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HARNACK INEQUALITY FOR KINETIC FOKKER-PLANCK EQUATIONS
WITH ROUGH COEFFICIENTS AND APPLICATION TO THE LANDAU
EQUATION

F. GOLSE, C. IMBERT, C. MOUHOT AND A. F. VASSEUR

ABSTRACT. We extend the De Giorgi-Nash—Moser theory to a class of kinetic Fokker-Planck equa-
tions and deduce new results on the Landau-Coulomb equation. More precisely, we first study the
Holder regularity and establish a Harnack inequality for solutions to a general linear equation of
Fokker-Planck type whose coefficients are merely measurable and essentially bounded, i.e. assum-
ing no regularity on the coefficients in order to later derive results for non-linear problems. This
general equation has the formal structure of the hypoelliptic equations “of type II”, sometimes
also called ultraparabolic equations of Kolmogorov type, but with rough coefficients: it combines a
first-order skew-symmetric operator with a second-order elliptic operator involving derivatives along
only part of the coordinates and with rough coefficients. These general results are then applied
to the non-negative essentially bounded weak solutions of the Landau equation with inverse-power
law v € [—d, 1] whose mass, energy and entropy density are bounded and mass is bounded away
from 0, and we deduce the Holder regularity of these solutions.
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1. INTRODUCTION

1.1. The Landau equation. We consider the Landau equation

(1‘1) Of +v-Vof =V, (A[f]vvf + B[f]f)
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where

AW = oy [

R4
B = bay [l wf(o - w)do

with v € [~d,0] and a4, > 0. We note that the main physical case is that of Coulomb interactions
when v = —d and d = 3 (giving rise to the Landau-Coulomb equation in plasma physics); the
other cases are hard potentials v € (0,1] (not covered here'), Mazwellian molecules v = 0, and soft
potentials v € [—d,0). It can be rewritten as follows

(1’2) 8tf+'v'vxf:vv’ (A[f]vvf)+B[f]vvf+c[f]f

where

<I - e w> lw| 2 f (v — w) dw,

jw] " Jw]

Cd"y/\d lw”f(v—w)dw if v > —d,
R

Cd,'yf if Y= —d.
We assume that the mass, energy and entropy density of the weak solution f satisfy the following
control at a given space-time point (z,t):

c[fl(v) =

M; < M(x,t) = / flz,v,t)dv < My (local mass),
Rd
1
(1.3) C(z,t) E(x,t) = 2/ f(z,v,t)|v)? dv < Ey (local energy),
R4
H(z,t)= / flx,v,t)In f(z,v,t)dv < Hy  (local entropy).
Rd

\

The weak solutions to equation (1.1) on U, x U, x I, U, C R? open, U, C R? open, I = [a, b]
with —oo < a < b < +00, are defined as functions f € L°(I, L2 (U, X Uy))) N L2 ((Up x I, Hy (Uy))
such that 8, f+v-V,f € L2 ((Uy x I, H;*(Uy)), f satisfies estimates (1.3) and satisfies the equation
in the sense of distributions?.

Theorem 1 (Holder continuity for the Landau equation). Assume v € [—d,0]. Let f be an

essentially bounded weak solution of (1.2) in By x B x (—1,0]. Assume that €(x,t) (equation (1.3))

holds true for all By x (—1,0]. Then f is a-Hélder continuous with respect to (x,v,t) € B1 X B1 x
2 2

(—3.0] and

1+
1050 yaxt-tr20) < € (112100 + 115,100
for some a and C depending on dimension, My, My, Ey and Hy.

Remark 2. After this work was completed, we heard from a nice recent preprint of Cameron,
Silvestre and Snelson [11] that establishes a priori upper bounds for solutions to the spatially
inhomogeneous Landau equation in the case of moderately soft potentials (y € [—2,0]), with
arbitrary initial data, under the assumption (1.3). When v € [-2,0], it thus allows us to remove
the L°° assumption on the weak solution in Theorem 1.

Under the assumptions of Theorems 1, it is known [23, 55| that the diffusion matrix A[f] is
uniformly elliptic and B[f] and ¢|[f] are essentially bounded for bounded velocities (see Lemmas 31
and 32 in Appendix). In particular, the assumption (1.7) given below, and under which our main
results (Theorems 3 and 4) hold true, is satisfied.

1Our method would apply as well in this case with no changes, we did not include it only because it requires
additional the condition sup, [ f(t,z, v)|[v|*T7 dv < 0o on the solution and we wanted a clean statement.
20bserve that the coefficients A[f] and B|[f] are controlled under assumption (1.3), thanks to Lemmas 31 and 32.
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1.2. The question studied and its history. We are also motivated by the study of the following
nonlinear kinetic Fokker-Planck equation

(1.4) Of +v-Vof =plf] Vo - (Vof +0vf), t>0, zeRY veRY,

(with or without periodicity conditions with respect to the space variable) where d € N*, f =
f(z,v,t) > 0 and p[f] := [ga f(x,v,t) dv. The construction of global smooth solutions for such a
problem is one motivation of the present paper.

The linear kinetic Fokker-Planck equation 0y f +v-V,f = V,-(V,f + v f) is sometimes called the
Kolmogorov-Fokker-Planck equation, as it was studied by Kolmogorov in the seminal paper [46]. In
this note, Kolmogorov explicitely calculated the fundamental solution and deduced regularisation
in both variables x and v, even though the operator V, - (V, +v) — v -V, shows ellipticity in the v
variable only. It inspired Hérmander and his theory of hypoellipticity [42], where the regularisation
is recovered by more robust and more geometric commutator estimates (see also [54]).

Another question which has attracted a lot of attention in calculus of variations and partial
differential equations along the 20th century is Hilbert’s 19th problem about the analytic regularity
of solutions to certain integral variational problems, when the quasilinear Euler-Lagrange equations
satisfy ellipticity conditions. Several previous results had established the analyticity conditionally
to some differentiability properties of the solution, but the full answer came with the landmark
works of De Giorgi [17, 18] and Nash [52], where they proved that any solution to these variational
problems with square integrable derivative is analytic. More precisely their key contribution is the
following®: reformulate the quasilinear parabolic problem as

(1.5) of=Vy(A(w,)Vyuf), t>0, veR?

with f = f(v,t) > 0 and A = A(v,t) satisfies the ellipticity condition 0 < A\ < A < AI for
two constants A, A > 0 but is, besides that, merely measurable. Then the solution f is Holder
continuous.

The method has been extended to degenerate cases, like the p-Laplacian, first in the elliptic
case by Ladyzhenskaya and Uralt’seva [48], and then, degenerate parabolic cases were covered
by DiBenedetto [24] (see also DiBenedetto, Gianazza and Vespri [26, 25, 27]). More recently, the
method has been extended to integral operators, such as fractional diffusion, in [10, 9] — see also the
work of Kassmann [45] and of Kassmann and Felsinger [29]. Further application to fluid mechanics
can be found in [12, 36, 57].

1.3. Main results. In view of the Landau equation and the nonlinear (quasilinear) equation (1.4),
it is natural to ask whether a similar result as the one of De Giorgi-Nash holds for hypoelliptic
equations. More precisely, we consider the following kinetic Fokker-Planck equation

(1.6) hf+v-Vuf =Vy-(AVyf)+ B -Vyuf +s, te(0,T), (z,v) €,

where  is an open set of R??, f = f(z,v,t), B and s are bounded measurable coefficients depending
in (z,v,t), and the d x d real matrices A, B and source term s are measurable and satisfy

0< AN <A<SAI
(L.7) Bl < A
s essentially bounded

for two constants A\, A. We establish the Holder continuity of solutions to this problem. To state
the result, we have to define cylinders that respect two invariant transformations of the (class of)
equation(s): the scaling (z,v,t) — (r3z,7v,r%t) and the transformation

(1.8) Tzt 2+ (w0 + x + tvg,vo + v, to + t).

3We give the parabolic version due to Nash here.
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Given zg = (xg,vo, to) € R24+1 the cylinder Qr(20) “centered” at zy of “radius” r is defined as
(1.9) Qr(20) = {(z,v,t) : |x — mg — (t — to)vo| <7°,|v —vo| <7t € (to —r* to] }.
When zg = 0, we shall omit to specify the base point: @, := @Q,(0,0,0).

The weak solutions to equation (1.6) on U, x U, x I, U, C RY open, U, C R? open, I = |[a,b]
with —oo < a < b < +00, are defined as functions f € L°(I, wa(Um xUy))) ﬁLit(Uw x I, H (U,))
such that 9, f +v- V. f € L2 (U, x I, H;'(Uy)) and f satisfies the equation (1.6) in the sense of
distributions.

Theorem 3 (Hoélder continuity). Let f be a weak solution of (1.6) in Qext = Qry(20) and Qint :=
Qr, (20) with r1 < rg. Then f is a-Hélder continuous with respect to (z,v,t) in Qint and

[ fllca@ume) < C (FL2(Qexe) + 1511220 (@ux))
for some a universal (i.e. « = a(d,\,A)) and C = C(d, \, A, Qext, Qint)-

In order to prove such a result, we first prove that L? sub-solutions are locally bounded; we refer
to such a result as an L? — L™ estimate. We then prove that solutions are Holder continuous by
proving a lemma which is an hypoelliptic counterpart of De Giorgi’s “isoperimetric lemma”.

We moreover prove a “quantitative version” of the strong maximum principle: a Harnack in-
equality.

Theorem 4 (Harnack inequality). If f is non-negative weak solution of (1.6) in Q1, then

(1.10) supf <C <inff + HSHLOQ(QI))

Q- QF
where QT 1= Qr and Q™ := Qgr(0,0,—A) and C > 1 and R,A € (0,1) are small (in particular
QF C Q1 and they are disjoint), and universal, i.e. only depend on dimension and ellipticity
constants.

Remark 5. Using the transformation 7, (x,v,t) = (xo + = + tvg,vo + v, to + t), we get a Harnack
inequality for cylinders centered at an arbitrary point zg = (xg, vo, to)-

1.4. Comments and previously known results. In [53], the authors obtain an L?— L estimate
with completely different techniques; however they cannot reach the Hdélder continuity estimate.
Our techniques rely on the velocity averaging method. Velocity averaging designates a special type
of smoothing effect for solutions of the free transport equation

(O +v-Vyo)f =8

observed for the first time in [1, 35] independently, later improved and generalized in [34, 28]. This
smoothing effect bears on averages of f in the velocity variable v, i.e. on expressions of the form

f(z,v0,t) ¢(v) dv,

R4
say for C2° test functions ¢. Of course, no smoothing on f itself can be observed, since the transport
operator is hyperbolic and propagates the singularities. However, when S is of the form

S =V, (A(z,v,t)V,f) +s

where s is a given source term in L2, the smoothing effect of velocity averaging can be combined
with the H' regularity in the v variable implied by the energy inequality in order to obtain some
amount of smoothing on the solution f itself. A first observation of this type (at the level of
a compactness argument) can be found in [49]. More recently, Bouchut [7] has obtained more
quantitative Sobolev regularity estimates. These estimates are one key ingredient in our proof.
We give two proofs of this L? — L™ estimate, one following Moser’s approach, the other following
De Giorgi’s ideas. We emphasize that, in both approaches, the main ingredient is a local gain of
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integrability of non-negative sub-solutions. This latter is obtained by combining a comparison prin-
ciple and a Sobolev regularity estimate. We then prove the Holder continuity through a De Giorgi
type argument on the decrease of oscillation for solutions. We also derive the Harnack inequality
by combining the decrease of oscillation with a result about how the minimum of non-negative
solutions deteriorates with time.

In [60, 61], the authors get a Holder estimate for weak solutions of so-called ultraparabolic
equations, including (1.6). Their proof relies on the construction of cut-off functions and a par-
ticular form of weak Poincaré inequality satisfied by non-negative weak sub-solutions. Our paper
proposes an alternate method based on velocity averaging. It illustrates the interesting connection
between velocity averaging and hypoelliptic-like structures. It also provides several tools for further
applications.

The C'*° smoothing of solutions to the Landau equation has been investigated so far in two
different settings: either for weak spatially homogeneous solutions (non-negative in L! and with
finite energy) [6, 20, 59, 22| (see also the related entropy dissipation estimates in [23, 21]), or for
classical spatially heterogeneous solutions [14, 50]. The analytic regularisation of weak spatially
homogeneous solutions was investigated in the case of Maxwellian or hard potentials in [13]. Let us
also mention that in [55], Silvestre derives an L> bound on the spatially homogeneous solutions for
soft potentials without relying on energy methods (which implies as well the smoothing by standard
parabolic techniques). Let us also mention works studying modified Landau equations [47, 37]
and the work [39] that shows that any weak radial solution to the Landau-Coulomb equation that
belongs to L3/ is automatically bounded and C? using barrier arguments. Finally, we highlight the
related results of regularisation for the Boltzmann equation without long-range interactions [19, 15,
16], and the related perturbative results for the Landau and (long-range interaction) Boltzmann
equation [40, 38, 4, 5, 2, 62, 3]. From this review, and the best of our knowledge, the regularity of a
priori non-negative locally L solutions (under our assumption (1.3)) to the spatially heterogeneous
Landau equation has not investigated so far.

A part of the results of this paper were announced in [33, 43].

1.5. Plan of the paper. In Section 2, we prove the universal gain of integrability for non-negative
sub-solutions. In Section 3, we derive from this gain of integrability a local upper bound of such
non-negative sub-solutions; we give two proofs: one following de Giorgi’s approach and the other
one following Moser’s iteration procedure. In Section 4, the Holder estimate is derived by proving
a lemma of “reduction of oscillation”. In Section 5 we prove a Harnack inequality for non-negative
solutions. In Section 6, we prove a local gain of regularity of sub-solutions. In Section 7, we prove
that the velocity gradient of the solution is slightly better than square integrable.

1.6. Notation. We occasionally write A < B in order to say that A < C'B for some constant C
which only depends on dimension and ellipticity constants A and A. Such a constant C' is called
universal.

The inverse transformation ’ngl

:z'—>zo_102is defined by
7;31(2) = (x —xzp — (t — to)vo,v — vo, t — to).

The notation zg o z and 2 ! refers to a Lie group structure associated with the equation.

2. LOCAL GAIN OF REGULARITY / INTEGRABILITY

We consider the equation (1.6) and we want to establish a local gain of integrability of solutions in
order to apply De Giorgi-Moser’s iteration and get a local L> bound. Since we will need to perform
convex changes of unknown, it is necessary to obtain this gain for all (non-negative) sub-solutions.
The next theorem is stated in cylinders centered at the origin.
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Theorem 6 (Gain of integrability for non-negative sub-solutions). Consider two cylinders Qint ==
Qry and Qext := Qr, with 0 < 11 < ro. There exists p > 2 (only depending on dimension) such that
for all non-negative sub-solution f of (1.6) in Qext, we have

(2.1) nma@ﬁsc(%ﬂmé@m+am/

with

MHDQ

ext

1 ro 1 = =
Coq1 = 1 d C=C(d,\A).
v (e g Y (@24

Remark 7. The exponent p is obtained by the Sobolev embedding H %(RMH) < LP(R?¥*1) that
is to say p :=6(2d +1)/(6d + 1).

This result is a consequence of the comparison principle and the following gain of regularity.

Theorem 8 (Gain of regularity for sign-changing solutions). Consider zy € R?™*1 and two cylinders
Qint = Qr, (20) and Qext := Qry(20) with 0 < r1 < 9. Then any (sign-changing) weak solution f
of (1.6) in Qext satisfies

2 2 2
(2.2) 1712 < C (I11320u) + 15132(Quns))

z,v,t int
with C = C(d, >\, A7 Qexta Qint)‘

Remark 9. Using Theorem 6 and De Giorgi-Moser’s iteration, it is in fact possible to prove that
this gain of regularity is also true for non-negative sub-solutions, as we will see in Section 6.

2.1. Global estimates and gain of regularity /integrability. Remark that our weak solutions
infe L, wa(Um XUU)))HL?M(U;E xI, H(U,)) arein C(1, L?M(Ux X Uv)ﬂHtl/z(I, Lfc’v(Ugc xUy)),
following and adapting respectively the by-now standard arguments in [56] and [30] to the kinetic
case. This justifies the calculations performed in our energy estimates in the sequel.

Lemma 10 (Global estimate). Let g be a weak solution of
(O +v-Vo)g =V (AVyg) + V- Hi + Hy in R¥H!
with Hy and Hy in L*(R?**1) and g, Hy and Hy supported in R? x B(0,r9) x R. Then
1 1
(2.3) IVogllzz + D2 gll72 + 1D gll72 < C<||H1||%2 + ||Ho||%2>

where C = C(1+13) and C = C(d,\,A). In particular, there exists p > 2 (only depending on
dimension) such that

(2.4) rmmsc@mmﬁW%ﬁﬁ
where C = C(1+ 1) and C = C(d,\, A).

Proof. Integrating against 2¢ in R24*! yields

2\ |Vyg|? dodvdt < / (=2H; - Vg + 2gHy) dz dvdt

R2d+1 R2d+1

A 2
< / |va]2da:dvdt+/ |H1|2dxdvdt+2/ lg||Ho| dzr do dt.
2 R2d+1 A R2d+1 R2d+1

Moreover

1
2/ \gHHO|dxdvdt§a/ \g\2dxdvdt+/ | Ho|? dz: dw dt.
R2d+1 R2d+1 g€ JRr2d+1
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Since g is supported in B(0,rg) in the velocity variable, we can use the Poincaré inequality to get
5/ \g\Qda}dvdt < Cprge/ ]va]dedvdt
R2d+1 R2d+1

and we choose € such that Cprge = \/2. This implies
(2.5) IVogllZe < C (IHLlI72 + [ Holl72) -
Applying [7, Theorem 1.3] with p=2,7r=0, =1, m =1, k =1 and Q = 1 yields
3 12 3 2 2 2\1
1D gllz2 + 1D¢ gllz2 S Nlgllze + [1Vegll L2 (1 + [0]7) Hol| 2

4 2
+IVogll 21l + [of*) (Hy + AVLg)|1 7
1
+[[Vogll 2l (L + [vf*)2 (H1 + AV,g)]| 2.

Using the fact that g, Hy and H; are supported in R? x B(0,79) x R, we get

1 1 1
IDEgIZe + I1DF gllZ < r2IVuglZe + (1 +12)3 [ Vgl o | Hol 12
2 4 2 2
L)Vl (HHlH 3 Vgl )

1
+ (14 78)2(1Vogl 2 (1H1ll 2 + [ Vogli2)
< (U +13) (IVogllZ2 + 1HLIZ2 + [V ogll 2| Holl2) -

Combining this estimate with (2.5) yields (2.3). The proof is now complete. O

2.2. The local energy estimate. The gain of integrability with respect to v and ¢ is classical; it
derives from the natural energy estimate, after truncation. We follow here [51].

Lemma 11 (The local energy estimate). Under the assumptions of Theorems 6 and 8, any sub-
solution f satisfies

V.2 <C (00,1 f2+/ |s|2)
Qext ext

for Q. == {(z,v) € R**: (z,v,t) € Qins}, C = C(d, \,A) and

int *

t

int

2 o«
(2.6) w [ S04 /

1 To 1
Cop = ( + + + 1) .
’ 2—ri rg—rd  (ro—rm1)?

Moreover, if the sub-solution f is non-negative, then

2 P
(2.7) sup antf (-, ,t)—i—/

t

’V,Uf’Q S C’ <Co’1 o f2 +/ ’8’21f>0> .
ext ext

int

Proof. Consider ¥ € C®(R?? x R) with 0 < ¥ < 1 and integrate the inequation satisfied by f
against 2fW? in R := R2? x [t1,0] with ¢; € (—r%,0] and get

2\ 172 ) 2\ 7,2 . 2 ) 2 2
/Rat(f T —l—/Rv V(2w §2/va (AV,f) T +2/R(B Vo f)fU —|—2/Rfs\I/.
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Add fR f20,(¥?), integrate by parts and use the upper bound on A to get
/8t(f2\1'2)+2)\/ |V, f|20?
R R
< [ POo- v 1 [ wavig vz [ BV ee [ e
R R R R
< [ £O+o- T +an [ (Vs v 2 [ e
R R R

g/7zf2{(8t+v-vx)(\112)+8A2)\_1(|VU\II|2+\I/2)} +2/Rfs\1:2+A/R\vvfy2qf?.

We thus get
(2.8)

[ o [ 19,20 < (jovl +rol Wbl + IV +1) [ g2 [ pewe
R R R R

Nsupp ¥

with C' = C(d, A\, A). Choose next W2 such that ¥(t = 0) = 0 and supp ¥ C Qexs and get for t; € R:

f2(-,-,t1)\112(t1)dxdv+>\/ |V, f??dzdvdt < C f2+2/ If| 5|
ext

R2d R2d+1 Qext

If ¥ additionally satisfies ¥ = 1 in Qint, we get (2.6). Remark that (2.7) is a simple consequence
of (2.6). The proof is now complete. O

2.3. Local gain: proofs.

Proof of Theorems 6 and 8. We first remark that if f is a non-negative sub-solution of (1.6), then
f = fly>p and it is also a sub-solution of the same equation when the source term s is replaced
with s1y>0.
Fori=1, %, consider f; = fx; where x1 and x;/7 are two truncation functions such that
x1=1in Qi and x1 =0 outside Qmid,
X1 =1in Qmia and x1: = 0 outside Qext -
2 2
The function f; now satisfies
O +v Vo) i SV (AVuf1) + Vo Hi+ Hy in R
with H; and Hy given by
Hy = (_AVUX1)f%
Hy = (Bxi—AVoxi) Vofi +aafi + slipoxa

with a1 = (0 + v - V,)x1. We remark that fi, Hy and H; are supported in Qext.
We now consider the solution g of

(O +v-Va)g=Vy-(AVyg) +V,-H + Hy in R¥FL

We remark that g is also supported in Qext, and since h := f; — g is a sub-solution of the equation
Oth + v - Vzh < V,(AV,h) with zero initial data at ¢ = —rZ, the comparison principle implies
that A < 0 everywhere, and therefore 0 < f; < g. It can be proved for instance by observing that
hy is also a sub-solution of the same inequation and the standard energy estimate implies that its
L%U—norm is non-increasing along the time variable.
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Moreover,

12 S IVl 122

1HolZe S (L4 1Voxa i) 190 F 200 + ol 112y + N1 grz0 22 0
In view of Lemma 11, we know that

1o 220 S CoullF B2 + 510} 220nn)-

Hence,
[Holl72 + [1Hill72 S | (1 + [ Voxallze) (1 + Con) + Hal\l%oo} £ 112 (Qure)

+ 2+ IVoxale) s (rs0p 21 -
In view of the definition of Cp; in Lemma 11, we thus get
VEol22 + 1122 S Gl f 32y + (ro = 1) 2511501 Bt gy
Lemma 10 then yields

191200 < C (cé,lnfniwem) oo | \s|21f20) |
ext

We then obtain (2.1) by using the fact that 0 < f; < g. This achieves the proof of Theorem 6.
As for Theorem 8, Lemma 10 can be applied directly to f; and the conclusion follows along the
same lines, with some simplifications. O

3. LOCAL UPPER BOUNDS FOR NON-NEGATIVE SUB-SOLUTIONS

In this section, we prove that non-negative L? sub-solutions are in fact locally bounded.

Theorem 12 (Upper bounds for non-negative L? sub-solutions). Given two cylinders Qexy :=
Qro(20) and Qoo := Qr (20) with 0 < roo < 10, let f be a non-negative L? sub-solution of (1.6) in
Qext with s € LY(Qext) and ¢ > (2p)/(p — 1) with p only depending on dimension. There for any
g >, there exists k = k(d, A\, A, Qext, oo, 8,q) > 0 such that

S <
{ 1511 La(Qexe) < @ } _ ;<
HfHLZ(Qext) S K

Remark 13. The exponent p = 6(2d + 1)/(6d + 1) is the one given by the gain of integrability in
Theorem 6 (see Remark 7).

N Qoo

DO | —

We give two proofs of such a result. The first one sticks to the case ¢ = 400 with no lower order
terms and use Moser’s approach. The second one deals with the general case and use De Giorgi’s
approach.

3.1. Moser’s approach.

Proof of Theorem 12 in the case without source term by Moser’s iteration. Using tranformations in-
troduced in Eq. (1.8), we reduce to the case zg = 0.
We first observe that, for all ¢ > 1, the function f9? satisfies

(0 + vV f1 < Vy - (AV,f9)  in Q.

We now rewrite (2.1) with s = 0 from @, to @, with r,41 <r, as follows:

2

3.1 ap )’ cc? 2
(3.1) (/wa)m) < n/wo)f
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where C = C(d, A\, A) and
1 Tn

(3:2) <T721 - 7"721-1-1 ra—roi (Tn—7Tng1)?
Choose now ¢ = g, = (p/2)" for n € N and write a,, for (an f2an)1/(2an) - Using that for C' =
C(d,\, A, Qext) > 1 large enough, we have |Qex| < C, we get from (3.1)

+ || B~ + 1.

(3.3) tns1 < (C)7m (Cp)an an.
Finally we choose
1
a(n +1)2
for some a > 0 (only depending on ro — 7o) so that (3.2) yields C,, ~ a

particular, we can choose C' = C(d, \, A, || B||=) large enough so that C,, < Cza’n* and we get
from (3.3) that

Tnel = Tn —

2n* asn — 4o00. In

~ 2 Ay
an+1 < (Ca™n®)an ay,.

The convergence of the following infinite product

o0

S o L, 4 L

H(C’a Jan (n*)am < 400

n=0
achieves the proof. O

3.2. De Giorgi’s approach.

Proof of Theorem 12 by De Giorgi’s approach. We again reduce to the case zyp = 0 thanks to the
transformation 7;;1 defined in Eq. (1.8). For n > 0 integer, consider radius r,, time 7T),, cylinder
Q,, and constant C,, as follows

n

1
T = Too + (T0 = 700)27™, Tp=tog—12, Cp= 5(1 —27"),
and cut-off functions ¥,, (independent of time) as follows

B 1 in an [VoWalLee < Tl — T Co,002
\Iln = and
0 outside an_l [VeWhllpe < 5———5 < Cooo2"”
n—-1"Th

where Cp oo = C(70,7) only depends on 79 and r«, and as before

Ql :={(z,v) : (z,v,7) € Q,}.

The energy estimate. Remark that f, = (f — C,)" is a sub-solution of (1.6) in Q,, with
sp = sly>c,. Then the energy estimate (2.8) obtained in the proof of Lemma 11 yields for all
T, 1 <7<T,<t<0,
(3.4)

BAr[ 19l < [ (ralVetall + IVl 1) [ g2 [ el

QL Qrp QT, Qr,_1 1

Averaging both sides of the inequality in 7 € (T},—1, 7)) and using the estimates on the gradients
of the cut-off function yields

(3.5) Up == sup ﬁSCﬂ/ ﬁ+2/ Julsl

tE(Tn’O) Qs“n Q n—1 Q n—1
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where C' = C(r9, 7). Remark that,
(we choose k < 1).

The non-linearization procedure. Using the (universal) exponent p > 2 given by Theorem 6,
we next estimate the terms in the right hand side of (3.5) as follows

/QTM i = (fczrn_l fr’f) ’ ll{fn >01nQ,. |7
/ flsl <9 (fo,  fE) Hfa=00Qu, 70

n—1

(3.7)

(we used that [[s]|La(q..) < ) if p and ¢ satisfy

1 1
1—-——->0.
p q

We next remark that {f, > 0} = {f,_1 > Cp, — Cr_1 = 27%71} which in turn implies

(3.8) {fn = 0} N Q| < 2272 / 2 < C4n, .

Tn—1

Combining these three estimates with (3.5) yields
2
p

1—2 %1_l_l
(39) U, <2 /Q ? ) UL+ sl /Q v ) o

n—1 n—1

(we also used that f, < fn,—1) where C = C(d, A\, A, 70, 70)-

Use of the gain of integrability. In view of Theorem 6, we know that
2

P
QT‘n71 an72 an72

with C = C(d,\,A,79,7x). We next estimate the terms in the right hand side of the previous

equation depending of the source term as in (3.7) but with p = 2: we use (3.8) to get

_2 _an_1-2
/ 821fn7120 < 92’{fn—1 >0} N an—2|1 7 < 9222n iU, g
Q

Tn—2

Hence, we can use (3.6) and Up < 1 again in order to write

% 4n— An 1-2 1-2
/Q r.] <cC (23”Un2 + 2% Un§> <o2™U, 4

Tn—1

with C' = C(d, A\, A,70,700,4,8). Then (3.9) and (3.6) imply

4 4 9_2_2 %,l,g 8 %7;72
U,<c2 (20, b «4+U> F 1) <C2"U;_F .

Conclusion. Remark that we can assume that C' > 1. We rewrite it as
(3.10) Vo < BV

where V,, = Usy,, = 28C and a = % — 1% — %. Remark that o > 1 as soon as

L_1/1 1
g 2\2 p/)’
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Applying (3.10) recursively, we get

V, < ghrat+a?(k=2p++a*~yak,

Remark now that

n+an—1)4+---+a"t=nl+a+ - +a" ) —a(l+2a+ -+ (n—-1)a""?
o —1 d (o™ -1
=n —a—
a—1 da \ a—1

_nfe" -1 (na”_l(a —1) - (a" — 1)>

a—1 (a—1)2
_afa”—1)—n(a—-1) @ n
(a—1) T (a—12
Hence
Vv, < (,8<afT>2 Vo)a .
This implies that Uy, = V,, — 0 as n — +00 as soon as
BTV, < (28C) @7k < 1
where C' = C(d, A\, A, 70,7, ¢, 8). Hence,
1\2
Too 2 +
which means that f < 1/2 in @,_. This completes the proof of Theorem 12. O

4. INTERMEDIATE-VALUE LEMMA AND HOLDER CONTINUITY

4.1. A De Giorgi intermediate-value lemma. An important step in the proof of regularity in
De Giorgi’s method for elliptic equations is based on an inequality of isoperimetric form (see the
proof of [18, Lemma II]). This inequality is a quantitative variant of the well-known fact that no
H' function can have a jump discontinuity, and can also be understood as a quantitative minimum
principle. More precisely, given an H' function u valued in [0, 1] and which takes the values 0 and
1 on sets of positive measure, De Giorgi’s isoperimetric inequality provides a lower bound on the
measure of the set of intermediate values {0 < u < 1}. In the present subsection, we establish an
analogue of this inequality adapted to our equation and the combination of the first order transport
operator and the second order elliptic operator in the velocity variable.

We prove the core lemma at “unit scale”. We recall that Q2 = Bg x By X (—4,0] and Q; =
By x By x (=1,0], Qu = B3 X By, x (—w?,0] and we denote the shifted cube Q := Q,,(0,0,—1) =
B3 X By x (=1 — w?, —1] (see Figure 1).

Lemma 14 (A De Giorgi intermediate-value lemma). Let w = 3. For any (universal) constants

91 € (0,1), d2 € (0,1) there exist v > 0 and 0 € (0,1) (both universal) such that for any sub-solution
f of (1.6) in Qo with
f<1 and |[s|<1
and
|{f >1- 9} N Qw‘ 2 51|Qw‘
{f <0}NQ|> 50|
we have
HO< f<1—60}NDBy x By x(—2,0]| > v.
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Qu

(O

Q2

FicURE 1. Cylinders involved in the statement of the De Giorgi intermediate-value Lemma.

Remark 15. While De Giorgi’s isoperimetric inequality is based on an explicit computation leading
to a precise estimate with effective constants, the proof of Lemma 14 is obtained by an argument
by contradiction, so that the values of 6 and v are not known explicitly.

Remark 16. The compactness argument used in the proof is reminiscent of one used by Guo in [41]
and of one used by the fourth author in [58].

Proof. We argue by contradiction by assuming that there exists a sequence ( f)x>0 of sub-solutions:
(4.1) (O +v - Vo) fi < Vo (Ao fi) + Bi - Vo fi + s,
such that fr <1 and |si| <1 and
Qk —0
as k — 4o0
ap — 0

and
{fk > 1 =0k} NQul > 61]Qu

{fr <0}NQ| > 6|Q)
HO< fo <1—60,)N(Q1UQ)| =0 as k— +oo.

The convexity of z — 2z together with |s;| < 1 implies that the non-negative part f,j of fj. satisfies
the same inequation, and therefore

(4.2) (O +v- Vo) fif =V (AVofi) + B - Vofid +1—
for some non-negative measures fi.
A priori estimates for f,j . The natural energy estimate is obtained by multiplying the equation

with f,j U? with a smooth cut-off function ¥ supported in Q2 and valued in [0,1], and using the
fact that f;" <1 and |s;| < 1:

)\/ Vo fi P02 < é/ (U2 + |V U + (0 +v - Vi) T)) +A/ Vo fi | £ 02
R2d+1 R2d+1 R2d+1
gc‘*/ (U2 + |V, U+ [0, + v - V)T +A/ Vo fil P02,
R2d+1 2 R2d+1

Hence

(43) AP <[ 9 @+ o V)W)
R2d+1 R2d+1
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where C = C(d, \, A).
We can also multiply the equation by ¥? and get

—/ f,j(atﬂ-vz)(\lf?)——/ Akvvf,j-vv(ww/ By -V, fi w2
R2d+1 R2d+1

R2d+1
+/ 2 —/ U2 dpy.
R2d+1 R2d+1
Combining the latter equation with (4.3), we deduce
(4.4) [ Wam<C [ (0 VP00 0 V)T
R2d+1 R2d+1

where C = C(d, \, A).

Passage to the limit. On the one hand, Banach-Alaoglu theorem implies that
S5 F i L.(Qw)

and

Akvvfk+ — M
(4.5) Vofid = VoF  and in Li}o(Q2)
By - Vufim — Hy

for some weak limit F' € LS (Q2) N (L2 H; )ioc(Q2). In particular, (4.3) implies that

loc

(4.6) [ IV.FPP 51
Q
for all Q € @2, with a control depending on . On the other hand, the bound (4.4) implies that
pe — g in M(Q2).
We thus have
(47) (8t+v-Vx)F:VUH1—|—HO—|—1—,u.
By velocity averaging (see Theorem 1.8 in [8]), together with the bound (4.3), we deduce the
strong convergence
f,j — Fin I (Q2) for1<p< +oo.
It implies the convergence in probability and thus the function F' satisfies
(4.9) {F=0}nQ|>d5|Q|
{0 < F <1}N(B; x By x (—2,0])] =0.
In view of (4.6), since indicator functions are not in H! unless they are constant, we have that for
almost every (z,t) € By x (—1,0),
{ either  for almost every v € By, F(x,v,t) =0

or for almost every v € By, F(z,v,t)=1.

In other words, F'(x,v,t) = 1p(x,t) for some measurable set P C By x (—1,0). In view of (4.8)
and (4.9), P satisfies

|PN Bs x (—w?,0)] >0
(4.10)
|Bs x (=1 —w?,—1)\ P| > 0.
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Propagation. We thus get from (4.7)
oF+v -V, F<V,Hi+Hy+1 in Bl><Bl><(—2,0).
Consider a cut-off funtion ¢ € D(R?) such that

/Rdaz)dzzl, ((2) =¢(~2). supp( C By.

Given vy € Bi, since F' only depends on (¢,z), we can use a test-function of the form ((v — vp),
and get for all vy € B1,
2

atF+vo-v$Fs/

y []Hl(a:,v,t)vv((v—vo)\ + [Ho(z,v,t)¢(v —vo)| | dv+ 1

in (x,t) € By x (—2,0). Since F is an indicator function and Ho, H; € L2 (Q2), this implies for
Vo € B;
2

(4.11) OF +vy-V,F <0 in By x (—2,0).
We next remark that

(4.12) for all (z,t) € Bys x (—w?,0) and (xg,t9) € B,s x (—1 —w?,—1),
412 ’
there exists vg € By, so that (zg,vg,%) € @ and (x,t) = (zo + svo, to + ).

Indeed, the time shift s is fixed by ¢ = to + s and belongs to (1 — w?, 1 4+ w?). Then the velocity vg
is fixed by x = x¢ + svy and satisfies
3

|z — x| 2w <
w
t— 1o 1—w?2 —
since w = $ < & Smce |B1 x (=1 —w? —1)\ P| > 0 (see (4.10)), we can use (4.11) and (4.12)
and conclude ha =0 in Qu, and contradicts (4.10). The proof is complete. O

lvo| =

g

4.2. Improvement of oscillation. It is classical that Holder continuity is a consequence of the
decrease of the oscillation of the solution “at unit scale”.

Lemma 17 (Improvement of oscillation). There exist A\g € (0,1), w € (0,1/2) and 8 > 0 (all
universal) such that any f solution of (1.6) in Q2 with oscq, f < 2 and |s| < B satisfies

oscq. f <2— X
2
This lemma is a consequence of the following one.

Lemma 18 (A measure-to-pointwise estimate). Given dy > 0, there exist Ao € (0,1), w € (0,1/2)
and 8 > 0 (depending on do but not on the sub-solution) such that any f sub-solution of (1.6) in
Q2 with f <1 and |s| < B such that |[{f <0} N Q| > §2|Q)| satisfies

(4.13) f<1=X ae in Q.

Proof of Lemma 17. Let f be a solution of (1.6) in Q2 with oscg, f < 2 and |s| < 5. We can reduce
to the case where |f| < 1. Indeed, we remark that there exists a constant C' such that f=f-cC
satisfies (1.6) in Qo(0) with |f| < 1 and the same source term.

If [{f <0} N Q| >|Q|/2, then apply Lemma 18 with dy = 1/2.

In the other case, considering — f implies that the essential infimum of f is raised. In both cases,
we get the desired improvement of the oscillation of f. This completes the proof of the lemma. [

We now turn to the proof of Lemma 18.
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Proof of Lemma 18. The proof proceeds in several steps.

Choice of parameters. Theorem 12 provides us with k correponding to the upper bound g =1
on the source term and Qext = Qo and Qo = Q%. Lemma 14 applied with dy and 01 = /k/|Quw|
provides us with v and 6 universal. We choose next kg the smallest positive integer such that

k()l/ > |Bl x B1 % (—2,0)’.
We finally choose 8 such that g < §%0,
Iteration. We define fy = f and

fior = 50— (1= 0) =078/ — (1 = 0%),
They satisfy fr <1 and
(815 +v- Vx)fk <V, (Avvfk) +B- vvfk + Sk

with s, = 6~ %s. In particular Isk| < 6~%03 < 1 which allows to apply Theorem 12 with the upper
bound g = 1 as above. Remark that

(4.14) {fo<0}NQI>6|Q] and {fry1 <0} D {fi <O}
Our goal is to prove that there exists at least one index k € {1,...,ko} such that

{f =2 0} N Qul < 61]Qul-

Indeed, remarking that for such an index k;

-

1)+ lz2i0m < || = 03N Qul| - < VorIQu] < 5,

Theorem 12 then implies that

L ow Lok :
< — = 1< — —fQ~o w
f<1 29 1 20 m Q5

which concludes the proof.
Let us prove the claim by contradiction. Assume that for all k =1,..., kg,

{fi = 0} N Qu| = 01]Qul-
Since fy+1 = 5(fr — (1 —6)), this also implies for k =0,..., ko — 1,
{fi =2 1=0tNQu| = 61]Qu|.
But (4.14) also implies that for all k£ > 0,
[{fr <0}NQ| > 5|Q).
Hence Lemma 14 implies that for K =0,...,ky — 1,
{O0< fie <1-0}N(B1 x B1x (=2,0))| = v.
Now remark that
H{fi41 <0}N(B1 x By x (=2,0))] ={frx <0} N (B1 x By x (—2,0))|
+{0< fi <1-0}N(B1 x By x (=2,0))]
> [{f <010 (By x By x (=2,0))] +v.

In particular
|B1 x By x (—=2,0)| > [{fx, <0} N (B1 x By x (—=2,0))| > kov

which is impossible for ky as chosen above. The proof is now complete. ]



HARNACK INEQUALITY FOR KINETIC FOKKER-PLANCK EQUATIONS 17

4.3. Proof of the Holder estimate.

Proof of Theorem 3. Consider an L? solution f of Eq. (1.6) in a cylinder Qext = Qry(20). By
Theorem 12, we know that f is locally bounded in Qext. In particular, f is bounded in Quiq =
Qro—grl (ZO) and

111250 (@umia) < Co (I1f1122(Quse) + 11811 250 (Qex))

for some constant Cy = C'(d, A\, A, Qext, @mid)- If f = 0 in Qext, there is nothing to prove. If f is
not identically 0, recalling that g is given by Lemma 17, we assume that

[l (@uiay <1 and (8]l oo (@e) < B

by considering, if necessary,

- f
f= -
Co (1f 11 £2(Quxt) + 1811 Lo (Qene)) T B8] oo (Qure)

Let z1 € Qint := Qr, (20). We want to prove that for all 7 > 0 such that Qo,(21) C Qmid,
(4.15) 08CQ, (z) [ < Cr®

for some universal « € (0,1) and some constant C' = C(d, A\, A, rg,71). Let 7 > 0 denote the largest
r € (0,1) such that Q2r(20) C Qmia- We remark that for r € (0,7), Q2r(21) = 7., (Q2,) where T,
is defined in Eq. (1.8) and f = f o T, satisfies (1.6) in Qo7 with the source term 5 := s o 7, and
the coefficients A := Ao T,, and B := BoT,,. In particular f and 5 satisfy

1fll o (@ory <1 and  ||5]| poo(ur) < B
and (4.15) is equivalent to: for all r € (0,7),
(4.16) oscg, f < Cre.
We recall how to scale solutions. For all r» € (0,7), the function
frlz,v,t) = f(riz, ro, r?t)
is defined in Q2 and satisfies (1.6) with
B.(z,v,t) = rB(r3z,rv,r%t)
5. (z,v,t) = r25(r3z, rv, r%t).
Since oscq,, f < 2, we have oscg, f7 < 2 and Lemma 17 implies that
0SCQy fi= 0SCQy f<20

with 6 = 1 — \g/2 (we used the fact that 7 < 1 to ensure that ||57| e (g,) < B). We remark that
we can assume that § > 1/2 and we recall that w € (0,1/2). We next apply Lemma 17 to 67! fz,
with 7 = (w/4)F, which rescales the L> bound on the source term by a factor (w/4)%071 < 1 as
compared to |57 o (g,) < B. Hence the bounds assumed are still valid and we get

0SCQ;, f <267
with 7y = (w/2)71. Inductively, we deduce that

08CQ;, f <26
with 7, = (w/2)¥7/2. This yields (4.16) for r = 7, with

Inb 2\ ¢
= — = 2 — .
«o n(w/2) and C (f)
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If now r € [Fg41,7k], then
_ _ 2\ ¢ -
oscq, [ <oscq,, f< Crp=C <> Top < COr®
w

with C' = C(2/w)®. Observe finally that the constant C' and C' are uniformly bounded above as z
varies in Qint since 7 > r1 — rg. The proof is now complete. ]

5. HARNACK INEQUALITY

In this section, we derive Harnack inequality for solutions to Eq. (1.6). We use here an approach
that Luis Silvestre explained to us in the stationary setting: we start with Hoélder continuous
solutions and we consider expanding cylinders to control the spreading of the lower bound of non-
negative solutions (see Lemma 23). The Harnack inequality is a consequence of the decrease of
oscillation we proved earlier and a so-called “doubling property” that estimates how the minimum
of a solution propagates with time. Let us first recall the decrease of oscillation proposition.

Proposition 19 (Decrease of oscillation). There exist § € (0,1) and w € (0,1/2) (both universal)
such that for any r € (0,1) and any solution f of (1.6) in some cylinder Qa,(2) satisfies

08CQu,(2) <=9 (OSCQT(Z) f+ 25_1||s||Loo) .
Remark 20. The conclusion of the proposition is equivalent to
05CQu, foT.<(1-9) (OSCQT foT,+ 26_1H5HL<>O)
with T, (y,w,s) = (z +y + sv,v + w,t + s) where z = (z,v,t).

Proof. By considering
foT:
05€Qa,(2) f/24sll=/8’
and a rescaling f,, we can assume that z = 0 and oscg, f» < 2 and ||s||z= < B (we use here that
r < 1). We then apply Lemma 17 to f, and get the desired result with 1 — ¢ =1 — \o/2. O

f=

5.1. How minima propagate with time. The goal of this subsection is to prove the following
proposition. In order to state it, we introduce two cylinders which contain ()~:

Q@ CcQlc[2c.
See Figure 2. We recall that Q* = Qr and Q~ = Qg(0,0,—A) and R, A € (0,1) are small so
that in particular QT C Q; and they are disjoint. We let Q~[i] be equal to Qp;(0,0,—A) with
R<pr <p2 <1
In the following propositions, we introduce elongated cylinders Q¢ where the time is stretched
longer in the past than what the scaling would induce:

Qfl = B(w/4)3 X Bw/4 X (_170]
Qfl(z) = 7—z(B(w/4)3r3 X B(w/4)7" X (—?"2,0]).

Proposition 21 (The propagation of minima). Assume that f is a non-negative super-solution of
(1.6) in Q1 with a non-negative source term s. There exists rg > 0, R > 0 (universal) such that
for any r € (0,70) and z € Q™ such that Q%(z) C Q~[2], we have

min f < Chpy 7 Ymin

B/ = Cmr gt

for some universal constants Cpm and g > 0.

We first derive from Lemma 18 the following doubling property at the origin. For the two next
lemmas, it is easier that 0 is the final time of the first cylinder.
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FIGURE 2. The cylinders Q1, Q~, Q7 [1] and Q@ [2]. Harnack inequality relates the
supremum of a solution over @~ and its infimum over Q*. The proof consists in
constructing a sequence of points lying in @~ [1] and whose corresponding values
explode. Neighborhoods of points included in @~ [2] are also considered.

Lemma 22 (The doubling property at the origin). There exists h € (0,1) (universal) such that for
any non-negative super-solution f of (1.6) in Bg x By x (—1,4] with s > 0, we have

inf £ > bin f
with Ql - 51(07074) and QO - Qfl

Proof. We first note that since s > 0, the function f is a super-solution of (1.6) with s = 0. We
first prove that

5.1 inf > Bo inf
( ) Qw/2(0v071)f o ho Qw/4f

for some universal constant hg; see Figure 3.

FIGURE 3. The doubling property. On the left, the cylinders Q,,/4 and Q,,/2(0,0,1).
In the middle, the elongated cylinders Q° and @'. On the right, the iterated cylin-
ders Q°,...,Q" (Lemma 23).
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If infg /a f =0, there is nothing to prove. If not, the function

_
ianw/4 f

satisfies (1.6) in Q2 (up to translation in time — this is where we use that s = 0) and
|{g > 1} me’ > |Qw/4| = 52|Qw|

for some universal d2, where @, plays the role of Q in Lemma 18. We then apply Lemma 18 (with
time shifted by +1) to g =1—g <1, we get g > ho in B, /23 X By x (1 — (w/2)?,1], that is to
say, (5.1) indeed holds true.

Apply now the result to f(z,v,t) = f(x,v,t —T) for T € [0,1 — w?] and get

(5.2) inf f > bhoinf f.
B(w/2)3 XBw/ZX(Ovl] Q°

g:

By applying (5.2) on time intervals (1,2], (2, 3] and (3, 4], we propagate the infimum till time ¢ = 4
and get the desired result for h = hé. O

Applying iteratively the previous lemma, we obtain straightforwardly the following lemma whose
proof is omitted.

Lemma 23 (The iterated doubling property at the origin). There exists h > 0 (universal) such
that for any f non-negative super-solution of (1.6) in Bosn X Bon x (—=1,T™), we have

. N -
(5.3) inf /> 0" inf f
with

QF = Bpa % Bry, x (Ty-1, T3] for k>1
where Ry, = (w/4)2% and Ty, = 3(4* — 1) for k > 0.

Remark 24. In [44], a measure estimate is also applied iteratively to prove a Harnack inequality
for fully nonlinear parabolic equations in non-divergence form.

We can now prove Proposition 21.

Proof of Proposition 21. In the following proof, we need iterated cylinders that are not centered at
the origin and with arbitrary radius.

Qk(2) = T.(rQ%).

The cylinder Q¥ is first scaled by r (this is Q") and then centered around z (this is T2 (rQ")).
Let 2o, € QT be such that ming+ f = f(2e0)-

Lemma 25. There exist R, A, ro (small, universal) such that
a) for all v € (0,79) and z € Q~, the iterated cylinders QF(z) (k € N) which are included in
{t <0} are in fact included in Q1(0);
b) the union of the iterated cylinders |J}2 QF(2) contains Q7.

The proof is elementary but tedious. It is given in Appendix.
Applying Lemma 23, we get
inf F<h™ inf F<bh Nminf
Q¢ (2) QY (2) Q*
with NV such that z, € QN (2), i.e. 771 (271 0 25) € QN. In particular, r—2(ts — t) € [TV, THV].
Since 2o, € Q1 and z € Q, we know that

UN-1 o pN-1 too =t 1/2+ R?
- - r2 — r2 '
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In particular,
2\ 3
h= < <1/2IR ) r—4

where ¢ = —Iny/In2 > 0. We get the desired inequality with Cpm = ((1/2 + R2)/4)3. The proof
of the proposition is thus complete. U

5.2. Proof of the Harnack inequality. We can now turn to the proof of Theorem 4.

Proof of Theorem /. We first remark that replacing f(x,v,t) with f(x,v,t) + ||s||zet if necessary,
we can assume that s > 0. Dividing f by 287!||s||1~ if necessary, we can assume that ||s||z~ = (3/2
(if s £ 0).

We are going to find a universal constant C' = C' such that (1.10) cannot hold false. In other
words, we are going to find a universal C'y such that

(5.4) m+1<CygM
entails a contradiction where

M :=supf=f(z0) and m:=inff = f(2c0)
Q- QF

for some 29 € Q™ and 25 € Q. We used here the fact that u is (Holder) continuous.
Our goal is to construct by induction a sequence (zj)r>0 in Q7 [1] (we recall that Q~ C Q7 [1] C
Q7 [2] C @1, see Figure 2) such that

(5.5) ) = (1= &) *u

for some universal ¢’ € (0,1). This implies in particular that f(zp) — 400 as k — +oo which is
absurd since f is bounded in Q™.

Remark first that (5.5) holds true for £ = 0. Let us assume that we already constructed zg, .. ., 2
and let us construct zgy1. Let zp = (g, vk, t). We choose ri > 0 such that

(5.6) Fz) = 1), 2%m
where ¢ is given by Proposition 21. Inequality (5.4) and the induction hypothesis (5.5) imply
(5.7) 29 < Op(1— k.

From the decrease of oscillation (Proposition 19), we know that
1+ oscq,, f>(1- §) Loscy, f
(recall 2871||s||f« = 1) with

Qr=Qr,(2x) and qx = Quyr,ja(2k)-
In particular, zi € gi. Let 241 € Q) be such that

H&Xf = f(2k+41)-

Then we get
(5.8) 14 f(zngn) > (1—6)! (f(zk) ~min f) .

Recall that z; € Q7 [1]. Choosing Cy small, we can ensure through (5.7) that Q,, (zx) C Q7 [2].
We also remark that

qk 2 Q(ei/4)2rk(zk)-
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We thus can apply Proposition 21 and get
minf < min  f < Cpmry, 'm
" Qi ay2, (30)
with Cpm = Cpm(4/w)?. The use of (5.6) in the previous inequality yields
(59) H(};inf < épmrgf(zk> < C~1pm V CHf(Zk)
Now combining (5.8) and (5.9), we get

1+ f(zre1) > (1= 0) 7 (1 = ComV/Cri) f(20).
G "))

Use next that 1 < CyM (this is a consequence of and the induction hypothesis and get

f(zr1) > (1=6)"' (1 = Com/Cr)(1 = ') "M — CyM
>j(1—48)7"
with
j=01-24)" ComV C
We thus choose ¢ such that
(1-d0)"= j
and we can choose C'y small enough so that ¢’ € (0,1). In particular we get

flosn) > (1= 0)7"
which is the desired inequality.

We are left with proving that the sequence {zx} stays in @7 [1]. The fact that zp,; lies in
Qr. (21) = T2, (Qr,, (0)). This implies in particular that |vg11 — vg| < 7 which in turn yields

1/(2q)
ok —vol < 7 <CI/(2q)Z §')% = i :
~ (1 —5)/@)

>0 >0

Using now that the fact that ¢’ is explicitely given as a function of § and Cp (see above), we
conclude that |vg — vg| can be arbitrarily small uniformly in k. We can argue in the same spirit for
|z — x| and |ty — to|. Since zp € Q~, we conclude that we can indeed ensure that zj lies in Q7 [1].
The proof of the theorem is now complete. O

6. LOCAL GAIN OF REGULARITY FOR SUB-SOLUTIONS

In this section, we investigate the regularity of sub-solutions to Eq. (1.6) beyond the gain of
integrability proved above. Observe that, on the one hand, Theorem 6 applies to sub-solutions but
only concludes to the gain of integrability. On the other hand, Theorem 8 proves a gain of Sobolev
regularity but only applies to solutions (not sub-solutions). It might seem, at first sight, that the
lack of ellipticity in all directions means the gain of regularity of solutions is false, since in the
elliptic and parabolic case it is entirely based on the energy estimate. However we show here that,
using the local upper bound proved above by the De Giorgi—Moser iteration, and refined averaging
lemmas, this result still holds in essence for our equation, even though the gain of regularity is only
H? with s > 0 small. We prove the following result:

Theorem 26 (Gain of regularity for non-negative sub-solutions). Consider zy € R**! and two
cylinders Qint := Qr, (20) and Qext := Qr,(20) with 0 < 11 < 1o. Then there is some s € (0,1/3) so
that any weak non-negative sub-solution f of (1.6) in Qext Satisfies

(6.1) 10z @y < C (17 2oy + 1512 @)
with C = C(d, >\, A, Qexta Qint)-
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Proof of Theorem 26. We define Qg in between Qint and Qext and the same truncation functions
as before. Theorem 12 implies that

1N oo (@uusa) S I L2(@ere) F 118l 200 (Qure)-

We want to apply [7, Theorem 1.3] on f in Quiq- However since f is only a sub-solution it
satisfies the equation

hf+v-Vof =V, - (AV,f)+ B-Vyuf +s—p in Qext

where we have included the defect non-negative measure p > 0 accounting for the inequation. We
can now repeat the reasoning from the proof of Lemma 14 and reduce to the case

g +v-Veg=Vy-(AVyg) + V- Hy + Hy— fi in R24+1

with ¢ = f in Qi and g, the measure i > 0, Hy and H; supported in Qniq, and with g, V,g,
Hy and H; bounded in L? on Qpiq. Then by integrating in z,v,t we deduce that ji has bounded
1
variation in terms of the previous bounds. Since for ¢ > (4d + 2), the space W;th embeds into
_Ll g
continuous bounded functions of z, v, t, we deduce that the space of measures is included in m}j’;q
and therefore

(6.2) f=(01-Ap)i(1—-A)h with he LT (Qmia)

and the bound on the LY (Qiq) depends on the previous bounds above, and where ¢* =1/(1—1/q)
is the conjugate exponent of g. Observe that ¢* is striclty smaller than 2 and close to one, for
instance ¢* € (1,14/13) in dimension d = 3. We then apply [7, Theorem 1.3] with k = 1, r = 1,

m =2, 8 =1, p=q": we deduce that g belongs to WxipL{,’ (observe that we use a full Laplacian
derivative in v in Eq. (6.2) in order to be in the framework of [7, Theorem 1.3|, even though
(1 — A,)Y* would have been enough for the purpose of having h € L?"). By interpolation with the
L estimate, we obtain then that g € H3 ;L2 for some s € (0, %) small enough. Finally, we combine

the latter estimate with the energy estimate g € L?C’th} we conclude with g € H7 ;. Since the
truncation function is equal to one on the smaller cube Qint, it translates into f € H7 ,;, on Qint
and concludes the proof. O

7. GAIN OF INTEGRABILITY OF THE VELOCITY GRADIENT
This section is devoted to the proof of the following theorem.

Theorem 27 (Gain of integrability for V,f). Let f be a solution of (1.6) without lower order
terms (B =0 and s =0) in some cylinder Q,,(20). There exists a universal € > 0 such that for all
Qli] = Qr,(20), 1 =0,1,2 with ry <11 < 1o, Vof € L*T(Q2)

24¢

2
(71) [ovgpreaz<c( [ varpa
Q2] Q[1]

with C = C(d,\, A, Q2, Qints Qext)-

The proof follows along the lines of the one of [32, Theorem 2.1]. It consists in deriving an
almost reverse Holder inequality which in turn implies the result thanks to the analogous of [32,
Proposition 1.3]. The following measure-theoretical lemma will be used as a black box in the proof
of Theorem 27. It implies the use of cylinders with different shape:

Q(zp,7) = {2z = (z,v,t) : |xi—a:?| <r3,|vi—v?\ <r—-rt<t—t <0}

where © = (z1,...,24) and v = (v1,...,v4). The scaling of the equation preserves this family of
cylinders but not the Lie group action 7.
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Lemma 28 (A Gehring lemma). Let g > 0 in Q such that there exists ¢ > 1 such that for all
20 € Q and R such that Qr(z0) C Q,

q
][ quz§b<][ gdz) +9][ g?dz
Qr(20) Qar(z0) Qar(20)

for some 0 > 0. There exists 6y = 0y(q,d) such that if 6 < 0y, then g € LY (Q) for p € [q,q +¢€)

and
1 1
P q
(][ g* dz) <g¢ (][ g? dz) )
ORr Qur

the constants € > 0 depends only on b,q,0 and dimension, and c, further depends on p.

The proof of Lemma 28 is an easy adaptation of the one of [31, Proposition 5.1], by changing
Euclidian cubes with cylinders Qp.

The proof of Theorem 27 is a consequence of some estimates involving weighted means of the
solution. Given zy € R2+1 they are defined as follows

for(t) = R4d/ f(t,z,v)x2r(z,v,t) dz dv
(for some ¢ defined below) where x2r is a cut-off function such that
X2r(Z,v,1) H¢R3 —.T Vor(vi v?)

with ¢r(a) = ¢(a/R) for some ¢ such that /¢ € C*(R) and ¢ =1 in [—1,1] and supp ¢ C [—2,2].
We remark that xorp =1 in O and xor = 0 outside Qap.

Lemma 29. Let f be a solution of (1.6) in Qu. Then for Qsr(zo) C Qo,

(7.2) / IV, fI?dz < CR™2 |f — far|?dz
Qr(zo QQR(ZO)
(7.3) swp [ 1f0) - FaPdedo<e [ vLpPds
te(to—R2,to] J QL (20) Q3r(20)

where Qp(20) = {(z,v) : (t,2,v) € Qr(20)}.
Remark 30. This lemma corresponds to [32, Lemmas 2.1 & 2.2].

Proof. For the sake of clarity, we put zp = 0 and R = 1. Consider 7 € C*°(R,R) such that
0<7 <1, m=0in(—00,-2% and 75 = 1 in [-1,0]. Use 2(f — f2)x27 as a test function for
(1.6) and get

/de(f(o) — £2(0))*x2 dxdv+2/ (AV,f - Vo f)xore da dvdt

R2d+1

= (f = f2) XQ(atTQ)d.CIZ‘d’Udt—/

R2d+1 R2d+1

- 2/ (f = fQ)Ava - Vuxome dz dv dt.
R2d+1

v-V, [(f — fg)z} X7 dx dv dt

Remark that the definition of fg implies that the remaining term

—2 /de+1(atf2)(f — fa)xam
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vanishes. This equality yields

[ 0® - faopxadran o [
R2d

R2d
~ A2
: /2d+1(f —f2)° <X2‘8t7'2’ + |v - Vaxa|m + )\|Vv\/g|27'2> da dvdt
R

Vo f?x2m dz dv dt
+1

which yields (7.2). Changing the final time, we also get

sup / [f(t) - f2(t)]2X2(t) dedv <C |f— f2|2 dz dov dt.
te(—1,0] JR2d 0,

Now the function F = f — fg is such that [ F(z,v,t)dxdv = 0. In particular, we have

~ 1
/ (f — fo)?dzdvdt < C <|va|2 +|D2 f|2> dz dv dt.
Q2

Q2
Observe that if there are no lower order terms (B = 0 and s = 0), then we have for all ¢ € (1, 2],
1
(7.4) / |D2 f|?dzdvdt < C |V f]?dx dv dt.
Q2 Q3

Indeed, in view of the proof of (2.2), it is enough to apply [7, Theorem 1.3] with such a ¢ and use
the Poincaré inequality (assuming the cutoff functions to have convex super-level sets).
Combining the three previous estimates yields

sup / (f(t) —fQ(t))2X2(t) dedv < C \va\dedvdt.
te(—1,0] J Q% Q3
Finally, we write for t € (—1,0]

5 L (0= AP0 < [ (0= Aoran+ [

; 5 o
S /
o

<c /Q (F(5) — Falt)xa(t)

t
1

(f2(t) = fr()*x2(t)

2
(f(t) = fa(t))x2(t) + |QF] (i /Qt (f = ()xa(z,v,t)dz dU)

and we get the second desired estimate since y2 =1 in Q;. g
We now turn to the proof of Theorem 27. The use of (7.4) is the main difference with [32].

Proof of Theorem 27. Pick p > 2 and let ¢ denote its conjugate exponent: % + % = 1. We follow
[32] in writing (omitting the center of cylinders zp), thanks to (7.2),

lewvas/Qz\f—ﬁP
< S </Q§ f—f2|2>é/t:04dt (/Qé !JC—(}?2|2>é
< (/Q !va|2>;/t:i4dt (/Q !f—leq);q (/%\f—fﬂp);p

where (7.3) and Holder inequality are used successively.
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We now use Sobolev inequalities and Holder inequality (twice) successively to get

e L
) </Q Vo s+ !Di/?’ff)i

S (/Q4 ’va|2>é (/Q2 IV, f]9 + |Dglc/3fq>21q
guses
- </Q |vvf|2>é " </Q Vorlt+ |Di/3fq>21q x (/Q Vo f[2 + ID}C/3f|2)‘1‘.

We now use (7.4) and get

][Ql VP < (/Q rvm?)é </Q |vqu)21“ (/Q Iva|2>}1
< (/Q rvm?)i </QQ|vqu)21q-

Now use and get for all € > 0,

721 Vo S (fg IvaIQ)i (fg Iva|q>21q

S(f wut?) (f 1wure)”
Q4 Q4
After rescaling, we get the following

723 VP S <][Q \va!2>i (][Q Iva|q> g
< sf% Vo + e (][Q |v,,f|q> .

Apply now Proposition 28 in order to achieve the proof of Theorem 27. U

1
2q
Vo fl?+ !Di/?’f\q> dt

2qg—1

Peresy) 2
Vo f|* + DY f|? dt

APPENDIX A. KNOWN ESTIMATES FOR THE LANDAU EQUATION

Lemma 31 (Lower bound - [23, 55]). Assume there exist positive constants My, My, Ey and Hy
such that (1.3) holds true. Then
det A[f] = ¢(1 + [v])"
with
R:{(d—l)(7+2)+’7 if v € [-2,0)
3y +2 if v € [—d,—2)

where ¢ only depends on dimension, v, My, My, Ey and Hy.
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Lemma 32 (Upper bounds - [23, 55]). Assume there exist positive constants My, My, Ey and Hy
such that (1.3) holds true. Assume that f € L™(R?). Then

C(1 2y -2,0
|A[f]|§{ a3 ) Z.ME[ |
Cll flloo? if v € [-d,—2)
C(1 Ty —~1,0
1Bl < { U drelno
Cll flloo? ifvy € l-d,—1)
C if v =
le[f]] < { Il
Clflls  ifv€[-d0).

where C' only depends on dimension, v, My, Eq.

APPENDIX B. PROOF OF A TECHNICAL LEMMA

Proof of Lemma 25. To justify a) and b), we remark that

—+oco
P-clJ@ cP?
k=1

where

42 2 3
(wzp —1>,\y!§p,\w!§p}7

4
(G = 1) ol < Al <,

see Figure 4.

P+
FIGURE 4. Paraboloids containing/contained in the union of iterated cylinders.

In what follows, R and ry are chosen as functions of A. In particular,

RS\/Z and ’r‘oS\/Z.

As far as a) is concerned, we should ensure that for all z € @~ and r € (0,7¢),

(zorPT)N{t <0} C Q1(0).
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If z=(z7,v,t7) and z* = (xt,v",tT) € rP* are such that z 02T € {t <0}, we have

0>t +tt
4
> (-A - R%) + g((4/w2)p2 —1?)
> —4A + (4%/3w?)p?

where p = [vT|. This implies in particular

In particular, for A € (0, 1),

v +vT | < R+p
< (1+V3w/2)VA
lz” 4+ a2t +tTo | < RP+pP+ R
< (14 (V3w/2)*)A3? 4 VA
< (24 (V3w/2)*)VA.

We thus can choose A small enough (recall w = 1/+/5) to ensure a).
As far as b) is concerned, notice that for z* € QT and z € Q~, we have

zlozt =@t -tz —2z — (tT —t)v, v —v).

Choosing R2 < A < % we have 2R < (4R)% and we get

1

vt — o] < 2R < (4R)3
2t —x— (tT —t)v| < 2R+ (A+ R)R=3R*+ AR<4R

(since R <1and A <1)and

tt—t> A — R%

In particular z~' o 2zt € rP~ if

ol

4 (42
A—R*> 3 <w2(4R)

).

It is enough satisfy

2, & i
A>R +@(4R)3.

Hence, for A given, we can choose R = R(A) small enough to get the desired inequality and in
turn point b). O
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