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ABSTRACT 1 

Relationships between average network productivity and accumulation or density aggregated 2 

across spatially compact regions of urban networks—so called network Macroscopic Fundamental 3 

Diagrams (MFDs)—have recently been shown to exist. Various analytical methods have been put 4 

forward to estimate a network’s MFD as a function of network properties, such as average block 5 

lengths, signal timings and traffic flow characteristics on links. However, real street networks are 6 

not homogeneous—they generally have a hierarchical structure where some streets (e.g., arterials) 7 

promote higher mobility than others (e.g., local roads). This paper provides an analytical method 8 

to estimate the MFDs of hierarchical street networks by considering features that are specific to 9 

hierarchical network structures. Since the performance of hierarchical networks is driven by how 10 

vehicles are routed across the different street types, two routing conditions— user equilibrium and 11 

system optimal routing—are considered in the analytical model. The proposed method is first 12 

implemented to describe the MFD of a hierarchical one-way limited access linear corridor and 13 

then extended to a more realistic hierarchical two-dimensional grid network. For both cases, it is 14 

shown that the MFD of a hierarchical network may no longer be unimodal or concave as 15 

traditionally assumed in most MFD-based modeling frameworks. These findings are verified using 16 

simulations of hierarchical corridors. Finally, the proposed methodology is applied to demonstrate 17 

how it can be used to make decisions related to the design of hierarchical street network structures.  18 

  19 



Xu and Gayah  2 

INTRODUCTION 1 

Although aggregate (network-wide) traffic relationships have been studied intermittently for 2 

nearly 50 years (1–3), empirical confirmation of well-defined relationships just over a decade ago 3 

(4) has led to a renewed interest in this topic. This most recent study showed that a unimodal 4 

relationship exists between the average productivity and accumulation/density of vehicles 5 

traveling on a network using data from Yokohama, Japan. Such relationships are commonly 6 

referred to as network Macroscopic Fundamental Diagrams or MFDs. When present, MFDs can 7 

be used to model traffic dynamics within an urban network by dividing the network into a set of 8 

spatially compact homogeneous regions and tracking the average level of congestion in each (5). 9 

A variety of regional traffic control studies have been developed using this MFD-based 10 

representation of urban traffic networks; recent relevant examples in the literature include 11 

perimeter metering control (6–8), pricing (9, 10) and street network design (11, 12). Additional 12 

studies have examined situations or properties that are necessary for well-defined MFDs to exist 13 

(13–17)  14 

Various studies have proposed methods to estimate a network’s MFD using different data 15 

sources (18–21). However, very few empirical derived MFDs exist in the literature, due to a lack 16 

of data availability to quantify existing relationships on real networks (22–27). Thus, analytical 17 

methods have been proposed to estimate a network’s MFD as a function of various network 18 

properties, such as average block lengths, signal timings and traffic flow characteristics on links 19 

(28–32). These methods abstract a network into a single, infinitely long corridor and apply the 20 

variational theory of kinematic waves (33–35) to estimate the average flow-density relationship 21 

along the corridor. These existing methods can be applied to networks made up of homogeneous 22 

networks made up of similar link types. However, real street networks are far from 23 

homogeneous—they generally tend to have a hierarchical structure where some streets (e.g., 24 

arterials) promote higher mobility than others (e.g., local roads).  25 

Very few studies have considered the impacts of street network hierarchy on MFDs. One 26 

related study used simulation to examine how MFDs might change when links were removed in a 27 

grid network, which might create unintentional hierarchies (36). Knoop et al. (37) examined how 28 

various combinations of arterial and local street network patterns may influence the shape of the 29 

MFD using simulation. Network structures were generated randomly so they could not be directly 30 

compared. Muhlich et al. (38) used simulation to study flow-density relationships during 31 

congestion onset and dissipation when arterial streets were mixed with local streets. However, 32 

these previous studies all relied on simulation and thus they could not be used to determine general 33 

features that might arise in MFDs of hierarchical network structures.  34 

In light of this, this paper studies the MFDs of hierarchical street networks analytically to 35 

unveil features that should be generally expected in real-world MFDs. This work directly builds 36 

on a recent study that considers the MFDs of simple networks with route choice (30) by 37 

considering features that are specific to hierarchical network structures. The results contribute to 38 

the growing literature on relationships between traffic variables aggregated across large spatial 39 

regions and how these relationships are influenced by network features. 40 

The remainder of this paper is organized as follows. First, methods to estimate the MFD of 41 

a hierarchical linear corridor are described. This includes verification of the proposed methods 42 

within a simulation environment and application of this model to inform street network design. 43 
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Then, the methods are extended to hierarchical, two-dimensional grid networks. Finally, some 1 

discussion of these methods and results are provided.  2 

 3 

HIERARCHICAL ONE-WAY LINEAR CORRIDOR WITH LIMITED ACCESS 4 

We first consider a one-way linear corridor system. Without loss of generality, we assume two 5 

street types are available: arterials (𝑎) and local roads (𝑙). A well-defined MFD is assumed to exist 6 

for each roadway type 𝑖 ∈ {𝑎, 𝑙} that relates its average flow, 𝑞𝑖, to its average density, 𝑘𝑖. We 7 

denote this MFD 𝑄𝑖(𝑘), where 𝑞𝑖 = 𝑄𝑖(𝑘𝑖). Note also that the average travel speed on each 8 

roadway type 𝑖 is a function of the density on that roadway type and the MFD, 𝑣𝑖 = 𝑉𝑖(𝑘𝑖) =9 

𝑄𝑖(𝑘𝑖)/𝑘𝑖. If the total length of each roadway type, 𝐿𝑖 [lane-mile], is also known, the average flow 10 

(𝑞𝑇 ) and density (𝑘𝑡 ) on the entire corridor system can be determined using the generalized 11 

definitions of Edie (39) and written as: 12 

𝑞𝐻 =
𝑞𝑎𝐿𝑎+𝑞𝑙𝐿𝑙

𝐿𝑎+𝐿𝑙
 (1.1) 13 

𝑘𝐻 =
𝑘𝑎𝐿𝑎+𝑘𝑙𝐿𝑙

𝐿𝑎+𝐿𝑙
 (1.2) 14 

We assume that vehicles cannot switch freely between the two roadway types. Instead, 15 

vehicles can only travel between the two roadway types at predesignated points located some 16 

distance 𝑆 [mile] apart; see FIGURE 1. These switching locations are analogous to intersections 17 

in a two-dimensional network where vehicles can turn from one roadway type to another. In a 18 

linear corridor, this would represent access points. Such access points exist in several linear 19 

transportation facilities; e.g., HOV lanes with limited entry locations. 20 

  21 

 22 
FIGURE 1. Graphical depiction of linear corridor. 23 

 24 

We also assume that 𝑝𝑙 percent of trips begin and end on local roads and that 𝑝𝑎 percent of 25 

trips begin and end arterials (𝑝𝑙 + 𝑝𝑎 = 1). Therefore, there are four types of origin-destination 26 

(OD) pairs: both origin and destination on local (LL), origin on local and destination on arterial 27 

(LA), origin on arterial and destination on local (AL), and both origin and destination on arterial 28 

(AA). 29 

 30 
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Analytical method to obtain the system-wide MFD 1 

This section describes how the average flow-density relationship of the combined corridor (i.e., 2 

the MFD of the hierarchical linear network) can be estimated. We assume that each vehicle has 3 

two routing options to complete its trip: 1) primarily use local roads (i.e., only use arterials to 4 

access the local roads); or, 2) primarily use arterials (i.e., only use local roads to access the 5 

arterials). For example, consider the LL OD case. Under strategy 1, vehicles will stay on the local 6 

roads for their entire trip, while under strategy 2 vehicles will use the local roads to access the 7 

arterial, travel on the arterial to approach their destination, and then use local roads to access their 8 

destination.  9 

Let 𝐷 be the average shortest-path distance between OD pairs. If the spatial distributions 10 

of origins and destinations are known, then the average distance traveled per trip on roadway type 11 

𝑖 under each combination of routing option 𝑗 (𝑗 = 1 𝑜𝑟 2) and OD pair 𝑧 (𝑧 = 𝐿𝐿, 𝐿𝐴, 𝐴𝐿, 𝑜𝑟 𝐴𝐴), 12 

𝐷𝑖
𝑗
(𝑧), can be estimated using continuum approximation principles, as in (40). TABLE 1 provides 13 

these values for all OD pair-routing option combinations and the percentage of each type of OD 14 

pair, 𝑃(𝑧), assuming that origins and destinations on each roadway type are distributed uniformly 15 

in space.  16 

 17 
TABLE 1. Average trip distance on each roadway type 18 

OD pair 𝒛 

Percentage of 

OD pairs, 

𝑷(𝒛) 

Strategy 1 Strategy 2 

𝑫𝒍
𝟏(𝒛) 𝑫𝒂

𝟏(𝒛) 𝑫𝒍
𝟐(𝒛) 𝑫𝒂

𝟐(𝒛) 

LL 𝒑𝒍
𝟐 𝑫 0 𝑺 𝑫 − 𝑺 

LA 𝒑𝒍. 𝒑𝒂 𝑫 −
𝑺

𝟐
 

𝑺

𝟐
 

𝑺

𝟐
 𝑫 −

𝑺

𝟐
 

AL 𝒑𝒍. 𝒑𝒂 𝑫 −
𝑺

𝟐
 

𝑺

𝟐
 

𝑺

𝟐
 𝑫 −

𝑺

𝟐
 

AA 𝒑𝒂
𝟐 𝑫 − 𝑺 𝑺 0 𝑫 

 19 

Denote the fraction of vehicles that use strategy 1 are 𝑝. The ratio of flow on the arterial 20 

and local roads would be related by the total distance traveled on each of the two roadway types 21 

as per the generalized definitions of flow (39) as follows:  22 

𝑞𝑙

𝑞𝑎
=

𝐿𝑎

𝐿𝑙
×

[𝑝×∑ 𝑃(𝑧)×𝐷𝑙
1(𝑧)𝑧 +(1−𝑝)×∑ 𝑃(𝑧)×𝐷𝑙

2(𝑧)𝑧 ]

[𝑝×∑ 𝑃(𝑧)×𝐷𝑎
1(𝑧)𝑧 +(1−𝑝)×∑ 𝑃(𝑧)×𝐷𝑎

2(𝑧)𝑧 ]
  23 

      =
𝐿𝑎

𝐿𝑙
×

𝑝×[𝑝𝑙
2×𝐷+2×𝑝𝑙𝑝𝑎×(𝐷−

𝑆

2
)+𝑝𝑎

2×(𝐷−𝑆)]+(1−𝑝)×[𝑝𝑙
2×𝑆+2×𝑝𝑙𝑝𝑎×

𝑆

2
+𝑝𝑎

2×0]

𝑝×[𝑝𝑙
2×0+2×𝑝𝑙𝑝𝑎×

𝑆

2
+𝑝𝑎

2×𝑆]+(1−𝑝)×[𝑝𝑙
2×(𝐷−𝑆)+2×𝑝𝑙𝑝𝑎×(𝐷−

𝑆

2
)+𝑝𝑎

2×𝐷]
 (2) 24 

For given values of 𝑝 and average density on the hierarchical system, 𝑘ℎ, the flow and 25 

density on each of the local and arterial roads can be obtained by solving the set of equations given 26 

by (1.2), (2) and the MFD relationships, 𝑞𝑖 = 𝑄𝑖(𝑘𝑖). The corresponding average flow in the 27 

system can then be obtained from (1.1). Thus, what is left to be determined is the value of 𝑝. The 28 

remainder of this section considers two scenarios: 1) vehicles route themselves to minimize their 29 

personal travel time (user equilibrium); and, 2) vehicles are routed to minimize the total travel time 30 

in the system (system optimum). 31 
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 1 

User equilibrium (UE) conditions 2 

This section considers the case in which vehicles behave as according to Wardrop’s first principle 3 

(41) and route themselves in such a way as to minimize their own personal travel time. Consider 4 

the average travel times using option 1, 𝑡𝑡1(𝑘𝐻, 𝑝), and option 2, 𝑡𝑡2(𝑘𝐻, 𝑝), as a function of total 5 

network density 𝑘𝐻 and fraction of vehicles using strategy 1 𝑝: 6 

𝑡𝑡1(𝑘𝐻, 𝑝) =  ∑ 𝑃𝑧

𝑧

× (
𝐷𝑙

1(𝑧)

𝑉𝑙(𝑘𝑙)
+

𝐷𝑎
1(𝑧)

𝑉𝑎(𝑘𝑎)
) 8 

           = 𝑝𝑙
2 ×

𝐷

𝑉𝑙(𝑘𝑙)
+ 2 × 𝑝𝑙𝑝𝑎 × (

𝐷−𝑆/2

𝑉𝑙(𝑘𝑙)
+

𝑆/2

𝑉𝑎(𝑘𝑎)
) + 𝑝𝑎

2 × (
𝐷−𝑆

𝑉𝑙(𝑘𝑙)
+

𝑆

𝑉𝑎(𝑘𝑎)
)       (3.1) 7 

𝑡𝑡2(𝑘𝐻, 𝑝) = ∑ 𝑃𝑧

𝑧

× (
𝐷𝑙

2(𝑧)

𝑉𝑙(𝑘𝑙)
+

𝐷𝑎
2(𝑧)

𝑉𝑎(𝑘𝑎)
) 10 

          = 𝑝𝑙
2 × (

𝑆

𝑉𝑙(𝑘𝑙)
+

𝐷−𝑆

𝑉𝑎(𝑘𝑎)
) + 2 × 𝑝𝑙𝑝𝑎 × (

𝑆/2

𝑉𝑙(𝑘𝑙)
+

𝐷−𝑆/2

𝑉𝑎(𝑘𝑎)
) + 𝑝𝑎

2 ×
𝐷

𝑉𝑎(𝑘𝑎)
 (3.2) 9 

The optimal routing strategy under user equilibrium conditions for any 𝑘ℎ would be that 11 

which provides travel times such that no vehicles can reduce their travel times by changing routing 12 

options. This can be found from the following optimization problem: 13 

𝑚𝑖𝑛𝑝 ∫ 𝑡𝑡1(𝑘𝐻, 𝑝)𝑑𝑝
𝑝

𝑜
+ ∫ 𝑡𝑡2(𝑘𝐻, 𝑝)𝑑𝑝

1−𝑝

𝑜
 (4) 14 

which is subject to (1.2), (2), the MFD relationships and non-negativity constraints. Note that these 15 

equations assume that 𝑝 is the same for each OD pair. This can be easily relaxed in Equation (2); 16 

however, doing so does not significantly change the final MFD estimation while increasing the 17 

complexity of the formulation and analytical solution. Thus, this assumption is maintained for 18 

simplicity.  19 

 20 

System optimum (SO) conditions 21 

Under Wardrop’s second principle, vehicles select between the competing options to minimize the 22 

average travel time of all vehicles , 𝑡𝑡̅, in the network. In this case, the solution is found using the 23 

following optimization problem: 24 

𝑚𝑖𝑛𝑝 𝑡𝑡̅(𝑝) = 𝑚𝑖𝑛𝑝 𝑝 × 𝑡𝑡1(𝑝) + (1 − 𝑝) × 𝑡𝑡2(𝑝) (5) 25 

This condition can be proven to be equivalent to the condition required to maximize the average 26 

flow (𝑞𝐻) in the system for a given average system density.  27 

 28 
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Simulation verification 1 

A simulation of an infinite arterial corridor (i.e., ring road) is used to validate the MFDs obtained 2 

from the analytical derivations. This section describes the simulation parameters and compare the 3 

results with the analytical model.  4 

 5 

Simulation description 6 

In this section, a dual ring network is simulated to study the MFD of a hierarchical one-way 7 

corridor. The network simulated here—shown in FIGURE 2—consists of two one-way streets 8 

arrange to form concentric rings. One ring represents the arterial streets while the other the locals. 9 

The arterial street is assumed to have travel lane on which traffic obeys a triangular fundamental 10 

diagram with a free flow speed (40 mile/hour), capacity (2000 vehicle/hour) and jam density (250 11 

vehicle/mile). Each local street also has one travel lane on which traffic obeys a triangular 12 

fundamental diagram with a common free flow speed (20 mile/hour), capacity (1000 vehicle/hour) 13 

and jam density (250 vehicle/mile). Vehicles can only travel between the two roadway types at 14 

predesignated points located every 1 mile.  15 

 16 

FIGURE 2. Simulated hierarchical one-way linear corridor. 17 

Vehicles on the network were simulated using the cellular automata model (CAM) 18 

proposed by Daganzo (42), which is consistent with kinematic wave theory (43–45). In this 19 

framework, each street is broken up into homogeneous discrete cells of length 0.004 miles (equal 20 

to average vehicle spacing at jam density), which allows only a single vehicle to occupy any cell 21 

at any time period. Vehicle locations on arterials are updated at consistent intervals of 0.36 seconds 22 

while vehicle locations on local roads are updated at consistent intervals of 0.72 seconds. Average 23 

flow and density across the entire network are computed using the generalized definitions proposed 24 

by Edie (39) at discrete intervals of 6 minutes.  25 

The simulation starts with an empty network. Vehicles gradually enter the network with 26 

their origins and destinations uniformly distributed across all arterial and local streets until the 27 

average density of the network reaches a predefined value. This density is then maintained for the 28 

length of the simulation run. To do this, vehicles that arrive are to their destination are immediately 29 
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replaced by a randomly generated new trip. In the results shown here, the distance traveled for an 1 

individual trip is drawn randomly from a uniform distribution between 8 miles to 12 miles. 2 

Under user equilibrium assumption, each vehicle chooses its travel strategy based on the 3 

estimated travel time calculated using the average speed of local roads and arterials of the last 1-4 

minute period by the time it enters the network. Under system optimal assumption, multiple 5 

simulations are run with density of arterials kept around different pre-determined values by 6 

controlling the number of vehicles that uses strategy 2. The simulation with pre-determined arterial 7 

density that maximizes the average network flow is then used to obtain the MFD under system 8 

optimal assumption. 9 

 10 

Comparison of analytical and simulation results 11 

In this section, some key features of MFDs for one-way hierarchical linear corridor under user 12 

equilibrium assumption and system optimal assumption are identified by comparing analytical and 13 

simulation results. 14 

 15 

User equilibrium routing 16 

Error! Reference source not found.a illustrates the fundamental diagrams for local and arterial 17 

roads, as well as the analytically derived MFD for the corridor and observed flow-density 18 

relationship in the simulation under user equilibrium routing conditions. As expected, the UE 19 

MFDs fall somewhere between the individual fundamental diagrams of the local roads and 20 

arterials. The network-wide flow-density relationships obtained analytically and from the 21 

simulation are remarkably consistent, particularly in the uncongested and capacity regimes. Small 22 

differences between the simulated and analytical MFDs occur when the network is highly 23 

congested. This is likely due to the tendency of ring networks to become imbalanced and 24 

gridlocked when heavily congested (14, 46).    25 

Notice that the network-wide MFD is not unimodal or concave under user equilibrium 26 

routing conditions. In Error! Reference source not found.a, flow increases with density in the 27 

range 𝑘𝐻 ∈ (0,28) , decreases in the range 𝑘𝐻 ∈ (28,44) , increases again in the range 𝑘𝐻 ∈28 

(44,67), and finally decreases from 𝑘𝐻 ∈ (67,250). Examination of Error! Reference source 29 

not found.b, which plots the density on each individual roadway type as a function of the average 30 

density, reveals that the latter decreasing section represents the congested branch in which both 31 

the local and arterial roads are congested, while the former decreasing section represents cases in 32 

which the arterial is congested but local roads are not. This non-concave shape is particularly 33 

interesting as most MFD-based modeling frameworks in the research literature rely on the 34 

assumption of a unimodal, concave MFD. Repeated tests show that this non-unimodal and non-35 

concave shape is a general finding under various scenarios and settings in both the simulation 36 

environment and analytical derivation in user equilibrium routing conditions.  37 
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(a) (b)  1 

FIGURE 3. Comparison of (a) MFDs and (b) densities on individual roadway types for hierarchical corridor 2 
under user equilibrium conditions.   3 

 4 

System optimal routing 5 

Error! Reference source not found.a provides the fundamental diagrams for the local and arterial 6 

roads, as well as MFDs obtained analytically and from the simulation under system optimal routing 7 

conditions, while Error! Reference source not found.b provides the density on each individual 8 

roadway type as a function of the average network density for this case. Great consistency is 9 

observed between the analytically obtained and simulated flow-density relationship in the 10 

uncongested and near-capacity regimes. However, the simulation results show that the network 11 

becomes unstable when it starts to congested. Differences between the analytically derived MFD 12 

and the MFD observed in the simulations tend to grow as the network becomes more congested. 13 

Several reasons account for this discrepancy problem: 14 

1) As in the UE case, the network has the tendency towards inhomogeneous congestion 15 

distributions and will produce non-MFD states as it gets congested and unstable, as identified in 16 

many previous works (14, 15, 17, 46).  17 

2) Constraint (2) which provides the relationship between flow of the two roadway types 18 

is only valid in a long stable period where all vehicles should be able to finish their trips. However, 19 

in the simulations, when the network gets so congested that many vehicles cannot finish their trip 20 

in the simulated period, the flow relationship will not be the same as the analytical solution 21 

suggested. 22 

3) Bottlenecks arise at the transition points between locals and arterials. The analytical 23 

solution suggests that the arterial should be always used with flow as high as possible, which makes 24 

the local roads have a high density and a low flow when the network is congested. The significant 25 

discrepancy between flow of the two roadway types makes it extremely difficult for vehicles to 26 

turn from arterials to the local roads in the linear corridor. As a result, bottlenecks may form at the 27 

transition points, which makes the network highly unstable.  28 

 29 

 30 

 31 
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(a) (b)  1 

FIGURE 4. Comparison of (a) MFDs and (b) densities on individual roadway types for hierarchical corridor 2 
under system optimal conditions.  3 

Differences between Error! Reference source not found. and Error! Reference source 4 

not found. indicate that vehicles tend to use arterials more than locals to minimize their own travel 5 

time under user equilibrium condition. By contrast, arterials are used at their capacity under the 6 

system optimal condition, which provides the higher overall flow and lowest travel time to all 7 

vehicles in the network. This suggests that hierarchical networks can be made more productive by 8 

carefully routing vehicles within the network. Comparison of the UE and SO MFDs also shows 9 

that the MFDs are unimodal and concave in the SO, whereas they are not in the UE case.  10 

 11 

Applications for hierarchical street network design 12 

For a hierarchical one-way linear corridor, two roadway features affect the network MFD: the 13 

spacing of the transition points where vehicles can switch roadway types and the MFD of each 14 

roadway type. This section demonstrates how the analytical model—which provides a reasonable 15 

estimate of the MFDs under both UE and SO conditions, except when the network is highly 16 

congested—can be used to understand the impact of these features on the network MFD. This 17 

information can be used to inform network design decisions related to these features.  18 

 19 

Spacing of the transition points 20 

The following numerical example illustrates how spacing of transition points can affect MFD of a 21 

one-way linear corridor. FIGURE 5a and FIGURE 5b illustrate the MFDs of the entire hierarchical 22 

system with different spacings under UE and SO routing assumptions, respectively, assuming the 23 

same FD for the local and arterial networks as in the previous section. Under UE routing 24 

conditions, smaller transition spacings lead to higher flows at low network densities. However, 25 

larger transition spacings have a higher first apex of the MFD. The rest of the MFD is insensitive 26 

to this spacing. Since maximizing network flow at or near these peaks is most critical to 27 

accommodate surges in demand, a larger transition spacing would be preferred under UE routing 28 

conditions. By contrast, smaller transition spacings lead to higher network flow for most part of 29 

the uncongested regime and congested regime under SO conditions.  30 
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 1 

(a)         Entire range of densities                         Uncongested regime 2 

 3 

(b)         Entire range of densities                         Uncongested regime 4 

 5 

(c) 6 

FIGURE 5. (a) Comparison of MFDs for linear corridors with different spacings of transition points under 7 
UE conditions; (b) Comparison of MFDs for linear corridors with different spacings of transition points 8 

under SO conditions; and, (c) Differences between MFD under SO condition and MFD under UE condition 9 

 10 
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FIGURE 5c shows the difference in average flows observed for each density under the SO 1 

and UE conditions. This is related to the price of anarchy or the loss in network efficiency that 2 

occurs by allowing travelers free will to make routing decisions. As expected, this difference is 3 

greater than or equal to zero for all spacing values, since the SO MFD is always greater than or 4 

equal to the UE MFD. In general, the difference between the SO and UE flows decreases with the 5 

transition spacing. This occurs because vehicles have to travel longer distances before switching 6 

between roadway types as the transition spacing increases, and this results in the decision variable 7 

𝑝 having a reduced impact on the network MFD. Therefore, even if different 𝑝 values are obtained 8 

for the UE and SO cases, the resulting MFDs will be close. 9 

By understanding how these two routing assumptions impacts the MFD, agencies can 10 

design the network based on their objectives and how much flexibility travelers have in routing. If 11 

agencies care about user equilibrium allowing people to choose their paths that minimize their own 12 

travel time, then a smaller spacing is preferred. If agencies seek to minimize the difference between 13 

observed network efficiency and maximum network efficiency (i.e., the price of anarchy) or have 14 

limited ability to induce certain routing behaviors, a larger spacing is preferred as it results in 15 

smaller difference between MFD of the two routing conditions. 16 

 17 

Signals at the transition points 18 

The presence of signals at the transition points between the arterials and local roads can 19 

dramatically impact both safety performance, as well as the fundamental diagrams of both the local 20 

and arterial roadways and the overall network MFD. Here, we assume two-phase signals are 21 

implemented at all transition points with one phase for all movements of arterials and the other for 22 

all movements of local roads. The impact of green time allocation between the arterials and the 23 

local roads on the overall network MFD is examined. Consider the following example with same 24 

arterial and local roads as before. Assume the spacing of the transition points is 1 mile and the 25 

cycle length of the signals at the transition points is 60 seconds. The MFDs of arterial and locals 26 

under different signal settings are obtained using the method of cuts (28), which accounts for green 27 

time allocation between the two street types. 28 

FIGURE 6a illustrates how the UE MFD changes with the signal allocation at the transition 29 

points. It is worth noting that the functional form of the network MFD under UE condition becomes 30 

unimodal when the effects of signals are added but is still non-concave. For the free flow regime, 31 

the system-wide flow increases with the proportion of the cycle allocated to the arterial since 32 

arterials have a faster free flow speed than the local roads. The difference among MFDs under 33 

different signal allocations becomes even larger as soon as the first apex is reached. Moreover, a 34 

network with more green assigned to arterial has a higher capacity since the capacity of arterials 35 

becomes much higher than capacity of local roads. However, the network gets congested faster 36 

and has lower flow for the congested regime as more green time allocated to movements of 37 

arterials. Therefore, more green time should be allocated to arterials if the network is expected to 38 

operate at lower densities under UE conditions. On the contrary, cycle time should be more evenly 39 

allocated if the network is expected to operate at or near capacity since capacity flows can be 40 

maintained for a wider range of densities. 41 

 42 
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 1 

(a)                                     (b) 2 

 3 

(c) 4 

FIGURE 6. (a) Comparison of MFDs for linear corridors with different signal settings under UE; (b) 5 
Comparison of MFDs for linear corridors with different signal settings under SO; and, (c) Differences 6 

between MFD under SO condition and MFD under UE condition 7 

 8 

FIGURE 6b shows the network MFD under SO conditions with different signals. It is clear 9 

that assigning more cycle time to arterials leads to higher flows for the entire range of network 10 

densities. Therefore, more green time should be assigned for the movements of arterials under SO 11 

conditions. FIGURE 6c provides the differences between network MFDs under system optimal 12 

and user equilibrium conditions. It is shown that signals with more green assigned to arterials 13 

results in smaller differences in flow in the free flow regime but more significant differences for 14 

the capacity and congested regimes. This indicate that while assigning more green time to arterials 15 

can improve network efficiency, it might lead to more reduced relative efficiency when users are 16 

allowed to route themselves. 17 

 18 



Xu and Gayah  13 

HIERARCHICAL TWO-DIMENSIONAL NETWORK 1 

Now, we extend the analytical formulations to obtain the MFD of a linear corridor to a two-2 

dimensional network system with hierarchical roadways. Again, without loss of generality, we 3 

assume this system is composed of two street types that allow travel in two directions: arterials 4 

with 𝑁𝑎 travel lanes in each direction, block length (𝑙𝑎) and total length (𝐿𝑎), and local roads with 5 

𝑁𝑙 travel lanes in each direction, block length (𝑙𝑙) and total length (𝐿𝑙). The arterials and locals are 6 

assumed to be arranged in a sequence such that there is one arterial for every 𝑁 ∈ 𝑍 + locals. An 7 

example for 𝑁 = 2  is illustrated in FIGURE 7. One can easily prove the following two 8 

relationships: 9 

𝑙𝑎 = (𝑁 + 1) × 𝑙𝑙 (9.1) 10 

𝑟 =
𝐿𝑙

𝐿𝑎
=

𝑁×𝑁𝑙

𝑁𝑎
 (9.2) 11 

where 𝑟 refers to the ratio of the total length of local roads to the total length of arterials. 12 

 13 

FIGURE 7. Two-dimensional hierarchical network 14 

 15 

Again, vehicles cannot travel between the two roadway types freely. Instead, vehicles are 16 

only able to switch the two roadway types at the intersections of local roads and arterials. 17 

Intersections between arterials are assumed to be signalized, while intersections involving a local 18 

road are assumed to be stop-controlled. Moreover, we assume that all trips begin and end on the 19 

local roads. 20 

The average flow (𝑞𝐻) and density (𝑘𝐻) of this system two-dimensional network can be 21 

determined using (1.1) and (1.2), respectively. As in the linear corridor, we assume that each 22 
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vehicle has two travel options: 1) mainly use local roads for their trip and only use arterials to 1 

access the nearest local road or approach their destination; or, 2) mainly use arterials for their trip 2 

and only use local roads to access the nearest arterial or approach their destination. The difference 3 

when these strategies are applied in the two-dimensional network is that a vehicle may experience 4 

additional total travel distance in order to access the nearest local road or arterial depending on its 5 

OD location. For example, FIGURE 7 shows the two travel strategies for one combination OD 6 

pair. We can see that when using strategy 1, local roads are used for the entire trip and thus there 7 

is no additional trip distance. When using strategy 2, in order to access the nearest arterial from 8 

the origin, the vehicle has additional travel distance to access the arterial streets.  9 

TABLE 2 shows the percentage of each OD pair 𝑃(𝑧) and the average distance traveled 10 

per trip on roadway type 𝑖 under each OD pair-routing option combination, 𝐷𝑖
𝑗
(𝑧), assuming ODs 11 

are uniformly distributed across the network.  12 
 13 

TABLE 2. Average trip distance on each roadway type 14 

OD pair z 

Percentage of 

OD pairs, 

P(z) 

Strategy 1 Strategy 2 

𝑫𝒍
𝟏(𝒛) 𝑫𝒂

𝟏(𝒛) 𝑫𝒍
𝟐(𝒛) 𝑫𝒂

𝟐(𝒛) 

LL 
𝒓𝟐

(𝒓 + 𝟏)𝟐
 𝑫 0 

𝒍𝒂

𝟑
 𝑫 −

𝒍𝒂

𝟒𝟖
 

LA 
𝒓

(𝒓 + 𝟏)𝟐
 𝑫 

𝒍𝒍

𝟒
 

𝒍𝒂

𝟔
 𝑫 

AL 
𝒓

(𝒓 + 𝟏)𝟐
 𝑫 

𝒍𝒍

𝟒
 

𝒍𝒂

𝟔
 𝑫 

AA 
𝟏

(𝒓 + 𝟏)𝟐
 𝑫 

𝒍𝒍

𝟐
 0 𝑫 

 15 

Let 𝑝 denote the fraction of vehicles that use routing strategy 1. The ratio of flow on the 16 

arterial and local roads would be related by the total distance traveled on each of the two roadway 17 

types can be defined similarly to (2) as follows:  18 

𝑞𝑙

𝑞𝑎
=

𝐿𝑎

𝐿𝑙
×

𝑝×𝐷+(1−𝑝)×[
𝑟2

(𝑟+1)2×
𝑙𝑎
3

+
2𝑟

(𝑟+1)2×
𝑙𝑎
6

+
1

(𝑟+1)2×0]

𝑝×[
𝑟2

(𝑟+1)2×0+
2𝑟

(𝑟+1)2×
𝑙𝑙
4

+
1

(𝑟+1)2×
𝑙𝑙
2

]+(1−𝑝)×[
𝑟2

(𝑟+1)2×(𝐷−
𝑙𝑎
48

)+
2𝑟

(𝑟+1)2×𝐷+
1

(𝑟+1)2×𝐷]
 (10) 19 

The remainder of this section describes how MFD of the hierarchical two-dimensional 20 

network can be determined under user equilibrium and system optimum conditions. 21 

 22 

Analytical method to obtain the system-wide MFD 23 

User equilibrium (UE) conditions 24 

Under these assumptions, the corresponding average travel times of using option 1 and 2, 25 

respectively, are:  26 
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𝑡𝑡1(𝑘𝐻, 𝑝) =
𝑟2

(𝑟+1)2 ×
𝐷

𝑉𝑙(𝑘𝑙)
+

2𝑟

(𝑟+1)2 × (
𝐷

𝑉𝑙(𝑘𝑙)
+

𝑙𝑙
4

𝑉𝑎(𝑘𝑎)
) +

1

(𝑟+1)2 × (
𝐷

𝑉𝑙(𝑘𝑙)
+

𝑙𝑙
2

𝑉𝑎(𝑘𝑎)
) (11.1) 1 

𝑡𝑡2(𝑘𝐻, 𝑝) =
𝑟2

(𝑟+1)2 × (
𝑙𝑎
3

𝑉𝑙(𝑘𝑙)
+

𝐷−
𝑙𝑎
48

𝑉𝑎(𝑘𝑎)
) +

2𝑟

(𝑟+1)2 × (
𝑙𝑎
6

𝑉𝑙(𝑘𝑙)
+

𝐷

𝑉𝑎(𝑘𝑎)
) +

1

(𝑟+1)2 ×
𝐷

𝑉𝑎(𝑘𝑎)
 (11.2) 2 

Under Wardrop’s first principle, the optimal routing strategy for any 𝑘ℎ can be obtained 3 

by solving (4), which subject to constraints (1.2), (9), (10) the MFD relationships and non-4 

negativity constraints. Again, the underlying assumption is that the value of  𝑝 is the same for all 5 

OD pair types. This assumption can be easily relaxed but does not change the final MFD 6 

estimations in a significant way.   7 

 8 

System optimum (SO) conditions 9 

Under Wardrop’s second principle of system optimality, the optimal routing strategy is found by 10 

solving (5) which is subject to same constraints as the UE case.  11 

Note that for a two-dimensional network, this condition is no longer necessarily equivalent 12 

to the condition required to maximize the average flow (𝑞𝐻) in the system for a given average 13 

system density. This occurs because the average travel distance changes based on how vehicles 14 

route themselves. However, if 𝐷 ≫ 𝑙𝑙  and 𝐷 ≫ 𝑙𝑎 , the additional trip distance arising from 15 

switching roadway type is negligible compared to 𝐷 and the two conditions can be considered 16 

equivalent. 17 

 18 

Numerical example 19 

In this section, some key features of MFDs for hierarchical two-dimensional networks are unveiled 20 

using a numerical example. The local roads as assumed to have a block length of 300ft, a free flow 21 

speed of 20 mph, capacity of 1000 veh/hr/lane and jam density of 250 veh/mi/lane. The arterial 22 

roads have a free flow speed of 40 mi/hr, capacity of 2000 veh/hr/lane and jam density of 250 23 

veh/mi/lane. Assume that all local roads have one travel lane in each direction while all arterials 24 

have two travel lanes in each direction. The MFD of both local roads and arterial roads are obtained 25 

using analytical methods based on variational theory (13) as a function of block length, signal 26 

settings and fundamental diagram of individual links. Assume all signals have exactly the same 27 

green period equal to half of the cycle length of 72 seconds. Moreover, vehicles are assumed to 28 

travel an average distance of 𝐷 = 10 mi. 29 

FIGURE 8a and FIGURE 8b illustrates the MFDs for the local and arterial roads, as well 30 

as the MFD of the entire hierarchical network under both the UE and SO optimal routing 31 

assumptions. The MFDs are estimated for the cases when the number of local roads is 2 times and 32 

5 times the number of arterials, respectively. From (9.1), we can obtain that the corresponding 33 

block lengths of arterials are 900 ft (𝑁 = 2) and 1800 ft (𝑁 = 5), respectively. 34 
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 1 
FIGURE 8. (a) Comparison of theoretical MFD for hierarchical network under UE and SO conditions when 2 

the number of local roads are 2 times the number of arterials; (b) Comparison of theoretical MFD for 3 
hierarchical network under UE and SO conditions when the number of local roads are 5 times the number of 4 

arterials 5 

As expected, the network MFDs always fall somewhere between the individual MFDs of 6 

the local and arterial roadways and the MFD under SO routing always has higher flows for a given 7 

density than the MFD under UE routing conditions. Again, the MFD under UE routing condition 8 

is not concave, but is unimodal. By comparing FIGURE 8a and FIGURE 8b, it is clear that the 9 

ratio of the number of local roads to the number of arterials (𝑁) not only has a great impact on the 10 

shape of MFD of arterials, but affects the shape and capacity of MFD of the hierarchical network 11 

as well. A smaller 𝑁 indicates a denser arterial network, which leads to higher network flow and 12 

overall capacity under both UE and SO routing conditions. Note that if the arterial network is too 13 

dense (the block length of arterials is too short), the capacity of arterials will be significantly 14 

reduced due to queue spillovers. 15 

 16 

Applications for hierarchical street network design 17 

Consider the case where an arterial network will be created to supplement an existing local road 18 

grid network. This can be done by converting existing local roads to arterials by changing signal 19 

timings and potentially adding lanes. This presents a decision between selecting a choosing a 20 

sparser arterial network with more travel lanes or a denser arterial network with fewer travel lanes. 21 

Assume all local roads have one lane in each direction (𝑁𝑙 = 1). If the total lane-mile of the arterial 22 

network to construct is pre-determined, which means the ratio of total length of locals to total 23 

length of arterials 𝑟 is fixed, then (8.2) yields: 24 

𝑟 =
𝐿𝑙

𝐿𝑎
=

𝑁×𝑁𝑙

𝑁𝑎
=

𝑁

𝑁𝑎
 (14) 25 

Consider the case in which that fundamental diagrams of local roads and arterials, block 26 

length of local roads, and signals settings are same as the numerical example in the previous 27 

section. Assume the average trip distance (𝐷) is 5 miles. Block length of arterials are calculated 28 

from (8.1). The ratio of total length of local roads to total length of arterials 𝑟 is assumed to be 2. 29 

      30 
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Error! Reference source not found.a and Error! Reference source not found.b shows 1 

how ratio of the number of local roads to the number of arterials roads (𝑁) and the number of lanes 2 

each arterial has (𝑁𝑎) jointly affect the network MFD. Overall, under both the UE and SO routing 3 

conditions, the arterial network with 𝑁𝑎 = 4 and 𝑁 = 8 contributes to a higher average network 4 

flow for the uncongested regime while the arterial network with 𝑁𝑎 = 3 and 𝑁 = 6 contributes to 5 

a higher average network flow for the congested regime. This indicates that for a fixed ratio of 6 

total length of locals to total length of arterials, there is a balance between the ratio of the number 7 

of local roads to the number of arterials roads and the number of arterial lanes that will maximize 8 

the average network flow for a given range of average network density.  9 

 10 

 11 
(a)         Entire range of densities                       Uncongested regime 12 

 13 
(b)         Entire range of densities                       Uncongested regime 14 

FIGURE 9. (a) Comparison of MFDs for two-dimensional networks with different arterial structures under 15 
UE conditions; (b) Comparison of MFDs for two-dimensional networks with different arterial structures 16 

under SO conditions 17 

As is proven previously, the real average trip distance depends on 𝑝 and is larger than 𝐷 18 

due to the additional arising from switching roadway type. Settings that allows for a higher flow 19 

is likely to result in longer real total trip distance and thus does not necessarily indicate a more 20 

efficient network. Therefore, instead of using network MFD, Gayah and Daganzo (47) suggests 21 

that the efficiency of these networks be measured by the rate at which trips can be served. Error! 22 
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Reference source not found.a and Error! Reference source not found.b provide NEFs with 1 

different ratios of the number of local roads to the number of arterials roads (𝑁) and different 2 

numbers of lanes each arterial has (𝑁𝑎). The shapes of the NEFs are quite similar to the shapes of 3 

MFDs expect for the capacity regime. The arterial network with 𝑁𝑎 = 1 and 𝑁 = 2 provides a 4 

higher capacity for the average trip completion rate because the corresponding short arterial block 5 

length enables vehicles to switch easily between arterial and local roads without travelling too 6 

much additional amount of distance. However, such a network is low in efficiency for both free-7 

flow and congested regime. By contrast, the arterial network with 𝑁𝑎 = 4 and 𝑁 = 8, though is 8 

highly efficient for the free-flow regime, provides lowest capacity as vehicles have to travel a large 9 

amount of additional distance switching between the two roadway types. The difference of 10 

capacities among different network structure can be even more significant when 𝐷  is small. 11 

Therefore, the optimal arterial network structure depends on the average trip distance and the 12 

average network density regime that are designed for. 13 

 14 

 15 
(a)         Entire range of densities                       Uncongested regime 16 

 17 
(b)         Entire range of densities                       Uncongested regime 18 

FIGURE 10. (a) Comparison of NEFs for two-dimensional networks with different arterial structures under 19 
UE conditions; (b) Comparison of NEFs for two-dimensional networks with different arterial structures 20 

under SO conditions 21 

 22 
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DISCUSSION 1 

This paper develops an analytical method to estimate the MFDs of hierarchical street networks 2 

that should be generally expected in real-world MFDs. This method directly builds on a recent 3 

study that considers the MFDs of simple networks with route choice by considering features that 4 

are specific to hierarchical network structures. Since the performance of hierarchical networks 5 

depends on how users route themselves in the network, the analytical method considers both user 6 

equilibrium and system optimal routing conditions. The method is applied to a linear corridor and 7 

then extended to a more realistic two-dimensional grid network. The analytical results in the linear 8 

case are compared to MFDs obtained from a cellular automata simulation. The results are found 9 

to match up quite well for the entire range of densities in the UE routing case, and well for free-10 

flow and capacity states in the SO routing case. Thus, the simulation results validate the use of the 11 

analytical method for MFD estimation.  12 

The analytical results reveal interesting findings into the functional form of hierarchical 13 

network MFDs. In both the corridor and grid network case, MFDs obtained under user equilibrium 14 

routing conditions are found to not be unimodal or concave, even though the MFDs of individual 15 

street types are unimodal and concave. The non-unimodal nature of the MFDs of hierarchical street 16 

networks is important as the assumption of a concave, unimodal MFD is common in almost all 17 

MFD modeling frameworks to date. This assumption is then leveraged for optimization purposes 18 

and in proofs when developing network-wide traffic control strategies using the MFD. However, 19 

the findings here are not necessarily surprising. Most MFDs obtained from empirical data have 20 

relatively few data points available from congested states. This could lead to inaccurate 21 

conclusions about the MFD shape and functional form, especially if multiple peaks exist as would 22 

be expected from the findings here. Furthermore, there is empirical and simulation evidence to 23 

support the finding of non-unimodal and/or non-concave MFDs in the research literature. Some 24 

examples are provided in FIGURE 11. In the San Francisco, MFD, there is a small range of 25 

densities (highlighted) where average flow appears flat as density increases, only to increase again. 26 

In Chicago, the free-flow branch has several slopes that appear to create a non-concave shape.  In 27 

Zurich, the free-flow branch of several MFDs appear to have what might be similar non-concave 28 

features. All are examples of larger networks in which street types are likely to represents different 29 

hierarchical levels.  30 

 31 
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(a)   (b)   1 

(c)   2 

FIGURE 11. Example of potential non-concavity in functional form of MFDs in the literature. (a) San 3 
Francisco, California from simulation, taken from (48); (b) Chicago, Illinois from simulation, taken from (49); 4 
(c) Zurich, Switzerland from empirical data, taken from (27). 5 

Applications of the proposed methodology to the design hierarchical street network 6 

structure are also discussed. For hierarchical one-way linear corridors, the numerical example 7 

indicates that the access to switch between the two roadway types should be constrained under UE 8 

routing conditions while easy access between the two roadway types should be provided under the 9 

SO routing conditions to achieve higher network flow. Moreover, application to signal design at 10 

the transition points is also provided. Under user equilibrium routing, more green time should be 11 

allocated to arterials when the network is expected to operate at low densities, while green time 12 

should be more evenly distributed if the network is expected to operate at capacity or in congestion. 13 

For hierarchical two-dimensional networks, a balance of number of arterial lanes and arterial 14 

density is shown to be important in designing the arterial network above an existing local road 15 

network. 16 

Overall, this paper contributes to the growing literature on relationships between traffic 17 

variables aggregated across large spatial regions and how these relationships are influenced by 18 

network features. Future work should compare the MFDs of hierarchical two-dimensional network 19 

obtained from the proposed method with MFDs from simulation of network under more realistic 20 

conditions. Future work should also seek to develop analytical methods to account for bottlenecks 21 

at transition points between roadway types. Additional work is also needed to understand how 22 

route choice will affect turning movements at intersections, which should be considered in 23 

developing the functional form of the flow-density of a network.  24 

 25 
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