%- @ (and the free energy): displacement convexity [McC97]. For the reader’s convenience,
we recall its definition here, referring to [AGS08, Vil08, San15] for further background. Given two
probability measures pg, p1 € P2(N2), their Wy distance is defined by

Walpop)? = _int [ o~ g2 (da.dy). (314)
€T (po,p1)

where the infimum is taken over the set I'(pg, p1) of couplings of pg, p1 (i.e. probability measures

on  x ) whose first marginal coincides with pg, and second with p;). The infimum is achieved by

weak compactness of Z5((2).

The metric space (P2(2), Ws) is a ‘length space,” and in particular it is possible to construct
geodesics, i.e. paths of minimum length connecting any two probability measures pg, p1. Geodesics
have a simple description. Let =4 be the coupling achieving the infimum in the definition of
Wa(po, p1). Letting (X o, X1) ~ 74, we define p; to be the distribution of X; = (1—¢)X(+tX ;. The
curve t — pq, indexed by ¢ € [0, 1] turns out to be the geodesic between py and p; in (P2(2), Wa).

Displacement convexity is convexity along geodesics. Namely, a function F : P»(Q2) — R is
A-strongly displacement convex if

(1= (o) + £ Flpr) — Fp) = gAt(1— ) Walpo, ) (3.15)

A useful observation is that displacement convexity implies that all local minima of F are global
minimizer. Indeed, by (3.15) it is straightforward to see that F has at most one global minimizer
p*. Also, for every other point p, the geodesic between p and p, is a strictly decreasing path for
the function F. Now, suppose that p # p, is a local minimum. Then, there exists a neighborhood
U around p such that, for any p € U, F(p) > F(p). However, the strictly decreasing path between
p and p, passes through the neighborhood U, which leads to a contradiction and so p = p.

It follows from [McC97] that the risk function R(p) and the free energy F'(p) are strongly
displacement convex.

Remark 3.2. The concavity assumption on the regression function f (Assumption (A2)) defines
a nonparametric class under which global convergence can be established, with convergence rates

10



uniquely determined by the curvature « (in the limit N — oo, § — 0). Nonparametric estimation
of concave functions has attracted considerable attention over recent years, see e.g. [HD13, CS16],
and is —by itself— an interesting domain of applicability.

However, our projected SGD algorithm is potentially applicable to any data set, and will return
a meaningful estimate f regardless whether f is concave or not. Indeed, in the next section we
present numerical simulations indicating convergence to a near-global optimum even for non-concave
functions f.

From mathematical point of view, Assumption (A2) is only used to show the convergence of the
solution of the viscous porous medium equation (limit PDE, § = 0) to the unique global minimizer
of the free energy F(p) = (1/2)R(p) — 75(p), as formally stated in Theorem F.8. Concavity is
not needed for the other results in the paper, namely approximating the SGD trajectory with the
solution of the PDE (6 > 0), see Theorem 5.1, and the convergence of the solution of the PDE
(6 > 0) to the solution of the viscous porous medium equation, see Theorem 5.2. It is therefore
foreseeable a more general analysis that relaxes the concavity assumption.

4 Numerical illustrations

In this section we provide some simple numerical illustrations of our setting, and compare numerical
results with the predictions of the Wasserstein gradient flow theory.

It is easy to construct examples of strongly concave functions, satisfying our assumptions. One
can start from any strongly concave continuous function fy on a compact convex set €2, add a
constant to make it non-negative, and multiply it by a constant to normalize its integral. The
resulting function f(x) = (¢1 + fo(x))/co satisfies our conditions. Notable examples of concave
functions are given by log-moment generating functions fo(x) = —logEz exp{(x, Z)}, where the
random variable Z satisfies mild assumptions (e.g., it is bounded and its distribution is not sup-
ported on a proper subspace of R?). In general, given any twice differentiable function go, the
function fo(z) = go(x) — c«||z||3 is strongly concave for ¢, large enough.

4.1 A one-dimensional concave function

We set Q = [-1,1] and f(z) = (1 — e 1)/(1 — e72)
f_ll f(z)dxz = 1). Note that f is uniformly concave in [—1,

(we choose the normalization so that
1]. We set the kernel K as follows:

K(z) = Cyr(|z]), (4.1)

1—t2—2834+2t* fort<co=1,
K(t) =

0 otherwise,

where Cy is a normalization constant ensuring that f_ll K(z)dz = 1. The initialization p;,; is a
truncated Gaussian: py(2) = ¢ - exp(—2?/(20%)) 1_y 1 (z), with o = 1/3.

We find empirically that standard stochastic gradient descent (SGD) without the projection P
onto Q° works well in this example, and consider this algorithm for simplicity in our first illustra-
tions. We pick N = 200, 7 = 0 (noiseless SGD), and constant step size ¢ = 1076, In Figure 1,
left column, we plot the true function f(-) together with the neural network estimate f (-;w")
at several points in time ¢ (time is related to the number of iterations k via t = ke). Different
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plots correspond to different values of § with § € {1/5,1/10,1/20}. We observe that the network
estimates f(-;w*) seem to converge to a limit curve which is an approximation of the true function
f. As expected, the quality of the approximation improves as § gets smaller.

In the right column, we report the evolution of the population risk (1.2) normalized by || f ”,2%2(9)‘
For comparison, we plot the evolution of the risk (1.7) as predicted by the limit PDE (3.12) with
7 = 0. We solve the PDE (3.12) numerically using a finite difference scheme that enforces the
conservation law [ p(z,t)dz = 1, see, e.g., [Thol3]. In the finite difference scheme, we choose time
step and spatial step At = 107 and Az = 1072, respectively. The curve obtained by this numerical
solution appears to capture well the evolution of SGD towards optimality. The main difference is
that, while the PDE (3.12) corresponds to § = 0, and hence evolves towards a global optimum at
zero risk, SGD converges to a non-zero risk value, which can be interpreted as the approximation
error, decreasing with 9.

In Figure 2, we illustrate the numerical solution of the PDE (3.12) by plotting (i) the regression
function f together with the PDE solution p; (which coincides with the prediction f at § = 0) at
several times ¢, and (%) the PDE prediction for the risk R(p;) (1.7) normalized with respect to
||f||?g)2(ﬂ) (this plot aggregates data from Figs. 1.(b), (d), (f)). We also compare the risk (1.7) to
the population risk Ry (w*) achieved by SGD for different values of §. Note that, as § becomes

smaller, the risk converges to the predicted curve. The risk of the limit PDE (3.12) converges to 0
exponentially fast in ¢, as predicted by the strong displacement convexity of R(p).

In Figure 3, we consider the SGD algorithm with projection P, see (3.5). We pick N = 200,
7=0,c=10"%and 6 = 1/20. On the left, we illustrate the evolution of the value of 40 weights
chosen at random; and on the right, we plot the histogram of their empirical distribution at ¢ = 5.
Note that this histogram matches well the regression function f plotted in black.

4.2 A two-dimensional concave example
Next, we consider a two-dimensional example. We set 2 = [—1,1]? and

cC flo e<Q17w) +e<q27w>
fla) = 2108l ) (42)

C2

with q; = (2.5127,—2.4490), g, = (0.0596,1.9908) and where ¢; and cy are chosen so that f
is non-negative and [, f(x)dxz = 1. The kernel K is given by K(x) = Cgk(|x|), where & is
defined in (4.1) and Cy is a normalization constant ensuring that fB(O;l) K(x)dz = 1. Again, the
initialization py,, is a truncated Gaussian: py,(x) = c - exp(—|z|?/(202)) 1_yqp2(x), with o = 1/3.
We compare the normalized risk of SGD with no projection P (N = 2000, 7 = 0 and ¢ = 107%) for
5 €{1/3,1/5,1/10} with that of the limit PDE (3.12). Figure 4 shows that, already at 6 = 1/10,
the risk of SGD converges to the predicted curve and the risk of the limit PDE (3.12) tends to 0
exponentially fast in ¢.
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Figure 1: Dynamics of SGD update (3.5) at different times ¢ and for different values of 4.
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Figure 2: Dynamics of limit PDE (3.12) at different times ¢.

4.3 Comparing feature learning to random features

As discussed in the introduction, it is useful to consider the more general model

-y

yay) as well as w = (wy,. ..

(s w, a) (x —w;), (4.3)

with parameters a = (aq,... ,wy). This setting allows to compare

two different approaches:

(i) Random feature regression: the weights w are chosen independently of the labels y; (we allow
for dependence on the covariates x;).

(1i) Feature learning: the weights w depend on the data (y;, ;).

In order to compare these two approaches, we assume to be given i.i.d. data {(yi, i) }i<n, with
x; ~ Unif(Q), y; = f(x;) and determine the parameters a by the same method, ridge regression.
More explicitly, define the matrix Z € R™*V ag (Z)ij = K%(x; — w;). Then, we estimate a via

a=(Z"Z+N)'Zy, (4.4)

where A is chosen via cross-validation on a hold-out set, comprising 10% of the samples.

In Figure 5, we compare the performance of three different ways to construct the weights w
‘random w,” we choose the weights w; independently and uniformly at random in € (blue triangles
pointing down); ‘w = data points,” we choose the weights w; uniformly at random among the data
points (green circles); ‘optimized w,” we use the output of the projected SGD algorithm of the
previous sections (red triangles pointing up). The first two can be regarded as ‘random features’
approaches, while the latter is a ‘feature learning’ method.

For the optimized w, we use exactly the same algorithm in as in (3.5) (without coefficients
a in the SGD update), with the only difference that each SGD step is carried out with respect

14



Figure 3: Evolution of the value of 40 weights chosen at random and histogram of their empirical
distribution at time ¢t = 5.

to an independent sample from the empirical data, with replacement. SGD is stopped after kyax
iteration, and the coefficient @ are computed according to (4.3). Notice that this procedure is
probably suboptimal, and it would be better to optimize a and w jointly: we choose this simpler
two-stage procedure to have a more direct application of the algorithm analyzed in the paper, and
a comparison with the random feature methods. We set 7 = 0 (noiseless SGD), and constant step
size ¢ = 5 - 10~%. The number of iterations kuyax € {5-10%,15-10%,5-10% 15-10%,5 - 10°,15 - 10°}
is chosen via cross-validation, by using the same hold-out set employed to optimize A.

We set Q = [-1,1]* and define y; = f(x;), where f(x) takes the form (4.2) with q; =
(—0.3832,0.3074, —0.3198, 0.4792) and g, = (0.3502, —0.1471, 0.1685, 0.0546). Again, ¢; and cs are
chosen so that f is non-negative and [, f() dz = 1; the kernel K is given by K(x) = Cqr(|x|),
where £ is defined in Eq. (4.1) and C, ensures that fB(o;l) K(z)dx = 1.

After estimating w; and a; by either methods, we generate a test set of 10,000 samples and
use it to estimate the generalization error. We perform 20 independent trials of the experiment,
and we plot the average risk normalized by || f ||?g2(ﬂ) together with the error bar at 1 standard
deviation. In Figure 5-(a), we fix the number of neurons N = 200 and we plot the normalized
risk as a function of the number of data points n. In Figure 5-(b), we fix the number of samples
n to 2000 and we plot the normalized risk as a function of the number of neurons N. The data
set used for cross-validation has size max(n/10,40). Note that feature learning leads to improved
performance in both settings. The improvement becomes more pronounced with the sample size n,
presumably because a better set of weights w; can be learnt. On the other hand, when the number
of neurons N becomes very large, random w;’s are already covering §2 densely enough, and there
is no significant advantage in feature learning.

4.4 A non-concave one-dimensional example
We set Q = [—1,1] and f(x) = (z + sin(bx — 7/2) — ¢1)/c2, where ¢; and ¢z are chosen so that f is

non-negative and [, f(x)dz = 1. Note that the target function f is bimodal, thus it is not concave.
We perform the same numerical experiment described in Section 4.1. In Figure 6, left column, we
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Figure 4: Normalized risk of SGD for different values of § compared with that of the limit PDE for
a two-dimensional example.

plot the true function f(-) together with the neural network estimate f(-;w*) at several points
in time ¢, where different plots correspond to different values of § € {1/5,1/10,1/20}. In the right
column, we report the evolution of the population risk (1.2) normalized by || f||%. (- In Figure 7,
we plot (i) the regression function f together with the PDE solution p; at several times ¢, and (i)
the PDE prediction for the risk R(p;) (1.7) (normalized with respect to | f]|%. (Q)) compared with

the population risk Ry (w") achieved by SGD for different values of . Even if the target function is
not concave, the results are similar to those presented in the concave case: (i) the network estimates
f (-;w") seem to converge to a limit curve which is an approximation of the true function f, (ii)
the quality of the approximation improves as ¢ gets smaller, and (ii7) the risk of the limit PDE
(3.12) converges to 0 exponentially fast in t.

4.5 Failure for small N

We repeat the same experiment described in Section 4.1 for a smaller number of neurons N = 20.
As can be seen in Figures 8 and 9, the quality of the approximation becomes worse as d gets smaller.
This is expected because with small number of activations, reducing their bandwidth § leads to a
worse performance as they are all zero on a large part of the space. Put differently, the number of
neurons is too small to guarantee convergence of SGD to the predictions of the Wasserstein gradient
flow theory.
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Figure 5: Generalization error achieved by fitting a from the data for three different choices of the
weights w: in red, the w;’s are optimized before-hand via SGD, as suggested in this paper; in blue,
the w;’s are uniform in €2; and in green, the w;’s are equal to random data points.
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Figure 6: Dynamics of SGD update (3.5) at different times ¢ and for different values of § for a
non-concave target function f.
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5 Main results

5.1 Convergence of SGD to the PDE (3.9) at § > 0 fixed

We now state our result concerning the convergence of the SGD dynamics (3.5) to the PDE (3.9).
Note that this result does not require concavity of f. Its proof is presented in Appendix D.

Theorem 5.1. Assume that conditions (A1), (A3)-(A5) hold. Consider the SGD update (3.5) with
mitialization (w?)iSN ~iid. p?ﬂit and constant step size . Fort > 0, let p; be the unique solution of
the PDE (3.9) with initial and boundary conditions (3.10), and assume supp(p’,,) C B(0,r) Then,
for any fixed t > 0, p(\_ff\;)sj = p almost surely along any sequence (N,e = en) such that N — oo,
ey — 0.

Furthermore, for any 6 <1, T >1,¢e <1, p € N, and for any g : R — R with ||g||Lip < 1, the
following happens with probability at least 1 — z~2P,

sup
ke€[0,T/e]NN

sup Ry (wh) — R (pge)| < zerr(N,d,e,5) “r0" T
k€[0,T/e]NN

N
Zg(wf) - /g(’lU)pke(d'w)’ < zerr(N,d,e,8) P9 IT
=1

(5.1)

where

err(N,d,e,0) = \/g\/ (5_2d_17“(d2€10g(1/6))1/4) . (5.2)

Our proof is based on the same approach developed in [MMNI18]. We prove that solutions of
the PDE (3.9) are in correspondence with distributions over trajectories (X;);>¢ in € satisfying
the following stochastic differential equation

AX; = V(X4 p) dt + V21 dB; + d®, , (5:3)
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Figure 8: Dynamics of SGD update (3.5) at different times ¢ and for different values of 6 when the
number of neurons is too small (N = 20).
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where (By);>0 is a standard Brownian motion and d®; is the boundary reflection (in the sense
of a Skorokhod problem). The density p; is determined, self consistently, via p; = Law(X}).
We prove existence and uniqueness of solutions to this problem, and refer to the corresponding
stochastic process (X¢)i>0 as nonlinear dynamics. This in turn implies existence and uniqueness
of the solutions of the PDE (3.9).

We next construct a coupling between the network weights (w?, ..., wk) € ()N, and N i.id.
trajectories of the nonlinear dynamics (X!, ..., X%) € (2°)Y. Controlling the expected distance
in this coupling yields Theorem 5.1.

Remark 5.1. The error term in Eq. (5.1) is completely analogous to the error in a similar theorem
proved in [MMNI18]. The constant 6~ appearing here is obtained by bounding the Lipschitz
constant of V¥ (w; p). As already mentioned, the main technical difficulty with respect to [MMN18]
is posed by the Neumann (reflecting) boundary conditions. Indeed, even if we are given a solution
of the PDE (3.9), existence and uniqueness of solutions of the Skorokhod problem (5.3) is a highly
non-trivial fact first established in [Tan79, LS84]. As a consequence, while the main proof idea is
similar to the one in [MMN18], its implementation is significantly different.

Remark 5.2. As discussed in Appendix D, our proof applies to a more general version of the
PDE (3.9) and correspondingly of the SGD dynamics (3.5), where ¥ takes the form ¥(w,p) =
V(w)+ [U(w,w') p(dw’), for V: Q@ - R, U : @ x Q — R two smooth functions. The SGD update
(3.5) is generalized as in [MMNI18], and Theorem 5.1 holds with the terms containing § (i.e.,
67241 and 6~(4+2)) replaced by a constant that depends uniquely on [VV | .zo )5 VU || 2o x0)
92V (g, 1920 000
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5.2 Convergence to the solutions of porous medium equation

We next prove that the solution of the PDE (3.9) converges, as ¢ — 0, to the unique solution of
the porous medium equation (3.12). As for Theorem 5.1, this result does not rely on the concavity
assumption for f.

Theorem 5.2. Assume that conditions (A1) and (A3)-(A5) hold. Denote by p° the unique solution
of the PDE (3.9) with initial condition pg = Pinie- Then

(a) The porous medium equation (3.12) admits a weak solution p : (t,x) — pi(x) with initial and
boundary conditions (3.13). Further, this solution is unique under the additional condition
p € ZL4[0,T] x Q).

(b) For almost all t € [0,T), we have p{ — p; in L*() as & — 0.

While this statement is very natural at a heuristic level, its proof is actually the bulk of our tech-
nical work. Similar approximation results have been proved in the past by Oelschliger, Philipowski,
Figalli [Oel02, Phi07, FP08], but they do not apply directly to the present case unless f = 0 (also,
we have to deal with different boundary conditions).

Our proof follows a classical compactness argument, generalizing the approach of [FP0S].
Namely we consider the sequence of trajectories (p?)te[O,T] indexed by the width 6. We prove that
that this family is bounded and equicontinuous in €([0,T], %2(2)), and hence admits converging
subsequences (pf")te[o’T] — (Pt)te[o,T]- We next prove that any such converging subsequence con-
verges in .22 (2 x [0, 7)) and that the limit is a weak solution of the porous medium equation (3.12).
Unfortunately, uniqueness of weak solutions of the PME (3.12) is —to the best of our knowledge—
an open problem. However, we generalize methods from [Oel02] to show that any subsequential
limit is actually in Z4(Q x [0, T]), and prove that the weak solution is unique under this condition.
This allows us to conclude that (P?)tG[O,T] converges to this unique weak solution (p¢);c(o,77-

5.3 Global convergence of SGD

Let us now state the main result of this paper: SGD converges to a model with nearly optimal risk.

Theorem 5.3. Assume that conditions (Al)-(A5) hold, and recall that o > 0 is the concavity
parameter of the function f, i.e., (y, V2f(z)y) < —aly|? for allz € Q, y € R%.

Consider the SGD update (3.5) with initialization ('w?)igN ~iid. Pmie 0nd constant step size €.
Assume supp(pmi) € B(0;7). Then, for any k < T /e, the following holds with probability at least
1-1/z,

Ry (w*) < Ry(w®)e 2% 4 27 A'(k,e,d) + A(N,e,T,d, 4, z), (5.4)
where

A'(J,e,d) = log |92 — (1 — ¢~25)S(f) — S(p) €205 (5.5)
lim lim A(N,e,T,d,0,z) =0.

6—0 N—00,e—0
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Remark 5.3. The error term 27 A’(k, &, d) in Eq. (5.4) is always non-negative. In fact, A’(k,e,d) >
0 as S(p) <log|Q| for any p € P2(2). Furthermore, by applying Jensen’s inequality, we have that,
for any p € P2(2),

5(0) = = [ @) 10g pla) dw > —log [ ()P = ~210g | o2
which gives the following upper bound
Al(k,e,d) <log|Q] + 2 |log || f]l.z2(0)| + 2 [log |l 220 -

Recall that 7 controls the variance of the noise, which is added at each step of the SGD algorithm
for technical purposes. Thus, we can take 7 sufficiently small so that the term 27A’(k, e,d) is
arbitrarily small.

Remark 5.4. The proof of Theorem 5.3 provides a somewhat more explicit expression for the
error term A(N,e,T,d,d, z) in Eq. (5.4). Namely, for an arbitrary but fixed p € N,

A(N,e,T,d,6,z) = A1(N,e,T,d,z) + A2(6,T,d) (5.7)

AL(N,e,T,d, 2) = (@ v (ra—%—l(d?s1og(1/5))1/4)> (5.8)

- exp {\/2C’*6*(d+2) Tlog(z)}
lim Ay(8,T,d) = 0. (5.9)
6—0

The term A; bounds the error due to describing the SGD dynamics using the PDE (3.9). It
vanishes when N — oo, ¢ — 0, under the stated conditions. The term A, captures the error due
to approximating the PDE (3.9) with the porous medium equation (3.12). Finally, the term e~2@*¢
describes the convergence to equilibrium of the solution of the porous medium equation.

The proof of Theorem 5.3 is presented in Appendix F and relies crucially on regularity results
for the PDE (3.9) which are established in Appendix E.
More specifically, the proof is based on three steps, which we spell out once more:

(i) We approximate the dynamics of SGD by the PDE (3.9) at § > 0 fixed. In doing so, we incur
an error Aj which is controlled using Theorem 5.1.

(1) We approximate the solution p¢ of the PDE (3.9) at § > 0 using the solution p; of the porous
medium equation (3.12), as stated in Theorem 5.2.

(i71) We use results from [CIM 01, CMV03, CMV06] to prove that the latter solution converges
exponentially fast to the global optimum, with rate O(e=2%).

Given Theorems 5.1, 5.2, and the results of [CIMT01, CMV03, CMV06], this proof is relatively
direct. We emphasize that, unlike Theorems 5.1, 5.2, the proof Theorem 5.3 relies in a crucial
way on our structural assumptions, namely the concavity of f, and the structure of the bump-like
activation Ks(x — w;).

23



Remark 5.5. If we settle for the less ambitious goal of proving global convergence without the
explicit dimension-independent rate e~2**¢ and there are no boundary conditions (Q = R%), we
can achieve this goal using [MMN18, Theorem 5]. This result guarantees convergence in a number
of SGD steps that potentially depends on 7 (the noise injected in SGD) as well as the dimensions d,
and the width J, but does not require to assume strong concavity of f. On the other hand, numerical
experiments are consistent with the conclusion that rates are independent of these parameters, cf.
e.g. Fig. 1 where dependence on 4 is explored.

6 Discussion

It is instructive to compare the general strategy followed in this paper (and in related work, e.g.
[MMN18, MMM19]) and the results we obtain, to a more classical approach in theoretical statistics.
For the sake of clarity, we will abstract away most of the details of the present problem, and focus
on the most important differences.

Consider a general setting in which we want to minimize the population risk R(w) = E, 5 L(w; y, x),
where L is a non-convex loss function and w € R are parameters (in our problem w = (w1, ..., wy)
are the first-layer weights and D = dN). We are given n i.i.d. samples {(y;,Z;)};j<n-

A standard theoretical analy51s of this problem uses emplrlcal risk minimization. Namely,
we define the empirical risk R, (w) = EyymL(w y,x) (with E, denoting the empirical average),
and compute the minimizer w,, € argmin,, }A%n('w), for instance by gradient descent. Theoretical
analysis proceeds —conceptually— in two steps. First, one proves that the empirical risk minimizer
is a near-minimizer of the population risk. Namely

R(w,) < n}li)n R(w) +err(D,n). (6.1)

This is normally proved through a uniform convergence argument to establish a bound sup,, \]TE (w)—
R(w)| < err(D,n)/2. Here err(D,n) is an error term that (hopefully) vanishes as n — oo for
D fixed. Second, one proves that gradient descent (with respect to the cost function R n) con-
verges to a minimizer w,,. This is achieved by showing that, with high probability, the landscape
w — En(w) satisfies some strong conditions that guarantee convergence of gradient descent (or
other algorithms). For instance, one desirable (although not sufficient) property is that ﬁn does
not have local minima other than the global minima, provided that the sample size is large enough.
A substantial literature applies this general scheme (with significant refinements) to a variety of
non-convex problems in high-dimensional statistics, including phase retrieval, clustering, matrix
completion, error-in-variables models, and so on. We refer to [MBM™18] for examples and a more
detailed survey.

Unfortunately this approach runs into substantial difficulties when treating complex models
such as multi-layer neural networks. We can name at least two sources of difficulties. First of
all, the number of parameters D in the model is often comparable with the sample size n, and
therefore uniform convergence of the empirical risk to population risk does not hold. For instance,
in the present model, we could use a number of parameters Nd = n: indeed, such an example is
considered in Figure 5-(a), where Nd = 800 and n € {100,...,2000}. Of course this problem can
be addressed by constraining other measures of complexity than the number of parameters [Bar98],
but the common practice is not to add such regularizers in the training.
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The second source of difficulties is that studying the risk landscape, and ruling out local minima
is extremely difficult, even if we limit ourselves to the n = oo limit, i.e. the population risk R(w).
In two-layers neural networks, part of this difficulty is due to the fact that the risk (1.2) is invariant
under permutations of the N neurons, and hence it has (generically) at least N! global minima
related by permutations, and a large number of saddle points connecting them.

The approach pursued in this paper builds on two simple remarks, which are connected to the
previous difficulties:

(¢) Uniform convergence of the empirical risk }?En(w) to the population risk R(w) is not necessary,
nor it is necessary to control the random deviations of the whole landscape of the empirical
risk. What is instead important is to control the landscape of the empirical risk along the
trajectory of gradient descent from a given initialization.

A convenient way to implement this idea is to consider SGD in a one-pass setting in which
each sample is used only once. In the limit of small step size, this converges to gradient flow
with respect to R(w).

(73) Absence of local minima in the population landscape R(w) is not necessary either. What is
instead important is absence of local minima along the gradient flow trajectory for R(w) or,
more precisely, the fact that the gradient flow trajectory converges to a global minimum.

These remarks suggest the following proof strategy. Let w(t) denote the gradient flow trajectory
from a given initialization w(0) = wp (namely w(t) = —VR(w(t))), and w” be the (random)
parameters produced after k& SGD steps. We first prove that gradient flow converges to a global
optimum, possibly with explicit convergence rate A(t):

R(w(t)) < min R(w) + A(t), (6.2)

where A(t) — 0 as t — oo. We then show that the SGD trajectory, after k steps, is well approxi-
mated by the gradient flow for R(w) provided the step size € is small. For instance we might prove
that there exists a numerical constant ¢y such that, for any ke < T, with high probability

]R(wk) — R(w(ke))| < e“err(T). (6.3)

The reader might recognize that the last estimate is analogous to the one obtained in Theorem 5.1,
while the estimate 6.2 is what we obtain from displacement convexity (after taking the limit § — 0
using Theorem 5.2). Putting the two estimates together, and recalling that we can run a total of
n SGD steps (in the one-pass setting), we get

R(w) < mui}n R(w) + A(ne) + €% err(ne) , (6.4)

where we set w = w”. The error is reminiscent of a bias-variance tradeoff: the first term is a
bias due to early stopping; the second is instead the stochastic approximation error. We can now
optimize n as to minimize this error. For instance, if A(t) = e~“!, and err(T) = e?!, we can

choose € o (logn/n), yielding R(w) < min,, R(w) + C(logn)® /n¢ where ¢ = coe1/(c1 + ¢2).

In summary, within the present approach, the generalization error is bounded via a tradeoff
between the convergence rate of gradient flow in the population risk, and the error of approximating
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the gradient flow by SGD. A side benefit of this proof strategy is that it guarantees the existence
of an efficient algorithm to compute the weights w.

As mentioned, the above discussion omits several challenges that are posed by the model treated
in this paper. Most notably: (1) We are trying to optimize N weight vectors wy,...,wy € R,
but the loss only depends on the empirical distribution of these vectors ptV) = N—1 Zfi 1 Ow,;- It
is therefore natural to define a gradient flow in the space of probability distributions, which is
nothing but the PDE (3.9). This also help addressing the challenge posed by by the fact that, as
N increases, the dimension of the parameter space increases and convergence to the population
behavior might fail. We are embedding all the values of N in the space Z(R%). (2) We cannot
prove a bound of the form (6.2) for the original PDE (3.9) and have to approximate this by the
porous medium equation (3.12).

Because of these additional challenges, our bounds are not nearly as neat as in Egs. (6.2), 6.3
and depend on the additional parameters d,d: in particular, the approximation by the porous
medium equation in Theorem 5.2 is non-quantitative. We therefore refrain from optimizing the
tradeoff between convergence rate of gradient flow, and error in stochastic approximation, which
would result in suboptimal statistical guarantees, and defer this objective to future work.
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A Uniqueness of weak solutions of limit PDE (J = 0)

In this appendix, we prove that the limit PDE obtained for § — 0, namely the porous medium
equation (3.12) has at most one solution in .Z4(2 x [0, T]). Existence of such solutions will follow
from the results of Appendix F, and in particular from Lemma F.4.

For the sake of clarity, we repeat the definitions of Section 3.5. Let Q C R be a compact
convex set with €2 boundary. We denote by Z25(f) the space of probability measures on €
endowed with Wasserstein’s W5 distance. Since () is compact, the induced topology is equivalent
to weak convergence. We consider the following PDE:

U
Orpr(w) =~V - (pu(w)V f () + T A(p} (w)) +7Api(w), (A1)
with initial and boundary conditions

PO = pinit)

<n('w), vope(w) V(f(w) — pr(w)) — Tvpt(w)> =0 Vwedn. (4.2)

Throughout this appendix, we adopt the notation ®(p) = 7p + v p?/2. Let us formally define the
concept of weak solutions for the PDE (A.1).

For the next statement, it is useful to recall that €*!(Q x [0,7]) denotes the class of functions
f:Qx[0,T] — R with continuous partial derivatives Dy f(x,t), DS f(z,t) for all ||a|2 < 2.

Definition A.1 (Weak solution of limit PDE). We say that p € €([0,T], P2()) is a weak
solution of the PDE (A.1), with initial and boundary conditions (A.2) if

1. pg has density p(-,t) with respect to Lebesgue measure, and p € £L*(Q x [0,T)).
2. For any test function h € €%1(Q2 x [0,T)), satisfying (n(x), Vh(xz,t)) =0 for all z € 9O, t €
[0,T], we have

/h(:c,T) plx,T)dx —/ h(x,0) pinic () do (A.3)
Q

Q

T
:/0 /Q{ath(m’t)+V0<Vf(“")’Vh(maf)> p(x,t) de dt

T
+/O /QAh(w,t)(I)(p)(ac,t)dwdt.

We now prove a uniqueness result, under a mild integrability condition.

Lemma A.2 (Uniqueness of limit PDE). Let p,p € Z*(Q x [0,T]) be two weak solutions of the
PDE (A.1) with initial and boundary conditions (A.2), in the sense of Definition A.1. Then, p = p,
almost everywhere.

Proof. Note that setting vy = 1 corresponds to scaling time by a factor vy and to substituting 7
with 7 vg. Since the proof holds for any 7 > 0, without loss of generality we can set vy = 1.
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The proof follows ideas from [Vaz07, Theorem 6.5]. We write the identity (A.3) for p and p and
subtract them to get

@) (pr(@) o)) e (A1)
T
- /0 /Q [atht(x)Jr(Vf(m),Vht(x» (pr(@) — pe(x)) de dt
T
+/0 /QAht(a:)(@(pt(a:))—@(ﬁt(a:)))da:dt,

where we use the shorthand pi(x) = p(x,t) and hi(x) = h(x,t). Define u; = p; — pr and 0, =
7+ (pt + pt)/2. Then,

/QhT(a:)uT(w) dx = /OT/Q [8tht(:1:) + (Vf(:c),Vht(w»} u(x) dee dt (A.5)
T
+/0 /ﬂAht(a:)m(w)ut(w)dazdt.

Note that 7¢(x) > 7 and define the truncated function n} = min(M,n;). We next choose a smooth
test function 0 : Q x [0, 7] — Rx>g, (x,t) — 0:(x) and consider the following backward problem:

Orhi(x) + () Ah(x) + (V f(x), Vhe(x)) + 0:(x) =0, YV € Q,t € [0,T],
(n(x), Vh(x)) =0, Va € 0Q,t € [0,T], (A.6)
hr(z) =0, Ve Q.

Here, 17j; is a smooth approximation of n}, such that 7 < 7;(x) < M. (We will make precise
below in what sense #; has to approximate /. For the moment, it can be a general smooth
function satisfying the bounds 7 < 7;(x) < M.) Note that (A.6) is a backward parabolic problem
with smooth coefficients and with Neumann boundary conditions. Hence, by classical results on
quasilinear parabolic PDEs [LSU8S], it admits a solution hy € €*1(Q x [0, T]). Rewriting (A.5) for
such a test function h;, we get

/OT/QAht(:B)(Ut(w)—ﬁt(w))ut(m)dmdt:/()T/Qgt(w)ut(w)dmdt'

This immediately implies that

T T
/0 /Qet(m)ut(ac)dmdtg/o /Q|Aht(:c)|\nt(m)—nt(m)|]ut(m)|dmdt. (A.7)

By applying Cauchy-Schwarz inequality, we have that

T
| [1ar@) ) - i) fu() dzar
0 Q

1/2
< < / fie(x) (Ahy(x))? de dt)
Qx[0,7]

/ |77t(w) — ﬁt(a;)PuQ(m) dax dt v (A 8)
Qx[0.7] () ‘ ' '
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To bound the first term on the right-hand side of (A.8), we consider a smooth positive bounded
function p(t), defined on [0,7], whose properties will be discussed later. Define the shorthand

01(x) = 0,(x)+(V f(x), Vhy(x)). We multiply the parabolic PDE (A.6) by u(t)Ahs(x) and integrate
to obtain

/ w(t)Ophy () Ahy(x)dedt + / ()i () (Ahy (z)) 2dadt
Qx[0,7] Qx[0,7]

+ / w(t)0 () Ahy(z)deedt = 0. (A.9)
Qx[0,T

We next write

/ (1) Oy () Ay () dazdt
Qx[0,T]

—
N

a

D [ uO(Vhe(). V@ih(@)dads
Qx[0,T

1d
= — p(t)=—|Vhe(z)|?dedt
L 05 g 9t

@2 /Q ()| Vho(a) Pz — | /Q w(T)|Vhe () *dz

1
+ / ! (t)|Vhy()|2dadt
2 Jaxo,1)

©1
ol / 1 (8)|V () Pt (A.10)
2 Jaxo,1)

Here (a) follows from integration by parts in the integral over 2 and using the fact that (n(x), Vi(x)) =
0 for x € 9Q and ¢ € [0,T]. Also, (b) follows from integration by parts in the integral over ¢. Finally
(¢) holds because hp(x) = 0 for € Q and p(0) > 0.

Getting back to (A.9) and using the properties of function u(t), we have

t ' x)|*da A 2))2dx
5 g OVR@ Pt [ i) (@)

Qx[0,7]
< - / (1(t)0, () Ay (22)daedt
Qx1[0,7]
_ / 1()0:() Ahy(z)dadt
Qx1[0,7]
= [ uV @), Vhn(@) Ay ()t
Qx1[0,7]
_ / () (VO,(x), Vhy (2))dadt
Qx1[0,7]
[ u)V @), Vhn(@) Ay ()t
Qx1[0,7]
) x)|? x)|?de
< [ HOF0@), On@azars [ LRI @) Vh@) Pt

z X 2 Xr .
4 /Q MO (O (@) Pazat, (A1)
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The penultimate step follows from integration by parts and the constraint (Vh.(x),n(x)) = 0,

for x € 00 and t € [0,T], and the last step follows by applying Cauchy-Schwartz inequality. We
continue by applying Cauchy-Schwartz inequality again to get

/ () (V3 (), V() daedlt
Qx[0,T)

Tu(t) 2 CPu(t) 2
< 0 ———=1Vh dx dt A.12
< oo om0+ S @R |z, (A12)
where C' = sup,cq |V f(x)|. Combining Equations (A.11) and (A.12), we get
1 t
2/ (,/(t) _ Y (19 4(2) + 02)) (Vhe(a) 2dadt
Qx[0,7] T
+ / u(t) (ﬁ(w) - 1) (Ahy(x))2dadt < TEmax / V0, (z) 2dadt (A.13)
Qx[0,7] 2 2C*% Jaxp

where fimax = Supsejo,r) #(t). We find a smooth function p(t) such that
L. p(t) > pimin > 0, for ¢t € [0, 77,
2C2
2. p/(t) — =-nu(t) = 0.
A particular choice is
22,
p(t) = pmine = "
We then obtain from (A.13) that

/ () (Ahy())?dzdt < TFmx / V6, ()| dadt . (A14)
Qx[0,7] pminC? Jax(o.1]

Now by employing (A.14) in bound (A.8) combined with (A.7) we get

T 1 [Tpmax
Or(z)us(x)dedt < VO] 22 x0,m)
0o Jo CV p

min

/ [me() — ﬁt(w)!2u2(m) da dt - (A.15)
Qx[0,7] fe(x) ' . ‘

Next we note that

/ Ine(x) — ()| ?uf (z)daedt
Qx[0,T]

<2 / M (@) — () Pud () daedt
Qx[0,T]

vz (le) - M)l (a)dadt,
Qx[0,T
Call the first integral I; and denote the second one by I>. The integrand in I5 is pointwise bounded
by
20 (z)ui () L(ny(z) > M) < 2(@(pu(x)) — ©(pe()))” Wne(z) > M).
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Since pt, pr € L4, we have that (®(p;) — ®(p¢))? has bounded integral. Hence, we can choose M
large enough such that I is arbitrarily small. Moreover we can choose the smooth approximation
7y such that I is also arbitrarily small. Putting everything together, we obtain that

/ i) — i () [P () dadlt < e
Qx[0,T)

where ¢ is an arbitrary small fixed constant.
In addition, since 7j;() > 7, invoking (A.15) we have
T 1 Hmax
On(@)uy(2)dadt < =4 [===[IVO]| 22(0x(0.)) VE -
0 JQ Hmin

202
Since *:“J =e 7 ' < o0 and 6 are independent of €, by choosing ¢ arbitrarily small, we conclude

that .
/ / Ot (x)us(x)dedt < 0.
0 Q

Since 6;(x) > 0 was an arbitrary smooth function supported on Q x [0, T, this implies that u < 0,
almost everywhere. By repeating a similar argument, we get u > 0, almost everywhere. The result
follows. O

B General results on the PDE (3.9) (§ > 0)

This appendix contains some basic results on the PDE (3.9). Although these facts are standard,
we collect them here for the reader’s convenience.

In fact, we will consider a more general PDE, which also includes as a special case the one
studied in [MMN18]. We consider a compact convex domain D, with a non-empty interior. The
general PDE is parametrized by two functions V € ¢?(D) and U € €*(D x D), with U(z1,x2) =
U(xa,21). (Unlike in [MMN18], we consider the case of a compact domain with Neumann boundary
conditions.) Given p € P5(D), we define

U(e,p) = Via)+ [ Ule.)pld). (B.1)
and consider the PDE
hpl,1) = V - (p(@, )VU(@, pr)) + 7 Ap(a, ), (B.2)
with initial and boundary conditions

L0 = Pinit »

(n(x), pr(x)VY(x,pt) + TVpe(x)) =0, VYaxedD. (B-3)

We will typically write p(-) for a solution of this equation, in order to emphasize that it is a
function of ¢ that takes values in (D), and p(x,t) for the corresponding density, viewed as a
function on D x [0,T]. Let us formally define the concept of weak solutions for the PDE (B.2).
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Note that the PDE (3.9) is a special case of this setting with D = Q7 and V(w) and
U(wi,ws) = U(wy — ws) defined as follows:

V(w) = -y K f(w :—VO/K w—2a) f(x)de,
(B4)
Uw) = 19 K° % K°(w) :V0/K6<w—$)K5($>dCC

Remark B.1. For the special choice of V' and U given by (B.4) the following properties hold:
1. V:0Q9 = Ris convex for any ¢ > 0.
2. lims_y0 Supy,eqs |V (w) + v f(w)| = 0.
3. U(w) = 196 2¢K®(w/5), where K® = K x K.
Proof. We have V(w) = —vq [ K°(z) f(w — x)dx. Hence,
V(w+ (1 - = —Vo/K(S fOw+ (1 = Nw' — z)dx
= —VO/Ké(a:)f(A(w —z)+ (1= N(w —z))de
<-u [ Ko@) (M(w - @)+ (1= Nfw' ~ a)) de
= AV (w) + (1 - NV (w).
This proves that V(w) is convex. The next two properties are straightforward. O

Definition B.1 (Weak solution of PDE). We say that p : [0,T] — P2(D) is a weak solution of
(B.2) with initial and boundary conditions (B.3) if p € €([0,T], P2(D)) and, for any test function
h € €*Y(D x [0,T)), satisfying (n(zx), Vh(z,t)) =0 for all x € dD,t € [0,T], we have

/h(a:,T)pT(da:)—/ h(z,0) pii (de) (B.5)
D D

T
= /0 /D [Oph(x,t) + TAR(x,t) — (VU (2, pt), Vh(z,1))] pr(de)dt.

We now state and prove Duhamel’s principle for the PDE (B.2). Duhamel’s principle follows
from the fact that the right-hand side of (B.2) contains the linear diffusion term 7Ap, and it will
be crucial for the proofs that will follow.

Lemma B.2 (Duhamel’s principle). Assume 7 > 0. Let GP(x,y;t) denote the heat kernel with
Neumann boundary conditions, defined in (G.1)-(G.3). Let p be a weak solution of the PDE (B.2)
with initial and boundary conditions (B.3). Then, for any t > 0, py(dx) has a density, denoted by
p( -, t), which satisfies, for any t > 0,
p(,t) / GP(z,y; 7t) pus(dy)
[ G it = 9.9 0 ) ol s) s (B.6)
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Proof. By rescaling time, without loss of generality, we set 7 = 1. Let ¢ € €2(D), and define

pla;t) = /DGD(:c,y;t) e(y)dy . (B.7)

By the properties of the heat kernel, we have:

(at ) Szit) =0 V>0, (B.8)
(n(x), VGyu(z;t) =0 Y € aD, (B.9)
lim Gy (2;1) = Go(@ 0) 290(%)- (B.10)

Let p; be a weak solution. We choose the test function h(x,s) = G,(x;t — s) in (B.5) with
T = t. Note that by (B.8), this test function satisfies the Neumann boundary condition. In
addition, by (B.9) we obtain

[ ewytay) = [ Gol@it) puntda)
D D
—/0 /D<V\If(w,ps),VG¢(:c;t—5)>ps(d:c)ds. (B.11)

By an application of Fubini’s theorem, this implies

/DW( ) pe(dy) = //GD z, ;1) pre(dx) o(y) dy
/// VU(x, ps), VGP (@, y;t — 5)) (y) ps(da)ds dy . (B.12)

Since ¢ € €%(D) is arbitrary, we obtain that p; admits a density and (B.6) follows. O

As an intermediate step towards proving existence and uniqueness, we consider a linearized
problem

hpl,t) = V - (pl@, V. (2,1) + 7 Ap(a, 1) (B.13)
with initial and boundary conditions

L0 = Pinit »

(n(z), pr(x) VU, (2,t) + TVpi(z)) =0, VaedD. (B.14)

Here, ¥, : D x R — R is independent of p, and weak solutions are defined as for the original
problem (with Neumann boundary conditions).

Corollary B.3 (Uniqueness of linearized problem). Assume that T > 0 and also that

V.|| goo(Dxjo,r7) = sup sup [V, (x,t)| < oo.
t€l0,T] x€D

Then, the PDE (B.13) with initial and boundary conditions (B.14) has at most one weak solution.
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Proof. Without loss of generality, we will set 7 = 1. Assume by contradiction that p(!), p(?) are
two solutions. Fix arbitrary 0 < ¢’ <t. Then, by an application of (B.6) to U, (x,t), we have

(@, ) = p® (@, )] < [0V (-,0) = pP (-, 0)] goe )

t/
IVl gmonory [ [ 9467 @t = 9] [p0 0 ) = o) )] dyds

<[P (.0 = P2 (0| ey

t/
1
M. g) = p@.
+ COIVE.ompey | =00 5) = PP )] o s

< Hp(l)(,O) - p(Q)(')O) Z£°°(D)
+ C(D)HV\P*HXOO(DX[O,T])\/E Slilt) Hp(l)( ) S) - 0(2)( 'a S)HEOO(D) 5

where we used the estimates of Theorem G.1. By taking supremum over 0 < ¢’ < t form both sides,
we obtain that for t < 1/(C(D)2||V\Il*”,2%°°(D><[O T]))’

[P (-,0) = (-, 0)|] oo
sup [[pV(-, s) _p(2)<'78>”_$00(D) = 20 (B.15)

s<t 1= C(D)|IV .| g nxjomVt

Therefore, the two solutions coincide if we fix the initial condition p(l)( +,0) = p(Q)( ,0) = ping. For
larger t, the claim follows by iterating the above argument. O

C Nonlinear dynamics

The ‘nonlinear dynamics’ plays an important role in our proof of Theorem 5.1. In this section we
adopt the same general setting as in Appendix B, remembering that for our application we set
D =Q°% and U,V as per Eq. (B.4).

Given p : [0,T] — P2(D), consider the following stochastic differential equation for a process
(Xt)iejo,r), with a reflecting boundary condition (known as ‘Skorokhod problem’)

X0 ~ Piaie (C'l)
dX; = —V\I/(Xt,pt) dt+\/§d3t+dq)tv (02)

where (By)t>0 is a standard d-dimensional Brownian motion and (®¢)¢>o enforces the reflecting
boundary by satisfying the following constraints (recall that n(x) is the normal to 9D at « € 9D,
directed inside):

(1) (®¢)e>0 is adapted (and hence so is (X¢)i>0)-

(13) t — P, has (almost surely) bounded variation. Denoting by ||®||1v(t) the total variation of
® on the interval [0,t], we define the measure g on [0,7] by pa([0,t]) = || ®||ov(t).

(791) po({t: Xt € D°}) =0, where D° denotes the interior of D.
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(iv) We have that, for ¢ € [0, 77,

P, :/0 N pap(ds), (C.3)

where N, = n(X), for ug-almost every s.

Then, (X, ®¢)e(o,) is said to solve the Skorokhod problem.

Lemma C.1 (Existence, uniqueness and continuity of Skorokhod problem). Fiz p,. € P2(D)
and let p : [0,T] — P2(D) with po = pimic- Then, the Skorokhod problem (C.1), (C.2) admits a
unique solution (X4)t>o with continuous paths. Define F (p): € P2(D), for t € [0,T], by letting
F(p); = Law(Xy). Then, Z(p) € €(0,T], P2(D)).

Proof. Let b(x,t) = —V¥(x, p;) and notice that, by the smoothness of U, V', and compactness of
D, this is a Lipschitz continuous function of . Hence the problem (C.1), (C.2) admits a unique
solution by [Tan79, Theorem 4.1].

We are left with the task of proving that ¢ — .%# (p); is continuous in W5 metric. Notice that

t
X, =X+ / b(X,,s)ds +V2r By + &, . (C.4)
0

By [Tan79, Lemma 2.2], we have, for any s < t,

2

/tb(Xr,’l“)d?“—F\/E(Bt - B;)| +

s

‘Xt - )(s|2 S

2/t</t b(X y,u) du+ V27 (B — B,), N, (dr) .

Taking expectation, we get

E{|X; — X,|?} <sup|b(x,t)|?(t — s)* +27(t — s)
x,t

+2s.;1£)b(ac,t)]/ (t — r)pa(dr)

(C.5)
< sup |b(zx, t)|*(t — s)> + 27(t — s)
x,t
+2sup b, 0)(t — $)ua((0.1])
w7
whence the continuity follows. O

Definition C.2 (Solution of nonlinear dynamics). We say that p € €([0,T]; P2(D)) is a solution
of the nonlinear dynamics if F(p) = p, namely

pt = Law(X,) Vtel[0,T]. (C.6)

Lemma C.3. Assume 7 > 0. If p : [0,T] — P2(D) is a weak solution of the PDE (B.2) with
initial and boundary conditions (B.3), then it is a solution of the nonlinear dynamics. Vice versa,
if p:[0,T] = P2(D) is a solution of the nonlinear dynamics, then it is a weak solution of PDE
(B.2) with initial and boundary conditions (B.3).
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Proof. Let p be a weak solution of the PDE (B.2), and assume 7 > 0. Let (X¢):>0 be the unique
solution of the Skorokhod problem (C.1), (C.2), c¢f. Lemma C.1. Let p; = Law(X4), t > 0, i.e.
p = F(p). For g € €%(D), satisfying (n(z), Vg(x)) = 0 for all z € D, compute

/ o) pr(de) = E{g(X)} (1)
DB{G(X0)}+ [ B{-(VU(X.0p2). Vo(X)) + rag(X )} ds
+E / (Vg(X,), Nu) o (ds)
0
O E{g(X0)} + /0 E{—(VI(X,, p), Vg(X.)) + TAg(X,)} ds
© ) Pinie (AT
g /D 9(2) pue ()

T /0 /D (—(VU(@, ps), Vg(@)) + rAg(x)} fu(dz) ds.

Here (a) follows from Ito’s formula for continuous semimartingales [RW94], (b) since Xs € 0D
and Ng = n(X;) for ug-almost every s, and (c) by the definition of p. We conclude that p is a
weak solution of the linearized PDE (B.13), with ¥, (x,t) = ¥U(z, p;). Since p also solves the same
linearized PDE, we conclude by Lemma B.3 that g, = p; for all ¢ € [0,7], and therefore p is a
solution of the nonlinear dynamics.

Next, assume that p : [0,7] — P2(D) is a solution of the nonlinear dynamics. Then by the
same application of Ito’s formula to the process X, we have

/ o(x) pe(dz) = E{g(Xo)} (C8)

t
+ [ BV, V(X)) + 89X ds,
0
which coincides with the claim that p is a weak solution of the PDE (B.2). O

Theorem C.4 (Existence and uniqueness of nonlinear dynamics). For any initial condition py;, €
P9(D), and any T > 0, the nonlinear dynamics (C.6) admits a unique solution p : [0,T] — P2(D)
with po = piic- As a consequence, the PDE (B.2) with initial and boundary conditions (B.3) has a
unique solution.

Proof. Note that it is sufficient to prove the claim for T" < Ty, where Ty > 0 is a small enough
constant, since this implies the claim for arbitrary T" by breaking [0, T into intervals of size smaller
than Tj.

We claim that .# is a contraction on €([0,7],P2(D)) endowed with the metric d(p,p) =
supyeqo,r) W2(p, p). To show that this is the case, define b(x,t) = —V¥(z, py), b(x,t) = —VU(x, jy).
By the smoothness of U, V and by the compactness of D, we have that b and b are Lipschitz con-
tinuous in «, with Lipschitz constant L independent of ¢, p, p. Further,

bz, t) — bz, t)| = ‘/VU(Q:,&:) p(dz) — /VU(:U,&:) 5 (d)
< CWalpt, pr) < Cd(p, p).

(C.9)
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Let (X, ®¢) and (X, ®;) are be solution of the Skorokhod problem (C.2), with drift coefficients
b(x,t), b(x,t). We couple the processes X; and X; by using the same initial condition X and
same Brownian motion By:

t
Xt:Xo+/ b(X,,s)ds + V21 By + ®;, (C.10)

0

t~ ~ ~

Xt:X()+/ b(XS,S)dS+ V27—Bt+¢t- (Cll)

0

Define
t t_
DtE/ b(Xs,s)ds—/ b(Xs,s)ds, (C.12)
0 0

and notice that, by the above remarks,
t
]Dt\gL/ |1 X — Xs|ds+ Ctd(p,p). (C.13)
0
Further, by [Tan79, Remark 2.2], we have

5 t
| X, — X4* < 2/ (Xs— X4, D) ds (C.14)
0
t _ s 5
< 2/ X, - X,| <L </ X, —XT|dr) —i—Csd(p,ﬁ)) ds
0 0
t _ 2 t N
<L (/ X, - Xsyds> +2Ctd(p, ﬁ)/ X, — X,|ds
0 0

t ~ t ~ 1/2
< 2Lt/ X, — X,|2ds 4+ 2032 d(p, p) </ X, — X5|2ds> .
0 0

Define A(t) = E{|X; — X} and A(t) = sups<; A(s). By taking the expectation of the last
inequality and using Jensen’s inequality, we get

t t 1/2
A(t) < 2Lt / A(s)ds +2C 52 d(p, p) < / A(s)ds) , (C.15)
0 0
which immediately implies
A(t) < 2L A(t) + 2C 2 d(p, p) A(t)/2 (C.16)
Hence, for Ty < (2L)~ /2,
_ 2072 \?
Alt) < [ —=0 5)2 . 1
0= (1250 ) e (©17)

Selecting T small enough, so that (2C7%)/(1 — 2LT§) < 1/2, we obtain

AT (), 7 () < \/B(T) < d(p. 7). (C.18)

This proves that .# is a contraction as claimed. By Lemma C.1, .# maps %([0,T], P2(D)) into
itself. Furthermore, €([0,T], P2(D)) is complete with respect to the metric d. As a result, there
exists a unique fixed point. O
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We conclude this section by stating a result about the discretization of the nonlinear dynamics.
Fix a solution (p¢)¢>0 of the PDE (B.2) with initial condition py = pi.i, a step size € > 0 and define
recursively the random variables (X¢)xen by

X%) ~ pinit (Clg)
Rl = P(XZ — eVU(XF, pre) + x/2ngk) : (C.20)

This can be viewed as an Euler discretization of the stochastic differential equation (C.1), (C.2),
and the next theorem establishes that this is indeed a close approximation of the original process.
It is just an immediate consequence of a result of Slomiriski [Slo94, Slo01].

Theorem C.5 (Theorem 3.2 in [Slo01]). Consider the nonlinear dynamics defined by Eqs. (C.1),
(C.2). Assume B(0;7) C D, and [|[VV | zo(py, IVU|| z~xDys IVV|Lip, VU] lLip < L. Also as-
sume that supp(pini) € B(0, 7). Construct the Euler scheme (C.19), (C.20) on the same probability
space by letting X = X and g, = (B((k+ 1)) — B(ke))/\/e. Then, for any p € N, T € R,

£ 2p 1/(2p) CunLT 1 2 1/4
— < D . '
E{ ke[nga/)s(]mN ‘Xk ng‘ } < CiLre (d“elog(1/e)) (C.21)

Proof. The proof is obtained simply by chasing the constants in the proof of Theorem 3.2 (part
(ii)) of [Slo01], and using the optimal constant in the Burkholder-Davis-Gundy inequality (which
yields C(p) < (Cyp)? in [Slo01, Eq. (2.7)]). O

D Convergence of SGD to the PDE: Proof of Theorem 5.1

The proof is a ‘propagation of chaos’ argument [Szn91]. While the basic idea is similar to the one
used in [MMN18], implementing it requires different estimates because of the reflecting boundary
conditions. In particular, we rely on tools developed in the study of discretizations of reflecting
stochastic differential equations.

We will prove a more general theorem that implies Theorem 5.1 as a special case, and also
applies to the setting of [MMN18]. Namely, we consider data {z; = (y;, ;) }i>1 1.1.d. with common
distribution P on R x R%, and parameters w; € D C R?. These parameters are initially sampled
independently from distribution py € (D), and then evolve according to

whtt =p {wfC - Fi(zk—i-l;wk)} : (D.1)
N

1
Fi(zp1; wh) = —eVo (xpyr; wh) (ka - N Zo(mkH; 'wf)) +V27e gttt (D.2)
i=1

Here P is the projection on the closed convex domain D C R? with non-empty interior. The
setting of Theorem 5.1 is recovered by taking o(x;w) = Ks(xz — w), D = Q°, xp ~ Unif(Q),
E{yklor} = f(xr).

We make the following assumptions:

(G1) lylloo, lofloc = esSSUPwep 4 |0(x; w)| < 000, and Vo (; w) is y-subgaussian.
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(G2) Letting V(w) = —E{yo(z;w)}, U(w;,ws) = E{o(x;w;)o(x;w2)}, both V and U are dif-
ferentiable with Lipschitz continuous derivative, namely [|VV||Lip, |VU||Lip < L. Further, we
assume || VU || goo(pxp)y < 00

Theorem D.1. Consider the general update (D.1) with initialization (W?)i<N ~iid PO = Pinits
under the conditions (G1), (G2) above. Fort > 0, let p; be the unique solution of the PDE (B.2)
with initial and boundary conditions (B.3). Assume supp(pu:) € B(0,7).

Then, for T >0 TL > 1, any g : R? — R with ||g|lLip < 1 and for e <1, p € N, the following
holds with probability at least 1 — 2z~ 2P:

N
SUp g(wi) /g(w)Pks<dw)’ < zerr(N,d,e) e“-PLT,
ke[0,T/e]NN i1 (Dg)
sup |RN('wk) — R(S(Pke)\ < zerr(N,d,¢) eC*pLT’
k€[0,T/e]NN

where

err(N,d,e) = \/g\/ (UOO’Y\/%) \Y% <Lr(d2510g(1/5))1/4) ) (D.4)

Theorem 5.1 follows as a special case of Theorem D.1 by considering o(x; w) = Ks(x — w) and
].ettlng (O S C*(S_d7 Y= C*(S_d_l and L — C’*(S—Qd—l

Proof. Let Fj, denote the sigma algebra generated by (z;);<; and denote the empirical distribution
of (w¥);<n by p](CN) =" 0k Note that

2

E{Fi(zk+1; ’wk)‘]:k} = eG(w}; p]E}N)) )

G(w;p) =-VY¥(w;p) =-VV(w)— /VU(w,w') p(dw’) . (D.5)
We introduce two auxiliary processes (WF)i<n (wF)i<n, with initial conditions @) = w? = w?, as

follows:

e The trajectories (ﬁﬁf k>0 are i.i.d. copies of the nonlinear dynamics introduced in Appendix
C, sampled at times t = ke. Namely, for any k£ € R

ke
Wk = wd + / G(w%; p) ds + V27 Bi(ke) + ®;(ke) (D.6)
0

In particular, for any k, ('ﬁ;f)iSN ~iid Pke-

7k

e The trajectories (w;)x>o are obtained by the Euler discretization of the non-linear dynamics:

wht! = P(mf + eG@F; pre) + V2re f“) . (D.7)

As above, (ps)s>o is the solution of the PDE (B.2). Note that, again, the (w¥);<y are i.i.d.
although their distribution does not coincide with pg..
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We construct these three processes on the same space by letting B;((k + 1)e) = Bj(ke) + /25!,
and define the distances (for ¢ > 1)

1/q
1/q 1 N i —_j1q
Dq(k)EE{ng(‘w —w)|! } :E{Nl 1131122(‘11)] w | } (D.8)
1 N 1/q
g
EE{I;lggN;\wi - | } :
~ 1/q
Dy (k) EIE{ max‘w —w]| } . (D.9)
i<k
Theorem C.5 yields, for p € N,
ﬁgp(k) < CyLr eCPLEe) (22 10g(1 /)4 (D.10)
Note that w¥, w! take the form
wh = w!? +Mk+Vk+<pZ, (D.11)
W =wl+ M +V, +5", (D.12)

where M*, Mf are martingales with respect to the filtration Fj,: E{M¥|F,_1} = M1 E{Mf | Fr—1} =
M{C*l, and V¥, Vf are JFj_i-measurable. Explicitly

(2

k-1

M} =" (Fi(zes1; w") — E{Fi(zp41;w) | Fe}) (D.13)
=0
k=1

M; =Y Voregttt, (D.14)
=0
k—1 k—1 N

V=Y E{Fi(zer1;w")|Fi} = ZeG(wf;pé ), (D.15)
=0 =

s

V, = € G(ﬁf; Pee) - (D.16)

=0

Finally, cpf, ¢f are corrections to satisfy the constraint 'wf,ﬁf € D. Indeed the above can be
viewed as Skorokhod problems with unknowns (w;, ;) and (w;, ;).

Using [Slo94, Theorem 1] (where we can set C, = (C.p)? which is the tight constant in the
Burkholder-Davis-Gundy inequality), we get

Doy(k) < Cop {B(IM, = M)+ B(V, - Vi) (D.17)

where [M];, denotes the quadratic variation of the martingale M, and |V|j is the total variation
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of the process V. We then have

L1 py 1/(2p)
— o\ 1/(2
Arp(k) = E([M; - MJp) /P = E{ >z }

£=0

N

1

Zf:gVU(le; k)(y[+1 N o(xpr1;w ))—i—sG( l,pgN)), (D.18)

=1

Note that under the stated assumption the martingale increments Z¢ are sub-Gaussian with vari-
ance proxy upper bounded by v? = C,e202 42. Therefore, by using the moment generating function
of x distribution, we have

a? a2\ —d/2
Eexp{W|zf2}g(1— d) . (D.19)

Hence,

Eexp{ d22§| f|} < Oj)dkﬂ. (D.20)

By using the inequality 2P < e*pl, this implies, for o < /d/2,

a? p a?\ —dk/2 2
E Z4? 1- — < pPek D.21
{Gmxize] fen(-5) " <o D.21)
Equivalently,
k-1 ven) . ad
p 2dv a?
E{[Z’Zf'ﬂ } < () vmeten, (D-22)
/=0

By taking a = /p/k (which is allowed provided p < y/kd/2), we obtain that
Ay p(k) <10Vkdv < CiVkdeosy . (D.23)

We next consider the total variation of the process V; in Eq. (D.17). We have

;

k 1 2p
ZE(G wt; pi) G(wwpéN))D

1/(2p)
E(|V; - V)P <Z ‘G wh; o) — G(w!; pee)
/=0

1/(2p)

| /\

1/(2p)

k—1 2p
+E ZE’G w!; py) G(wf;pz€)>



Using the Lipschitz property of VV, VU, we get

b1 2p 1/(2p)
Ay p(k) < LeE (Z ‘w — w€‘>
=0
< Le ) Dyy(l). (D.24)
For the second term, we get, by triangular inequality,
k-1 ) . 2pY 1/(2p)
Aaplh) < e Y B {|G@lss™) - Gt} (D.25)
{=0

We next use the expression G(w; p) = VV(w) + [ VU (w, w') p(dw'), and the fact that @} ~ pye,
to get

. N 20 1/(20)
Asp(k) <3 E NZ VU (@, w) — B VU (@], )]
£=0 j=1
b1 N 2p 1/(2p)
<eS B S (VU w) - VU, @)
=0 j=1
. N 2p~ 1/(2p)
Z ! -3 [Vu@t, @) - By v !, )
£=0 J:1
= AL (k) + AL)(K) .

Using once more the Lipschitz property of VU, and the symmetry of the distributions of ('we)ig N,
(ﬁ)e)ig ~ under permutations, we obtain

/(2p)
Ag]( <L52E{‘w —w’ }1 ¢ (D.26)
k—1
< LsZDgp(z) +Led Day(l). (D.27)
= /=0

Finally, |VU (w?, ﬁfg)] < L and therefore the vector

N
= o> [VU@ )~ By VU i)

is sub-Gaussian, with variance proxy upper bounded by v? = L2/N. This implies that E{|W|?? }1/ 2p) <

Civ/dpv, and therefore

e

$)(k) < Culke)L . (D.28)

N
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Substituting (D.23), (D.24), (D.27), (D.28) in Eq. (D.17), we obtain

k—1
Dyp(k) < CuLpe Yy Day(l) + CuLp(ke)Dyp (k)
£=0

+ CupVkdeosy + CuLp(ke)y/ % : (D.29)

Using Eq. (D.10) and Gronwall inequality, along with the fact that ke < T, this yields

Doy(T/e) < C, PHT [\/g\/ (%&Y@) v (LT(dQEIOg(l/E))1/4)] .

By using Eq. (D.10) again, we get

Dap(T/2) + Dap(T'/¢) (D.30)

\/g\/ (aoo'y@) \Y (Lr(d25 10g(1/5))1/4)]

= eOPLlTerr(N, d,¢).

S C* eC*pLT

By Markov inequality along with the Jensen inequality applied to the convex function 2??, we have
N 2p
{ Zyw _wk,>A} o E Z ]
i=
N
< 3% { Z ﬁ)i-“IQ’)}
=1

1

< N
1

A2

[sz@/a) +Dyy(1/e)] "

2
< 2P LT epy (N, d, e)?P

where in the third step we used (D.8) and (D.9). Set A = ze®*PLTerr(N,d, ). Thus, we obtain

N

1

~ D fwi — wf| < ze“PHerr(N,d,¢), (D.31)
=1

with probability at least 1 — z—2P

The bounds in Eq. (D.3) follow straightforwardly from Eq. (D.31) as in the proofs of Lemma
3.3 and 3.4 in the supplementary material of [MMN18]. O

E Regularity of the solutions of the PDE (3.9) (§ > 0)

In this section we prove some standard regularity properties of the solutions of the PDE (3.9), for
d > 0, and indeed for the more general PDE (B.2). First of all, we show that the weak solution of
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the PDE (B.2) is in fact strong, i.e., p € €>1(Q°,]0,T]) and the equation (B.2) holds pointwise.
We will then prove upper bounds on VK?® % p and VU? % p that are uniform in §. These will be
crucial in order to take the § — 0 limit in the next section.

We start by proving a bound on the .Z*° norm of p. In the proofs of the two lemmas that
follow, we assume without loss of generality that 7 = 1.

Lemma E.1 (Bound on .Z*° norm). Let p; be a weak solution of the PDE (B.2) with initial and
boundary conditions (B.3). Recall that py has a density with respect to Lebesgue measure, denoted by
p(-,t). Then, there exists a constant C(§2) such that, by letting L = (||[VV|| goo () VIIVU|| 2o (ax0)),
we have

(-, )l zoe(y < llprmsell ooy €€ DL (E.1)

Proof. Any solution the PDE (B.2) satisfies Eq. (B.6). Given a measurable (Borel) function p €
mB(2 x [0,T]), denote by Z(p) € mB(Q x [0,7]) the function given by the right-hand side of
(B.2). Let C(2) be the constant in the statement of Theorem G.1 (part 3) and let Cpyy =
CAO[VV ] g=@) + VU £=@xq)). We then have

12(p)(- V)]l zoo() < lpmicll z@) + (IVV I 2o (@) + VU | 2 0x0)

t
| 50 196 1= 9 gl 5) e s

t
< | pimielLzoo () + CU,V/O (t —8)72|p( -, 5)| o q) ds. (E.2)
Hence

12(p)| 2 @x(o.11) < Pl 2o (@) + Cuv VT ||l @x(o1]) - (E.3)

Proceeding analogously for two different densities p, p, we get
12(p) — 2(p)|| = (axjo)) < CuvVT ||p— bl z=x(o) - (E.4)

Hence 2 maps £°°(Q2 x [0,7T]) into itself, and is a contraction for CU,V\/T < 1. Therefore, it
must have a unique fixed point in .£*° that coincides with the unique solution of PDE (B.2). Let
Ty = 1/(4C%,,). Then for that fixed point p € .Z(Q x [0,T]) we have from Eq. (E.3)

1l 2o @x(0,70)) < 2 || Pinic]] o0 () - (E.5)
The desired claim follow by iterating this inequality [¢/Ty] times. O

Lemma E.2 (Strong solutions of PDE). Let p: be a weak solution of the PDE (B.2) with initial
and boundary conditions (B.3), and recall that, for any t < T < oo, this has a density p(-,t), with
p € L>®Qx[0,T)). Fir q € N. If pye € €9Q), then p € €+1(Q,[0,T)).

Proof. We prove the claim for ¢ = 2. For larger values of ¢, the proof is similar and it only requires
to iterate the argument.

The proof uses the same bootstrap technique of [MMN18][Supplementary material, Lemma 6.7].
The only difference is that the Duhamel formula of Eq. (B.6) involves the Neumann heat kernel in
Q instead of the heat kernel in R?.
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Let S = Q x [0,7T] and, for u: Q x [0,7] = R. Forr € N, a = (g, ..., aq) € N, let D} DS
be the generalized derivative of u, and define the parabolic seminorm

(W) Dsy = Y. DI DZulgn(s)- (E.6)
| +2r=j

The proof of [MMNI18][Supplementary material, Lemma 6.7] uses the following inequality from
[LSU88][Chapter IV, Section 3, Eq. (3.1)]

(G xu) Trsy < O (un Gl (E.7)
G 5 u(w,t)E/Rd/O Gla,y, t— 5)uly, s) dy ds. (E.8)

Furthermore, (G.11) of Theorem G.1 yields
(G2 w2 u) G < UG ) G) + (CR 5T (E9)

Since G € €>°(2 x  x [0,T]), we have that
2m—+-2
(GF 2 u)) Srss) < Cllull zos)
which immediately implies that

(G u)) Gty < Clu)) Sl + Clull zogs) (E.10)

The proof of [MMN18][Supplementary material, Lemma 6.7] can be repeated verbatimly with (E.7)
replaced by (E.10). O

As a consequence of the last lemma, the PDE (B.2) admits unique strong solutions p €
€%1(,10,T]) with initial condition p,;, and Neumann boundary condition. We will use p(t) as
shortcut for p(-,t). The rest of this appendix is devoted to prove further regularity results for p(t),
which will be crucial in the proofs provided in Appendix F. To emphasize the dependence of p on
8, we will denote this solution by p°.

In what follows, we will set the initial condition p°(0) = p°, at 6 > 0 to be defined via
Pl (w) = A5 (w/As), with As given by Eq. (3.4)
It is useful to recall the definition of free energy, which is given by
1

Fo(p) = 5 R’(p) — 7 5(p)

Wl = Kspllyny + 7 [ pla)log pla) do- (E11)

The following lemma provides an expression for the derivative of the free energy with respect
to time. Such an expression immediately yields an upper bound on the #2(Q) norm of K?° x po(t)
which is independent of 4.

Lemma E.3. Let p° € €%1(Q°,[0,T]) be the solution of the PDE (B.2) with initial and boundary
conditions (B.3). Then,

d
aFé /|V (z; p°( +Tlogp‘s(m,t))fp‘s(az,t)daz. (E.12)
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Proof. By definition

P 0) = 2y + [ Vi

+2/U(w1 w2)p5(w1, )dwlp (w2, t)dw

+ T/p‘;(w, t)log p° (w, t)dw

By differentiating F(p?(t)) along the solution of (B.2), we obtain

SEW0) = [V,

at
+/U('w1 —wg)p5(w1,t)@tp‘s('wg,t)dwldwg
T/(l +1log p° (w, 1)) dep” (w, t)dw
— [ (W, (0) + 1og 6" (w,0) + 1)0up" (w, ) dw

- /(\If(w, (1) + 7log o’ (w, 1) +7)

V- <p5 ( w,p5(t))+710gp5(w,t)>>dw

/V(\P t) + 7log p° (w )),

V(¥(w,p(t)) + 7log p° (w, 1)) p (w, t)dw

—/’V(\I’('w;p‘s(t))+Tlogp5(w,t))| P (w, t) dw

(E.13)

O]

Corollary E.4. Let p° € €*1(Q9,[0,T)) be the solution of the PDE (B.2) with initial and boundary

conditions (B.3). Then,
Wl KD (8) — FIay < 2F(5°(0)) + 27 log |60

where |Q°| denotes the volume of the set Q°.

(E.14)

Proof. By Lemma E.3 we have F°(p°(t)) < F%(p°(0)). The claim follows by substituting the

definition of F?(p?) and using S(p°) < log €.

O

Remark E.1. By Corollary E.4, we are able to provide a d-free upper bound on || K%#p®(t) —

f||?%2(9). Specifically, Q% C Q and hence |Q°| < |Q|. We also have
F*(p(0)) < wollf 11520y + 10l E250° (0)] z2() — 75 (6°(0)) -

Note that
S(Pé(o)) = S(pinit) + dlog As.
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Since \s — 1 as § — 0, there exists a C, > 0 such that for § < C,, A\ > 1/2. Thus, the term
S(p°(0)) has a d-free upper bound.

By Young’s inequality it only remains to give a d-free upper bound on the quantity ||p°(0)|| 22(Q)
Let us write

19Oy < [ 50w/ As) o
= [ @ = 35 e

Again, for § < Cy, A\s > 1/2. Also, by Assumption (A5) and the fact that Q is compact, we have
102,11 % () < 00, which concludes the claim.

We next prove d-free upper bound on the gradient of VK0,

Lemma E.5. Let p° € €%1(Q°,[0,T]) be the solution of the PDE (B.2) with initial and boundary
conditions (B.3). Then, the following bound holds:

T T
/ /}VU*p5(a;,t)|2p5(m,t) dmdt+27-/ /V(K5*p5)(a:,t)|2dmdt
0
< TIVV o0y + 2001/ 152 () + 4F°(0°(0)) + 47 log 2]

(E.15)

Proof. Denote by (f,g) = [ f(z)g(z)dx the standard scalar product in .22 2. Then,

5 72 (U0 (1), 0 (1)) = (Uxp° (1), 0" (1))
= (Up" (), V- (0 (O)V(V + Uxp’ (1)) + 7407 (1))
= (U’ (1), V- (9 () VV)) + (Uxp’ (1), V - (9° (1) V (Uxp°(1))
+7(Uxp (), AP (1))

:_/(V(U*p \(@, 1), VV (@) o (x, 1) d (E.16)
- [ V)@ 0Pty de - 7 [ 90 0P
< ;/]VV(w)|2p5(a:,t)d€B— ;/|V(U*p5)($7t)|2p5(a:,t) de
_T/|v(K5*p5)(m,t)|2dzc.

\%E
%

By integrating (F.16) between 0 and 7', we obtain

/ /‘VU*p x, t) 200 (, t)d:ndt—l—27/ /|V (K%xp%) (2, t)|?da dt

E7

< T|VV% = (0°(T), Uxp’ (T)) + (p°(0), Uxp’ (0)) (B.17)
< TV ey + 20 K57 (0) gy -

Hence, (E.15) follows from Corollary E.4. O
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Remark E.2. Note that by virtue of Lemma E.5, we are able to get a é-free upper bound on the
left-hand side of (E.15). Indeed, by definition of VV as per (B.4) and using Assumption (A3), we
have the é-free bound:

IVV 20y < vl K0 |21 @) IV Fllg@) = IV fll=@) < Cx. (E.18)

In addition, by Remark E.1, | K%%p°(0) has J-free bound.

2
1220

F Global convergence: Proof of Theorems 5.2 and 5.3

We start by showing that p’ admits a limit in a suitable functional space as § — 0.

Lemma F.1 (Existence of converging subsequence). Let p® € €>1(Q09, [0,T]) be the unique solution
of the PDE (B.2) with initial and boundary conditions (B.3). Then, the family (p°)sq is relatively
compact in the space €([0,T], P2(Q)). In particular any sequence (p°)p>1, admits a converging
subsequence.

Proof. This follows from the Ascoli-Arzeld’s theorem. Notice that Z5(Q2) is compact due to the
compactness of (2. Therefore, it is sufficient to prove that the family is equicontinuous. Using the
representation in terms of nonlinear dynamics (cf. Appendix C), we have

2
Wa(pe, ps)? <E{| X — X4 }. (F.1)
Note that we omit for simplicity the dependence on §. Recall that the nonlinear dynamic satisfies

(for b(x,t) = —VU(x, pt))

t
Xt:/ b(X,,r)dr+v2r B, + ¥, (F.2)
0
=V;+V2rB; + ®,;. (F?))
By [Slo01, Theorem 2.2], we have
E{|X; — X,*} < C,rE{[B]} + C.E{(IV])*} . (F.4)

where [B]! denotes the quadratic variation of B, and |V'|% the total variation of V between times
s and t. We thus have

¢ 2
Walpe, ps)® <E{|X; — X |*} < Cir(t —s) + C,E { </ |b(X -, 7)] dr) }

§C’*T(t—s)+0*(t—s)/tﬂ3{b(XT,r)|2} dr. (F.5)

S

Hence, in order to prove uniform continuity, it is sufficient to show that, for s,t < T, fst E{ |b(X ., r) \2} dr <
C where C' is bounded uniformly in §. In order to show that this is the case, notice that

t t
/ E{[b(X,, )} dr = / E{|VV(X,) + VUxp(X,, )2} dr (F.6)
t
<2t~ VY i +2 | [ [VUsol, ) Pole, ) dadr, (F.7)
and the claim follows from Lemma E.5. O
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We have now proved that the sequence (pén)n21 admits a converging subsequence, where §,, — 0
as n — o0o. Fix such a convergent subsequence and, with an abuse of notation, also denote it by
(%) n>1. Let p= € €([0,T], P2(Q)) be its limit.

Recall that p’ is supported in Q%+, Hence, K% x p’ is supported in Q and K% x po € P5(Q).
We will now show that (K% % p’),>1 has the same limit as (p’*),>1 in €([0,T], P2(Q)).

Lemma F.2. The sequence (K% % p’),>1 also converges in €([0,T], P2(Q)) to p>.

Proof. By Lemma F.1, the result is implied by the following claim:

lim sup Wa(K%  pdn, po) = 0. (F.8)

Note that, for bounded €2,

([12 - sia,an) " < dam(@)2 ([ 12~ witaw.an) .

for any coupling v of the probability distributions of & and y. Hence,
Wa(p1, pa) < diam(2)"/> W1 (p1, p2) (F.9)

As an application,
W3 (K % g, pe) < diam ()W (K % o, pp). (F.10)
Thus, it suffices to show that supg<;<r W1 (K% % pf",pf") — 0 asn — oo.

Note that
WK 5 pi», pi") < B{|(Ks, + X5,) — Xs,} = E{| K5, |},

where the random variables K5 and X; have distributions K% and pf”, respectively. The
quantity E{|Kj,_ |} is O(d), since K has bounded absolute first moment, which completes the
proof. O

We will now prove a stronger convergence result.
Lemma F.3 (Convergence in .Z2). The measure p> has a density, which is the limit in £?() x
[0,T)) of the sequence (K% % p®n),>.
Proof. By Corollary E.4, we have that, for any n > 1, K% x p’ € £?(Q x [0,T]). Let us show
that (K% % po),>1 is a Cauchy sequence in .Z2(Q x [0, T7).

As K% % pdn € 22(Q) for every t € [0,T], its Fourier transform exists and we denote it by

K% % p» . Hence, by applying Parseval’s theorem, we have

lim Sup||K5" w0 — KO % pnr ||§2(Qx[0,T])

n,n’—oo

T
. ’ 6n’
:hmsup/O [ 5 pgr = K p) (1% it (F.11)

n,n’ —oo

T
= lim sup / / | KO s p0n (X)) — K% s p07' (A)[2 dAdt.
0 Rd

n,n’—oo
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Fix A > 1 and decompose the integral in the right-hand side of (F.11) as

T
lim sup/ / | K% % p0n () — KO/ % pf"'()\)|2 dAdt
Al<A

n,n’—o0 J0O

(F.12)

T
+ lim sup/ / | KO s p0 (A) — KO/ % pf“’(A)|2 dAdt.
A>A

n,n’—oo J0
Consider the first term of (F.12). By Lemma F.2, and since by Jensen’s inequality Wi(p1, p2) <
Wa(p1, p2) for any two distributions p1, p2, we have Wy (K% * pf“ — K% pf"') — 0, as n,n/ —

0. Since for the complex exponential functions ||e*™® ||r;, < |A|, by definition of 1-Wasserstein

distance, the integrand in the first term converges pointwise to 0. Furthermore, the integrand is

upper bounded by an integrable function, since [K% % p0*(X)| < [[K% % pf"HgQ(Q) < C for all n
and every t € [0,T]. Hence, by dominated convergence, the first integral in (F.12) converges to 0.

As for the second term of (F.12), the following chain of inequalities holds:

limsup/ / | KO s pdn (X) — Ko *pf”' (A2 dXde
IA[>A

n,n’—o0o

< 4sup/ / | K% % p0 (N)[2dAdt
n>1 [A[>A

sup/ / N2 [KO 5 p2n (A2 dA dt
2 51 [A|>A

) . (F.13)
<esw [ NS R )P dads

n>1.J0 R4

4 T

=1 sup/ |w<5n*p (X2 dAde

n>1

sup/ /\VK‘sn*p (x)|* de dt,

n>1

where in the last equality we have applied again Parseval’s theorem. By Lemma E.5, the integral
in the right-hand side of (F.13) is upper bounded by a constant independent of n. Therefore, as
A — o0, the second term of (F.12) converges to 0.

As aresult, (K% % p),>; is a Cauchy sequence in .£2(Q x [0,T]). Let 5> € £2(Q2 x [0,T]) be
its limit. Furthermore, by Lemma F.2, (K% x p%), 51 has limit p> in ([0, T], Z2(Q)). Therefore,
the measures pg°(de)dt and pg°(x)dex dt coincide. This implies that the measure pf° has for almost
every t € [0,T] the density 55° € .£2?(Q x [0,T]), and the proof is complete. O

From now on, with an abuse of notation, we will use p® to denote also the density which is the
limit in .Z2(Q x [0,T]) of the sequence (K% % p),>1
Lemma F.4 (Convergence to a weak solution of the limit PDE). Let p*> be the limit in € ([0, T], 22(2))

of the converging sequence (p°")p>1. Then, p™ is a weak solution of the PDE (A.1) with initial
and boundary conditions (A.2).

Proof. By Lemma F.3, we have that p> € .Z?(Q2 x [0,7]). Choose a test function h € €*!(Q x

[0,T7), satisfying (n(zx), Vh(x,t)) = 0 for all x € 9Q,t € [0,T]. In order to prove the claim, we
need to show that (A.3) holds. Throughout the proof, we will let A\,, = A,
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Recall that, for any n > 1, p» is a weak solution of the PDE (B.2) with initial and boundary
conditions (B.3). Hence, by Definition B.1, we have that

[ @) )~ [0 (,0)pf (de) (F.14)
Qon Qon

T
B / / [ath(sn (.’IJ? t) + TAhén (CC, t)
0 Qon
— (VU "), Vh ()] pi (da) i,
for any ho» € €>1(Q% x [0,T)) satisfying (n(z), VAo (z,t)) = 0 for all z € 9Q°%,t € [0,T]. Now,

we set

hon (. t) = h(x/An,t). (F.15)
By definition of Q°, we have that k% € €21(Q% x [0,T]) since h € €>1( x [0,T]). Furthermore,

(n(x), Vh(zx,t)) = 0 for all x € 9, t € [0, T] immediately implies that (n(zx), Vi (x,t)) = 0 for
all ¢ € 9Q%, t € [0, T).

Recall that
Uz, p") = VO () + U x pdn(x) = —1p K% % f) 4 1o KO % KO % p (). (F.16)
Thus, (F.14) can be rewritten as
[ e m) )~ [0 (,0)pf (de) (F.17)
Qén Qon

— /OT /Q(Sn [Bth‘sn(aﬁ,t) + 19 <VK5n * f(m)7vh6n($’t)>:| pf”(dm) dt

T
+ / / [TAh‘S”(w,t) — (VK % K% « po» (), Vh‘s"(a:,t))} pO" (dae) dt .
0 JQon
Since (p°),>1 converges in € ([0, T], P2(Q)) to p> by Lemma F.1, we have that

i [ (@ 1) pp(de) = [ ha,T) o (0o,

n—oo Qdn 0

T
lim / / [8th5"(:c,t)+7-Ah5”(m,t)} P (da) dt (F.18)
n—oo 0 Qdn

T
_ / / Ouh(z, 1) + TAh(z, 1)] p°(dw) dt.
0o Ja
Furthermore, since p)* () = A, % pinie(2/An), we have that

| 1 @.0)(da) = [ h(@.0) pun(a) de (F.19)
Qon

Q

Let us use the notation h.(x)

= h(x,t) and h¥"(x) = ho(x,t). Again, we set p"(x) = 0
for x ¢ Q0. We further define 52" (z)

= )\flp?” (Anx), which is a probability density on . Since
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P2 () = p2°(+) in Po(Q) and A, — 1, we have 50 () = p°(-) in P5(2) as well. Hence

n—oo

- On On on - ‘
hm//mn VK « f(z), Vhi (2)) pi* (z) dedt (F.20)

= lim A, / /VK‘S"*f An), Vhg(x)) 50 () daedt

:/0 A(Vf(a:),Vhf“(zc»pfo(a:) dadt, (F.21)

where the last equality follows since A, — 1, and VK % f(\,x) — V f(z) uniformly in €.

Furthermore, we have that

. (VK 5 KO x pr (), Vh)" () p)" () d dt

T
‘s /0 /Q Ahy() (55° (x))? da dt

s (VK s KO s p0 (), VA" (2)) po* (2¢) da dt

T
- / /(VK‘s” s pOn (), Vhy (2)) KO % p () dae dt‘
0 Jo

T (F.22)
/(VK5” w p0n (), Vhy(2)) KO % p (@) da dt

/ /Aht (K pn(x2))? dmdt‘

‘ / /Aht K% pi (x))? dav dt
_2/0 /QAht(a:)(p,?o(w))Qda:dt‘.

The second term in the right-hand side of (F.22) is equal to 0 by integration by parts. The third
integral in the right-hand side of (F.22) is upper bounded as follows:

3 [am@us @iz [0 Ane)r @) dsd
SC/OT/Q)(KM,);%( — (@) deds
<0 [" [ @) - @] K0« (@) 4 i (@)] ama (F.23)
gc(/OT/Q]K(Swfn@)—pfO(m)fdmdt>l/2

(/OT/Q (K% s () +p§°(m)‘2 dmdt>1/2,
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which converges to 0, as (K% x p%),>1 converges in .Z2(Q x [0,T]) to p>. The first term in the
right-hand side of (F.22) is upper bounded as follows:

T
/0 /Q 5 (VKO s KO s pn (), VRS (2)) p0" (22) daz dt

- /OT/Q<VK5" s )" (2), Vig(2)) K° % pin () dae dt‘
T
<| [0 TR @), T @)l ) dwat
S (F.24)
B /0 /Q (VK 5 K5 pr (@), Vh(@)) pf" (@) da dtl
T
+ ’ /0 /Qén (VK% s KO s p0n (), Vhy () pl" () dee dt
r é é 5 E)
_/0 /Q<VK "k " (x), Vhe () K *pt”(:c)dmdt‘.
The first term is upper bounded using
T 4 1 é [ 6
‘ /0 /Q«sn (VE® K x pi (@), VR (@) pp" () de dt
4 0 6. o 0,
—/0 /Q<VK mx KO pin(x), Vhe(2))pi™ () dwdt’

< VR = Vh| zee(axior) ’VK&T‘ KO % pi| X ppn

(F.25)

£1(Q9n x[0,T1)

Notice that

X pgr

H ‘VK(S” s KOn * py"
L1(Q%n x[0,T1)

on
X\ Pt

< ﬁ” [ £ K gl

(%) Sn

H Pt
22(Q%n x[0,T])

‘VK‘S" « KO pin

(F.26)
£2(Q0n x[0,T1)

on
XA/ Pt

)

£2(Q0n x[0,T])

where (a) follows from an application of Cauchy-Schwartz. By Lemma E.5, we deduce that the
right-hand side of (F.26) is bounded uniformly in d,. Thus, the first term of (F.24) converges to 0
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because of Eq. (F.25). As concerns the second term of (F.24), we have that
T
‘ / / (VK s KO s pn (@), Vi () pl" (@) dee dt
0 Qon
T
— / /(VK‘Sn s pOn (), Vhy (2)) KO % p () dee dt‘
0 Q
T
< ] [ [0 ), Fhi(a) K@~ )l () dy da
0 QJQ

’ (F.27)
/0 /Q/Q<VK6" *an(y%Vht(y))K‘s”(m — y)pfn(m) dydz dt‘

T
/0 /Q/Q<VK5" *pi"(y), Vhy(x) — Vht(y)>K5”(m — y)pf"(:c) dydx dt’

T
< C’/ /Q/Q |z — y| [VE® « p2n (y)| K% (& — y)pd" () dy de dt.
0
Recall that pf” is supported on Q%% C Q, and Q is bounded. In addition, since the kernel K has

bounded support, the diameter of the support of K% is at most 8, times a constant. Consequently,
the last term in the right-hand side of (F.27) is upper bounded by

T
5.1 [ [ 19K e () 5 - ) )y
0 QJQ

T
= 6n01/0 /Q VI 5 pin (y) | KO pin (y) dy dt

T 1/2
<o.c ([0[RP ayar)
0 Q

( / ' [ s i ) ay dt) "

By using that K% x po» € £%(Q x [0,T]) and the result of Lemma .5, we have that the two last
integrals are bounded uniformly in §. As a result, the right-hand side of (F.28) converges to 0,
which implies that the right-hand side of (F.22) also converges to 0. By putting this fact together
with (F.18) and (F.21), the desired result follows. O

(F.28)

We have now proved that (p),>1 converges to a weak solution of the limit PDE (A.1). In
order to prove the uniqueness of the weak solutions of the limit PDE, we next prove a bound on
[P #4(q), which along with Lemma A.2 proves the uniqueness claim.

Lemma F.5 (Uniform bound in .Z4). Assume that py., f € €°() and consider the sequence
(pén)nZL Then,

sup ”P?"H.Lﬂ‘l(m <CO)(1+T), (F.29)

n>1,t€[0,To]

where
1

sy

(F.30)

for some bounded constant 0 < C(£2) < 0.
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Proof. For simplicity, we indicate the norms ZP(2) by || - ||,. For a function g € €™ (Q2), we let
V®™g be the vector with coordinates 9™g/(d;, ...0;,,), with 1 < iy,i9,... 4y, < d. The proof
strategy to prove this lemma is to first bound |[V®™p0" ||, for some m > d/4, and then apply the
Gagliardo-Nirenberg interpolation inequality (cf. Lemma H.3) to bound [po"||4. Throughout this
proof, we will use C, C} and so on to denote constants that can depend on the domain €2, but do
not depend on t or 9.

Before proceeding, we need to establish some notations and definitions.

For a function g and an integer k£ > 0, we denote its Sobolev norms by

k 1/2
gl = (Z ||V®m9!§> : (F.31)
m=0

We will use the following relations on Sobolev norms (see [Ocl01, Equation (1.14)]):

(F.32)

gl < Cr(llgll3 + 1(=A)*2g[5)"/? if k is even,
® = Clllgl + [V (=2)E=D/2g|2)1/2if i is odd .

Instead of bounding [|[V®™pd" ||, we will bound the dominating quantity || pf”H(m). To this end,
we follow a similar strategy as in [Ocl01]. Namely, we derive descriptions of the evolution of
[(=A)™p0" |5 and [|(—A)™(p2" % KO — f)]||o. More precisely, we derive a recursive equation (on m)
for the evolution of a suitably chosen linear combination of these two quantities.

Since p° is a solution of the PDE (BB.2), we have
O(=A)" 0" (@) = —7(=A)" g (@) + (~A)"V - (o (@)V(V + U % pf")) (1.33)
Following along the same lines as in derivation of [Oel01, Equation (3.12)], we obtain

d m
=2y 3
< (CCp —20) IV (-A)" o} }

On |2
(2m+1_q)||:0t ||(q+1+d/2)

On |12
I

e Wm0 (F.34)

(q+1+d/2

where (), and C’m are positive constants that depend on m and C' > 0 is a constant which can be
chosen arbitrarily.
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We set m = [1 + d/2] for which we can upper bound the right-hand side of (F.34) as

m On

%H(— Pt

s(oc —27>Hv<— ot

2l n||oo<v<—A>m<v+ U*m,pan—A)m(w U i)
2mCm

oot

m)||pf”\|%2m) : (F.35)
We next move to the next quantity. Write

A s p)

< 2((~A)" (K« pr = ), (= D)™+ KO )

= 2((—A)" (VP + U 4 ), D4~ )" pf )

= 27 { (= A)" (Vo 4 UP ), (~ )™ i)

+ 2<(—A)m(v5n U 5 g0, (—A)Y (pﬁn (x)V(Vo + U « p;fn)) > , (F.36)

where the last step follows from (F.33). Note that the first term on the right-hand side can be
bounded as

=2 (=AY (VI U s pl), (—A)"H b )
= —2r((~A)™ (K ) (=A) o) = 27|V (=A)" (K o)

2
< 27 [(=A)" fllall(=A)" g 2 — 27 (=) (K x ) |

(F.37)

where the last step follows from Young’s convolution inequality and the fact that ||K°%||; = 1.

The second term in (F.36) can be bounded following the same lines as in derivation of [Oel01,
Equations (3.3) and (3.16)], which along with (F.37) gives

Sl p||

< OOV (=AY (K% % pf — )|+ 27| (=A™ fllall(~2)" "2

6n oy |?
— 27| V(=) (K 5 o)

|
[\
S
<
—~

)MV U ). gV (A 4 U )

+g§j(\v+u*pgn
%4

2 S (12
(2mt1—q) o | (g+1+d/2)

—l—H —i—U*pt

On |2
e ). (F.38)
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Since f € €>°(f2), there exists constant M > 0, such that ||[(=A)™F L f|ls < M, |[V(=2A)"f|ls < M.
Using the particular choice of m, we can upper bound the right-hand side of (F.38) as
-t o
-yt
< (20Cm —27) ||V (=A)™ (K % pi)|3 + 27 M || (=A)" pg" |12 + 2M>CCry
= 2( V(=AY (V + U 5 ), "V (= A)"(V + U 5 )

n 2mCm

|V

2m)npf“ oy - (F.39)
Define C) = 2Hpinit|](2m) and let
T, = inf {t €1[0,77: pr"”(gm) > Cl} AT

for n > 1. Clearly, T,, > 0 by choice of Cy. In addition, by applying Sobolev’s inequality (see
e.g. [Oel01, Equation (1.12)]), we have

107" loo < Callpf" || (2m) < C1C2, for t € [0,T,], n > 1.

where Cy > 0 is a constant depending on d. We let C, = C1C2/C. Recall that the constant C' > 0
in (F.35) and (F.39) was arbitrary. We choose it in a way that C' < 7/(2C,,). We then consider
the evolution of the following linear combination of the two quantities we analyzed above. Note
that by Equations (F.35) and (F.39), we have for ¢ € [0, T,,],

d m On
a <H(_ Pt

< —*HV(—A)mpf”

ESRE

2
= LtV (=A)" (K« o) 3

+ C. (27 M| (=8)" gl |z + 707

2mC’
C

< C. (2rMl(=A)"pf" |12 + M?)

+ (14 Cy)

2
On On (|12
PN

B 2 \?2
+ ngm(l + Cy) <Hpgn”%2m) + HV +U s (2m)>
(a) ’ i
< TM?*C, + Cj3 <|’P?"||%2m) + G " (2m)>
(b) ’ :
< TM?*C, + Cs <||p?n||?2m) — [ K g (2m)> ’ (:40)

where in (a) we use the fact that [|(—A)™p" ||y < || [l (2m), which follows immediately from (F.31);
(b) follows from the fact that for any function g € .2%(Q), |lg * K%z < [|K%||1|lgll2 = llgll2, by
Young’s inequality for convolution.

Another observation that will be used later is that

d
= (I8 13+ Cull &« = £113) < 0. (F.41)
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This claim follows by repeating the same argument we had to derive (F.40), for m = 0. In this
case, we have analogous equations to (F.35) and (F.39), where only the first two terms appear.

Next note that by (F.32), we have for t € [0,T5,],
On n On
19" gy + Cull K2 5 pg™ = FliFam)

~ 577, 577,
SCm<Hﬂt I3+ 1(=2)"™ i 13

2

2
e (\|K5n i = FI3+ [ (=) (&% s gl - 1) ) )
< Con (sl any + ClIK 5 prsc = Flly )

2
KO % pon — ? d F.42
* pg" — f s, (F.42)

t
0 m

where the last step is a result of (F.41) and (F.40). Let us stress that C,,, Cy, C3 are constants
that are independent of n.

We further note that

||Pinit”%2m) + C*HK% * Pinit — fH%zm) < ||pinit||%2m)(1 +2C) + 2C*||f||%2m)
02
< (142C0) 7 +2Cf famy (F.43)

for n > 1. Here, the first step is a result of triangle inequality and the Young’s inequality for
convolution along with the fact that |K%|; = 1. The second step follows from definition of Cy.
Since f € €*(9), Hf||?2m) is uniformly bounded over 2. We denote the right-hand side of (F.43)
by the constant Cy4. Using bound (F.43) into (F.42) results in

IIpf”Ilém) + Cu|| KO pin — fH?gm)
< C,Cy+ CoitM?Cit

t
GGy /0 <Hp‘§"ll?2m) e

2 2
KO phn — fH(zm)) ds, (F.44)

for t € [0,7,]. By employing a generalization of Gronwall’s inequality (cf. Lemma H.2 and Re-
mark H.1) we get

C,,Cy + Cr,TM2C,T),

6n )2 s 0 2
n || KO n _ < _ _ _ . F4
10e Womy + Cl K™ %0 = FllGom) < =& 0 7 Crr MEC.T,) Gt (49

Therefore, for ¢ € [0, Ty], with

1
- 2C,C4 + 2C,, TM2C, T’

To (F.46)

we have that

102" oy + Cell ™ % pi" = fllomy < Cs5 + C6T (F.47)
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with C5 = C,,,Cy and Cg = C,,,TM?C,. Note that Cs, Cs and Tp are independent of n, but depend
on d. Let mg = [d/4]. Then, by the choice of m = 1 + [d/2] we have ||[VE™0pdn||y < ||pf"||(2m),
and hence as a result of (F.47), we obtain

sup [V |y < Cs 4 CeT (F.48)
n>1,t€[0,To)

Finally, by applying Gagliardo-Nirenberg interpolation inequality (cf. Lemma H.3) we get

sup  ||pin]la < Cr + CsT,
n>1,t€[0,To]

for some constant C7, Cg > 0, which completes the proof. O

Lemma F.6 (Convergence to the unique weak solution of limit PDE). Let p> be the limit in
€([0,T), P2()) of the converging sequence (p°*)p>1. Then, p™ is the unique weak solution of the
PDE (A.1) in L4 x [0,T]) with initial and boundary conditions (A.2).

Proof. From Lemma F.3, we have that the sequence (K% % po),>1 converges in .Z2(2 x [0,T]) to
p>°. Furthermore, by Lemma F.5, ||pf||_g;4(ﬂ) < C(1+4T) for any t € [0,Tp], where C' is a universal
constant. By using Young’s convolution inequality, we also deduce that || K% % p?|| 44 @ < C(1+T)
for any t € [0, Tp).

Note that .Z4(Q) is a reflexive Banach space. Thus, by applying the Banach-Alaoglu theorem,
every bounded sequence in .Z#4(2) has a weakly convergent subsequence. This means that there
exist a subsequence K%  p’ and a function p € .2*4(Q) such that, for any g € £*/3(Q), we have

/Q (K% % poois () — () g() da — 0. (F.49)

Now, since Q is bounded, K% % p’x and p are also in £%(Q) (as they are in £*(Q)). Thus,
K% x pPnk — pis in £2(Q), hence it is also in £%/3(Q). As a result, we can pick g = K% % po —
and obtain
/ | KO s pk (22) — p()]? dee — 0. (F.50)
Q

Therefore, j is the limit in .Z2(Q) of the sequence K% % p’*s. By uniqueness of the limit, we
conclude that p = p™. As a result, p>*° € £4(Q) for any t € [0,Tp], which implies that p> €
Z4(Q x [0,Tp]). Thus, by Lemma F.4 and Lemma A.2, p™ is the unique weak solution of the PDE
(A.1) for t € [0,Tp]. Note that Tp is decreasing with 7. Thus, we can repeat the same argument
with T' — Tj instead of T and obtain that p® is the unique weak solution of the PDE (A.1) for
t € [Tv,2Tp]. By iterating this procedure T'/Ty times, the result follows. O

At this point, we state and prove a lemma showing that the sequence (Pf")nzl converges in

L2(Q) to pie.

Lemma F.7. For almost all t € [0,T)], the measure p° is the limit in £?(Y) of the sequence
(P n>1-
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Proof. The proof is similar to that of Lemma F.3. Suppose that t € [0,7p], where T} is defined in
the statement of Lemma F.5. Note that, for any n > 1, p’» € £2(Q). Let us show that (p°),>1
is a Cauchy sequence in .Z?().

As pin e £2(Q) for every t € [0,Tp], its Fourier transform exists and we denote it by pdn.
Hence, by applying Parseval’s theorem, we have

. , 5
limsup [|p — o' |[%2(q) = limsup|lpy" — p;"" %2 o)
n,n’—o00 n,n’—oo
= lim sup/ 1P (A) — ™ (A))? d.
n,n'—oo JR4
Fix A > 1 and decompose the integral in the right-hand side of (F.51) as
: o Ty (2 : o Ty (2
lim sup/ 1pi™ (A) — p™ (A)]* dA 4 lim sup/ 1Py (A) — p™ (N7 dA. (F.52)
n,n’/—oo JI|A|<A n,n'—o00 JIA|>A

Consider the first term of (F.52). By Lemma F.1, and since by Jensen’s inequality Wi (p1, p2) <
Wa(p1, p2) for any two distributions pi, p2, we have W (pf“ — pf“’) — 0, as n,n’ — oo. Since for
the complex exponential functions ||e*™®)||p;, < |A|, by definition of 1-Wasserstein distance, the
integrand in the first term converges pointwise to 0. Furthermore, the integrand is upper bounded
by an integrable function, since |p;" ()| < ||pf”]|_gz(g) < C for all n and every t € [0, Tp]. Hence,
by dominated convergence, the first integral in (F.52) converges to 0.

As for the second term of (F.52), the following chain of inequalities holds:

, - 5
lim sup / 100 (A) = 0 (A2 dA
IA[>A

n,n’ —oo

<tswp [ o an
[A[>A

n>1

4 —
<z [ AR A)P
A=A

n>1

F.53
4 A 1207 ()2 dA ()
AZsup d! 1= 1o (N

4 —_—
A2 sup/ V2 ()2 dA

qzsw [ V(@) da,
n>1

where in the last equality we have applied again Parseval’s theorem. In the proof of Lemma F.5,
we provide an upper bound, which does not depend on n, on the Sobolev norm of pf" (see (F.47)).
Thus, as A — o0, the second term of (F.52) converges to 0.

By iterating the argument T'/Tp times, we obtain that (p)"),>1 is a Cauchy sequence in .22()
for t € [0,T]. Let p° € £2(Q) be its limit. Furthermore, by Lemma F.1, (p’*),>1 has limit
p™ in €([0,T], P2(2)). Therefore, the measure pf° has for almost every ¢ € [0,7] the density
5 € £%(Q), and the proof is complete. O

Theorem 5.2 follows from Lemma A.2, Lemma F.6 and Lemma F.7.
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Let us define the free energy associated to the PDE (A.1) as
1
F(p) = 5 R(p) = 75(p)

" (F.54)
= 27 = oy + 7 [ ol t)logplat)de.

As explained in Section 3.5, this limit free energy is displacement convex, and hence its Ws gradient
flow converges to the unique minimizer of (F.54). These facts are stated and proved formally in
the theorem that follows.

Theorem F.8. Assume that the initial condition p>(0) € €°°(). Then, the following results
hold:

1. There exists a unique minimizer in Po(2), call it p*, of the free energy F defined in (F.54).
2. For any t > 0, we have
F(o™ (1) - F(p*) < (F(p™(0)) — F(p"))e™", (F.55)
where a is defined in (3.1).
3. For any n > 1 and for almost any t > 0, we have
F(o(1) — F(p*) < (F(5=(0)) — F(p"))e™" + A(6,T, d), (F.56)
where a is defined in (3.1) and A(5,T,d) — 0 as 6 — 0.

Proof. The proof follows from the results of [CJMT01]. The technical assumptions required by
[CIMT01] are satisfied by the PDE (A.1), since Q is convex and bounded, the initial condition
p>(0) € (), and f satisfies the assumptions (A2) and (A3). Note also that the condition
info V' = 0 coming from assumption (HV3) of [CJMT01] can be relaxed. In fact, adding a constant
to V does not change the entropy functional in [CJMT01, Eq. (3)] (which corresponds to the free
energy (F.54)) and the PDE in [CJM 01, Eq. (46)] (which corresponds to the PDE (A.1)).

The uniqueness of the minimizer p* follows from [CJMT01, Lemma 6], which proves the first
result. Since p™ is the unique weak solution of the PDE (A.1) with initial and boundary condi-
tions (A.2), then it coincides with the unique, non-negative mass-preserving solution of [CJM 01,
Theorem 16]. Thus, the inequality (F.55) readily follows from [CJM™01, Theorem 16].

It remains to prove inequality (F.56). By definition of free energy, we obtain

F(p’ (1)) = F(p™(t)) = 5 (R(p°(t)) = R(p™(1))) = 7(S(p°(£)) = S(p™(t)))- (F.57)
Recall that, by Lemma F.7, p%(t) converges to p(t) in .22(2). Consequently, by using the triangle
inequality, we have that the term R(p°(t)) — R(p™(t)) tends to 0 as § — 0.

In order to complete the proof, it remains to show that S(p°(t)) — S(p>(t)) tends to 0 as § — 0.
To do so, define

A={zeQ : [P (a,1) - p>(z.1)] > 1/4},
B={xecQ : pP(x,t) €[0,1/2], p>(x,t) € [0,1/2]}, (F.58)
C={xecQ : pPx,t)>1/4, p>¥(x,t) > 1/4}.
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Note that AUBUC = Q. In fact, suppose that & ¢ B and « ¢ C. Then, one between p°(z, ) and
p>(x,t) is € [0,1/4] and the other is > 1/2. Consequently, |p°(z,t) — p>=(x,t)] > 1/4 and = € A.
This immediately implies that

[1S(p° (1)) = S(p™(1))] <

/A (Pé(mat) log p°(,t) — p™(,1) logpoo(q;,t)) dz

n (F.59)

/B<p‘§(w,t) log p (,t) — p™(z,1) 1ogp°°(m,t)) de

—+

/C<p5(w,t) log p° (x,t) — p™(,1) 1ogp°°(m,t)) dz

We will now upper bound the three integrals in the RHS of (F.59). As for the first term, note that

[P @0 - 0Pz [ 1960 - @oPi> 2, (F.60)
Q A

where |A| denotes the volume of A. Furthermore,

/A(p‘;(w,t) log p° (z,t) — p™(,t) 1ogp0°(m,t)> da

< ’/ p‘s(az,t) logp‘s(az,t) dx
A
9 1/2
< |Al? (/ (p‘s(w,t)logp‘s(m,t)) dm>
A

+]A[? (/A (™ (w, 1) log p™ (x, 1)) dw)m-

+ '/Apm(%t) log p™° (@, 1) de

(F.61)

Note that |tlogt| < 1 for ¢ € [0,1] and |logt| < t for ¢ > 1. Thus, the RHS of (F.61) is upper
bounded by

1/2 ~ 9
A2 (JA1+ 16 L) + AR (1A 100l ) (F.62)

By Lemma F.7, for almost all ¢ € [0, T, p°(t) converges to p>(t) in £%(Q). Thus, by (F.60), |A|
tends to 0 as § — 0. By Lemma F.6, p>(t) € £4(Q) for almost all ¢ € [0,T]. Furthermore, by
Lemma F.5, the quantity ]\p5(t)\\g4(g) has a d-free upper bound for ¢ € [0,7p]. As a result, for
almost all t € [0, Tp], the first integral in (F.59) tends to 0 as 6 — 0. By iterating this argument
T /T, times, we conclude that for almost all ¢ € [0,Tp], the first integral in (F.59) tends to 0 as
0 —0.

In order to bound the second integral in (F.59), we write

/B<p6(w,t) log p°(z,t) — p™(, 1) 1ogp°0(m,t)) de

< [ |P@ttoes @.0) - 5 (. 0)10g o (.0 do (F.63)
B

1
< [ [Pt = (e s @t — (@ 5)

dx,
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where in the last inequality we have applied [CT06, Theorem 17.3.3], since po(x,t), p™(x,t) €
[0,1/2] by definition of B. Note that

1 1
|log t| < max <2\/, t) <2Vt + n

Thus, the RHS of (F.63) is upper bounded by
1/2
/‘p (x,t) act)‘ dac+2/‘p (x,t) — p>(x,1) dax

!W()—P(N&Wm+ﬂﬁww0() ()] 41

where in the last step we have used Cauchy-Schwarz inequality. By Lemma F.7, for almost all
t € [0,T), p°(t) converges to p™(t) in .£2(Q). As a result, the second integral in (F.59) also tends
to 0 as § — 0.

Finally, let us bound the third integral in (F.59). Define h(x) = xlogz. Then, for x > 1/4,

(F.64)

|W (z)] <1+ |logz| <1+ logd + z. (F.65)
Thus,

/C (Pé(mat) log p°(,t) — p™(x,1) 10gp°°(m7t)> dx

sAM@wmfmwﬂﬁmm%w@ﬁbw
< /c ’p‘s(w,t) — p®(x,t)| - (14 logd + p°(x, ) + p>°(x, ) da (F.66)

< (L+logd)[Ip°(t) = p(t)ll 21 () + (67 (£)* = (0 (1)l 210
< (1+1og4)[1p°(t) = p=(t)l| 210
+ 102 (t) = pX ()l 22 () - 12° (&) + ()] 22
where in the last step we have used Cauchy-Schwarz inequality. By Lemma F.7, for almost all
€ [0,7], p(t) converges to p>(t) in Z%(Q). By Lemma F.6, p>®(t) € £%(Q) for almost all
€ [0,7]. Furthermore, by Lemma F.5, the quantity Hp‘s(t)ng(Q) has a J-free upper bound for
t € [0, Tp]. As a result, for almost all ¢ € [0, Tp|, the third integral in (F.59) tends to 0 as § — 0. By

iterating this argument 7'/Tp times, we conclude that for almost all ¢ € [0, Tp], the third integral in
(F.59) tends to 0 as 0 — 0, and the proof is complete. O

At this point, we are ready to provide the proof of Theorem 5.3.

Proof of Theorem 5.3. By substituting z with z!/?” in Theorem 5.1, we have that with probability
at least 1 —1/z

Ry(wh) < R (p) + 21/ er(N. d.e,0) <Sr 0T, (F.67)
where err(N, d,e,6) is defined in (5.2). The risk R?(p}_) can be upper bounded as

Ré(pis) =l ”f - K6 * piEH?fQ(Q)
2
<wu (Hf — Pl 2@ + 1K % pf — PiaHx?(Q)) (F.68)
= R(pia) + A0(67 T, d),
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where Ag(d,T,d) — 0 as § — 0, since both K% x p! and p) converge in £%(Q) to p°. Furthermore,
by Theorem F'.8,
R(phe) = 2F(pe) + 278 (pe) < 2 F(p}c) + 27 log |9
< 2F(p*) + 2(F(p™>(0)) — F(p*))e 2% 4 271log |Q| + A(S, T, d) (F.69)
2 F(p(0))e 2% 4 2(1 - ¢2%) F(") + 27 log 0] + A(5, T, d),

where A(4,T,d) — 0 as 6 — 0 and we recall that |2| denotes the volume of the set Q.

Note that
F(p*) < F(f) = —75(f), (F.70)

since p* is the minimizer of F. By combining (F.70) with (F.69), we deduce that

R(pf.) < 2 F(p(0))e 2 + 27 (log |0 — (1 — e 2)5(f) ) + A5, T, d)
= R(p(0))e 2 + 27 (log |0 — (1~ ¢ 2¥)S(f) — 5(5(0)) >
+ A(5,T, d) (F.71)
< Ry(w’)e 2 127 (log |0 — (1 - e 25)S(f) — 5(p™(0)) e=2%)
+ zerr(N,d,e,8) eC-rd T o=20ke L A5 T d),

where in the last step we use again the result of Theorem 5.1 and the fact that R(p>(0))—R%(p>(0))
tends to 0 as § — 0.

We also let Aq(0,T,d) =

By optimizing over p in (F.67), we will set A1(N,¢e,T,d, 2) as in (5.8).
(F.68) and (F.71). O

Ao(0,T,d) + A(,T,d). Then, the result follows by combining (F.67),

G Heat kernel in bounded domains with Neumann boundary

Given the domain D C R¢ (compact, with €2 boundary 9D), we denote by G (x,y;t) the asso-
ciated heat kernel, with Neumann boundary conditions. We collect here a few well known facts
about this kernel (see, e.g., [Tay13, Section 6.1]).

The heat kernel can be defined as a function G : D x D x R satisfying

0GP (z,y;t) = AyGP (w93 ), (G.1)

(VyGP(z,y;t),n(y)) =0 vy e aD, (G.2)
Yy

GP(x, - ;t)=>6,, ast—0,xeDC. (G.3)

We will also denote by G(z,y;t) the heat kernel on R?, namely

o1 =~ w3
Glanyit) = (g o { -T2 (G.)

The probabilistic interpretation of GP is as follows (see, e.g., [BGL13]). Let E, denote expec-
tation with respect to a Brownian motion X, with initial condition Xy = @, and reflected at 9D
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(see Section C for definitions of this process, following [Tan79]). Then, for any bounded continuous
function ¢ : D — R,

Edwxm:/b%uwwﬂw@ (G.5)
= Gg(a:; t). (G.6)

Finally, GP can be viewed as the kernel representation of the bounded operator e*2/2 in #2 (D, Unif).
We have

€2y = [ £(2) GV, yit) dy. (@)
Hence GP(z,y;t) can be represented in terms of the eigenfunctions ¢, and eigenvalues \j, of —A,
GP(x,y;t) = > e (@) dr(y) . (G.8)

k=0

Here 0 = Ay < A1 < Ag < ..., with limy_,o A = 00, and ¢g(x) = 1p(z)/Vol(D)'/2.

Remark G.1. Since A is self-adjoint in .#?(D, Unif), it follows that G” is symmetric, namely
GP(x,y,t) = GP(y,x;t), and therefore it satisfies

0GP (x, y;t) = D GP (z,y5t) (G.9)
(VoGP (x,y;t),n(x)) =0 VaecdD. (G.10)
Theorem G.1. The Neumann heat kernel satisfies the following properties:
1. We have that
GP(z,y;t) = Gz, y;t) + GR (=, yit) (G.11)
where GE € €°°(D x D x Rs).
2. For anyt>0,GP(-, -;t) € €°(D x D).
3. We have that, for a constant C(D),

(D)

IVGP (@, 1) 41y < N

(G.12)

Proof. Substituting GP(z,y;t) = G(z, y; t) +GE(z,y; t) into Egs. (G.1) to (G.3) yields, for € D,

(VyGR(x,y;t),n(y)) = —(V,G(x,y;t),n(y)) VyecdD, (G.14)
Gg(m,y;;O)zo, x,y € D°. (G.15)

Thus G, satisfies the heat equation in D x [0,7] and hence (y,t) — GE(z,y;t) is € inside this
domain (see, e.g., [Eva09, Chapter 2, Theorem 8|, which refers to Dirichlet boundary condition,
but applies equally well to the Neumann case). By symmetry, we have the claimed continuity in
(x,y), thus proving point 1.

Claim 2 follows by the same decomposition.

Finally, claim 3 follows from Lemma 3.1 in [WY13]. O
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H Some useful technical lemmas

Lemma H.1 (Displacement convexity of quadratic functionals). Let U : R? — R? be twice
differentiable with |U(x)] < C(1 + |x|?), U(x) = U(—=x), and define % : P2(RY) — R by
U (p) = [ U(x — ') p(dx) p(de’). Then % is displacement convez if and only if U is convez.

Proof. Proposition 7.4 in [Sanl5] proves that convexity of U implies displacement convexity of
% . To prove the converse implication, let &, 8 € R? x # 0 and consider the two probability
distributions pg = (do + dz)/2 and p1 = (dp + dx+s)/2. For |d| < |x|, the geodesic path connecting

these distribution is p; = (00 + dz+t5)/2, t € [0,1]. Substituting in the definition of %, we get

1 1
%woinmy+§ﬂx+w) (H.1)
t t2

=U(po) + §<VU(1:), d) + Z(é, V23U (x)6) + o(t?). (H.2)

Hence, displacement convexity implies (8, V2U(x)d8) > 0. Since this holds for all |§] < |z|, we
obtain V2U () = 0 for all & # 0, which in turns imply that U is convex (by a continuity argument,
it is sufficient to lower bound the Hessian everywhere except at a point). ]

Lemma H.2 (A Gronwall type inequality [Bih56]). Let u : [0,T] — R4 be a continuous function
that satisfies the inequality

u(t) < A+/O U(s)w(u(s))ds, tel0,T],

where A > 0, ¥ : [0,T] — R4 is continuous and w : Ry — Ry is continuous and monotone-
increasing. Then, the following holds

t
u(t) < ®1 (@(A) +/ ‘I’(s)ds) , tel0,1],
0

with ® : R — R given by

“ ds

@(u)z/ —, ueR, uyy=w4).

up W(8)
Remark H.1. To derive Equation (F.45), we use Lemma H.2 with w(u) = u?, ¥(s) = C,,Cs,
A=C,,Cy+ CpytM?*CystT,,.

Lemma H.3 (Gagliardo-Nirenberg interpolation inequality, cf. Theorem 1.5.2 of [CM12]). Fiz
1 <gq,r < oo and m a positive integer. Let u € L1(Q) N L"(Q) and V& u € LP(Q). For integer
J, 0<j<m, and 6 € [j/m,1] (with the exception 8 # 1 if m — j — d/2 is a non-negative integer),

define p by
1 1 m\ 1-9
Y L Bl
pd (T d) Ty
Then V®u € £LP(Q) and satisfies
IV ull, < CIVE™ull] [lullg™ + Crlulls.

with finite arbitrary 1 < s < max(r,q) and C > 0 and C; > 0 are independent of u. The constant
C' is independent of 2, while C; — 0 as |Q| — oo. In particular, the choice C1 = 0 is admissible if
Q=R4.
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