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Abstract. This paper studies an optimal stochastic impulse control problem in a finite
time horizon with a decision lag, by which we mean that after an impulse is made, a
fixed number units of time has to be elapsed before the next impulse is allowed to be
made. The continuity of the value function is proved. A suitable version of dynamic
programming principle is established, which takes into account the dependence of state
process on the elapsed time. The corresponding Hamilton-Jacobi-Bellman (HJB) equation
is derived, which exhibits some special feature of the problem. The value function of this
optimal impulse control problem is characterized as the unique viscosity solution to the
corresponding HJB equation. An optimal impulse control is constructed provided the
value function is given. Moreover, a limiting case with the waiting time approaching 0 is
discussed.
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1 Introduction

Let (2, F,F,P) be a complete filtered probability space on which a d-
dimensional standard Brownian motion W(-) is defined, with F being its
natural filtration augmented by all the P-null sets. Consider the following
stochastic differential equation (SDE, for short):

X(s) = x+/: b(T,X(T))dT+[o(T,X(T))dW(T)Jrg(s), se Tl (11)

where b : [0,7] x R" — R" and o : [0,7] x R"® — R" ¢ are some suitable
deterministic maps, X (-) is the state process with ¢ € [0, T) being the initial
time and & € R™ being the initial state, and &(+) is called an impulse control
of the following form:

€(s) = &ixpnm(s), setT] (1.2)

i>1
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Here, {7;}i>1 is an increasing sequence of F-stopping times valued in [¢, T,
and each ¢; is an F,,-measurable square integrable random variable taking
values in K, with K C R” being a closed convex cone. Unlike the classical
impulse control problems ([6]), for any two consecutive impulses, a gap is
required:

Tid1 — Ti = 0, 1>1, a.s., (1.3)
for some fixed constant § > 0 which is called a decision lag. In another
word, after an impulse is made, another immediate impulse is not allowed.
In reality, this makes a perfect sense and one can easily cook up examples
for this. For example, contributions to the retirement account (biweekly,
monthly, or skipping), adjustment of the portfolio made by a fund manager
(monthly, quarterly, or no changes), trading assets in some security market?,
to mention a few ([2, 4, 3, 1, 18]).

Due to the existence of the decision lag, for any initial time ¢ € [0,T),
whether an impulse at ¢ or shortly after is allowed depends on when was
the last impulse made before time t. To more precisely describe this, we
introduce a variable r € [0,T), called an elapsed time, which is defined by
the following: Suppose 7y is the last moment before ¢ at which an impulse was
made. Then r = t — 73 is the elapsed time at . We make a convention that if
no impulse has ever been made on [0,t), then set the elapsed time r =4 V ¢,
so that an immediate impulse at ¢ is allowed. From this, we see that it makes
more sense to take (t,7,z) as the initial triple, with (¢t,z) € [0,T) x R™ being
the usual initial pair and with r € [0,T) being the initial elapsed time. We
let 2 be the set of all initial triples (¢,r,z). Thus,

2 =10,T] x[0,T] x R™. (1.4)

Now, for any (¢,r,2) € 2, we let . [t,T] be the set of all impulse controls
of the form (1.2) with (1.3) being true and with the initial elapsed time r.
Then for any £(-) € J£.[t,T] of form (1.2), we claim that

nz{t—-r+d)Vvt. a.s. (1.5)
In fact, if the last impulse before ¢t was made at 7y, then
m=2(+d)Vit=(t—r+0)Vt, a.s.;

and in the case that no impulse has ever been made in [0,¢), by our conven-
tion, one has

HSt=(AOVE=(t—6Vt+o)Vt=(t—r+5)Vt  as.

Thus, (1.5) holds. Clearly, the role played by r is in the determination of 1.
Moreover, we see that

(1.6)
VOLS7A<r<d<r <T.

n current stock market of China, there is a so-called “T'+1” rule, meaning that buying
a stock today, one is not allowed to sell it until tomorrow.
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Under proper conditions, for any (¢t,7,z) € 2 and &(-) € J.[t,T), state
equation (1.1) admits a unique solution X () = X(-;¢,r,z,&(-)). To mea-
sure the performance of the impulse control, we introduce the following cost
functional:

T
J(tr3:6()) = E{ / gls, X(3))ds + h(X(T) + Y _0(ri&)}, (17)

i>1

for some suitable deterministic maps g(-,-), h(-) and £(-,-). The terms on
the right-hand side are the running cost, the terminal cost, and the impulse
cost, respectively. Our optimal control problem can be stated as follows.

Problem (IC). For any (t,r,x) € 2, find a £(-) € J#,.[t, T] such that

J(t,r,x;€(1)) = g(.)eipl{[t’T] J(t,rz;6(0) = V(t,rx). (1.8)

Any £() € A, T) satisfying (1.8) is called an optimal impulse control,
and X () = X(-;t,r,z,&(+)) is called the corresponding optimal state process.
We call V(-,-,-) the value function of Problem (IC).

Classical optimal impulse control theory can be traced back to the work
of Bensoussan—Lions in the early 1970s ([5, 6]). Many follow-up literature
appeared since then, see [13, 12, 19, 20, 7, 14], for examples. It is well-
known that for a classical impulse control problem, if the state equation is
a stochastic differential equation with deterministic coefficients and the cost
functional also only involves deterministic functions, then under some mild
conditions, the value function of the problem is the unique viscosity solution
to a Hamilton-Jacobi-Bellman equation of a quasi-variational inequality form.
Once the value function is determined, an optimal impulse control can be
constructed, which solves the optimal impulse control problem.

Optimal impulse control problems with one (fixed) ezecution lag were
firstly studied by Robin in the middle of 1970s ([17]). Unlike problems with
decision lag, in a problem with an execution lag, one decides, at some 7;,
an impulse &; to be made, which will be realized at a later time 7; + A for
some fixed lag A > 0. Due to the fact that the decision lag § > 0 might
be smaller than the execution lag A, there could be some pending “orders”,
the impulses ordered during (7,7 + A). For details, see [8], in which the
execution lag is an integer multiple of the decision lag, i.e., A = md. To get
more feeling, as well as for the purpose of comparison with the results of the
current paper, let us consider the situation studied in [8] of maximum pending
order m = 1 and minimizing the cost instead of maximizing the payoff. Let
vY(t, z) be the optimal value of the cost functional corresponding the initial
pair (¢,7) with no pending order and v!(t,z, (7,£)) be the optimal value of
the cost functional corresponding to the initial pair (¢,z) with one pending
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order (7,£) (the impulse ordered at 7 with size £ which will be exercised at
T+ 6), then the corresponding HJB equation system is as follows:

min {0 (t,) + H(t,,00(t,2), 09, (t, 7)),

anf [0 (4, (1.)] —Uo(t,a:)} =0, (t,z)e[0,T—d]xR",

(1.9)
V) (t,2)+H(t, 2,00 (t, ), 02, (t,2)) =0, (t,z)e(T—6,T)xR",
(T, x) = h(z), x € R"™.
Utl (t7 z, (7—7 5)) + H(ta T, vglc(t7 €T, (Ta 5))7 D;I(t, T, (Tv 5))) =0,
(12,(r€) € [ +0) X B x (0T —a) x K)o
V(T4 6) =, 2, (1,€)) = e(2,€) +vo(T + 6,2 + §), '
((L’, (T7€)) € R™ x ([O7T - 5} X K)
Note that the above two equations are coupled in the following way: v!(-,-,-)
appears in the obstacle of the equation for v°(-,-); v9(-,-) appears in the ter-
minal condition of the equation for v!(-,-,-). We will see some common

feature and some significant difference between the above and our HJB equa-
tion later.

Let us now briefly recall the main relevant results in several other pa-
pers. Optimal impulse control problem in an infinite horizon with an execu-
tion lag was investigated in [4, 15], where no HJB equations were derived.
A switching problem with decision lag and execution lag for discrete-time
systems was studied in [2], in which, only some numerical algorithms were
presented. In [18], an asymptotic optimization problem of terminal wealth
with decision lag or execution lag under HARA utility was studied. Some
kind of Bellman dynamic programming equations corresponding to several
situations were presented. However, still no HJB equations were derived. An
optimal switching problem with a decision lag for ODEs was studied in [10].
A reachable set was characterized by the level set of the value function which
is the unique viscosity solution to a first order HIB equation. In [11], an op-
timal impulse control problem is considered for a general stochastic process
(without concrete SDE state equation) with execution lag. Snell envelope
and reflected BSDEs were used to obtain the optimal impulse controls. In
[16], an optimal impulse problem in a finite horizon with arbitrary number
of pending orders for Feller process were investigated without corresponding
HJB equation derived.

In this paper, we consider the optimal impulse control problem with a
decision lag (without execution lag). It should be pointed out that, unlike
the above-cited works, we have paid a special attention on the elapsed time
since the last impulse was made. The introduction of the elapsed time r helps
us to fully understand the problem. Because of that, our value function is of
form V(t,r,z) and therefore, V,.(¢,r, ) will naturally appear, which makes
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our HJB equation significantly different from those in the literature, say, of
form (1.9)—(1.10). We will show directly the continuity of the value function
V(t,r,z) in all its arguments, by using some ideas from [20], unlike some
indirect and complicated arguments used in [8]. Then we establish a suitable
version of dynamic programming principle using an argument inspired by
[9], which leads to the corresponding HJB equations. We further show that
the value function is the unique viscosity solution to the HJB equation, by
a technique adopted from [21]. Moreover, an optimal impulse control is
constructed from the given value function. Finally, a limiting case with the
decision lag approaching 0 is discussed, which exactly recovers the classical
impulse control problems.

The remaining part of the paper is organized as follows. Section 2 intro-
duces the value function associated with the control problem and its proper-
ties. Section 3 provides a suitable version of dynamic programming principle
and derived the corresponding HJB equations. In Section 4, the value func-
tion is proved to be the unique viscosity solution of HJB equations in some
given function space (with some technical details put in the appendix) and an
optimal impulse control was constructed with verification theorem. Finally,
Section 5 concludes the paper.

2 The Value Function and Its Properties

Recall that (2, F,P) is a complete probability space on which a standard
d-dimensional Brownian motion W(-) = {W(¢);0 < ¢t < oo} is defined, with
F = {F,}1>0 being its natural filtration augmented by all the P-null sets in
F. Let T > 0 be given and let K be a closed convex cone in R™. For the
coefficients of the state equation (1.1), we introduce the following assumption.

(H1). Let b: [0,T] x R® — R™, o : [0,T] x R* — R"*? be continuous and
there exists a constant L > 0 such that, for all x,Z € R™, ¢ € [0, T,

|b(t, ) — b(t, &) + |o(t,z) —o(t,2)| < L|z — 2|,

b(t,z)| +|o(t,2)| < L. (2.1)

For the functions involved in the cost functional, we introduce the follow-
ing assumption.

(H2). Let g : [0,7] xR®* - R, h : R™ - Rand ¢ : [0,7] x K — Rt be
continuous and there are constants o, > 0 such that, for all z,2 € R",
0<t<it<T,and &€ € K,

lg(t, x) — g(t, ) + [h(x) — h(2)] < L]z — &,

lg(t,x)| + |h(z)| < L, (2.2)
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and
Ut +6) < U(LE) +U(LE), 03
UEE) <Utg),  UtE) = o+ alg]
Remark 2.1. Some of the assumptions stated above can be slightly relaxed.
For example, in the spirit of [19], we may let © — (b(s,z),0(s,z)) be of
linear growth, and x — (g(s,x), h(x)) be of some power growth. Also, the
coercivity condition in (2.3) can be relaxed a little.

Next, we introduce admissible impulse control processes with decision lag
0 € (0,T). Some relevant discussions have already been carried out in the
previous section.

Definition 2.2. An admissible impulse control process on [t,T], with deci-
sion lag d and elapsed time r, is defined to be of form

i>1
such that the following are true:

(i) Each 7; is an F-stopping time with

n=({t+d—r)Vi, a.s., (2.5)
and
Tit1 = Ti + 6, a.s., ifrmy<T, (2 6)
Ti+1 > Tis a.s., if Ti+1 = T. '

(i) Each §; is F;,-measurable with values in K, and

E(Zﬁ(n,&)) < 0. (2.7)

i>1

We let J.[t,T] be the set of all the impulse control processes on [t,T]
with decision lag § and elapsed time r. The last impulse time before ¢ is
always denoted by 79. Then we have

r=t—ro and 71 = (0 +9) Vi, (2.8)

which give us (2.5), i.e. we must wait at least (§ — 7)™ units of time to
make the first impulse after ¢. Subsequently, (2.6) indicates that we may
intervene on the system at any times 7; € [r,T) separated at least by the
decision lag §. Further, the impulse can be made at terminal time T without
decision lag, which is an important condition to guarantee the continuity of
the value function. Besides, r = § V ¢ if there has been no impulse executed
on [0,t). The above indicates the dependence of the impulse control on r,
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we therefore put r as subscript in J.[t,T]. Thanks to the decision lag d, for
any £(+) € J,[t, T, there exists a finite number x(&()) with

K(E(+) < [ﬂ +1. (2.9)

such that
w(E(+))
)= D &ixprn() (2.10)

i=1

We should note that an impulse control with no impulse and with zero im-
pulses are different due to the condition (2.3) for the impulse cost. It is clear
that any impulse control with some zero impulses are not optimal. Here-
after, we exclude all impulse controls with some zero impulses from JZ.[t, T1.
On the other hand, for convenience, we will use £y(-) to denote the impulse
control that does not contain any impulses and call it the trivial impulse
control.

Let us first present the following result which will be useful below.

Proposition 2.3. Let (H1) hold. Then for any initial triple (t,r,x) € 9

and impulse control £(-) € JZ.[t, ] state equation (1.1) admits a unique
solution X (-) = X( itz E(0)). rther if (t,7,2) € 9 with t € [t,T],
£() € AL, T), and X(-) = X(-;1,7,2,&()), then for any p > 1, and s €

[t’ T]a

B[ sup |X<s/>f)?<s'>\p}
s'€[t,s]

<CE[la—ap +1t—i% + (Y I&d) + sup [6() ~ &)1,

i<t s'€[t,s]

(2.11)

and

E|X(s) = X(s)]” OEDw—x\mt—ﬁ +(Xlal)

<t (2.12)
([ et - Enpar)” +lets) - o],

Hereafter, C' stands for a generic constant which could be different from line
to line.

Proof. First of all, for any (¢t,r,2) € 2 and &(-) € J.[t,T], by a standard
argument making use of the contraction mapping theorem, we know that the
state equation (1.1) admits a unique solution X (-) = X (-;¢,r,2,£(-)). Then
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for any & € R™, we have

s'€lt,s)

E[ sup |X(s') — §:|p] < 4”_1E[|x — P+ (/tS \b(T,X(T))|d7)p

+ sup / ) o(r, X(r)dW ()| + sup 1))
s'€lt,s) ' Jt s'€[t,s]
< 4P~ 1[|m—x|p+L1’(s—t) +CE / lo(, X (1) 2d¢)%+E(ZI€Z) }
T <8

<0[|x—m|p—|— (s—t)% + (Z|§,)}

Ti<s
In particular, for any € (t,T),
E|X(i-) -l < Clle—ap + 1t -5 +E( Y 161)']-
i<t
Next, for (t,r,z),(f,#,&) € 2 with 0 < t < t, and &(-) € J[t, T,

€(-) € A:[E, T), let X(-) and X(-) be the corresponding solutions of the state
equation (1.1). Denote

B(s) = X(s) - X(s)2 XX (92X ()
o(s, X (s)) — (s, X(s))][X(s) — X(s)]T
¥(s) = lote, X(s) |X((S) —()A()i]s[)P( X{X(5)#X (s)}

Then B(-) and X(+) are bounded and

Y(s):Y(f)+/£sB(T) [Y(T)—FU(T)]dT—I—/;E(T) [Y(T)+77(T)]dW(T), se[t, T).

This is equivalent to the following:

{ dY(s) = B(s)[Y (s) + n(s)lds + X(s)[Y(s) + n(s)]dW(s), s € [£, 77,
Y(t) = X(i-) — @ — (&) — (@),

Hence, by (H1), and a standard argument for SDEs, we have

E[ sup |Y(3/)|p}<CE[|Y(£>|p+(/£S|77(T)|d7’ /\77 )| dT g . (2.13)

s'€lt,s]



An Optimal Impulse Control Problem With a Decision Lag 97

Consequently,

E[ sup \X<s'>—.>?<s’>|p}<2p-11a[ sup Y (s))/"+ sup |¢(s') = &)V

s’ €[t,s] s’ €[t,s] s'€[t,s]
< cr{lx(i-) -4 + le6) - G + ([ letr) - Enypar)”
ii‘ﬁ] &) — &1}
Ello -+t =il + (Y 1al) + sup [6() — &P
i<t s'€|t,s]

This gives (2.11). Also, from (2.13), we have
R S P s %
BY ()P < CE[y @ + ([ iar)"+ ([ inrpar) ],
i i
which implies
EIX(s) - X(s)I” < ap*E[w(sw +E(s) - €<s>|p}
<CE[lo-sprie-i+ (X lel) "+ ([ et -&)Par) st - &)
i<t
This completes the proof. O
From the above, we see that under (H1)-(H2), for any initial triple
(t,r,x) € 2 and &(-) € . [t,T], the cost functional (1.7) is well-defined.
Then Problem (IC) can be stated as in the previous section, and the value

function V' : 2 — R is well-defined by (1.8). The following result is concerned
with some basic properties of the value function.

Theorem 2.4. Let (H1)-(H2) hold. Then
|[V(t,r,z)| < L(T + 1), Y(t,r,z) € 9, (2.14)
and
V(t,r,z) = V(E,7,2)| < C(t—H> +|rAd— f‘A/\ 8% + |z — &), (2.15)
V(t,r ), (t 7 &) € D.

The proof is lengthy and technical, which will be split into several lemmas.
First, we have the following lemma which gives the boundedness of the value
function V'(-,-,-) as well as the Lipschitz continuity of  — V (¢, r, x).

Lemma 2.5. Let (H1)-(H2) hold. Then (2.14) holds and there exists a
constant C' > 0 such that

\V(t,r,z) = V(t,r,z) <Cle — |, Y(t,rx),(t,rT) € D. (2.16)
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Proof. First of all, recalling the trivial impulse control £y(+). By the definition
of V(t,r,x) and (H1)—(H2), we know that

Vit,r,x) < J(t,r,x;&0(r))

:E{/t Q(S,X(s;t7r7x7fo(.)))ds+h(X(T;t7r7x’§0(.)))} < L(T +1).

On the other hand, since the impulse cost £(-) is positive valued, we have
that, for any &(-) € (¢, T,
T
J(ta r, I 5()) = E{ / 9(87 X(S, t? "z, f()))ds + h(X(Ta t,r,x, g()))}
¢
—L(T +1).
Thus, (2.14) follows.

Next, for any p > 1, by (2.11) with (¢,7) = (£,7) and £(-) = £(+), one has

E[ sup | X(s) — )?(s)ﬂ < Clz — 2P
s€t,T]

Consequently,
(7,25 €()) = T (k7 35E())

/‘msx — g(s, X (5))lds + |(X(T)) = W(X (D)} < Clar = &,
Then (2.16) follows. O

Now, let us make an observation. For any (¢,7,z) € 2, and any £(-) €
[, T of form (2.10), we have

T R(E()
J(t,r, 35 €() = ]E[/t g(s, X (s))ds + h(X Z Ui &)]

K(EL)
>-LT—t+)+E( Y [o+al&l]) > —L(T +1) + amaxEl&].
i=1 -

Hence,
amaxEl&| < J(t,r,:6()) + LT +1) (2.17)
K3

=

Consequently, taking into account (2.14), we see that there exists an absolute
constant Cp such that if an impulse control £(+) of form (2.10) satisfying

E(I{.l;;d&l) > Co,
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then it must be not optimal. Hence, if we set (recall (2.9))

R(€()
01T ={¢() Zgl ) () € AT |

(2.18)
Mﬂ»<[a+4wmn<%,1<i<m&»}
then
V(t,r,z) = 5(-)ei<}ril’,f9[t,T] J(t,r,x;€(4)). (2.19)
Note that, similar to (1.6), we also have
ATV C A T) € AP T) = Aol T, 220

b
VOLrA<r<o<r <T.

Now we are ready to prove the 7—H01der continuity of ¢t — V (¢, r, x).

Lemma 2.6. Let (H1)—(H2) hold. Then there exists a constant C' > 0 such
that

|V(t,7", JU) - V(ﬂ T7$)| g C(|t (221)

Proof. Let t € (t,T)]. For any ¢ > 0, let fA() € V[t T] such that
V(ir) < J(Er @€)< V(Era) +e.

We extend E() from [£,T] to [t, T] by letting
o, c[t,t),
w-fo, i

Namely, £(-) does not have impulses on [t,). Let X(-) = X(-;t,7r,2,£(-))
and X() = X(-;t,r, x,£(-)), by (2.11), there exists a constant C' > 0 such
that R
E[ sup | X (s) —X(s)@ <Ot — 5.
s€lt,T]

Then
Vit,r,z) =Vt rx)—e < J(t,ra &) — J(E,rz€())

E| (X (T))~h(X(T))|+ t \g(S»X(S))Ider lg(s, X (s ))—9(87)?(8))\618]

SLit—f+LO+T)Clt—12,
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which implies that

Vt,r,x) = V(t,r,z) < C|t —t|2.

Nl=

Conversely, for any € > 0, there exists
k
f() = Z&X[ﬂ,T](') € '%/TO[LTL
i=1

with k = k(£()) < [£] + 1 and E|&] < C for any 1 < i < k such that
V(t7 T7 :I:) 2 J(t7 T7 x;g(.)) - E'
Define
o~ k ~
§() = &ixprm () € [, T
i=1

with
7= (ri+t—t)AT, i>1.

~

Clearly, £(-) is nothing but the impulse control obtained from &(-) by moving
all the impulses at instant 7; to the (possibly later) instant (7; +¢ —t) A T.
Let us partition the interval I = [¢,T] as I = I; U I, with

k—1 k
I = [t,Tl) U ( U [7A'i,Ti+1)) U [7A'k,T], I, = U[tA\/Ti,ﬁ').

i=1 i=1

A careful observation tells us that

k
§(5) = €5 = D_&Xipvm (), E(T) = E(T) =0. (2:22)

~

Namely, £(-) and £(+) are different only on I5. Also, we note that
0<H—-n<t—t, ix1 (2.23)

Let X(-) = X(-;t,r,2,&(+)) and )A(() = X(-;t, r,x,g(-)), by (2.11), we have

B[ sup [X(s) = X(s)|] < C(jt 1% + sup €(5)]),
s€t,T]

and noting (2.18),

E|X(T) — X(T)| < CE[u—ﬂ% +( E(r) — (T)|d7)%} <Ot — ).
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Then, by (H1)—(H2) and the definition of J¢°[t,T], we see that

—&{ [ ot X+ [ [0 XD - ot Re]ir
+h(X(T)) = h(X(T)) + i [0, &) — €(71,€0)] }
—L(f—t) — C|t—t|2fC’Z #—1) = —Clt—1]3.
Hence, (2.21) follows. O

Finally, we prove the continuity of the value function with respect to r.

Lemma 2.7. Let (H1)-(H2) hold. Then there exists a constant C' > 0 such
that for every (t,r,x), (t,7,z) € 2,

0< V(t,rz) = V(t,#z) <Clr— 72, ifr <7 <9,
0< V(t,rz) = V(t, 7 z) <Clr—4|2, ifr<6<?, (2.24)
0=V(t,rx) —V(trTF ), ifé<r <

Proof. First, we consider the case r < # < §. Since J°[t,T] C #L[t,T], we
have
Vt,t,x) < V(t,r ).

Conversely, for any € > 0, let
k ~
) = Zle[‘f’L,T]() € ji/'f'o[tTL

with k£ < [£] + 1, and IE|§/“;| < Cp for any 1 < i < k (see (2.18)) such that
V(t, 7 x) < J(t, 7 a;E() < V(E 7 z) +e.
Define

k
= Zle[T“T]() € ji/'ro[tTL
i—1

with
i=FHAF-AT =%, 1<i<k

~

Clearly, £(-) is nothing but the impulse control obtained from &() by moving
the impulse at instant 7; to the (corresponding) later instant (7; +7 —r) AT.
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Keep in mind that due to the decision lag, at 7;, only one impulse appears.
Then we write [t,T] = Uy U Uy with

k—1 k

U1:[t,%l)U(U[Ti,f'i+1)>U[7A'k,T], UQZ U[ﬁ',ﬂ‘).

=1 i=1

Similar to (2.22), one has

k
1=1
Also,
0<n—H<i—r i>Ll (2.26)

~

Now, let X(-) = X(-;t,r,2,£(-)) and X(-) = X(-;t,7,2,£(-)). Similar to
(2.11), we have

Nl

)

B sup 1X(s) = X()l] < CE sup [e(s) — €] + (| le() — Elar)

s€t,T] seUs

< CE| sup [¢(s) — &£(s)| + r — 7}

seUs

and, again noting (2.18), as well as (2.26),
1
EIX(T) - X(T)| < CE( [ |e(r) = &nlar)” < Clr -l
Uz

Then, by (H1)-(H2) and the definition of J¢°[t,T], we see that

Vt,Fa)+e—V(t,r,a) = JtF e () — J(t o E()
T

= E{ /t [g(m, X (1)) — g(7, X (7))]dr + h(X(T)) — h(X(T))
k
+ 3 (06,8 — b )] §

>-18[ [ CX () — R ()l +1X(7) - (1]
> —CE| | 1)~ Emldr +1r - it > —cir -7l

This proves the first case.
Next, we look at the third case: § < r < 7. By (2.20), we have J°[t,T] =
J0[t,T]. Thus,
V(t,r,z) =V 7 ). (2.27)
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Finally, for the second case: r < § < 7, we have
V(tr,2) = V(t7,2)| = |V(trz) = V(t62)| < Cft — 8]%.

This completes the proof. O

Note that (2.24) admits the following compact form:
V(t,r,z)— V(L7 z) <ClrAs—7Ad|2.

Hence, combining the above three lemmas, we obtain a proof of Theorem
2.4. From the above, we also see that for any (¢,z) € [0, T] x R™, V decreases
with respect to r when r € [0,6) and keeps as a constant with respect to r
when r € [0,T], i.e.

V(t,r,z)=V(t, 6 z)= VOt x), Y(t,r,z) € [0,T] x [6,T] x R™. (2.28)

which means that the optimal value of cost will be smaller if the time we
have to wait is shorter and the optimal value of cost will be the same if we
don’t have to wait at all. We let

~

C(7) = {vec(?)|vt.ra) LT +1),(tr,2) € 2, (2.29)

v(t,r,z) =v(t,d,2), (t,rx) €[0,T] x [§,T] x R"}

which is a class of functions that the value function V' (-, -, ) belongs to. The
following result will be used below.

Corollary 2.8. Let (H1)—-(H2) hold. Let

N[V](t,0,z) = Eig}f{ {V(t, 0,2+ &)+ £, €)}, (t,x) € [0,T] x R™. (2.30)

Then (t,x) — N[V](¢,0,) is continuous.

Proof. By the coercivity condition in (2.3) for & — £(t,&), we see that for
any R > 0, there exists a C'= Cg > 0 such that

NVI(t,0,z) = {V(t,0,2 +&) +€(t, )},

inf
¢€KNB(0,CR)

where B(0, Cg) is the closed ball centered at 0 with radius Cg. Now, it is clear
that (¢,z) — V(¢,0,z+&) +£(t,€) is uniformly continuous on [0, 7] x B(0, R)
with the continuity uniform in £ € K N B(0,Cg). Hence, our conclusion
follows. O
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3 Dynamic Programming Principle and HJB
Equation

In this section, we first establish a Bellman dynamic programming principle.
Then we derive the corresponding HJB equation for the value function. The
cases r € [0,0) and r € [0, T) will be discussed separately. Note that for the
initial triplet (¢,7r,z) € [0,T] x [0,T] x R™, if r € [0,d), we must wait at least
6 — r to make the first impulse after time ¢, which means that there is no
impulse during interval [¢t,t + & — r); if r € [§,T], we can make an impulse,
say, £, to the system at any time, say, 7y > t. After such an impulse is
made, the new initial triplet becomes (71,0, X (71—) + &), with the elapsed
time r = 0 < 4. Hence, we have the following result.

Theorem 3.1. (i) Let (¢t,r,z) € [0,T) x [0,0) x R™, then for any s € [t,t +
d0—r),

S
V(t,rx) = E{V(s,r +s— t,XO(s;t,x)) +/ g(T, XO(T;t,m))dT}, (3.1)
t
where X°(-;t,7) = XY(-) is the solution to the following:

XO(s) :x+/

t

S

b(r, X°(7))dr + /t5 o(r, X°(r))dw (r), se[t,T]. (3.2)
(i) Let (t,7,2) € [0,T) x [6,T) x R™, then

VOt z) < E{VO(S,Xo(s;t,x)) + /Sg(T,XO(T;t,x))dT}, Vs e [t, T,

(3.3)
and
VO(t2) < nf (V0.2 +9+ 010} = NVI0,2).  (3.4)

If, at some point (t,r,x) € [0,T) x [0,T) x R", a strict inequality holds in
(3.4), then a ty € (t,T] exists such that

VOt x) = E{VO(S,XO(s;t,a:)) + /Sg(r, XO(T;t,a:))dT}, Vs € [t, tg).
(3.5)

Proof. (i) Fix any s € [t,t + & —r). For any &(-) € J°,_,[s,T], we may
naturally extend it to a £(-) € J£°[t,T] by not making impulses on [t, s),
followed by &(-). Then

—~

V(t, ) < J(t,r, ()
= E{/t g(TyXO(T;t,{I}))dT-i— J(377‘+ s _t7X0(S;t,x);£(-))}'
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Thus, one has
S
V(t,rx) < E{ / g(T, XO(T;t, x))dr +V(s,r+s—t, Xo(s; t,x))}.
t

On the other hand, for any £ > 0, there exists a

k
) = Z&X[Q,T](') € L%/ro[t7T}
such that

V(t,?", iL’) +e2 J(t,?"7l’7£())
Note that 7y >t + 6 —r. Let s € [t,t + 6 —r) and

E() =€)y = Za Xpror) () € A0 (4[5, T).

Then
V(ta r, JZ) +e= J(ta T, T3 E())

:E{ /Tg(T,X(T;t,x,ﬁ(-)))dTJrif(mfi) +h(X(T;t,x7§(.)))}
! i=1
= E{ /tsg(T’X(T;t’xvg(')))dTJ’_E[/STQ(T,X(T;t,x7£(-)))dT

+§k:£(n,£i)+h( X(Tst,2,£(-))) |f]}

i=1

o~

E{ /tsg(T,XO(T;t,x))dT+E[/STg(T,X(T;s,XO(s;t,:L’), ()))dT

k

—&-Zf(Ti,fi)"'h(X(T?S’X(Stl’ )’}-H

i=1

:E{-/tsg(T’XO(T;t’x))dT+J(37T+S—t’X (.1, 2): E( ))}

E{/g(TaXO(T;tax))dT—f—V(s,r—f—s—t,X stm }
t

WV

Sending ¢ — 0, we obtain the other direction of the inequality. This com-
pletes the proof of (i).

(ii) First of all, for (¢,r,z) € [0,T) x [6,T) x R™, and s € [t,T], take any
£(-) € 0, [s,T), we trivially extend it to &(-) € J#°[t,T] by making no
impulses on [¢, s). One has

VOt z) = V(t,r,x) < J(t,r,2;€())
- E[/t 9(r XO(rst,@))dr + J (s, X (s, @); A(-))]
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Hence, by taking infimum over E() € #9[s, T], we obtain (noting s—t+r > 4)

Bl
VO(t,z)=V(t,r,x) <E[/ g(r, X (s t,2))dr+V (s,5s — t + 7, X(s;t,2))
t

= ]E[/ts g(1, XO(7;t,2))dr + VO(S,XO(S;tJ))}

which gives (3.3). Next, for any E (1) € A2, [t, T], we construct

~

() = Expem () +€(),

which is the impulse control that has an impulse £ at instant ¢, followed by
&(-). Then one has £(-) € #0[t, T) = H#L[t, T) with r > 6. Consequently,

VO(t,2) = V(t,ra) = VI, 6,2) < J(4,8,2;:6()) = J(£,0,2+&E()) +4(1,€).
Since £ (+) is arbitrary, one has

VOt ) SV(H0,2+8) +L(E),  VEEK,
which leads to (3.4). Suppose a strict inequality holds in (3.4) at some point
(t,r,x) € 2[6,T]. We claim that (3.5) holds for some tq € (¢, 7], i.e., there
exists a minimizing sequence £°(+) € J#°[t, T| such that the first impulse time
7§ > tog. Suppose (3.5) fails, which means that for any minimizing sequence

& (-) € £0[t,T), the first impulse time 7§ satisfies
: e __ . = — — 0
glg(l)rl =t, glg%) J(t,r,x;65(1) = V(t,r,x) = VO ().
Consequently, we may assume that
V(t,r,x) +e = J(trx;6())

- rTL ~
=B [ g(r XO(rit,))dr + (5.6 + 07 XO(rfit,) + €5 )]

L Jt

- rTL
>E / g(T,XO(T;t,:U))dT+E(Tf,ff)+V(7'15,O,X0(Tf;t,x)+§f)]
LSt

SB[ [ gr X0rta)dr + NVI(r, 0, X°(r53 ).
-Jt

Sending & — 0, using the continuity of (¢,z) — N[V](¢,0,z), we obtain
VO(t,z) = V(t,r,z) > N[V](t,0,),

which is a contradiction, proving (3.5). O
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Now let us introduce the following Hamiltonian:

1
H(t,z,p, P) = (b(t,z),p) + itr [o(t,x)TPa(t,x)] +g(t,x),
(t,xz,p, P) € [0,T] x R™ x R"™ x S™.

(3.6)

We easily obtain the Hamilton-Jacobi-Bellman equations for our value func-
tion as follows:

Theorem 3.2. Suppose the value function V(- ,-,-) is smooth. Then with
(2.28), the following system is satisfied:

Vi(t,ryx) + Vie(t,r,x) + H(t, 2, Vi (t, 7, ), Ver (¢, 7,2)) = 0,
(t,r,x) €[0,T) x [0,0) x R"™,

V(T r2) =minfh(e), jof W+ +UT.O}}, (2)€[0.0)xR", |
V(t,6—,x) =Vt ), (t,x) € [0,T] x R™.

3.7)

min {VO(t, )+ H(t, 2, V2 (t,2), VO, (1)),

’ xrx

N[V](t,O,x)—VO(t,w)} =0, (La)e[0,T)xR", (38)

VO(T, ) :min{h(x),gig}“{{h(x—k{) +£(T7§)}}, z € R™.

Proof. Let us first prove that V(-,-,-) satisfies (3.7). Fix any (¢,7,2) €
[0,7] x [0,0] x R™, and let X°(-) be the state trajectory defined by (3.2). By
(3.1) with s | t and Itd’s formula, we obtain

_ E{V(s,r+s—1tXs)) = V(tr2)} N 1
B s—t s—t

0

2 [ g(rX*()ir
t
1 S
= s tE/ {%(Tar"i'T_taXo(T))+‘/;"(TaT+T_t7X0(T))
- t
—|—H(7’7 XO(r), Va(ryr +7 —t, X°(7)), Voo (7,7 + T — t,XO(T)))}dT
= Vi(t,r ) + Vi(t,rx) + H(t,z, Vo (t, r,x), Var (8, 7, ).

By (2.27) and the continuity of V'(-,-,-) with respect to r, one has
V(t,6—,x)=V(tdx) =Vt ).

The terminal condition at time T comes from the assumption that impulse
can be made at terminal without decision lag. Now, we show that VO(t,z) =
V(t,r,x) (for r € [0, T]) satisfies (3.8). From Theorem 3.1 (ii), using It&’s
formula, we have

0V (t,2)+(V, (¢, @), b(t,x)>+%tr [o(t, ) Ve, (1, 2)o (b, )] +g (¢, )
=V (t,x) + H(t,z, VO(t,x), Vo.(t,z)),

) T

(3.9)
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and
VO(t,z) < N[V](t,0,z). (3.10)

On the other hand, by the last part of Theorem 3.1, we see that when a
strict inequality holds in (3.10), then the equality in (3.9) holds. Hence,
the equation in (3.8) holds. Finally, the terminal condition in (3.8) hold by
definition. This completes the proof. O

Note that (3.7) and (3.8) are coupled. The coupling appears at the fol-
lowing places: The value V(t,6,z) is equal to VO(t,z), and the obstacle
N[V](t,0,z) depends on V(¢,0,-). We may make a comparison between our
(3.7)—(3.8) and (1.9)—(1.10). We see that although our (3.8) looks similar to
(1.9), they are still quite different in a number of places. On the other hand,
our (3.7) is not comparable with (1.10) since the appearance of V,.(¢t,r, z) in
our equation. The main reason is that we have carefully taken into account
of the elapsed time r, which was essentially overlooked in [§].

To make the above easy to solve mathematically, we give an equivalent
system to (3.7) and (3.8) as follows.

Theorem 3.3. Suppose the value function V(-,-,-) is smooth. Then, with
(2.14) and (2.28), the following system is satisfied:

min {Vi(t,7,2) + Vi (t,r,) + H(t, 2, Va(t, 7,2), Vi 8,7, 2)),

NIV (t,r,z)-V(t,r, x)}zO, (t,r, @) €[0,T)x [0, T) xR,

(3.11)
V(T,r,2) = min {h(z), inf {h(z +&) +6T.E)} }.
(r,z) € [0,T] x R",
where
NV](t,r,x) = N[V](t,0,2)x {551 + 2L(T + 1)]xX{r<s)- (3.12)

Proof. When r € [0,6), by (2.14), we have
V(t,r,z) < L(T +1) < N[V](t,r, ),

which implies that (3.11) is equivalent to (3.7) in [0,T) x [0,6) x R™.

On the other hand, by (2.28) we know that V,.(¢,r,z) = 0 when r € [§,T).
Hence (3.11) is equivalent to (3.8) in [0,T") x [, T') x R™, which concludes the
proof. O

4 Characterization of the Value Function and
Construction of Optimal Control

It is known that the value function V'(-,-,-) is not necessarily smooth. Thus
to make the result of Theorem 3.2 rigorous, let us recall the definition of
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viscosity solutions. Note that 2 = [0,T] x [0,7] x R, and recall C(2)
defined by (2.29).

Definition 4.1. A function V (-,-,-) € 6(9) is called a wiscosity subsolution
(resp.viscosity supersolution) of (3.11) on Z if for any ¢ € C*42(2)NC(2),
< L= i i
V) (. Y min{0) o [ +)+ 7.1
Y(r,z) € [0,T] x R",

(4.1)

and whenever V —y achieves a local maximum (resp. minimum) at (¢g, 79, o)

€ [0,T) x [0,T) x R™, it holds

min {@t(tm7"0,$0)+<Pr(to7T0,$0)+H(t0,$07 @z (to, 70, T0), Paz(to, 0, 20)),

N[V](to, 0, z0) — V(to,ro,xo)} > 0 (resp. < 0).
(4.2)
A function V (-, -,-) € C(2) is called a viscosity solution of (3.11) if it is both
a viscosity sub- and super-solution of (3.11).

The main result of this section is the following.

Theorem 4.2. Let (H1)—(H2) hold. Then the value function V(-,-,-) is the
unique viscosity solution of (3.11) on 2 satistying (2.14)—(2.15).

Proof. Let ¢ € CY12(2) N C(Z). Suppose that V — ¢ attained a local
maximum (resp. minimum) at (¢g, 70, 7o) € [0,7) x [0,T) x R" and X°(-) be
the state trajectory defined by (3.2). By (3.1) with o | to and Itd’s formula,
one has

1
0< (reSp- > )f ; E{V(toﬂ“mxo) — ¢(to, 10, 0)
o —to

—V (o, 0 + o — to, X°(to)) + ¢(to, 0 + to — to,XO(fo))}
1

to
:i t ]E{/ g(T’XO(T))dTiSO(thTOaIO)+SD(tO7TO+tO7t0aXO(t0))}
0 — b0 to

— @t(to, 70, o) + @r(to, 70, To) + H(to, To, ¢z (to, 70, T0), Pzz(to, 0, T0))-

Then one has (4.2), with the fact that

N[V](t(]u'ro?xO) — V(to,r0,20) = 0.

The proof of uniqueness essentially follows from the arguments in [19] and
[21], with some suitable modifications. For readers’ convenience, we put the
detailed proof in the appendix. O

The following gives a construction of an optimal impulse control.
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Theorem 4.3. Let x be the initial state of (1.1). Define the impulse control
£(-) = > &X[r ) on [0,T] inductively as follows: 19 = —0,
i>1

T; = inf {SE [(Ti+ O) AT, T ’
V(s,s — 70, X ()= N[V](s,s — 7',»_1,)((14_1)(5))}7
and there exists a §; € K such that
V(Ti, T — Tl;l,X(i_l)(Ti — 0))
=V (73,0, XD (1, = 0) + &) + (73, &) (4.3)
= {léllf( {V(Ti7 07 X(iil) (Ti - O) + g) + é(Tia g)}v
where 1 < i < [%] +1 and X1 (.) is the result of applying impulse control
i—1
O EmX[r,,, ) ON System (1.1) . Then, () = > §iX[r;,1) I8 an optimal
m=1 i>1
control for Problem (IC).
k
Proof. Let £(-) = > &iX(r,,m) be constructed as in the theorem and X(-) be
i=1
the state of applying £(-). By the definition of 7; and &;, we see that
V(7:,0,X (7 +0)) < N[V](7:,0, XV (7: +0)).
Then, by Theorem 3.1 and (4.3),
V(’Ti, 0, X(Z)(Tl + 0))
Ti+1

=E{ 9(s, XD(s))ds + V(7ig1, Tix1r — 7, XD (1341 — 0)) }

i

Tit1 . .
=E{ / 9(s, XD (8))ds + V(7iz1,0, X (1,00 4+ 0)) + (Ti41, Ei41) }-

Hence, summing from 0 to T' gives
V(0,0,) = ]E{ /0“ f(s,X(s))ds + £(m1,&) + V(m1,0, X (11 + 0))}
Tk k
= E{ /0 f(s, X (s))ds + Zé(mé}) + V (7, T — 15, X (11 + 0))}
. zk:l
= E{/O Js, X(9))ds + 300 &) + h(X () | = J(0.8,2:6()),

which proves the optimality of &(-). O
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To conclude this paper, we look at the situation when the decision lag §
approaches 0. We let d. be a sequence of decision lags such that

lim 7. = 0.
e—0

Let (H1)-(H2) hold. Denote V.(-,-,-) as the family of the value functions
corresponding to the decision lag d.. Let V°(-,-) be the value function of
classical impulse control problem without decision lag. Fix € > 0 and (¢,2) €
[0,7] x R™. From Theorem 2.4 we see that when r € [, T,

Vo(t,r,x) = VO(t,z),
and when r € [0,6.),
0 < Velt,r,x) = VO(t,x) = Vi(t,r,x) — Va(t,6z,2) < Ol — 7|
Let € — 0, we obtain

lim Ve (t,7, 2) = VO(t,z), (t,r,x) € [0,T] x [0,T] x R™, (4.4)
E—

Hence, we conclude that the impulse control problem with decision lag
agrees with the classical case when decision lag approaches 0.

5 Conclusion

This paper studies an optimal stochastic impulse control problem with a
decision lag § > 0. The introduction of the elapsed time r helps us fully
understand the problem. Continuity of the value function V(¢,r,x) in all
its arguments is proved directly, which is by no means trivial. A suitable
version of the dynamic programming principle is established, which takes
into account the cases r € [0,d) and r € [4,T) separately. The corresponding
HJB equations are coupled and involve a new derivative term V,.. Following
the standard approach to stochastic control, the value function is shown to
be the unique viscosity solution to these HJB equations. An optimal impulse
control is constructed from the given value function. Morever, a limiting case
with the decision lag approaching 0 is discussed, which exactly recovers the
classical impulse control problems.

Appendix

In this appendix, we present a proof of the uniqueness of the viscosity solution
to the HJB equation (3.11). We first prove a useful lemma.

Lemma A.l. Suppose V(-,-,-) € C(2) is a viscosity solution of (3.11)
satisfying (2.14)—(2.15). Then

V(t,r,z) < N[V](t,r,z),  Y(trz)e0,T]x[0,T] x R™. (5.1)
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Proof. Tt is enough to prove (5.1) for all (¢,r,z) € [0,T) x [§,T) x R™, where
V(t,r,z) = VO(t,x) and N[V](t,r,z) = N[V](t,0,z). We define

B(s,0) = VOls,) — 2t = s+ le —y), (s.9) €0.7] x B

with some ¢ € (0,1]. Then there exists a point (se,y:) € [0,T] x R™ such
that

D(s,y:) = B(s,y) = ®(t,x) = VO(t,x).

max
(5,9)€[0,T]xR"

We see easily that
lim |s. —t| =0, lim |y. — 2| = 0.
e—0 e—=0

Thus, for € > 0 small enough, we have (s.,y.) € [0,T) x R™. Then, by
Definition 4.1,
V0(387y5) < N[V](SE7O7yE)

Sending ¢ — 0 and using the continuity of V9(-,-), we obtain (5.1). O

Next, inspired by [21], for any v € C(2) satisfying (2.14)(2.15), and any
v € (0,1), we define

1

Vv (t,r,z)=  sup {v(t’,r’,x') - (|t —tP+lr=rP+|z— a:’|2) },
(' ' 2 eD 2y
1

U“’(t’r’x>é(t',r}gf)e@{v(t/’r/’m/) + 27 (\t —VP+r=rP+ ]z -2 },

(t,r,z) € 9.
(5.2)
Note that

1 1
ot ') = gy (=t P b = Pt o = 2'2) o s (17 + 1 o o)
1 1
= olt', ', a') = 5g (WP + 1P +1?) + g+ 4rr + )),

which is a linear function of (¢,7, ) with parameters (¢,7/,2"). Hence, the
supremum v” (t,7, ) + ﬁ(|t|2 + |r[* 4 |z|?) of the above with respect to
(t',r',2') is convex. In this case, we say that (¢,r,x) — v7(¢,r, x) is semicon-
vex. Likewise, (t,r,z) — v,(¢,7,z) is semiconcave. We have the following
lemma concerning the functions v7(-,-,-) and v, (-,-,-).

Lemma A.2. (i) Let v € C(2) satisfy (2.14)~(2.15). Then the function
vY(-,-,-) is semiconvex, and v, (-, -, -) is semiconcave, satistying the following:

|7 (t,r, )| + |vy(t, 7 z)| < C, Y(t,r,x) € D,y >0, (5.3)
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|U,Y(ta7'ax) - UV(S7u7y)| + |U’Y(tvr7 l’) - ’Ufy(S,U,y”

<O(t— |2+ |r—ul? + |z — yl), Y(t,r,z,s5,u,y) € D%,y >0,
(5.4)
for some constant C' > 0. Moreover, for any (t,r,2) € 9, there exist (,7,1),
(t,7,%) € 9 such that

. 1
v (t,rx) = (7, E) — —(|t—t|2+|r—r|2+|x—x| )
’Y

_ 1
vy(t,rx) = v(t, 7, ) + —(|t—t|2 + | —7? + |z — 7| )

\]

(5.5)

N)

and for some absolute constant C,
i(|t—£|2+|r—f|2+|x—:e|2)+i(\t—f|2+|r—ﬂ2+\x—gz\2) <Oyt (5.6)
22 272

Consequently,

0 <V (t,rx) —v(t,rz), v(t,r,x) —vy(t,rx) < ny%. (5.7)

The proof is inspired by [21]. Because of (5.7), we call v7(-,-,) and
vy (-, ) semiconvex and semiconcave approzimations of v(-,-,-), respec-
tively. Also, we see that

0 <v7(t,rx) —uy(t, 7, 2) < < Cy2. (5.8)

Next, for any (¢,x,p, P) € [0,T] x R™ x R™ x S", we define
1
H(t,z,p,P)=  sup  {H(#,'p,P)| 55 S (=t P+ — 2/ P) <Cy7},
(t'x')E[0,T]xR" Y

1 1
H(t pP)& f H({t, 2" p,P)| — ([t—t']?+|z—2'|*) <C~?
AtopP) 2 b HHE TP (=t P e ) <Oy

(t,

~ 1

N[V](t,r,z)%  sup {N[V}(t’,r’,x’)——2(|t—t’|2—|—|7"—r'|2+|ac—:r’|2)|
(t',r',a")eED 27

1
W(\t—t/\QHT—T’lQJr\33—96'|2]) <Cy?l,

~ 1
N, [V](t,r,z)= inf @{N 1 r' 2") 2—,V2(|t—t'|2+|r—r’|2+|a:—x'|2)|

(GREFIBIS

1 1
gt tr—r' P le—a/ ) <Crb ),

(5.9)
with C' > 0 being the constant appears in (5.6). It is clear that one has

1 v — |; _
%E)%H (t7$7p7p) _%%H’Y(t7x7p7p) - H(t7x7pap)7

o 0 . (5.10)
lim NY[V7](¢,r,x) = ,1% N’Y[V’YKLT? z) = N[V|(t,r,z)

v—0
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uniformly for the arguments ¢, r, z, p, P in compact sets. Next we present the
following result.

Lemma A.3. Let (H1)-(H2) hold and v(-,-, ) € 6( 2) be a viscosity
subsolution of (3.11). Then, for each v € ( 1), vY(-,-,) is a viscosity
subsolution of the following:

min {v; + v, + HW(L:E,UI,UM),NV[@] -0’} =0,
(t,r,x) € [0,T) x [0,T) x R", (5.11)
o(Tra) = (Tyrz),  (na) € [0,T] x R™.

Likewise, if v(-,-,) € 6(9) is a viscosity supersolution of (3.11), then, for
each v € (0,1), vy(-,-,-) Is a viscosity supersolution of the following:

min {vt + v, + Hy(t, 2,03, Vaz), ]\Afv[v] — vo} =0,
(t,r,x) €[0,T) x [0,T) x R", (5.12)
o(T,rx) =vy (T, 7, x), (r,z) € 10,T] x R".

Proof. Let us just look at v7 (-, -, ). Suppose ¢ € C12(2)NC(2) such that

— ¢ attains a local maximum at (¢,7,z) € [0,T)x[0,T) xR™. Let (,7,%) €
[0,T] % [0,T] x R™ satisfy (5.5). Then for any (¢',7/,2") € [0,T) x [0,T) x R™
near (t,r,z), one has

v(t, 7, &) —(t,r,x) =0 (t,r, ) —(t, ra:)+—(|t P+ |r—?+|z—2)%)
1
>v’Y(t’,r’,x’)—w(t’,r’,x’)+2—2(|t—t|2+|r—f|2+|as—a:~| )
2
ot —t -+t —r+fa —x+3)— o, ).

Consequently, for any (7,p,() € [0,T) x [0,¢) X R™, near (¢,7,Z), by letting
t=r4+t—t, 7" =p+r—randa’ =(+z— 7, we get

U(E,f‘7£)—gﬁ(t T, Jf) (T pvg)_QD(T—’—t_Eap_FT_TA?C_Fx_j)a

o(r+t—t,p+r—7, ¢+

which means that the function (7, p, () — v(7, p,¢) —
= (t,7#,&). Thus, by (4.2) and

x — &) attains a local maximum at (7, p, ()
(5.9), we obtain

9
(t,

@t(tvrv .’L‘) + @T»(t,’l", 1’) + H’Y(t’xa pr(t7r7 Jf), (pww(tv’rv Z‘))
2 (,Ot(t77'7 .’17) + @T(t7r7$> + H(t,x7gpm(t,r,a:)7apm(t,r, LU)) 2 0.



An Optimal Impulse Control Problem With a Decision Lag 115

Moreover, by (5.1), we obtain

v(t,r,x)= sup {v(t’,r’,x') <|t t|2+|r r|2+|x x’|2>}
(t'r'x")ED 'Y

~ 1
< sup {N[U}(t',r',x’) — —Q(H —t P =7+ | — x’|2) ’
(¥ 2)eD 2y
1 1
W(|t7t’\2+\rfr'|2+|x— V) <ot}
= N [v"](t,r, z).
(5.13)

Thus,

min {Lpt(t, @) + or(t, @) + H(tx, 00 (8,7, ), 0o (t, 7, 7)),
N (t,r, 2) =07 (¢, 7, x)} > 0.
This proves that v7 is a viscosity subsolution of (5.11). In a same manner,
we can prove that v, is a viscosity supersolution of (5.12). O
Now we are ready to prove the uniqueness of the viscosity solution.

Proof. Let V(-,-,-),V(-,-,-) € C(2) be two viscosity solutions of (3.11)
satisfying (2.14)—(2.15). We claim that

Vt,r,x) < ‘7(7&,7", x), Y(t,r,z) € 9. (5.14)
We prove this by contradiction. Suppose (5.14) is false, then there exists a
point (¢,7,Z) € (0,T) x (0,T) x R™ such that

mE V(L7 z)— V(EFT) > 0.

Let V7(-,-,-) and ‘77( ,+,+) be the semiconvex and semiconcave approxima-
tions of V(-,-,-) and V(-,-,-), respectively. By (5.7), for all small enough

v >0, R
V(t,7,z) -V, (¢, T, %) =>n>0. (5.15)

Take constants G > 0 large enough and « € (0,1) small enough, so that the
following hold:

aG <1, 2a({Z) + GC) < n/2, a(Gly — 2Cy) > 0. (5.16)
Here () = /1 + |Z|2. For any «, 8,e, A, u, v € (0, 1), define

pltorz,,u,) = (1= 20 (@) + () — (e + 5)

4T
FEC N PAPYE S PR SPU L L
—|x — —t—s —|r—u -4+ -4+ -+
2\ Y 20 2v t s r u

(I)(t,r,x,s,u, y) = (1 - OéG)V’Y(t’Ta Jf) - ‘7"/(8)u7y) - @(t,r,x,s,u, y)7
Y(t,rx), (s,u,y) € [0,T] x [0,T] x R™.
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By (5.3), we have
" l\mll ®(t,r,x,s,u,y) = —oo, uniformly in ¢,s € (0,T], r,u € (0,77,
x|+ |y|—o0o

liriloé(t,r,x,s,u,y) = —o0, uniformly in z,y € R", r,u € (0,77,
tAs

lim ®(¢,r,x,s,u,y) = —oo, uniformly in z,y € R", t,s € (0,T].
rAul 0
Thus, there exists a (o, 0, Zo, S0, u0,y0) € {(0,7] x (0,7] x R"}? (de-
pending on the parameters «, 3, A, i1, v, &, 0 and 7) such that

ot - o(t > ®(T,T,0,T,T,0
( OaT07x07503u0ay0) {(O,T]%E,I'Z)S]XR"}Q ( 7T71‘787U7y) ( )

~

2
=(1-aG)V(T,T,0) - V,(T,T,0) 4+ 25T — T(Ii +6)
This, together with (5.3), yields the following

1 1 1
04(<$0>+<90>)+5I$o—yo|2+£\to—80|2+5\ro — upl?

k(T —ty) w(T —s0) 0T —r9)  O(T —uy)
toT + SoT + 7“06 + UO(S

(5.17)

+ <M

for some constant M > 0, independent of «, 8, \, i, v, k,0 and . Conse-
quently, there is a constant M, (independent of 8, A, u, v, k,6 and ~) such
that

1 1 1
|zo| + |yo| + ﬁ|xo —yol* + ﬂ\to — so® + @lro —uo|* < M,

AT < T 0T
X lo,S0o % 4,
MT +r > ®%0 MT + 0

(5.18)
<ro,up KT

Next, from the inequality

2®(to, ro, Z0, S0, U0, Yo) = P(to, 0, o, to, o, Zo) + P(s0, uo, Yo, S0, Uo, Yo)-

along with (5.18) and (5.4), it follows that

1 9 1 o 1 2

- — 7t _ - —

2/\|$0 Yol + 2,u| 0— sol” + 2V|T0 ug|

1 —aG)|V(to, ro,z0) =V (s0,u0,Y0)|+|V5(to, 70, 0) — V4 (S0, %0, Yo)|

< (
< 2C{|zo — yol| + |to — so\% + |rg — u0|%} — 0, as A\, u,v — 0.

(5.19)
Note that (to, o, Zo, S0, U0, yo) depends on the parameters G, «, 8, A, y, v, k, 0
and v. We claim that for any («, 8, A, 1, v, K, 0,7) small and G large enough,

the following cannot be true:

toVsg="T. (520)
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In fact, if the above is true, then

(5.21)

Now we send A, pu,v — 0. By (5.18), (5.19) and (5.20), some subse-
quence of (tg, 10, To, So, Uo, Yo) converges and the limit has to be of the form
(T, 70, Zo, T, 70, ZTo). Then (5.21) becomes

_ ~ t _ 2k 20
_ V. 7)— FoT)— _ V% _h 2
(1-aG)V(t,7,2)=V,(t, T, Z) 2a<1 2T)<x>+2ﬁt -

~

< (1 - OéG)V’Y(T, 7:073_30) - ’Y(T7 ’FO:i‘O) + QﬁT

Next, by sending v — 0 and using(5.3), (5.8) and (5.16), we obtain

< V’Y(: 773 j) - ‘7’)’({7 773

K
t

I

)

+2) 4+ 2aGC < 28T + 2(

RIS

n
0
< 20(7) + 26T + 2( +%)+

i =
N3

Finally, by sending 3, x,6 — 0, we obtain a contradiction. That means for
any («, 8, \, p, v, k,0,7) small enough and G large enough, we have tg, sp €
(0,T). From the definition of viscosity solution, we have rq, ug € (0,7), since
ro Vug =T if and only if tg VvV sg =T.

Next, we claim that

V,Y(So,uO,yo) < NV[VW](S(),UO,:(}Q). (5.22)

In fact, if

V’Y(807u07y0) = N’Y[‘/}W](SOaanyO)7

we send v — 0 and by (5.6), (5.10), some subsequence of (s, ug,yo), still
denoted by itself, converges. Then

V(s0,u0.40) = N[V](50, 0, 50) = V (50,0, 90 + &) + (50, &),
for some & € K. Note that, by (2.24), we have

V(to,0%, 30 + &) — V(to, ro, z0) = —L(to, &) — COT, (5.23)

V(s0, 0%, yo + €0) — V (50,10, y0) < £(50, &0)- (5.24)
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Thus, by (5.23) and (5.24), we obtain
iii% ‘1’(15079%7330 + &0,50,0%, 50 + o) — ®(to, 70, 0, S0, U0, Yo)
:(17QG)[V(t079%5 $0+£0)*V(t0,7'07xo)]*[‘/}(S(he%’ y0+§0)7‘7(80au07y0)]

to+ 1 0 0 1
0720 ({wo+£0) — (o) + (yo+E0) — (yo)) — 20 3 +——+——+——|ro —uo|
rog Uy 2V

—all—
T

> —(1— aG)(Uto, &) + COT) + £(s0, &) — 207
—a<1 - toz%so) (<l’o +&o) — (w0) + (Yo + &o) — <yo>)~

(5.25)
Now, we send A, u, v — 0. Some subsequence of (o, 70, Zo, So, U0, Yo, o) con-
verges and the limit has to be of the form (%o, 7o, Zo, o, %o, To, &o) by (5.18)
and (5.19). Then, with (2.3), (2.18) and (5.17), we obtain
. . 1 1
)\,ul,g,rel%o %’ILI%) (P(to, 02 , Lo + f(), S0, 02 , Yo + fo) — (P(t(), 70, L0, S0, U0, yo)
> aGl(ly, &) — 2a]&| = a(Gly — 2Co) > 0.
(5.26)
This contradicts the definition of (¢g, 70, Zo, So, U0, Yo). Hence, (5.22) holds.
Now for fixed a, k € (0,1), define

N 2 kT
= >
Q {(t,r,&s,my)é{[O,T]X[O,T]XR} |t’s/2MT—|—n’
)
> — |z|, ly| <2M },
DUZ oM 16 o1, 1yl “

with M, being the same as that appearing in (5.18). Clearly, o(t,r, x, s,u,y)
is semiconcave on @ and therefore, ®(¢,r, x, s, u,y) is semiconvex with maxi-
mum value at (o, 7o, Zo, So, o, Yo) in the interior of @Q(noting (5.18)). Hence
for any small w > 0,

(t,r, . s,u,y) 2 Bt @, 8,u,y) —w(|t — to]* + |s — sol* + |1 — 1o
Hu = ol + |z — wol” + |y — ol*)

is semiconvex on @, attaining a strict maximum at (to, ro, o, So, %o, Yo). By
Alexandrov’s theorem and Jensen’s lemma, for the above given w > 0, there
exist q,q.l,l € R and p,p € R™ with

lal + 1] + 1l + 1] + [p] + |8l < w, (5.27)
and (g, 70, 0, 30, to, o) € Q with
lto — to| + |70 — 70| + |£0 — 0| + |80 — 0| + @0 — uo| + |0 — Yo| S w (5.28)
such that
O(t, 2, 5,y) + qt +Gs + Ir + lu+ (p,z) + (h,y)
= (1-aG)V(t,r, x)—‘?v(s,u,y)—gp(t,r,x, s,u,y) —w(|t—to|*+|s—s0|?
Hr—ro|?+|u—uo|?+|z—x0|*+ |y —yo|?) +qt +ds+lr+lu+t(p, x)+ (p, y)
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attains a maximum at (fo, 7o, L0, S0, @0, Jo), at which (1 — aG)V7(t,r,x) —
‘A/,Y(s,u,y) is twice differentiable. For notational simplicity, we now drop ~y
in VY(t,r,x) and V,Y(S, u,y). Then, by the first- and second-order necessary
conditions for a maximum point, at the point (o, 7o, 0, 30, tio, Jo), We must
have

Vi= 1—-aG [¢t+2W(tAo*tO)*Q]a ‘75: Hvps72"L)(‘§0750)+Cja
1 A N . .
Vo= zlrt2w(io—ro)—ll,  Vi= —pu—2w(itg—uo) +1.
. R (5.29)
Va= 1—aG [po+2w(Eo—0)—pl,  Vy= —py — 2w(fo—yo)+p:
v I 2wl |’

where I, is the 2n x 2n identity matrix. Now, at point (fo, 7o, Z0, 50, 70, J0),
we calculate the following;:

K « 1 .
= P — == T .’i’ + U + —(to — § B
pr=—p BE 7 (Z0) + (o)) + —(to — 30)
K « 1 .
s — TP T 7% - —((2 Uy — (89 — t N
® (30)? 4T(<$0> + (o)) + N(So 0)
0 1. .
Pr = _(7207)2 + ;(TO — 1),
0 1 . .
Py = —W + ;(UO — 7o),

; 3 5 A ) 5.30
(pmza(l_to-ﬁ-so)?o 4 20— % (5.30)
o :a(l_t0+§o)ﬁo Yo — o

. AT 7 (go) A
A= [S%ri @my:| _1 [ In _I"}
Pay  Pyy AM—1In I
£+§ I zx 0
0720 | (@0) (0)®
+04(1— ) I T
_
= 0 Gy~ (o)

On the other hand, by Lemma A.3, (5.22) and the definition of viscosity sub-
and super-solutions, we have

{Vt(fofo,ff?o)+Vr(£o7fo,f0)+HW(tAO,f0,Vz(fo,f’o,fo),Vm(fo,fo,io))>0,
Vs(30, 1o, Jo) +Vau (80, To, Go) +H~ (50, Yo, Vy (80, o, To), Vyy (80, to, 90)) <0,
By (5.9), one can find a (o, Zo, 50, Yo) with

|to — to| + |Zo — &0l + |50 — 80| + |70 — G| < C, (5.31)
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for some C > 0, such that

‘//\'s(éo»ﬁo, 170)+‘7u(§07ﬁ07130)—(1_a(;) (Vt(’goyfoa%)"’Vr(foﬂzo,@o))
< (1 — aG)H (to, &0, Vi (to, 0, 20), Vi (fo, 70, 0))

~

= (1 — aG)H (o, Zo, Vi (to, Fo, %0), Vieu (fo, Fo, 20)

~

_H'y(*§07g07 ‘7y(§03a07y0)a Vyy(§0aa03g0))
)
)

—H (50,50, Vy(30, @0, 50), Viyy (30, ti0, 90)
1 _ R _
= §tr |:0'(t07.’f0)—r(1 — aG)wa(to,’Fo, fo)d(to,i‘o) (532>
—0(50,go)T‘A/yy(ém1107390)0'(507?0)}
[((1=aG)Va o, o, 0), b(Eo, 7)) — (Vy (S0, o, o), b5, 50)) |

(1 - aG)g(f. %) - 9(50.70)|
= (I) + (IT) + (II1).

By (5.27)-(5.30), we have

Vi (30, 0, 0) + Va0, 0, 50) — (1— aG) Vi (fo, 7o, 20) — (1~ aG)V;.(fo, 7o, o)
« K K 0 0
=28+ — (|2 + |0+ =+ 5+ 75 + =
/8 QT(‘IO| |y0| ) (t0)2 (8())2 (TO)2 (UO)2
—2w(fo —to + Fo — 1o + 80 — S0 + o —uo) + G+ 1 +q+1

a N
> 2B+ ﬁ(\mdz + [g0]?) = Mw,

for some absolute constant M > 0. By (5.19) and (5.28), we see that one
may assume that as A, p,v,w — 0, (fo,70,20) and (89,0, %) converge to
the same limit, denoted by (t4, 7, Za), to emphasize the dependence on a.
Thus, letting A, i, v,w — 0 in the above leads to

AL 1 Ny —+ Av 1 Ny — 7O[G [/t 1 T o, + V.. (1 Ny
s( oy« 04) u( ol a Oé) ( )( ( oyl 04) 7( sl Oé)) (533>
2

28+ Zldal?

This gives an estimate for the left-hand side of (5.32). Now we estimate the
terms (I),(II),(III) on the right side of (5.32) one by one. First of all, from
(5.19),(5.28),(5.31) and the continuity of ¢(¢,x), one may obtain an estimate
for (III):

lim (I11) = (1 — aG)g(to, To) — 9(50, o) < aGL. (5.34)

A pyy,w—0
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Next,

(II) £ <(1 - aG>Vw(£07720>j0)5 b(f()?jo)) - <‘7y(§077107?90)7 b(§07g0)>
= (a1 - 0 L%0) o T 2o — 20) — p.blio, 7o)

to+30., Jo |, o— 4o N A
1— 2% (G0 — o) —
+<Oé( AT )) <g0> + A + W(yo yO) b, b(30790)>

£0+§0

PO To—0o , 7 - _
< 20L(1= 22 (1@l +[Gol)+w(14+2) L {2 b0, o) ~b(5o, G0))-

Letting p,w,y — 0, from (5.19), (5.28) and (5.31), we may assume that

(fo, %o, 50, 7o) and (t_o, Zo, S0, Yo) converge to the same limit, which is denoted
by (to, o, %0,y0). Thus

i to w0 — yol?
lim () < 2aL(1— ﬁ)(|$o| + [yol) + L—

How,y—0

Then let A — 0, one concludes that (o, z) and (¢, yo) approach a common
limit, called (t4, ). Consequently,

lim  lim (I7) < 4aL(l — 22z, ], (5.35)

A—0 p,w,y—0

Now we treat (I) in (5.32). By the inequality in (5.29),

1 _ A -
(1) 2 Str [a(to,fof(l — aG)Viua (o, o, #0) 0 (Fo, Zo)

—0o (50, :UO)T‘A/yy(%, tio, §o)0o (50, Z]o)}

1trH0(t_o,!Eo)} T{(l—OéG)Vm(foafowfﬁo) 0 ] |:0-(t_07x0):| }
2 L|o(50, %) 0 ~Vyy (80,10, 90) | | (S0, Y0)
_ T _
1 o(to Jio)] [U(to 1‘0)}
< =t o A+ 2wls, T
2 r[ o(50,%0) | Ion] (50,%0) }
11, to+3 . -
<5 G loto.m0) =0 (S0.50) (1= =2 + 2] (o (Fo.Z0) [P+ (S0.50) )}
1, o to + So
< — - 2 4 2la(l - 2w]L?
o |7 (t0, Zo) — (S0, 50) " + 2[a ) Tl
As above, we first let p,w,y — 0 and then let A — 0 to get
t
i i <2aL?(1 - ==). .
)1\13}) mil’rvn_)o(f) < 2aL(1 2T) (5.36)

Combining (5.32) - (5.36), we obtain

o 9 ta 9 ta
+ = < + -« + - )
208 |zo]” < aGL 4+ 4aL(1 5 Mzal + 2aL(2 5 )
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Note that t, € (0,7"), we have

1 GL
<ald — —|z,|? 2= :
B < a{ 2T|ﬂca| +2L|xq| +2L° + 5 } (5.37)

It is clear that the term inside the braces on the right-hand side of (5.37)
is bounded from above uniformly in «. Thus, by sending @ — 0, we obtain
B < 0, which contradicts our assumptions S > 0. This proves (5.14). O
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