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—— Abstract

A probability distribution over the Boolean cube is monotone if flipping the value of a coordinate
from zero to one can only increase the probability of an element. Given samples of an unknown
monotone distribution over the Boolean cube, we give (to our knowledge) the first algorithm that
learns an approximation of the distribution in statistical distance using a number of samples that is
sublinear in the domain.

To do this, we develop a structural lemma describing monotone probability distributions. The
structural lemma has further implications to the sample complexity of basic testing tasks for analyzing
monotone probability distributions over the Boolean cube: We use it to give nontrivial upper bounds
on the tasks of estimating the distance of a monotone distribution to uniform and of estimating the
support size of a monotone distribution. In the setting of monotone probability distributions over
the Boolean cube, our algorithms are the first to have sample complexity lower than known lower
bounds for the same testing tasks on arbitrary (not necessarily monotone) probability distributions.

One further consequence of our learning algorithm is an improved sample complexity for the
task of testing whether a distribution on the Boolean cube is monotone.
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1 Introduction

1.1 Learning Monotone Distributions

Data generated from probability distributions is ubiquitous, and algorithms for understanding
such data are of fundamental importance. In particular, a fundamental task is to learn
an approximation to the probability distribution underlying the data. For probability
distributions over huge discrete domains, the sample complexity and run-time bounds for the
learning task can be prohibitive. In particular, learning an arbitrary probability distribution
on a universe of Nyniverse €lements up to sufficiently small constant total variation distance
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Learning Monotone Probability Distributions over the Boolean Cube

requires Q(Nuniverse) samples. However, when the probability distribution is known to
belong to a more structured class of distributions, much better results are possible (cf.
[16, 19, 22, 21, 20, 24, 13, 12, 6, 10, 25, 23, 15, 28]) — for example, learning an unknown
Poisson binomial distribution up to variation distance e can be achieved with only O(1/€%)
samples and O(log(Nuniverse)/€>) run-time [13].

A fundamental class of probability distributions is the class of multidimensional monotone
probability distributions, which broadly satisfy the following properties:

The elements of the probability distribution have n different features.

For every element, an increase in the value of one of the features can only increase its

probability.

This basic class of distributions is of great interest because many commonly studied dis-
tributions are either monotone or can be approximated by a combination of monotone
distributions. Furthermore, often the tools developed for monotone distributions are useful
for other classes of distributions: for example, in the one dimensional setting, [12] use tools
developed for testing monotone distributions in order to learn k-modal distributions. In [8],
tools developed for testing properties of monotone distributions by [4] are used to develop
testers for many other classes of distributions.

For the case of only one feature, or equivalently for monotone probability distributions
over the totally ordered set [k], a sample-efficient algorithm is known for learning the unknown
distribution up total variation distance € with O(log(k)/e3) samples [6, 12]. In [1] it was also
shown that an unknown probability distribution over [k]™ can be learned up to x? distance
€2 with O((nlogk/e?)™/e?) samples (note that for constant e, this sample complexity is
non-trivial only when k is sufficiently large). Overall, the cases considered in the literature
specialize on the regime when all the dimensions have a wide range that grows with n. Here
we focus on a contrasting case, where each feature has only two possible values, 0 and 1, thus
specializing on the Boolean cube:

» Definition 1. A probability distribution p over {0,1}"™ is monotone if whenever for
x,y € {0,1}™ we have that x < y (which means that for all i x; < y;), then we have that

p(x) < p(y).

When studying multi-dimensional objects, focusing on the specific case of the Boolean cube
is a common research theme, because the ideas and techniques developed for the Boolean
cube are often applicable in the general case. A lower bound of Q(2%15") for learning
monotone probability distributions over the Boolean cube (up to sufficiently small constant
variation distance) can be inferred from an entropy testing lower bound in [29, page 39|
and an argument in [32] (see Claim 17 in Preliminaries). Though the dramatic exponential
improvement as in [6, 12] for the totally ordered set is thereby impossible, this still leaves
open the possibility of a sublinear sample algorithm for the Boolean cube.

We give, to the best of our knowledge, the first sublinear sample algorithm for learning a
monotone probability distribution over the Boolean cube:

» Theorem 2. For every positive €, such that 0 < e < 1 and for all sufficiently large n, there
exists an algorithm, which given 2(_)?%/5) samples from an unknown monotone probability
distribution p over {0,1}", can reliably return a description of an estimate probability

distribution p, such that dry(p, p) < €. The algorithm runs in time O (2”*06 (n'/? log ”)).

Our algorithm relies on a new structural lemma describing monotone probability distribu-
tions on the Boolean cube, as described in Section 1.3. These structural insights also allow
us to get improved sample complexity for certain testing tasks on monotone distributions —
namely, estimating the closeness of a distribution to uniformity and the support size of the
distribution, as presented in Section 1.2.
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Theorem 2, together with the L, distance tester in [31], can be applied to give the best
known sample complexity for testing whether a distribution is monotone. Specifically, one
can test whether an unknown distribution p over the Boolean cube is monotone or e-far from
monotone with 0(3—;) samples as shown in Claim 18 in Preliminaries. Note that this does
not follow from [32] directly, because monotonicity is not a symmetric property. The best
previously known algorithm for testing monotonicity over the Boolean cube was presented in
[5], requiring O (leﬁpoly(l / e)) samples. The best sample complexity lower bound for
testing monotonicity over {0,1}" is Q(2(1=O(V)+o(1)n) "a5 presented in [3]. For the domain
[k]™, a monotonicity testing algorithm that requires O (k:”/ 2/e? + (%)n . E%) samples is
given and shown to be optimal in [1] (note that this is inapplicable to the Boolean setting,
because this sample bound is non-trivial only for sufficiently large k).

1.2 Testing properties of monotone distributions

In addition to learning a distribution, several other basic tasks aimed at understanding distri-
butions have received attention. These include estimating the entropy of a distribution, the
size of the support and whether the distribution has certain “shape” properties (monotonicity,
convexity, monotone hazard rate, etc.). For arbitrary probability distributions over huge
domains, the sample complexity and run-time bounds for the above tasks can be prohibitive,

provably requiring §2 (&‘%) samples. This is true in particular for the properties of

support size, entropy and the distance to the uniform distribution [27, 32, 30, 33, 34].

This state of affairs motivates going beyond worst-case analysis and considering common
classes of structured probability distributions, a direction that has been considered by many
and with a large variety of results (cf. [4, 9, 24, 29, 14, 18]). Some specific examples
include: In [4] it is shown that testing whether a monotone distribution is uniform requires
only ©(log®(Nuniverse)/€®) samples, in contrast to the ©(v/Nuniverse/€2) samples required for
testing arbitrary distributions for uniformity [26, 11, 17]. The situation is analogous for
the tasks of testing whether two distributions given by samples are either the same or far,
and testing whether a constant dimensional distribution is independent, which require only
polylogarithmic samples if the unknown distributions are promised to be monotone on a
total order [4].

Algorithms for testing properties of monotone probability distributions over the Boolean
cube were studied in [29, 2]. Tt was shown that, given samples from a probability distribution
over {0,1}" that is promised to be monotone, distinguishing the uniform distribution over
{0,1}" from one that is e-far from uniform can be done using only O (6%) samples, which is
nearly optimal. In contrast, a number of other testing problems cannot have such dramatic
improvements when the distribution is known to be monotone: for example in [29] it was
shown that for sufficiently small constant € the estimation of entropy up to an additive error
of en requires 2°4") samples. However, no nontrivial! upper bounds on the sample complexity
of any other computational tasks for monotone probability distributions over the Boolean
cube are known.

! j.e. using monotonicity in an essential way and going beyond the bounds known for arbitrary probability

distributions.
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1.2.1 Estimating support size

We consider the task of additively estimating the support size of an unknown monotone
probability distribution over the Boolean cube. The following assumption is standard in
support size estimation:

» Definition 3. A probability distribution over a universe of size Nyniverse 15 called well-
behaved (in context of support size estimation) if for every x in the set, the probability of x
is either zero or at least 1/Nypiverse-

The purpose of this definition is to rule out pathological cases in which there are items
that are in the support, yet have probability very close to zero. We henceforth adapt this
definition to probability distributions over {0,1}", where we have Nypniverse = 2". We prove
the following theorem:

» Theorem 4. For every positive €, the following is true: for all sufficiently large n, there
exists an algorithm, which given 2@2(% samples from an unknown well-behaved monotone
probability distribution p over {0,1}", can reliably? approzimate the support size of p with

n

an additive error of up to €. The algorithm runs in time O, (ﬁ

We contrast this result to the results of [27, 30, 31, 32, 34] that show that one needs
Q(Nuniverse/ 10g(Nuniverse)) samples to estimate the support size of an arbitrary distribution
up to a sufficiently small constant, which equals to Q(2"/n) for a universe of size 2", such as
the Boolean cube.

1.2.2 Estimating distance to uniformity

We now consider the task of additively estimating the distance from an unknown monotone
probability distribution over the Boolean cube to the uniform distribution. We prove the
following theorem:

» Theorem 5. For every positive €, the following is true: for all sufficiently large n, there
exists an algorithm, which given 2(_)%5) samples from an unknown monotone probability
distribution p over {0,1}", can reliably approzimate the distance between p and the uniform
distribution over {0,1}™ with an additive error of up to €. The algorithm runs in time
19) (2n+06(\/ﬁlog n)) )

We, again, contrast this result to the results of [30, 31, 32] that show that one needs
Q(Nuniverse/ 10g(Nuniverse)) samples to estimate the distance of an arbitrary distribution to
the uniform distribution, which equals to ©(2"/n) for a universe of size 2", such as the
Boolean cube.

We also have the following sample complexity lower bound on this task, which we prove
using the sub-cube decomposition technique of [29]:

» Theorem 6. For infinitely many positive integers n, there exist two probability distributions
Aciose and A pg, over monotone distributions over {0,1}", satisfying:

1. Every distribution in Ap,,. is 1/2-far from the uniform distribution.
,0.5-0.01

2. Any algorithm that takes only o <2f) samples from a probability distribution, fails

to reliably distinguish between A cjose and A gy
3. Every distribution in Acpese s 0(1)-close to the uniform distribution.

2 By reliably we henceforth mean that the probability of success is at least 2 /3.



R. Rubinfeld and A. Vasilyan

» Remark 7. In our construction, the distribution Acjese consists of only one probability
distribution. Additionally, the constant 0.01 can be made arbitrarily small.

Recall that in [29, 2] it was shown that, given samples from a probability distribution over
the Boolean cube that is promised to be monotone, distinguishing the uniform distribution
from one that is e-far from uniform can be done using only O (6%) samples. Yet, as the
theorem above shows, the tolerant version of this problem, which requires one to distinguish

a distribution that is o(1)-close to the uniform from a distribution that is 1/2-far from
,0.5-0.01
uniform, requires 2 (2 P ) samples, which is dramatically greater.

1.3 Technical overview
1.3.1 Structural results

Our analysis applies and builds upon the main structural lemma in [7]. To state it, recall
that a DINF is a Boolean function that is formed as an OR of ANDs, and it is monotone if
there are no negations. Each AND is referred to as a clause, with the number of variables
in the AND is referred to as the width of the clause. Their structural lemma shows that
each monotone function can be approximated by a DNF with only a constant number of
distinct clause widths. Specifically:

» Lemma 8 (Main Lemma in [7], abridged and restated). For every positive €, for all sufficiently
large n, let f be a monotone Boolean function over the domain {0,1}". There is a function
g =091V ..V g with the following properties: (i)t < 2/e (ii) each g; is a monotone DNF
with terms of width exactly k; (¥i) g disagrees with f at no more than € - 2™ elements of

{0,1}™ (iv) g(z) < f(x) for all x in {0,1}™.

For Theorem 4, we use the lemma above on the indicator function of the support of the
probability distribution, which allows us to prove the correctness of our algorithm. For the
problems of learning and estimating the distance to uniform, we go a step further and prove
an analogous structural lemma for monotone probability distributions.

There are some crucial differences between monotone Boolean functions in the setting of
Boolean function approximation and monotone probability distributions in our setting. First
of all, the basic properties of the two objects are different: a Boolean function always has one
of the two values (zero or one), which is usually not the case for a probability distribution,
but a probability distribution, summed over {0,1}", has to equal one. Secondly, the relevant
notions of a function fy being well-approximated by a function f; are different: for Boolean
functions we bound the fraction of points on which f; and f; disagree, whereas for monotone
probability distributions we would like to bound the L; distance between f; and fs.

To overcome these differences, we generalize to the setting of non-Boolean functions the
main concept used in the proof of Lemma 8: the concept of a minterm of a monotone
Boolean function. In [7] the minterm of a monotone Boolean function f is defined as follows:

mintermy(x) =

w |1 if f(z)=1and forall y <z, f(y) =0
0 otherwise

Using this language, the function g in Lemma 8 can be characterized as a function, for which:

2

- 1)

n
Z 15 2€{0,1}": ||z||=h A mintermg (x)7#0 <
h=0

28:5
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We introduce the notion of monotone slack that generalizes the notion of a minterm to
non-Boolean functions:

def

slacks(z) = f(@) —max fW) = F@) = od B a1
With such a definition at hand, one could hope to prove that every monotone prob-
ability distribution p is well-approximated in the L; norm by a monotone function f,
for which ZZ:O 13 2€{0,1}7: ||z||=h A slack; ()20 18 bounded by a constant independent of
n. We were not able to prove such a theorem, and instead we bound a related quant-
ity that can be thought of as the weighted analogue of the expression in Equation 1:
ZZ:O Ry - 13 210,137 ||2||=h A slacks (z)0, Where the Ry are positive weights that can be
chosen arbitrarily, as long as they satisfy a certain technical condition that ensures that not
too many of these weights are too large. Precisely, our main lemma is:

» Lemma 9 (Main Structural Lemma). For all positive ¢, for all sufficiently large n, the
following is true: Let p be a monotone probability distribution over {0,1}"™. Suppose,
for each h between 0 and n we are given a positive value Ry, and it is the case that:
ZZ:O Rh ' n(}il)(n) < C

j=h \J

Then, there exists a positive monotone function f, mapping {0,1}" to positive real
numbers, satisfying:
1. For all x, it is the case that p(x) > f(x).
2. It is the case that: 3, cro1yn p(x) — f(2) < ¢
3. It is the case that: ZZ:O R}L . 13366{0,1}": [|z||=h A slacks(x)7#0 < 1

Now, as a corollary, we present a simple special case (proven to be so in Subsection
3.1) that not only illustrates the power of Lemma 9, but also is sufficient for our proof of
Theorem 5:

» Corollary 10. Let p be a monotone probability distribution over {0,1}™ and let hg be an
integer for which:

< Pr [lz[| > ho] <

€ €
4 x~q{0,1}7 -2

Then, there exists a positive monotone function f :{0,1}" — R satisfying:

1. For all x, it is the case that p(x) > f(x).

2. It is the case that: 3, cro 13- p(2) — f(z) < 4.

3. There exists a set of values {ki,...,k} (ordered in an increasing order) with t < 1§,
satisfying that if for some x in {0,1}™ we have ||z|| < ho and slacks(x) # 0, then
[|z]| = ki for some i.

For Theorem 2, however, we use the full power of Lemma 9.

1.3.2 Algorithmic ideas

Here we present an informal overview of the ideas involved in the design and analysis of
our algorithms. Throughout we omit details and technicalities. As already mentioned, our
algorithms for Theorems 4, 5 and 2 use respectively Lemma 8, Corollary 10 and Lemma 9
as their structural core. Here we present the algorithmic ideas in the order of increasing
technical sophistication.
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1.3.2.1 Support size estimation (Theorem 4)

The idea behind our support size estimation algorithm is as follows: if we received x as a
sample, then not only x has to be in the support of p, but every y, satisfying x < y is in the
support of p. For all such y, we say that y is covered by z. Our algorithms estimates the
support size of p through estimating the number of all such y that are covered by at least
one of the samples.

This algorithm can be made computationally efficient by standard methods in randomized
algorithms, and the only non-trivial step is to show that 29%% samples suffice. To show
this, we first apply Lemma 8 to the indicator function of the support of p (which we from
now on call the support function of p). This gives us a Boolean function g that approximates
well the support function of p and has zero slack everywhere, except for a small number
of levels® of {0,1}™. For simplicity, assume that the support function of p itself has this
property, and there are only a small number of levels of the Boolean cube on which the
support function of p can have non-zero slack, which we call the slacky levels.

Now, we divide the elements of {0,1}" (which we also call points) into good* points
and bad points, with the former defined as all the points sufficiently close to a slacky level,
and the latter defined as all the other points. Clearly, a given level of {0,1}"™ consists either
fully from good points or fully from bad points, so we also refer to levels as good or bad.

We argue that if a point y in the support of p is a good point, then it is likely to be
covered by one of the samples, because there is a large number of values x in the support of
p, for which y < z.

We conclude by bounding the number of elements in the support of p that are bad, by
using the fact that there cannot be too many slacky levels.

1.3.2.2 Estimation of distance to uniform (Theorem 5)

To estimate the distance of a monotone distribution to uniform, we pick a value hy as in
Corollary 10 and break down the value of the total variation distance from p to uniform into
contributions from two disjoint components: (i) {z € {0,1}"™ s.t. ||z|| > ho} and (ii) all the
other points of {0,1}™. In other words, we use hg as the cutoff value for the Hamming weight,
to separate {0,1}" into components (i) and (ii). The first contribution is straightforward to
estimate simply through estimating how likely a random sample z from p is to have ||z|| > hy,
because it is straightforward to prove that if one redistributes the probability mass of p in
{z €{0,1}" s.t. ||z|| > ho}, while keeping the total amount of probability mass in this set
fixed, the total variation distance between p and the uniform distribution cannot change by
more than O.(1).

For any element z of the component (ii), we prepare an estimate of p(x), which we call
(;3(.’1,') Our approach here is somewhat similar to the one for our support size estimation
algorithm. In the case of support size estimation, we only registered whether x was covered
by a sample from p or not. In this case, we actually need an estimate on p(x) (as opposed
to 1,(;)0) which we obtain by studying the pattern of all the samples covering 2. More
precisely, suppose we draw No samples from the distribution, which form a multiset Sy. We
extract the estimate ¢(x) from the pattern of samples as follows:

{zesg:y-<z-<x}‘

i.e. subsets of {0,1}" that have the same Hamming weight.
4 We later re-define these notions in order to adapt them for the technical details we ignore in the
introduction.

| MAXy st y=<a and [[al|-|lyl|=L

9L Ny

3
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Here L is a parameter equal to ©.(y/n). We then estimate the contribution of set (ii) as

2ze {0,137 [[al|2ho | (%) = 1/2n"
We show the correctness of our algorithm as follows. We use a tail bound to show that
¢(x) concentrates sufficiently closely to the value: .

T)=—"- max Priy<z=<z|=
o) 2Ly st y=a and [|z||—|ly||=L M[y_ =]

1

— max p(z

28y sty and lf|=[lyl|=L S.t%;m #)
Then, we apply Corollary 10, which implies that p is approximated well by a function f and
a certain set of constraints on the slack of f holds.

Now for the sake of simplicity (analogously to the case of support size estimation), assume
that p itself satisfies the condition that below the threshold hg there are at most Oc(1)
levels of {0,1}" on which there are points & with non-zero slack,(z) (in reality it is merely
well-approximated by such a function). We now can (analogously to the case of support size
estimation) introduce the concepts of slacky levels as levels on which p has non-zero slack,
and good levels, which are below hy and farther than L from all slacky levels of p. Now,
one can prove that for z on a good level the value of ¢(z) equals precisely to p(z), for the
following reasons: First of all the inequality:

max < ¢(x) < plx

y s.t. y=<w and IIwH—IIyH=Lp(y) < #lz) < plz)
follows immediately from the monotonicity of p and the definition of ¢. Secondly, if p has no
slack on the levels between ||z|| and ||z|| — L (inclusive), then from the definition of slack it
follows immediately using induction on L that:

max =p(z

y s.t. y=z and ||z]|-||y||=L Ply) = pla)

Therefore, it has to be the case that p(z) = ¢(x).

Finally, we bound the contribution to the L; distance between ¢ and p of all the levels
below hg that are not good (which we again call the bad levels). We do this by upper-
bounding the number of bad levels, and then upper bounding the total probability mass on
a single level below hg.

1.3.2.3 Learning a monotone probability distribution (Theorem 2)

As we saw, our algorithm for the estimation of the distance to the uniform distribution
contained a component that learned in L, distance the restriction of p on the levels below
the cutoff hy. The main challenge here is to extend these ideas to levels above hg. To this,
we make the following changes to our setup:
Instead of having one fixed constant L defining whether a point is close to a slacky level,
we make this value level-dependent. In other words, for every h we define Ly, and then
after drawing N samples, which form a multiset .S, we compute:

() 1 A%y o y<a and lyli—llali=| Ly | ‘{ZGS:yjzjx}‘
xT) .= .
ol L] ¥

Instead of using Corollary 10, we use the the full power of Lemma 9. This, again gives us
a function f that approximates p closely and has a restriction on its slacky levels.
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Finally, we pick values of L;, in the algorithm and R}, in the analysis so we balance (i) The
random error from the deviation of ¢(z) from its expectation and (ii) The systematic error
introduced by the slacky levels of f and the levels close to them. As a result, we find that

n
ﬁ samples suffice.

2 Preliminaries

We use the following basic definitions and notation:

» Definition 11. For x € {0,1}", its Hamming weight is denoted as ||x|| and is equal to

» Definition 12. For a function f:{0,1}" — R, we define the average value on level k
(with 0 < k <n) as: py(k) = ﬁ Y vefo,11m|jx|=k f(€). We also refer to average value on

level k for a probability distribution p, which we denote p,(k). By this we mean the average
value on level k of the density function of p.

» Definition 13. For a monotone function f : {0,1}" — R, we define the monotone
slack slacks(z) at point = € {0,1}™ as follows: slacks(z) = f(zx) — max, <, f(y) = f(z) —
MaXy<z and [|y||=|z||-1 f(Y). We also stipulate that slacks(0™) = f(0").

» Definition 14. The total variation distance between two probability distributions p;
and py is defined as:
def
drv(p1, p2) = 5 32, 1p1(2) — pa(2)].

The following are well-known facts, which were also used in [7]:

» Fact 15. For a monotone function f: {0,1}"™ — R, for all k1, ko satisfying 0 < k1 < kg <
n, it is the case that pp(k1) < pyr(ks).

» Fact 16. For all k, it is the case that (Z) < % ALY

Now, we justify two claims we made in the introduction:

> Claim 17. For sufficiently small ¢, for all sufficiently large n, any algorithm that learns an
unknown monotone probability distribution over {0,1}" requires at least ©(2°15") samples
from the distribution.

Proof. From the argument in [32, pages 1937-1938] it follows that if two probability dis-
tributions are e-close in total variation distance, then their entropy values are within
21og(Nuniverse)¢ = 2en. Therefore, the task of estimating the entropy of an unknown
monotone probability up to an additive error 2en is not harder than learning it to withing
total variation distance e. But in [29, page 39] it is shown that at least v/T/10 samples are
required for the task of distinguishing whether the unknown monotone probability distri-
bution has entropy at least 0.81n or at most n/2 + logT. Picking T' = 2°-3" gives us the
desired learning lower bound. <

> Claim 18. Given Theorem 2, one can test whether an unknown distribution p over the
Boolean cube is monotone or e-far from monotone with O(%) samples.

Proof. This can be done in the following way: (1) Use our learning algorithm with an error
parameter €¢/4. This gives us a description of a distribution p, which is €/4-close to p if p is
monotone. (2) Estimate, using the estimator of [31], the total variation distance between

28:9
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p and p up to €/4. If the result is closer to e than to zero, output NO. (3) Compute the
total variation distance between p and the closest monotone probability distribution. If this
distance estimate is closer to € than to zero, output NO, otherwise output YES. For constant

€, the sample complexity is dominated by step (3), which is O(%) It is easy to see that
a monotone probability distribution will pass this test, whereas a distribution that is e-far
from monotone will fail either step (2) or step (3). <

3 Learning monotone probability distributions

Algorithm 1 Algorithm for learning a monotone probability distribution over the Boolean cube
(given sample access from a distribution p, which is monotone over {0,1}").

1. Set A:= 5~ cem ™’ For all h >n/2, set Ly := max (log (QnA' (2”)) ,0)

1
n

Similarly, for all h, satisfying n/2 > h >0, set: Ly := L,/ = log <2nA~ (’;/,f)>
2. Set N := 20192 (n+9\/n+4)

€

Draw N samples from the probability distribution p and denote the multiset of these

samples as S.
3. For all z in {0,1}", if ||z]| < 94/n, then set ¢(x) = 0, otherwise compute:

d(x) 1 A%y st y=e and [yl —llel|=| L. Hz €S y~<z= x}’
xTr) .= .
ol L] 5

Do this by first making a look-up table, which given arbitrary z € {0,1}" returns the
number of times z was encountered in S. Then, use this look-up table to compute the
necessary values of [{z € S : y = z < x}| by querying all these values of z in the lookup
table and summing the results up.

4. For all z in {0,1}", compute the following: p(z) = d(z) + = (1 = Yyefo 1} é(y))

5. Output the value table of p.

In this section we prove our upper-bound on the sample complexity of learning an
unknown monotone probability distribution over the Boolean cube. We restate the theorem:

» Theorem 2. For every positive €, such that 0 < e <1 and for all sufficiently large n, there
exists an algorithm, which given 2@?71/0) samples from an unknown monotone probability
distribution p over {0,1}", can reliably return a description of an estimate probability

distribution p, such that dry(p, p) < €. The algorithm runs in time O (2”*06(”1/51%”)).

Proof. We present the algorithm as Algorithm 1. The number of samples drawn from p is
N = 2@(2#0) The run-time, in turn, is dominated by computing the values of (;AS in step
(3), in which the construction of the lookup table takes O(n - 2™) time, and the time spent
computing each qg(ac) can be upper bounded by the product of: (i) the number of pairs (y, 2)
that simultaneously satisfy y < 2 <« and ||y|| — ||z|| = Lz, which can be upper-bounded
by O(n*i=1l - 2L1=11) and (ii) the time it takes to look up a given z in the lookup table,
which can be upper-bounded by O(n). Overall, this gives us a run-time upper bound of
O(2n+0g(nl/5 Iogn))_
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Now, the only thing to prove is correctness. Here is our main claim:

> Claim 19. If the following conditions are the case:
a) As a function of h, Lj, is non-increasing.

b) For all h, we have that L;, < 9/n.

c)

N
(3=
RS
> 3
N———
[\}

SIS
INA
N | =

h=9/n
d)
n 1 if h<n/2—+/nln(n)
Z Ly - | {220 ) if n/2—/nln(n) <h<n/2+yn | < 206000
— 40000 - (%’”2) it h>n/2+n
Then, with probability at least 2/3, it is the case that Zme{o,l}" s.t. 9vm<||zll $(x)—p(x) <3

We verify in Appendix A, subsection 7.1, that Lj;, indeed satisfy the conditions above. In
fact, the values of L;, and A were chosen specifically to satisfy the constraints above. We
prove Claim 19 in Section 3.2, after we develop our main structural lemma in Section 3.1.

We now bound the contribution to the L; distance between é to p that comes from
points of Hamming weight less than 94/n. Since Zme{o,l}" p(xz) =1 and p is monotone, then

whenever ||z|| < n/2 we have p(z) < 1/2"/2. Therefore, for sufficiently large n we have:

N nVn o e
> M) —pw)|= Y am<hrss
z€{0,1}" s.t. ||z||<9v/n 2€{0,1}7 s.t. ||z]|<9v/n
Combining this with the bound in Claim 19 we get:
D |o@) —pla)| <e
z€{0,1}"
Overall, we have:
2-drv(p, p) = Z p(z) — p(z)| =
ze{0,1}"
~ 1 ~
d. P —pl) o 1= D ) || <
xe{0,1}n ye{0,1}n
Yo |e@) —p@)| 1= D b)) =
xe{0,1}n ye{0,1}n
Do b)) —p@)|+| D pla)—d@)| <20 D |ba) —pla)| <2-e
ze{0,1}m z€{0,1}m z€{0,1}n
Thus, with probability at least 2/3, we have drv(p, p) < e. <
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3.1 Main lemma

Here we prove the following structural lemma. The lemma, as well as its proof are inspired
by the main structural lemma of [7] (i.e. Lemma 8). Recall that the slack of a monotone
function was given in Definition 13.

» Lemma 9 (Main Structural Lemma). For all positive ¢, for all sufficiently large n, the
following is true: Let p be a monotone probability distribution over {0,1}"™. Suppose,
for each h between 0 and n we are given a positive value Ry, and it is the case that:
Ry, - ( ) <
o B 5t Ty <
Then, there exists a positive monotone function f, mapping {0,1}™ to positive real

numbers, satisfying:

1. For all x, it is the case that p(x) > f(x).

2. It is the case that: 3 ¢ 1yn p(x) — f(2) < ¢

3. It is the case that: ZZ:O Rh . 133;6{0,1}": [|z||=h A slackg(x)#£0 < 1

Proof. We use the following process to obtain f:
a) Set f*=np.
b) For h =0 to n:

If it is the case that:

% . Z slacky-(x) < Ry, - %
(h) z€{0,1}™ s.t. ||z||=h Zj:h (h)
Then, for all z in {0,1}", satisfying ||z|| = h set: f*(z) := f*(x) — slacky- ().

c) Set f = f* and output f.

By inspection, f* remains monotone and positive at every iteration of the process.
Therefore, f is also monotone and positive.

Property (1) in the Lemma is true, because at every step of the process, values of f* only
decrease.

To see why Property (2) is the case, note that the value 3, ¢4 13 p(2) — f(2) is zero in
the beginning of the process, and at a step h it either stays the same or decreases by at most

Ry, - Z ) NGL Therefore we can upper-bound:

()
2 o <ZR’L S e

ze{0,1}n j=h

Now, the only thing left to prove is that property (3) holds.

From the definition of monotone slack, it follows that modifying the value of a function on
points of Hamming weight j does not affect the slack on any point with Hamming weight lower
than j. Therefore, the value é)-zze{oﬁl}n st. ||zll=j slack ¢+ (z) will not change as f* changes

after the jth iteration. Therefore, this value will be equal to ﬁ'er{O 1 st |25 Slacky (@).
Thus, the value of (Tl) Doze{0,1}n s, |o||=; Slacky(z) s either zero or at least Ry - ﬁ
J j=h
Now, we need the following generalization of Fact 15:
» Observation 20. Let f be an arbitrary monotone function {0,1}" — R. Then, for any k
in [0,m — 1] it is the case that:

1
ppk+1) = pp(k) + 7= 2 slacks (@)
(k+1) ze{0,1}" s.t. ||z||=k+1
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Proof. For all 2 with ||z|| = k + 1 we have that:

f(x) = slacks(x) +

max
y€{0,1}" s.t. ||yl|=k and y==

We have that:

max >E, . n iti —k
ye{0,1}7 st ||jyll=k and yjmf(y) = Ly~{0,1}" conditioned on ||y||=k and ij[f(y)]

Therefore:

f(fﬂ) > SlaCkf (93) =+ IEyw{O,l}" conditioned on ||y||=k and yjz[f(y)]

Averaging the both sides, we get:

1
pplk+1) > —- Z slack ¢ (z)+
(kJFl) z€{0,1}" s.t. ||z||=k+1

E:L’N{O,l}" conditioned on ||:1:H:k+1Ey~{O,1}” conditioned on ||y||=k and yjm[f(y)] =

1
(") Z slack (@) + Ey~{0,13" conditioned on ||y/|=k[f (¥)] =
k+1) 2e{0,1}7 s.t. ||o]|=k+1

1
( n ) : Z SlaCkf([E) -+ ,Uf(k) (3)
k+1) ze{0,1} s.t. ||z||=k+1

Above, the penultimate equality followed from a simple probabilistic fact: if one picks a
random n-bit string of Hamming weight k£ + 1 and then sets to zero a random bit that equals
to one, this is equivalent to picking a random n-bit string of weight k. <

Using the Observation 20 repeatedly and recalling that in Definition 13 we defined
slackf(0™) = f(0™), we get that for all h:

p(h) = pp(0) + ) 7 - > slack () =

h
1
;)
=1 \k/  z€{0,1}" s.t. ||z||=k

k
h 1 h 1
> > slack;(z) > Y Ri 7y - 13we (0,1} llal/=k A slack ()0
k=0 (k) z€{0,1}" s.t. ||z||=k k=0 Zj=k (J)

Summing this up over all A and changing the order of summations, we get:

RN CEID SRS ol (§IOE

z€{0,1}" ze{0,1}" h=0
n <n> h 1
Z ZRk) ) n ny 15 z€{0,1}": ||z||=k A slacky(z)#0 —
h=0 h k=0 Zj:k (J)
& n) 1
Z Z Ry - ~n  (n) 15 z€{0,1}7: ||z||=k A slacks(z)#£0 —
k=0 h=k (h Zj:k (])
Z Ry - 13 2¢{0,117: [|2]|=k A slack (x)#0
k=0
This finishes the proof of the lemma. <

28:13
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Now, we prove the following corollary:

» Corollary 10. Let p be a monotone probability distribution over {0,1}™ and let hg be an
integer for which:

€
- < P > hol <

N o

Then, there exists a positive monotone function f :{0,1}" — R satisfying:

1. For all x, it is the case that p(x) > f(x).

2. It is the case that: 3, cro 13- p(2) — f(z) < 4.

3. There exists a set of values {ki,....ki} (ordered in an increasing order) with t < ig,
satisfying that if for some x in {0,1}™ we have ||z|| < ho and slacks(x) # 0, then
[|z]| = ki for some i.

Proof. We use Lemma 9, setting ¢ = ¢/4 and

2 :
Ry — 5 fh<ho
0 otherwise

IN
sl

We verify the precondition to Lemma 9, by using that >, (o 1y p(z) — f(2)

DT N ¢ S o 1 B
= T () = X () T S, ()

h=0 h=0

S0 3 0

16 2m-efd N

Now, we simply check that properties (1), (2) and (3) of the Lemma directly imply the

properties (1), (2) and (3) of the Corollary respectively. This completes the proof. <
To use Lemma 9, we need an upper bound on the value of n(’i)(n) The following claim
j>h \J

provides such an upper bound:

> Claim 21. For all sufficiently large n, for all h, satisfying 0 < h < n, it is the case that:

2 if h<n/2-y/nln(n)

n n2
A 200 1=2 ifh > n/2 4/
Proof. See Appendix A, Subsection 7.2 <

3.2 Proof of Claim 19

For all z in {0,1}", satisfying 9y/n < ||z[|, we define the following quantity:

def 1
= ]

(b(x) 2|_LI\$HJ y s.t. y=zx anlellj‘}‘{_Hyllzl_LHxHJ ZNrp[y Xz
1
max Z p(2) (4)

olLi=i]  yst. y=a and lell=lvll=[Ziai] , ¢4 Fke=a
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Observe that since for every such x and y there are 2 [Zua1] values of satisfyingy < z < z,
and p is a monotone probability distribution, it has to be the case that ¢(z) < p(x) for all
on which ¢(z) is defined.

More interestingly, we will be claiming that ¢ is (in terms of L, distance) a good
approximation to p, but first we will show that é is a good approximation to ¢, assuming
that the values L}, are not too small:

> Claim 22. If it is the case that 5 - Zzzgﬁ BE 2% < 1, then, with probability at least
7/8, it is the case that:

>

z€{0,1}" s.t. 9v/n<||z||

d(z) — p()

<

(5)

1o

Proof. See Appendix A, Subsection 7.3, for the proof, which follows using tail bounds. <

Now, we apply Lemma 9 to p, with value ¢ := ¢/100. For now, we postpone setting the
values of Rj,, which we will do later in our derivation (of course, we will then check that the
required constraint is indeed satisfied by these values).

This gives a positive monotone function f that satisfies the three conditions of Lemma 9.
We separate all the values of = in {0,1}" for which 94/n < ||z|| into two kinds: good and
bad. We say that z is bad if there is some y for which 0 < ||z|| — ||y|| < |L.| and
slackf(y) is non-zero. Otherwise, z if good. Clearly, for a given Hamming weight value,
wither every point with this Hamming weight is good, or every such point is bad.

We can write:

> |6(2) = fl@)l = Y lé(@) = fl@)|+ Y |o(x) = f(2)] (6)

z€{0,1}" s.t. 9v/n<||x|| good z bad x

Now, we bound the two terms above separately. If z is good, then it is the case that
for all y satisfying ||z|| — [Lj] < [ly[l < [|lz|| we have slacky(x) = 0, and therefore
f(y) = max, (0,13 s. t. y'<y and ||y||—|ly’||=1 f(¥'). Using this relation recursively, we obtain
that:

fz) =

max
ye{0,1}" s. t. y=a and |[z]|=[ly|[= L= ]

Therefore, since f is monotone, we obtain that:

1
f(z) = i) max Z f(2)

toy= d — =|L
y st ySw and [zl =llyll=Lien) S

By Lemma 9, it is the case p(z) > f(z). This, together with the equation above and
Equation 4 implies:

¢(x) > f(x)

But we also know that p(z) > ¢(x). Therefore:

D@ = f@)] < Y lp(e) = fla)] <

good x good x

=
—
~
~

Where the last inequality follows from Lemma 9.
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Now, we bound the contribution of bad points. Since ¢(x) < p(x), f(z) < p(x) and
recalling the definition of a bad point, we get:

D @) - f@) < > max(p(z), f(z) < D pla) <

bad x bad x bad x
2 n
Z tp(h2) - hoy 15 2€{0,1}": (ha—| Lny | <|lx]|<h2) A slackf (z)7£0 (8)
h2=9\/?l

Since Lemma 9 gives us a bound on a weighed sum of indicator variables of the form
132€{0,1}7: [|||=h A slack; ()0, We would like to upper-bound the expression above by such a
weighted sum. To do this, to every Hamming weight value h that has a point  with non-zero
slack¢(z) (we call such Hamming weight value h slacky) we “charge” every value hg, for
which points of Hamming weight ho are rendered bad because h is slacky. This will happen
only if hg > h and hy — | Ly, | < h . But since | Ly, | can only decrease as ho increases, the
latter can happen only if hy — | Ly, | < h. Therefore:

n h+|Lp|—1

S - f@l <SS upmz)-(,f;) Aaactony el A ey oo (9)

bad z h=0 ha=h
Now, to upper-bound p,(h2), we need the following claim:

> Claim 23. For any monotone probability distribution p it is the case that for all h:
1
Mp(h) S ="
in (5)

Proof. This follows immediately from Fact 15 and that }_, o 1y. p(z) = 1. <

Claim 23, Equation 8 and Claim 21 together imply:

n h+|Lp|—-1 (n)

_— Jj 7}12 n
> o) — £( >|shZ:O > NG 1( 3 2e{01)": )s

bad z ho=h [lz||=h A slackf (x)7#0

n_ [h+lLn]=1 /(200 if ha <n/2+n
Z Z Vi - 1 3ze{0,1}™ <
P 200 - === if hy >n/24+\/n ( ek )

ha=h [lz||=h A slackf (x)7#0

- 2 if h+Lp <n/2+n
ZL’L ' <{ v h+Lp—n/2 . " / f 1 Jxe{0,1}": (10)
h=0 200 - — 1fh+Lh Zn/?—i—\/ﬁ (HQJH:h/\slaCkf(x);éO)

Now, we claim that:

200 i 200 :
NG . 2 ifh+Lp<n/2++n <10. NG o ifh<n/24+/n
200 - MHERTMZ i g Ly > /2 4/ 200 "2 ifh>n/2 4+ /0

(11)

This follows by considering three cases (i) h+ Lj, < n/2+ +/n, in which case this is equivalent

to % < %, which is trivially true. (ii) » > n/2 + /n, in which case since Lj, < 9y/n, we

have that w <10- h_T"/Q (i) h + Ly, > n/2 + /n, but h <n/2+ \/n, in which case
since Ly, < 94/n, we have that h+L*;;"/2 < ‘/EZL" < 104/n.




R. Rubinfeld and A. Vasilyan

Combining Equations 10 and 11, we get:

> () — fa)] <

bad x
" 200 if h<n/2+n
§ Ly -10- vn 15, e x||= slacky (x 12
P ({200~h:/2 otherwise 32e{0,1)7: [[zl|=h A slack; ()20 (12)

Recall that we postponed setting the values of Rj. The equation above motivates us to set:
200 200 if h <n/2+n
Rh = Lh ’ v h—n/2 .
€ 200 - —-=  otherwise

Now, we check the constraint on Rj in Lemma 9. Using Claim 21 and the premise of
Claim 19:

. 0 . n% if h<n/2—+/nln(n)
S sl <Y R [ £ inj2— R < h<n2+ i | =
h=0 izh G/ h=o 200- =22 if > /2 4

" a0 if h <n/2 = y/nln(n)
200 5 g, [ doooo if n/2 = /na(e) <h<nf2+ Vi | < o=
€

h=0

h—mn/2 2 .
40000 - (T) if h>n/2+n
Therefore, Lemma 9, together with Equation 12 implies that:

n € €
Z lp(z) — f(z)| < Z 50 Bh - L3ae(o.1ym: lloll=h Aslacky (2)£0 < 55
bad x h=0

Now, using triangle inequality and then combining the inequality above with Equations 28, 6
and 7 we get:

T Ba) - pla)| <
z€{0,1}" s.t. 9v/n<||z||
) 3(e) - o(a)| + 3 \qb(x) @) <

2€{0,1}" s.t. 9v/n<||z]| 2€{0,1}" s.t. 9v/n<||x]|

4 Estimating the distance to uniform

In this section we prove our upper-bound on the sample complexity of estimating the distance
from uniform of an unknown monotone probability distribution over the Boolean cube. We
restate the theorem:

» Theorem 5. For every positive €, the following is true: for all sufficiently large n, there
exists an algorithm, which given 262(7\/5) samples from an unknown monotone probability
distribution p over {0,1}™, can reliably approzimate the distance between p and the uniform
distribution over {0,1}"™ with an additive error of up to €. The algorithm runs in time
0 <2n+05(\/ﬁlog n)>‘

28:17
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Algorithm 2 Algorithm for the estimation of distance to uniform efficiently (given sample access
from a distribution p, which is monotone over {0,1}").

1. Pick set hg to be an integer for which it is the case that:

< Pr llzf] = ho] <

€
- 14
4 7 z~f0,1}7 (14)

|

Do this by going through every integer candidate Acandidate in the interval and computing
the fraction of points x in {0,1} for which ||z|| > hcandidate- Finally, pick hg to be one of
Rcandidate for which the relation above holds.

2. Set Ny := 32612‘12. Draw Nj samples from the probability distribution p and denote the
multiset of these samples as S7.

3. Set:
1 Hz651:|z|2h0}’
P
D) N,
4. Set L= | ¥ie" |
5. Set
2" 192
No ::Q—L'E—Q~ (nln2—|—L1nn+4ln2)

Draw N, samples from the probability distribution p and denote the multiset of these

samples as So.
{2652:y<z-<$}‘

6. For all z, satisfying L < ||z|| < ho, compute:
Do this by first making a look-up table, which given arbitrary z € {0,1}" returns the
number of times z was encountered in Ss. Then, use this look-up table to compute the

R | MAXy st y=<a and |[a]|-|lyl|=L

o(z) = oL N,

necessary values of [{z € Sy : y < z < }| by querying all these values of z in the lookup
table and summing the results up.
7. Compute the following:

b=y Y

z s.t. L<]|z||<ho

8. Output cfl + cfg.
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Proof. We present the algorithm as Algorithm 2. The number of samples drawn from p is
Ny + Ny = 2962(% The run-time, in turn, is dominated® by computing the values of (5 in
step (6), in which the construction of the lookup table takes O(n - 2™) time and the time
spent computing each (ﬁ(aﬁ) can be upper bounded by the product of: (i) the number of pairs
(y, z) that simultaneously satisfy y = z < x and ||z|| —||y|| = L, which can be upper-bounded
by O(n* -2L) and (ii) the time it takes to look up a given z in the lookup table, which can be

upper-bounded by O(n). Overall, this gives us a run-time upper bound of O(2m+C«(Vrlogn)),

Now, the only thing left to prove is correctness. First of all, it is not a priori clear that
there exists a value of hg satisfying Equation 14 (in Algorithm 2). This is true for the
following reason: imagine changing hcandidate from n to 0 by decrementing it in steps of
one. Then Pryco,13»[|[%]| > hcandidate] Will increase from 2% to 1 and by Fact 16 it will not
increase by more than % at any given step. For sufficiently large n we have % < §- Then

€

it is impossible to skip over the interval between 7 and § in just one step of length at most

%, and therefore Equation 14 (in Algorithm 2) will be the case for some value of hcangidate-

We decompose the total variation distance between p and the uniform distribution into
three terms:

1 1
LY -4

ze{0,1}™
1 1 1 1 1 1
5 Z ‘P(@Qn By Z ‘P()Qn Ta Z ‘P(z)Qn

2€{0,1}" s.t. 2€{0,1}" s.t. 2€{0,1}" s.t.

llzll=ho L] |z][<ho [zl <L
(15)

We argue that the first term is well approximated by cfl, the second term is well approximated
by d}, and the third term is negligible. As the reader will see, out of these three terms, the
middle term is the least trivial to prove guarantees for.

We will first handle the first term: From the triangle inequality, Hoeffding’s bound and
Equation 14 (in Algorithm 2) it follows immediately that with probability at least 7/8 it is
the case that:

N 1 1
di — 5 E p(x) — on || =
2€{0,1}" s.t. ||z]|>ho
A 1 1 € € 3e
_ . il o< =
dy 5 § p(x)| + E m =3 + 13 (16)

z€{0,1}™ s.t. ||z||>ho z€{0,1}™ s.t. ||z]||>ho

Now, we use the two following facts: (i) Since ) p(x) = 1 and p is monotone, for every x
with ||z|| < L it should be the case that p(x) < 5. (ii) The number of different values of

x in {0,1}" for which ||z|| < L can be upper bounded by n’. We get for sufficiently large n:

1

1
(2,1 + P(@) <
z€{0,1}" s.t. ||z||<L

1, (1 1
§~n <%+W):0(1>§

z€{0,1}™ s.t. ||z||<L

(17)

ool m

5 Step 1 requires only 2"poly(n) time, which is less than what step (6) requires. By inspection, other
steps require even less run-time. Incidentally, the task in step 1 can be done much faster by randomized
sampling, but since this is not the run-time bottleneck, we use this direct approach for the sake of
simplicity.

28:19
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The rest of this section will be dedicated to proving the following claim:

> Claim 24. With probability at least 7/8 it is the case that:

d;_%. 3

z€{0,1}" s.t. L<]|z||<ho

1

p(r) — 5~

- <
o =

5 (18)

Once this is proven, it follows by a union bound that with probability at least 3/4 both
Equations 16 and 18 will be the case. This, together with Equation 17, when substituted
into Equation 15 will imply that:

1 R R
> p(x) = 5| = (di+da)| e
z€{0,1}n
This will imply the correctness of our algorithm. |

4.1 Proof of Claim 24

For all x in {0,1}", satisfying L < ||z|| < ho, we define the following quantity:

def ]-
:e—L' max Priy<z=<zx]=
2L "y s y=w and llell-llyll=L #~p

o m > o) (9)

. ax
2Ly sit. y=z and |Jz]|||y||=L

¢(x)

z s.t. y=z=zx

Observe that since for every such z and y there are 2° values of z satisfying y < z < z,
and p is a monotone probability distribution, it has to be the case that ¢(z) < p(x) for all
on which ¢(z) is defined.

We will be claiming that ¢(x) is (in terms of L; distance) a good approximation to p(x),
but first we will show that q@(m) is a good approximation to ¢(x):

> Claim 25. With probability at least 7/8, it is the case that:

>

z€{0,1}™ s.t. L<]||z||<ho

d(z) — ¢(x)| < (20)

1o

Proof. We claim that for any pair (z,y), such that ¢ is defined on z and ||z|| — ||ly|| = L,

with probability at least 1 — ﬁ the following holds:
1 HzeS:y=<z=<uz} € 1 1
Z—LZPNI;)[yjzjx]— N, gg.max ﬁ,ﬁia[yjzjx] (21)

We use Chernoff’s bound to prove this as follows. Denote by ¢ the value Pr,.,[y = z < z].
Ifqg> 2" then by Chernoff’s bound we have:

2”
1 2
> ;qu] < 2exp (— (g) qu) <

Pr[|{z€5:y<z<x}|—ql\fg 3
1 7e\2 2L 1
ZQXP(_3(8) 2n'N2) T 8.2l
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Otherwise, if we have ¢ < 2" then by Chernoff’s bound:

2n
e 2L 1/ 28 1\°
P > 2 N, <2 e A
r{ =82 2}6"‘)(3(8 2 q>“>
1 /ey2 2k 1
oo (L5 ) = et
eXp(3 ) on 2) 8- 2n -l

Now, by taking a union bound, it follows that with probability 7/8 for all such pairs (z, y)
Equation 21 will be the case. For all x on which ¢ is defined it then will be the case that:

< g - max (21”,¢(l‘)>

Summing this for all z in the domain of ¢ we get:

{zeS:y=<z=2a} —qNy

d(z) — ¢(x)

IN

o(z) — ¢(x)

>

z€{0,1}" s.t. L<]||z||<ho

1
< |2+t > o)

z€{0,1}" s.t. L<]|z||<ho

<l > pla) | <3

z€{0,1}™ s.t. L<]||z||<ho

IN

<

Now, we apply Corollary 10 to p. This gives a positive monotone function f that satisfies
the three conditions of Corollary 10. We separate all the values of 2 in {0,1}" for which
L <||z|| < ho into two kinds: good and bad. Recall that by Corollary 10 an element x of
{0,1}™ for which L < ||z|| < ho can have slacks(x) # 0 only if ||z|| = k; for some ¢ between
1 and t. We say that « is bad if there is some k; for which 0 < ||z|| — k; < L. Otherwise, x
if good.

We can write:

|6(2) = fl@)l = Y [é(@) = fl@)| + Y lo(x) — f(2)] (22)

z€{0,1}" s.t. L<]||z||<ho good bad z

Now, we bound the two terms above separately. If x is good, then it is the case
that for all z satisfying ||z|| — L < ||z|]| < ||z|| we have slacky(z) = 0, and therefore
J(2) = max.icro,13n s. t. /<= and ||z||—||='||=1 f(#'). Using this relation recursively, we obtain
that:

flz) = f(2)

max
2€{0,1}" s. t. 2=z and ||z||—||z||=L

Therefore, since f is monotone, we obtain that:

1

Xr) = — - max E z

/(@) 2Ly st y=a and ||z]|—|ly||=L I
z s.t. y=Rz=xx

By Corollary 10, it is the case p(x) > f(x). This, together with the equation above and
Equation 19 implies:

o(x) > f(x)

ITCS 2020
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But we also know that p(x) > ¢(x). Therefore:
> 16@) ~ f@) < Y (@) - F@)] < 5 (23)
good x good

Where the last inequality follows from Corollary 10.
Now, we bound the contribution of bad points.

D l(@) = fl2)] < Y max(d(x), f(z) < Y pla) =

bad = bad = bad =

n
> )+ ()
k€[L,ho] s.t. for some k;: |k —k;| < L

Now, by Claim 23 we have p,(k) < 5= - 2 and by Fact 16 we have that (}) < % - 2m,

Combining these two facts with the inequality above we get:
1 4 2 4 2
_ <(=.Z). [Z=Z.9") (L- =2 .. L-¢

S~ s@1 < (goor) (G 7) w=1

Substituting the value of L and the upper bound on ¢ from Corollary 10 we get:
4 2 &yn 16 ¢

S o) — ) < = —= YL D=8

= € n 512 € 4
Combining this with Equations 22 and 23 we get:

€
> ) - @< (24
z€{0,1}" s.t. L<]||z||<ho
Overall, we have:
> p(z) —1/2%| - > |b(x) —1/2"]| <
z€{0,1}™ s.t. L<]|z||<ho z€{0,1}™ s.t. L<]|z||<ho
> |6(x) = p(x)| < > |b(x) — d(x)|+
z€{0,1}™ s.t. L<]||z||<ho z€{0,1}" s.t. L<]||z||<ho
> [¢(x) — f(2)] + > |f(z) = p(z)]
z€{0,1}™ s.t. L<]|z||<ho z€{0,1}" s.t. L<]|z||<ho

This three terms can be bound using respectively Equation 20, Corollary 10 and Equation
24. This gives us:

X 1
‘Q'dz o(@)— 5| =
z€{0,1}" s.t. L<]|z||<ho
> |p(z) —1/2%| - > [¢(z) —1/2"|| < e
z€{0,1}™ s.t. L<]|z||<ho z€{0,1}" s.t. L<]|z||<ho

Therefore, with probability at least 7/8 Equation 18 holds, which proves Claim 24 and
completes the proof of correctness.
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5 Estimating the support size

In this section we prove our upper-bound on the sample complexity of estimating the support
size of an unknown monotone probability distribution over the Boolean cube. Recall that
a probability distribution p is well-behaved if for every x either p(z) = 0 or p(z) > 1/2".
We restate the theorem:

» Theorem 4. For every positive €, the following is true: for all sufficiently large n, there
exists an algorithm, which given Zeffnm samples from an unknown well-behaved monotone
probability distribution p over {0,1}", can reliably® approzimate the support size of p with

n

an additive error of up to €. The algorithm runs in time O, (ﬁ
Proof. The algorithm we use is listed as Algorithm 3.

Algorithm 3 Algorithm for the estimation of support size (given sample access from the distribu-
tion).

1. Set

n 32
M, = In—+1
' 2éiﬁ< € )

2. Take M; samples from the probability distributions. Call the set of these samples S;.
3. Set

32In2
=T 2

M,
€

4. Pick My elements of {0,1}"™ uniformly at random. Call these samples Ss.

5. We say that a point y is covered if in S; there exists at least one z, so that z < y. One
can check if a point y is covered by going through all the M; elements in S7. Using this
checking procedure, compute the fraction 7 of the elements in S that are covered.

6. Output 7.

Clearly, the sample complexity is:

2n 32 on
(g (2 1)) - mm

In turn, the run-time is:

2" 32 321n2 2n
(5 (27 1) 537) - mm

Now, all is left to prove is correctness.

Let 1 denote the fraction of elements in {0,1}™ that are covered by our samples in S;.
Then, a random element of {0, 1}™ is covered with probability 7. Therefore, by the Hoeffding
bound it follows that:

o[> ] <20 (2 (() ) = 8

The last equality follows by substituting the value of M.

6 By reliably we henceforth mean that the probability of success is at least 2/3.
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Since p is monotone, it has to be the case that every point that is covered is in the support
of p. Hence, the support size of p is at least n - 2".

Now, all we need to show is that 7 - 2" is not likely to be much smaller than the support
size of p. We call a point z in the support of p good if there are at least Qéﬁ points y each
of which satisfying: (i) y belongs to the support of p. (ii) < y. If a point in the support of
p is not good, then it is bad. We will show that the bad points are few, while a lot of the
good points are likely to be covered.

Let fsupport be defined as follows:

def {1 if P(x) #0

fsupport = .
0 otherwise

In other words, fsupport is the indicator function of the support of p. Since p is a monotone
probability distribution, fsupport is @ monotone function. Therefore, applying Lemma 8, there
exists a function g = g1 V ... V g; that e/4-approximates fsuppors, Where t < 8/€ and each g;
is a monotone DNF with terms of width exactly k;. Additionally, g(z) < f(z) for all z in
{0, 13"

> Claim 26. For all 4, g; contains at most ;—; - 2" bad points.

Proof. Recall that g; is k;-regular, and therefore every point x on which g;(x) = 1 needs to
have Hamming weight ||z|| > k;.

> Claim 27. If x satisfies g;(z) = 1 and ||z|| > k; + %ﬁ, then = has to be good

Proof. Since g; is a DNF and g;(z) = 1 then « satisfies at least one of the terms of g;. If
there are more than one, arbitrarily pick one of them. Let this term be

t(y) = /\ Yj
JjEH

The width of this AND has to be k;, therefore |H| = k;. Since ||x|| > k; + é\/ﬁ, there must
be g—z n values of j for which x; = 1 but j is not in H;. Denote the set of these values of j
as H».

Now, consider an element y € {0,1}" satisfying the criteria:

For all j in Hy, y; = 1.

For all j neither in H; nor in Hy, y; = 0.
Clearly, t(y) = 1, which implies g;(y) = 1, g(y) = 1, and fsupport(¥) = 1. Also, for all j,
we have y; < z;, and therefore y < z. Finally, for all j in Hy the value of y; can be set
arbitrarily to zero or one, and therefore there are 212! such points, which is at least Zéﬁ.
Therefore, x is a good point. <

Thus, we can upper-bound the number of bad points 2 on which g;(z) =1 by:

<

er {0,1} :g(l‘) =1 and kz+&ﬁ> zj:l‘j Zkz}

2
kit & /n—1

€? n € n
EO,l”:ki - > P>k = ) < =
e i Xaznfl= 3 ()= 5(,0)
By Fact 16, for sufficiently large n, it is the case that (n%) <2 \2/—% This implies that
the expression above is upper-bounded by g—z - 2™ which completes the proof of this claim.
<
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Since g = ¢1 V ... V g1(x), our claim implies the following:

Hx:g(w)zlandxis bad}’ <>

i=1

{m :gi(xr) =1and z is badH <

2 2
po g8 g € on
32 € 32 4

In addition, there could be at most § - 2" bad points among the points on which fsupport and
g disagree. Thus, in total, there are at most § - 2" bad points.

Finally, we need to argue that it is likely that many of the good points get covered:

> Claim 28. Suppose there are G good points. Then, with probability at least 7/8 it will be
the case that at least 1 — €/4 fraction of these good points are covered.

E2
Proof. For every good point z there exist least 25 V™ values of y for which i) = < y and ii) y
is in the support of p. Since x < y, if y is ever picked from the distribution, then x will be
covered. Since y is in the support of p, and p is well-behaved, we have p(y) > 2% Together,

2

NG
these imply that the probability that a random sample from p covers x is at least 26;
Hence, the probability that any of the M; i.i.d. samples taken from p does not cover z is at

most:

M —2* _(In3241
gV v\ ma
1 ~(1- <=

2n 2n

Let C denote a random variable, whose value equals to the number of the good points
(out of total G) covered after taking M; i.i.d. samples from p.

The value of C has to satisfy these two constraints: (i) It has to be between 0 and G (ii)
By linearity of expectation, E[C] > (1 — 55)G. Thus, to finish the proof of the Lemma, it is
sufficient to show the following claim:

> Claim 29. If, for some fixed G, a random variable C' is supported on [0, G] and E[C] >
(1= 55)G, then Pr[C > (1 —€¢/4)G] > 7/8.

Proof. This is immediate from Markov’s inequality for the random variable G — C. <
<

Now, we put it all together. Suppose that the bad events we previously identified do not
happen. In particular, we know that with probability at least 7/8 we have:

1o

Uk n‘ <
Additionally, we also know that with probability at least 7/8 it is the case that:

z is good and covered z is good

2n 2n

<

‘ | {33‘ . Ssupport ()=1 and } | ’ {JZ . fsupport ()=1 and } | ’

€ {z : fsupport(z) =1 and z is good}|
4 2n
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By union bound, the probability that none of this bad events happens is at least 3/4, which
we will henceforth assume. Using the inequalities above together with the fact that the
fraction of bad points is at most €/2 we get:

-zt fsupport(z) = 1} o [{z : fsupport(z) = 1}
n- on S =n+in- on
R |{:17 fsupport(z) =1 and w is covered}|  [{z : foupport (2 1}|
- n|+
2n 2n
support ()=1 and support (Z)=1 and
| {Sﬂ ‘gz {s good (an)d covered} | | {l‘ s T 15( g)ood |
2n
Hz : fsupport(z) =1 and =z is bad}| € , € [{z: fsupport(z) =1 and x is good}| €
- -I- n +:- <
2n 4 4 2n 2
L,
4 4 2
This completes the proof of correctness. <

6 A lower bound on tolerant testing of uniformity

In this section we prove a sample complexity lower bound on the problem of tolerantly
testing the uniformity of an unknown monotone probability distribution over {0, 1}": the
task of distinguishing a distribution that is o(1)-close to uniform from a distribution that is
sufficiently far from uniform. Recall the theorem:

» Theorem 6. For infinitely many positive integers n, there exist two probability distributions
A close and Apgy over monotone distributions over {0,1}", satisfying:

1. Every distribution in Ap,,. is 1/2-far from the uniform distribution.
,0.5—0.01

2. Any algorithm that takes only o (2 ) samples from a probability distribution, fails
to reliably distinguish between Aciose and A gy
3. Every distribution in Acese s 0(1)-close to the uniform distribution.

Proof. A basic building block of our construction is the following:

» Definition 30. For a member of the Boolean cube x, the subcube distribution S, is the
probability distribution that picks y uniformly, subject to y = x.
All our distributions will be mixtures of such subcube distributions. For all the mixtures
we will use, each subcube in the mixture is given the same weight. This method involving
subcube distributions was used in [29] to prove property testing lower bounds for monotone
probability distributions.

We construct Acjese to have only one member, which is equal to the uniform mixture of

S, for all (no‘sﬁo_m) values of z with Hamming weight n%-5-0-01,
We define a random member of Ag,, to be the uniform mixture of %2"0'570'01 subcube
distributions S, where each of the z; is picked randomly among all the members of the

Boolean cube with Hamming weight n?-5-0-01,

We show that any member of Ap,, is sufficiently far from uniform by upper-bounding
the size of its support (i.e. the number of elements that have non-zero probability). Each of
the subcube distributions has a support size of 2n=n’*""% The support size of a mixture

of distributions is at most the sum of the supports sizes of the respective distributions.
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Therefore, the support size of a member of A, is at most:

2n—n0'5_°'01 . }2no.5—0.01 _ 12"
2 2
This is sufficient to conclude that any member of Ag,, is 1/2-far from uniform.

A random member D; of Agp,, and the sole member Dy of Acjose cannot be reliably
distinguished using only o (QM) samples. This follows by the argument used in [29]:
Because of the number of samples, with probability at least 0.99, the samples drawn from
a random distribution from D; will all be from different subcube distributions. Also with
probability at least 0.99, this will also be true for the sole distribution of Ds. If both of
these things happen (which is the case with probability at least 0.98), the samples will be
statistically indistinguishable. Thus, no tester can distinguish between D, and Dy with an
advantage greater than 0.02.

Finally, we need to prove that Ds is o(1)-close to the uniform distribution. Here, the
proof goes as follows. Both D5 and the uniform distribution are symmetric with respect to
a change of indices. This implies that the distance between these probability distributions
equals to the distance between random variables Ry and R;, where R; is distributed as the
Hamming weight of a random sample from D, whereas Rs is distributed as the Hamming
weight of uniformly random element of the Boolean cube. It is not hard to see that R; and
Ry are distributed according to binomial distributions with slightly different parameters.
Now, the problem is equivalent to proving that the two following probability distributions
are o(1)-close in total variation distance:

A sum of n i.i.d. uniform random variables from {0, 1}.

n0.5—0.01

A sum of n — i.i.d. uniform random variables from {0, 1}.

It is convenient to first bound the variation distance between 1) the sum of k i.i.d. uniform
random variables from {0,1} and 2) k£ + 1 i.i.d. uniform random variables from {0, 1}, where
k. We write the total variation distance as:

SRR (51 )-
1 G2k 1 il 1 1
e () -C2)) s 2 (G) () -

(0 () 1 (W) ) =0 ()

We telescoped the sums, and used the inequality that for all k, we have that ( kljz) <0 (ﬁ)

Vk

For simplicity, we assumed above that k — 1 is even, the odd case can be handled analogously.

Thus, we have an upper bound of O(1/v/k) on the total variation distance.

Using this, together with the triangle inequality for total variation distance, we bound
the variation distance between 1) the sum of n i.i.d. uniform random variables from {0,1}
and 2) the sum of n — n%57901 i d. uniform random variables from {0, 1} by

10-5-0.01
O (n0~5 ) = o(1).

This finishes the proof. |
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7 Appendix A

7.1 Verifying the conditions on L,

Recall that we defined A and Ly, as follows:
A= ﬁ ez’

For all h > n/2, we set Ly, := max <log <2nA- (2;’:)) ,0)

(n72)

)

Here we prove that these values of A and L;, satisfy the following four conditions:

a) As a function of h, Ly, is non-increasing.
b) For all h, we have that L, < 9/n.

For all h, satisfying n/2 > h > 9y/n, we set: Ly, := Ly, /o = log <2nA

c)
1 - (n) A _1
on Z (h> ’ 9Lp = 5
h=9/n
d)
. a0 if h < /2~ \/nin(n) :
Z Ly - 40000 if n/2 —/nln(n) <h<n/2+n | < 206000
2
/s 40000 - (#) if h>n/24n

We will need the following standard fact can be proven, for example, by comparing
N L N .. ;.

oiso i and [, 4" di:

> Fact 31. For any positive constant k and for sufficiently large n, it is the case that:

k+1

Zz 07’ (1+O( ))%T

The truth of conditions (a) and (b) follows immediately by inspection. In fact a statement
stronger than (b) is the case: for sufficiently large n we have L;, < log(n - A) < 2-nl/5.
Regarding condition (c), we have:

1 n n A
Loy <h>2L

h=9/rm
Al L /1 12 L1
A - B | <
2 | 2 <h>2nA " +Z <) min <2nA (”)’) Z 2 =3
h=9n n/2 h
Finally, recall that for all h, we have L, < 2-n!/5. For sufficiently large n, we have:
. L4 if h<n/2—+/nln(n)
Z Ly - 40000 ifn/2—y/nn(n) <h<n/2+yn | <
h=9v/n h—n/2\% .
40000 - (T) if h>n/2+ n
n/2—\/n1nn n—++v/n n 2
= 400 5 40000 h—n/2
Z n'/?. s Z n'/?. n Z 40000'( n ) L <
h=9vn h=n/2—\/m h:n/2+\/ﬁ
€2 - h—n/2\°
4 . - L 2
0000+ > 40000 ( ) ho (26)

h=n/24++\/n
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We now bound the last term using Hoeffding’s inequality to bound the value of (Z), making a
change of variables with ¢ := "T_h and then using Fact 31 to bound the resulting summation.
Precisely, we have the following chain of inequalities (some of which are only true for
sufficiently large n):

n h— 2 2
3 40000-( n"/) Ly <

h=n/2+\/n

n . 92 2 n

Z 40000 - (h n/ ) - max | log | 2nA - (L) ,0 ] <
h=n/2 K 2

n N 2 _ 2

Z 40000 - (hn/2> - max (log <2nA - exp (_2(hn/2)>> ,0) =
h=n/2 n "

N 2 .9
Z 40000 <Z> <1n(2nA) -2 Z) =
pard In2 n n
40000
T ((1 Fo(1) VST

Finally, simplifying and substituting the value of A we get:

" h—mn/2\? 40000 2 5/ €2
>~ 40000 Ly < (14o0(1)) =222 In(2n.A4))%/? <

< n ) n s (o) 5= 3577 ImCrA)™ < 555
h=n/24+/n

Condition (d) is verified by combining Equation 26 with the equation above.

7.2 Proof of Claim 21

Here we prove that for all sufficiently large n, for all h, satisfying 0 < h < n, it is the case
that:

B 2 it h <n/2—/nln(n)

h < 200 3 _

727;,1 M < NG ifn/2—+/nin(n) <h <n/2+n
J=h \j

200- "2 if b > n/2 4 /n

We first handle the case when h > n/2 + y/n. If, furthermore, h > 11n/20, then it is

sufficient to prove that % < 10, which is trivially true. Thus, we now assume that

j>h \J
h < 11n/20 ’
It is the case that:
n 1— k—n/2—1

O B B

Therefore, we can write:

Yizn (5) _ Z": li[ 1 -
(Z) Jmhk=ht1 LT k;;LQ/Z
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Since n/2 + /n < h < 11n/20, for sufficiently large n we have that h + % . h%nﬂ < n. Using
this, we can truncate the sum above, and then lower-bound the result by the product of the
smallest summand with the total number of summands, getting:

Zn (n) htg 5= e j _ k—n/2-1 h+i'7h_z/2 1— k—n/2—1

j j 1
% = Z H 1:22/2 4 B _ﬂn/2 ' H 1:22/2

h k=h+1 LT 78 k=hi1 LT

v

Now, we analogously lower-bound the product by lower-bounding each of the factors, and
then use the fact that since h > n/2 + y/n, it is the case that e Sh— n/2. We get:

1 n
ht g i —n/2-1\ 1 "=n/2

M 1 n . - _n/2 >
- 1 n =
() 4 h—n/2 \ | Mirimon/?
n/2
1 n
h—mn/2 4 h—n/2
1oom (1o12sty
4 h—mn/2 1+125h i
Finally, we use the fact that for all w between zero and one we have that H_—w =1—w+
w? — ... >1—w. We get:
Z;L>h (?) 1 n h — n/Q 3 h,f:LL/2
——n 25— (1125
() 4 h—n/2 n/2

Now, recall that for any value w between zero and one, we have that In(1 — w) =
-y wo> Yo wt = — 1. Using this, and recalling that h < 11n/20, we get that:

=1 ¢ =

h—n/2 125002 1250002 20 h —n/2
In{1-1.25 5 Z - henjs 2 1in/20-n/2 7
n/ — 1.25%% 1— 125102002 n
Combining the two previous equations together we get:
ij:(j)zll n -exp< 20h—mn/2 1 n >>1' n
() 4 h—n/2 7 n 2 h—n/2 200 h—n/2

This completes the proof in the case h > n/2 + y/n.
Given our bound in the range h > n/2 + \/n, to show the desired bound in the range

n/2 — y/nln(n) < h < n/2 + y/n it is sufficient to show that % is non-decreasing,
i>h \J

as a function of h. If h < n/2, this follows immediately, because, as a function of h, the

numerator is non-decreasing, whereas the denominator is decreasing. If h > n/2, then using

Equation 27, we get:

= . . <
h— ) 4_ . =
(hil) 1- n72/2 (Z j>h+1 1+ jn72/2 J = 1

Shal) LSS e 1)

(;L). » <jﬁ1>§§1i)'j§1<jﬁ1>_z%)©

j>h+1 h

Which implies that n(h“) —~ > n(h)(ﬂ)
j=h+1 \J i>h \J
Finally, for the range h < n/2 — y/nln(n) we can use Hoeffding’s bound:

(i) (i) _2
Z?Zh (?) < g <2 zN{Pi)ﬂ}n {x <n/2- nln(n)} <2-exp(—2lnn) = 3
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7.3 Proof fo Claim 22

Recall that:
o 27 192
N = Tt 9v/n + 4)

Our algorithm for learning a monotone probability distribution drew N samples from the
probability distribution p and the resulting multiset of samples was denoted as S. For all
in {0,1}™, if ||z|| < 9v/n, we set ¢(x) = 0, otherwise we set:

s 1 Ay 6 y<e and [fyll—llell=| Ly ] Hz €S5:y=z *”CH
)= .
ol Liail] N

Where L, is a specific value associated to each value of h. We also defined for all x with
x > 94/n the value:

. 1
$(x) = Tl max Priy<z=a]=
2=y st y=a and ||o]|—|lyl|=| Lyje | P

L max Z p(z)

2LL\|1HJ y s.t. y=z and ||z||— HyH_I_LH HJ

z s.t. yXz=z

A
2Ly — 2’

Here we prove that if it is the case that g - >, _g 4 () -
at least 7/8, it is the case that:

>

z€{0,1}" s.t. 9v/n<||z||

then, with probability

$(z) — d(x)

<

o

We claim that for any pair (x y), such that ¢ is defined on z and ||z|| — ||y|| = | L4(],

with probability at least 1 — Ty the following holds:
<z= A
Prly<z<a] - foc5iy 2 U < € (2 Priy <2 < 4] (28)
z~p N 277 znp

We use Chernoff’s bound to prove this as follows. Denote by ¢ the value Pr..,[y < z < z].

If ¢ > 5% A then by Chernoff’s bound we have:

o

- qN‘ > ;qN] <

2o (5 () av) <200 (5 () 5 ) = 5o

then by Chernoff’s bound:

Otherwise, if we have g <
A <9 1/e A 1)? N <
_gN 2UN exp | —=([=.2 .2
e _8 2n - P 3\8 2" g ¢ -

1 /eN\2 A 1
SE IO p—
eXp( 3\8/ 2n > 8-2n . oV
Now, by taking a union bound, it follows that with probability 7/8 for all such pairs (z, y)

Equation 28 will be the case. Recalling the definition of ¢, for all x on which ¢ is defined it
then will be the case that:

N € 1 A
mw—¢u>s8-mm(ﬂLmJT,ww)

2n )
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Now, we sum this for all  in the domain of ¢ and use the fact that | L | > Ly + 1, and then
use that % . Zzzgﬁ (Z) . 2% < % We get:

>

2€{0,1}" s.t. 9y/n<|fa|]

€ 1 A
g |2 > ] 2 o) | =

2e{0,1}7 s.t. 9vm<||z|| 25 " 2€{0,1}7 s.t. 9vm<||zll

d(z) — p(x)

<

g 2% z::f() oMLl * 2 o) | <

z€{0,1}" s.t. 9v/n<||z|

2y X (ot X e

h z€{0,1}" s.t. 9v/n<||z||

el e)

<+ 3 pla) | <

2€{0,1}7 s.t. 9y/n<||al|

=] m
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