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O n p o si ti vi t y of t h e C M li n e b u n dl e
o n K- m o d uli s p a c e s

B y C h e n y a n g X u a n d Zi q u a n Z h u a n g

A b s t r a c t

I n t hi s p a p e r, w e c o n si d e r t h e C M li n e b u n dl e o n t h e K- m o d uli s p a c e,

i. e., t h e m o d uli s p a c e p a r a m e t ri zi n g K- p ol y s t a bl e F a n o v a ri e ti e s. We p r o v e

i t i s a m pl e o n a n y p r o p e r s u b s p a c e p a r a m e t ri zi n g r e d u c e d u nif o r ml y K-

s t a bl e F a n o v a ri e ti e s t h a t c o nj e c t u r all y s h o ul d b e t h e e nti r e m o d uli s p a c e.

A s a c o r oll a r y, w e p r o v e t h a t t h e m o d uli s p a c e p a r a m e t ri zi n g s m o o t h a bl e

K- p ol y s t a bl e F a n o v a ri e ti e s i s p r oj e c ti v e.

D u ri n g t h e c o u r s e of p r o of, w e d e v el o p a n e w i n v a ri a nt f o r fil t r a ti o n s

t h a t c a n b e u s e d t o t e s t v a ri o u s K- s t a bili t y n o ti o n s of F a n o v a ri e ti e s.

C o n t e n t s

1. I ntr o d u cti o n 1 0 0 5

2. Pr eli mi n ari e s 1 0 1 1

3. R e d u c e d u nif or m K- st a bilit y 1 0 2 3

4. β δ -i n v ari a nt s f or filtr ati o n s 1 0 3 0

5. T wi st e d f a mili e s 1 0 4 1

6. A m pl e n e s s l e m m a 1 0 4 4

7. P o siti vit y of C M li n e b u n dl e 1 0 4 7

A p p e n di x A. R e d u c e d δ -i n v ari a nt s 1 0 5 5

R ef er e n c e s 1 0 6 3

1. I n t r o d u c ti o n

T hr o u g h o ut t h e p a p er, w e w or k o v er a n al g e br ai c all y cl o s e d fi el d k wit h

c h ar( k ) = 0.

K e y w o r d s: C M li n e b u n dl e, F a n o v a ri e ti e s, K- m o d uli, K- s t a bili t y, p r oj e c ti vi t y

A M S Cl a s si fi c a ti o n: P ri m a r y: 1 4 J 4 5, 1 4 D 2 0, 1 4 E 3 0.

C X i s p a r ti all y s u p p o r t e d b y t h e N S F ( N o. 1 9 0 1 8 4 9 a n d N o. 1 9 5 2 5 3 1 ). B o t h a u t h o r s al s o

r e c ei v e d s u p p o r t f r o m t h e g r a nt D M S- 1 4 4 0 1 4 0 a n d C X al s o r e c ei v e d s u p p o r t f r o m C h e r n

P r of e s s o r s hi p w hil e i n r e si d e n c e a t M S RI d u ri n g t h e S p ri n g 2 0 1 9 s e m e s t e r.

© 2 0 2 0 D e p a r t m e nt of M a t h e m a ti c s, P ri n c e t o n U ni v e r si t y.
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1. 1. P o siti vit y of C M li n e b u n dl e . T h e ai m of t h e c urr e nt p a p er i s t o

st u d y t h e p o siti vit y of C M li n e b u n dl e o n t h e m o d uli s p a c e p ar a m etri zi n g

K- p ol y st a bl e F a n o v ari eti e s. T h e C M li n e b u n dl e w a s i ntr o d u c e d al g e br ai c all y

i n [Ti a 9 7 ] o n t h e b a s e of a f a mil y of ( p o s si bl y si n g ul ar) pr oj e cti v e p ol ari z e d

v ari eti e s, a s a g e n er ali z ati o n of a w ell st u di e d H er miti a n li n e b u n dl e o n t h e

m o d uli s p a c e p ar a m etri zi n g p ol ari z e d m a nif ol d s wit h c o n st a nt s c al ar c ur v a-

t ur e ( s e e [ K oi 8 3 ], [S c h 8 3 ], [Ti a 8 7 ], [F S 9 0 ], et c.). It s c urr e nt f or m ul ati o n u si n g

t h e K n u d s e n- M u mf or d e x p a n si o n w a s i ntr o d u c e d i n [ P T 0 9 ] ( s e e al s o [F R 0 6 ],

[P R S 0 8 ], et c.). I n m a n y m o d uli pr o bl e m s, t h e C M li n e b u n dl e i s e x p e ct e d t o

gi v e a n at ur al p ol ari z ati o n of t h e c orr e s p o n di n g m o d uli s p a c e s. I n p arti c ul ar,

[P X 1 7 ] s h o w s t h at t hi s h ol d s o n t h e K S B m o d uli s p a c e s; i. e., o n t h e m o d-

uli s p a c e p ar a m etri zi n g c a n o ni c all y p ol ari z e d v ari eti e s wit h s e mi-l o g- c a n o ni c al

si n g ul ariti e s, t h e C M li n e b u n dl e i s a m pl e.

I n t h e F a n o c a s e, h o w e v er, p o siti vit y of t h e C M li n e b u n dl e h a s b e e n a

l o n g st a n di n g q u e sti o n. B y r e c e nt w or k s [Ji a 1 7 ], [B X 1 9 ], [A B H L X 2 0 ], [B L X 1 9 ],

[X u 2 0 ], w e k n o w t h at t h e g o o d m o d uli s p a c e M K p s
n, v p ar a m etri zi n g n - di m e n-

si o n al K- p ol y st a bl e F a n o v ari eti e s wit h a gi v e n v ol u m e v e xi st s a s a s e p ar at e d

al g e br ai c s p a c e. C o nj e ct ur all y it i s al s o pr o p er, a n d t h e ulti m at e g o al i s t o

s h o w t h at t h e C M li n e b u n dl e i s a m pl e o n t h e ( c o nj e ct ur all y pr o p er) s p a c e

M K p s
n, v , w hi c h e n d o w s it wit h a pr oj e cti v e s c h e m e str u ct ur e.

T h e K- m o d uli s p a c e M K p s
n, v c o nt ai n s a n i nt er e sti n g “ m ai n c o m p o n e nt ”

M
s m ,K p s
n, v ( s e e [ L W X 1 9 ], [O d a 1 5 ]) p ar a m etri zi n g s m o ot h a bl e K- p ol y st a bl e F a n o

v ari eti e s, w hi c h i s k n o w n t o b e pr o p er ( s e e, e. g., [ D S 1 4 ]). I n [L W X 1 8 b ], t h e

C M li n e b u n dl e Λ C M w a s pr o v e d t o b e bi g a n d n ef o n M
s m ,K p s
n, v a n d a m pl e

o n t h e o p e n l o c u s M s m ,K p s
n, v p ar a m etri zi n g s m o ot h K- p ol y st a bl e F a n o v ari eti e s.

H o w e v er, t h e ar g u m e nt i s of a n a n al yti c n at ur e, a s it u s e s t h e p o siti vit y of

Weil- P et er s s o n m etri c a n d h e a vil y d e p e n d s o n t h e f a ct t h at t h e g e n eri c p oi nt

of t h e m o d uli s p a c e p ar a m etri z e s a F a n o m a nif ol d. Al s o s e e it s l o g v er si o n

e xt e n si o n i n [ A D L 1 9 ].

A n i m p ort a nt pr o gr e s s t o w ar d s t h e p o siti vit y of C M li n e b u n dl e, u si n g

o nl y al g e br o- g e o m etri c ar g u m e nt s, i s a c hi e v e d i n [ C P 1 8 ]. T h er e t h e y s h o w

t h at f or a g e n er al f a mil y f : X → B of ( p o s si bl y si n g ul ar), F a n o v ari eti e s o v er

a pr o p er b a s e, t h e C M li n e b u n dl e λ f o n B i s n ef if t h e fi b er s ar e K- s e mi st a bl e,

a n d bi g if t h e f a mil y h a s m a xi m al v ari ati o n ( D e fi niti o n 2. 3 ) a n d t h e fi b er s ar e

u nif or ml y K- st a bl e. I n t h eir pr o of, t h e c h ar a ct eri z ati o n of K- st a bilit y u si n g

t h e l o g c a n o ni c al t hr e s h ol d s wit h r e s p e ct t o b a si s t y p e di vi s or s, a s d e v el o p e d

i n [F O 1 8 ], [B J 2 0 ], pl a y s a n e s s e nti al r ol e.

I n t hi s p a p er, w e ai m t o pr o v e p o siti vit y r e s ult s of t h e C M li n e b u n dl e

t h at c o nj e ct ur all y gi v e s t h e f ull pr oj e cti vit y of M K p s
n, v . O ur fir st m ai n st at e m e nt

g o e s a s f oll o w s.
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T h e o r e m 1. 1. L et M ⊂ M K p s
n, v b e a p r o p e r al g e b r ai c s u b s p a c e s u c h t h at

e v e r y g e o m et ri c p oi nt s ∈ M p a r a m et ri z e s a r e d u c e d u nif o r ml y K - st a bl e F a n o

v a ri et y X s . T h e n t h e C M (Q -)li n e b u n dl e Λ C M |M i s a m pl e.

O ur pr o of of T h e or e m 1. 1 i s p ur el y al g e br ai c. H er e t h e al g e br o- g e o m etri c

c o n c e pt of r e d u c e d u nif o r m K - st a bilit y w a s i ntr o d u c e d i n [ Hi s 1 6 ] a n d d e v el o p e d

s y st e m ati c all y i n [ Li 1 9 ]. It s er v e s a s a n a n al o g u e of u nif or m K- st a bilit y w h e n

A ut( X ) i s of p o siti v e di m e n si o n. R e c all t h at a F a n o v ari et y X i s s ai d t o

b e u nif or ml y K- st a bl e if t h er e e xi st s s o m e η > 0 s u c h t h at D N A (X , L ) ≥

η · J N A (X , L ) f or a n y t e st c o n fi g ur ati o n ( X , L ) of X , w h er e D N A (X , L ) i s t h e

Di n g-i n v ari a nt a n d J N A (X , L ) i s a n or m o n t h e s p a c e of t e st c o n fi g ur ati o n s

t h at v a ni s h e s e x a ctl y o n ( al m o st) tri vi al t e st c o n fi g ur ati o n s ( s e e [ F uj 1 9 ], [Li 1 7 ]

or D e fi niti o n 2. 1 3 ). T o d e fi n e r e d u c e d u nif or m K- st a bilit y, w e si m pl y r e pl a c e

t h e J N A -f u n cti o n al b y a r e d u c e d v er si o n J N A
T t h at i s t h e i n fi m u m of J N A a m o n g

all t e st c o n fi g ur ati o n s t h at c a n b e o bt ai n e d b y “t wi sti n g ” t h e gi v e n o n e (t hi s

w a y w e g et a n or m f u n cti o n al o n t h e s p a c e of t e st c o n fi g ur ati o n s t h at v a ni s h e s

e x a ctl y o n pr o d u ct t e st c o n fi g ur ati o n s). We r ef er t o S e cti o n 3 f or t h e pr e ci s e

d e fi niti o n.

B y t h e r e c e nt w or k [ Li 1 9 ] ( s e e al s o [B B J 1 5 ], [L T W 1 9 ]), r e d u c e d u nif or m

K- st a bilit y i s e q ui v al e nt t o t h e e xi st e n c e of ( si n g ul ar) K ä hl e r- Ei n st ei n m etri c.

A s all s m o ot h a bl e K- p ol y st a bl e F a n o v ari eti e s a d mit K ä hl e r- Ei n st ei n m etri c s

b y [ C D S 1 5 , Ti a 1 5 ] ( s e e al s o [L W X 1 9 ], [S S Y 1 6 ]), w e g et t h e f oll o wi n g i m m e di at e

c o n s e q u e n c e, w hi c h a ffir m ati v el y a n s w er s a q u e sti o n a s k e d b y m a n y p e o pl e ( s e e,

e. g., [ D o n 1 8 b ], [D o n 1 8 a , § 4. 2 t h e l a st p ar a gr a p h] or [ S u n 1 8 , § 4]).

C o r o l l a r y 1. 2. L et k = C . T h e C M Q -li n e b u n dl e Λ C M i s a m pl e o n

t h e p r o p e r m o d uli s p a c e M
s m ,K p s
n, v .

I n g e n er al, all K- p ol y st a bl e F a n o v ari eti e s ar e e x p e ct e d t o b e r e d u c e d

u nif or ml y K- st a bl e ( s e e C o nj e ct ur e 3. 8 ), j u st a s K- st a bilit y i s c o nj e ct ur e d t o

b e e q ui v al e nt t o u nif or m K- st a bilit y ( s e e, e. g., [ B X 1 9 , C o nj. 1. 5]). T h er ef or e,

at l e a st c o nj e ct ur all y, t h e a s s u m pti o n of T h e or e m 1. 1 s h o ul d b e s ati s fi e d f or

all pr o p er al g e br ai c s u b s p a c e s of M K p s
n, v . T h e or e m 1. 1 a n d C or oll ar y 1. 2 c a n

al s o b e e xt e n d e d t o t h e c orr e s p o n di n g l o g v er si o n ( s e e T h e or e m s 7. 9 a n d 7. 1 0 ),

w h er e t h e l o g c o u nt er p art of M
s m ,K p s
n, v i s c o n str u ct e d i n [A D L 1 9 , T h. 1. 1] ( s e e

T h e or e m 2. 2 2 ).

1. 2. N o n- n e g ati vit y of β X, ∆ , δ(F ). D uri n g t h e c o ur s e of t h e pr o of, w e d e-

v el o p s o m e n e w i n v ari a nt s t h at c h ar a ct eri z e v ari o u s K- st a bilit y n oti o n s (i n-

cl u di n g r e d u c e d u nif or m K- st a bilit y, i n p arti c ul ar), w hi c h w e b eli e v e m erit

i n d e p e n d e nt i nt er e st s.

T o e x pl ai n t h e r e s ult s, w e fi x s o m e n ot ati o n. L et ( X, ∆) b e a l o g F a n o

p air a n d r a p o siti v e i nt e g er s u c h t h at − r (K X + ∆) i s C arti er. L et F b e a
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( p o s si bl y n o n- fi nit el y g e n er at e d) li n e arl y b o u n d e d m ulti pli c ati v e filtr ati o n of

R : =
m ∈ N

H 0 (X, − r m (K X + ∆)) .

We d e fi n e a f a mil y of i n v ari a nt s β X, ∆ , δ(F ) p ar a m etri z e d b y δ > 0.

D e fi niti o n 1. 3 ( = D e fi niti o n 4. 1 ). Gi v e n a filtr ati o n F of R a n d s o m e

δ ∈ R + , w e d e fi n e t h e δ -l o g c a n o ni c al sl o p e ( or si m pl y l o g c a n o ni c al sl o p e w h e n

δ = 1) µ X, ∆ , δ(F ) a s

( 1. 1) µ X, ∆ , δ(F ) = s u p

ß

t ∈ R | l ct(X, ∆; I
( t)
• ) ≥

δ

r

™

,

w h er e I m, λ (F ) : = I m F λ R m ⊗ O X (r m (K X + ∆)) → O X ar e t h e b a s e i d e al s

of F a n d I
( t)
• i s t h e gr a d e d s e q u e n c e of i d e al s gi v e n b y I

( t)
m : = I m,t m (F ). T h e n

w e d e fi n e

β X, ∆ , δ(F ) : =
µ X, ∆ , δ(F ) − S (F )

r
,

w h er e S (F ) i s t h e S -i n v ari a nt of t h e filtr ati o n F ( s e e S e cti o n 2. 3 ).

I n [F uj 1 9 ], [Li 1 7 ], v al u ati v e crit eri a of K- st a bilit y a n d r el at e d n oti o n s h a v e

b e e n d e v el o p e d, w hi c h ar e f urt h er e xt e n d e d i n [ B J 2 0 ], [B X 1 9 ], et c. T h e a n al-

o g o u s crit eri o n f or r e d u c e d u nif or m K- st a bilit y i s s y st e m ati c all y st u di e d i n

[Li 1 9 ]. O ur s e c o n d m ai n t h e or e m e xt e n d s t h e s e pr e vi o u s w or k s a n d pr o vi d e s a

n e w crit eri o n.

T h e o r e m 1. 4. L et (X, ∆) b e a l o g F a n o p ai r . T h e n

( 1 ) ( X, ∆) i s K - s e mi st a bl e if a n d o nl y if

β X, ∆ (F )(: = β X, ∆ ,1 (F )) ≥ 0

f o r a n y li n e a rl y b o u n d e d m ulti pli c ati v e filt r ati o n F .

( 2 ) ( X, ∆) i s u nif o r ml y K - st a bl e if a n d o nl y if t h e r e e xi st s a c o n st a nt δ > 1,

s u c h t h at β X, ∆ , δ(F ) ≥ 0 f o r a n y li n e a rl y b o u n d e d m ulti pli c ati v e filt r ati o n F .

( 3 ) Fi x a m a xi m al t o r u s T ⊂ A ut( X, ∆). T h e n (X, ∆) i s r e d u c e d u nif o r ml y

K - st a bl e if a n d o nl y if t h e r e e xi st s a c o n st a nt δ > 1 s u c h t h at f o r a n y

li n e a rl y b o u n d e d m ulti pli c ati v e filt r ati o n F ,

β X, ∆ , δ(F ξ ) ≥ 0 f o r s o m e v e ct o r fi el d ξ ∈ H o m( G m , T ) ⊗ Z R .

H er e F ξ i s t h e “t wi st ” of t h e filtr ati o n F , a n d w e r ef er t o S e cti o n 3 f or it s

c o n str u cti o n.

R e m a r k 1. 5. O ur i n v ari a nt β X, ∆ , δ i s a n at ur al e xt e n si o n of t h e β -i n v ari a nt,

d e fi n e d i n [ F uj 1 9 ], [Li 1 7 ] f or v al u ati o n s, t o m or e g e n er al filtr ati o n s. I n d e e d, it

i s n ot h ar d t o c h e c k ( s e e Pr o p o siti o n 4. 2 ) t h at β X, ∆ (E ) ≥ β X, ∆ (F o r d E
) w h er e

F o r d E
i s t h e filtr ati o n i n d u c e d b y E ( E x a m pl e 2. 6 ). O n t h e ot h er h a n d, w e
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will s h o w t h at β X, ∆ (F ) i s b o u n d e d fr o m b el o w b y t h e Di n g-i n v ari a nt D N A (F )

( T h e or e m 4. 3 ). I n p arti c ul ar, T h e or e m 1. 4 ( 1) f oll o w s i m m e di at el y fr o m t h e

c orr e s p o n di n g n o n- n e g ati vit y st at e m e nt f or D N A (F ) a s pr o v e d i n [ F uj 1 8 b ],

[Li 1 7 ].

W hil e T h e or e m 1. 4 ( 2) c a n b e e st a bli s h e d i n a si mil ar w a y, t h e pr o of of t h e

l a st st at e m e nt T h e or e m 1. 4 ( 3) i s h ar d er a n d r e q uir e s a m or e t e c h ni c al a n al y si s

of t h e pr o p erti e s of D ui st er m a at – H e c k m a n m e a s ur e.

T h e c o n n e cti o n b et w e e n T h e or e m 1. 4 a n d t h e p o siti vit y of C M li n e b u n dl e

i s pr o vi d e d b y a s p e ci al filtr ati o n: t h e H a r d e r- N a r a s hi m h a n filt r ati o n F H N ( s e e

S e cti o n 2. 8 ). U si n g t h e H ar d er- N ar a s hi m h a n filtr ati o n t o st u d y p o siti vit y of

t h e C M li n e b u n dl e i s a n o v el i d e a i niti at e d i n [ C P 1 8 ]. I n f a ct, o ur d e fi niti o n

of β X, ∆ , δ(F ) i n s o m e s e n s e i s t ail or- m a d e t o i n v e sti g at e F H N .

1. 3. O v e r vi e w of p r o of . I n w h at f oll o w s, w e s k et c h o ur str at e g y f or t h e

pr o of of T h e or e m 1. 1 .

P art of o ur pr o of i s i n s pir e d b y t h e w or k i n [ C P 1 8 ]. R e c all t h at t h e

ar g u m e nt s i n [ C P 1 8 ] f or t h e p o siti vit y of C M li n e b u n dl e λ f, ∆ f or a pr oj e cti v e

f a mil y of l o g F a n o p air s f : (X, ∆) → B c a n b e di vi d e d i nt o s e v er al st e p s:

St e p 1 u : O n e g et s t h e s e mi p o siti vit y of t h e C M li n e b u n dl e w h e n t h e fi b er s

(X t , ∆ t ) ar e K- s e mi st a bl e.

St e p 2 u : O n e c o n c e ntr at e s o n t h e c a s e t h at B i s a s m o ot h c ur v e a n d o bt ai n s a

u nif or m n ef t hr e s h ol d c (i. e., s o m e c ∈ Q s u c h t h at − (K X / B + ∆) +

c · f ∗ λ f, ∆ i s n ef ) w h e n a g e n er al fi b e r (X t , ∆ t ) i s u nif or ml y K- st a bl e,

w h er e c o nl y d e p e n d s o n δ (X t , ∆ t ) a n d ( − (K X t + ∆ t ))
n .

St e p 3 u : A n a m pl e n e s s l e m m a i s u s e d t o g et t h e stri ct p o siti vit y f or hi g h er

di m e n si o n al b a s e B , w h e n t h e fi b er s ar e a s s u m e d t o b e u nif or ml y K-

st a bl e a n d ∆ = 0.

I n [P o s 1 9 ], c o m pl e m e nt ar y ar g u m e nt s ar e al s o gi v e n t o s h o w t h at

St e p 4 u : St e p 3u c a n b e e xt e n d e d t o t h e l o g c a s e (i. e., w h e n ∆ = 0).

I n o ur ar g u m e nt, w e f oll o w t h e s e st e p s. H o w e v er, si n c e w e w a nt t o tr e at

t h e m or e g e n er al c a s e w h e n t h e fi b er s ar e o nl y r e d u c e d u nif or ml y K- st a bl e, w e

h a v e t o d e v el o p a n u m b er of n e w t o ol s t o s u b st a nti all y e n h a n c e t h e ar g u m e nt s

i n [C P 1 8 ].

St e p 1 r : O ur fir st n e w i n p ut i s g oi n g fr o m b a si s t y p e di vi s or s t o filtr a-

ti o n s. T hi s h a s b e e n k n o w n a s a n at ur al st e p t o e xt e n d r e s ult s fr o m u nif or ml y

K- st a bl e F a n o v ari eti e s t o K- p ol y st a bl e o n e s. S e e [ B X 1 9 ] f or a n ot h er e x a m pl e.

B y d oi n g s o, w e al s o fi n d a m or e c o n c e pt u al pr o of (i n o ur o pi ni o n) of St e p 1 u

i n [C P 1 8 ].

M or e pr e ci s el y, a c r u ci al o b s er v ati o n i n [ C P 1 8 ] i s t h at f or a Q - G or e n st ei n

f a mil y of l o g F a n o p air s f : (X, ∆) → C o v er a s m o ot h pr oj e cti v e c ur v e C , t h e
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s u b b u n dl e s of p o siti v e sl o p e s i n t h e H ar d er- N ar a si m h a n filtr ati o n of

R : =
m ∈ N

f ∗ O X (− m r (K X / C + ∆))

o nl y gi v e b o u n d ar y di vi s or s D ∼ Q − (K X / C + ∆) t h at f ail t o b e l o g c a n o ni c al

al o n g t h e g e n er al fi b er of f . U si n g o ur β -i n v ari a nt s, t hi s tr a n sl at e s t o t h e

f oll o wi n g i n e q u alit y ( Pr o p o siti o n 4. 6 ):

d e g λ f, ∆ ≥ (n + 1)( − K X t − ∆ t )
n · β X t ,∆ t (F H N ),

w h er e t ∈ C a n d F H N i s t h e r e stri cti o n of t h e H ar d er- N ar a si m h a n filtr ati o n o n

R t o R t : = m H 0 (X t , − m r (K X t + ∆ t )). C o m bi ni n g wit h T h e or e m 1. 4 ( 1),

w e i m m e di at el y r e c o v er t h e n ef n e s s of λ C M a s pr o v e d i n [ C P 1 8 , T h. 1. 7]. T hi s

c o m pl et e s o ur tr e at m e nt of t h e fir st st e p. S e e S e cti o n 4. 3 f or d et ail s.

St e p 2 r : N e v ert h el e s s, t h e f ull p o w er of c o n si d eri n g filtr ati o n s F H N ( a s

o p p o s e d t o b a si s t y p e di vi s or s) a n d t h e c orr e s p o n di n g i n v ari a nt s β X, ∆ , δ(F H N )

will o nl y b e s e e n w h e n o n e att a c k s t h e a m pl e n e s s. T h e m ai n i s s u e i s t h at

n ef t hr e s h ol d s a s i n St e p 2 u m a y n ot e xi st w h e n t h e g e n er al fi b er s ( X t , ∆ t )

ar e o nl y r e d u c e d u nif or ml y K- st a bl e, e. g., t h er e ar e f a mili e s f : (X, ∆) → C

wit h d e g λ f, ∆ = 0 b ut − (K X / C + ∆) i s n ot n ef. T o o v er c o m e t hi s, w e n e e d

a str o n g er st at e m e nt T h e or e m 1. 4 ( 3) t h at g u ar a nt e e s t h at if a g e n er al fi b er

(X t , ∆ t ) i s r e d u c e d u nif or ml y K- st a bl e, t h e n w e c a n fi n d a r ati o n al v e ct or ξ ∈

H o m( G m , T ) ⊗ Z Q ( w h er e T i s a m a xi m al t or u s of A ut(X t , ∆ t )) s u c h t h at aft er

t wi sti n g F H N b y ξ , t h e r e s ulti n g filtr ati o n (F H N ) ξ s ati s fi e s β X t ,∆ t , δ((F H N ) ξ ) ≥ 0

f or s o m e u nif or m δ > 1 t h at o nl y d e p e n d s o n ( X t , ∆ t ) ( b ut n ot F H N a n d ξ ).

T h e s e r e s ult s ar e pr o v e d i n S e cti o n s 4. 3 a n d 5 .

G e o m etri c all y, aft er p o s si bl y p a s si n g t o a fi nit e b a s e c h a n g e of C , w e c a n

r e ali z e t h e t wi st e d filtr ati o n ( F H N ) ξ a s t h e H ar d er- N ar a si m h a n filtr ati o n of a

t wi st e d f a mil y f ξ : (X ξ , ∆ ξ ) → C . ( R o u g hl y s p e a ki n g, it i s o bt ai n e d fr o m t h e

ori gi n al f a mil y f : (X, ∆) → C vi a a bir ati o n al m o di fi c ati o n t h at i s a n al o g o u s

t o el e m e nt ar y tr a n sf or m ati o n s o n r ul e d s urf a c e s; s e e S e cti o n 5 f or t h e a ct u al

c o n str u cti o n.) B ut si n c e β X t ,∆ t , δ((F H N ) ξ ) ≥ 0, a si mil ar ar g u m e nt a s i n St e p 1 r

all o w s u s t o c o n cl u d e t h at a u nif or m n ef t hr e s h ol d ( d e p e n di n g o nl y o n a g e n er al

fi b er ( X t , ∆ t )) e xi st s o n t h e t wi st e d f a mil y. F or f a mili e s wit h K- s e mi st a bl e

fi b er s, t h e C M li n e b u n dl e r e m ai n s t h e s a m e aft er t h e t wi st; t h u s f or o ur

a m pl e n e s s q u e sti o n, w e m a y r e pl a c e t h e ori gi n al f a mil y b y a t wi st e d o n e t h at

a c hi e v e s t h e n ef t hr e s h ol d.

St e p 3 r : O v er a hi g h er di m e n si o n al b a s e, t h e H ar d e r- N ar a si m h a n filtr a-

ti o n d e p e n d s o n t h e c h oi c e of a c o v eri n g f a mil y of c ur v e s a n d s o d o e s t h e

c orr e s p o n di n g t wi st e d f a mil y. T h er ef or e t o pr o c e e d, w e n e e d t o str e n gt h e n t h e

k e y i n gr e di e nt of St e p 3 u , n a m el y, t h e a m pl e n e s s l e m m a ( w hi c h i s ori gi n all y

b a s e d o n w or k s i n [ K ol 9 0 , K P 1 7 ]), t o a v er si o n t h at i n c or p or at e s all t wi st s. F or
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t hi s p ur p o s e, w e c ar ef ull y tr a c k t h e ori gi n al ar g u m e nt of t h e a m pl e n e s s l e m m a

a n d s h o w t h at it w or k s bir ati o n all y i n a s uit a bl y t e c h ni c al s e n s e. T hi s i s d o n e

i n S e cti o n 6 .

St e p 4 r : Fi n all y, t o pr o v e t h e l o g v er si o n of o ur t h e or e m, w e c o m bi n e t h e

a m pl e n e s s l e m m a o bt ai n e d i n t h e pr e vi o u s st e p t o g et h er wit h a n ar g u m e nt

u si n g p ert ur b ati o n of t h e c o e ffi ci e nt s of t h e b o u n d ar y di vi s or s, si mil ar t o t h e

o n e u s e d i n [ K P 1 7 , P o s 1 9 ]. T hi s i s d o n e i n S e cti o n 7 . T h e m ai n o b s er v ati o n

i s t h at alt h o u g h (X t , ∆ t ) m a y n o l o n g er b e r e d u c e d u nif or ml y K- st a bl e aft e r

p ert ur bi n g t h e b o u n d ar y c o e ffi ci e nt s, t h e di vi s or − (K X / C + ∆) + c · f ∗ λ f, ∆

fr o m St e p 2r r e m ai n s p s e u d o- e ff e cti v e, a n d t hi s i s e n o u g h f or o ur p ur p o s e.

Fi n all y, i n t h e A p p e n di x A , w e d e fi n e t h e T - r e d u c e d δ -i n v a ri a nt δ T (X, ∆)

f or a l o g F a n o p air (X, ∆) wit h a t or u s T - a cti o n. T h e n i n T h e or e m A. 5 ,

w e s h o w t h at if ( X, ∆) i s K- s e mi st a bl e a n d δ T (X, ∆) = 1, it c a n al w a y s b e

c o m p ut e d b y a q u a si- m o n o mi al v al u ati o n t h at i s n ot of t h e f or m wt ξ (ξ ∈

H o m( G m , T ) R ). T hi s e st a bli s h e s i n t h e r e d u c e d v er si o n t h e a n al o g o u s r e s ult

pr o v e d i n [ B L X 1 9 , T h. 1. 5].

A c k n o wl e d g e m e nt . We t h a n k D a n A br a m o vi c h, J ar o d Al p er, C hi Li, Y a n

Li a n d Z s olt P at a kf al vi f or h el pf ul di s c u s si o n s. We ar e al s o gr at ef ul t o t h e

a n o n y m o u s r ef er e e s f or u s ef ul s u g g e sti o n s. T h e w or k o n t hi s p a p er w a s st art e d

w hil e t h e a ut h or s e nj o y e d t h e h o s pit alit y of t h e M S RI, w hi c h i s gr at ef ull y

a c k n o wl e d g e d.

2. P r eli mi n a ri e s

I n t hi s s e cti o n, w e r e c all s o m e b a si c pr eli mi n ari e s r el at e d t o t h e st u d y of

K- st a bilit y q u e sti o n s o n l o g F a n o p air s.

2. 1. N ot ati o n a n d c o n v e nti o n s . We w or k o v er a n al g e br ai c all y cl o s e d fi el d

k of c h ar a ct eri sti c z er o. We f oll o w t h e t er mi n ol o gi e s i n [ K M 9 8 ]. A p ai r (X, ∆)

c o n si st s of a n or m al v ari et y X a n d a n e ff e cti v e Q - di vi s or ∆ ⊆ X s u c h t h at

K X + ∆ i s Q - C arti er. S e e [K M 9 8 , D ef. 2. 3 4] f or t h e d e fi niti o n of klt a n d l o g

c a n o ni c al (l c) si n g ul ariti e s. A pr oj e cti v e v ari et y X i s Q -F a n o if X h a s klt

si n g ul ariti e s a n d − K X i s a m pl e. A p air (X, ∆) i s l o g F a n o if X i s pr oj e cti v e,

− K X − ∆ i s Q - C arti er a m pl e a n d (X, ∆) i s klt. A bi g o p e n s et U of a v ari et y

X i s a n o p e n s et w h o s e c o m pl e m e nt h a s c o di m e n si o n at l e a st t w o.

2. 2. F a mili e s of p ai r s .

D e fi niti o n 2. 1. A g e n e ri c l o g F a n o l o c all y st a bl e f a mil y f : (X, ∆) → S

of n o r m al p ai r s o v e r a n o r m al b a s e ( or a b br e vi at e d a s a g e n e ri c l o g F a n o

f a mil y f : (X, ∆) → S ) c o n si st s of a p air ( X, ∆) a n d a fl at pr oj e cti v e m or p hi s m

f : X → S t o a n or m al v ari et y S s u c h t h at f h a s c o n n e ct e d a n d n or m al fi b er s,
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S u p p( ∆) d o e s n ot c o nt ai n a n y fi b er of f , − (K X / S + ∆) i s f - a m pl e, (X s , ∆ s ) i s

l o g c a n o ni c al f or a n y s ∈ S a n d a g e n er al fi b er ( X s , ∆ s ) i s l o g F a n o. It i s c all e d

a Q - G o r e n st ei n f a mil y of l o g F a n o p ai r s if e v er y fi b er (X s , ∆ s ) i s l o g F a n o.

T h e l o c al c o n diti o n s g u ar a nt e e t h at i n t h e a b o v e d e fi niti o n ( X, ∆) → S

yi el d s a l o c all y st a bl e f a mil y o v er t h e n or m al b a s e S . F or t h e d e fi niti o n of

l o c all y st a bl e f a mili e s o v er m or e g e n er al b a s e s, s e e [K ol 2 0 ], [K ol 1 9 ].

D e fi niti o n 2. 2 ( B a s e c h a n g e). L et f : X → S b e a fl at pr oj e cti v e m or p hi s m

b et w e e n n or m al v ari eti e s wit h n or m al fi b er s, a n d l et ∆ b e a n e ff e cti v e Weil

Q - di vi s or o n X w h o s e s u p p ort d o e s n ot c o nt ai n a n y fi b er of f . L et S → S b e

a m or p hi s m fr o m a n ot h er ( n or m al) v ari et y. L et U ⊆ X b e t h e s m o ot h l o c u s

of f . A s i n [K ol 2 0 , 4. 1. 5] ( s e e al s o [C P 1 8 , § 2. 4. 1]), t h e b a s e c h a n g e of f t o S

i s s et t o b e t h e f a mil y f : (X , ∆ ) → S of n or m al p air s w h er e X = X × S S

a n d ∆ i s t h e u ni q u e e xt e n si o n of t h e p ull b a c k of ∆|U t o U = U × S S t h at i s

a bi g o p e n s u b s et i n X . We c all ∆ t h e di vi s o ri al p ull b a c k of ∆. If K X / S + ∆

i s Q - C arti er t h e n w e h a v e K X / S + ∆ ∼ Q π ∗ (K X / S + ∆), w h er e π : X → X

i s t h e i n d u c e d m or p hi s m. I n p arti c ul ar, b ei n g a g e n eri c l o g F a n o f a mil y i s

pr e s er v e d u n d er b a s e c h a n g e.

D e fi niti o n 2. 3 ( M a xi m al v ari ati o n). L et f : X → S b e a fl at pr oj e cti v e

m or p hi s m b et w e e n n or m al v ari eti e s wit h n or m al fi b er s, a n d l et ∆ b e a n e ff e c-

ti v e Weil Q - di vi s or o n X , w h o s e s u p p ort d o e s n ot c o nt ai n a n y fi b er. We s a y

t h at t h e f a mil y f : (X, ∆) → S i s i s otri vi al if (X s , ∆ s ) ∼= (X t , ∆ t ) f or a n y t w o

g e n er al p oi nt s s, t ∈ S ; w e s a y t h at f h a s m a xi m al v a ri ati o n if f or a n y c ur v e

C ⊆ S c o nt ai ni n g a g e n er al p oi nt, t h e b a s e c h a n g e of f t o C i s n ot i s otri vi al.

L e m m a 2. 4. L et f : X → S b e a fl at p r oj e cti v e m o r p hi s m b et w e e n n o r m al

v a ri eti e s wit h n o r m al fi b e r s , l et ∆ b e a n e ff e cti v e W eil Q - di vi s o r o n X , a n d

l et D = S u p p( ∆). T h e n f : (X, ∆) → S h a s m a xi m al v a ri ati o n if a n d o nl y if

g : (X, D ) → S h a s m a xi m al v a ri ati o n .

P r o of . L et C ⊆ S b e a c ur v e p a s si n g t hr o u g h a g e n er al p oi nt. It s u ffi c e s

t o s h o w t h at t h e b a s e c h a n g e of f t o C i s i s otri vi al if a n d o nl y if t h e s a m e

h ol d s f or g . F or t hi s w e m a y a s s u m e t h at S = C i s a c ur v e. Cl e arl y if

(X s , ∆ s ) ∼= (X t , ∆ t ) f or a n y t w o g e n er al p oi nt s s, t ∈ C , t h e n w e al s o h a v e

(X s , Ds = S u p p( ∆ s )) ∼= (X t , Dt = S u p p( ∆ t )).

F or t h e r e v e r s e i m pli c ati o n, aft e r a fi nit e d o mi n a nt b a s e c h a n g e of C , w e

c a n fir st a s s u m e all c o m p o n e nt s of D h a v e g e o m etri c all y irr e d u ci bl e fi b er s o v er

t h e g e n eri c p oi nt of C . T h e n w e u s e i n d u cti o n o n t h e n u m b er of irr e d u ci bl e

c o m p o n e nt s of D . T h e st at e m e nt i s cl e ar w h e n D i s irr e d u ci bl e. I n g e n er al,

l et D i (i = 1 , . . . , N ) b e t h e irr e d u ci bl e c o m p o n e nt s of D . L et Z i j ⊆ C × C

( 1 ≤ i, j ≤ N ) b e t h e i m a g e of

I s o mC × C (X, D i ) × C, C × (X, D j ) → C × C,

T his c o nt e nt d o w nl o a d e d fr o m 
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w hi c h i s a c o u nt a bl e u ni o n of c o n str u cti bl e s u b s et s s u c h t h at ( X s , Dis )
∼=

(X t , Djt ) if a n d o nl y if ( s, t ) ∈ Z i j . Si n c e g : (X, D ) → C i s i s otri vi al, ∪ i, j Z i j

c o nt ai n s a d e n s e o p e n s u b s et of C × C , a n d t h u s t h e s a m e i s tr u e f or s o m e Z i j .

It f oll o w s t h at (X s , Dis )
∼= (X t , Djt ) f or t w o ar bitr ar y g e n er al p oi nt s s, t ∈ C ,

a n d t h er ef or e ( X, D i ) a n d ( X, D j ) ar e b ot h i s otri vi al o v er C . (It c a n h a p p e n

t h at i = j .) T h e r e s ult n o w f oll o w s b y i n d u cti o n h y p ot h e si s aft er r e m o vi n g t h e

c o m p o n e nt D i fr o m b ot h ∆ a n d D .

2. 3. Filt r ati o n s . A p pl yi n g filtr ati o n s t o st u d y K- st a bilit y q u e sti o n s h a s

b e e n e x pl or e d i n m a n y r e c e nt w or k s. We r e c all s o m e b a si c d e fi niti o n s h er e.

F or m or e b a c k gr o u n d, s e e, e. g., [ B H J 1 7 ].

L et L b e a n a m pl e li n e b u n dl e o n a pr oj e cti v e v ari et y X , a n d l et

R = R (X, L ) : =
m ∈ N

R m : =
m ∈ N

H 0 (X, m L )

b e it s s e cti o n ri n g.

D e fi niti o n 2. 5. B y a ( li n e a rl y b o u n d e d m ulti pli c ati v e) filt r ati o n F of R ,

w e m e a n t h e d at a of a f a mil y of v e ct or s u b s p a c e s F λ R m ⊆ R m f or m ∈ N a n d

λ ∈ R s ati sf yi n g

( 1) F λ R m ⊆ F λ R m w h e n λ ≥ λ ;

( 2) F λ R m = ∩ λ < λ F λ R m f or all λ ;

( 3) t h er e e xi st s e − , e+ ∈ R s u c h t h at F m x R m = 0 f or all x ≥ e + a n d F m x R m =

R m f or all x ≤ e − ;

( 4) F λ R m · F λ R m ⊆ F λ + λ R m + m .

A filtr ati o n F of R i s a c all e d a Z - filt r ati o n if F λ R m = F λ R m f or all m ∈ Z

a n d λ ∈ R . It i s c all e d a n N - filtr ati o n if, i n a d diti o n, F 0 R m = R m f or all m .

T o gi v e a Z - filtr ati o n F , it s u ffi c e s t o gi v e a f a mil y of s u b s p a c e s F p R m ⊆ R m

f or m ∈ N a n d p ∈ Z s ati sf yi n g ( 1), ( 3), a n d ( 4). I n p arti c ul ar, e v er y filtr ati o n

F o n R i n d u c e s a Z - filtr ati o n F Z t h at s ati s fi e s t h at F λ
Z = F λ . We s a y t h at

a n N - filtr ati o n F i s fi nit el y g e n er at e d if t h e al g e br a m,i ∈ N F i R m i s fi nit el y

g e n er at e d.

E x a m pl e 2. 6. L et v b e a v al u ati o n o n X (i. e., a v al u ati o n k (X ) × → R

t h at i s tri vi al o n k ). T h e n it i n d u c e s a filtr ati o n F v of R b y s etti n g F λ
v R m =

{ s ∈ R m | v (s ) ≥ λ } . It i s li n e arl y b o u n d e d if v h a s li n e ar gr o wt h ( s e e [ B J 2 0 ,

§ 3. 1]).

E x a m pl e 2. 7. L et ( X, ∆) b e a l o g F a n o p air. B y [ B H J 1 7 , Pr o p. 2. 1 5], t h er e

e xi st s a o n e-t o- o n e c orr e s p o n d e n c e b et w e e n t e st c o n fi g ur ati o n s of ( X, ∆) ( s e e

D e fi niti o n 2. 1 6 ) a n d fi nit el y g e n er at e d Z - filtr ati o n s of R = R (X, − r (K X + ∆))

f or s o m e s u ffi ci e ntl y di vi si bl e p o siti v e i nt e g er r .

T his c o nt e nt d o w nl o a d e d fr o m 
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L et F b e a li n e arl y b o u n d e d m ulti pli c ati v e filtr ati o n o n R . L et

Gr λ
F R m = F λ R m /

λ > λ

F λ R m .

We d e fi n e ( cf. [ B J 2 0 , § § 2. 3 – 2. 6])

S m (F ) : =
1

m di m R m
λ ∈ R

λ di m Gr λ
F R m

a n d S (F ) = li m m → ∞ S m (F ). N ot e t h at t h e a b o v e e x pr e s si o n i s a fi nit e s u m

si n c e t h er e ar e o nl y fi nit el y m a n y λ f or w hi c h GrλF R m = 0 a n d t h e li mit e xi st s

b y [ B C 1 1 ]. F or x ∈ R , w e s et

v ol( F R ( x ) ) = li m
m → ∞

di m F m x R m

m n / n !
,

w h er e n = di m X (t h e li mit e xi st s b y [ L M 0 9 ]). T h e n

ν : = −
1

(L n )

d

d x
v ol( F R ( x ) )

i s t h e D ui st e r m a at- H e c k m a n m e a s u r e of t h e filtr ati o n ( s e e [ B H J 1 7 , § 5]) a n d w e

d e n ot e b y [ λ mi n (F ), λm a x (F )] it s s u p p ort. We al s o h a v e

S m (F ) = e − +
1

di m R m

e +

e −

di m F m x R m d x

a n d

S (F ) = λ mi n (F ) +
1

(L n )

λ m a x ( F )

λ mi n ( F )
v ol( F R ( x ) ) d x =

R
x d ν.

We will n e e d t h e f oll o wi n g r e s ult fr o m [ B H J 1 7 ].

L e m m a 2. 8 ([B H J 1 7 , T h. 5. 3]). T h e f u n cti o n x → v ol( F R ( x ) )
1
n i s c o n c a v e

o n (− ∞ , λm a x ).

We al s o n e e d t h e n oti o n of tr a n sl ati o n s of filtr ati o n s. F or c ∈ R , w e l et F c

b e t h e filtr ati o n o n R d e fi n e d b y

F λ
c R m : = F λ − c m R m

a n d c all it t h e tr a n sl ati o n of F b y c .

L e m m a 2. 9. W e h a v e S (F Z ) = S (F ) a n d S (F c ) = S (F ) + c f o r a n y

c ∈ R .

P r o of . B y d e fi niti o n w e h a v e S m (F c ) = S m (F ) + c . L etti n g m → ∞ ,

w e g et t h e s e c o n d e q u alit y. R e pl a ci n g F b y a tr a n sl ati o n w e m a y a s s u m e

t h at F 0 R m = R m f or all m ∈ N . T h e fir st e q u alit y t h e n f oll o w s fr o m [B J 2 0 ,

C or. 2. 1 2].

T his c o nt e nt d o w nl o a d e d fr o m 
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D e fi niti o n 2. 1 0 ( B a s e i d e al s). T o a filtr ati o n F of R , w e a s s o ci at e a f a mil y

of gr a d e d s e q u e n c e of b a s e i d e al s. F or m ≥ 0 a n d λ ∈ R , s et

I m, λ = I m, λ (F ) : = I m
Ä
F λ R m ⊗ O X (− m L ) → O X

ä
,

w h er e t h e m a p i s i n d u c e d b y t h e n at ur al e v al u ati o n H 0 (X, m L ) ⊗ O X →

O X (m L ). L et t ∈ R , a n d l et I
( t)
m = I

( t)
m (F ) : = I m,t m (F ). T h e n I

( t)
• i s a gr a d e d

s e q u e n c e of i d e al s o n X .

2. 4. I n v a ri a nt s a s s o ci at e d t o l o g F a n o p ai r s . I n t hi s s e cti o n, w e r e c all

s o m e i n v ari a nt s t h at ar e i ntr o d u c e d i n pr e vi o u s w or k s ( e. g., [ B H J 1 7 ], [F uj 1 8 b ],

[Li 1 7 ]).

L et ( X, ∆) b e a l o g F a n o p air, a n d l et r > 0 b e a n i nt e g er s u c h t h at

L : = − r (K X + ∆) i s C arti er. L et R = R (X, L ).

D e fi niti o n 2. 1 1. L et v b e a v al u ati o n of li n e ar gr o wt h o n X . ( B y [B J 2 0 ,

L e m m a 3. 1], t hi s i s t h e c a s e if A X, ∆ (v ) < ∞ , w h e r e A X, ∆ (v ) d e n ot e s t h e l o g

di s cr e p a n c y.) T h e n w e d e fi n e

S (v ) = S X, ∆ (v ) : = r − 1 S (F v ) a n d T (v ) = T X, ∆ (v ) : = r − 1 λ m a x (F v ).

If E i s a di vi s or o v er X (i. e., E i s a pri m e di vi s or o n s o m e pr o p er bir ati o n al

m o d el µ : Y → X ), w e s et S X, ∆ (E ) = S ( or d E ) a n d T X, ∆ (E ) = T ( or d E ) w h er e

or d E : k (X ) × → Z i s t h e di s cr et e v al u ati o n gi v e n b y t h e or d er of v a ni s hi n g

al o n g E . It i s n ot h ar d t o c h e c k t h at

( 2. 1) S X, ∆ (E ) =
1

v ol( − K X − ∆)

∞

0
v ol( − µ ∗ (K X + ∆) − x E ) dx

a n d

( 2. 2) T X, ∆ (E ) = s u p { x ∈ R | v ol( − µ ∗ (K X + ∆) − x E ) > 0 } .

D e fi niti o n 2. 1 2 ( β -i n v ari a nt, al p h a i n v ari a nt a n d st a bilit y t hr e s h ol d). L et

v b e a v al u ati o n wit h A X, ∆ (v ) < ∞ o n X , a n d l et E b e a di vi s or o v er X . We

d e fi n e ( cf. [ F uj 1 9 , Li 1 7 ])

β X, ∆ (v )( = β (v )) : = A X, ∆ (v ) − S X, ∆ (v ) a n d β (E ) = β ( or d E ).

T h e al p h a i n v ari a nt α (X, ∆) a n d t h e st a bilit y t hr e s h ol d δ (X, ∆) of t h e l o g

F a n o p air ( X, ∆) i s d e fi n e d a s

α (X, ∆) = i nf
E

A X, ∆ (E )

T X ,∆ (E )
, δ(X, ∆) = i nf

E

A X, ∆ (E )

S X ,∆ (E )
,

w h er e b ot h i n fi m a r u n o v er all di vi s or s E o v er X ( s e e [ B J 2 0 ]).

D e fi niti o n 2. 1 3 ( N o n- Ar c hi m e d e a n i n v ari a nt s). L et ( X A 1 , ∆ A 1 ) = ( X, ∆)

× A 1 a n d X 0 = X × { 0 } . L et F b e a filtr ati o n o n R , a n d c h o o s e e − a n d e + a s

T his c o nt e nt d o w nl o a d e d fr o m 
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i n D e fi niti o n 2. 5 s u c h t h at e − , e+ ∈ Z . L et e = e + − e − , a n d f or e a c h m ∈ N ,

s et

I m : = I m (F ) : = I m, m e + + I m, m e + − 1 ·t + · · · + I m, m e − + 1 ·tm e − 1 + ( tm e ) ⊆ O X × A 1 .

It i s n ot h ar d t o v erif y t h at I • i s a gr a d e d s e q u e n c e of i d e al s. L et

c m = l ct( X A 1 , ∆ A 1 · (I m )
1

m r ; X 0 )

= s u p { c ∈ R | (X A 1 , ( ∆ A 1 + c X 0 ) · (I m )
1

m r ) i s s u b l o g c a n o ni c al}

a n d c ∞ = li m m → ∞ c m . We t h e n d e fi n e ( cf. [B H J 1 7 ])

L N A (F ) = c ∞ +
e +

r
− 1 ,

D N A (F ) = L N A (F ) −
S (F )

r
,

J N A (F ) =
λ m a x (F ) − S (F )

r
.

It i s n ot h ar d t o s e e fr o m t h e d e fi niti o n t h at

c ∞ ≤ 1 −
or d X 0 (I • )

r
≤ 1 −

e + − λ m a x (F )

r
,

h e n c e D N A (F ) ≤ J N A (F ).

L e m m a 2. 1 4. W e h a v e L N A (F Z ) = L N A (F ) a n d L N A (F c ) = L N A (F ) + c
r

f o r a n y c ∈ R .

P r o of . B y d e fi niti o n w e h a v e I m (F ) = I m (F Z ), h e n c e t h e fir st e q u alit y

f oll o w s. C h o o s e a s u ffi ci e ntl y l ar g e c o m m o n e + f or F a n d F c . We t h e n h a v e

I m,i (F c ) = I m,i − c m (F ) ⊆ I m,i − c m (F )

a n d h e n c e I m (F c ) ⊆ t− c m · I m (F ). It f oll o w s t h at c m (F c ) ≤ c m (F ) + c m
m r

a n d t h er ef or e c ∞ (F c ) ≤ c ∞ (F ) + c
r . I nt er c h a n gi n g t h e r ol e of F a n d F c ( n ot e

t h at F = ( F c ) − c ) w e al s o o bt ai n c ∞ (F ) ≤ c ∞ (F c ) − c
r . T h u s e q u alit y h ol d s

a n d

L N A (F c ) = L N A (F ) +
c

r

a s d e sir e d.

C o m bi ni n g wit h L e m m a 2. 9 w e i m m e di at el y s e e t h at

C o r o l l a r y 2. 1 5. F o r a n y c ∈ R , w e h a v e

D N A (F ) = D N A (F c ) = D N A (F Z ),

a n d t h e s a m e e q u aliti e s h ol d wit h D N A r e pl a c e d b y J N A .

T his c o nt e nt d o w nl o a d e d fr o m 
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2. 5. K - st a bilit y. I n t hi s s u b s e cti o n, w e r e c all t h e d e fi niti o n s of v ari o u s

K- st a bilit y n oti o n s f or l o g F a n o p air s, w hi c h w er e fir st i ntr o d u c e d i n [ Ti a 9 7 ] a n d

al g e br ai c all y f or m ul at e d i n [ D o n 0 2 ]. H er e, i n st e a d of t h e ori gi n al d e fi niti o n s,

w e will u s e s o m e e q ui v al e nt f or m s d e v el o p e d l at e r ( s e e, e. g., [ F uj 1 9 ], [Li 1 7 ],

[L W X 1 8 a ], [B X 1 9 ]).

L et ( X, ∆) b e a l o g F a n o p air.

D e fi niti o n 2. 1 6. A ( n or m al) t e st c o n fi g ur ati o n ( X , L ) of ( X, ∆) c o n si st s

of t h e f oll o wi n g d at a:

• a n or m al v ari et y X t o g et h er wit h a fl at pr oj e cti v e m or p hi s m π : X → A 1

a n d a π - a m pl e li n e b u n dl e L ;

• a G m - a cti o n o n (X , L ) lifti n g t h e c a n o ni c al a cti o n o n A 1 s u c h t h at

(X , L )|π − 1 ( A 1 \ { 0 } )
∼= (X, − r (K X + ∆)) × (A 1 \ { 0 } )

f or s o m e r ∈ N + .

T h er e i s a n at ur al G m - e q ui v ari a nt c o m p a cti fi c ati o n (X , L ) → P 1 of π b y gl ui n g

it wit h (X, L ) × (P 1 \ { 0 } ). L et n = di m X , a n d l et ∆X (r e s p. ∆ X ) b e t h e

cl o s ur e of ∆ × (A 1 \ { 0 } ) i n X (r e s p. X ). T h e g e n e r ali z e d F ut a ki i n v a ri a nt of

(X , L ) i s d e fi n e d t o b e

F ut( X , L ) : =
1

(− K X − ∆) n

n

n + 1
·

(L
n + 1

)

r n + 1
+

(L
n

· (K X / P 1 + ∆ X ))

r n
.

W e c all ( X , L ) a p r o d u ct t e st c o n fi g u r ati o n if (X , ∆ X ) ∼= (X, ∆) × A 1 . E v-

er y o n e- p ar a m et er s u b gr o u p ξ : G m → A ut( X, ∆) i n d u c e s a pr o d u ct t e st c o n-

fi g ur ati o n, a n d w e d e n ot e t h e c orr e s p o n di n g g e n er ali z e d F ut a ki i n v ari a nt b y

F ut X, ∆ (ξ ) ( or si m pl y F ut( ξ )).

R e m a r k 2. 1 7. I n t h e ori gi n al d e fi niti o n of K-( s e mi, p ol y) st a bilit y i n [ Ti a 9 7 ],

[D o n 0 2 ], o n e l o o k s at t h e si g n of F ut(X , L ) f or all t e st c o n fi g ur ati o n s ( X , L ).

B el o w w e u s e a f or m t h at fit s b ett er f or ar g u m e nt s i n t hi s p a p er.

T h e o r e m- D e fi ni ti o n 2. 1 8. W e s a y t h at (X, ∆) i s

( 1 ) K - s e mi st a bl e if β X, ∆ (E ) ≥ 0 f o r all di vi s o r s E o v e r X ;

( 2 ) K - st a bl e if β X, ∆ (E ) > 0 f o r all di vi s o r s E o v e r X ;

( 3 ) u nif o r ml y K - st a bl e if t h e r e e xi st s a c o n st a nt c > 0 d e p e n di n g o nl y o n

(X, ∆) s u c h t h at β X, ∆ (E ) ≥ c · S X, ∆ (E ) f o r all di vi s o r s E o v e r X ;

( 4 ) K - p ol y st a bl e if it i s K - s e mi st a bl e a n d a n y t e st c o n fi g u r ati o n (X , ∆ X , L ) of

(X, ∆) wit h K - s e mi st a bl e c e nt r al fi b e r i s a p r o d u ct t e st c o n fi g u r ati o n .

P r o of . T h e e q ui v al e n c e s of t h e ori gi n al d e fi niti o n s of K- s e mi st a bilit y,

K- st a bilit y a n d u nif or m K- st a bilit y a s i n [ Ti a 9 7 ], [D o n 0 2 ], [B H J 1 7 ] t o ( 1) –( 3)

ar e pr o v e d i n [ F uj 1 9 ], [Li 1 7 ], [B X 1 9 ]. A n d t h e e q ui v al e n c e of K- p ol y st a bilit y

wit h ( 4) i s pr o v e d i n [ L W X 1 8 a ].

T his c o nt e nt d o w nl o a d e d fr o m 
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It i s al s o k n o w n ( s e e [B J 2 0 ]) t h at (X, ∆) i s K- s e mi st a bl e (r e s p. u nif or ml y

K- st a bl e) if a n d o nl y if δ (X, ∆) ≥ 1 (r e s p. > 1). M or e o v er, it i s pr o v e d i n

[B B J 1 5 ], [F uj 1 9 ], [Li 1 7 ], [Li 1 9 ] t h at t h e v ari o u s K- st a bilit y n oti o n s ar e i n d e e d

e q ui v al e nt t o t h e c orr e s p o n di n g Di n g- st a bilit y n oti o n s.

2. 6. K- m o d uli . B y c o m bi ni n g t h e w or k s i n [Ji a 1 7 ], [B X 1 9 ], [A B H L X 2 0 ],

[B L X 1 9 ], [X u 2 0 ], w e h a v e t h e f oll o wi n g t h e or e m.

T h e o r e m 2. 1 9 ( K- m o d uli). T h e m o d uli f u n ct o r M K s s
n, v of n - di m e n si o n al

K - s e mi st a bl e Q - F a n o v a ri eti e s of v ol u m e v , w hi c h s e n d s S ∈ S c h k t o

M K s s
n, v (S ) =






fl at p r o p e r m o r p hi s m s X → S , w h o s e g e o m et ri c fi b e r s

a r e n - di m e n si o n al K - s e mi st a bl e Q - F a n o v a ri eti e s

wit h v ol u m e v , s ati sf yi n g K oll á r’ s c o n diti o n






i s a n A rti n st a c k of fi nit e t y p e a n d a d mit s a g o o d m o d uli s p a c e φ : M K s s
n, v →

M K p s
n, v a s a s e p a r at e d al g e b r ai c s p a c e , w h o s e g e o m et ri c p oi nt s a r e i n bij e cti o n

wit h n - di m e n si o n al K - p ol y st a bl e Q - F a n o v a ri eti e s of v ol u m e v .

T h o u g h i n g e n er al t h e pr o p er n e s s of M K p s
n, v r e m ai n s a c h all e n gi n g pr o bl e m,

w e h a v e t h e f oll o wi n g t h e or e m e st a bli s h e d i n [ L W X 1 9 ] ( s e e al s o [O d a 1 5 ]), w h o s e

pr o of r eli e s o n d e e p a n al yti c r e s ult s ( cf. [ D S 1 4 , C D S 1 5 , Ti a 1 5 ]).

T h e o r e m 2. 2 0. L et k = C . D e n ot e b y M s m ,K s s
n, v t h e o p e n s u b st a c k of

M K s s
n, v w h o s e g e o m et ri c p oi nt s c o r r e s p o n d t o K - s e mi st a bl e s m o ot h F a n o v a ri-

eti e s . D e n ot e b y M
s m ,K p s
n, v t h e cl o s u r e of t h e i m a g e φ (M s m ,K s s

n, v ) i n M K p s
n, v ; i.e .,

g e o m et ri c p oi nt s of M
s m ,K p s
n, v c o r r e s p o n d t o n - di m e n si o n al K - p ol y st a bl e F a n o

v a ri eti e s wit h v ol u m e v t h at a r e s m o ot h a bl e. T h e n M
s m ,K p s
n, v i s p r o p e r.

We will al s o di s c u s s t h e l o g v er si o n of t h e a b o v e t h e or e m s. I n f a ct, T h e o-

r e m 2. 1 9 c a n b e e xt e n d e d t o t h e l o g v er si o n, t h a n k s t o t h e r e c e nt w or k [ K ol 1 9 ].

We c all ( X, c D ) → S a f a mil y of p air s ( w h er e c i s a r ati o n al n u m b er) if

( 1) X → S i s pr o p er a n d fl at;

( 2) D i s a K- fl at f a mil y of di vi s or s o n X ( s e e [ K ol 1 9 ]); a n d

( 3) − K X / S − c D i s Q - C arti er.

It i s c all e d a f a mil y of (r e s p. K- s e mi st a bl e) l o g F a n o p air s if, i n a d diti o n, t h e

g e o m etri c fi b er s ( X s , c Ds ) ar e (r e s p. K- s e mi st a bl e) l o g F a n o p air s. Si n c e D i s

i nt e gr al, t h e c o e ffi ci e nt s of c D s ar e c o nt ai n e d i n I : = { n c | n ∈ N } ∩ [ 0, 1].

D e n ot e b y M K s s
n, v, c t h e f u n ct or

M K s s
n, v, c (S ) =

®
(X, ∆ : = c D ) → S a f a mil y of K- s e mi st a bl e l o g

F a n o p air s, wit h di m( X ) = n a n d ( − K X s − ∆ s )
n = v

´

.
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T h e o r e m 2. 2 1 ( K- m o d uli f or p air s). T h e m o d uli f u n ct o r M K s s
n, v, c i s a n

A rti n st a c k of fi nit e t y p e a n d a d mit s a g o o d m o d uli s p a c e φ : M K s s
n, v, c → M K p s

n, v, c

a s a s e p a r at e d al g e b r ai c s p a c e , w h o s e g e o m et ri c p oi nt s a r e i n bij e cti o n wit h

n - di m e n si o n al K - p ol y st a bl e l o g F a n o p ai r s of v ol u m e v w h o s e c o e ffi ci e nt s a r e

i n I .

T h e pr o of i s j u st p utti n g all k n o w n i n gr e di e nt s t o g et h er, a n d o n e c a n

e x a ctl y f oll o w t h e pr o of of T h e or e m 2. 1 9 . I n f a ct, t h e b o u n d e d n e s s r e s ult

of [ Ji a 1 7 ] c a n b e r e pl a c e d b y t h e c orr e s p o n di n g r e s ult i n t h e l o g v er si o n ( s e e

[C h e 2 0 ], [L L X 2 0 ]), a n d ot h er m ai n t e c h ni c al r e s ult s i n [B X 1 9 ], [A B H L X 2 0 ],

[B L X 1 9 ], [X u 2 0 ] ar e alr e a d y e st a bli s h e d f or l o g p air s. T h e o nl y ori gi n all y

mi s si n g i n gr e di e nt, w hi c h i s t h e d e fi niti o n of l o c all y st a bl e f a mil y of l o g p air s

o v er a g e n er al b a s e, i s n o w tr e at e d i n [ K ol 1 9 ]. T h u s w e c a n pr o v e T h e or e m 2. 2 1

i n t h e w a y a s t h e ar g u m e nt s f or [B X 1 9 , C or. 1. 4] a n d [X u 2 0 , C or. 1. 5], w hi c h

w e i n cl u d e h er e f or r e a d er’ s c o n v e ni e n c e.

P r o of . B y [C h e 2 0 ] or [L L X 2 0 , C or. 6. 1 4] t h e s et M K s s
n, v, c (k ) i s b o u n d e d.

H e n c e, t h er e e xi st s a p o siti v e i nt e g er M s o t h at − M (K X + ∆) i s a v er y a m pl e

C arti er di vi s or f or all [( X, ∆)] ∈ M K s s
n, v, c (k ). F urt h er m or e, t h e s et of Hil b ert

f u n cti o n s m → χ ω
[− m M ]
X (− m M ∆) wit h [( X, ∆)] ∈ M K s s

n, v, c (k ) i s fi nit e. M or e-

o v er, t h er e ar e o nl y fi nit el y m a n y p o s si bl e d e gr e e s d = D · (− K X s − ∆ s )
n − 1 .

F or e v er y s u c h Hil b ert f u n cti o n h , c o n si d er t h e s u bf u n ct or M K s s
h ⊂ M K s s

n, v, c

p ar a m etri zi n g K- s e mi st a bl e l o g F a n o p air s wit h Hil b ert f u n cti o n h . N ot e t h at

M K s s
n, v, c = h M K s s

h . S et N : = h ( 1) − 1, a n d l et Hil b h (P N ) b e t h e Hil b ert

s c h e m e p ar a m etri zi n g cl o s e d s u b s c h e m e s of P N wit h Hil b ert p ol y n o mi al h .

N e xt, l et U ⊂ Hil b h (P N ) d e n ot e t h e o p e n s u b s c h e m e p ar a m etri zi n g n or-

m al, C o h e n- M a c a ul a y v ari eti e s. B y [ K ol 1 9 , T h. 9 8], t h er e i s a s e p ar at e d

U - s c h e m e W 1 of fi nit e t y p e t h at p ar a m etri z e s K- fl at di vi s or s D wit h d e gr e e d

f or all p o s si bl e d a s a b o v e. Writ e ( X , D ) → W 1 f or t h e c orr e s p o n di n g u ni v er s al

f a mil y.

B y [ H K 0 4 , T h. 3. 1 1], t h er e i s a l o c all y cl o s e d s u b s c h e m e W 2 ⊂ W 1 s u c h

t h at a m a p T → W 1 f a ct or s t hr o u g h W 2 if a n d o nl y if t h er e i s a n i s o m or p hi s m

ω
[− M ]
X T / T (− c M D T ) L T ⊗ O X T

( 1),

w h er e L T i s t h e p ull b a c k of a li n e b u n dl e fr o m T a n d D T i s t h e di vi s ori al

p ull b a c k of D . I n p arti c ul ar, (X W 2 , D W 2 ) → W 2 i s a Q - G or e n st ei n f a mil y of l o g

F a n o p air s. Si n c e b ei n g klt i s a n o p e n c o n diti o n i n Q - G or e n st ei n f a mili e s, t h er e

e xi st s a n o p e n s u b s c h e m e W 3 of W 2 p ar a m etri zi n g l o g F a n o p air s. B y [ B L X 1 9 ]

or [ X u 2 0 ] ( a p pli e d t o t h e f a mil y (X , cD ) of l o g p air s o v er t h e n or m ali z ati o n

of W 3 ), w e s e e t h at

W : = { t ∈ W 3 | (X t , c D t ) i s K- s e mi st a bl e}

i s o p e n i n W 3 .

T his c o nt e nt d o w nl o a d e d fr o m 
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A s a c o n s e q u e n c e of t h e a b o v e di s c u s si o n, M K s s
h [W / P G L( N + 1)] i s a n

Arti n st a c k of fi nit e t y p e. T a ki n g t h e di sj oi nt u ni o n o v er all h yi el d s M K s s
n, v, c .

Si n c e it s ati s fi e s Θ-r e d u cti vit y a n d S - c o m pl et e n e s s b y [A B H L X 2 0 ], it a d mit s

a g o o d m o d uli s p a c e b y [ A H L H 1 8 ] t h at i s M K p s
n, v, c .

T h e f oll o wi n g t h e or e m i s a g e n er ali z ati o n of [ L W X 1 9 ] ( s e e T h e or e m 2. 2 0 )

t o t h e l o g c a s e.

T h e o r e m 2. 2 2 ([A D L 1 9 , T h. 1. 1]). L et k = C . D e n ot e b y M s m ,K s s
n, v, c ⊂

M K s s
n, v, c t h e o p e n s u b st a c k w h o s e g e o m et ri c p oi nt s c o r r e s p o n d t o l o g F a n o p ai r s

(X, c D ), w h e r e X a n d D a r e s m o ot h a n d D ∼ Q − r K X f o r s o m e r ∈ Q + .

D e n ot e b y M
s m ,K p s
n, v, c t h e cl o s u r e of φ (M s m ,K s s

n, v, c ) i n M K p s
n, v, c . T h e n M

s m ,K p s
n, v, c i s

p r o p e r .

2. 7. C M li n e b u n dl e . I n t hi s s e cti o n w e r e c all t h e d e fi niti o n a n d s o m e

b a si c pr o p erti e s of C M li n e b u n dl e s.

D e fi niti o n 2. 2 3. L et f : (X, ∆) → S b e a f a mil y of p air s of r el ati v e di m e n-

si o n n s u c h t h at − (K X / S + ∆) i s f - a m pl e. L et s > 0 b e a n i nt e g er s u c h t h at

L : = − s (K X / S + ∆) i s C arti er. B y [ M F K 9 4 , a p p e n di x t o C h. 5, § D], w e h a v e

a K n u d s e n- M u mf or d e x p a n si o n

d et f ∗ O X (m L ) ∼=

n + 1

i= 0

M
⊗ ( m

i )
i

f or all s u ffi ci e ntl y l ar g e m ∈ N a n d f or s o m e li n e b u n dl e s M i o n S . T h e C M

(Q -)li n e b u n dl e of t h e f a mil y i s t h e n d e fi n e d a s

λ f, ∆ : = − s − n − 1 M n + 1 .

B y [ C P 1 8 , Pr o p. 3. 7], t hi s i s e q ui v al e nt t o t h e ori gi n al d e fi niti o n i n [P T 0 9 ].

F or g e n eri c l o g F a n o f a mili e s, w e al s o h a v e a n i nt er s e cti o n f or m ul a f or t h e C M

li n e b u n dl e: if f : (X, ∆) → S i s a g e n eri c l o g F a n o f a mil y ( s e e D e fi niti o n 2. 1 )

o v er a pr o p er v ari et y S , t h e n

λ f, ∆ = − f ∗ (− (K X / S + ∆)) n + 1 .

T h e f or m ati o n of C M li n e b u n dl e i s al s o c o m p ati bl e wit h b a s e c h a n g e i n

t h e f oll o wi n g s e n s e.

P r o p o si ti o n 2. 2 4 ([C P 1 8 , L e m m a 3. 5 a n d Pr o p. 3. 8]). L et f : (X, ∆) → S

b e a f a mil y of l o g F a n o p ai r s , a n d l et φ : S → S b e a m o r p hi s m . L et f : (X , ∆ )

→ S b e t h e b a s e c h a n g e of f t o S . T h e n λ f ,∆ = φ ∗ λ f, ∆ .

A s a c o n s e q u e n c e, w e g et a w ell- d e fi n e d C M ( Q -)li n e b u n dl e λ C M o n t h e

m o d uli st a c k M K s s
n, v, c p ar a m etri zi n g K- s e mi st a bl e l o g F a n o p air s wit h di m e n-

si o n n , a nti-l o g- c a n o ni c al v ol u m e v a n d c o e ffi ci e nt s et I = c N ∩ [ 0, 1].

T his c o nt e nt d o w nl o a d e d fr o m 
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P r o p o si ti o n 2. 2 5. T h e r e e xi st s a p o siti v e i nt e g e r k , s u c h t h at λ ⊗ k
C M d e-

s c e n d s t o t h e g o o d m o d uli s p a c e M K p s
n, v, c .

P r o of . T hi s i s w ell k n o w n. S e e, e. g., [L W X 1 8 b , § 5] or [ C P 1 8 , L e m m a 1 0. 2].

T h er ef or e, λ C M d e s c e n d s t o a Q -li n e b u n dl e o n M K p s
n, v, c , w hi c h w e d e n ot e

b y Λ C M .

2. 8. H a r d e r- N a r a si m h a n filt r ati o n . I n t hi s s e cti o n, w e i ntr o d u c e s o m e b a-

si c f a ct s of t h e H ar d er- N ar a si m h a n filtr ati o n. A si mil ar st u d y i n t h e s etti n g of

Ar a k el o v g e o m etr y a p p e ar e d i n [ C h e 1 0 ].

L et C b e a s m o ot h pr oj e cti v e c ur v e of g e n u s g . Gi v e n a v e ct or b u n dl e E

o n C , it s sl o p e i s d e fi n e d t o b e

µ (E ) =
d e g ( E )

r a n k( E )
.

We al s o d e fi n e µ m a x (E ) t o b e t h e m a xi m al sl o p e of n o n z er o s u b b u n dl e s E ⊆ E

a n d µ mi n (E ) t h e mi ni m al sl o p e of n o n z er o q u oti e nt b u n dl e s E E . F or a n y

v e ct or b u n dl e E o n t h e c ur v e C , w e c a n d e fi n e a H ar d er- N ar a si m h a n filtr ati o n

F H N o n E b y s etti n g

F λ
H N E : = u ni o n of all s u b b u n dl e s E ⊆ E wit h µ mi n (E ) ≥ λ.

I n ot h er w or d s, F λ
H N E i s t h e s u b b u n dl e E i i n t h e H ar d er- N ar a si m h a n filtr ati o n

0 = E 0 ⊂ E 1 ⊂ · · · E i− 1 ⊂ E i ⊂ E i+ 1 ⊂ · · · = E

of E , s u c h t h at t h e s e mi st a bl e v e ct or b u n dl e E i / E i− 1 h a s sl o p e at l e a st λ w hil e

t h e sl o p e of E i+ 1 / E i i s stri ctl y l e s s t h a n λ .

L et f : (X, ∆) → C b e a s urj e cti v e m or p hi s m fr o m a n or m al pr oj e cti v e

p air, a n d l et L b e a n f - a m pl e C arti er di vi s or o n X . N ot e t h at f ∗ O X (m L ) i s

l o c all y fr e e si n c e it i s t or si o n fr e e a n d C i s a s m o ot h c ur v e. We al s o fi x a p oi nt

t ∈ C s u c h t h at t h e r e stri cti o n m a p f ∗ O X (m L ) → H 0 (X t , m Lt ) i s s urj e cti v e

f or all m ∈ N . ( T hi s h ol d s w h e n t ∈ C i s g e n er al or L i s s u ffi ci e ntl y a m pl e.)

L e m m a- D e fi ni ti o n 2. 2 6. A s s u m e t h at t h e g e n e r al fi b e r s of f a r e klt .

T h e n b y r e st ri cti n g t o t h e fi b e r (X t , Lt ), t h e H N- filt r ati o n s F H N of R m : =

f ∗ O X (m L ) (m ∈ N ) i n d u c e a li n e a rl y b o u n d e d m ulti pli c ati v e filt r ati o n (w hi c h

w e al s o d e n ot e b y F H N ) of

R t : =
m ∈ N

R t, m =
m ∈ N

H 0 (X t , m Lt ),

c all e d t h e H a r d e r- N a r a si m h a n filt r ati o n (H N- filt r ati o n ) of R t i n d u c e d b y t h e

f a mil y f .
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P r o of . L et E b e t h e i m a g e of t h e m ulti pli c ati o n m a p

F λ
H N R m ⊗ F λ

H N R m → R m + m .

B y [ H L 1 0 , T h. 3. 1. 4], w e h a v e

µ mi n (E ) ≥ µ mi n (F λ
H N R m ⊗ F λ

H N R m ) = µ mi n (F λ
H N R m ) +µ mi n (F λ

H N R m ) ≥ λ + λ ,

h e n c e E ⊆ F λ + λ
H N R m + m , w hi c h i m pli e s t h at F H N i s m ulti pli c ati v e.

Fi x a p oi nt P ∈ C . Si n c e L i s f - a m pl e, w e m a y c h o o s e s o m e c ∈ Q > 0

s u c h t h at M = L + c f ∗ P i s a m pl e. T h e n f or m 1, m M − (K X / C + ∆)

i s a m pl e, h e n c e b y [C P 1 8 , Pr o p. 6. 4], f ∗ O X ( m M ) = R m ⊗ O C ( c m P ) i s a

n ef v e ct or b u n dl e. I n p arti c ul ar, µ mi n (R m ) ≥ − c m f or all m 1, t h u s F H N i s

li n e arl y b o u n d e d fr o m b el o w.

Si mil arl y, l et b ∈ Q > 0 b e s u c h t h at N = L − b f ∗ P i s n ot p s e u d o- e ff e cti v e.

T h e n f or m 1, w e h a v e

H 0 (C, R m ⊗ O C (− b m P )) = H 0 (C, f ∗ O X ( m N )) = H 0 (X, m N ) = 0,

h e n c e b y [ C P 1 8 , Pr o p. 5. 4], µ m a x (R m ⊗ O C (− b m P )) < 2 g ; e q ui v al e ntl y, w e

h a v e µ m a x (R m ) < 2 g + b m . T hi s s h o w s t h at F H N i s li n e arl y b o u n d e d fr o m

a b o v e.

F oll o wi n g t h e a b o v e ar g u m e nt, w e d e fi n e

λ − (L ) = s u p { c ∈ R | L − c f ∗ P i s n ef } ,

w h er e P ∈ C i s a cl o s e d p oi nt a n d

λ + (L ) = s u p { c ∈ R | L − c f ∗ P i s p s e u d o- e ff e cti v e } .

Cl e arl y t h e d e fi niti o n d o e s n ot d e p e n d o n t h e c h oi c e of P .

We will u s e t h e f oll o wi n g si m pl e o b s er v ati o n.

L e m m a 2. 2 7. λ − (L ) ∈ Q .

P r o of . Si n c e λ : = λ − (L ) i s t h e n ef t hr e s h ol d of L wit h r e s p e ct t o f ∗ P ,

L − λ f ∗ P i s n ef b ut n ot a m pl e. B y t h e N a k ai- M oi s h e z o n crit eri o n, w e h a v e

((L − λ f ∗ P ) d ·Z ) = 0 f or s o m e s u b v ari et y Z ⊆ X of di m e n si o n d , w hi c h r e d u c e s

t o ( L d · Z ) = d λ (L d − 1 · f ∗ P · Z ). ( N ot e t h at ( f ∗ P · f ∗ P ) = 0.) It i s t h e n cl e ar

t h at λ ∈ Q .

P r o p o si ti o n 2. 2 8. T h e D ui st e r m a at- H e c k m a n m e a s u r e of t h e H a r d e r-

N a r a si m h a n filt r ati o n F H N p r e ci s el y s u p p o rt s o n [λ − (L ), λ+ (L )].

P r o of . L et λ mi n = λ mi n (F H N ) a n d λ m a x = λ m a x (F H N ). Fr o m t h e pr o of of

L e m m a 2. 2 6 , w e h a v e s e e n t h at λ mi n ≥ λ − : = λ − (L ) a n d λ m a x ≤ λ + : = λ + (L ),

s o it s u ffi c e s t o e st a bli s h t h e o p p o sit e i n e q u aliti e s.

We fir st pr o v e t h at λ mi n ≤ λ − . F or a n y r ati o n al n u m b er c > λ − , M =

L − c f ∗ P i s n ot n ef b y o ur c h oi c e of λ − . Si n c e (X, ∆) i s klt al o n g t h e g e n er al
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7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms



O N P O SI TI VI T Y O F T H E C M LI N E B U N D L E O N K- M O D U LI S P A C E S 1 0 2 3

fi b er of f a n d L i s f - a m pl e, b y [C D B 1 3 , C or. 4. 7] w e k n o w t h at t h er e e xi st s a

s u b v ari et y Z ⊆ X s u c h t h at f (Z ) = C a n d

m ult Z ( M ) : = li m
m → ∞

m ult Z (|m M |)

m
> 0 .

L et Z t b e t h e r e stri cti o n of Z t o X t . T h e n si n c e

F c m + 2 g
H N R m ⊆ I m(H 0 (X, m M ) ⊗ O C → R m )

f or all s u ffi ci e ntl y di vi si bl e m b y [ C P 1 8 , Pr o p. 5. 7], w e h a v e

m ult Z t (F
c m + 2 g
H N R t, m ) > m

f or s o m e c o n st a nt > 0 i n d e p e n d e nt of m . It f oll o w s t h at v ol(F H N R
( c )
t ) <

v ol( L t ) a n d t h er ef or e λ mi n < c ; s e e, e. g., [B H J 1 7 , C or. 5. 4]. L etti n g c → λ − ,

w e o bt ai n λ mi n ≤ λ − .

We n e xt pr o v e t h at λ m a x ≥ λ + . L et c ∈ (λ − , λ+ ) b e a r ati o n al n u m b er.

T h e n M = L − c f ∗ P i s bi g, a n d t h u s f or s u ffi ci e ntl y di vi si bl e m ,

H 0 (X, m M ) = H 0 (C, R m ⊗ O C (− m c P )) = 0 .

I n p arti c ul ar, µ m a x (R m ⊗ O C (− m c P )) ≥ 0, w hi c h i m pli e s t h at λ m a x ≥ c .

L etti n g c → λ + , w e o bt ai n λ m a x = λ + . T h e pr o of i s n o w c o m pl et e.

3. R e d u c e d u nif o r m K - s t a bili t y

I n t hi s s e cti o n, w e di s c u s s a r el ati v el y m or e r e c e nt n oti o n, t h e r e d u c e d u ni-

f o r m K - st a bilit y. T hi s c o n c e pt gi v e s a s uit a bl e e xt e n si o n of t h e d e fi niti o n of

u nif or m K- st a bilit y t o t h e c a s e w h e n t h e a ut o m or p hi s m gr o u p i s n o n- di s cr et e.

It w a s fir st i ntr o d u c e d i n [Hi s 1 6 ] a n d s y st e m ati c all y d e v el o p e d i n [Li 1 9 ]. I n

p arti c ul ar, it w a s s h o w n t h er e t h at it i s e q ui v al e nt t o t h e e xi st e n c e of a K ä hl e r-

Ei n st ei n m etri c ( s e e T h e or e m 3. 7 ). I n t hi s s e cti o n, w e will fir st gi v e t h e i ntr o-

d u cti o n of t h e b a si c n oti o n a n d r e s ult s, m o stl y f oll o wi n g [ Li 1 9 ]. T h e n w e will

e st a bli s h a f e w n e w r e s ult s, s o m e of w hi c h will b e n e e d e d l at er t o g et o ur m ai n

t h e or e m s. We al s o n ot e t h at l at er i n S e cti o n 4 , w e will e st a bli s h a crit eri o n t o

t e st r e d u c e d u nif or m K- st a bilit y u si n g t h e β -i n v ari a nt (f or filtr ati o n s) t h at w e

ar e g oi n g t o i ntr o d u c e.

3. 1. D e fi niti o n a n d c h a r a ct e ri z ati o n . I n t hi s s e cti o n, w e will r e c all t h e

d e fi niti o n of r e d u c e d u nif or m K- st a bilit y a n d s o m e r el at e d r e s ult s. M o st of

t h e m ar e fr o m [ Li 1 9 ].

L et ( X, ∆) b e a l o g F a n o p air wit h a n a cti o n b y a t or u s T ∼= G s
m . Fi x

s o m e i nt e g er r > 0 s u c h t h at L : = − r (K X + ∆) i s C arti er, a n d a s b ef or e l et

R = R (X, L ). L et M = H o m( T, G m ) b e t h e w ei g ht l atti c e a n d N = M ∗ =

T his c o nt e nt d o w nl o a d e d fr o m 
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H o m( G m , T ) t h e c o- w ei g ht l atti c e. T h e n T n at ur all y a ct s o n R a n d w e h a v e a

w ei g ht d e c o m p o siti o n R m = α ∈ M R m, α , w h er e

R m, α = { s ∈ R m | ρ (t) · s = t ρ, α · s f or all ρ ∈ N a n d t ∈ k ∗ } .

C o n si d er a T - e q ui v ari a nt filtr ati o n F o n R = m H 0 (X, m L ); i. e., s ∈ F λ R

if a n d o nl y if g · s ∈ F λ R f or a n y g ∈ T . We t h e n h a v e a si mil ar w ei g ht

d e c o m p o siti o n

F λ R m =
α ∈ M

(F λ R m ) α ,

w h er e ( F λ R m ) α : = F λ R m ∩ R m, α .

D e fi niti o n 3. 1. F or ξ ∈ N R = N ⊗ Z R , w e d e fi n e t h e ξ -t wi st F ξ of t h e

filtr ati o n F i n t h e f oll o wi n g w a y: f or a n y s ∈ R m, α , w e h a v e

s ∈ F λ
ξ R m if a n d o nl y if s ∈ F λ 0 R m w h er e λ 0 = λ − α, ξ ,

i n ot h er w or d s,

F λ
ξ R m =

α ∈ M

F λ − α, ξ R ∩ R m, α .

O n e c a n e a sil y c h e c k t h at F ξ i s a li n e arl y b o u n d e d m ulti pli c ati v e filtr ati o n

if F i s.

L et Z = X // c h o w T b e t h e C h o w q u oti e nt ( s o X i s T - e q ui v ari a ntl y bir a-

ti o n al t o Z × T ). T h e n t h e f u n cti o n fi el d k (X ) i s ( n o n- c a n o ni c all y) i s o m or p hi c

t o t h e q u oti e nt fi el d of

k (Z )[M ] =
α ∈ M

k (Z ) · 1 α .

F or a n y v al u ati o n µ o v er Z a n d ξ ∈ N R , o n e c a n a s s o ci at e a T -i n v ari a nt

v al u ati o n v µ, ξ o v er X s u c h t h at

v µ, ξ (f ) = mi n
α

(µ (f α ) + ξ, α )( 3. 1)

f or all f = α ∈ M f α ·1 α ∈ k (Z )[M ]. I n d e e d, e v er y v al u ati o n v ∈ V al T (X ) (i. e.,

t h e s et of T -i n v ari a nt v al u ati o n s) i s o bt ai n e d i n t hi s w a y ( s e e, e. g., t h e pr o of of

[B H J 1 7 , L e m m a 4. 2]) a n d w e g et a ( n o n- c a n o ni c al) i s o m or p hi s m V alT (X ) ∼=
V al( Z ) × N R . F or a n y v ∈ V al T (X ) a n d ξ ∈ N R , w e c a n t h er ef or e d e fi n e t h e

t wi st e d v al u ati o n v ξ a s f oll o w s: if v = v µ, ξ , t h e n

v ξ : = v µ, ξ + ξ .

O n e c a n c h e c k t h at t h e d e fi niti o n d o e s n ot d e p e n d o n t h e c h oi c e of t h e bi-

r ati o n al m a p X Z × T . W h e n µ i s t h e tri vi al v al u ati o n, t h e v al u ati o n s

wt ξ : = v µ, ξ ar e al s o i n d e p e n d e nt of t h e bir ati o n al m a p X Z × T .
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7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms



O N P O SI TI VI T Y O F T H E C M LI N E B U N D L E O N K- M O D U LI S P A C E S 1 0 2 5

D e fi niti o n 3. 2. L et T b e a t or u s a cti n g o n a l o g F a n o p air ( X, ∆). F or

a n y T - e q ui v ari a nt filtr ati o n F of R , it s r e d u c e d J - n o r m i s d e fi n e d a s

J N A
T (F ) : = i nf

ξ ∈ N R

J N A (F ξ ).

T h e r e d u c e d J - n or m J N A (X , L ) of a T - e q ui v ari a nt t e st c o n fi g ur ati o n (X , L )

of ( X, ∆) i s d e fi n e d t o b e t h e r e d u c e d J - n or m of it s a s s o ci at e d Z - filtr ati o n

( E x a m pl e 2. 7 ).

L e m m a 3. 3. L et (X, ∆) b e a K - s e mi st a bl e l o g F a n o p ai r wit h a t o r u s T

a cti o n . T h e n f o r a n y filt r ati o n F of R = R (X, − r (K X + ∆)), w e h a v e

( 1 ) D N A (F ξ ) = D N A (F ) a n d S (F ξ ) = S (F ) f o r a n y ξ ∈ N R ;

( 2 ) t h e f u n cti o n ξ → J N A (F ξ ) i s c o nti n u o u s a n d t h e r e e xi st s ξ ∈ N R s u c h t h at

J N A
T (F ) = J N A (F ξ ).

P r o of . Si n c e (X, ∆) i s K- s e mi st a bl e, t h e F ut a ki i n v ari a nt v a ni s h e s o n all

pr o d u ct t e st c o n fi g ur ati o n s, i. e., F ut X, ∆ (ξ ) = 0 f or all ξ ∈ N , t h u s ( 1) f oll o w s

fr o m [Li 1 9 , L e m m a 3. 1 0] a n d ( 2) f oll o w s fr o m [Li 1 9 , L e m m a 3. 1 5].

D e fi niti o n 3. 4 ( R e d u c e d u nif or m st a bilit y, [ Hi s 1 6 ], [Li 1 9 ]). L et η > 0. A

l o g F a n o p air (X, ∆) i s c all e d r e d u c e d u nif o r ml y Di n g- st a bl e wit h sl o p e at l e a st

η if f or s o m e t or u s T ⊆ A ut( X, ∆) a n d f or a n y T - e q ui v ari a nt t e st c o n fi g ur ati o n

(X , L ) of ( X, ∆), w e h a v e

( 3. 2) D N A (X , L ) ≥ η · J N A
T (X , L ).

A l o g F a n o p air ( X, ∆) i s s ai d t o b e r e d u c e d u nif o r ml y Di n g- st a bl e if it i s

r e d u c e d u nif or ml y Di n g- st a bl e wit h s o m e sl o p e η > 0. We d e fi n e t h e r e d u c e d

u nif or m K- st a bilit y i n a si mil ar w a y b y r e pl a ci n g D N A wit h t h e g e n er ali z e d

F ut a ki i n v ari a nt.

R e m a r k 3. 5. O ur d e fi niti o n cl e arl y d o e s n ot d e p e n d o n t h e t or u s T . I n

f a ct, fr o m t h e d e fi niti o n w e s e e t h at if (X, ∆) i s r e d u c e d u nif or ml y Di n g- st a bl e

(r e s p. K- st a bl e) wit h r e s p e ct t o s o m e t or u s T ⊆ A ut( X, ∆), t h e n ( X, ∆) i s

K- p ol y st a bl e a n d T h a s t o b e a m a xi m al t or u s of A ut( X, ∆). Si n c e a n y t w o

m a xi m al t ori ar e c o nj u g at e t o e a c h ot h er, t o v erif y t h e a b o v e d e fi niti o n it i s

e q ui v al e nt t o c o n si d er o n e m a xi m al t or u s T ⊂ A ut( X, ∆).

R e m a r k 3. 6. It c a n b e e a sil y s e e n t h at o ur d e fi niti o n of r e d u c e d u nif or m

st a bilit y i s e q ui v al e nt t o t h e n oti o n of G - u nif or m st a bilit y i n [Li 1 9 ] a s l o n g a s G

c o nt ai n s a m a xi m al t or u s. T h er e h a v e b e e n ot h er att e m pt s t o d e fi n e “ u nif or m

st a bilit y ” w h e n t h er e i s a gr o u p a cti o n. S e e [ Li 1 9 , R e m. 1. 6] of t h e r el ati o n

b et w e e n t h e s e n oti o n s. F or o ur st u d y i n t hi s p a p er, o nl y t h e c o n c e pt of r e d u c e d

u nif or m K- st a bilit y i s r el e v a nt, w hi c h w e b eli e v e t o b e t h e m o st i ntri n si c o n e,

si n c e w e d o n ot h a v e t o s p e cif y a n y gr o u p.
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T h e f oll o wi n g t h e or e m i s o n e of t h e m ai n r e s ult s of [ Li 1 9 ].

T h e o r e m 3. 7 ([Li 1 9 , T h s. 1. 2 a n d 1. 3]). L et (X, ∆) b e a l o g F a n o p ai r

a n d T a m a xi m al t o r u s of A ut( X, ∆). T h e f oll o wi n g a r e e q ui v al e nt :

( 1 ) ( X, ∆) i s r e d u c e d u nif o r ml y Di n g- st a bl e ;

( 2 ) ( X, ∆) i s r e d u c e d u nif o r ml y K - st a bl e ;

( 3 ) ( X, ∆) i s K - s e mi st a bl e, a n d t h e r e e xi st s s o m e δ > 1 s u c h t h at f o r a n y

T -i n v a ri a nt v al u ati o n v , t h e r e e xi st s s o m e ξ ∈ N R , s u c h t h at A X, ∆ (v ξ ) ≥

δ · S (v ξ ).

W h e n t h e b a s e fi el d k = C , t h e y a r e al s o e q ui v al e nt t o

( 4 ) ( X, ∆) a d mit s a K ä hl e r- Ei n st ei n m et ri c .

T h e f oll o wi n g i s t h e m ai n c o nj e ct ur e a b o ut r e d u c e d u nif or m K- st a bilit y

( s e e, e. g., [ Li 1 9 , R e m. 1. 6( 2)], w hi c h i s t h e K- p ol y st a bl e v er si o n of t h e c o nj e c-

t ur e t h at K- st a bilit y i m pli e s u nif or m K- st a bilit y ( s e e, e. g., [ B X 1 9 , C o nj. 1. 5]).

C o n j e c t u r e 3. 8. If (X, ∆) i s K - p ol y st a bl e, t h e n it i s r e d u c e d u nif o r ml y

K - st a bl e.

N e xt, w e e xt e n d ( 3. 2 ) a s w ell a s [ Li 1 9 , Pr o p. 3. 2 2] t o ar bitr ar y filtr ati o n s.

It will b e n e e d e d i n l at er ar g u m e nt s.

P r o p o si ti o n 3. 9. L et (X, ∆) b e a l o g F a n o p ai r , a n d l et T ⊆ A ut( X, ∆)

b e a m a xi m al t o r u s . A s s u m e t h at (X, ∆) i s r e d u c e d u nif o r ml y K - st a bl e wit h

sl o p e at l e a st η > 0. T h e n w e h a v e , f o r a n y T - e q ui v a ri a nt filt r ati o n F of

R = R (X, − r (K X + ∆)),

D N A (F ) ≥ η · J N A
T (F ).

P r o of . B y C or oll ar y 2. 1 5 , w e m a y r e pl a c e F b y a tr a n sl ati o n of F Z a n d

a s s u m e t h at F i s a n N - filtr ati o n. L et F m b e t h e m -t h a p pr o xi m ati n g filtr ati o n

of F ; i. e.,

( 1) f or m < m , F λ
m R m = R m if λ ≤ 0 a n d F λ

m R m = 0 if λ > 0;

( 2) f or m = m , F λ
m R m = F λ R m f or all λ ;

( 3) f or m > m , F λ
m R m = µ F µ 1 R m · · · F µ s R m · R m − m s , w h er e t h e s u m

r u n s t hr o u g h all s ∈ N + a n d µ = ( µ 1 , . . . , µs ) ∈ R s s u c h t h at m s ≤ m a n d

µ 1 + · · · + µ s ≥ λ . (It t ur n s o ut t h at t h e s u m c a n b e writt e n a s a fi nit e

s u m.)

( R o u g hl y s p e a ki n g, F m i s t h e c o ar s e st filtr ati o n of R s u c h t h at F λ
m R m = F λ R m

f or all λ .) We cl ai m t h at ( cf. [Li 1 9 , Pr o p. 3. 1 6])

( 3. 3) I : = li m
m → ∞

J N A
T (F m ) = J N A

T (F ).

T o s e e t hi s, fir st n ot e t h at li m m → ∞ λ m a x (F m ) = λ m a x (F ) b y [ B H J 1 7 ,

C or. 5. 4]. U si n g F ujit a’ s a p pr o xi m ati o n t h e or e m f or gr a d e d li n e ar s e ri e s [ L M 0 9 ,
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T h. 3. 5] w e al s o h a v e li m m → ∞ v ol( F m R ( x ) ) = v ol( F R ( x ) ) f or all x ∈ R a n d

h e n c e li m m → ∞ S (F m ) = S (F ) b y t h e d o mi n at e d c o n v er g e n c e t h e or e m. Si n c e

(X, ∆) i s r e d u c e d u nif or ml y K- st a bl e, it i s K- p ol y st a bl e. T h u s b y L e m m a 3. 3

w e h a v e S (F ξ ) = S (F ) a n d S (F m, ξ ) = S (F m ) f or a n y ξ ∈ N R a n d a n y T - e q ui-

v ari a nt filtr ati o n F o n R . I n p arti c ul ar, b y D e fi niti o n 2. 1 3 ,

li m
m → ∞

J N A (F m, ξ ) = J N A (F ξ ) f or a n y fi x e d ξ ∈ N R .

L et λ m, α = s u p { λ | (F λ R m ) α = 0 } , a n d l et Γm = { α ∈ M | R m, α = 0 } .

T h e n t h er e e xi st s a b o u n d e d r e gi o n P ⊆ M R s u c h t h at 1
m Γ m ⊆ P f or all m ∈ N .

It f oll o w s t h at

λ m a x (F m, ξ ) = s u p
α ∈ Γ m

λ m, α + α, ξ

m
≤ λ m a x (F ) + s u p

α ∈ Γ m

α, ξ

m
≤ λ m a x (F ) + C |ξ |

f or s o m e c o n st a nt C > 0 t h at o nl y d e p e n d s o n P . T h u s t h e f u n cti o n s J N A (F m, ξ )

(m ∈ N ) ar e e q ui c o nti n u o u s o n N R , a s t h e a b o v e e sti m at e i m pli e s f or a n y m ,

|λ m a x (F m, ξ ) − λ m a x (F m, ξ 0 )| ≤ C |ξ − ξ 0 |.

O n t h e ot h er h a n d, a s i n t h e pr o of of [ Li 1 9 , L e m m a 3. 1 5 a n d Pr o p. 3. 1 6], t h er e

e xi st s o m e c o n st a nt s C 1 , C2 > 0 s u c h t h at

J N A (F ξ ) ≥ C 1 |ξ | − C 2 a n d J N A (F m, ξ ) ≥ C 1 |ξ | − C 2 f or all m 0 a n d ξ ∈ N R ,

s o t h e i n fi m a i nf ξ ∈ N R
J N A (F m, ξ ) a n d i nf ξ ∈ N R

J N A (F ξ ) ar e a c hi e v e d o n a fi x e d

c o m p a ct s u b s et Ξ ⊆ N R . B y t h e Ar z el à- A s c oli t h e o r e m, t h e c o n v er g e n c e

J N A (F m, ξ ) → J N A (F ξ ) ( m → ∞ )

i s u nif or m o v er Ξ a n d h e n c e w e al s o g et t h e c o n v er g e n c e of i n fi m a

I = li m
m → ∞

i nf
ξ ∈ N R

J N A (F m, ξ ) = i nf
ξ ∈ N R

J N A (F ξ ) = J N A
T (F ),

a s cl ai m e d ( 3. 3 ).

Si n c e F m i s fi nit el y g e n er at e d, it c o m e s fr o m a t e st c o n fi g ur ati o n of (X, ∆)

[B H J 1 7 , Pr o p. 2. 1 5]. H e n c e b y t h e r e d u c e d u nif or m K- st a bilit y of (X, ∆) w e

h a v e D N A (F m ) ≥ η · J N A
T (F m ) f or s o m e c o n st a nt η > 0 d e p e n di n g o nl y o n

(X, ∆). B y c o n str u cti o n, w e h a v e I m (F m ) = I m (F ) a n d I m (F m ) = I m (F m )

f or all m, ∈ N . It i s t h u s e a s y t o c h e c k t h at li mm → ∞ L N A (F m ) = L N A (F )

a n d ( s e e, e. g., [ F uj 1 8 b , § 4. 2])

( 3. 4) li m
m → ∞

D N A (F m ) = D N A (F ).

H e n c e c o m bi ni n g wit h ( 3. 3 ) w e o bt ai n D N A (F ) ≥ η · J N A
T (F ).
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3. 2. F u rt h e r p r o p e rti e s . T h e s e c o n d pr o p ert y i s r el at e d t o t h e b e h a vi or of

t h e sl o p e η i n a f a mil y, w hi c h i s a p arti al g e n er ali z ati o n of t h e r e s ult i n [B L 1 8 ]

t o t h e t wi st e d v er si o n. It i s n e e d e d l at er i n o ur st u d y of t h e C M li n e b u n dl e.

We fir st n e e d a si m pl e l e m m a.

L e m m a 3. 1 0. L et η > 0, l et (X, ∆) b e a l o g F a n o p ai r , a n d l et T ⊆

A ut( X, ∆) b e a m a xi m al t o r u s . T h e n (X, ∆) i s r e d u c e d u nif o r ml y K - st a bl e

wit h sl o p e at l e a st η > 0 if a n d o nl y if

( 3. 5) D N A (F ) ≥ η · J N A
T (F )

f o r all fi nit el y g e n e r at e d T - e q ui v a ri a nt N - filt r ati o n s F wit h λ m a x (F ) ≤ 1.

P r o of . It s u ffi c e s t o pr o v e t h e b a c k w ar d i m pli c ati o n. L et F b e a filtr ati o n

of R . C h o o s e s o m e M 1 , M2 0 s u c h t h at t h e filtr ati o n G o n R d e fi n e d b y

G λ R m = F λ M 1 − m M 2 R m s ati s fi e s G 0 R = R a n d λ m a x (G ) ≤ 1. It i s n ot h ar d t o

c h e c k t h at D N A (F ) = M 1 · D N A (G ) a n d J N A (F ) = M 1 · J N A (G ). H e n c e ( 3. 5 )

h ol d s f or F if a n d o nl y if it h ol d s f or G .

R e pl a ci n g F b y G , w e m a y a s s u m e t h at F 0 R = R a n d λ m a x (F ) ≤ 1. Si mi-

l arl y, a s D N A (F Z ) = D N A (F ) a n d J N A (F Z ) = J N A (F ), it s u ffi c e s t o c h e c k ( 3. 5 )

f or t h e N - filtr ati o n F Z . F or e a c h p o siti v e i nt e g er m , l et F m b e t h e m -t h a p-

pr o xi m ati n g filtr ati o n of F Z . T h e n F m i s a fi nit el y g e n er at e d T - e q ui v ari a nt N -

filtr ati o n s wit h λ m a x (F m ) ≤ 1. If ( 3. 5 ) h ol d s f or all s u c h filtr ati o n s, t h e n l etti n g

m → ∞ w e s e e t h at ( 3. 5 ) h ol d s f or F Z ( b y ( 3. 3 )) a n d h e n c e f or F a s w ell.

P r o p o si ti o n 3. 1 1. L et T b e a t o r u s , a n d l et f : (X, ∆) → B b e a Q -

G o r e n st ei n f a mil y of l o g F a n o p ai r s wit h a fi b e r wi s e T - a cti o n. L et η > 0.

A s s u m e t h at (X 0 , ∆ 0 ) i s r e d u c e d u nif o r ml y Di n g- st a bl e wit h sl o p e at l e a st η f o r

s o m e 0 ∈ B a n d T ⊆ A ut( X 0 , ∆ 0 ) i s a m a xi m al t o r u s. T h e n t h e s a m e i s t r u e

f o r v e r y g e n e r al fi b e r s of f .

P r o of . L et r > 0 b e a s u ffi ci e ntl y di vi si bl e i nt e g er, a n d l et

R : =
m ∈ N

R m : =
m ∈ N

f ∗ O X (− m r (K X / B + ∆)) .

B y R e m ar k 3. 5 , it s u ffi c e s t o s h o w t h at v er y g e n er al fi b er s of f ar e r e d u c e d u ni-

f or ml y Di n g- st a bl e wit h sl o p e at l e a st η a n d wit h r e s p e ct t o T . B y L e m m a 3. 1 0 ,

t hi s r e d u c e s t o s h o wi n g t h at D N A (F ) ≥ η · J N A
T (F ) f or a n y T - e q ui v ari a nt

fi nit el y g e n er at e d N - filtr ati o n F o n

R b = R ⊗ k (b ) =
m ∈ N

H 0 (X b , − m r (K X b
+ ∆ b ))

wit h λ m a x (F ) ≤ 1 ( w h er e b ∈ B i s v er y g e n er al).

We fir st c o n str u ct t h e p ar a m et er s p a c e s of s u c h filtr ati o n s. L et m ∈ N +

a n d l et R m = α ∈ M R m, α b e t h e w ei g ht d e c o m p o siti o n. If R i s a n N - gr a d e d
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ri n g, t h e n w e d e n ot e b y R ( m ) t h e s u bri n g of R t h at o nl y c o n si st s of t h e el e m e nt s

wit h d e gr e e di vi si bl e b y m .

Cl e arl y gi vi n g a T - e q ui v ari a nt N - filtr ati o n F o n R
( m )
b t h at i s g e n er at e d i n

d e gr e e m i s e q ui v al e nt t o gi vi n g a n N - filtr ati o n s o n R m, α, b : = R m, α ⊗ k (b ) f or

e a c h α . If, m or e o v er, λ m a x (F ) ≤ 1, t h e n t hi s a m o u nt s t o c h o o si n g a l e n gt h

m d e cr e a si n g s e q u e n c e of s u b s p a c e s F i R m, α, b (i = 1 , 2 , . . . , m) of e a c h R m, α, b .

S u c h a s e q u e n c e i s p ar a m etri z e d b y t h e r el ati v e fl a g v ari et y ( of l e n gt h m ) of

R m, α o v er B . I n ot h er w or d s, if w e d e n ot e b y F m t h e fi b er pr o d u ct of t h e s e

r el ati v e fl a g v ari eti e s (f or a fi x e d m ∈ N + ) o v er B a n d l et φ m : F m → B

b e t h e n at ur al pr oj e cti o n, t h e n f or a n y b ∈ B , t h er e i s a bij e cti o n b et w e e n

t h e g e o m etri c p oi nt s of φ − 1
m (b ) a n d t h e T - e q ui v ari a nt N - filtr ati o n s F o n R b

wit h λ m a x (F ) ≤ 1 t h at ar e g e n er at e d i n d e gr e e m . I n p arti c ul ar, f or e a c h

t ∈ F m , w e d e n ot e b y F t t h e c orr e s p o n di n g filtr ati o n o n R φ m ( t) . N ot e t h at

e a c h irr e d u ci bl e c o m p o n e nt of F m ( c orr e s p o n di n g t o di ff er e nt c h oi c e s of t h e

si g n at ur e of t h e fl a g) i s pr o p er o v er B .

B y [ B J 2 0 , C or. 2. 1 0], t h er e e xi st c o n st a nt s m ≥ 0 ( m ∈ N + ) s u c h t h at

m → 1 ( m → ∞ ) a n d S (F ) ≥ m · S m (F ) f or all m a n d all N - filtr ati o n F o n

R 0 . B y [Li 1 9 , L e m m a 3. 1 5], f or a n y T - e q ui v ari a nt fi nit el y g e n er at e d filtr ati o n

F o n R 0 , t h er e e xi st s s o m e ξ ∈ N R s u c h t h at D N A (F ) ≥ η · J N A (F ξ ); si n c e

(X 0 , ∆ 0 ) i s K- s e mi st a bl e, w e al s o h a v e S (F ξ ) = S (F ). It f oll o w s t h at

L N A (F ) ≥ η · J N A (F ξ ) +
S (F )

r

= η · λ m a x (F ξ ) + ( 1 − η ) ·
S (F )

r

≥ η · λ m a x (F ξ ) + ( 1 − η ) m ·
S m (F )

r
.

L et (Y, Γ) = ( X, ∆) × B F m , a n d l et g : (Y, Γ) → F m b e t h e n at ur al pr oj e cti o n.

L et L = − m r (K Y / F m
+ Γ). B y c o n str u cti o n, t h er e e xi st s a u ni v er s al fl a g of

T -i n v ari a nt s u b b u n dl e s

F m ⊆ · · · ⊆ F 1 of g ∗ O Y (L ) = φ ∗
m R m

w h o s e r e stri cti o n t o a n y g e o m etri c p oi nt t ∈ F m i s t h e c orr e s p o n di n g filtr ati o n

F t o n R m,t = φ ∗
m R m ⊗ k (t).

L et I m,i b e t h e i m a g e of t h e c o m p o siti o n g ∗ F i ⊗ O Y (− L ) → g ∗ g ∗ O Y (L ) ⊗

O Y (− L ) → O Y , a n d l et

I m = I m, m + I m, m − 1 · t + · · · + I m, 1 · tm − 1 + ( tm ) ⊆ O Y × A 1 .

T h e n w e h a v e I m,i ⊗ k (y ) = I m,i (F t ) a n d I m ⊗ k (t) = I m (F t ) f or all t ∈ F m .

A s F t i s g e n er at e d i n d e gr e e m , w e al s o h a v e I m (F t ) = I m (F t ) f or all ∈ N
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a n d h e n c e

L N A (F t ) = l ct Y t × A 1 , ( Γ t × A 1 ) · (I m,t )
1

m r ; Y t × { 0 } +
1

r
− 1 .

B y i n v er si o n of a dj u n cti o n, t hi s i m pli e s t h at t h e f u n cti o n t → L N A (F t ) o n F m

i s c o n str u cti bl e a n d l o w er s e mi c o nti n u o u s.

M or e o v er, t h e f u n cti o n s t → S m (F t ) a n d t → λ m a x (F t, ξ ) (f or e a c h fi x e d

ξ ∈ N R ) ar e c o n st a nt o n e a c h irr e d u ci bl e c o m p o n e nt of F m . It f oll o w s fr o m

t h e N o et h eri a n i n d u cti o n t h at f or e a c h m ∈ N + , t h er e e xi st s a n o p e n s u b s et

U m ⊆ F m c o nt ai ni n g φ − 1
m ( 0) s u c h t h at f or all t ∈ U m , t h er e e xi st s s o m e ξ ∈ N R

wit h

L N A (F t ) ≥ η · λ m a x (F t, ξ ) + ( 1 − η ) m ·
S m (F t )

r
.

Si n c e F m i s pr o p er o v er B , V : = m φ m (U m ) i s t h e c o m pl e m e nt of a c o u nt a bl e

u ni o n of cl o s e d s et s. It i s n o n e m pt y a s 0 ∈ V . F urt h er s hri n ki n g V , w e m a y

al s o a s s u m e t h at e v er y fi b er o v er V i s K- s e mi st a bl e b y [B L 1 8 , T h. A]. We

t h er ef or e d e d u c e t h at f or a n y b ∈ V a n d a n y T - e q ui v ari a nt N - filtr ati o n F of

R b wit h λ m a x (F ) ≤ 1 t h at i s g e n er at e d i n d e gr e e m , w e h a v e

( 3. 6) L N A (F ) ≥ η · J N A
T (F ) + η ·

S (F )

r
+ ( 1 − η ) m ·

S m (F )

r
.

B ut a filtr ati o n t h at i s g e n er at e d i n d e gr e e m i s al s o g e n er at e d i n d e gr e e

m f or all ∈ N , a n d h e n c e (3. 6 ) r e m ai n s tr u e if w e r e pl a c e m b y m . L etti n g

→ ∞ , w e o bt ai n D N A (F ) ≥ η · J N A
T (F ) f or all b ∈ V a n d all T - e q ui v ari a nt

fi nit el y g e n er at e d N - filtr ati o n s F of R b wit h λ m a x (F ) ≤ 1. B y R e m ar k 3. 5 a n d

L e m m a 3. 1 0 , w e c o n cl u d e t h at (X b , ∆ b ) i s r e d u c e d u nif or ml y K- st a bl e wit h

sl o p e at l e a st η a s l o n g a s b ∈ V .

4. β δ -i n v a ri a n t s f o r fil t r a ti o n s

I n t hi s s e cti o n, w e d e fi n e a n d st u d y t h e β δ -i n v ari a nt s f or filtr ati o n s of a nti-

c a n o ni c al ri n g s of l o g F a n o p air s. I n p arti c ul ar, w e will c o m pl et e t h e pr o of of

T h e or e m 1. 4 . We b eli e v e t h at f or m a n y q u e sti o n s, t hi s gi v e s t h e a p pr o pri at e

e xt e n si o n of β -i n v ari a nt s i n [Li 1 7 , F uj 1 9 ] d e fi n e d f or v al u ati o n s.

A s a n i m m e di at e c o n s e q u e n c e, w e will al s o gi v e a m or e c o n c e pt u al (i n o ur

o pi ni o n) pr o of of t h e s e mi- p o siti vit y of C M li n e b u n dl e s [ C P 1 8 , T h. 1. 8].

We fi x t h e f oll o wi n g n ot ati o n: l et ( X, ∆) b e a l o g F a n o p air, l et r > 0 b e

a n i nt e g e r s u c h t h at L : = − r (K X + ∆) i s C arti er, a n d l et R = R (X, L ).

4. 1. D e fi niti o n of β δ -i n v a ri a nt s.

D e fi niti o n 4. 1. Gi v e n a filtr ati o n F of R a n d s o m e δ ∈ R + , w e d e fi n e t h e

δ -l o g c a n o ni c al sl o p e ( or si m pl y l o g c a n o ni c al sl o p e w h e n δ = 1) µ X, ∆ , δ(F ) ( or
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µ δ (F ) if t h e p air ( X, ∆) i s cl e ar fr o m t h e c o nt e xt) a s

( 4. 1) µ X, ∆ , δ(F ) = s u p

ß

t ∈ R | l ct(X, ∆; I
( t)
• ) ≥

δ

r

™

,

w h er e I
( t)
• = I

( t)
• (F ) i s a s i n D e fi niti o n 2. 1 0 , a n d w e d e fi n e

β X, ∆ , δ(F ) : =
µ X, ∆ , δ(F ) − S (F )

r
.

W e will oft e n s u p pr e s s t h e s u b s cri pt s w h e n t h e p air ( X, ∆) i s cl e ar or δ = 1.

We h a v e t h e f oll o wi n g pr o p erti e s, w hi c h c o m p ar e o ur β -i n v ari a nt s t o t h e

ori gi n al d e fi niti o n i n [ F uj 1 9 , Li 1 7 ].

P r o p o si ti o n 4. 2. F o r a n y di vi s o r E o v e r X , w e h a v e β (E ) ≥ β (F o r d E
).

M o r e o v e r , e q u alit y h ol d s w h e n E i s w e a kl y s p e ci al ( i.e ., it i s i n d u c e d b y a w e a kl y

s p e ci al t e st c o n fi g u r ati o n wit h a n i r r e d u ci bl e c e nt r al fi b e r ; s e e , e .g ., [B L X 1 9 ,

D ef. A. 1] o r L e m m a A. 9 ).

P r o of . L et F = F o r d E
. B y d e fi niti o n w e h a v e or dE (I

( t)
• (F )) ≥ t, t h u s

l ct(X, ∆; I
( t)
• ) <

1

r
w h e n t > r · A X, ∆ (E ).

It f oll o w s t h at µ (F ) ≤ r · A X, ∆ (E ), a n d h e n c e β (F ) ≤ β (E ) b y d e fi niti o n. If E

i s w e a kl y s p e ci al, t h e n b y [B L X 1 9 , T h. A. 2] t h er e e xi st s a n e ff e cti v e Q - di vi s or

D ∼ Q − (K X + ∆) s u c h t h at ( X, ∆ + D ) i s l c a n d A X, ∆ (E ) = or d E (D ). T hi s

i m pli e s t h at

l ct(X, ∆; I
( r ·A X , ∆ ( E ) )
• ) ≥ l ct(X, ∆; r D ) ≥

1

r
.

T h u s µ (F ) ≥ r · A X, ∆ (E ) a n d β (F ) ≥ β (E ).

I n L e m m a A. 7 , w e will pr o v e a p arti al c o n v er s e of Pr o p o siti o n 4. 2 .

I n t h e r e m ai ni n g p art of t hi s s u b s e cti o n, w e s h o w t h at t h e n o n- n e g ati vit y

of β -i n v ari a nt s (r e s p. β δ -i n v ari a nt s f or s o m e δ > 1) f or filtr ati o n s c h ar a ct er-

i z e s K- s e mi st a bilit y (r e s p. u nif or m K- st a bilit y). L at er i n S e cti o n 4. 3 , w e s h all

s e e t h at t h e β δ -i n v ari a nt s c a n b e u s e d t o d et e ct r e d u c e d u nif or m K- st a bilit y

( D e fi niti o n 3. 4 ).

T h e o r e m 4. 3. L et (X, ∆) b e a l o g F a n o p ai r , a n d l et r > 0 b e a n i nt e g e r

s u c h t h at L = − r (K X + ∆) i s C a rti e r. T h e n w e h a v e

β (F ) ≥ D N A (F )

f o r a n y li n e a rl y b o u n d e d m ulti pli c ati v e filt r ati o n F of R = R (X, L ).

P r o of . D e n ot e b y µ : = µ X, ∆ (F ), λ m a x : = λ m a x (F ) a n d w e h a v e µ ≤ λ m a x .

If µ = λ m a x , t h e n it i s cl e ar t h at β (F ) = J N A (F ) ≥ D N A (F ). H e n c e w e
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m a y a s s u m e t h at λ m a x > µ i n w h at f oll o w s. I n p arti c ul ar, I m, λ = 0 f or s o m e

λ > µ m .

F or e a c h m , t h e i d e al I m, µ m + d o e s n ot d e p e n d o n t h e c h oi c e of > 0 a s

l o n g a s i s s u ffi ci e ntl y s m all a n d w e s et a m = I m, µ m + w h er e 0 < 1. It i s

e a s y t o s e e t h at a • i s a gr a d e d s e q u e n c e of i d e al s o n X . B y t h e d e fi niti o n of µ ,

w e h a v e

m · l ct(X, ∆; a m ) = m · l ct(X, ∆; I m, µ m + ) ≤ l ct(X, ∆; I
( µ + / m )
• ) ≤

1

r

f or all m . It f oll o w s t h at l ct(X, ∆; a • ) ≤ 1
r , a n d h e n c e b y [ J M 1 2 , T h. A] t h er e

i s a v al u ati o n v o v er X s u c h t h at

( 4. 2) a : = A X, ∆ (v ) ≤
1

r
v (a • ) < ∞ .

F or e a c h λ ∈ R , w e s et f (λ ) = v (I
( λ )
• ). Si n c e λ m a x > µ , t h er e e xi st s s o m e > 0

s u c h t h at f (λ ) < ∞ f or all λ < µ + . Si n c e t h e filtr ati o n F i s m ulti pli c ati v e, w e

k n o w t h at f i s a n o n- d e cr e a si n g c o n v e x f u n cti o n. It f oll o w s t h at f i s c o nti n u o u s

o n ( − ∞ , µ + ), a n d fr o m t h e c o n str u cti o n w e s e e t h at

f (µ ) ≤ v (a • ) ≤ li m
λ → µ +

f (λ ) = f (µ ),

h e n c e f (µ ) = v (a • ) ≥ a r b y ( 4. 2 ). We t h e n h a v e

( 4. 3) f (λ ) ≥ f (µ ) + ξ (λ − µ ) ≥ a r + ξ (λ − µ ), w h er e ξ : = li m
h → 0 +

f (µ ) − f (µ − h )

h

f or all λ b y t h e c o n v e xit y of f . We cl ai m t h at ξ > 0. I n d e e d, it i s cl e ar t h at

ξ ≥ 0 si n c e f i s n o n- d e cr e a si n g. If ξ = 0, t h e n f m u st b e c o n st a nt o n ( − ∞ , µ];

b ut t hi s i s a c o ntr a di cti o n si n c e f (µ ) ≥ a r > 0 w hil e w e al w a y s h a v e f (e − ) = 0.

H e n c e ξ > 0 a s d e sir e d. R e pl a ci n g v b y ξ − 1 v , w e m a y a s s u m e t h at ξ = 1 a n d

(4. 3 ) b e c o m e s

( 4. 4) f (λ ) ≥ λ + a r − µ.

N o w l et ṽ b e t h e v al u ati o n o n X × A 1 gi v e n b y t h e q u a si- m o n o mi al c o m-

bi n ati o n of v a n d X 0 wit h w ei g ht ( 1 , 1). U si n g t h e s a m e n ot ati o n a s i n D e fi ni-

ti o n 2. 1 3 , w e h a v e

ṽ ( I m, m e − + i · tm e − i ) ≥ m f

Å
m e − + i

m

ã

+ (m e − i)

≥ m

Å
m e − + i

m
+ a r − µ

ã

+ (m e − i)

= m (e + + a r − µ ) (∀ i ∈ N ),

w h er e t h e fir st i n e q u alit y f oll o w s fr o m t h e d e fi niti o n of f (λ ) a n d t h e s e c o n d

i n e q u alit y f oll o w s fr o m (4. 4 ). It f oll o w s t h at ṽ ( I m ) ≥ m (e + + a r − µ ), a n d

T his c o nt e nt d o w nl o a d e d fr o m 
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h e n c e b y d e fi niti o n of c m w e o bt ai n

c m ≤ A ( X, ∆ ) × A 1 ( ṽ ) −
ṽ ( I m )

m r
≤ a + 1 −

e + + a r − µ

r
=

µ − e +

r
+ 1

f or all m ∈ N . T h u s c ∞ ≤ µ − e +

r + 1, a n d w e h a v e

D N A (F ) = c ∞ +
e + − S (F )

r
− 1 ≤

µ − S (F )

r
= β (F )

a s d e sir e d.

C o r o l l a r y 4. 4. A l o g F a n o p ai r (X, ∆) i s K - s e mi st a bl e if a n d o nl y if

β (F ) ≥ 0 f o r a n y filt r ati o n F of R = R (X, − r (K X + ∆)).

P r o of . S u p p o s e t h at (X, ∆) i s K- s e mi st a bl e. T h e n c o m bi ni n g ( 3. 4 ) ( s e e

[F uj 1 8 b , § 4. 2]) a n d [ F uj 1 9 , T h. 6. 5], w e h a v e D N A (F ) ≥ 0 f or a n y li n e arl y

b o u n d e d filtr ati o n F of R . H e n c e β (F ) ≥ 0 b y T h e or e m 4. 3 . C o n v er s el y, if

β (F ) ≥ 0 f or a n y li n e arl y b o u n d e d filtr ati o n F of R , t h e n b y Pr o p o siti o n 4. 2

w e h a v e β (E ) ≥ 0 f or all di vi s or s E o v er X , t h u s (X, ∆) i s K- s e mi st a bl e.

M or e g e n er all y, w e h a v e

P r o p o si ti o n 4. 5. L et (X, ∆) b e a l o g F a n o p ai r , l et r ∈ N b e a n i nt e g e r

s u c h t h at L = − r (K X + ∆) i s C a rti e r, a n d l et R = R (X, L ). T h e n

δ (X, ∆) = s u p { δ > 0 | β δ (F ) ≥ 0 f o r a n y li n e a rl y b o u n d e d filt r ati o n F of R } .

P r o of . F or a n y δ > δ (X, ∆), t h er e e xi st s s o m e v al u ati o n v ( wit h A X, ∆ (v )

< ∞ ) s u c h t h at A X, ∆ (v ) < δ · S X, ∆ (v ), a n d fr o m D e fi niti o n 4. 1 w e s e e t h at

β δ (F v ) =
µ X, ∆ , δ(F v ) − S (F v )

r
≤

A X ,∆ (v )

δ
− S X ,∆ (v ) < 0 ,

w h er e w e u s e t h e f a ct t h at v (I
( t)
• (F v )) ≥ t f or a n y t ∈ R ≥ 0 a n d t h er ef or e if w e

t a k e t0 =
A X, ∆ ( v ) r

δ , t h e n

l ct(X, ∆; ( I
( t 0 )
• (F v )) ≤

δ

r
.

T h u s it r e m ai n s t o s h o w t h at f or all 0 < δ ≤ δ (X, ∆), w e h a v e β δ (F ) ≥ 0

f or a n y filtr ati o n F of R . T h e ar g u m e nt i s v er y cl o s e t o t h e pr o of of T h e o-

r e m 4. 3 , s o w e o nl y gi v e a s k et c h. Fir st w e m a y a s s u m e t h at µ : = µ X, ∆ , δ(F ) <

λ m a x : = λ m a x (F ). L et a m = I m, µ m + , w h er e 0 < 1. A s i n t h e pr o of of

T h e or e m 4. 3 , w e h a v e l ct(X, ∆; a • ) ≤ δ
r , a n d t h u s t h e r e e xi st s a v al u ati o n v

o v er X s u c h t h at

a : = A X, ∆ (v ) ≤
δ

r
v (a • ).
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F or e a c h λ ∈ R , l et f (λ ) = v (I
( λ )
• ). T h e n w e h a v e f (µ ) ≥ a r

δ b y t h e a b o v e

i n e q u alit y. B y c o n v e xit y w e al s o h a v e

( 4. 5) f (λ ) ≥ f (µ ) + ξ (λ − µ ) ≥
a r

δ
+ ξ (λ − µ )

f or all λ ∈ R ( w h er e ξ = f (µ ) > 0). R e pl a ci n g v b y ξ − 1 v , w e m a y a s s u m e t h at

ξ = 1. Aft er tr a n sl ati n g F b y c = a r
δ − µ ( w hi ch d o e s n ot c h a n g e t h e v al u e

of β (F )), w e m a y f urt h er a s s u m e t h at a r
δ = µ a n d h e n c e f (λ ) ≥ λ f or all λ .

I n ot h er w or d s, F λ R ⊆ F λ
v R f or all λ ( w h er e F v t h e filtr ati o n a s s o ci at e d t o

t h e v al u ati o n v ), h e n c e S (F ) ≤ S (F v ). Si n c e µ = a r
δ , fr o m t h e d e fi niti o n of

δ (X, ∆), w e s e e t h at

β δ (F ) =
µ − S (F )

r
≥

a

δ
−

S (F v )

r
≥

a

δ (X, ∆)
−

S (F v )

r
≥ 0

a s d e sir e d.

4. 2. S e mi- p o siti vit y of C M li n e b u n dl e . B ef or e w e pr o c e e d t o i n v e sti g at e

m or e o n β -i n v ari a nt s, l et u s s h o w t h at t h e crit eri o n i n C or oll ar y 4. 4 c a n b e

u s e d t o gi v e a dir e ct pr o of of t h e s e mi- p o siti vit y of C M li n e b u n dl e.

P r o p o si ti o n 4. 6. L et f : (X, ∆) → C b e a g e n e ri c l o g F a n o f a mil y o v e r

a s m o ot h p r oj e cti v e c u r v e C , l et t ∈ C b e a p oi nt s u c h t h at (X t , ∆ t ) i s a l o g

F a n o p ai r a n d l et r > 0 b e a n i nt e g e r s u c h t h at L = − r (K X + ∆) i s C a rti e r.

T h e n w e h a v e

d e g λ f, ∆ ≥ (n + 1)( − K X t − ∆ t )
n · β X t ,∆ t (F H N ),

w h e r e n = di m X t a n d F H N i s t h e H N- filt r ati o n o n R : = R (X t , Lt ); s e e

S e cti o n 2. 8 .

P r o of . L et R m : = f ∗ O X (m L ) s o t h at R m = R m ⊗ k (t). B y d e fi niti o n, it

i s n ot h ar d t o s e e t h at

S m (F H N ) =
1

m di m R m
d e g R m .

H e n c e b y Ri e m a n n- R o c h c al c ul ati o n ( s e e, e. g., [ C P 1 8 , L e m m a A. 2]), w e h a v e

( 4. 6) d e g λ f, ∆ = − (n + 1)( − K X t − ∆ t )
n ·

S (F H N )

r
.

T h u s it s u ffi c e s t o s h o w t h at µ (F H N ) ≤ 0. S u p p o s e t h at t hi s i s n ot t h e c a s e, i. e.,

µ (F H N ) > 0. T h e n w e al s o h a v e µ δ (F H N ) > 0 f or s o m e δ > 1 ( cf. L e m m a 4. 1 3 ).

C h o o s e s o m e ∈ Q s u c h t h at 0 < 2 < µ δ (F H N ). T h e n b y t h e d e fi niti o n

of ( δ -)l o g c a n o ni c al sl o p e, t h e p air (X t , ∆ t + 1
r m I m, 2 m ) i s klt f or s u ffi ci e ntl y

di vi si bl e m .

O n t h e ot h er h a n d, r e c all t h at F 2 m
H N R m i s t h e st al k of

F 2 m
H N R m = F m

H N (R m ⊗ O C (− m P ))

T his c o nt e nt d o w nl o a d e d fr o m 
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at t ∈ C . H e n c e b y [C P 1 8 , Pr o p. 5. 7], o n c e m ≥ 2 g , e v er y el e m e nt of F 2 m
H N R m

c a n b e lift e d t o a gl o b al s e cti o n of R m ⊗ O C (− m P ) ( w h er e P ∈ C ), i. e., a n

el e m e nt of H 0 (X, − m r (K X / C + ∆) − m f ∗ P ). L et

f ∈ H 0 (X, − m r (K X / C + ∆) − m f ∗ P )

b e a lift of a g e n er al m e m b er of F 2 m
H N R m , a n d l et D = 1

r m (f = 0).

B y c o n str u cti o n w e k n o w t h at

K X / C + ∆ + D ∼ Q −
r
f ∗ P

a n d (X t , ∆ t + D t ) i s klt f or g e n e r al t ∈ C . B ut t h e n t h e c a n o ni c al b u n dl e

f or m ul a [K ol 0 7 , T h. 8. 5. 1] i m pli e s t h at K X / C + ∆ + D ∼ Q f ∗ Q f or s o m e

p s e u d o- e ff e cti v e di vi s or Q o n C ; a s > 0, t hi s a c o ntr a di cti o n.

C o r o l l a r y 4. 7 ([C P 1 8 , T h. 1. 8]). L et f : (X, ∆) → C b e a g e n e ri c l o g

F a n o f a mil y o v e r a s m o ot h p r oj e cti v e c u r v e C . A s s u m e t h at t h e g e n e r al fi b e r s

a r e K - s e mi st a bl e. T h e n d e g λ f, ∆ ≥ 0.

P r o of . T hi s i s a n i m m e di at e c o n s e q u e n c e of C or oll ar y 4. 4 a n d Pr o p o si-

ti o n 4. 6 .

R e m a r k 4. 8. U nli k e [ C P 1 8 ], o ur pr o of d o e s n ot u s e t h e pr o d u ct tri c k. We

n ot e t h at t h e q u e sti o n o n K-( s e mi, p ol y) st a bilit y of pr o d u ct i s r e c e ntl y s ettl e d

i n [Z h u 2 0 ].

B y a si mil ar str at e g y, w e c a n al s o b o u n d t h e n ef t hr e s h ol d of − (K X / C + ∆)

wit h r e s p e ct t o t h e C M li n e b u n dl e. T hi s will b e o n e of t h e k e y i n gr e di e nt s i n

pr o vi n g t h e a m pl e n e s s of t h e C M li n e b u n dl e.

P r o p o si ti o n 4. 9. U s e t h e n ot ati o n f r o m P r o p o siti o n 4. 6 . A s s u m e t h at

β X t ,∆ t , δ(F H N ) ≥ 0 f o r s o m e δ > 1. T h e n

− (K X / C + ∆) +
δ

(n + 1) v (δ − 1)
f ∗ λ f, ∆

i s n ef, w h e r e v : = (− K X t − ∆ t )
n .

P r o of . Fir st a s s u m e t h at δ ∈ Q . B y o ur a s s u m pti o n, w e h a v e

µ δ (F H N ) ≥ S (F H N ) = −
r d e g λ f, ∆

(n + 1) v
.

T h u s f or a n y r ati o n al n u m b er s λ > λ >
d e g λ f , ∆

( n + 1 ) v , t h er e e xi st m 0 a n d

s o m e G ∈ | F − m r λ
H N R m | s u c h t h at ( X t , ∆ t + δ

m r G ) i s klt. A s b ef or e, b y [ C P 1 8 ,

Pr o p. 5. 7] w e c a n lift G t o a s e cti o n of

F 2 g
H N R m ⊗ O C ( (m r λ + 2 g )P ) ⊆ | − m r (K X / C + ∆) + m r λ f ∗ P |,
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a n d h e n c e w e g et a n e ff e cti v e di vi s or D ∼ Q − (K X / C + ∆) + λ f ∗ P s u c h t h at

(X t , ∆ t + δ D t ) i s klt. B y [ F uj 1 8 a , T h. 1. 1 1], t hi s i m pli e s t h at f ∗ O X (m (K X / C +

∆ + δ D )) i s n ef f or all s u ffi ci e ntl y di vi si bl e m ∈ N a n d h e n c e

f ∗ O X (m (K X / C + ∆ + δ D )) ⊗ O C ( 2g P )

i s gl o b all y g e n er at e d b y [C P 1 8 , Pr o p. 5. 7]. A s

K X / C + ∆ + δ D ∼ C, Q − (δ − 1)( K X / C + ∆)

i s f - a m pl e, it f oll o w t h at m (K X / C + ∆ + δ D ) + 2 g f ∗ P i s gl o b all y g e n er at e d

f or s u ffi ci e ntl y di vi si bl e m ∈ N . L etti n g m → ∞ w e d e d u c e t h at

K X / C + ∆ + δ D ∼ Q − (δ − 1)( K X / C + ∆) + δ λ f ∗ P

i s n ef. A s λ >
d e g λ f , ∆

( n + 1 ) v i s ar bitr ar y, w e s e e t h at − (K X / C + ∆) + δ
( n + 1 ) v ( δ − 1 ) f ∗ λ f, ∆

i s n ef.

I n t h e g e n e r al c a s e l et δ ∈ Q ∩ ( 1, δ). If β X t ,∆ t , δ(F H N ) ≥ 0, t h e n w e al s o

h a v e β X t ,∆ t , δ (F H N ) ≥ 0. T h e pr e vi o u s c a s e i m pli e s t h at

− (K X / C + ∆) +
δ

(n + 1) v (δ − 1)
f ∗ λ f, ∆

i s n ef. L etti n g δ → δ w e fi ni s h t h e pr o of.

C o r o l l a r y 4. 1 0 ([C P 1 8 , T h. 1. 2 0]). U s e t h e n ot ati o n f r o m P r o p o si-

ti o n 4. 6 . A s s u m e t h at f o r a v e r y g e n e r al g e o m et ri c p oi nt t ∈ C , (X t , ∆ t )

i s u nif o r ml y K - st a bl e, a n d l et δ = δ (X t , ∆ t ) ( b y [B L 1 8 , T h. B], t hi s i s w ell

d e fi n e d ), v = ( − K X t − ∆ t )
n . T h e n − (K X / C + ∆) + δ

( n + 1 ) v ( δ − 1 ) f ∗ λ f, ∆ i s n ef.

P r o of . B y Pr o p o siti o n 4. 5 , w e h a v e β δ (F H N ) ≥ 0. H e n c e t h e st at e m e nt

f oll o w s i m m e di at el y fr o m Pr o p o siti o n 4. 9 .

4. 3. R el ati o n t o r e d u c e d u nif o r m K - st a bilit y. We w o ul d li k e t o h a v e a

si mil ar st at e m e nt o n t h e n ef t hr e s h ol d s a s i n C or oll ar y 4. 1 0 w h e n g e n er al

fi b er s ar e o nl y r e d u c e d u nif or ml y K- st a bl e. B y Pr o p o siti o n 4. 9 , t hi s w o ul d

b e tr u e if β δ (F H N ) ≥ 0 f or s o m e δ > 1. H o w e v er, if a g e n er al fi b er h a s a

n o n- di s cr et e a ut o m or p hi s m gr o u p, t h er e ar e si m pl e e x a m pl e s ( e. g., P 1 - b u n dl e s

f : X = F e → C = P 1 wit h e > 0) w h er e d e g λ f = 0 w hil e − K X / C i s n ot n ef.

(I n p arti c ul ar, t h e n ef t hr e s h ol d d o e s n ot e xi st s.)

It t ur n s o ut t h at t h e ri g ht st at e m e nt i s t h at f or a f a mil y of r e d u c e d u ni-

f or ml y K- st a bl e l o g F a n o p air s, t h e n o n- n e g ati vit y β δ (F ) ≥ 0 (f or s o m e δ > 1)

i s tr u e aft er a t or u s t wi st ( s e e T h e or e m 4. 1 8 ). T o o bt ai n t hi s r e s ult, w e n e e d

t o h a v e a b ett er u n d er st a n di n g of t h e r el ati o n b et w e e n β δ , D N A a n d J N A f or

a filtr ati o n F . M or e pr e ci s el y, w e w a nt t o e st a bli s h t h e f oll o wi n g t e c h ni c al

st at e m e nt.
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P r o p o si ti o n 4. 1 1. L et α, η b e t w o p o siti v e n u m b e r s a n d n a p o siti v e

i nt e g e r. T h e n t h e r e e xi st s s o m e δ = δ (η, n, α ) > 1 wit h t h e f oll o wi n g p r o p e rt y :

f o r a n y n - di m e n si o n al l o g F a n o p ai r (X, ∆) wit h α (X, ∆) ≥ α a n d a n y li n e a rl y

b o u n d e d m ulti pli c ati v e filt r ati o n F of R = R (X, L ) (w h e r e L = − r (K X + ∆)

i s C a rti e r) t h at s ati s fi e s D N A (F ) ≥ η · J N A (F ), w e h a v e β δ (F ) ≥ 0.

R e m a r k 4. 1 2. W h e n F i s i n d u c e d b y a s p e ci al t e st c o n fi g ur ati o n a n d v i s

t h e v al u ati o n i n d u c e d b y t h e s p e ci al t e st c o n fi g ur ati o n, t h e n o n e c a n s h o w a s

i n Pr o p o siti o n 4. 2 t h at

β δ (F v ) =
A X, ∆ (v )

δ
−

1

r
S (F v ).

T h u s t h e cl ai m i s e a s y t o s e e. H o w e v er, ( u nl e s s δ = 1) w e ar e n ot a bl e t o

ar g u e a s i n [ L X 1 4 ] b y u si n g M M P t o r e d u c e t h e g e n er al c a s e t o t h e s p e ci al t e st

c o n fi g ur ati o n s.

T h er ef or e, t o pr o v e Pr o p o siti o n 4. 1 1 , w e will r el y o n a d et ail e d st u d y of t h e

D ui st er m a at- H e c k m a n m e a s ur e. We fir st n e e d t o s h o w a n u m b er of a u xili ar y

r e s ult s.

L e m m a 4. 1 3. F o r a n y 0 < s, < 1, w e h a v e

( 4. 7) µ 1 + ( 1 − ) s (F ) ≥ s · µ − 1 (F ) + ( 1 − s )µ (F ).

P r o of . L et µ = µ (F ), µ 0 = µ − 1 (F ) a n d µ = µ 1 + ( 1 − ) s (F ). We m a y

a s s u m e t h at µ < λ m a x (F ) a n d µ < µ ; ot h er wi s e t h e st at e m e nt i s cl e ar.

Si mil ar t o t h e pr o of of T h e or e m 4. 3 w e l et a m = I m, µ m + w h er e 0 < 1.

T h e n l ct( a • ) ≤ 1 + ( 1 − ) s
r a n d t h er e e xi st s a v al u ati o n v o v er X s u c h t h at

a : = A X, ∆ (v ) ≤
1 + ( 1 − )s

r
· v (a • ) < ∞ .

F or e a c h λ ∈ R , w e s et f (λ ) = v (I
( λ )
• ). H e n c e w e h a v e

( 4. 8) f (µ ) = v (a • ) ≥
a r

1 + ( 1 − )s
.

O n t h e ot h e r h a n d, b y t h e d e fi niti o n of µ δ (F ), w e h a v e

f (µ 0 − η ) ≤ · A X, ∆ (v ) · r = a r f or a n y η > 0

a n d si mil arl y f (µ − η ) ≤ a r . B y t h e c o n v e xit y a n d c o nti n uit y of f o n ( − ∞ , λm a x )

w e s e e t h at

f (s µ 0 + ( 1 − s )µ ) ≤ a r ( s + 1 − s ) <
a r

1 + ( 1 − )s
.

C o m bi n e d wit h ( 4. 8 ), w e g et f (µ ) > f (s µ 0 + ( 1 − s )µ ), a n d h e n c e µ >

s µ 0 + ( 1 − s )µ a s f i s n o n- d e cr e a si n g.
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L e m m a 4. 1 4. L et 0 < λ < T , a n d l et f (x ) b e a n o n- n e g ati v e c o n c a v e

f u n cti o n o n ( 0, T ). T h e n

λ

0
f (x ) n d x ≥

Å
λ

T

ã n + 1 T

0
f (x ) n d x.

P r o of . We m a y a s s u m e t h at f (λ ) = 1. B y a s s u m pti o n, w e h a v e f (x ) ≥ x
λ

w h e n x ≤ λ a n d f (x ) ≤ x
λ w h e n x ≥ λ . H e n c e

λ

0
f (x ) n d x ≥

λ

n + 1
a n d

T

λ
f (x ) n d x ≤

λ

n + 1

Ç Å
T

λ

ã n + 1

− 1

å

b y dir e ct c al c ul ati o n, a n d t h e l e m m a f oll o w s.

L e m m a 4. 1 5. L et (X, ∆) b e a l o g F a n o p ai r of di m e n si o n n , a n d l et L =

− (K X + ∆). T h e n w e h a v e

v ol( L − λ E )

v ol( L )
≤ 1 −

Å
λ α (X, ∆)

A X ,∆ (E )

ã n

f o r a n y di vi s o r E o v e r X a n d a n y 0 ≤ λ ≤
A X , ∆ ( E )
α ( X, ∆ ) .

P r o of . L et T = T X, ∆ (E ) ( s e e ( 2. 2 )). L et π : Y → X b e a l o g r e s ol uti o n

s u c h t h at E ⊆ Y . L et f (x ) = v ol Y |E (π ∗ L − x E ), w h er e v ol Y |E (·) d e n ot e s t h e

r e stri ct e d v ol u m e a n d 0 ≤ x ≤ T . B y c o m bi ni n g [B F J 0 9 , T h. A] a n d [E L M + 0 9 ,

T h. 5. 2], t h e f u n cti o n f (x )
1

n − 1 i s c o n c a v e o n ( 0, T ) a n d w e h a v e

v ol( L ) =
T

0
f (x ) d x a n d v ol( L ) − v ol( π ∗ L − λ E ) =

λ

0
f (x ) dx.

T h u s w e h a v e

v ol( L ) − v ol( L − λ E )

v ol( L )
≥

Å
λ

T

ã n

≥

Å
λ α (X, ∆)

A X ,∆ (E )

ã n

,

w h er e t h e fir st i n e q u alit y f oll o w s fr o m L e m m a 4. 1 4 a n d t h e s e c o n d i n e q u alit y

f oll o w s fr o m t h e d e fi niti o n of al p h a i n v ari a nt s. T hi s pr o v e s t h e l e m m a.

L e m m a 4. 1 6. L et ν b e a p r o b a bilit y m e a s u r e o n R wit h c o m p a ct s u p-

p o rt s u c h t h at R λ d ν = 0. A s s u m e t h at g (λ ) = ν { x ≥ λ } 1 / n i s c o n c a v e o n

(− ∞ , λm a x ), w h e r e λ m a x = m a x s u p p ν . T h e n

g (− t λm a x ) ≥ 1 −
1

√
nt

f o r all t > 0 .

P r o of . T h e i d e a i s si mil ar t o t h e pr o of of [B H J 1 7 , L e m m a 7. 1 0]. Aft er

r e s c ali n g, w e m a y a s s u m e f or si m pli cit y t h at λ m a x = 1. Si n c e ν i s t h e di stri-

b uti o n al d eri v ati v e of − g (λ ) n , w e h a v e

1

0
g (λ ) n d λ =

1

0
λ d ν = −

0

− ∞
λ d ν =

0

− ∞
( 1 − g (λ ) n ) d λ,
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w h er e t h e fir st a n d t hir d e q u aliti e s f oll o w fr o m F u bi ni’ s t h e or e m, a n d t h e

s e c o n d e q u alit y f oll o w s fr o m t h e a s s u m pti o n t h at
1
− ∞ λ d ν = 0.

L et a = − g + (− t) ≥ 0 a n d b = g (− t) ∈ [ 0, 1]. Si n c e g i s c o n c a v e o n

(− ∞ , 1), w e h a v e

g (λ ) ≤ − a (λ + t) + b o n ( − ∞ , 1) .

If a = 0, t h e n l etti n g λ → − ∞ w e s e e t h at b = 1 a n d t h er e i s n ot hi n g l eft

t o pr o v e. T h er ef or e, w e m a y a n d d o a s s u m e a > 0. L et λ 0 b e s u c h t h at

− a (λ 0 + t) + b = 1. T h e n w e h a v e

1

0
(− a (λ + t) + b ) n d λ ≥

1

0
g (λ ) n d λ

=
0

− ∞
( 1 − g (λ ) n ) d λ ≥

0

λ 0

( 1 − (− a (λ + t) + b ) n ) d λ.

C o m p uti n g t h e i nt e gr al s, w e d e d u c e t h at

1 − (b − at − a ) n + 1

a (n + 1)
≥ − λ 0 =

1 − (b − at )

a
,

h e n c e (n + 1) u ≥ n + ( u − a ) n + 1 , w h er e u = b − at . N ot e t h at

u − a = b − a (t + 1) ≥ g ( 1) ≥ 0 ,

t h u s u ≥ n
n + 1 . A s u + at = b = g (− t) ≤ 1, w e s e e t h at u ≤ 1 a n d a ≤ 1

( n + 1 ) t .

We t h e n h a v e

(n + 1) u ≥ n + ( u − a ) n + 1 ≥ n + u n + 1 − (n + 1) a u n ≥ n + u n + 1 −
u n

t
.

It f oll o w s t h at

1

t
≥

u n

t
≥ n + u n + 1 − (n + 1) u = ( 1 − u ) 2

n

i= 1

1 − u i

1 − u
≥ n ( 1 − u ) 2 .

T h er ef or e, f (− t) = b ≥ u ≥ 1 − 1√
nt

a s d e sir e d.

P r o of of P r o p o siti o n 4. 1 1 . Aft er tr a n sl ati n g F b y − S (F ) ( w hi c h d o e s n ot

c h a n g e D N A (F ), J N A (F ) a n d β δ (F )), w e m a y a n d d o a s s u m e S (F ) = 0.

L et λ m a x = λ m a x (F ). B y L e m m a 2. 8 , w e c a n a p pl y L e m m a 4. 1 6 t o t h e

D ui st er m a at- H e c k m a n m e a s ur e of F ( s e e S e cti o n 2. 3 ). S o w e h a v e (r e c all

t h at L = − r (K X + ∆))

( 4. 9)
v ol( F R ( − t λ m a x ) )

(L n )
≥

Å

1 −
1

√
nt

ã n

> 1 −

…
n

t

f or all t > 0. L et E b e a di vi s or o v er X . T h e n w e cl ai m t h er e i s a n i n e q u alit y

( 4. 1 0)
or d E (I

( − t λ m a x )
• )

r
<

A X ,∆ (E )

α (X, ∆)
2 n

…
n

t
.
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Ot h er wi s e w e h a v e F − mt λ m a x R m ⊆ F m r λ 0
E R m ( w h er e λ 0 i s t h e ri g ht- h a n d si d e

of ( 4. 1 0 )) f or all m ∈ N , a n d t h u s b y L e m m a 4. 1 5 ,

v ol( F R ( − t λ m a x ) )

(L n )
≤

v ol( − K X − ∆ − λ 0 E )

(− K X − ∆) n
≤ 1 −

…
n

t
,

c o n tr a di cti n g ( 4. 9 ).

Aft er r e s c ali n g F ( w hi c h will n ot c h a n g e o ur c o n cl u si o n), w e c a n a s s u m e

λ m a x = 1. Si n c e E i s ar bitr ar y, w e i nf er fr o m (4. 1 0 ) t h at

l ct(X, ∆; I
( − t)
• ) >

α (X, ∆)

r
2 n

…
t

n
≥

α

r
2 n

…
t

n
.

N o w c h o o s e t = t0 : = n 2
α

2 n
. T h e n t h e a b o v e l o g c a n o ni c al t hr e s h ol d e sti m at e

b e c o m e s l ct( X, ∆; I
( − t 0 )
• ) > 2

r a n d t h u s µ 2 (F ) ≥ − t0 . B y t h e a s s u m pti o n a n d

T h e or e m 4. 3 , w e al s o h a v e

β (F ) ≥ D N A (F ) ≥ η · J N A (F ) =
η

r
,

h e n c e µ (F ) ≥ η a s S (F ) = 0. If w e c h o o s e δ = 1 + η
2 ( t 0 + η ) ( w hi c h o nl y d e p e n d s

o n η, α a n d n ), = 1
2 a n d s = η

t 0 + η , t h e n it f oll o w s fr o m L e m m a 4. 1 3 t h at

β δ (F ) = µ δ (F ) ≥ s µ 2 (F ) + ( 1 − s )µ (F ) ≥ 0 .

C o r o l l a r y 4. 1 7. L et (X, ∆) b e a l o g F a n o a n d T ⊆ A ut( X, ∆) a m a xi-

m al t o r u s . T h e n t h e f oll o wi n g a r e e q ui v al e nt :

( 1 ) ( X, ∆) i s r e d u c e d u nif o r ml y K - st a bl e ;

( 2 ) t h e r e e xi st s s o m e c o n st a nt η > 0 s u c h t h at f o r a n y T - e q ui v a ri a nt filt r ati o n

F o n R , t h e r e e xi st s s o m e ξ ∈ N R s u c h t h at D N A (F ) ≥ η · J N A (F ξ );

( 3 ) ( X, ∆) i s K - s e mi st a bl e, a n d t h e r e e xi st s s o m e c o n st a nt δ > 1 s u c h t h at f o r

a n y T - e q ui v a ri a nt filt r ati o n F o n R , t h e r e e xi st s s o m e ξ ∈ N R s u c h t h at

β δ (F ξ ) ≥ 0.

P r o of . B y L e m m a 3. 3 a n d Pr o p o siti o n 3. 9 , w e h a v e t h at ( 1) i m pli e s ( 2).

N o w w e a s s u m e ( 2); i n p arti c ul ar, ( X, ∆) i s K- s e mi st a bl e. B y Pr o p o siti o n 4. 1 1 ,

w e t h e n h a v e ( 3) si n c e D N A (F ξ ) = D N A (F ) a s F ut( ξ ) = 0. It r e m ai n s t o s h o w

t h at ( 3) i m pli e s ( 1).

L et δ > 1 b e t h e c o n st a nt f or w hi c h ( 3) h ol d s. L et v b e a T -i n v ari a nt

v al u ati o n, a n d l et F = F v b e it s i n d u c e d filtr ati o n o n R . T h e n t h er e e xi st s s o m e

ξ ∈ N R s u c h t h at β δ (F v ξ
) = β δ (F ξ ) ≥ 0. ( T h e fir st e q u alit y h ol d s si n c e F v ξ

a n d F ξ o nl y di ff er b y a tr a n sl ati o n; s e e [ Li 1 9 , Pr o p. 3. 8].) B ut it i s cl e ar fr o m

t h e d e fi niti o n t h at µ δ (F v ξ
) ≤

A X, ∆ ( v ξ )
δ , h e n c e w e o bt ai n A X, ∆ (v ξ ) ≥ δ · S (v ξ ).

B y T h e or e m 3. 7 , t hi s i m pli e s ( 1).

N o w w e c a n c o m pl et e t h e pr o of of T h e or e m 1. 4 .
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P r o of of T h e o r e m 1. 4 . P oi nt ( 1) (r e s p. ( 3)) f oll o w s fr o m C or oll ar y 4. 4

(r e s p. C or oll ar y 4. 1 7 ). O n e dir e cti o n of p oi nt ( 2) f oll o w s fr o m Pr o p o siti o n 4. 5 ,

si n c e if ( X, ∆) i s u nif or ml y K- st a bl e, t h e n δ (X, ∆) > 1. T h e c o n v er s e c a n

b e d eri v e d fr o m e x a ctl y t h e s a m e ar g u m e nt a s i n t h e s e c o n d p ar a gr a p h of

C or oll ar y 4. 1 7 , wit h o ut t a ki n g a t wi st b y ξ .

T h e f oll o wi n g t h e or e m, w hi c h will b e n e e d e d l at er, i s al s o a n e a s y c o n s e-

q u e n c e of Pr o p o siti o n 4. 1 1 .

T h e o r e m 4. 1 8. L et α, η > 0, l et (X, ∆) b e a l o g F a n o p ai r , a n d l et

T ⊆ A ut( X, ∆) b e a m a xi m al t o r u s . A s s u m e t h at (X, ∆) i s r e d u c e d u nif o r ml y

K - st a bl e wit h sl o p e at l e a st η a n d α (X, ∆) ≥ α . T h e n t h e r e e xi st s a c o n st a nt

δ > 1 d e p e n di n g o nl y o n η , n = di m X a n d α s u c h t h at f o r a n y filt r ati o n F o n

R = R (X, − r (K X + ∆)), t h e r e e xi st s s o m e ξ ∈ N R s u c h t h at β δ (F ξ ) ≥ 0.

P r o of . L et δ = δ (η, n, α ) > 1 b e t h e c o n st a nt gi v e n b y Pr o p o siti o n 4. 1 1 .

B y d e fi niti o n, w e h a v e t h at D N A (F ) ≥ η · J N A
T (F ) a n d ( X, ∆) i s K- s e mi st a bl e.

B y L e m m a 3. 3 , t hi s i m pli e s t h at t h e r e e xi st s ξ ∈ N R s u c h t h at D N A (F ξ ) ≥

η · J N A (F ξ ). T h e n β δ (F ξ ) ≥ 0 b y Pr o p o siti o n 4. 1 1 a n d o ur c h oi c e of δ > 1.

5. T wi s t e d f a mili e s

We will e v e nt u all y a p pl y T h e or e m 4. 1 8 t o t h e H ar d er- N ar a si m h a n filtr a-

ti o n s i n d u c e d b y g e n eri c l o g F a n o f a mili e s o v er c ur v e s ( s e e D e fi niti o n 2. 1 ). T o

g et n ef t hr e s h ol d s t hr o u g h Pr o p o siti o n 4. 9 , w e n e e d t o c o n str u ct a t wi st e d

f a mil y w h o s e H N- filtr ati o n i s t h e t wi st of t h e ori gi n al H N- filtr ati o n. I n t hi s

s e cti o n, w e s h o w t h at t hi s c a n b e d o n e aft er a s uit a bl e m o di fi c ati o n.

D e fi niti o n 5. 1 ( T wi st e d f a mil y). L et T b e a t or u s, l et f : X → S b e a

pr oj e cti v e fl at m or p hi s m wit h a fi b er wi s e T - a cti o n, a n d l et L b e a T -li n e ari z e d

f - a m pl e li n e b u n dl e o n X . We h a v e t h e w ei g ht d e c o m p o siti o n

R m : = f ∗ O X (m L ) =
α ∈ M

R m, α w h er e M = H o m( T, G m ).

L et A b e a C arti er di vi s or o n S , a n d l et ξ ∈ N = M ∗ = H o m( G m , T ). T h e n

t h e ξ -t wi st of f : (X, L ) → S al o n g A i s d e fi n e d t o b e

( 5. 1) f ξ : X ξ = Pr oj S

m ∈ N α ∈ M

R m, α ⊗ O S ( α, ξ · A ), Lξ = O X ξ
( 1) → S.

N ot e t h at Z ari s ki l o c all y o v er S , (X ξ , Lξ ) i s i s o m or p hi c t o ( X, L ). If Z ⊆ X i s

a T -i n v ari a nt cl o s e d s u b s c h e m e, t h e n Z ξ i s n at ur all y a cl o s e d s u b s c h e m e of X ξ .

I n p arti c ul ar, if f : (X, ∆) → S i s a g e n eri c l o g F a n o f a mil y wit h a fi b er wi s e

T - a cti o n, t h e n T n at ur all y a ct s o n L = − r (K X / S + ∆) f or s o m e s u ffi ci e ntl y

di vi si bl e r ∈ N + a n d w e d e fi n e t h e ξ -t wi st (X ξ , ∆ ξ ) of ( X, ∆) a s t h e ξ -t wi st

wit h r e s p e ct t o L .

T his c o nt e nt d o w nl o a d e d fr o m 
7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms



1 0 4 2 C H E N Y A N G X U a n d ZI Q U A N Z H U A N G

E x a m pl e 5. 2. C o n si d er t h e tri vi al P 1 - b u n dl e f : X = P 1 × P 1 → P 1 wit h

t h e c a n o ni c al fi b er wi s e G m - a cti o n, a n d l et ξ ∈ N ∼= Z b e a g e n er at or. T h e n

t h e ξ -t wi st of X al o n g a di vi s or of d e gr e e e > 0 o n t h e b a s e P 1 i s i s o m or p hi c t o

t h e r ul e d s urf a c e F e . T h er ef or e t h e a b o v e c o n str u cti o n of t wi st e d f a mil y c a n

b e vi e w e d a s a g e n er ali z ati o n of el e m e nt ar y tr a n sf or m ati o n s o n r ul e d s urf a c e s.

L e m m a 5. 3. L et f : (X, ∆) → S b e a g e n e ri c l o g F a n o f a mil y wit h a

fi b e r wi s e T - a cti o n, a n d l et ξ ∈ N . T h e n i n t h e n ot ati o n of D e fi niti o n 5. 1 , w e

h a v e L ξ ∼ − r (K X ξ / S + ∆ ξ ).

I n p arti c ul ar, fr o m (5. 1 ) w e s e e t h at f or f a mili e s o v er c ur v e s, t h e H N-

filtr ati o n of t h e ξ -t wi st c oi n ci d e s wit h t h e ξ -t wi st of t h e H N- filtr ati o n of t h e

ori gi n al f a mili e s.

P r o of . B y c h o o si n g l o c al tri vi ali z ati o n O U (A ) ∼= O U ( w h er e U ⊆ S i s

o p e n), w e g et i s o m or p hi s m s R m, α ⊗ O S ( α, ξ · A ) ∼= R m, α f or all m, α a n d

h e n c e a n i d e nti fi c ati o n of ( X ξ , ∆ ξ , Lξ ) wit h ( X, ∆ , L) o v er U a n d al s o a n i s o-

m or p hi s m O V (L ξ ) ∼= O V (− r (K X ξ / S + ∆ ξ )) si n c e L = − r (K X / S + ∆) ( w h er e

V = f − 1 (U )). Di ff er e nt tri vi ali z ati o n s O U (A ) ∼= O U di ff er b y a u nit u ∈ O ∗
U .

It c a n b e lift e d t o a n a ut o m or p hi s m of (X, ∆) o v er U t hr o u g h t h e c o m p o-

siti o n U
u
→ G m

ξ
→ T . T h e T - a cti o n o n O V ( 1) a n d o n O V (− r (K X / S + ∆))

c oi n ci d e s, h e n c e t h e a cti o n of u c o m m ut e s wit h t h e i s o m or p hi s m O V (L ξ ) ∼=
O V (− r (K X ξ / S + ∆ ξ )). T h u s t h e s e i s o m or p hi s m s gl u e t o gi v e a n i s o m or p hi s m

O X ξ
(L ξ ) ∼= O X ξ

(− r (K X ξ / S + ∆ ξ )).

C o r o l l a r y 5. 4. L et T b e a t o r u s , a n d l et f : (X, ∆) → S b e a g e n e ri c l o g

F a n o f a mil y wit h a fi b e r wi s e T - a cti o n. A s s u m e t h at t h e g e n e r al fi b e r s (X t , ∆ t )

a r e K - s e mi st a bl e. T h e n f o r a n y ξ ∈ N a n d a n y C a rti e r di vi s o r A o n S , w e

h a v e λ f, ∆ ∼ Q λ f ξ ,∆ ξ
, w h e r e f ξ : (X ξ , ∆ ξ ) → S i s t h e ξ -t wi st of f al o n g A .

P r o of . B y t h e d e fi niti o n of C M li n e b u n dl e a n d L e m m a 5. 3 , − r n + 1 λ f, ∆

(r e s p. − r n + 1 λ f ξ ,∆ ξ
) i s t h e l e a di n g t er m of t h e K n u d s e n- M u mf or d e x p a n si o n of

L (r e s p. L ξ ), e. g., c 1 (f ∗ O X (m L )) = − ( m r ) n + 1

( n + 1 )! λ f, ∆ + O (m n ). B y t h e c o n str u c-

ti o n of t wi st e d f a mil y ( 5. 1 ) w e t h e n h a v e

λ f ξ ,∆ ξ
∼ Q λ f, ∆ + ( n + 1)( − K X t − ∆ t )

n · F ut X t ,∆ t (ξ ) · A.

Si n c e ( X t , ∆ t ) i s K- s e mi st a bl e, w e h a v e F ut X t ,∆ t (ξ ) = 0, h e n c e t h e r e s ult

f oll o w s.

S o f ar w e r e ali z e t h e ξ -t wi st s of a n H N- filtr ati o n a s H N- filtr ati o n s of

t wi st e d f a mili e s f or all ξ ∈ N . B y p a s si n g t o fi nit e c o v er s, o n e c a n al s o c o n-

str u ct f a mili e s t h at r e ali z e ξ -t wi st s w h e n ξ ∈ N Q . H o w e v er, t h e t wi st e d f a mil y

s e e m s u nli k el y t o e xi st if ξ i s n ot a r ati o n al v e ct or. F ort u n at el y, a s w e will

s h o w i n t h e r e m ai ni n g p art of t hi s s e cti o n, f or H N- filtr ati o n s, t h e t wi st v e ct or s

ξ i n T h e or e m 4. 1 8 c a n b e c h o s e n t o b e r ati o n al.

T his c o nt e nt d o w nl o a d e d fr o m 
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L e m m a 5. 5. L et T b e a t o r u s , a n d l et f : (X, ∆) → C b e a g e n e ri c l o g

F a n o f a mil y o v e r a s m o ot h c u r v e wit h a fi b e r wi s e T - a cti o n. L et F b e t h e

i n d u c e d H a r d e r- N a r a si m h a n filt r ati o n o n R = R (X t , − r (K X t + ∆ t )) w h e r e

t ∈ C i s a g e n e r al cl o s e d p oi nt. T h e n S (F ) ∈ Q , a n d f o r a n y ξ ∈ N Q , w e h a v e

λ mi n (F ξ ) ∈ Q .

P r o of . B y a s s u m pti o n, t h e filtr ati o n F i s T - e q ui v ari a nt. B y (4. 6 ), S (F )

i s a r ati o n al m ulti pl e of d e g λ f , a n d h e n c e i s r ati o n al. L et d b e a n i nt e g er

s u c h t h at d ξ ∈ N Z . L et C → C b e a fi nit e m or p hi s m of d e gr e e d , a n d l et

f : (X , ∆ ) → C b e t h e b a s e c h a n g e of f . L et P ∈ C b e a s m o ot h p oi nt,

a n d c o n si d er t h e ( d ξ )-t wi st g : (X ξ , ∆ ξ ) → C of f al o n g P . L et G b e t h e

H ar d er- N ar a si m h a n filtr ati o n o n R i n d u c e d b y g .

Si n c e t h e p ull b a c k of a s e mi st a bl e v e ct or b u n dl e wit h sl o p e µ C u n d er

C → C i s still s e mi- st a bl e wit h sl o p e d e g (C / C ) · µ C , b y L e m m a 5. 3 w e c a n

c h e c k t h at G λ R m = F
λ / d
ξ R m f or all λ, m , h e n c e λ mi n (G ) = d · λ mi n (F ξ ). B y

L e m m a 2. 2 7 a n d Pr o p o siti o n 2. 2 8 w e h a v e λ mi n (G ) ∈ Q , t h u s λ mi n (F ξ ) ∈ Q a s

w ell.

P r o p o si ti o n 5. 6. U s e t h e n ot ati o n f r o m L e m m a 5. 5 , a n d l et α, η > 0.

A s s u m e t h at v e r y g e n e r al fi b e r s (X t , ∆ t ) a r e r e d u c e d u nif o r ml y K - st a bl e wit h

sl o p e at l e a st η > 0, T ⊆ A ut( X t , ∆ t ) i s a m a xi m al t o r u s a n d α (X t , ∆ t ) ≥ α .

T h e n t h e r e e xi st s s o m e c o n st a nt δ = δ (η, n, α ) > 1 s u c h t h at β δ (F ξ ) ≥ 0 f o r

s o m e ξ ∈ N Q .

P r o of . B y a s s u m pti o n a n d C or oll ar y 4. 1 7 , t h er e e xi st s s o m e ξ 0 ∈ N R s u c h

t h at D N A (F ξ 0 ) ≥ η · J N A (F ξ 0 ). We cl ai m t h at

( 5. 2) D N A (F ξ ) ≥
η

2
· J N A (F ξ )

f or s o m e ξ ∈ N Q . I n d e e d, w h e n J N A (F ξ 0 ) > 0 t hi s f oll o w s fr o m D N A (F ξ ) =

D N A (F ) a n d t h e c o nti n uit y of J N A (F ξ ) wit h r e s p e ct t o ξ ( L e m m a 3. 3 ), s o it

s u ffi c e s t o c o n si d er t h e c a s e w h e n J N A (F ξ 0 ) = 0; i n ot h er w or d s,

λ m a x (F ξ 0 ) = λ mi n (F ξ 0 ) = S (F ξ 0 ) =: λ 0 .

A s ( X t , ∆ t ) i s K- s e mi st a bl e, w e h a v e S (F ξ 0 ) = S (F ) b y L e m m a 3. 3 , a n d

t h u s λ 0 ∈ Q b y L e m m a 5. 5 . L et λ m, α = s u p { λ | (F λ
ξ 0

R m ) α = R m, α } , a n d l et

Γ m = { α ∈ M | R m, α = 0 } . L et P ⊆ M R b e t h e c o n v e x h ull of ∪ m
1
m Γ m . A s

λ m a x (F ξ 0 ) = λ mi n (F ξ 0 ) = λ 0 , w e al s o h a v e

li m
m → ∞

s u p α ∈ Γ m
λ m, α

m
= li m

m → ∞

i nfα ∈ Γ m λ m, α

m
= λ 0 .

It f oll o w s t h at f or a n y fi x e d ξ ∈ N Q , w e h a v e

λ mi n (F ξ ) = li m
m → ∞

i nfα ∈ Γ m (λ m, α + α, ξ − ξ 0 )

m
= λ 0 + i nf

α ∈ P
α, ξ − ξ 0 .
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Si n c e λ mi n (F ξ ) ∈ Q b y L e m m a 5. 5 , w e d e d u c e t h at i nf α ∈ P α, ξ − ξ 0 ∈ Q f or

all ξ ∈ N Q . A s R = m, α R m, α i s fi nit el y g e n er at e d, P i s a r ati o n al p ol yt o p e.

T hi s i m pli e s t h at ξ 0 ∈ N Q a n d, i n p arti c ul ar, ( 5. 2 ) h ol d s wit h ξ = ξ 0 ∈ N Q .

T h e l e m m a n o w f oll o w s dir e ctl y fr o m ( 5. 2 ) a n d Pr o p o siti o n 4. 1 1 .

C o r o l l a r y 5. 7. U s e t h e n ot ati o n a n d a s s u m pti o n s f r o m P r o p o siti o n 5. 6 .

T h e n t h e r e e xi st s a c o n st a nt δ = δ (η, n, α ) > 1 s u c h t h at f o r a n y fi nit e c o v e r

C → C of s u ffi ci e ntl y di vi si bl e d e g r e e , w e c a n fi n d ξ ∈ N , w hi c h s ati s fi e s t h at

β δ (G ) ≥ 0 w h e r e G i s t h e H N- filt r ati o n i n d u c e d b y t h e ξ -t wi st g : (X ξ , ∆ ξ ) → C

of (X, ∆) × C C al o n g a s m o ot h p oi nt P ∈ C .

P r o of . B y Pr o p o siti o n 5. 6 , t h er e e xi st δ = δ (η, n, α ) > 1 a n d ξ 0 ∈ N Q

s u c h t h at β δ (F ξ 0 ) ≥ 0. L et C → C b e a fi nit e c o v er of d e gr e e d wit h d ξ 0 ∈ N .

L et ξ = d ξ 0 , a n d l et g b e t h e ξ -t wi st of (X, ∆) × C C al o n g a s m o ot h p oi nt

P ∈ C . T h e n a s i n t h e pr o of of L e m m a 5. 5 , w e h a v e G λ R m = F
λ / d
ξ 0

R m f or all

λ, m , a n d h e n c e β δ (G ) = d · β δ (F ξ 0 ) ≥ 0 a s d e sir e d.

6. A m pl e n e s s l e m m a

O ur n e xt i n gr e di e nt i s a n e n h a n c e d v er si o n of t h e a m pl e n e s s l e m m a ( s e e

[K ol 9 0 , § 3] a n d [ K P 1 7 , § 5]) t h at gi v e s a si m ult a n e o u s tr e at m e nt of all t wi st e d

f a mili e s. We fir st i ntr o d u c e s o m e d e fi niti o n s a n d n ot ati o n t h at ar e n e c e s s ar y

f or t h e st at e m e nt.

D e fi niti o n 6. 1. L et f : (X, ∆; L ) → S b e a p ol ari z e d f a mil y of n or m al

p air s; i. e., S i s a n or m al v ari et y, f : X → S i s a fl at pr oj e cti v e m or p hi s m wit h

n or m al fi b er s, ∆ i s a Weil Q - di vi s or o n X w h o s e s u p p ort d o e s n ot c o nt ai n a n y

fi b er of f i n it s s u p p ort, a n d L i s a n f - a m pl e li n e b u n dl e. L et D = S u p p( ∆)

a n d l et d ∈ N + . We s a y t h at f : (X, ∆; L ) → S s ati s fi e s c o n diti o n ( ∗ ) d if t h e

f oll o wi n g h ol d:

( 1) L i s f - v er y a m pl e;

( 2) H j (X s , m Ls ) = H j (D s , m Ls ) = 0 f or all s ∈ S a n d all j, m ∈ N + ;

( 3) f or e v er y s ∈ S , t h e e m b e d di n g s of X s a n d D s vi a L s ar e c ut o ut ( s et

t h e or eti c all y) b y d e gr e e ≤ d e q u ati o n s; a n d

( 4) b ot h n at ur al m a p s S y m d H 0 (X s , Ls ) → H 0 (X s , d Ls ) → H 0 (D s , d Ls ) ar e

s urj e cti v e.

R e m a r k 6. 2. B y a s s u m pti o n, e v er y c o m p o n e nt of ∆ d o mi n at e s S , h e n c e

f |D i s fl at o v er all c o di m e n si o n o n e p oi nt s of S [H ar 7 7 , Pr o p. III. 9. 7] a n d,

i n p arti c ul ar, t h er e e xi st s a bi g o p e n s et S ◦ ⊆ S s u c h t h at f |D i s fl at o v er

S ◦ . L et f ◦ : D ◦ = ( f |D ) − 1 (S ◦ ) → S ◦ . C o n diti o n (∗ ) d t h e n i m pli e s t h at t h e

f or m ati o n of f ∗ O X (m L ) a n d f ◦
∗ O D ◦ (m L |D ◦ ) c o m m ut e s wit h b a s e c h a n g e f or

all m ∈ N ( s e e [ H ar 7 7 , T h. III. 1 2. 1 1]). N ot e al s o t h at if f : (X, ∆; L ) → S

T his c o nt e nt d o w nl o a d e d fr o m 
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a d mit s a fi b er wi s e T - a cti o n ( w h er e T i s a t or u s) a n d s ati s fi e s c o n diti o n (∗ ) d

f or s o m e d ∈ N + , t h e n s o d o e s it s ξ -t wi st s (f or a n y ξ ∈ N = H o m( G m , T ) a n d

al o n g a n y C arti er di vi s or A o n S ).

D e fi niti o n 6. 3. L et ν : S S b e a d o mi n a nt r ati o n al m a p b et w e e n q u a si-

pr oj e cti v e n or m al v ari eti e s, a n d l et f : (X, ∆; L ) → S (r e s p. f : (X , ∆ ; L )

→ S ) b e a p ol ari z e d f a mil y of n or m al p air s. We s a y t h at f i s a bir ati o n al

p ull b a c k of f if t h er e e xi st a n o p e n s u b s et U ⊆ S w h er e ν i s d e fi n e d a n d a

di a gr a m

( 6. 1) ( X , ∆ ; L )

f

(X U , ∆ U ; L U )

f U

(X, ∆; L )

f

S U
iU ν |U

S ,

w h er e b ot h s q u ar e s ar e C art e si a n.

R e m a r k 6. 4. Si mil arl y, w e c a n d e fi n e bir ati o n al p ull b a c k s b et w e e n g e n eri c

l o g F a n o f a mili e s f : (X, ∆) → S u si n g L = − r (K X / S + ∆) f or s o m e s u ffi ci e ntl y

di vi si bl e r ∈ N + . It i s e a s y t o s e e t h at if f (r e s p. f ) i s a bir ati o n al p ull b a c k

of f (r e s p. f ), t h e n f i s al s o a bir ati o n al p ull b a c k of f . M or e o v er if f a d mit s

a fi b er wi s e T - a cti o n (T b ei n g a t or u s), t h e n a n y ξ -t wi st of f ( w h er e ξ ∈ N ) i s

a bir ati o n al p ull b a c k of f ( o v er t h e s a m e b a s e S ).

N ot ati o n 6. 5. We k e e p t h e n ot ati o n of D e fi niti o n 6. 3 . L et d ∈ N + , a n d

c o n si d er a di a gr a m a s i n ( 6. 1 ), w h er e b ot h f a n d f s ati sf y c o n diti o n ( ∗ ) d . L et

S ⊇ S b e a c o m p a cti fi c ati o n, a n d l et H b e a li n e b u n dl e o n S . L et ν ∗ H b e t h e

r ati o n al p ull b a c k of H (i. e., ν ∗ H = p ∗ p ∗ H , w h er e p : S → S i s a l o g r e s ol uti o n

t h at r e s ol v e s t h e i n d et er mi n a c y l o c u s of S S a n d p = ν ◦ p : S → S ). L et

D = S u p p( ∆) a n d W = f ∗ O X (L ), Q = f ∗ O X (d L ) ⊕ f ∗ O D (d L |D );

si mil arl y w e d e fi n e D , W a n d Q wit h f i n pl a c e of f . L et w a n d q b e t h e

r a n k s of W a n d Q , r e s p e cti v el y. N ot e t h at w e h a v e a n at ur al s urj e cti v e m a p

( S y m d W ) ⊕ 2 → Q ( si mil arl y wit h W , Q i n pl a c e of W , Q ) b y c o n diti o n ( ∗ ) d .

T h e o r e m 6. 6. I n t h e sit u ati o n of N ot ati o n 6. 5 , a s s u m e t h at t h e f a m-

il y f : (X, ∆) → S h a s m a xi m al v a ri ati o n . T h e n t h e r e e xi st s s o m e m ∈ N +

d e p e n di n g o nl y o n d , H a n d t h e f a mil y f s u c h t h at t h e r e i s a n o n- z e r o m a p

S y m d q m W ⊕ 4 w → O S (− ν ∗ H ) ⊗ d et( Q ) ⊗ m

f o r a n y bi r ati o n al p ull b a c k f a mil y a s i n D e fi niti o n 6. 3 .

P r o of . We f oll o w t h e ar g u m e nt of [K ol 9 0 , § 3] a n d [ K P 1 7 , § 5]. Fir st o b s er v e

t h at if ( X, ∆) → S h a s m a xi m al v ari ati o n, t h e n s o d o e s ( X, D ) b y L e m m a 2. 4 ,

h e n c e w e m a y a s s u m e ∆ = D . R e pl a ci n g S a n d S b y s o m e bi g o p e n s u b s et,

T his c o nt e nt d o w nl o a d e d fr o m 
7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms



1 0 4 6 C H E N Y A N G X U a n d ZI Q U A N Z H U A N G

w e m a y al s o a s s u m e t h at f |D a n d f |D ar e fl at. ( Si n c e W i s l o c all y fr e e,

t h e o bt ai n e d n o n- z er o m a p o v er t h e bi g o p e n s u b s et t h e n e xt e n d s t o a n o n-

z er o m a p o v er t h e ori gi n al B b y p u s hf or w ar d.) L et V = W ⊕ 2 , a n d l et v =

r a n k( V ) = 2 w . L et P = P S (⊕ v
i= 1 V ∗ ) b e t h e pr oj e cti vi z e d s p a c e of m atri c e s

wit h c ol u m n s i n V a n d l et π : P → S b e t h e pr oj e cti o n. C o n si d er t h e u ni v er s al

b a si s m a p ⊕ v
i= 1 O P (− 1) → π ∗ V , or e q ui v al e ntl y

ζ : O ⊕ v
P → π ∗ V ⊗ O P ( 1),

s e n di n g a m atri x t o it s c ol u m n s. L et G ⊆ P b e t h e di vi s or of m atri c e s of

d et er mi n a nt z er o. T h e n ζ i s s urj e cti v e o ut si d e G . T a ki n g s y m m etri c p o w er

a n d c o m p o si n g wit h t h e s urj e cti v e m a p s S y m d V → ( S y m d W ) ⊕ 2 → Q , w e g et

t h e f oll o wi n g m a p:

U G r : S y md O ⊕ v
P → π ∗ S y m d V ⊗ O P (d ) → π ∗ Q ⊗ O P (d ),

w hi c h i s al s o s urj e cti v e o ut si d e G . F urt h er t a ki n g t h e q -t h e xt eri or p o w er o n

b ot h si d e s of U G r , w e o bt ai n a n i n d u c e d m a p

u : O P → π ∗ d et( Q ) ⊗ O P (d q ),

w hi c h i s a g ai n s urj e cti v e o v er P − G . T hi s gi v e s a m or p hi s m

u : P − G → Gr : = G r( w , q) ⊆ P N ,

w h er e w i s t h e r a n k of S y md O ⊕ v
P a n d t h e Gr a s s m a n ni a n i s e m b e d d e d i n P N

vi a t h e Pl ü c k e r e m b e d di n g. L et g : P → P b e t h e n or m ali z ati o n of t h e bl o w u p

of t h e i d e al s h e af c orr e s p o n di n g t o t h e i m a g e of u . T h e n t h e m a p u e xt e n d s

t o P ( w hi c h w e still d e n ot e b y u ) a n d t h er e e xi st s a n e ff e cti v e C arti er di vi s or

E ⊆ P s u c h t h at

( 6. 2) g ∗ (π ∗ d et( Q ) ⊗ O P (d q )) = u ∗ O G r ( 1) ⊗ O
P
(E ).

L et Y b e t h e i m a g e of t h e pr o d u ct m a p ( π ◦ g, u ): P → S × Gr, l et Y b e it s

cl o s ur e i n S × Gr, a n d l et π 1 (r e s p. π 2 ) b e t h e pr oj e cti o n t o S (r e s p. Gr):

P
g

( π ◦ g, u )

P

Y S × Gr .

B y a s s u m pti o n, e v er y X s a n d D s i s c ut o ut b y d e gr e e ≤ d e q u ati o n s, a n d t h u s

t h e i s o m or p hi s m cl a s s of X π 1 ( t) i s u ni q u el y d et er mi n e d b y π 2 (t) f or a g e n er al

t ∈ Y . Si n c e f h a s m a xi m al v ari ati o n, it f oll o w s t h at π 2 : Y → Gr i s g e n eri c all y

fi nit e a n d h e n c e π ∗
2 O G r ( 1) i s bi g o n Y . I n p arti c ul ar, t h er e e xi st s s o m e m ∈ N +

s u c h t h at π ∗
2 O G r (m ) ⊗ π ∗

1 O S (− H ) o n Y h a s a n o n- z er o s e cti o n. P ulli n g b a c k
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t o P , w e s e e t h at u ∗ O G r (m ) ⊗ g ∗ π ∗ O S (− H ) al s o h a s a n o n- z er o s e cti o n. B y

(6. 2 ), t hi s i m pli e s

H 0 P , O P (d q m ) ⊗ π ∗ (O S (− H ) ⊗ d et( Q ) m ) = 0 .

P u s hi n g d o w n t o B , w e o bt ai n a n o n z er o m a p

( 6. 3)

S y m d q m W ⊕ 4 w = S y m d q m V ⊕ v = ( π ∗ O P (d q m )) ∗ → d et( Q ) m ⊗ O S (− H ).

We cl ai m t h e s a m e c h oi c e of m w or k s f or t h e f a mil y f : (X , ∆ ; L ) → S

a s w ell. I n d e e d, m o st of t h e c o n str u cti o n s h er e ar e f u n ct ori al, n a m el y, w e h a v e

a c orr e s p o n di n g π : P = P S (⊕ v
i= 1 V ∗ ) → S ( w h er e V = W ⊕ 2 ) a n d a r ati o n al

m a p u : P Gr t h at e xt e n d s t o a pr o p er bir ati o n al m o d el g : P → P s u c h

t h at

( 6. 4) g ∗ π ∗ d et( Q ) ⊗ O P (d q ) = u ∗ O G r ( 1) ⊗ O
P

(E )

f or s o m e e ff e cti v e C arti er di vi s or E o n P . ( A s b ef or e w e still d e n ot e t h e

i n d u c e d m a p P → Gr b y u .) We cl ai m t h at

( 6. 5) H 0 (P , u ∗ O G r (m ) ⊗ g ∗ π ∗ O S (− ν ∗ H )) = 0 .

I n d e e d, b y (6. 1 ) w e h a v e W |U = W |U , t h u s t h e r e stri cti o n of u t o P × S U

f a ct or s t hr o u g h P a n d w e m a y c h o o s e P s u c h t h at t h e r e stri cti o n of g t o P × S U

f a ct or s t hr o u g h P a s w ell. I n p arti c ul ar, w e h a v e t h e f oll o wi n g c o m m ut ati v e

di a gr a m:

P
( ν ◦ π ◦ g , u )

Y Gr

S S ,

w h er e t h e r ati o n al P Y i s d o mi n a nt. Si n c e π ∗
2 O G r (m ) ⊗ π ∗

1 O S (− H ) h a s

a n o n- z er o s e cti o n, s o d o e s it s r ati o n al p ull b a c k t o P . A s u : P → Gr i s a

m or p hi s m a n d b ot h P → S a n d Y → S ar e pr o p er, t h e r ati o n al p ull b a c k

e q u al s u ∗ O G r (m ) ⊗ g ∗ π ∗ O S (− ν ∗ H ), a n d t hi s pr o v e s ( 6. 5 ). B y ( 6. 4 ) a n d t h e

s a m e ar g u m e nt t h at pr o v e s ( 6. 3 ), t hi s i s e n o u g h t o c o n cl u d e t h e pr o of of t h e

t h e or e m.

7. P o si ti vi t y of C M li n e b u n dl e

I n t hi s s e cti o n, w e will p ut all i n gr e di e nt s t o g et h er t o pr o v e T h e or e m 1. 1 .

T h e l o g c a s e r e q uir e s a d diti o n al ar g u m e nt, w hi c h will b e d e v el o p e d i n S e c-

ti o n 7. 3 . O ur a p pr o a c h i s i n s pir e d b y t h e e arli er w or k s [K P 1 7 ], [P o s 1 9 ] i n t h e

l o g s etti n g s.
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7. 1. G e n e r al s et u p . O ur g o al i s t o s h o w t h at t h e C M li n e b u n dl e i s bi g

f or a n y f a mil y of r e d u c e d u nif or ml y K- st a bl e F a n o v ari eti e s wit h m a xi m al

v ari ati o n. T h e i d e a i s t o a p pl y [ B D P P 1 3 ] t o s h o w t h at it s i nt er s e cti o n wit h

a n y m o v a bl e c ur v e C i s at l e a st t h e i nt er s e cti o n of C wit h s o m e fi x e d bi g Q -li n e

b u n dl e ( s e e ( 7. 2 )). H o w e v er, t h e sit u ati o n i s m or e c o m pli c at e d if w e st art wit h

a pr o p er s u b s p a c e M of t h e K- m o d uli ( a s i n T h e or e m 1. 1 ), si n c e a pri ori w e

o nl y g et a f a mil y o v er a bi g o p e n s et of s o m e g e n e ri c all y fi nit e c o v er of M . F or

t hi s r e a s o n, w e c o n si d er t h e f oll o wi n g s o m e w h at t e c h ni c al s et- u p.

N ot ati o n 7. 1. L et T b e a t or u s, l et S b e a n or m al pr oj e cti v e v ari et y, a n d

l et

f : (X ◦ , ∆ ◦ ) → S ◦

b e a g e n eri c l o g F a n o f a mil y o v er a n o p e n s u b s et S ◦ of S wit h m a xi m al v ari ati o n

a n d a fi b er wi s e T - a cti o n. A s s u m e t h at v er y g e n er al fi b er s (X s , ∆ s ) ar e r e d u c e d

u nif or ml y K- st a bl e wit h sl o p e at l e a st η > 0 (f or s o m e η > 0) a n d T ⊆

A ut( X s , ∆ s ) i s a m a xi m al t or u s. We f urt h er i ntr o d u c e t h e f oll o wi n g a d diti o n al

n ot ati o n a n d a s s u m pti o n s, w hi c h will b e fi x e d t hr o u g h o ut t h e e ntir e s e cti o n:

( 1) L et n = di m X s a n d v = ( − K X s − ∆ s )
n .

( 2) C h o o s e s o m e α > 0 s u c h t h at α (X s , ∆ s ) ≥ α h ol d s f or t h e g e n er al fi b er s

(X s , ∆ s ) ( s u c h α e xi st s b y, e. g., [ B L 1 8 , T h. B]).

( 3) L et δ = δ (α, η, n ) > 1 b e t h e c o n st a nt gi v e n b y C or oll ar y 5. 7 . D e cr e a si n g

δ if n e c e s s ar y, w e m a y a s s u m e t h at δ ∈ Q . L et γ = δ
( δ − 1 ) ( n + 1 ) v , a n d l et

0 < < 1
δ − 1 b e s u c h t h at t h e Weil Q - di vi s or − (K X s + ( 1 + ) ∆ s ) i s bi g f or

all s ∈ S ◦ .

( 4) L et H b e a n a m pl e li n e b u n dl e o n S . L et

( 7. 1) U

u

p
S

V

b e a c o v eri n g f a mil y of c ur v e s o n S ; i. e., u i s a s m o ot h pr oj e cti v e m or p hi s m

of r el ati v e di m e n si o n o n e, a n d p i s d o mi n a nt a n d d o e s n ot c o ntr a ct t h e

g e n er al fi b er s of u . We f urt h er a s s u m e t h at p i s g e n eri c all y fi nit e (t hi s c a n

b e a c hi e v e d b y t a ki n g h y p er pl a n e s e cti o n s o n V ) a n d V i s s m o ot h.

( 5) L et r, d ∈ N + wit h r γ ∈ N , a n d l et g : (X, ∆) → U b e a g e n eri c l o g

F a n o f a mil y wit h a fi b er wi s e T - a cti o n t h at i s bir ati o n al t o t h e p ull b a c k of

f : (X ◦ , ∆ ◦ ) → S ◦ s u c h t h at

L : = − r (K X / U + ∆) + 2 r γ g ∗ λ g, ∆

i s C arti er a n d g - v er y a m pl e a n d all fi b er s ( X u , ∆ u ; L u ) of g s ati sf y c o n diti o n

(∗ ) d fr o m D e fi niti o n 6. 1 .
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( 6) L et C b e t h e g e o m etri c g e n eri c fi b er of u , l et q : C → S b e t h e i n d u c e d

m a p, l et h : (Y, ∆ Y ) → C b e t h e b a s e c h a n g e of g (i. e., Y = X × U C a n d ∆ Y

i s t h e di vi s ori al p ull b a c k of ∆), a n d l et F C b e t h e i n d u c e d H N- filtr ati o n

o n R = R (X t , − r (K X t + ∆ t )), w h er e t ∈ C i s a g e n er al cl o s e d p oi nt. L et

L Y = π ∗ L , w h er e π : Y → X i s t h e n at ur al pr oj e cti o n.

O ur g o al i s t o pr o v e t h e f oll o wi n g m or e g e n er al st at e m e nt.

T h e o r e m 7. 2. I n t h e a b o v e s et u p , t h e r e e xi st s a c o n st a nt c 0 > 0 d e p e n d-

i n g o nl y o n t h e f a mil y f , t h e li n e b u n dl e H , a n d t h e i nt e g e r s r, d (i n p a rti c ul a r,

it d o e s n ot d e p e n d o n U o r t h e bi r ati o n al p ull b a c k (X, ∆)) s u c h t h at

( 7. 2) d e g ( λ g, ∆ |C ) = d e g λ h, ∆ Y
≥ c 0 d e g q ∗ H.

A s a fir st st e p, w e u s e t h e t wi st e d f a mili e s i ntr o d u c e d i n S e cti o n 5 t o m a k e

t h e f oll o wi n g r e d u cti o n.

L e m m a 7. 3. F o r t h e p r o of of T h e o r e m 7. 2 , w e m a y a s s u m e β δ (F C ) ≥ 0.

P r o of . Fir st n ot e t h at w e ar e fr e e t o r e pl a c e U b y a fi nit e c o v er or V b y

a g e n eri c all y fi nit e c o v er ( a n d t h e n r e pl a c e U a n d ( X, ∆) b y it s c orr e s p o n di n g

b a s e c h a n g e): i n eit h er c a s e w e m ulti pl y t h e C M d e gr e e a n d d e g q ∗ H b y t h e

s a m e c o n st a nt. A s ( X t , ∆ t ) i s r e d u c e d u nif or ml y K- st a bl e wit h sl o p e at l e a st

η a n d m a xi m al t or u s T f or s o m e cl o s e d p oi nt t ∈ C , aft er r e pl a ci n g U b y a

fi nit e c o v er of s u ffi ci e ntl y di vi si bl e d e gr e e, w e m a y a s s u m e b y C or oll ar y 5. 7

t h at t h er e e xi st s s o m e ξ ∈ N = H o m( G m , T ) s u c h t h at β δ (G ) ≥ 0, w h er e G

i s t h e H N- filtr ati o n o n R = R (X t , − r (K X t + ∆ t )) i n d u c e d b y t h e ξ -t wi st of

(Y, ∆ Y ) al o n g a s m o ot h p oi nt P ∈ C . R e pl a ci n g V b y a g e n eri c all y fi nit e

c o v er, w e m a y a s s u m e t h at u a d mit s a s e cti o n A t h at i s C arti er a s a di vi s or

o n U . L et (X ξ , ∆ ξ ) b e t h e ξ -t wi st of (X, ∆) al o n g A . T h e n (X ξ , ∆ ξ ) × U C

c oi n ci d e s wit h t h e ξ -t wi st s of (Y, ∆ Y ) al o n g t h e s m o ot h p oi nt A ∩ C . T h u s

aft er r e pl a ci n g ( X, ∆) b y ( X ξ , ∆ ξ ) ( w hi c h i s still bir ati o n al t o t h e p ull b a c k of

f ), w e m a y a s s u m e ( b y o ur c h oi c e of ξ ) t h at β δ (F C ) ≥ 0, a n d t hi s c o m pl et e s

t h e pr o of.

I n vi e w of L e m m a 7. 3 , w e will h e n c ef ort h a d d t h e f oll o wi n g a s s u m pti o n

t o N ot ati o n 7. 1 :

( 7) We m a y a s s u m e β δ (F C ) ≥ 0.

7. 2. P r o d u ct t ri c k . T h e pr o of of T h e or e m 7. 2 e v e nt u all y b oil s d o w n t o

c o m p ari n g b ot h si d e s of ( 7. 2 ) t o c ert ai n d e gr e e s of L Y . I n t hi s s u b s e cti o n,

w e c o m bi n e t h e a m pl e n e s s l e m m a wit h t h e pr o d u ct tri c k a s i n [ K P 1 7 , § 7] or

[P o s 1 9 , § 6. 3] t o pr o vi d e t h e fir st p art of t h e c o m p ari s o n.
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L e m m a 7. 4. I n t h e sit u ati o n of N ot ati o n 7. 1 (i n p a rti c ul a r, β δ (F C ) ≥ 0),

t h e r e e xi st s s o m e c o n st a nt a 0 > 0 d e p e n di n g o nl y o n t h e f a mil y f , t h e li n e

b u n dl e H a n d t h e i nt e g e r s r, d s u c h t h at

(L n + 1
Y ) + (L n

Y · ∆ Y ) ≥ a 0 · d e g q ∗ H.

P r o of . L et D 0 = X , D 1 = D = S u p p( ∆), W = g ∗ O X (L ), Q i = g ∗ O D i (d L |D i )

(i = 0 , 1) a n d Q = Q 0 ⊕ Q 1 . Si n c e g |D i s fl at o v er t h e c o di m e n si o n o n e p oi nt of

U , w e m a y s hri n k V a n d a s s u m e t h at g |D i s fl at. A s all t h e fi b er s (X u , ∆ u ; L u )

s ati sf y c o n diti o n ( ∗ ) d , W a n d Q ar e l o c all y fr e e a n d t h eir f or m ati o n c o m m ut e s

wit h b a s e c h a n g e. B y T h e or e m 6. 6 , t h er e e xi st s l, m ∈ N + d e p e n di n g o nl y o n

r, d, H a n d t h e f a mil y f s u c h t h at t h er e e xi st s a n o n- z er o m a p

( 7. 3) W ⊗ l → O U (− p ∗ H ) ⊗ d et( Q ) ⊗ m .

We cl ai m t h at W |C i s n ef. I n d e e d, si n c e β δ (F C ) ≥ 0, w e s e e t h at

− (K Y / C + ∆ Y ) + γ h ∗ λ h, ∆ Y

i s n ef a n d d e g λ h, ∆ Y
≥ 0 b y C or oll ar y 4. 7 a n d Pr o p o siti o n 4. 9 , h e n c e L Y a n d

L Y − (K Y / C + ∆ Y ) = ( r + 1)( − (K Y / C + ∆ Y ) + γ h ∗ λ h, ∆ Y
) + (r − 1) γ h ∗ λ h, ∆ Y

ar e b ot h n ef a n d h - a m pl e o n Y . It f oll o w s t h at W |C = h ∗ O Y (L Y ) i s n ef b y

[C P 1 8 , Pr o p. 6. 4]. N o w l et q i = r a n k Q i (i = 0 , 1) a n d c o n si d er t h e pr o d u ct

Z = D
( q 0 )
0 × U D

( q 1 )
1 ,

w h er e w e u s e t h e n ot ati o n X ( a ) = X × U · · · ×U X (a ti m e s) f or a f a mil y

X → U . Si n c e g a n d g |D ar e b ot h fl at, t h e s a m e h ol d s f or ν : Z → U a n d it i s

n ot h ar d t o s e e t h at Z i s r e d u c e d. L et p i j : Z → D i ( 0 ≤ i ≤ 1, 1 ≤ j ≤ q i )

b e t h e n at ur al pr oj e cti o n s t o f a ct or s. L et L Z = i, j p ∗
i j (L |D i ). T h e n b y t h e

fl at n e s s of g |D i a n d t h e pr oj e cti o n f or m ul a w e h a v e t h e e q u alit y ν ∗ O Z (d L Z ) =

i, j Q i . T hr o u g h t h e n at ur al e m b e d di n g s d et(Q i ) → q i
j = 1 Q i w e t h e n g et a n

e m b e d di n g d et( Q ) → ν ∗ O Z (d L Z ) o v er U a n d h e n c e b y a dj u n cti o n of ν ∗ a n d

ν ∗ al s o a n o n- z er o m a p ν ∗ d et( Q ) → O Z (d L Z ). C o m p o si n g wit h t h e m a p ( 7. 3 )

a n d r e stri cti n g t o C , w e g et a n o n- z er o m a p

( 7. 4) ν ∗
Ä
W |⊗ l

C )
ä

→ O Z C
(d m L Z − ν ∗ q ∗ H ),

w h er e Z C = Z × U C . I n p arti c ul ar, (7. 4 ) i s n o n- z er o o n s o m e irr e d u ci bl e

c o m p o n e nt

Z = ∆ 1 × C · · · ×C ∆ q 0 + q 1

of Z C , w h er e e a c h ∆i i s eit h er Y or a n irr e d u ci bl e c o m p o n e nt of ∆ Y . L et

p i : Z → ∆ i b e t h e n at ur al pr oj e cti o n s, a n d l et L = L Z |Z . T h e n L =
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q
i= 1 p ∗

i (L Y |∆ i ). A s W |C a n d L Y ar e b ot h n ef, b y ( 7. 4 ), w e s e e t h at L i s n ef

a n d d m L − ν ∗ q ∗ H i s p s e u d o- e ff e cti v e o n Z , h e n c e

(d m + 1) di m Z · v ol( L ) = v ol(( d m + 1) L )

≥ v ol( L + ν ∗ q ∗ H ) =
Ä
(L + ν ∗ q ∗ H ) di m Z

ä

≥
Ä
(L ) di m Z − 1 · ν ∗ q ∗ H

ä
= v ol( L t ) · d e g q ∗ H,

w h er e t ∈ C i s a g e n er al cl o s e d p oi nt. It i s cl e ar t h at

v ol( L t ) =

q

i= 1

v ol( L Y |∆ i
t
)

i s b o u n d e d fr o m b el o w b y s o m e p o siti v e c o n st a nt t h at o nl y d e p e n d s o n t h e

f a mil y f . I n d e e d, w e h a v e d i : = v ol(L Y |∆ i
t
) = r n − 1 (− K X t − ∆ t )

n − 1 · ∆ i
t u nl e s s

∆ i = Y , i n w hi c h c a s e v ol(L Y |∆ i
t
) = r n (− K X t − ∆ t )

n . H e n c e t h er e e xi st s s o m e

c o n st a nt a 1 > 0 d e p e n di n g o nl y o n r, d, H a n d t h e f a mil y f s u c h t h at

v ol( L ) ≥ a 1 · d e g q ∗ H.

O n t h e ot h er h a n d, it i s str ai g htf or w ar d t o c h e c k t h at

(L n + 1
Y ) + (L n

Y · ∆ Y ) ≥ a 2 · v ol( L )

f or s o m e c o n st a nt a 2 > 0 d e p e n di n g a g ai n o nl y o n r, d, H a n d f (i n d e e d, v ol( L )

i s a li n e ar c o m bi n ati o n of (L n + 1
Y ) a n d ( L n

Y · ∆ i
Y ) wit h p o siti v e c o e ffi ci e nt s

d e p e n di n g o n t h e v ari o u s d i ; s e e, e. g., [P o s 1 9 , ( 6. 3. 5.i)]). T h e l e m m a n o w

f oll o w s i m m e di at el y fr o m t h e a b o v e t w o i n e q u aliti e s.

7. 3. P e rt u r bi n g t h e b o u n d a r y . I n t hi s s u b s e cti o n, w e pr o v e t h e ot h er p art

of t h e c o m p ari s o n b y p ert ur bi n g t h e b o u n d ar y.

L e m m a 7. 5. I n t h e sit u ati o n of N ot ati o n 7. 1 (i n p a rti c ul a r, β δ (F C ) ≥ 0),

t h e r e e xi st s s o m e c o n st a nt b 0 > 0 d e p e n di n g o nl y o n t h e f a mil y f s u c h t h at

(L n + 1
Y ) + (L n

Y · ∆ Y ) ≤ b 0 · d e g λ h, ∆ Y
.

A k e y i n gr e di e nt i s gi v e n b y t h e f oll o wi n g r e s ult.

L e m m a 7. 6. I n t h e sit u ati o n of N ot ati o n 7. 1 , − (K Y / C + ( 1 + ) ∆ Y ) +

γ h ∗ λ h, ∆ Y
i s p s e u d o- e ff e cti v e (a s a W eil Q - di vi s o r).

P r o of . We m a y a s s u m e t h at ∈ Q . Si n c e (Y, ∆ Y ) i s l o c all y st a bl e o v er C

a n d klt al o n g a g e n er al fi b er, it i s klt. B y [ B C H M 1 0 , C or. 1. 4. 4], t h er e e xi st s

a pr o p er Q -f a ct ori al m o di fi c ati o n π : Z → Y t h at i s s m all. L et ∆ Z b e t h e

bir ati o n al tr a n sf or m of ∆ Y o n Z , a n d l et φ = h ◦ π : Z → C .

A s i n t h e pr o of of Pr o p o siti o n 4. 9 , f or a n y r ati o n al n u m b er λ >
d e g λ h, ∆ Y

( n + 1 ) v ,

t h er e e xi st s s o m e e ff e cti v e di vi s or D ∼ Q − (K Y / C + ∆ Y ) + λ h ∗ P ( w h er e P ∈ C
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i s a s m o ot h p oi nt) s u c h t h at (Y, ∆ Y + δ D ) i s klt al o n g t h e g e n er al fi b er s of h .

It f oll o w s t h at t h e p air

Z, Γ : = ( 1 − (δ − 1)) ∆ Z + δ π ∗ D

i s al s o klt al o n g t h e g e n er al fi b er s of φ . ( N ot e t h at Γ i s e ff e cti v e b y o ur c h oi c e

of .) L et ψ : W → (Z, Γ) b e a l o g c a n o ni c al m o di fi c ati o n, w h o s e e xi st e n c e

f oll o w s fr o m [O X 1 2 ]. T h e n φ i s a n i s o m or p hi s m o v er a o p e n s et of C . Writ e

ψ ∗ (K Z + Γ) − G = K W + ψ − 1
∗ Γ + E x( ψ ).

T h e n G ≥ 0 b y t h e d e fi niti o n a n d S u p p( G ) i s v erti c al o v er C .

It i s str ai g htf or w ar d t o v erif y t h at

K Z / C + Γ ∼ Q − (δ − 1) π ∗ K Y / C + ( 1 + ) ∆ Y + δ λ φ ∗ P

a n d o v er a g e n er al cl o s e d p oi nt t ∈ C ,

K Z t + Γ t = − (δ − 1) π ∗ (K X t + ( 1 + ) ∆ t );

h e n c e b y o ur a s s u m pti o n K Z t + Γ t i s bi g. F or a n y s u ffi ci e ntl y l ar g e a n d di vi si bl e

i nt e g er s m > 0, E m : = φ ∗ O Z (m (K Z / C + Γ)) = 0, a n d t h er e i s a n e x a ct s e q u e n c e

0 → (φ ◦ ψ ) ∗ (m (K W + φ − 1
∗ Γ + E x( ψ ))) → E m → G m → 0

f or s o m e s k y s cr a p er s h e af G m . B y [F uj 1 7 , T h. 1. 1], w e k n o w

(φ ◦ ψ ) ∗ (m (K W + φ − 1
∗ Γ + E x( ψ )))

i s a n ef v e ct or b u n dl e, w hi c h i m pli e s t h at E m i s n ef.

T hi s m e a n s t h at f or a n y a m pl e li n e b u n dl e A o n C a n d a n y i nt e g er a >

0, t h er e e xi st s s o m e b ∈ N + s u c h t h at S y m a b (E m ) ⊗ O C (b A ) i s g e n eri c all y

g e n er at e d b y gl o b al s e cti o n s. Vi a t h e n at ur al m a p

φ ∗
Ä
S y m a b (E m ) ⊗ O C (b A )

ä
→ S y m a b (φ ∗ E m ) ⊗ O Z (b φ ∗ A )

→ O Z (a b m (K Z / C + Γ) + b φ ∗ A ),

it f oll o w s t h at a m (K Z / C + Γ) + φ ∗ A i s e ff e cti v e. L etti n g a → ∞ w e s e e t h at

K Z / C + Γ i s p s e u d o- e ff e cti v e. P u s hi n g f or w ar d t o Y a n d l etti n g λ →
d e g λ h, ∆ Y

( n + 1 ) v

w e o bt ai n t h e d e sir e d st at e m e nt.

P r o of of L e m m a 7. 5 . R e c all t h at L Y i s n ef a s i n t h e pr o of of L e m m a 7. 4 .

It i s n ot h ar d t o c h e c k t h at

( 7. 5) ( L n + 1
Y ) = ( − K Y / C − ∆ Y ) n + 1 + ( n + 1) v · 2 γ d e g λ h, ∆ Y

=
δ + 1

δ − 1
d e g λ h, ∆ Y

a s d e g λ h, ∆ Y
= − ((− K Y / C − ∆ Y ) n + 1 ). B y L e m m a 7. 6 , L Y − ∆ Y i s p s e u d o-

e ff e cti v e. H e n c e a s L Y i s n ef, w e h a v e (L n
Y · (L Y − ∆ Y )) ≥ 0, or e q ui v al e ntl y,

( 7. 6) (L n
Y · ∆ Y ) ≤ (L n + 1

Y ).

N ot e t h at t h e c o n st a nt s δ a n d o nl y d e p e n d o n t h e f a mil y f , h e n c e t h e r e s ult

f oll o w s dir e ctl y fr o m (7. 5 ) a n d ( 7. 6 ).
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7. 4. P r o of of m ai n r e s ult s .

P r o of of T h e o r e m 7. 2 . T hi s f oll o w s dir e ctl y fr o m L e m m a s 7. 3 , 7. 4 a n d 7. 5 .

We gi v e s o m e a p pli c ati o n s of T h e or e m 7. 2 .

T h e o r e m 7. 7. L et T b e a t o r u s , l et S b e a n o r m al p r oj e cti v e v a ri et y ,

a n d l et f : (X, ∆) → S b e a g e n e ri c l o g F a n o f a mil y wit h m a xi m al v a ri ati o n

a n d a fi b e r wi s e T - a cti o n. A s s u m e t h at v e r y g e n e r al fi b e r s (X s , ∆ s ) a r e r e d u c e d

u nif o r ml y K - st a bl e a n d T ⊆ A ut( X s , ∆ s ) i s a m a xi m al t o r u s. T h e n t h e C M

Q -li n e b u n dl e λ f, ∆ o n S i s bi g.

P r o of . We v erif y t h e c o n diti o n s i n S e cti o n 7. 1 . B y a s s u m pti o n a n d Pr o p o-

siti o n 3. 1 1 , t h er e e xi st s s o m e η > 0 s u c h t h at t h e v er y g e n er al fi b er s ( X s , ∆ s )

ar e r e d u c e d u nif or ml y K- st a bl e wit h sl o p e at l e a st η . Fi x γ ∈ Q + a s i n N ot a-

ti o n 7. 1 ( 3). L et r ∈ N + b e s u c h t h at L : = − r (K X / S + ∆) + 2 r γ f ∗ λ f, ∆ i s C arti er

a n d f - v er y a m pl e, a n d c h o o s e d ∈ N + s u c h t h at all t h e fi b er s ( X s , ∆ s ; L s ) s at-

i sf y t h e c o n diti o n (∗ ) d fr o m D e fi niti o n 6. 1 . T h e n f or a n y c o v eri n g f a mil y of

c ur v e s a s i n ( 7. 1 ), t h e f a mil y g : (X U , ∆ U ) = ( X, ∆) × S U → U s ati s fi e s all t h e

a s s u m pti o n s of T h e or e m 7. 2 . H e n c e b y T h e or e m 7. 2 , f or a n y fi x e d a m pl e li n e

b u n dl e H o n S , t h er e e xi st s s o m e c o n st a nt c 0 > 0 d e p e n di n g o nl y o n r, d, H

a n d t h e f a mil y f s u c h t h at ( λ f, ∆ · C ) = ( λ g, ∆ U
· C ) ≥ c 0 · (H · C ), w h er e C

i s a v er y g e n er al m e m b er of t h e c o v eri n g f a mil y. Si n c e t h e c o v eri n g f a mil y i s

ar bitr ar y, it f oll o w s t h at λ f, ∆ − c 0 H i s p s e u d o- e ff e cti v e b y [B D P P 1 3 ] a n d h e n c e

λ f, ∆ i s bi g.

L et M K s s
n, v, c b e t h e Arti n st a c k d e fi n e d i n S e cti o n 2. 6 a n d φ : M K s s

n, v, c →

M K p s
n, v, c t h e c orr e s p o n di n g g o o d m o d uli s p a c e ( s e e T h e or e m 2. 2 1 ). L et Λ C M b e

t h e C M Q -li n e b u n dl e o n M K p s
n, v, c ( s e e Pr o p o siti o n 2. 2 5 ).

T h e o r e m 7. 8. I n t h e a b o v e n ot ati o n , l et M ⊆ M K p s
n, v, c b e a p r o p e r al g e-

b r ai c s u b s p a c e s u c h t h at f o r a v e r y g e n e r al p oi nt s ∈ M , t h e c o r r e s p o n di n g

K - p ol y st a bl e l o g F a n o p ai r i s r e d u c e d u nif o r ml y K - st a bl e. T h e n Λ C M |M i s bi g.

P r o of . It s u ffi c e s t o s h o w t h at π ∗ Λ C M i s bi g f or a n y d o mi n a nt g e n eri c all y

fi nit e m or p hi s m π : S → M . We c a n al s o a s s u m e S i s a n or m al pr oj e cti v e

v ari et y.

Si n c e φ : M : = φ − 1 (M ) → M i s a g o o d m o d uli s p a c e, é t al e l o c all y a r o u n d

a n y p oi nt of M , it h a s t h e f or m φ A : [ S p e c(A )/ G ] → S p e c( A G ) f or a r e d u c-

ti v e gr o u p G a cti n g o n a n a ffi n e v ari et y S p e c( A ). F or t h e or bit g e o m etr y

of φ A , s e e [N e w 7 8 , § 3. 3]. L et η (S ) b e t h e g e o m etri c g e n eri c p oi nt of S ,

i. e., η (S ) = S p e c( k (S )) f or a n al g e br ai c cl o s ur e of k (S ) ⊂ k (S ). T h e n t h e

m or p hi s m η (S ) → S → M h a s a lifti n g π̃ η : η (S ) → M . M or e o v er, r e pl a ci n g

t h e i m a g e of π̃ η b y it s K- p ol y st a bl e r e d u cti o n, i. e., t h e u ni q u e cl o s e d p oi nt i n
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t h e pr ei m a g e of M × M η (S ), w e m a y a s s u m e t h e l o g F a n o p air o bt ai n e d b y

p ulli n g b a c k o v er π̃ η : η (S ) → M i s K- p ol y st a bl e. ( We r e m ar k t hi s u ni q u e n e s s

i s pr o v e d i n [L W X 1 8 a ] a n d e n c o d e d i n t h e g o o d m o d uli s p a c e c o n str u cti o n;

s e e [ N e w 7 8 , T h. 3. 5. v] or [A H L H 1 8 , L e m m a 3. 2 4].) T hi s d e s c e n d s t o a m or-

p hi s m S p e c( T ) → M , w h er e k (S ) → k (T ) i s a fi nit e e xt e n si o n. S pr e a di n g

o ut S p e c( T ) → M , it i m pli e s w e m a y r e pl a c e S b y a fi nit e c o v er a n d a s s u m e

t h at t h er e e xi st s a n o p e n s u b s et S ◦ ⊆ S s u c h t h at t h e m a p π ◦ : = π |S ◦ lift s t o

π ◦ : S ◦ → M . We m a y f urt h er a s s u m e ( aft er p o s si bl y s hri n ki n g S ◦ ) t h at f or

all s ∈ S ◦ , π ◦ (s ) i s t h e u ni q u e cl o s e d p oi nt l yi n g o v er π (s ) ∈ M , a s t h e cl o s e d

p oi nt l o c u s f or m a c o n str u cti bl e s u b s et of M . I n d e e d, t h e c o n str u cti bilit y of

s u c h l o c u s c a n b e s e e n é t al e l o c all y o n [ S p e c( A )/ G ] → S p e c( A G ), w h er e t h e

l o c u s c o n si st s of [V / G ] f or

V : = { x ∈ S p e c( A ) | di m( G · x ) ≤ di m( G · y ), f or a n y y ∈ φ − 1
A (φ A (x ))} .

A s a c o n s e q u e n c e, w e g et a Q - G or e n st ei n f a mil y f : (X ◦ , ∆ ◦ ) → S ◦ of K- p ol y-

st a bl e l o g F a n o p air s i n d u c e d b y t h e m or p hi s m π ◦ . Si n c e t h e a ut o m or p hi s m

f u n ct or A utS ◦ (X ◦ , ∆ ◦ ) of ( p ol ari z e d) p air s i s r e pr e s e nt e d b y a n al g e br ai c gr o u p

s c h e m e o v er S ◦ ( of fi nit e t y p e), s hri n ki n g S ◦ w e c a n a s s u m e A ut S ◦ (X ◦ , ∆ ◦ ) →

S ◦ i s a s m o ot h gr o u p s c h e m e. T h e n r e pl a ci n g b y a n ot h er fi nit e c o v er a n d

s hri n ki n g S ◦ , w e m a y al s o a s s u m e t h at t h e m a xi m al t or u s of A utS ◦ (X ◦ , ∆ ◦ )

i s s plit o v er S ◦ , i. e., t h at f a d mit s a fi b er wi s e T - a cti o n (T b ei n g a t or u s) s u c h

t h at T ⊆ A ut( X s , ∆ s ) i s a m a xi m al t or u s. B y a s s u m pti o n, a n y v er y g e n er al

fi b er ( X s , ∆ s ) i s r e d u c e d u nif or ml y K- st a bl e, h e n c e b y Pr o p o siti o n 3. 1 1 w e m a y

fi n d s o m e η > 0 s u c h t h at a v er y g e n er al fi b er ( X s , ∆ s ) i s r e d u c e d u nif or ml y

K- st a bl e wit h sl o p e at l e a st η .

N o w fi x t h e c o n st a nt γ ∈ Q + a s i n N ot ati o n 7. 1 ( 3), a n d c h o o s e r, d ∈ N +

s u c h t h at

( 1) r γ π ∗ Λ C M i s C arti er;

( 2) f or a n y K- s e mi st a bl e l o g F a n o p air s ( X, ∆) wit h di m X = n , v ol(− K X − ∆)

= v a n d ∆ = c D f or s o m e i nt e gr al Weil di vi s or D , w e h a v e t h at − r (K X + ∆)

i s C arti er a n d v er y a m pl e a n d t h e tri pl e (X, ∆; − r (K X + ∆)) s ati s fi e s t h e

c o n diti o n ( ∗ ) d fr o m D e fi niti o n 6. 1 . ( T hi s i s p o s si bl e si n c e t h e s et of s u c h

l o g F a n o p air s i s b o u n d e d b y [Ji a 1 7 ], [C h e 2 0 ], [L L X 2 0 ].)

L et H b e a fi x e d a m pl e li n e b u n dl e o n S . L et V ← U → S b e a c o v eri n g

f a mil y of c ur v e s a s i n (7. 1 ). B y [ A H L H 1 8 , T h. A. 8], aft er p o s si bl y r e pl a ci n g

U b y a fi nit e c o v er a n d s hri n ki n g V , w e m a y e xt e n d t h e bir ati o n al p ull b a c k

of f t o a Q - G or e n st ei n f a mil y g : (X, ∆) → U of K- p ol y st a bl e l o g F a n o p air s.

I n a d diti o n, si n c e M i s Θ-r e d u cti v e ( s e e [A H L H 1 8 , D ef. 3. 1 0] a n d [A B H L X 2 0 ,

T h. 1. 1] —t hi s i s p art of t h e r e q uir e m e nt f or a st a c k t o h a v e a g o o d m o d uli

s p a c e) a n d [( X u , ∆ u )] ∈ M i s a cl o s e d p oi nt f or e v er y u ∈ U , e v er y G m - a cti o n

o n t h e g e n e ri c fi b e r of g i n d u c e s a G m - a cti o n o n (X u , ∆ u ) f or e v er y c o di m e n si o n
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o n e p oi nt u ∈ U . I n p arti c ul ar, aft er p o s si bl y s hri n ki n g V w e m a y a s s u m e t h at

t h e f a mil y g h a s a fi b e r wi s e T - a cti o n. N ot e t h at w e al s o h a v e π ∗
U Λ C M = λ g, ∆ ,

w h er e π U : U → M i s t h e i n d u c e d m a p. B y o ur c h oi c e of r a n d d , it i s cl e ar

t h at t h e f a mil y g s ati s fi e s t h e a s s u m pti o n s of T h e or e m 7. 2 , a n d h e n c e t h er e

e xi st s s o m e c o n st a nt c 0 > 0 d e p e n di n g o nl y o n r, d, H a n d t h e f a mil y f s u c h

t h at

(π ∗ Λ C M · C ) = (λ g, ∆ · C ) ≥ c 0 · (H · C ).

Si n c e t h e c o v eri n g f a mil y of c ur v e s i s ar bitr ar y, it f oll o w s t h at π ∗ Λ C M − c 0 H

i s p s e u d o- e ff e cti v e, a n d t h er ef or e π ∗ Λ C M i s bi g a s d e sir e d.

T h e f oll o wi n g i s a n at ur al g e n er ali z ati o n of T h e or e m 1. 1 i nt o a l o g v er si o n.

T h e o r e m 7. 9. I n t h e a b o v e n ot ati o n , l et M ⊆ M K p s
n, v, c b e a p r o p e r al g e-

b r ai c s u b s p a c e s u c h t h at e v e r y g e o m et ri c p oi nt s ∈ M p a r a m et ri z e s a r e d u c e d

u nif o r ml y K - st a bl e l o g F a n o p ai r . T h e n Λ C M |M i s a m pl e.

P r o of . Si n c e ΛC M |M i s n ef b y [C P 1 8 , T h. 1. 8] ( or C or oll ar y 4. 7 ), t hi s

dir e ctl y f oll o w s fr o m T h e or e m 7. 8 a n d t h e N a k ai- M oi s h e z o n crit eri o n.

U si n g a n al yti c t o ol s a n d T h e or e m 2. 2 2 , w e al s o h a v e t h e f oll o wi n g t h e or e m.

T h e o r e m 7. 1 0. L et k = C , a n d u s e t h e n ot ati o n a s i n T h e o r e m 2. 2 2 .

T h e n t h e r e st ri cti o n of Λ C M o n M
s m ,K p s
n, v, c i s a m pl e.

P r o of . B y T h e or e m 2. 2 2 , M
s m ,K p s
n, v, c i s k n o w n t o b e pr o p er. B y [T W 1 9 ] ( s e e

al s o [ A D L 1 9 , T h. 3. 6]), w e k n o w t h e l o g F a n o p air s p ar a m etri z e d b y C - v al u e d

p oi nt s of M
s m ,K p s
n, v, c all a d mit w e a k c o ni c al K ä hl e r- Ei n st ei n m etri c s, t h u s t h e y

ar e r e d u c e d u nif or ml y K- st a bl e b y [ Li 1 9 ] ( s e e al s o [B B J 1 5 ]). T h er ef or e, w e

c o n cl u d e b y T h e or e m 7. 9 .

A p p e n di x A. R e d u c e d δ -i n v a ri a n t s

I n t hi s s e cti o n, w e d e v el o p a r e d u c e d v er si o n of δ -i n v ari a nt f or l o g F a n o

p air s ( X, ∆) wit h a t or u s gr o u p a cti o n. R e s ult s i n t hi s s e cti o n ar e n ot n e e d e d

i n t h e m ai n p art of t h e c urr e nt arti cl e.

T hr o u g h o ut, w e fi x a t or u s gr o u p T a n d l et N = H o m( G m , T ) = M ∗ . L et

(X, ∆) b e a l o g F a n o p air wit h a T - a cti o n. R e c all fr o m S e cti o n 3. 1 ( s e e al s o

[Li 1 9 , § 2. 3]) t h at a n y ξ ∈ N R d et er mi n e s a v al u ati o n wt ξ gi v e n b y

wt ξ : f =
α ∈ M, f α = 0

f α → mi n α, ξ .
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D e fi niti o n A. 1. U si n g t h e n ot ati o n fr o m S e cti o n 3. 1 , f or a n y T - e q ui v ari a nt

v al u ati o n v t h at i s n ot of t h e f or m wt ξ a n d A X, ∆ (v ) < ∞ , w e c a n d e fi n e 1

( A. 1) δ X, ∆ , T (v ) = 1 + s u p
ξ ∈ N R

β X, ∆ (v )

S X ,∆ (v ξ )

( or a b br e vi at e d a s δ T (v ) if ( X, ∆) i s cl e ar). We d e fi n e t h e T - r e d u c e d δ -i n v a ri a nt

a s

δ T (X, ∆) : = i nf
v

δ X, ∆ , T (v ),( A. 2)

w h er e v r u n s t hr o u g h all T - e q ui v ari a nt v al u ati o n s wit h A X, ∆ (v ) < ∞ t h at ar e

n ot of t h e f or m wt ξ .

R e m a r k A. 2. We ar e m o stl y i nt er e st e d i n t h e c a s e w h er e F ut( ξ ) = 0 f or

all ξ ∈ N ; e. g., (X, ∆) i s K- s e mi st a bl e. I n t hi s c a s e, w e h a v e β (v ) = β (v ξ ) b y

[Li 1 9 , Pr o p. 3. 1 2], t h u s

δ X, ∆ , T (v ) = s u p
ξ ∈ N R

A X, ∆ (v ξ )

S X ,∆ (v ξ )
a n d δ T (X, ∆) = i nf

µ
s u p

ξ

A X, ∆ (v µ, ξ )

S X ,∆ (v µ, ξ )
,

w h er e i n t h e s e c o n d e x pr e s si o n t h e fir st i n fi m u m r u n s t hr o u g h all n o n-tri vi al

v al u ati o n s µ o n t h e C h o w q u oti e nt Z s u c h t h at A X, ∆ (v µ, ξ ) < ∞ f or s o m e ( a n d

e q ui v al e ntl y a n y) ξ ∈ N R , a n d t h e s e c o n d s u pr e m u m r u n s t hr o u g h all ξ ∈ N R .

R e m a r k A. 3. B y T h e or e m 3. 7 , a K- s e mi st a bl e l o g F a n o p air (X, ∆) i s

r e d u c e d u nif or ml y K- st a bl e if a n d o nl y if δ T (X, ∆) > 1 f or s o m e m a xi m al

t or u s T i n A ut(X, ∆).

R e m a r k A. 4. If β X, ∆ (v ) ≥ 0 a n d F ut( ξ ) = 0 f or all ξ ∈ N , t h e n t h e

s u pr e m u m i n ( A. 1 ) i s a m a xi m u m. I n d e e d, b y [ B J 2 0 , Pr o p. 3. 1 1], w e h a v e

( A. 3) S (v ξ ) ≥
1

n + 1
T (v ξ ) ≥

1

n + 1
J N A (F v ξ

),

w h er e n = di m X . H e n c e b y t h e pr o p er n e s s e sti m at e i n [Li 1 9 , L e m m a 3. 1 5],

w e k n o w t h at it s u ffi c e s t o t a k e t h e s u pr e m u m i n ( A. 1 ) o v er a c o m p a ct s u b s et

of N R , a n d t h er ef or e it i s a c hi e v e d f or s o m e ξ b y t h e c o nti n uit y of ξ → S (v ξ ).

T h e a b o v e d e fi niti o n i s a m o di fi c ati o n of t h e c h ar a ct eri z ati o n of δ -i n v ari a nt

gi v e n b y [ B J 2 0 , T h. C]. We w a nt t o pr o v e t h e f oll o wi n g t h e or e m, w hi c h i s a n

a n al o g u e of [ B L X 1 9 , T h. 4. 5].

T h e o r e m A . 5. L et (X, ∆) b e a l o g F a n o p ai r wit h a T - a cti o n. If (X, ∆)

i s K - s e mi st a bl e a n d δ T (X, ∆) = 1, t h e n it c a n b e c al c ul at e d b y a T -i n v a ri a nt

1 W e w a nt t o t h a n k t h e r ef e r e e f o r s u g g e s ti n g t hi s d e fi ni ti o n.
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q u a si- m o n o mi al v al u ati o n v = wt ξ ; t h at i s, t h e r e e xi st s a q u a si- m o n o mi al

T -i n v a ri a nt v al u ati o n v t h at i s n ot of t h e f o r m wt ξ a n d s ati s fi e s t h at

A X, ∆ (v ξ )

S X ,∆ (v ξ )
= δ T (v ) = δ T (X, ∆) = 1

f o r all ξ ∈ N R .

We fir st pr o v e a n u m b er of l e m m a s. T o t hi s e n d, l et ( X, ∆) b e a l o g

F a n o p air ( n ot n e c e s s aril y K- s e mi st a bl e), l et r b e a p o siti v e i nt e g er s u c h t h at

− r (K X + ∆) i s C arti er, a n d l et R b e t h e s e cti o n ri n g R (X, − r (K X + ∆)).

L e m m a A . 6. L et F b e a T - e q ui v a ri a nt filt r ati o n o n R a n d µ = µ (F ).

L et v b e a T -i n v a ri a nt v al u ati o n t h at c o m p ut e s t h e l o g c a n o ni c al t h r e s h ol d of

I
( µ )
• (F ). T h e n µ = µ (F ξ ) a n d v ξ c o m p ut e s t h e l o g c a n o ni c al t h r e s h ol d of

I
( µ )
• (F ξ ).

P r o of . L et I m, λ (r e s p. I ξ
m, λ ) b e t h e b a s e i d e al s of F (r e s p. F ξ ), a n d l et

I m, λ, α (r e s p. I ξ
m, λ, α ) (α ∈ M ) b e t h eir w ei g ht- α p art, e. g.,

I m, λ, α = I m(( F λ R m ) α ⊗ O X (m r (K X + ∆)) → O X ).

A s i n t h e pr o of of T h e or e m 4. 3 , aft er r e s c ali n g v , b y (4. 4 ) w e h a v e

v (I m, λ, α ) ≥ v (I m, λ ) ≥ m · v (I
( λ / m )
• ) ≥ λ + m (r A X, ∆ (v ) − µ )

f or a n y α ∈ M . T h e n f or a n y t, l etti n g θ ξ (v ) = A X, ∆ (v ξ ) − A X, ∆ (v ), w e h a v e

v ξ (I
ξ
m,t m, α ) = v ξ (I m,t m − ξ, α , α)

= v (I m,t m − ξ, α , α) + ξ, α + m r θ ξ (v )

≥ m (t + r θ ξ (v ) + r A X, ∆ (v ) − µ )

= m (t + r A X, ∆ (v ξ ) − µ ),

w h er e t h e s e c o n d e q u alit y f oll o w s fr o m [ Li 1 9 , Pr o p. 3. 8].

T a ki n g t = µ , w e s e e t h at v ξ (I
ξ
m, µ m, α ) ≥ m r A X, ∆ (v ξ ) a n d h e n c e

v ξ (I
ξ
m, µ m ) ≥ m r A X, ∆ (v ξ ).( A. 4)

T h u s µ (F ξ ) ≤ µ (F ). Si n c e w e c a n t a k e a ( − ξ )-t wi st of F ξ t o g et F , t hi s i m pli e s

t h at

µ (F ξ ) ≤ µ (F ) ≤ µ (F ξ ).

It f oll o w s t h at e q u alit y h ol d s a n d t h e n (A. 4 ) i m pli e s t h at v ξ c o m p ut e s t h e l o g

c a n o ni c al t hr e s h ol d of I
( µ )
• (F ξ ).

R e c all t h at f or a n l c p air ( X, ∆), a n l c pl a c e E i s a di vi s ori al v al u ati o n

o v er X s u c h t h at A X, ∆ (E ) = 0. If ( X, ∆) i s a l o g F a n o p air, a n N - c o m pl e m e nt

i s a Q - di vi s or D s u c h t h at N (K X + ∆ + D ) ∼ 0 a n d ( X, ∆ + D ) i s l o g c a n o ni c al.

A Q - c o m pl e m e nt of a l o g F a n o p air i s a n N - c o m pl e m e nt f or s o m e N ∈ N + .

T his c o nt e nt d o w nl o a d e d fr o m 
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L e m m a A . 7. A di vi s o r E o v e r X i s a n l c pl a c e of a Q - c o m pl e m e nt of

(X, ∆) if a n d o nl y if gr F E
R : = m,i ∈ N Gr i

F E
R m i s fi nit el y g e n e r at e d a n d

µ (F E ) = r A X, ∆ (E ).

P r o of . A s s u mi n g E i s a n l c pl a c e of a Q - c o m pl e m e nt of (X, ∆), t h e n gr F E
R

i s fi nit el y g e n er at e d a n d µ (F E ) = r A X, ∆ (E ) b y Pr o p o siti o n 4. 2 . C o n v er s el y,

if µ (F E ) = r A X, ∆ (E ) a n d gr F E
R i s fi nit el y g e n er at e d, t h e n si n c e t h e f u n cti o n

t → l ct(X, ∆; I
( t)
• ) i s c o nti n u o u s o n ( 0 , TX, ∆ (E )] ( w hi c h i n t ur n f oll o w s fr o m

t h e f a ct t h at t h e f u n cti o n t → v (I
( t)
• ) i s pi e c e wi s e li n e ar f or a n y v al u ati o n v

o n X ), w e h a v e l ct( X, ∆; I
( r ·A X , ∆ ( E ) )
• ) ≥ 1

r b y t h e d e fi niti o n of l o g c a n o ni c al

sl o p e. O n t h e ot h er h a n d, it i s cl e ar t h at

l ct(X, ∆; I
( r ·A X, ∆ ( E ) )
• ) ≤

A X, ∆ (E )

or d E (I
( r ·A X, ∆ ( E ) )
• )

≤
A X, ∆ (E )

r · A X ,∆ (E )
=

1

r
,

t hu s l ct( X, ∆; I
( r ·A X, ∆ ( E ) )
• ) = 1

r . If, i n a d diti o n, gr F E
R i s fi nit el y g e n er at e d,

t h e n f or s o m e s u ffi ci e ntl y di vi si bl e m ,

l ct(X, ∆; I
( r ·A X , ∆ ( E ) )
• ) = m · l ct(X, ∆; I m, m r A X, ∆ ( E ) ) ) =

1

r
.

T hi s m e a n s t h e r e i s a di vi s or D ∈ | − m r (K X + ∆) | wit h or d E (D ) ≥ m r A X, ∆ (E )

a n d ( X, ∆ + 1
m r D ) i s l o g c a n o ni c al. T h u s E i s a n l c pl a c e of (X, ∆ + 1

m r D ).

F or t h e n e xt l e m m a w e u s e t h e f oll o wi n g n ot ati o n: if E i s a T -i n v ari a nt

di vi s or o v er X , v = or d E a n d ξ ∈ N Q , t h e n v ξ i s al s o a di vi s ori al v al u ati o n

o v er X , a n d w e d e fi n e E ξ a s t h e di vi s or o v er X s u c h t h at v ξ = c · or d E ξ
f or

s o m e c ∈ Q .

L e m m a A . 8. If E i s a n l c pl a c e of a Q - c o m pl e m e nt, t h e n f o r a n y ξ ∈ N Q ,

E ξ i s al s o a n l c pl a c e of a Q - c o m pl e m e nt.

P r o of . Si n c e grF E
R i s fi nit el y g e n er at e d b y a s s u m pti o n a n d grF E

R ∼=
gr F E ξ

R , w e k n o w t h e l att er i s al s o fi nit el y g e n er at e d. B y L e m m a A. 7 , it

s u ffi c e s t o pr o v e µ (F E ξ
) = r A X, ∆ (E ξ ), or e q ui v al e ntl y

µ (F v ξ
) = r A X, ∆ (v ξ ),

w h er e v = or d E . Si n c e µ (F v ) = r A X, ∆ (v ) b y L e m m a A. 7 , w e h a v e µ ((F v ) ξ ) =

r A X, ∆ (v ) b y L e m m a A. 6 . B y [Li 1 9 , Pr o p. 3. 8], F v ξ
di ff er s fr o m ( F v ) ξ b y a

tr a n sl ati o n of r · θ ξ (v ). It i s t h e n cl e ar t h at

µ (F v ξ
) = µ ((F v ) ξ ) + r · θ ξ (v ) = r (A X, ∆ (v ) + θ ξ (v )) = r A X, ∆ (v ξ ),

a n d w e ar e d o n e.
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L e m m a A . 9 ([B L X 1 9 ]). L et (X, ∆) b e a l o g F a n o p ai r , a n d l et E b e a

di vi s o r o v e r X . T h e r e e xi st s a n i nt e g e r N > 0 d e p e n di n g o nl y o n di m( X ) a n d

t h e c o e ffi ci e nt s of ∆ s u c h t h at t h e f oll o wi n g a r e e q ui v al e nt :

( 1 ) E i s a n l c pl a c e of a Q - c o m pl e m e nt ;

( 2 ) E i s a n l c pl a c e of a n N - c o m pl e m e nt ;

( 3 ) E i s i n d u c e d b y a w e a kl y s p e ci al t e st c o n fi g u r ati o n wit h i r r e d u ci bl e c e nt r al

fi b e r .

P r o of . T h e e q ui v al e n c e b et w e e n ( 1) a n d ( 2) f oll o w s fr o m [B L X 1 9 , T h. 3. 5]

w h o s e pr o of r eli e s o n [ Bir 1 9 ], w h er e a s t h e e q ui v al e n c e b et w e e n ( 2) a n d ( 3)

f oll o w s fr o m [B L X 1 9 , T h. A. 2].

T o pr o v e T h e or e m A. 5 , w e al s o n e e d a c o n str u cti bilit y r e s ult ( si mil ar

t o [B L X 1 9 , Pr o p. 4. 1]) of δ T (v ) w h e n t h e v al u ati o n v ari e s i n a f a mil y. T h e

f oll o wi n g d e fi niti o n i s a r e fi n e m e nt of [B L X 1 9 , D ef. 2. 2] a n d will b e n e e d e d i n

t h e pr o of of T h e or e m A. 5 .

D e fi niti o n A. 1 0. L et f i : (X i , ∆ i + M i ) → B (i = 1 , . . . , m) b e pr oj e cti v e

p air s o v er B ( w h er e e a c h ∆ i i s a di vi s or o n X i a n d M i i s a Q -li n e ar s y st e m,

i. e., M i = a i M i f or s o m e a > 0 a n d s o m e li n e ar s eri e s M i o n X i ) s u c h t h at

t h e X i ’ s ar e bir ati o n al t o e a c h ot h er o v er B . We s a y t h at φ : Y → B gi v e s a

si m ult a n e o u s fi b er wi s e l o g r e s ol uti o n of t h e f i ’ s if

( 1) t h er e ar e pr o p er bir ati o n al m or p hi s m s g i : Y → X i s u c h t h at φ = f i ◦ g i

f or all i;

( 2) w e c a n writ e g ∗
i M i = Φ i + F i , w h er e F i (r e s p. Φ i ) i s t h e fi x e d (r e s p.

m o v a bl e) p art o v er B s u c h t h at Φ i i s b a s e p oi nt fr e e o v er B ,

G : = S u p p
m

i= 1

( E x c( g i ) + (g − 1
i ) ∗ ∆ i + F i )

i s a n s n c di vi s or, a n d e a c h str at u m of G i s s m o ot h o v er B wit h irr e d u ci bl e

fi b er s.

C o n si d er n o w t h e f oll o wi n g s et u p: L et B b e a s m o ot h v ari et y, a n d l et

(X , D ) → B b e a Q - G or e n st ei n f a mil y of l o g F a n o p air s wit h a fi b er wi s e

T - a cti o n. L et M ∼ Q − (K X / B + D ) b e a T -i n v ari a nt Q -li n e ar s y st e m s u c h

t h at ( X b , D b + M b ) i s l c f or all b ∈ B , a n d l et g : Y → (X , D + M ) b e a

fi b er wi s e T - e q ui v ari a nt l o g r e s ol uti o n (i. e., g i s T - e q ui v ari a nt a n d i s a fi b er wi s e

l o g r e s ol uti o n i n t h e s e n s e of D e fi niti o n A. 1 0 ).

L e m m a A . 1 1. I n t h e a b o v e s et u p , l et E b e a t o r oi d al di vi s o r o v e r Y wit h

r e s p e ct t o G s u c h t h at A X ,D + M (E ) < 1. T h e n δ X b ,D b , T (E b ) i s i n d e p e n d e nt of

b ∈ B .
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P r o of . We f oll o w t h e pr o of of [B L X 1 9 , Pr o p. 4. 1], w hi c h i s i n t ur n b a s e d

o n [ H M X 1 3 , T h. 1. 8]. We m a y a s s u m e B i s a ffi n e a n d E i s a pri m e di vi s or o n

Y ( b y r e p e at e dl y bl o w u p c e nt er s of E o n Y ). We ai m t o s h o w t h at t h e n at ur al

r e stri cti o n s

( A. 5) H 0 (Y , − m g ∗ (K X + D ) − E ) → H 0 (Y b , − m g ∗ (K X b
+ D b ) − E b )

ar e s urj e cti v e f or all s u ffi ci e ntl y di vi si bl e i nt e g er s m, ∈ N .

B y B erti ni’ s t h e or e m, t h er e ar e e ff e cti v e Q - di vi s or s H ∼ Q − (K X / B + D )

a n d M ∈ M s u c h t h at g i s al s o a fi b er wi s e l o g r e s ol uti o n of (X , Γ = D + H +

( 1 − )M ), ( X b , Γ b ) i s klt f or all b ∈ B a n d A X ,Γ (E ) < 1. ( N ot e t h at ( X , Γ) n o

l o n g er h a s a T - a cti o n b ut t hi s d o e s n ot a ff e ct t h e pr o of.) We m a y writ e

K Y + a E + Γ 1 − Γ 2 = g ∗ (K X + Γ) ∼ Q 0 ,

w h er e a = 1 − A X ,Γ (E ), Γ 1 a n d Γ 2 ar e e ff e cti v e wit h o ut c o m m o n c o m p o n e nt

a n d Γ 2 i s g - e x c e pti o n al. Si n c e (X b , Γ b ) i s klt, s o d o e s ( Y b , ( Γ 1 ) b ) f or all b ∈ B .

We t h e n h a v e

− m g ∗ (K X + D ) − E +
a

Γ 2 ∼
a

(K Y + Γ 1 ) − m g ∗ (K X + D ) ∼
a

(K Y + Γ 1 + H )

f or s o m e e ff e cti v e H ∼ Q − a m g ∗ (K X + D ) s u c h t h at ( Y b , ( Γ 1 ) b + H b ) i s klt f or

all b ∈ B . Fr o m t h e pr o of of [H M X 1 3 , T h. 1. 8( 1)], w e s e e t h at t h e n at ur al m a p s

H 0

Å

Y , − m g ∗ (K X + D ) − E +
a

Γ 2

ã

→ H 0

Å

Y b , − m g ∗ (K X b
+ D b ) − E b +

a
( Γ 2 ) b

ã

ar e s urj e cti v e f or all s u ffi ci e ntl y di vi si bl e m, ∈ N . H o w e v er si n c e ( Γ2 ) b i s

g b - e x c e pti o n al, t h e t w o H 0 ’ s a b o v e c a n b e i d e nti fi e d wit h t h e o n e s i n (A. 5 )

a n d t h u s ( A. 5 ) f oll o w s.

Si n c e Y → B a d mit s a fi b er wi s e T - a cti o n, t h e m a p s i n (A. 5 ) ar e T - e q ui-

v ari a nt a n d h e n c e ar e al s o s urj e cti v e o n e a c h c o m p o n e nt of t h e w ei g ht d e-

c o m p o siti o n. It f oll o w s t h at f or e a c h s u ffi ci e ntl y di vi si bl e m, ∈ N a n d e a c h

α ∈ M , di m(F E b
R b, m ) α i s i n d e p e n d e nt of b ∈ B ( w h er e R b i s t h e s e cti o n ri n g of

− r (K X b
+ D b )). R e c all t h at F v ξ

di ff er s fr o m ( F v ) ξ b y a tr a n sl ati o n of r · θ ξ (v )

( s e e [ Li 1 9 , Pr o p. 3. 8]) a n d λ mi n (F v ) = 0 f or a n y v al u ati o n v . T h e n f or e a c h

ξ ∈ N R ,

θ ξ (v b ) = − λ mi n ((F v b
) ξ )

i s i n d e p e n d e nt of b ∈ B ( w h er e v b = or d E b
). Cl e arl y A X b ,D b

(v b ) i s al s o i n d e-

p e n d e nt of b ∈ B . A s a c o n s e q u e n c e,

A X b ,D b
((v b ) ξ ) a n d S X b ,D b

((v b ) ξ )

ar e b ot h i n d e p e n d e nt of b ∈ B a s w ell. It i s n o w e vi d e nt fr o m t h e d e fi niti o n

(A. 1 ) t h at δ X b ,D b , T (E b ) i s i n d e p e n d e nt of b ∈ B .

T his c o nt e nt d o w nl o a d e d fr o m 
7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms



O N P O SI TI VI T Y O F T H E C M LI N E B U N D L E O N K- M O D U LI S P A C E S 1 0 6 1

We ar e n o w r e a d y t o pr e s e nt t h e pr o of of T h e or e m A. 5 . T h e str at e g y i s

q uit e si mil ar t o t h e pr o of of [ B L X 1 9 , T h. 4. 5]: u si n g t h e c o n str u cti bilit y r e s ult

L e m m a A. 1 1 , w e ai m t o fi n d a s e q u e n c e of l c pl a c e s of a fi x e d c o m pl e m e nt t h at

a p pr o xi m at el y c o m p ut e s δ T (X, ∆) a n d t a k e t h eir li mit i n t h e d u al c o m pl e x.

H o w e v er, w e ar e i n tr o u bl e if t h e li mit v al u ati o n i s of t h e f or m wt ξ f or s o m e

ξ ∈ N R . A n aı̈ v e a p p r o a c h i s t o t wi st t h e v al u ati o n s b y s o m e ξ ∈ N R b ef or e

t a ki n g t h e li mit, b ut a pri ori t hi s al s o c h a n g e s t h e c o m pl e m e nt a n d t h e r e s ulti n g

v al u ati o n s m a y n o l o n g er b e l c pl a c e s of a fi x e d p air. T o a v oi d t h e s e i s s u e s, w e

t a k e a c o m m o n l o g r e s ol uti o n of ( X, ∆ + M ) ( w h er e M i s t h e c o m pl e m e nt) a n d

( s uit a bl e c o m p a cti fi c ati o n of ) T × (X // T ) i n f a mil y (i. e., o v er s o m e p ar a m et er

s p a c e of b o u n d e d c o m pl e m e nt) i n t h e s e n s e of D e fi niti o n A. 1 0 . T h e a d diti o n al

T × (X // T ) t h e n t a k e s c ar e of t h e wt ξ c o m p o n e nt of t h e l c pl a c e s a n d e n s ur e s

t h at it st a y s c o n st a nt w h e n m o vi n g al o n g t h e f a mil y.

P r o of of T h e o r e m A. 5 . L et N b e t h e i nt e g er fr o m L e m m a A. 9 . B y L e m-

m a s A. 8 a n d A. 9 , if E i s a T -i n v ari a nt di vi s or o v er X t h at i s a n l c pl a c e of a n

N - c o m pl e m e nt, t h e n s o i s E ξ f or a n y ξ ∈ N Q .

We fir st pr o v e t h at t h er e e xi st s a s e q u e n c e of T -i n v ari a nt di vi s or s E i

o v er X , e a c h of w hi c h i s a n l c pl a c e of a n N - c o m pl e m e nt, s u c h t h at or dE i = wt ξ

f or a n y ξ ∈ N Q a n d li m i→ ∞ δ T (E i ) = 1. I n f a ct, if t hi s f ail s, t h e n b y

L e m m a A. 9 , t h er e e xi st s s o m e c o n st a nt a > 0 s u c h t h at f or a n y di vi s ori al

v al u ati o n v = or d E t h at i s i n d u c e d b y a T - e q ui v ari a nt s p e ci al t e st c o n fi g ur a-

ti o n ( X s , ∆ X s ), w e h a v e δ T (v ) > 1 + a . T h u s b y t h e d e fi niti o n of δ T , t h er e i s

a t wi st ξ ∈ N R s u c h t h at

β X, ∆ (v ) ≥ a · S (v ξ ) ≥
a

n + 1
J N A (F v ξ

) ≥
a

n + 1
J N A

T (F v ),

w h er e t h e fir st i n e q u alit y f oll o w s fr o m t h e d e fi niti o n of δ T (v ), t h e s e c o n d i n-

e q u alit y f oll o w s fr o m ( A. 3 ), a n d t h e l a st i n e q u alit y f oll o w s fr o m C or oll ar y 2. 1 5

a n d t h e f a ct t h at F v ξ
di ff er s fr o m ( F v ) ξ b y a tr a n sl ati o n. Si n c e β X, ∆ (v ) =

D N A (X s , ∆ X s ) b y [ F uj 1 9 , T h. 5. 1], it f oll o w s t h at

D N A (X s , ∆ X s ) ≥
a

n + 1
J N A

T (X s , ∆ X s )

f or a n y T - e q ui v ari a nt s p e ci al t e st c o n fi g ur ati o n (X s , ∆ X s ) of ( X, ∆). B y [ Li 1 9 ,

§ 4] ( w hi c h u s e s e q ui v ari a nt M M P a n d a si mil ar ar g u m e nt a s i n [ L X 1 4 ]), t hi s

i m pli e s

D N A (X , ∆ X ) ≥
a

n + 1
· J N A

T (X , ∆ X )

f or a n y T - e q ui v ari a nt t e st c o n fi g ur ati o n (X , ∆ X ). H e n c e ( X, ∆) i s r e d u c e d

u nif or ml y K- st a bl e a n d δ T (X, ∆) > 1, a c o ntr a di cti o n.

Fi x a s e q u e n c e E i (i ∈ N ) wit h t h e af or e m e nti o n e d pr o p erti e s a n d a T - e q ui-

v ari a nt bir ati o n al m a p X T × Z , w h er e Z i s pr o p er a n d T i s a t ori c

v ari et y t h at c o m p a cti fi e s T . Vi a (3. 1 ) w e g et a ( n o n- c a n o ni c al) i s o m or p hi s m

V al( Z ) × N R
∼= V al T (X ) s e n di n g ( µ, ξ ) → v µ, ξ a n d l et π : V alT (X ) → N R b e

T his c o nt e nt d o w nl o a d e d fr o m 
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t h e i n d u c e d pr oj e cti o n. B y L e m m a A. 8 , w e m a y r e pl a c e e a c h E i b y a t wi st

a n d a s s u m e t h at π ( or d E i ) = 0.

We n o w r u n a m o di fi e d ar g u m e nt of [ B L X 1 9 , pr o of of T h. 4. 5]. C o n si d er

t h e p ar a m et er s p a c e B of T -i n v ari a nt li n e ar s eri e s M b ⊆ | − N (K X + ∆) | t h at

gi v e stri ct N - c o m pl e m e nt of (X, ∆), i. e., l ct( X, ∆; M b ) = 1
N . T h er e e xi st s a

l o c all y cl o s e d d e c o m p o siti o n B = ∪ B j a n d é t al e m a p s B j → B j s u c h t h at t h e

B j ’ s ar e s m o ot h a n d t h e u ni v er s al f a mil y (X × B, ∆ × B ; M ) t o g et h er wit h

(T , Γ) × Z × B ( w h er e Γ i s t h e s u m of t or u s i n v ari a nt di vi s or s o n T ) a d mit s a

si m ult a n e o u s fi b er wi s e T - e q ui v ari a nt l o g r e s ol uti o n o v er e a c h B j .

F or a n y E i , t h e li n e ar s y st e m

M i : = F
N ·A X, ∆ ( E i )
E i

H 0 O X (− N (K X + ∆)) ⊂ H 0 O X (− N (K X + ∆))

i s a T -i n v ari a nt li n e ar s y st e m t h at s ati s fi e s t h at l ct(X, ∆ ; M i ) = 1
N a n d E i i s

a n l c pl a c e of (X, ∆ + 1
N M i ). I n p arti c ul ar, M i yi el d s a p oi nt o n B . P a s si n g t o

a s u b s e q u e n c e of E i a n d r e stri cti n g t o s o m e c o m p o n e nt B j , w e m a y a n d d o a s-

s u m e t h at B i s irr e d u ci bl e, si m ult a n e o u s fi b er wi s e T - e q ui v ari a nt l o g r e s ol uti o n s

Y
g g

(X × B, ∆ × B + M ) (T , Γ) × Z × B

e xi st o v er B , a n d e v er y E i i s a n l c c e nt er of (X, ∆ + 1
N M b i

) f or s o m e b i ∈ B .

I n p arti c ul ar, t h er e e xi st s a n l c pl a c e E i of ( X × B, ∆ × B + 1
N M ) t h at r e stri ct s

t o E i o v er b i .

Fi x b 0 ∈ B . Si n c e π ((E i ) b ) = 0 if a n d o nl y if t h e c e nt er of ( E i ) b i s n ot c o n-

t ai n e d i n a n y c o m p o n e nt of g ∗
b ( Γ × Z ) a n d t h e l att er st at e m e nt i s i n d e p e n d e nt

of b ∈ B , w e s e e t h at π ((E i ) b 0 ) = 0 a s t h e s a m e h ol d s o v er b i . B y L e m m a A. 1 1 ,

w e al s o h a v e

δ X, ∆ , T (E i ) = δ X, ∆ , T ((E i ) b 0 ).

T h er ef or e, w e m a y r e pl a c e t h e s e q u e n c e E i b y ( E i ) b 0 a n d a s s u m e t h at t h e E i ’ s

ar e l c pl a c e s of a fi x l c p air ( X, ∆ + 1
N M b 0 ).

B y [B L X 1 9 , L e m m a 2. 3], w e k n o w t h at v i : = 1
A X ,∆ ( E i )

( or d E i ) c o n v er g e s

t o a T -i n v ari a nt q u a si- m o n o mi al v al u ati o n v o v er X . Si n c e π (v i ) = 0 a n d

A X, ∆ (v i ) = 1, w e s e e t h at π (v ) = 0 a n d A X, ∆ (v ) = 1 a s w ell; i n p arti c ul ar,

v = wt ξ f or a n y ξ ∈ N R . We will s h o w f or s u c h v t h at δ T (v ) = 1.

Aft er t wi sti n g b y ξ , w e al s o h a v e (v i ) ξ → v ξ a n d A X, ∆ ((v i ) ξ ) → A X, ∆ (v ξ ).

B y [ B L X 1 9 , Pr o p. 2. 4], w e h a v e S (v i ) → S (v ), a n d t h er ef or e a s

S (v ξ ) = A X, ∆ (v ξ ) − A X, ∆ (v ) + S (v ) + F ut( ξ ) ( b y [ Li 1 9 , ( 1 3 0)]),

w e al s o h a v e S ((v i ) ξ ) → S (v ξ ) f or all ξ ∈ N R . It f oll o w s t h at f or a n y ξ ∈ N R ,

A X, ∆ (v ξ )

S (v ξ )
= li m

i→ ∞

A X, ∆ ((v i ) ξ )

S (( v i ) ξ )
≤ li m

i→ ∞
δ T (v i ) = 1
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a n d h e n c e δ T (v ) ≤ 1. Si n c e w e al w a y s h a v e δ T (v ) ≥ 1 ( R e m ar k A. 2 ), t h u s

δ T (v ) = 1. B y R e m ar k A. 4 , w e al s o k n o w t h at δ T (v ) =
A X, ∆ ( v ξ )

S ( v ξ ) = 1 f or s o m e

ξ ∈ N R . It f oll o w s t h at β (v ) = β (v ξ ) = 0 f or all ξ ∈ N R . I n ot h er w or d s,
A X, ∆ ( v ξ )

S ( v ξ ) = 1 f or all ξ ∈ N R .

C o n j e c t u r e A . 1 2. L et (X, ∆) b e a K - s e mi st a bl e l o g F a n o p ai r a n d T a

t o r u s a cti n g o n (X, ∆). If δ T (X, ∆) = 1, t h e n t h e r e e xi st s a di vi s o ri al v al u ati o n

v n ot of t h e f o r m wt ξ s u c h t h at

A X, ∆ (v )

S X ,∆ (v )
= δ X, ∆ , T (v ) = δ T (X, ∆) = 1 .

R e m a r k A. 1 3. T h e or e m A. 5 a n s w er s t h e e x p e ct ati o n i n [ Li 1 9 , R e m. 3. 2 5].

B y [ B X 1 9 , T h. 4. 1], C o nj e ct ur e A. 1 2 i m pli e s C o nj e ct ur e 3. 8 .
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ri c s, 2 0 1 9. ar Xi v 1 9 0 3 . 1 2 5 4 7 .

[ X u 2 0] C. X u , A mi ni mi zi n g v al u ati o n i s q u a si- m o n o mi al, A n n . of M at h . ( 2 )

1 9 1 n o. 3 ( 2 0 2 0), 1 0 0 3 – 1 0 3 0. M R 4 0 8 8 3 5 5 . Z bl 0 7 1 9 0 3 0 8 . htt p s: / / d oi.

or g / 1 0. 4 0 0 7 / a n n al s. 2 0 2 0. 1 9 1. 3. 6 .

[ Z h u 2 0] Z. Z h u a n g , Pr o d u ct t h e or e m f or K- st a bilit y, A d v . M at h . 3 7 1 ( 2 0 2 0),

1 0 7 2 5 0, 1 8. M R 4 1 0 8 2 2 1 . Z bl 0 7 2 1 9 6 9 8 . htt p s: / / d oi. or g / 1 0. 1 0 1 6 /j. ai m.

2 0 2 0. 1 0 7 2 5 0 .

( R e c ei v e d: J a n u ar y 4, 2 0 2 0)

( R e vi s e d: A u g u st 2 9, 2 0 2 0)

D e p a r t m e n t o f M a t h e m a ti c s, M I T, C a m b ri d g e, M A a n d

B ei ji n g I n t e r n a ti o n a l C e n t e r f o r M a t h e m a ti c a l R e s e a r c h,

B ei ji n g, 1 0 0 8 7 1, C hi n a

C u r r e nt a d d r e s s : D e p a r t m e n t o f M a t h e m a ti c s, P ri n c e t o n U ni v e r si t y,

P ri n c e t o n, N J

E- m ail : c h e n y a n g @ p ri n c e t o n. e d u, c y x u @ m a t h. p k u. e d u. c n

D e p a r t m e n t o f M a t h e m a ti c s, M I T, C a m b ri d g e, M A

E- m ail : zi q u a n @ mi t. e d u

T his c o nt e nt d o w nl o a d e d fr o m 
7 1. 2 2 6. 2 2 8. 2 1 3 o n T h u, 1 2 N o v 2 0 2 0 0 5: 0 0: 4 2 U T C  

All us e s u bj e ct t o htt ps:// a b o ut.jst or. or g/t er ms

http://www.ams.org/mathscinet-getitem?mr=0689646
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0521.32019
https://doi.org/10.1007/BF01389100
https://doi.org/10.1007/BF01389100
http://www.ams.org/mathscinet-getitem?mr=3566198
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1362.53082
https://doi.org/10.1215/00127094-3645330
https://doi.org/10.1215/00127094-3645330
http://www.ams.org/mathscinet-getitem?mr=3966797
http://www.ams.org/mathscinet-getitem?mr=0915841
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0696.53040
http://www.ams.org/mathscinet-getitem?mr=1471884
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0892.53027
https://doi.org/10.1007/s002220050176
https://doi.org/10.1007/s002220050176
http://www.ams.org/mathscinet-getitem?mr=3352459
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1318.14038
https://doi.org/10.1002/cpa.21578
https://doi.org/10.1002/cpa.21578
http://www.arxiv.org/abs/1903.12547
http://www.ams.org/mathscinet-getitem?mr=4088355
http://www.zentralblatt-math.org/zmath/en/search/?q=an:07190308
https://doi.org/10.4007/annals.2020.191.3.6
https://doi.org/10.4007/annals.2020.191.3.6
http://www.ams.org/mathscinet-getitem?mr=4108221
http://www.zentralblatt-math.org/zmath/en/search/?q=an:07219698
https://doi.org/10.1016/j.aim.2020.107250
https://doi.org/10.1016/j.aim.2020.107250
mailto:chenyang@princeton.edu,cyxu@math.pku.edu.cn
mailto:ziquan@mit.edu

	1. Introduction
	2. Preliminaries
	3. Reduced uniform K-stability
	4. -invariants for filtrations
	5. Twisted families
	6. Ampleness lemma
	7. Positivity of CM line bundle
	Appendix A. Reduced -invariants
	References

