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The z-pinch is a classical steady state for the MHD model, where a confined plasma fluid
is separated by vacuum, in the presence of a magnetic field which is generated by a pre-
scribed current along the z direction. We develop a variational framework to study its sta-
bility in the absence of viscosity effect, and demonstrate for the first time that such a z-
pinch is always unstable. Moreover, we discover a sufficient condition such that the eigen-
values can be unbounded, which leads to ill-posedness of the linearized MHD system.
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1. Introduction
1.1. Overview
A pinch is a cylindrical device used to contain plasma, which is typically too hot to

be in contact with the device’s walls. Due to this constraint, the plasma must be
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confined to the interior of the pinch with a vacuum region separating the plasma
from the pinch’s outer wall. In this paper, we are concerned with so-called z-pinches,
in which current is flowed along the axis of the pinch (the z direction in cylindrical
coordinates, and hence the name z-pinch), inducing an azimuthal magnetic field;
the resulting Lorentz force acts to confine the plasma in the z-pinch’s center.

The first z-pinch was, remarkably, constructed in the 18th century, but interest
in these devices grew significantly in the middle of the 20th century as physicists
used them in the pursuit of fusion technology. We refer to the exhaustive three-
volume treatise of Cap3® and the references therein for a survey of what was
learned in this pursuit. One of the principal lessons was that z-pinches are subject
to powerful instabilities that make long-term plasma confinement problematic. In
spite of this, these devices remain of interest in the physics community due to
their use as components in potential fusion devices and as sources of high energy
X-rays: we refer to the surve and the references therein for a discussion of the
contemporary applications of z-pinches.

In order to understand the nature of the z-pinch instability, one must fix a model
of the plasma. One of the simplest and most fundamental choices is to model the
plasma with the inviscid, compressible, magnetohydrodynamic equations

Oop+ V- (pu)=0

p(Ou+ (u-V)u) +Vp=(VxB)x B
B —-Vx(uxB)=0

V.-B=0.

(1.1)

Here p is the plasma’s density, u is its velocity, p is its pressure, and B is the
magnetic field. Fluid viscosity and resistivity are neglected in the model, which
removes typical dissipation mechanisms. The term (V x B) x B in the second
equation, the balance of linear momentum, is the Lorentz force that acts on the
plasma since in the MHD approximation the current is given by J = V x B. To
close the system, we posit a typical polytropic relation between p and p: p = Ap?
for A > 0 an entropy constant and « > 1 the adiabatic exponent.

With the MHD model in hand, we can look for equilibrium configurations.
Suppose that the pinch is comprised of a cylinder of radius r, > 0 (the subscript
w is used because we think of the pinch boundary as a wall), and let us look for a
steady (time independent) solution with « = 0 and with the plasma confined to a
concentric cylinder of radius 0 < r¢ < 1. Within the plasma (where 0 < r < rg)
the equilibrium equations reduce to

V-B=0, J=VxB, and Vp=]xB. (1.2)

As we will see later, if we impose cylindrical symmetry and switch to cylindrical
coordinates, then a solution to this system can be found in one of three equivalent
ways: by specifying the pressure p, the current J, or the magnetic field B, and
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then recovering the other two via these equations. Thus, the space of equilibria is
quite large. To enforce the vacuum confinement, we force p(rg) =0 = p(ro). These
equations have to be coupled to magnetic field equations in the region rqg < r < 1y,
as well as to boundary conditions at the vacuum boundary where » = rg and at the
boundary of the pinch at r = r,,. We postpone a detailed discussion of these until
later as well.

With an equilibrium solution in hand, its stability may be investigated via
the method of normal mode analysis: linearize the PDEs around the equilibrium,
assume an exponential time ansatz of the form e, and a Fourier mode ansatz
in the z and 6 directions (where r, 0, z are standard cylindrical coordinates in the
pinch) of the form e(™?+k2)  This results in an ODE boundary value problem
in r with the equilibrium functions appearing as coefficients, the frequencies m
and k appearing as parameters, and p appearing as an eigenvalue. If solutions
can be constructed with p > 0, then the equilibrium is unstable. In the literature
(Chap. 11.4 in Freidberg’s book,'E| Chap. 9 in Goedbloed and Poedts’s book? and
Chap. V in Schmidt’s boo one finds formal variational arguments suggesting
the existence of unstable solutions for m € {0, 1}, often with special assumptions
on the equilibrium.

In this paper, we rigorously demonstrate that the equilibria are generically
unconditionally unstable. We prove that the decay rate of the equilibrium pressure
near the vacuum boundary plays a key role in the instability. Indeed, for some decay
rates, p remains bounded as a function of m and k, while for other rates p blows
up. In the latter case, we can then deduce not only linear instability but linear ill-
posedness (via the same mechanism that gives ill-posedness of backward heat flow),
which does not seem to have been observed before in the literature. However, as
we prove in our companion paper this ill-posedness can be avoided when viscous
effects are taken into account in the model, though instability persists.

The primary purpose of this paper is to place the variational arguments on a
rigorous foundation for a very general class of equilibria and to employ the direct
method in the calculus of variations to construct unstable solutions for the full range
of frequencies k, m. Because of the vacuum boundary conditions, the Sobolev-like
function spaces used in the direct method have degenerate weights of an unknown
form due to the generality of the equilibrium profile. In turn, this creates a number
of nontrivial difficulties in establishing the tools needed to run the direct method.
Fortunately, we are able to overcome these obstacles and construct solutions vari-
ationally. The variational formulation is essential, as it then allows us to study the
asymptotic behavior of the unstable growth rate p as a function of the frequencies
m and k.

1.2. Formulation of the problem in Eulerian coordinates

We model the pinch as the cylindrical domain {(z1, z2,2) € R2x 27T |23 +23 < r2}
where 27T = R/27Z is the torus of length 27r. Here the periodicity in the z direction
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is not essential in our analysis and 27T could be replaced with R. We have opted to
introduce the periodicity as this is the usual choice in the physics literature since
it is a simple model of a toroidal z-pinch. For each time ¢ > 0, the z-pinch divides
into two disjoint pieces, Q(t) = {p(t) > 0} and Q"(t) = {p(t) = 0}, with the free
boundary ¥ ,, = WOQ”(O and the perfectly conducting wall ¥, on the outside
r. We may rewrite the Lorentz force to write the compressible MHD system in

the plasma region as

Op+ (u-V)p+pV-u=0 in Q(t),
p(Owu+ (u-Viu)+V (p—|— %|B|2) =(B-V)B in Q(t),
(1.3)
OB -V x(uxB)=0 in Q(t),
V-B=0 in Q(t),

where the vector-field u = (u1, u2, us) denotes the Eulerian plasma velocity field, p
denotes the density of the fluid, B = (B, Bs, B3) is magnetic field, and p denotes
the pressure function. The above system ([33)) is called the inviscid compressible
MHD equations which describe the motion of a perfectly conducting fluid inter-
acting with a magnetic field. Here, the open, bounded subset Q(t) C R?® denotes
the changing volume occupied by the plasma with p(t) > 0 in Q(¢). Recall that we
consider the polytropic equation of state p = A p7, where A is an entropy constant
and v > 1 is the adiabatic gas exponent.

From the mass conservation equation in and pressure satisfying v law, one
can get that

Op+u-Vp+ypV-u=0. (1.4)
In the vacuum domain Q% (t), we have the div-curl system

V-B=0 inQ(t),

A (15)

VxB=0 inQ"(t)
which describes the vacuum magnetic field B. Here, we consider so-called pre-
Maxwell dynamics. That is, as usual in nonrelativistic MHD, we neglect the dis-
placement current c%atE where ¢ is the speed of the light and E is the electric
field. In general, quantities with a hat = denote vacuum variables.

We assume that the plasma region €(¢) with the fluid density p(¢) > 0 is isolated
from the fixed perfectly conducting wall 3,, by a vacuum region Q" (¢), which makes
the plasma surface free to move. Hence, this model is a free boundary problem of
the combined plasma—vacuum system. To solve this system, we need to prescribe
appropriate boundary conditions. On the perfectly conducting wall 3,,, the normal
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component of the magnetic field must vanish
n-Bly, =0, (1.6)

where n is the outer unit normal to the boundary of X,,.

We prescribe the following jump conditions on the free boundary to connect the
magnetic fields across the surface. These arise from the Maxwell’s equations and
the continuum mechanics

~

n-B=n-B on Xy,

Hp+ %'B'QH 0 on S, (1.7)

where for any quantity ¢, [[¢]]x, ,, denotes ¢ — ¢ on the free boundary ¥; ,,, and n
is the outer normal to the free boundary of §(t).

In conclusion, denote V(3 ,,) as the normal velocity of the free surface 3 5.,
then the plasma-vacuum compressible MHD system can be written in Eulerian
coordinates as

Op+V-(pu)=0 in Q(t),
p(Ou+ (u-V)u) +V <p+ %|B|2) =(B-V)B in Q(t),
B—-Vx(uxB)=0, V-B=0 in Q(2),
V-B=0 in Q(1),
V-B=0, VxB=0 in Q°(t), (1.8)
V(Eipw) =u-n on Xt py,
n-B=n-B on X pu,

1 2 150
p+ §|B| —§|B| =0 on Xy,
n-Bls, =0, plico=po, ul—o =10, Bli—o = Bo.

1.3. Some previous work

The z-pinch instability in plasma for the compressible MHD system with vac-
uum and free boundary is an interesting and long-time open problem since the pinch
experiments of the 1960s and 1970s, see Refs.[16/and[17] and the references therein.
There are many numerical simulations®Z Recently, Guo-Ticd @™ proved the linear
Rayleigh—Taylor instability for inviscid and viscous compressible fluids by intro-
ducing a new variational method. Later on, using the variational framework, many
authors considered the effects of magnetic field in the fluid equations. Jianngian
considered the magnetic inhibition theory in non-resistive incompressible MHD flu-
ids. Jiang—J ian considered the nonlinear stability and instability in the Rayleigh—
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Taylor problem of compressible MHD equations without vacuum and established
the stability/instability criteria for the stratified compressible magnetic Rayleigh—
Taylor problem in Lagrangian coordinates. Jiang—J ian investigated the stability
and instability of the Parker problem for the three-dimensional compressible isen-
tropic viscous magnetohydrodynamic system with zero resistivity in the presence
of a modified gravitational force in a vertical strip domain in which the velocity of
the fluid is non-slip on the boundary. Wanngi proved the global well-posedness
of the inviscid and resistive problem with surface tension around a non-horizontal
uniform magnetic field for the incompressible MHD equations. Wang®®! got sharp
nonlinear stability criterion of viscous incompressible non-resistive MHD internal
waves in 3D. Gui? considered the Cauchy problem of the two-dimensional incom-
pressible magnetohydrodynamics system with inhomogeneous density and electrical
conductivity and has showed the global well-posedness for a generic family of the
variations of the initial data and an inhomogeneous electrical conductivity. All
these results do not contain vacuum. For presenting vacuum, under the Taylor sign
condition of the total pressure on the free surface, Gu7Wan proved the local well-
posedness of the ideal incompressible MHD equations in Sobolev spaces. In this
paper, we will rigorously prove the linear z-pinch instability for ideal compressible
MHD system (L.g).

2. Steady State and Main Results
2.1. Derivation of the MHD system in Lagrangian coordinates

In this section, we mainly introduce the Lagrangian coordinates in which the free
boundary becomes fixed.
First, we assume the equilibrium domains are given by

ﬁ:{(’r'797z)|'r'<'r'07 0 e [0,277],2627TT},

U

Q :{(T,9,2)|’r‘0<7‘<’r‘w, 0c [0,27T],2627TT}.

Here, the constant rq is the interface boundary and the constant r,, is the perfectly
conducting wall position. This is meant to be a simplified model of the toroidal
geometry employed in tokamaks.

Now we introduce the Lagrangian coordinates.

1. The flow map
Let h(t, X) be a position of the gas particle X in the equilibrium domain Q at
time ¢ so that

%h@X)=MLMtX» t>0,X€Q,

hli=o = X' + go(X), X e
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Then the displacement g(t, X) = h(t, X) — X satisfies

%g(t, X) =u(t,X +g(t, X)),
(2.2)

gli=0 = go-
We dEﬁne the Lagrangian quantities in the plasma as follows (where X = (z,y,
z) € Q):
[, &) = p(t, h(t, X)), o(t, X) = u(t,h(t, X)), qt, &) = p(t, h(t, X)),
b(t,X) = B(t,h(t,X)), A= (Dh)", J=det(Dh).

According to definitions of the flow map h and the displacement g, for (i,7,k) €
{1,2,3} one can get the following identities:

Abohd = ALOihF =67, Op(JAF) =0, Oihd =6 + dig?, Al =5 — AForg,
(2.3)

where the Einstein notation is used and will be used in the whole paper. If the
displacement ¢ is sufficiently small in an appropriate Sobolev space, then the flow
mapping h is a diffeomorphism from Qg to (¢), which allows us to switch back
and forth from Lagrangian to Eulerian coordinates.

2. Derivatives of J and A in Lagrangian coordinates
We write the derivatives of J and A in Lagrangian coordinates as follows:
O J = JAIO, 9 = JALD;0hg", DAL = — AL AL,
, . . . , - (249)
DAl = —Ach?anaggk, Div? = O;hF ALOT = AL + 9;9% ALOgY .

3. Plasma equations in Lagrangian coordinates
Denote (V_4); = AJ9;. Then we can write the plasma equations in Lagrangian
coordinates as follows:

g =v in €,
1 _
fatU+VA (q—!— §|b|2) = (b VA)b in Q,
Of+ fVa-v=0 in Q,
Bib+ V.4 v =(b- Vv in 0, (2:5)
Va-b=0 in Q,
nb:ng on ZO}pvv
1 1~
q+ §|b|2 — §|b|2 =0 on Zo}pv,

where the exterior magnetic field b satisfies the vacuum equations (A5) in

Lagrangian coordinates which can be recalled from |[Appendix A
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Since 9;.J = JAIQ;v' = JV 4 -v and J(0) = det(Dhg) = det(I + Dgo), with I
the identity matrix, we find from the equation of f in that fJ = po(ho) det(I+
Dyyp), where pg is given initial density function. Taking py such that pg(ho) det(I +
Dgo) = p, we get

f=J7% a=AJ7p. (2.6)

On the other hand, we multiply the magnetic field equation of (2.5) by JA”
to get

JALOY + JAY ALt = JA" AL O,
which along with (2:4) implies
8,5(A§ij) = JA;@tbj + Aé-bjat.] + ijatA§ = JA;@tbj + JA;bjAzahvk
— JV A Al = 0.
Therefore, we have
Jb AL = J(0)b).AL(0) = det(I + Dgo) B} (ho) A’ (0), (2.7)
where By is given initial magnetic field. Taking By such that det(l +

Dgo) B} (ho)A%(0) = B', we obtain from (Z7) that

B = J VB ok = JVBY + T Blagh.

2.2. The equilibrium for the z-pinch plasma

In this paper, our goal is to study the linear z-pinch instability for the compressible
MHD equations (I.3). Therefore, we look fOE the cﬂindrically symmetric steady
solution @ = 0, B = (0, By(r),0), p = B(r), B = (0, By(r),0). For notational sim-
plicity, in the following we abuse notation to denote steady state z-pinch solutions
as

~

p(r) =B(r), Bo(r) = Bo(r), By(r)=By(r),

which imply that B = B and B=B.
Then we can get the following lemma describing the steady solution.

Lemma 2.1. Assume that the function p(r) satisfies p(r) > 0 and p(r) = 0 if and
only if r =rg, and

—/ S2pl(8)d8 >0 forall0<r<ry, p(r) e C2’1([0,r0]). (2.8)
0
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Then the cylindrically symmetric steady solution w = 0, B = B(r), J, = I.(r),
B = B(r) with a function p(r) taking the form of

B, =0, B.=0, By(r)=DBelro)> in O,
T

solves the equilibrium equations in plasma domain,
Vp=IxB, V-B=0, JI=VxB, (2.10)

and the system (L5) in the vacuum region. We can define the equilibrium density

= (H)

J. € ¢Y1([0,70]), Bg € CH1([0,70)). (2.11)

Moreover, we have

Proof. In cylindrical r, 6§, z-coordinates, the equilibrium equations ([2.I0) which
are equivalent to the system

1
V(p+§|B|2>:(B-V)B, V-B=0, J=VxB,

are reduced to

d 1 Br) 1d

2 (ver 4 51m0) =222, 1L om0 =0,

dr( 2 ) r rdr (2.12)
L Bo(r) = 1 (1)

The first equation of (2.12)) is equivalent to p’ = —J, By, which together with the
third equation of (212) implies that —r?p’ = rBy(rBy)’. Set C(r) = rBy(r) to
reduce this to (C?) = —2r?p’. Integrating and forcing By(0) to be finite, which
gives C(0) = 0, we find that By(r) = (— % OTst’(s)ds)%. Thus, given the pressure
p, we can compute By. Then we define J, by the third equation of (212) that

s =3(-5 [ 52p1<s>ds)_% (= [ s —2o)
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Therefore, solving the system (1.5) and (2.12), we get the steady solution z-pinch
(w=0,B=DB(r) =By(r)eyg,J. =J.(r), B = B(r) = By(r)eg) as follows:

B=0, B.=0. But) = (-5 [ eas)
0
_l _3 " 2.7 7% i " 2.7 o /
J.(r) = 2( = s p(s)ds) (7"3/0 sp'(s)ds — 2p (r))

Since p € C*1([0,70]). The equilibrium magnetic field By is determined in terms of
p by the equation

which by forcing the value of By(r) at » = 0 to finite By(0) and the value
of J,(r) at » = 0 to finite J.(0), gives that Byp(0) := lim,_,oBg(r) =
lim, o(—3 for s2p/(s)ds)z = 0. Since p' = —J.(r)By(r), we have p/(0) = 0, which
gives that

Hence, we can get By € CH1([0,70]). By p/(r) = —Ba(r)J.(r), we have J, €
C’l’l([O,rg]). O

From Lemma we know that at the plasma—vacuum interface, the steady
solution B(r) in cylindrical r, 6, z-coordinates satisfies naturally

ng-B=mng-B=0, on Xgpy,

due to ng = e, B = (0, By(r),0) and B= (0, By(ro) 7=, 0).
Now we introduce the admissibility of the pressure p, which will be used in the
following sections.

Definition 2.2. We say that p is admissible if p(r) > 0 for all » € [0,r¢] and
p(r) = 0 if and only if r = 7o, p'(r) < 0 for r near ro, that is, p'(s) < 0 for
s € (rg — €, o] with small constant € > 0, and p(r) satisfies (2.8)) and

p(r) _
Jim o) 0. (2.13)
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2.3. Perturbed ideal MHD system and main results

Our main results concern the stability of the linearized problem. From|Appendix A|
we find that this linearization is

0rg = in Q,
poig =V (g9-Vp+pV-g)+(V x B) x [V x (g x B)]

+{V x [V x (g x B)]} x B, in Q,
vV-Q=0, in 0,
VxQ=0, in Q'
n-Vx(gxé):n-Q on Xg p,

1 P 1~
—'ypV-g+B-Q+g-V<§IBI2>=B-Q+9-V<§IB|2)» on Xo pv,

n- @\ Yw — 07
g|t:0 = 9o,
(2.14)
with Q = V x (g x B).
Define the energy
Elg, Q] = E’lg) + E*[g] + E*[Q)], (2.15)
where EP[g], E*[g] and EV[Q)] are given by
1
EP[g] = §/ﬁhplv-gl2 +Q?
+(g"-Vp)V-g+(VxB)- (9" x Q)ldz, (2.16)

Bolg] = %/E in- gl?n - Hv <p+ %|B|2>H da, (2.17)

1 N
2= 3 [ QP

The motivation for introducing E is two-fold. First, as we show in Lemma [A5] for
solutions to (2:I4) we have the evolution equation

d d_ -
T IVPaili: = =2 Flg, Q). (2.18)

Second, and more important for our analysis, is that upon using the Fourier
transform in the € and z variables to decompose F into an infinite sum

Elg,Q = Y B, (2.19)

m,keEZ
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we arrive at a mechanism for producing special normal-mode solutions to (2.14))
via a variational analysis applied to E,, ;. Indeed, we seek normal mode solutions
of the form

g(r,0,z,t) = (gr,mk (r), 9o, mk (r), 9z,mk (T))e“t+i(m0+kz)7
Q(r,0,2) = (iQromk (1), Qo.mi (1), Qs (r) et HmO+R2),

where (r,0,z) are standard cylindrical coordinates, ;1 > 0, and m,k € Z. As we
will prove in the next section, solutions of this form correspond to constrained

(2.20)

minimizers of E,, ;, and the value of y can be computed in terms of m and k via
this minimization.

It is convenient to introduce some new unknowns (here dropping subscripts m
and k for notational simplicity) to reduce to study only real-valued functions. In
the above ansatz, it is convenient to assume that g9 and g, are pure imaginary
functions, while g,., @T, @9 and @z are real-valued functions. Then we define three
real-valued functions

E=e.-g=¢g., nN=—le,-g=—ig,, C(=rteyg-g=1igs. (2.21)
which together with (2.20)), gives that

Q=Y x (g% B) = ™ Byge, — (Bo€) — kBanleo — ZnBye.
" " (2.22)

1 m
g-Vp+pV-g=p&+pV-g, V-g=;(7"§)’—kn+7§

where the factor e/t (m0+k2) i5 dropped for notational simplicity.
In terms of &, n and (, from the expressions in ([2:22), the boundary conditions
in (2:I4)) are transformed to

~

Qr=0, atr=ry, (2.23)
mBoé =rQ,, atr=r, (2.24)
B2 — B2'r + kB2nr — BeQor =0, at 1 =rq. (2.25)

We impose the boundary conditions and as constraint for variational
problem setup and the boundary condition follows the minimizer solution.
When m = 0, we know that @T = 0 on the boundary r = ry, which implies that
@T is separated from interior variational problem. Obviously, it holds that @ =0.
Therefore, for the case m = 0 and any k, the energy functional reduces to

0 2pl 4,YpBg 5
b= st = [ {[2 1 0t
& 0 r o r2(yw+ Bj)

+ (v + Bj) [lm - % <(7’£)/ - %gﬂ 2} rdr. (2.26)
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For the case m # 0 and any k, the solution @T and ¢ are related by the boundary
conditions (2.24)), so we cannot set @, = 0, therefore the energy functional takes
the form of

Em,k - EM,k(§7 7, <7 Q\T)

To _ , 9
— 2%2/ {(m2 +E32) [%77'1' kBy(r&) + 2k395]
0

m2 + k2r2

T0 2B2

2
+7p[ (ré)" — kn+%§] }rdr+27r2/0 7&7&712)(5_%,)2

+27r2/ro {2 +2 ]52
0

P /rw [|c§r|2+ ;KTQ\T)’F] rdr. (2.27)

m2 + k2r2
We can now state our main results.

Theorem 2.1. Assume that the equilibrium pressure is admissible in the sense of
Definition[2:2] and that (2-13) holds. For k,m € Z set

A i = inf B, 2.2
o = 0f By (2.28)

where A = Ay as defined in (324) when m = 0 and A = Ay as defined in (3.50)
when m #£ 0. Then the following hold.

(1) Xox <O for every k € Z. Upon setting puo.x = v/—Xo,x > 0, this yields an unsta-
ble growing mode solution to @I4). In particular, the equilibrium is always
linearly unstable.

(2) If m#£0, k € Z, and there exists r* € [0,r¢) such that

m?B3(r*)
,r-*
then Apmr < 0 and pim i = \/—Amr > 0 is the growth rate of an unstable

growing mode solution to (2.14)).
(3) If the pressure obeys the estimate |p'| < Cp an open neighborhood of ro, then

2p'(r) + <0, (2.29)

sup{—Am k|m,k € Z are such that A\, ), < 0} < co. (2.30)

Remark 2.1. In the plasma literature, unstable modes with m = 0 are called
sausage instabilities, and modes with |m| = 1 are called kink instabilities.

The first item of this theorem establishes the unconditional instability of the
admissible equilibria, but the second item is conditional. In Sec.[24] we give some
conditions for determining when this conditional is and is not satisfied. The third
item is built on the assumption that [p/(r)| < Cp(r) for r € (ro — €,79). Since
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p = Ap7, this is a differential inequality that we can integrate to deduce that p
satisfies

p(r) < C(rg — r)'Y/('V_l) for r € (ro — €,10), (2.31)

where C' > 0 is some constant. Thus, the assumption in the third item bounds
from below the rate at which p decays near the vacuum boundary; for instance, if
p(r) =~ (rg — r)? near ry, then we must have that v/(y — 1) < 3. It is then natural
to examine what happens in the complementary regime. This is the content of our
second main result.

Theorem 2.2. Assume that the equilibrium pressure is admissible in the sense
of Definition [2.2] and that (2.13) holds. If there exist constants Cy,Cy > 0 and
1< B8 <~v/(y—1) such that

Co(ro — )P~ < |p'(r)] < Ci(ro — )P~ 1 (2.32)
for r in an open neighborhood of rq, then

lim Ao = —o0. (2.33)
k—o0

Clearly, the hypotheses on p’ imply that p(r) ~ (ro — r)? and B < v/(y —
1), so this is indeed a sort of complementary regime compared to the third item
of Theorem The immediate consequence of Theorem [2.2]is that there exists
growing normal mode solutions to (2.14) with growth rate o, — oo, and as such
the linearized equations are ill-posed. Thus, depending on the rate of decay of the
pressure near the vacuum boundary, we either have instability with a bound on the
growth-in-time rates, or else ill-posedness due to the unboundedness of the growth
rates.

These theorems are proved in a number of separate results in Secs. [3] and [4]
We now turn to a somewhat technical survey of how we proceed in the proofs.
The key observation lies in Lemma[2:4] which leads to a growing mode in so-called
sausage instability. In order to construct a growing mode, we study the variational
problem for the linearized functional (Z:I5). It should be noted that (2:16) only
div g is expected to be bounded, which fails to provide necessary compactness to
find a minimizer or an eigenfunction.

To overcome this seemingly lack of compactness, we study carefully the varia-
tional problem in cylindrical charts. It turns out that, thanks to special symmetry
of the z-pinch profile, the energy takes the form of for m = 0 and any k,
takes the form of for m # 0 and any k. The only possible negative part which
needs compactness in and are given by

/ 2p'E2dr.
0

We note crucially it depends only on £. Luckily, it is possible to control 0, so
that the compactness is established away from r = 0 and r = ry.
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The compactness at r = ¢ and r = 0 is delicate, due to subtle vanishing order of
the z-pinch. Near r = rg, we make use of an integration by parts to derive estimate
(3I3) and to gain compactness as in Lemmas [3:8] and [3:I5] Near » = 0, however,
we make use of an expansion of exact z-pinch profile in Lemma [2:3] to gain subtle
but crucial higher vanishing power and positivity of lower power, more precisely,
we observe

212 212
#B,:Qm(fn —r&,)% + [210' + mTBe] &

- Eﬂi(o)r + 0(r2>} r’g +0(r°)e,  for Im| =1

and
22
m=-By

o+ B 2 [T 1) 2o+ 06 €, or bl 22

r

to ensure compactness. See Proposition[3.19]for the details.

We establish the ill-posedness in Sec.[d] In the case p(r) = C(rg —r)” for r near
roand g > 1. If y < %, we use a careful scaling analysis to construct particular
test function of the form &, = w(k®[r — ro]), without lower bound as k — oco.

2.4. Some more properties of the equilibria

Here we record a few more properties of the equilibria that will be used in our
subsequent analysis. From Taylor expanding and the steady state (Z9), we have
the following lemma.

Lemma 2.3. Assume the function J,(r) satisfies (211, we have J.(r) = J.(0) +
rJ.(0) + O(r?). Moreover, we have

By(r) = 31.(0)r + 3TL0) +0O(?), (2.34)
p(r) = —%Jz(O)r = %J;(O)JZ(O)TQ +0(r%). (2.35)

Proof. Since J.(r) satisfies (2.11), we can expand J.(r) near r = 0 as
J.(r) = J.(0) + rJI.(0) + O(r?). (2.36)

From the steady state (2.9), we know that

1 T

By(r) = —/ J.(r)rdr,

™ Jo

which together with (2.36) gives (2.34). Therefore, we have
1 2
By(r) = 532(0) + gJ'z(O)r +0(r?),

Bi(r)

p'(r) = =By(r)By(r) —
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— %JZ(O)T + %J/Z(O)r2 + 0(7“3)] [%JZ(O) + %J'Z(O)r +0(r?)

 332(0)r% + 53L(0)32(0)r° + O(r*)
r

= —%Ji(O)r - %J'Z(O)J]Z(O)r2 +0(r?).
O

Now, we give the properties of the steady solution that will be essential in
proving the instability of any z-pinch equilibrium for m = 0.

Lemma 2.4. There exists . € (0,79) such that

2vp(r.)BE(r.)

P R 1 B3]

< 0. (2.37)

Proof. First note that simple algebra reveals that (2.37) is equivalent to the exis-
tence of r, € (0,rp) such that

(r) + ) - —— )
P(re) + () 7 (yp(r) + B2(r.))

Consider the function ¢ € C1([0,70]) given by ¢(r) = r*'p(r). We have that ¢(0) =
0 and g(ro) = 5 'p(ro) = 0, so by the mean-value theorem there exists r, € (0,7¢)
such that

< 0.

279p(r«
0= /() = /() + 22 ) =2 () + )

T
Consequently,
2 X
0=p(r.) + L;(T ) (2.38)
We know that p(r.) > 0, and so
292p*(r)
— < 0. 2.39
r () + B()) (239
Combining (2.38) and (2.39), we conclude that
2y 292p? (r+) 29°p*(r+)
/
p(rs) + —p(rs) — = - < 0.
) ) = ) + B ) () + B
This concludes the proof. O

Next, we give the following property of the steady solution when |m| > 2 and
J.(r) is non-increasing and non-negative.
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Lemma 2.5. For |m| > 2, suppose that J. : [0,79] — [0, 00) is non-increasing, then
we have

2
2/ (1) + m2B9_(T) >0 forallr€l0,r].
r
Proof. Note that
2
2p/(7") + m2B9—(T) — Be(r) (—2Jz(’l“) + m2 B@("“)) .
r r

Since J. is non-increasing and non-negative, we have

r T 2
Hence,
2 2
_2Jz(r) _|_m2B0r(7') > —QJZ(’/') + %Jg(’/’) > JZ(T') (m 5 4) > 0.

Since By(r) > 0 as well which can be obtained from the third equation of the ODEs
(2.12), we deduce that

Bj(r)

r

20’ (1) + m?

> 0. |

Note that Lemma implies that the hypothesis of the second item of Theo-
rem [2.1] fails. Now we will give an example when |m| > 2, the instability condition
20’ (r*) + mQ% < 0 holds for some r* € (0,79) and J, vanishing at the origin
r = 0 in suitable order.

Lemma 2.6. For |m| > 2, we define « = (m? —2)/2 > 1. Suppose that 8 > a > 0
and J, vanishes to order (3 at the origin r = 0 in the sense that |J.(r)| < CrP,
and further suppose that By # 0 in (0,79, i.e. By has a sign. Then there exists
r* € (0,79) such that

Proof. We will only prove the result assuming that By > 0 in (0, 7¢], as the other
case follows similarly. For r € [0, o], we compute that

2p/(r) + mQ@ = _2@ — 2By(r) By(r) +m” Bgr(r)

_ (m2 _ 2) Bg(T‘)

~2B4(r) (By(r) — “Ba(r))

= —2r*By(r)(r~*By(r))".

—2By(r)By(r)
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Now, we may estimate from the third equation of (2.12) and the assumption that

B 1 " " 2468
Bo(r)] | sl < o | strias - ¢ r-_ 0 s
0 =T Jo

o RN F T Rl
and
By L), L[ e
re = ro + r2ra s|J-(s)|ds < Cr + 5 +ﬁ7~

in order to conclude that [0,rg] 3 r — By(r)/r* € [0,00) is a continuous function.
Hence if we define ¢ : [0,79] — [0,00) via g(r) = r~*By(r), then we find that
q € C1([0,70]). Note that

q(0) =0 and g¢(ro) =ry*Be(ro) >0

since By(rg) > 0. By the mean-value theorem there exists r* € (0,79) such that
q'(r*) > 0. Therefore, we have

2p' (1) + m? = —2r*"By(r*)q'(r*) < 0. O

We remark that Lemma [2:6] implies the instability for |m| > 2 for some class
of z-pinch equilibria. An interesting corollary is found if we suppose that J, is
non-negative and is compactly supported.

Corollary 2.7. IfJ. > 0 and J, is compactly supported in (0,rq), then for each
m € Z\{0} there exists r* € (0,r¢) such that
B2 *
29’ (r*) + m2—0r(: ) <0.
We remark that Corollary 2.7] implies the instability for any m € Z\{0} for
some class of z-pinch equilibria.

3. A Family of Variational Problems
3.1. Growing mode ansatz and cylindrical coordinates

In this paper, we mainly study the normal mode solution for the linearized pertur-
bation in cylindrical coordinates e, eg and e.. In order to write the energy
in cylindrical coordinates, we now record several computations in cylindrical coor-
dinates. In cylindrical coordinates, under the normal mode (2:20), the result of the
gradient operator becomes algebraic multipliers V = e,.0, + tke, + iTmeg and we
can get the following lemma.

Lemma 3.1. We decompose E,, i, as follows:

Em,k(fv n,¢, @T) = Eﬁz,k + Ersn,k + E;)n,lw (3.1)
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where the fluid energy takes the form of

70 2B2 ,
Br= 27 [ { e (06 + o)

— ! 2
sy [ oy B 2

m2 + k212

2
+p [%(Tf)/ —kn + %C} } rdr — 27 [%52] L (3.2)
with
o L meg 2m®Bp (22)'  ak*m?Bj} 2%’ 1 |
r|or r(m? 4+ k%r?)  r(m?+Ek2r2)2  m2 4 k?r?
the surface energy vanishes
ok = 20 (BF — Bilr=r,€*(r0) = 0, (33)

and when m # 0 and any k, the vacuum energy takes the form of

Tw [ 1 .
v o 2 2 2
Em,k =27 /rg [|Qr| + m2 + k272 |(TQT)/| ] rdr. (34)
Proof. Recall (§,7,¢) in (Z2I) and (2:20). We begin with the proof of (3:2)). Insert-

ing the expressions of (Z22) into (ZI6) and using g; = i¢, we can get (3:2). In
fact,

@) = (08 b+ ).

By
"

(V5B (g" % Q) = By + 22 ) | ~€((Bue) ~ kBm) ~ 2 Bt

r

_ (Bg + 39> |~€((Bo€)' — kBom) + "By

which combining with (2.16) and (2:22) gives (3.2).

Now we turn to the proof of (33). From (217) and the equilibrium equations

(212), we have
ok = =27 (B = Bily=r,€ (o),

which together with p + %Bg = %E(g and p = 0 on the interface boundary r = ¢,
gives that £, . = 0.



428 D. Bian, Y. Guo & I. Tice

Finally, we prove (3.4). From the vacuum equation (2.14)3 and @ in (2.20), it
follows that

1 = m A .

;(TQT)I + 7Q9 +kQ, =0, 35)
that is, Q. = _%~ Inserting the expression of Q. into E:;Zk[@] =
! [51Q[?dz, implies that

B, = 27 / 1.1 + 1062 + Q. PIrdr
70
1
k22

=2 | [|c§r|2+|@9|2+ Qr) + mOsl2| rdr. (3.6)
o

From the vacuum equations (Z14); and Q in (2Z20), we have
d ~ m 1~
@0+ —@r+-Qo =0,
r 7 r

~ d ~
er‘i‘ _Qz = 07
o~ drA
7Qz _kQO = 0.

Using the third equation in (3.7), from (3.5, we can obtain the tangential compo-
nents of @) in terms of radial component

kr
m2 + k2r2

Qo= —m@”@r)/, Q- = (rQr)". (3.8)
From (3.8), we know that the first equation and the second equation in are

equivalent. From (3.6) and (3.8)), the vacuum energy takes form of

1

1272 |(T©T)I + m@9|2 rdr

Bie=2r [ [w 100 +
ro

m2 + k27"2
k2p2

Tw [ 1 N
o2 / [|@T|2 Q) +
ro

m2 + k27,2

2
] rdr

Tw [ 1 ~
_ 2 2 112
=27 /TO |:|QT| =+ m2 =+ k27"2 |(TQT) | :| ’/’d’/’. O

m ~

” m?2 + k2r? (rQr)’

@0—1—

We will use Lemma [3.1]to prove the following equivalent energy functionals.

Proposition 3.2. The energy functionals 3.1) to (3.4) take forms of (2.26) and
220), respectively.
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Proof. From Lemma [3.1]and let m = 0 in (3.2), we can get directly

2 2 2
Eox(&m) = 27f2/0 { Wy B [ 0= —(( §)' - 25)} +9p E(rﬁ)’ - kn} }rdr.
Together with the identity

1pB3E? B 4Bje? (k- L) 1B3¢ |
o B TP B e R0 ) e e |

43252
r

+ange (n - 10 ).

we establish (2.26]). From Lemmal[3:1] it follows that

R 0 2B2
Enk(6n,¢,Qr) = 27T2/0 {TQ(T:QLW[(T@I]Q + Bo(ré)?

F(m? 1 K2r?) {%U‘F kBp(ré) +2k’Bef}

m2 + k212

2 22
1 p m 5| 2m*Bj o
+9p [r(ré) kn + TC} }Tdr 2 [m2+,€2r25 .

T R 1 N
+27T2/ |:|Qr|2 + m|(’f‘@r)/|2:| rdr,
To

with

Bo =

1
r 73 r(m? +k%2r2)  r(m?+k%r2)2  m2+ k%2

m2B2  2m?By (B2)  4k2m?B? 2k2p/ 1

By p' = —ByBj — —2 , we have

T0o 232 2 2B2
/0 (W[(Tf)?*-ﬁo(rﬁy) rdr — [ 271 2, 252} )

- [ B e e e+ T
0

r(m?2 4 k2r?)

which implies the energy (2.27). O

Using g(r, 0, z,t) = (g-(r,t), go(r, 1), g=(r, 1))’ ™H*2) e can prove that the
second equation in (2.14) is reduced to the following system.
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Lemma 3.3. Assume g(r,0,2,t) = (g.(r,t), go(r,t), g (r,1))e?™Hk2) solyes the
second equation in (2.14), then

dyp+B}d m?_, B2\ 4 o 2kB2  dm
——f - —By—r|—t£ ——k Bj) — ——
dr r  dr 20 r? dr (v + Bj) dr v P
k(yp+B}) d  2kB3 m? mk
N 0 _k2 B2 _ _B2 e
, ar , (vp + Bj) 2 Do P
mAyp d mk m?
= P O
€ ftt
x\nf=p|nu]- (3.9)
¢ Gt

Proof. Inserting the expression (222) into the second equation in (2.I4), by
g(r,0,2,t) = (g-(r,t), go(r, 1), g-(r, 1))’ T+2) and the definitions of £, n and ¢ in
(221), we can easily get that the second equation in (2.14) reduces to (3.9). O

In order to study the stability to use variational methods, we use the following
second-order ODE system.

Lemma 3.4. Assume g(r,0,z,t) = (g,(r, 1), go(r,t), g (r, 1))ertTm0TE2) solyes the
second equation in (214), then

/
%w%r - T—;Bg - (f—f) —%k(w +Bj) — 2k 5y %%w
Lﬂ): Bi) %r - 2kfg —k2(yp + B3) — 7_2233 mTk’yp
mAyp d mk m?
T2 JT TWP —T—Q’)’P
3 3
x | n|=pe|n| (3.10)
¢ ¢

Proof. Inserting the expression (2.22) into the second equation in (2.14), by
g(r,0,z,t) = (gr(r, 1), go(r,t), g. (1, t))ertTim0+k2) and the definitions of &, n and ¢
in ([2.21)), we can easily get that the second equation in (2.14) reduces to (3.10).

O

In order to study the stability to use variational methods in vacuum domain,
we use the following second-order ODE about @, for m # 0 and any k.
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Lemma 3.5. The vacuum equations (2.14)s and (2.14)4 can be reduced to the

second-order differential equation
I

r ~ ~
Q| ~ G0, 11
with the other two components @9 = —W(TQ\TY and @z = —%(r@ﬁ'.

Proof. Inserting (3:8) into the first or second ODE in (3.7)), we can easily deduce
that the radial component satisfies (B:11)). |

3.2. Variational problem when m = 0

In this section, we will introduce the definition of function space Xy, then give the
variational analysis for the case m = 0 and any k € Z.
Let us first introduce the function space X for any k and its properties.

Definition 3.6. The weighted Sobolev space X}, is defined as the completion of
{(&,n) € C([0,70]) x C>°(]0,70])|£(0) = 0}, with respect to the norm

el = [ {p Lo,

+ B3 {kn Loy - 25)} } rdr

4 / p(€2 + nf?)rdr. (3.12)
0

Define function g(r) = sup,.< <, %, then we can get the following lemma.

Lemma 3.7. Assume s1 near r = rq, then it holds that
70 T0
/ —p/(r)&3dr < 2p(s1)€3(s1) + 4g(31)/ p&dr, (3.13)
S1 S1

with g(s1) — 0 as s1 — 79.

Proof. From Definition[2:2)/admissibility of the pressure p, we have z% — 0 forr —
r9, which together with the definition of function g, gives that p(s) < —g(s1)p’(s)
for s1 < s < 19, with g(s1) — 0 as s; — 7. Since p > 0 for all » € (0,r9) and
p'(r) <0 for r near rg, the Holder inequality provides

To

/ Y Edr = p(s1)EX(s1) + 2 / pec'dr

S1 S1

< p(s1)E(s1) + 2 ( / K p£2dr) ’ ( / K pf'%lr) ’
< p(s1)€%(s1) + 292 (1) (/ ) —p’sz‘”) 5 (/ ) Pf’z‘”) g

which by Cauchy inequality ensures (3.13). O

From the Definition [3.6] we can show the following compactness results.
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Lemma 3.8. Assume s is near v = ro and p is admissible. Let my denote the

projection operator onto the first factor. Then w1 : Xy — Z is a bounded, linear,
compact map, with the norm

S1 T0
€l = [ e+ [ -y (3.14)
0 S1
and we denote it by

X, CC Z. (3.15)
Proof. For any (£,n) € X, we have for r € (0, ) that
<

[ré(r)p(r)| = ’ /0 T Ds(s&(s)p(s))ds "

< (Arp@)l

/ st (o) ()ds

23d3> 2 ( /0 ' p(s)sds) L

T 2
T
< Ziiplleron d
= \/§HpHL (0,r) (A p(S) S 8)

r T
+— Jz > (0,r B > (0,r / ’ s SdS) )
= [Boll=on ([ €6)
which gives that
1
2 2
3d8>

E(rp(r)] < %npnm,r) ( / p(s)

1
1 " 2
4 = o= ([ €6sas) . (310

Here ||p||=, ||J.||z> and ||Bg||z= are bounded from Lemma [2.1]and (2:11).
Assume that ||(§n,7n)||x, < C, for n € N. Fix any x > 0. We claim that there

exists a subsequence {&,,} so that

/ "0, (sE(s))p(s)ds

=

~0.(5€(5))

/T J.By&(s)sds
0

=

20,(5€(s)

=

~0,(5€(s)

sup [|§n; — &n;llz < k. (3.17)
2y

To prove the claim, let sg with 0 < sg < s1 < r¢ and sg be chosen small enough,
so that

212 s | Bsl|? 1
33002 <|p|%oo_|_ HJ ||L || 9||L ) < K. (318)

infocr<s, p infoep<sy P2

From Definition 2.2} admissibility of p, we have L — 0 for r — ro, which together
with the definition of g, gives that g(s1) — 0 as s1 — r. Choose s; close enough
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to rg, such that
(3.19)

Since the subinterval (sg, s1) avoids the singularity of % and degenerate of p at
the boundary r = 7, the function &, is uniformly bounded in H!(sg,s;). By the
compact embedding H(sg, s1) CC C%(sp, s1), one can extract a subsequence {&,, }
that converges in L™ (sg, s1). So for i, j large enough, it holds that

9 K

S =&l e < —.

;Lp Hgm fn] ”L (s0,81) = 3(81 _ 30)
Since p/(r) < 0 near r = rg, by Lemmal[3.7]and (3I3), we deduce for i and j large
enough that

o

/ ), &y )2dr < 2p(s1)(En; — &n;)(51) + 4g(51) / (&, — &) dr

Cp(s1)k
- 3(81 — SQ)

where we have used the facts ||(&,, 7n)||x, < C and

2

[ wears [oloce)

S1 S1

rdr—|—/ pfirdr

s1

T0 1 2 1 To 5

S [ p|roen)| rar ol [ pgirar
51 S1

2

T0 1 B T0o

5/ P ;ar(rgn(r)) rdr+||p|\zool(sl,ro)/ pE2rdr.
0 0

Then along the above subsequence one can get from (3.16) and (3.18) that

Hgnz _fn]HzZ = /0 |€n1 _gnj|2d7'+/ _pl|§ni _fnj|2dr

51

S0 S1 To
= </ +/ ) En; — fnj |2dr + / _p/|§ni - fnj|2dr
0 S0 st

IIle%oolBeI%oo> 1
inf0<r§so P inf0<r§so p2

A

< 50" (||p||%oo 4

+ (81 - 80) sup anz - f’ﬂj Hioo(so,sl)
]

Cp(s1)k
3(81 — S())

which implies the claim (3.17) and the compactness result (3:15). O

+9(s1)C <k, (3.20)
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Now, we consider the case m = 0 and any k € Z. In order to understand u, we
consider the following energy

2

Eo,k(fﬂ?) = 27]—2/

0

2
{M B2 [kn—l((rf) )

2
+p [ (r§)" — } } rdr, (3.21)
which is equivalent to (Z:26) from Proposition[3:2] We denote

T(E,m) = 20 / " o€ + nfPyrdr

From the Definition[3.6]and Lemma [3.7] it follows that Eo s and J are both well-
defined on the space X.

Lemma 3.9. Ey ;(&,n) and J(&,n) are both well-defined on the space Xj.
Proof. From (2.35), we have for every s; < ro that

51
22 / 2p/E2dr
0

42 /O N {—%Jg(O)r - gJ;(O)JZ(O)r2 + 0(7~3)] 2dr

< CJI( ). (3.22)

Using Lemma [3.7] for s; near rq, we get

/T0 2p' (r)&2dr

where we have used the facts

To

= [ e < aplsn€ s +8g(sn) [ v

S1 S1

<CTEm) +ClE %, (3.23)

& (51) < 1€l (s9,60) < CT(Em) + Cll(E )%, for 0 < so < s1 < 7o,

[ vetar < [ o oen)
T0 1

< - r

< [ oot

< Cllg, %,

o
/ 2p'E2dr
0

and
2

70
rdr + / pExrdr

S1

2

rdr + pl}=,, r0>/ pE2rdr

Hence, we get

<CIEn)+ClEnlk,
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which implies that

[Boalé.n)| < CT(Em +ClEnlk, +C [ {Bz ko - 2((re) - 29) } rdr

e / \ vey| rar + ol / plnPrdr < Cl(E m)%,.-

Therefore, Ey (&, 1) and J(&,n) are well-defined on the space Xj,. m|

Now we define

_ i Por(En)
emexr J(&n)
Consider the set

We want to show that the infimum of Ey 1 (£, n) over the set A; is achieved and is
negative and that the minimizer solves (3:10) with m = 0 and any k € Z and the
corresponding boundary conditions.

First, we prove that the energy Ej ; has a lower bound on the set A;.

Lemma 3.10. The energy Eo (§,m) has a lower bound on the set A;.

Proof. We can directly get from the energy (3.21) for 0 < sg < s1 < 1o that

ro 1 2 ro
Bosten) 2 20% [ p [ 206 < | rar+ 20 [T ot
0 0

22772[0 [ (ré)" — ]2rdr
e (/ /)prdr V(€ 0) € A

Recall (322), for every s1 < ro, we have |22 [ 2p'¢2dr| < CJ(&,7). Hence, we
get
2

Buslen 22 [ |10y

S0

ro
rdr + 272 / 2p'2dr — C T (€,7).

The key is to control fsrlg 2p'¢2dr. Since in the interval (si, 7o), using Lemma [3.7]
we know that

/T0 2p' (r)&2dr

To

- / " _apedr < ap(s1)€X(s1) + 89(8”/ pedr

S1 S1

CoNT(Emplsn) + (Cplsi)o +Cyfsn) [ " pedr,  (3.25)

S0
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where we have used the facts for 0 < sgp < s1 < 19 and o small enough

€(s1) < NI&llZ < N€llz2(so,sn) €l 222 5051y < COMENT2 (s0,00) + TNENT (s0.00)

<C(o)J(&n)+Co /Sl p&dr (3.26)

S0

/ p£'2d7"§/ p&?dr, / pf’szS/ p&dr.

Choosing s; close enough to 7o and o small enough such that Cp(s1)o+Cg(s1) < 3,
yields that

and

2

Eowk(§7n) 2 7-‘-2‘/ ) P ’%(rg)l T'd’f' - 30«7(67”) 2 _3Cj(€777) = _307

S0

which implies that the energy Ey (£, ) has a lower bound on the set A;. O

Using the fact that J(&,n) = 1 and Eyj has a lower bound on the set Ayj,
we can choose a minimizing sequence such that along the minimizing sequence, we
have M < Ey (§n,smn) < M + 1, and for the minimizing sequence, we can show
coercivity estimate

)
(6wl < T+ OO+ 1)+ C [ (22 +apkinyar <. (327
0
We now show that the infimum of Ej j, over the set A; is negative.

Proposition 3.11. It holds that A = —pu? = inf Eg j, < 0.

Proof. Since both Ly and J are homogeneous degree 2, it suffices to show that
in EO,k (57 77)
€mex, J(&mn)
But since J is positive definite, one may reduce to constructing any (£,7n) € X
(see (BI2)) such that Ey (&, n) < 0. Using Lemma[24] we can choose a smooth
function £* € C2°(0,ro) such that

o [2p 4ypB? 9
27r2/ {—+79 2 dr < 0.
0 r r2(yp + Bj) :

< 0.

2
Then, we can assume that kn* = %((rf*)’ — vif%’z &*), such that the second term
6

of Eor(£*,n*) in (2.26) vanishes. Here, £* and n* are smooth functions and belong
to the space Xp.
Therefore, the energy (2.26) becomes

_ T0 2p/ 4,7p32 9
Eg*:w/ {—+7" &2rdr <0,
©) 0 r r(yp+ Bj)

which implies the result. O
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With Proposition [3.11] in hand, we apply the direct methods to deduce the
existence of a minimizer of Ey j on the set A;.

Proposition 3.12. Ey . achieves its infimum on the set Aj.

Proof. First note that Ey j is bounded below on the set A;. Let (&,,7,) € A1 be
a minimizing sequence. Then, we know that (£,,7,) is bounded in X} (see (3:12)),
so up to the extraction of a subsequence ¢, = |By|[kn, — 2((ré&,)" — 26,)]rz —
¥ = |By|lkn — L((r&)’ — 25)]7’% weakly in L2, and &, — £ strongly in Z from the
compact embedding in Lemma By weak lower semi-continuity, since 1, —
in the space L?(0,7(), we have

2 r 2

/ h B} [lm — %((rf)’ — 25)] rdr < lim inf ’ B} [knn — %((rfn)’ —2¢&,)| rdr.
0

n—oo 0

Because of the quadratic structure of all the terms in the integrals defining Ey z,
similarly by weak lower semi-continuity and &, — £ strongly in Z, we get that

Eo 1 (&,m) < liminf Ey (&, ) = inf Eo .
n—oo Ay

All that remains is to show that (£,7) € A;.

Again by lower semi-continuity, we know that J(&,n7) < 1. Suppose by way
of contradiction that J(&,n) < 1. By the homogeneity of J, we may find o > 1
so that J(a&,an) = 1, i.e. we may scale up (£,7n) so that (a&,an) € A;. By
Proposition BT] we know that inf Ey ; < 0, and from this we deduce that

Eox(ag,an) = a®Ey 1(&,1) = o inf Ey ;. < inf Eg 1,
which is a contradiction since (&, an) € A;. Hence J(£,n) = 1, so that we show

that (¢,7n) € A;. O

We now prove that the minimizer constructed in the previous result satisfies
Euler-Lagrange equations equivalent to (3:10) with m = 0 and any k # 0.

Proposition 3.13. Let (§,n) € A; be the minimizers of Eq , constructed in Propo-
sition[3.12] Then (&,m) are smooth when restricted to (0,7r9) and satisfy

d yp+ B3 d B2\ 4 5 2kB?
B N R et} Y B2) _
dr r drr "\ 2 dr (vp+ Bo) r
k(yp+ B2) d 2kB2
: D04, 2 —k*(yp + Bj)
r dr r

X <§> = —pA <§> (3.28)
" "

along with the interface boundary condition

Bilknr — &'r 4 &lr=r, = 0. (3.29)
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Proof. Since we want to use the structure of the energy and properties of functional
space, we first change the spectral formula (3:28) into the following equations by a
simple computation

—a b= 2oy |} - {88 - Loy 29|}
-2 - Hoey - 29) - 25— e (3.30)
—k(yp + Bj) {kn - %(T&)’ + %5] = —pA.

Next, we prove that the minimization £ and 7 satisfy Egs. (3.30) in weak sense on

(O,To)-
Fix (&o,m0) € X (see (3.12)). Define

J(t 7)) = T (€ +t&o + 7(t)§,n + tno + 7(t)n)

and note that j(0,0) = 1. Moreover, j is smooth,

0j ro

50,00 =22 [ 20(60g + monyra,
0

83 o [M 2 2

o ==(0,0) =27 20(& 4+ n")rdr = 2.
0

So, by the inverse function theorem, we can solve for 7 = 7(¢) in a neighborhood
of 0 as a C! function of ¢ so that 7(0) = 0 and j(¢,7(t)) = 1. We may differentiate
the last equation to find

8.7 a] / _
hence that
/ 1 (9] 2 "o
P(0) = 5 0.0) = =277 [ pleot +mmyrar

Since (&, n) are minimizers over A, we may make variations with respect to (£o,10)
to find that

0- 2

g Eo 1 (& +t&o + 7(1)€,n +tno + 7(t)n),

t=0

which implies that

0 =4r? / h 20 E(&o + 7' (0)€)dr + 47? /
0

0

To

52 [l = ()~ 20
< b+ 700 = L6 + 7O~ 260 + 7O rar

war? [Man 1067 ] [ 0160 + 70 = ki + 70| e
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2 "o / 2 "o 2 1 / 1 /
=dm 2p &&odr + 4w By |kn — ;((Tf) —28)|kno — ;((7“50) —2&o) | rdr
0 0
2 "o 1 / 1 /
+4m T |~ (r§)" —kn| | =(r&o)" — kno| rdr
0 T T
To 2
+ar'o [ {2p'52 + B b= L((re) - 2@} o | L) k) } dr.
0
Hence, we have
ro
7' (0)\ = 27r2/ P& + nom)rdr
0

—or? /0 oyl etodr + 227 /0 " B2 [kn (e - 25)}

<[22 rar 2 [ Loy - ) oy
+ 2 / kB3 [kn ~ ey - 25)} nordr
0 T

+ 27r2/0 ’ yp E(rf)' — kn] (—kno)rdr.

Since &y and 7y are independent, we deduce that

"o / "o 2 1 !/ /

[ awseoar = [ 3 [k 200y —20)| 0oy 260l
0 0

+ /0 O'yp B(rf)’ — kn} (r&) dr = /0 i pAEpErdr,

0 0 1 ,

/ kBj [ n— —(( €)' —25)] nordv"+/ Pk [kn— =(r¢) ] nordr
0 0 r

70
= / pAnonrdr. (3.31)
0

Therefore, £ and 7 satisfy ([8.30) in weak sense on (0,7¢). Now we prove that the
interface boundary condition (3.29) is satisfied. From the first equation of (3.30),

we get
—%{(’YZH'Bg) {k’n—— (re) —25” ( )

25 [ ey —25)] — (3.32)
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that is

_7%{WP+B@{Mr——7f —%}} 2%% %f€—2%f
2
2 [n——«r@ —25)] YE_ i, (3.33)

which together with (£,7) € X (see (8:12)), £ € Z (see (B:14)) and the claim
VD€ € L?(%2,ro) gives that

{53 [k - Loy 2] b e 2 (om). (5.3

Now we prove the claim \/p¢’ € L*(%2,r). In fact, from (&, 1) € X}, it follows that

0 1
&y = [, {p|;ar<rs<r>>

+ " o€l + InP)rdr < C. (3.35)

2

+ 85 k- 2(0re) - 29) 2} rr

wlo

Together with 10, (ré(r)) = + ¢, we deduce that /p¢’ € L*(%,79). So (yp +
B3)[kn—1((r&)’ —2¢)] is well- deﬁned at the endpoint r = rg. Make varlatlons with
respect to & € C2°((0,70]). Integrating the terms in by parts and using that
¢ solves the first equation of on (0,79), we obtain

=8 b= H(€) = 20| (€0)lemry 70 |06~ ] (€)oo =0, (330
which implies by p = 0 on the boundary r = ry that

= 0. (3.37)

T=T0o

-8 [l 106y 20| (&)

Since £» may be chosen arbitrarily, we get the interface boundary condition
Bilknr — &'r + €lr=r, = 0. (3.38)

This completes the proof. O

3.3. Variational problem when m # 0

In this section, we prove the Kink (|m| = 1) instability, in fact, we give the analysis
for any m # 0 and any k € Z. Let us first introduce the definition of the space
Yo k-

Definition 3.14. The weighted Sobolev space Y,, ;. is defined as the completion of
{(&;n,¢) € C=([0,r0]) x C*([0,70]) x C>°([0,70])|£(0) = 0)}, with respect to the
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norm

ro 1 2 To 32
60O, = [ o108y + 2] vars [* Bear

+ /0 B2 P ey - 25)}2706170

r o m2 4 k2r2

T0 B2 7o
[ e+ [P+l + cPyrar (339)
From Definition [3.14] we can get the following compactness result.

Lemma 3.15. Assume sy is near v = ro and p is admissible. Let I1; denote the
projection operator onto the first factor. Then Il : Y, 1, = V is a bounded, linear,
compact map, with the norm

S1 T0
el = [ Bigar+ [ vear (3.40)
0 s1
and we denote it by

Y e CC V. (3.41)

Proof. For any (£,71,() € Yk, we have for r € (0,73) that

IrE(r) Bo ()] = | / ' 0,(s6() Bo(s)ds

< + +

| semots)as

0

([ Bz<s><§'<s>>2sds)é ([ sds)é +(/ T(Bé(s»zsdsf
(o) ([ B2eon) ([ )
< ([ Bz<s><s'<s>>2sds)é el ([ s2<s>sds)é

sl < 55 ([ Bz<s><s'<s>>2sds)é + el ([ 52<s>sds)§

T (/O Bg(8)€2(3)d3) - (3.42)

/T s&(s)By(s)ds
0

/T &(s)Bp(s)ds
0

=
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Assume that |[(&n, 7, G|y, . < C, for n € N, then we have

H(fn(r)»ﬂn(r)»Cn(T))Hf/(O’%())

ro 2 ro
1 " B2
:/2 p[—(rfn)’—i——mg ] rdr+/2 —0§,2Ldr
0 T T 0 T

+/
0
0

7 B2 2
[T P gt [T a6l + P+ 16 Pyrar < €2
0 0

NB

B3 [”— (e - 2en>]2rdr

r m2 + k2r2

which implies that for r € (0, ),

[ Bhe€s)sis < 2,
0
e 1 2

/ &o(s)sds < ——C”%, (3.43)
0 MmN ry P

[ B < 2
0

s
Fix any x > 0. We claim that there exists a subsequence {,,} so that

Sup [[€n; — &, llv < k. (3.44)
¥

To prove the claim, from (3.42) and (3.43), let s € (0, %) be chosen small enough
so that

350 (202 + ||Bg||2L0002) < K. (3.45)

min(()}So) p

From Definition [2.2)admissibility of p, we have 1% — 0 for r — 7o, which
together with the definition of g, gives that g(s1) — 0 as s; — 7. Choose s1 close
enough to rg, such that

Cp(s1)
S1 — SO)HB(?“QLOO(O,TD)

< (3.46)

K 1

s C < o .

Since the subinterval (sg, s1) avoids the singularity of % and the degenerate of pres-

sure p on the boundary r = rg, the function &, is uniformly bounded in H(sg, s1).

By the compact embedding H?(sp,s1) CC C%(sp,s1), one can extract a subse-
quence {&,,} that converges in L>(sg, s1). So for i,j large enough, it holds that

K

S1— SO)HBGHQLoo(o,TO) .

Sup Hgnz - fnj H%W(SQ,Sl) S 3(
]
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Since p’(r) < 0 near r = ro, by Lemmal[3.7]and (3.46)), we deduce for i and j large

enough
[P0 - 2ar

S1

< 2(51)(Ens — En,)2(51) + dg(s1 / " )dr

Cp(s1)k
= 3(s1— SO)HBG”LOO(O o)

+g(s1)C < (3.47)

Then along the above subsequence we can get from (3.45) that

S1 T0
lEn — 1% = / B0, — 6o, 2dr + / 6, — &, Pdr
0 S1

= </ —l—/ ) Bg|§m - §Hj|2dr +/ _pl|§m - fnj|2dr
0 S0 51

1
so | 2C% + ———||B; 20002)
(20 + Il

+ (81 — S()) sup Hfm — fnj H%OO(SO,TO)HBGH%OO(O,TQ)
i,
Cp(s1)k
3(s1 — SO)HBHHQLoo(o,ro)

which implies the claim (3.44) and the compactness result (3.41). O

IN

+9(51)C < K,

Now, consider the case any m # 0 and any k € Z. We need to consider the

energy (2.27) in Proposition[3.2]and
70
T, ¢) = 272 / P(E2 + Inl? + 1C[?)rdr. (3.48)
0

Then from the Definition[3:14] we can get the following lemma.

Lemma 3.16. Em,k(f,mg,ér) defined in and J(&,n,¢) are both well-
defined on the space Y, 1, X Hl(romw),

Proof. From (2.35) and Lemma[3.7] similar to the proof of Lemma[3.9] we can get

/ 2/ E2dr < CT(E1,C) + CllEn O ..

0
which implies that

| B (60,6, Q)| < CT(&m,Q) + CllEm QIR
2

e /O " B2 {g ey —20)| rar

m2 + k2r2
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+C/ [ (re)’ +—<r dr—I—C/ Edr

—|—C’/ dr—|—CHp|| /p|77|27'd7“
0
+0 1@+ 1@ prar

Therefore, E,, (§,n,¢) and J(&,n,() are well-defined on the space Y, X
H(ro, 7). |

Now, we define

A= ~inf M (3.49)
(€m0 EYmuxH (royrn) T (§1:€)
Consider the set
[ (€n.0).Qr) € Yo x H (ro,m)| T (6,1,¢) = 1, (3.50)
mggfzrératr:roandérzoatr:rw ' .

where the functions &, n and ¢ are restricted to (0,79), and the function Q, is
restricted to (rg, 7). We want to show that the infimum of E,, (&, 7, (, @T) over
the set Ay is achieved and is negative and that the minimizer solves and
(3.11) with the corresponding boundary conditions. First, we study the lower bound
of the energy E,, r(&,n,¢, @T) on the set A,.

Lemma 3.17. The energy Ep, (€, C, @T) has a lower bound on the set As.

Proof. We can directly get from the energy (2.27) that for 0 < so < s1 < 70,

2

~ 5 [T° 1 , m
Em,k(§7n7C7Qr) Z 2T /0 Yp |:;(T§) - k’? + ?C:|

zzﬁ/m [lm n + c}

+ 272 (/ />2p§ dr, Y(&n,Q) € As.

Recalling (3:22), for every s; < 79, we have [272 f051 2p'€2dr| < CJ. Hence, we get

ro
rdr + 27r2/ 2p'E2dr
0

2

B¢, Q) = 20% [0y

S0

ro
rdr + 2r? / 2p'E%dr — C.J.
51
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The key is to control fsrlg 2p'€2dr. Since in the interval (sq,7), using Lemma [3.7]
similarly as (3.25), we know that

/TO 2p' (r)&2dr

S1

= [ < Cosng s + Colsn) [ e

S1 S1

)
< C(o)TIp(s1) + (Cp(s1)o + Cg(sl))/ p&dr. (3.51)
S0
Choosing s; close enough to rg and o small enough such that Cp(s1)o+Cg(s1) < 3,
yields that

2

Frnad6in €. Q) = 7 [ op|Hoey | rar - 307 > 307 = 30

which implies that the energy E,, (£, 7, ¢, @T) has a lower bound on the set A,.
O

Now we prove the coercivity estimate. Using the fact that J7(£,7n,{) = 1 and
E,, . has a lower bound on the set Ay, we can choose a minimizing sequence such
that along the minimizing sequence, we know that M < Em,k(ﬁn,nn,én,@m) <
M + 1, and therefore we have coercivity estimate:

(& 0msC)lI3,, . ST +C(M+1)+C /0 (2p'&2 + ypkPnir)dr < C.
(3.52)

Next, we prove that the infimum of E,, (£, 7, ¢, @T) over the set As is negative.

mQBg(r*)
e

Proposition 3.18. If there exists v* € (0,79) such that 2p’(r*) + < 0,

then it holds that A =inf E,, j; < 0.

Proof. Since both E,, ;, and J are homogeneous degree 2, it suffices to show that

inf M

<0.
(E11.0,00)EYm i x H (rorw) I (€,1,C)

But since J is positive definite, one may reduce to constructing any ((£, 7, ¢), @T)) S
Yok X H(ro,7,) such that
Eme(f, 777 Cv @7’) < O

2 p2
If there exists r* € (0,79) such that 2p’ + mTB" < 0, then we can choose a smooth
function £* € C2°(0,rp) such that

To 2B2
2%2/ {Zp' + 0] & 2dr < 0.
0

r
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rh(ré ) ke and ¢t = L (kn* — L(r&*)"), such

m2Z k22

that the first and second terms of E,, 1(£*,n*, (", @:) in vanish, that is

o B —kBy(re*) + 2kBye*1?
2 2 2,2 0, * 6 _
2 /0 (m* +k“r ){777 + o rdr =0,

Then, we can assume that n* =

*

ro 1 m¢*]?
2%2/ Yp |:—(’/‘€*)I —kn* + ] rdr = 0.
0 r T
Here, £, n* and (* are smooth functions and belong to the space Y, 1.
Minimizing energy Ep, (£,1, ¢, @T) with respect to n* and (*, so we consider
the limit £k — oo, then we can get that

~ —~ T0 2 2 ro 9 5
Ber @) = Jim (2 [ Lo e o [ 0
0 0

k—+oc0 m? + k2r?)

r

*2 2
X dr — 2w [77712 T

geateod i )

70 2B2
= 27r2/ [2;0’ + u] &2dr < 0,
0 T
which implies the result. O

Using Proposition we can achieve the minimizer of the energy

Em,k(§7 m, C7 @r)
Proposition 3.19. If A =inf E,, ;, <0, then E,, 1(&€,7,C, @T) achieves its infimum
on the set As.

Proof. First from Lemmal[3.17 we have that E,, (&, n, ¢, @T) is bounded below on
the set As. Assume that ((£,,,9n,Cn), @m) € As be a minimizing sequence. Then
(€151, Cn) is bounded in Yy, 1 (see (3:39)), and Q. is bounded in HY(ro, ), s0
up to the extraction of a subsequence 1, = vm? + k2r?|By|[ 1= — W((rﬁn)’ -
26,)]r7 = ¥ = Vm? + k22| By|[2 — o ((r€) — 26)]r? weakly in L2, and
(€n: Qrn) — (£,Qy) strongly in V x L%(rg,7,) from the compact embedding in
Lemmal[3.15]and the compact embedding H'(rg,7,) CC L?(rg, 7). By weak lower
semi-continuity, since v,, — 9 in the space L%(0,7g), we have

" 2 2.2vp2 |1 k
/0 (m” + k") By [;_mQ—FerQ

2
(re) - 25)} rr

To 2
- 2, 1.2.2yp2 |TIn
< hnrggéf/O (m* + k“r°)By [7 T k2 ((rén)' — 2571)} rdr.

Because of the quadratic structure of all the terms in the integrals defining E,, .,
similarly by weak lower semi-continuity, we have

o 1 , m 1?
/ P [;(Tf) —kn+ 74]
0

o 1 m . 1?
rdr < lim inf/ yp {—(rﬁn)' — knyp, + —Cn] rdr.
n—oo Jfg r r
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Now let us deal with [;° T(m@figfz) —r€) )%+ [, 20"+ @]{%dr by the following

two cases.

Case I. When |m| = 1, we can write for every so > 0,
" m? B} 132 " m?By1
/0 T ey (6 76 dr—i—/ [2;0 + = ]5 dr
2B2 Lo
STRTy
B
(/ / )[2p—|— ]gd (3.53)

Applying (2:34) and (2.35) in Lemma [2.3] for fixed k we have

S0 mQBg /12 50 2
| e e -+ | Pp N ]5
= [7 3RO+ 310800 06 (6, - 6 Par
+ / SO [‘%JZ(OV - %J’zw)ﬂz(mrz + 0(’"3)} Sudr
0
- [ HJZ(W + 3 TO0)1.(00 + o(rﬂ (67 — 2060, )dr
0
+ [ 5ror- om0+ or)| da
0 2 : : ’ '
- [" [fr0r+ sr0m.007 + 00 ez
0
+ / K Bmy 4 J;<o>Jz(0>r2] €2dr
0
[ 5ror - nomo v ort) éd
0
_ / SO EJZ(O% + O(rz)} r2¢2dr + / " o
0 0
On the other hand, it follows from By = 1 [ sJ.(s)ds that

1Bl _ 10l

— )
0<r<ro T 2

which gives that By(0) = 0. Assume ($5, M0, Cn) € Yon .k and T (§n, 00, Cn) = 1, by
(3:43) and By(0) = 0, we choose sp small enough, such that C'sg + C's3 < k with
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K= %, l € N, then we have for n large enough such that
S0 S0
| o, ~gpar+ [ owe, - g
0 0

SC’SO/ 7‘3|§,'1—£'|2d7“+03(2)/ r|£n—§|2dr
0 0

< COso+Csi <k, (3.54)

which together with weak lower semi-continuity, gives that

SO}QT r2y| p2e2 % V2
/0 [4JZ(O) +O( )} §d7’+/0 O(r?)é°d

< lim inf {/080 [%Jg(())r + O(ﬂ)} r2E2dr + /050 O(ﬁ)fidr} . (3.55)

n—roo

Hence, we have

% m*Bj 2 % 24
/) T(mQ + k2r2) (5 - 7{ ) dT+/ |:2p + :| 5

= [" [0 et [T 0wt
. |1
< li;gioréf {/050 BJ?(O)T—F 0(7“2)] r2&dr —|—/ O(r €2d7‘}

S0 2 R2 EN) 2
:liniiréf{/o %(sn—r%)?ciw/ [2 + = ]5%}
(3.56)

On the other hand, by weak lower semi-continuity, we can show that
T0 m2Bg o T0 m232
08 (e — d D2y
| s [ ew
. . ro m2Bg 71 \2 . .
< lim inf /SO m(&z —r&,) dr + hnrgloréf

n—oo

"B gy

S0

(3.57)

From Lemmal[3.15] for sq near r = rq, it holds that as n — oo,

/ Pln — €[2dr < (/ Bz|5n—s|2dr)2 (/ 2l —s|2dr)2
< ( | B, —§I2dr)2 ( [ e —€|2d7")2 0.
<C (/ BZ|¢, —§|2dr> : -0,
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and

0
/ _p/|§n - f|2d7“ — 07

s1
where we have used &, is uniformly bounded in Hl(so7 sl) and J, € L*°([0, ro]).

Case II. When |m| > 2, the positive term [;* m(gn rél)? is dealt by
weak lower semi-continuity, which implies that

0 22 70 22
/ T Bo (¢ rey <timint [ B0 (e ey,
0

r(m? + k%r?) n—oo Jo  r(m2+ k2r2)

For the term [;°[2 ’+ = Be]§2dr we have for every sg > 0,

o 32
dr = 9] ndr. 3.58
J e ([ ) o2
Applying (2:34) and m in Lemma 23] we deduce

/Os [2 T QB]gdr

-/ ! [_Jﬁ(o)r 2RO + m? GJZ(O)T + %Jxomzw)rz) + 0<r3>]

4

Assume J(&n,Mn,Cn) = 1, we choose sg small enough, such that Csy < k, with
K = %, [ € N, then we have for n large enough such that

S0 S0
[ ote —epar < cs [rig-ePir<cso<n @o0)
0 0

which together with weak lower semi-continuity, gives that

/050 {219 + iB ]5 dr = /050 Km; - 1) Jﬁ(O)rJrO(rZ)] &dr

< hminf/oso Km; - 1) J2(0)r + 0(7"2)] Endr

n—o0

X E2dr = /050 [(m—2 ~ 1) J2(0)r + O(rz)} E2dr. (3.59)

S0

= lim inf {2 + I } &dr (3.61)

n— oo
0
On the other hand, by weak lower semi-continuity, we can show that
2B To 2B2
——2£2dr < liminf Mfidr

S0 n—roo S0

From Lemma [3-15] for s; near r = g, similarly it holds that as n — oo,

/p'|§n—£|2drsc(/ Bglin—ﬂzdr) N

0
/ —p'|&, — €Pdr — 0.

S1

(3.62)
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Therefore, we get that for any fixed k and m # 0,

Em,k(f,n,é, @7’) < 1ini>inf Em,k(fnananv @rn) = ijllf Em,k-
n— 00 2

All that remains is to show that ((§,7, (), @T) € As.

Again by lower semi-continuity, we know that J7(&,7n,{) < 1. Suppose by way
of contradiction that J7(¢,7,{) < 1. By the homogeneity of J, we may find
a > 1 so that J(a&,an,al) = 1, i.e. we may scale up ((ﬁ,n,C),@r) so that
((af,an,a(),a@r) € As. By Proposition B:I8] we know that inf E,, , < 0, and
from this we deduce that

Em,k(aga arny, 0147 a@r) = a2Em,k(£v m, Cv Q\r) = 042 inf Em,k < inf Em,k7

which is a contradiction since ((a€, am, al),aQ,) € As. Hence J(€,7,C) = 1, so
that ((67”7<)7Qr> € As. o

We now prove that the minimizer constructed in the previous result satisfies
Euler-Lagrange equations equivalent to (3:10) and (3:IT) with suitable boundary
conditions.

Proposition 3.20. Let ((¢,7,(), @T) € Ay be the minimizers of E, |, constructed
in Proposition[319]1 Then (£,1,¢) are smooth in (0,7¢) and satisfy

dyp+Bid —m? o, B\ d o, 2kBZ dm
——=Bj—r|— ——k Bj) — ——
dr r  dr 20T\ 52 dr (v + Bo) dr v P
k(yp+B3) d  2kBj ) o m? 5 mk
T%T T —k*(yp+ Bj) — ,],__QBG T’)’p
_mwpd mk om?
r2 dr r P 7z P
3 3
< [n|==pr|n|. (3.63)
¢ ¢
the solution @T is smooth on (ro, 1) and satisfies
r ~ 1 =~
w7 )|~ =0, (3.64)
along with the interface boundary condition
B¢ — B3¢'r + kBinr = ByQor, at T =ro, (3.65)
where the other two components of @ are denoted by @9 = _W(T@TY and

Qz = W(TQT) .
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Proof. Fix ((£0,70,¢0),@r) € Y.k X H(ro, ) and assume they satisfy mBp&y =
rq, on the boundary r = ry and ¢, = 0 on the boundary r = r,,. Define
J(t, ) =T+t + 7Em + tno + 70, + o + 7).
Note that j(0,0) = 1. Moreover, j is smooth
9j
ot
9j
or

So, by the inverse function theorem, we can solve for 7 = 7(¢) in a neighborhood
of 0 as a C! function of ¢ so that 7(0) = 0 and j(¢,7(t)) = 1. We may differentiate
the last equation to find

mow—%{éo%@@+mm+QOMn

=2(0,0) = 27° /T0 20(€2 +1? + )rdr = 2.
0

8] adj B
5 —(0,0) + 8_7(0 0)7'(0) = 0,
which gives that
, 105 5 [T°
7(0) = —=—=(0,0) = =27 (&0 + non + CoC)rdr.
2 0t 0

Since ((£,7,0), @T) are minimizers over the set Ay, we may make variations with
respect to ((€o,70,C0), @) to find that

0- 2

2| BE+t&o + (080 + tno + 780, ¢ + o + T(1)C, Qr +tg, +7Q,),

t=0

which implies that

) 22 2 2,2\ R2
0= [ P 0 () + o) - ) + T Py

m?2 + k2r2) r
kB3 (ré)n | 2kB} k2 B2 L %PB?
B BBy P ey ey~ 2P ey
kB2 2k32 2]{:232 4]{:232
- Te(rf) o 95 no — Wfo( ré) + Wfﬁo
_|_,7p |: (Tf) (T,go)/ + —k(?‘f) 770:— T(’I“f) CO + - (’I“f()) 77:‘ %(T{O) C
2B2
© (o 20) (i s 26) i [ 2]

0 232 B
+47TQT/(0)/0 {Mfzm)l(rﬁ)’ﬁ + Bo(r€)? + (m® + k*r?) [7977

/ 2 2
L ~FBo(r) +2k395] o [%(r@,_km %c] }rdr

m2 + k272
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2m?2 B2
2 0 (2
— 4727’ (0) {77712 m k2r2£ ]
T=To

~

Tw e 1
+ 471'2/ |:Qr(h + m(?"@r)l(rqr)l} rdr

Tw [ 1 .
2 2 2
warte0) [ 10, 4 gl Q0

that is
2
0= 1x [ LB eyt +rn(re) - (ko) — kB0 n + P2 )
2k2B32 . 2k%B? ,  4k2B? ,
- Tkgﬂré(r&)) - Wkgﬂréo(r&) + Wkgﬂf(rfo) — kyp(réo)'n
2 k‘2 2 B2 kB2 k‘B2
+ Poptreoyc+ PRI ) BB gy o) + 2B ()
k k
= Ee) - (rmo) + K ypn - (rmo) = “=ApG - (o) + “E (rE) (rGo)
k 2 2m?2 B2
- mT'ypn(rCo) + T:—ch : (7"40)} dr — An® [#550] .

Tw [ 1 R
2
o / [Q”’T i m(’“%’(%)’} rdr + 27 (0)A.
Therefore, we can prove that

_H(0)A = 272 / " MG + 1o + CCo)rdr
0

B 27Tz/ {7p+ (r&)'(réo)' + 1o (r€) - (réo) — kBj(réo)'n
0 T

21<:B9 2k2 B2 2k2 B2

(réo) - m TEree ré(réo)" — mrfo(rf)/

4k239

T et

2
(réo) — kyp(réo)'n + %VP(T&)/C + (% + k2) Bgn

kB2 kB2 k
~(r1m0) = Te(rf)'(”?o) 12 . L¢- (rmo) — %(TS)' - (rmo) + k*ypn

2

L(re) (ro) — mTkvpn(TCo) + T—zwé

-(rno) — mTkvpé- (rmo) +

2m2Bg

: (rCo)} dr — 27° [mffo]

Tw T 1 .
2 / 1
+ 2 /TO [quT + o (r@Q,) (rq:) } rdr. (3.66)

T=To
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Noting that

m?B3  2m?By (2)  ak’m’B} 2%2p’
73 r(m? +k2r2)  r(m2 +k2r2)2  m2 + k292 |’

1
P/ = —;(TBG)/BG,

we can get that

7o 212 2122
/0 {7“50(7“5) - (réo) — mzkirf(rfo)' - MT&)(T@/

2 4 k2y2 m2 + k2r2

AK’B}
m?2 + k2

0 2 B2 ! 2]€2 2B2
:/0 {7:—2335-(7“50) + (T—g) (rg) - (7‘50)} dr — { 2 _,_kzrzggo] _

Since &gy, 19, (o and ¢, are independent, and using

B ) - [2e] - e,

- 5(7“50)}

2 1 12,2 2 1 12,2
m? + k?r + k2r r—ro

inserting the above identity into (3.66), one has the triplet of equations

2

~ [ o+ Bty ar+ [ 2Bgkngadr + [ (@) (1) - (réo)dr
0 0 0 r

m2

+/0 W“L WG ey vy dr + b (r&o)dr+/oo%7p(7“€o)'éd7“

Tw Y 1 - T0
~21B3ggol, =, + | [Qrwm(r@)’(rqn'} e = [ paéosrar

To

0 2 T0 2 o )
/ (% + k?) Bjn- (rno)dr —/ M(rf)’(rno)dw/ 2B}
0 ; 0

r

To

To mk T0
“(rmo)dr + / k*ypn - (rmo)dr — / = pG - (ri)dr = / pAnonrdr,
0 0 0

0 2

/0 Pyp(rf) (ro)dr —/0 ) mTk’ypn(TCo)err/o T—Q’YPC'(TCo)dT

B / " pGocrr. (3.67)
0

By making variation with & compactly supported in (0,79), and make variations
qr compactly supported in (rg, ), one gets that (£,7,() satisfy (3.63) in a weak
sense in (0,79) and @, satisfies (3:64) in a weak sense in (rg,ry)-



454  D. Bian, Y. Guo & I. Tice

Now we show that the interface boundary condition (3.65) is satisfied. From the
first equation (3.63), we know that

o {w (;(rﬁ)/ —kn+ %c)] + = [Bg <;(T§)/ _ knﬂ _ Gfef

B B B3 (1 2
_Bie Lf ) <_(r§)/ ey — m_g) — A,
r T T T T

which together with (£,7,¢) € Yy, 1 (see (339)) and £ € V' (see (3.40)), gives that
d 1 , m 5 (1 , 5 (T0
. [VP (;(Tf) — kn+ 7() + Bj (;(Tf) —kn)| el (5,7"0) .
After a similar argument, we have
d r ~
ar [mm)’] € L¥{ro,mw)

s0 Yp(L(r&) —kn+2¢)+ B3 (L(ré)’ —kn) and m(rér)’ are well-defined at the
endpoint r = rg. Make variations with respect to & € C°(0, ], ¢ € C°[rg, rw)-
Integrating the terms in (3.67) with derivatives of &y and ¢, by parts, using & solves
the first equation of (3.63) on (0,79) and Q, solves ([3.64) on (rg, ry), we get that

[(vp + B3)(r€) &0 — k(vp + Bg)néor — 2B5€&0 + mypC&olr=r,

r

Y
ey e =0

T=T0

Since &y and g, may be chosen arbitrarily, and ¢, satisfies mégfo = rq, on the

boundary r = rg, using p = 0 on the boundary r = ry and Qg = _W(T@TY’
we deduce the interface boundary condition
[Ba¢ — Bi¢'r + kBanr — gg@gr]|T:T0 =0. O

4. Analysis About the Growing Mode as a Function of m and k

In this section, we first prove the growing mode is bounded for any (m, k) € Z x Z,
if the pressure satisfies [p’| < Cp for r near ry, and then show that the growing
mode has no lower bound under suitable condition of the pressure p. First, we prove
the growing mode is bounded for any m and k, under the condition |p’| < Cp for r
near ro.

Proposition 4.1. If |p’| < Cp for r near rq, then the growing mode is bounded for
any m and k.

Proof. We can directly get from the energy Fyj and E,, ; in 226) and (227)
that for any m and k
0 S1
By > 277 / 2p'E2dr = 21 / 2p'E2dr + 21 /
0 0 s

ro
2p'E2dr.

1
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2
From p’ = —ByBj, — Be = —Byl., it follows that for s; near rg

S1 S1 / S1 B
/ p'E2dr| = ‘/ gf%dr = ‘—/ —9J252rd7"
0 o T 0 r
and

T0 T0o p/
/ p'E2dr / —p&ldr
s1 s1 P P

On the other hand, it follows from By = L [ sJ.(s)ds that

1Bl _ Il

0<r<rg T o 2

r

sup |J.|T

0<r<rg

< sup
0<r<rg

/

J.

< sup
0<r<rg

Therefore, we get from [p'| < Cp for r near ro that

70
/ 2p' 2 dr
0

which ensures that the energy Ey j and E,, j have a uniform lower bound. There-
fore, the growing mode is bounded. O

<C(J),

Now we introduce the following examples which ensures the condition in
Proposition [£1]

Example 4.1. (I) Assume p(r) = C(rg —r)? for r near ro and 8 > 1. If y > %,
then |p’| < Cp for r near ¢ and the growing mode is bounded for any m and k.
(IT) Assume p = Cexp{—(ro — r)~?} for r near 79 and 8 > 0. If v > 1, then
|p'] < Cp for r near o and the growing mode is bounded for any m and k.

Proof. (I) Since p = C(rg —r)? for r near 7y, we deduce that p/(r) ~ —(ro —r)°~*
for r near ro. By p = Ap”, we have p ~ (rg — r)% for r near rq. Hence, if v > %,
then |p’'| < Cp for r near ry. By Proposition [£.I] we get that the growing mode is
bounded for any m and k.

(IT) Since p = Cexp{—(ro — )P} for r near rq, we get that for r near ro,

%exp{—(ro — )P

pl(r) ~ = (TO _r

By p = Ap?, we have p ~ exp{—%(rg —7)7P}. Hence, if v > 1, then |p/| < Cp for
r near ro. By Proposition [£.1] similarly we get that the growing mode is bounded
for any m and k. O

Finally, we prove that the growing mode has no lower bound under suitable
condition of the pressure.

Proposition 4.2. Assume p(r) = C(ro —1)? for v near rq and B > 1. If vy < %,

then % — —00 as r — ro and the growing mode has no lower bound.
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Proof. Since p(r) = C|r — ro|? for r near rg, from (I) in Example we know
that p’ ~ —|r —70/°~! and p ~ |r —ro|> for  near ro. Hence, if v < %, then

’
B — —occasr—ro.

Now we prove the ill-posedness by the above facts. We can choose w as any
smooth function with compact support near 0 and define a sequence of test functions

2
& = w(k*[r — o)), Mk = kl_r((rfk)l - %&L such that

T 2
22 0k2( + B? _ L T dr=0
P+ By) [k . (rék) w+32§k rdr = 0.
0 6

It follows that
0r&i = kW' (k*[r — o))
and
e ~ k7w’ (k% [r — o)) + kT w(k®[r — ro]).

Therefore, we get for 0 < a < 1 that

Jok = / p(&k + nip)rdr
0
"o 8, .9 2
~ |1 — 7ol ¥ (& + mjp)rdr
0
o s « 2
N/ 7 — 70| % [w(k*[r — ro])|2dr
0
+ / [ — 70| T K222 (K [r — o)) [2dr
0

o
+/ |r—r0|%k*2|w'(k°‘[r—ro])|2dr (let 2 = k*[r —rq))
0

ap (K10 5 ap [FT0 g
~ kTS 27 w(2)|?dz + k> / 27w’ (2)2dz
0 0

_o_q—28 k%o B ’ 2
+k g zv|w'(2)]*dz
0

aB

~ T (4.1)

Since p(r) ~ |r —ro|? and p’ ~ —|r — 1o|?~! for r near rg, we obtain

0 2p/ 4,YpBg 5
Eo i = Eok(&k, Mk 22772/ {[—4-7 ¢
(S 0 ro 2w+ Byt

1 2B} ?
#2m+ 58) - 1 (6 - =2 )| }rdr
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To [ 9/ 4 B2
2 p TPDy 2
- LI o N 2
! /0 {7“ 2+ B | Y
ro
~ —/ lr — ro|P~tw? (k*[r — ro))dr
0
0
+/ Ir — ro|Pw? (k*[r — ro])dr  (let z = k%[r — 7q])
0

ka’r‘g
~ —k’_o‘_o‘(ﬁ_l)/ P2 (2)dz
0

k}aTo
+ kfo‘*aﬁ/ 2Pw?(2)dz ~ —k—7eB=D),
0

(4.2)
Choosing 0 < a < 1, if v < %, then we get as k — oo that
E, _kfafa(,é’fl) o
A, = min Ok T = _EF e o O
0,k A

Appendix A. Perturbed MHD System in Lagrangian Coordinates
A.1. Harmonic extension of the free surface

According to Sec. 2] we know that the equation of the free surface S; ,, may be
read as follows:

h(t,X) =X +g(t,X), (X €Zopw={z=r0}),
that is
h"(t,10,0,2) =10+ g"(t,70,0,2),
RO (t,r0,0,2) = 0 + g°(t, 70,0, 2),
h*(t,r0,0,2) = z + g*(t, 70,0, 2).
We consider the fixed equilibrium vacuum domain
Qf ={(r,0,2) € C(0;r9,7y) % [0,27] X 20T|rg < r < ry,0 € (0,27, 2z € 27T}
(A1)

for which we will write the coordinates as X € Qg. We will think of ¥ ,, =
{(r,0,2)|r = 19,0 € [0,27],z € 27T} as the plasma—vacuum interface of Qf, and
we will write X, = {(r,0,2)|r = ry,0 € [0,27],z € 20T} for the outer perfectly
conducting wall.

We continue to view g(t,70,60,2) = g¢"(t,r0,0,2) e, + g°(t,70,0,2)eq +
g*(t, 70,0, 2) e, as a vector field on R x X ,,,,. We then define a vector field in cylin-
drical coordinates W(t,r,0,2) = U (t, 7,0, 2) e, + WO (L, 7,0, 2) eg + W*(t,7,0,2) e, as
the displacement in vacuum

U(t,r0,z) = Hy,g = generalized harmonic extension of g into Qf,  (A.2)
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where H,g solves the following Laplacian equations:

AT =0, in Q,
(A.3)
Ulr+xso,m =9 Ylrtxs, =0,
that is
~ 1 . 2 0 o
(A — 7"_2) U — r—zagllf =0, in Qf,
Vgt xso, =9 Vrixs, =0,
X 1 0 2 90" Qv
— 7"_2 ) + 7"_2 Q\IJ = O, m 05

0 _ 0 9 _
Ulptxso, =9° Yrtxxz, =0,

VARt x50, = 9% YPlrtxz, =0,

{E U =0, in QY.
with A =92 + 2= + 92 + 192,
The generalized harmonic extension ® := Id + ¥ in vacuum of the flow map h
allows us to flatten the coordinate domain via the mapping

Q) 2 (rs, 05, 25) > (L, 75,05, 25) = (1,y,2) € QV(L).
Remark A.1. Note that
(b(t, EO,pv) = Et,p’u; (I’(t, )

s, = 1d

Sws

that is, ® maps X ,, to the free surface and keeps the outer perfectly conducting
wall fixed.

A.2. Vacuum equations in Lagrangian coordinates

According to the extended co-moving frame X (t) = ®(t,r,0,z), we may introduce
the“virtual velocity” field @(t, ®) = £®(t,r,0,z) reduced by the virtual particle
in vacuum (which satisfies || = o(1) when we consider the non-relativistic MHD,
here ¢ is the light speed).

We define Lagrangian quantities in vacuum as follows:

b(t, X) = B(t,®(t, X)), o(t,X)=1au(t,(t, X)), A= (D®)"", J=det(D®).

Similar to (2.3) and (2.4)), thanks to definitions of the mapping 7 and the displace-
ment ¥ in vacuum, we may also get the following identities:

AL 07 = A9, 0% =51, O(JAF) =0, 8,97 =5 + 8,07,
Al =67 — AFo 0,
Al = — AL Ar0L0,0%, 0,07 = ;9" Aot = AL, + 0,WF AL o,
Od = JAIOT,  0yJ = JA9;0,0°, 0,A] = — Al ALoo*. (A.4)
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If the displacement ¥ is sufficiently small in an appropriate Sobolev space, then the
flow mapping @ is a diffeomorphism from f to Q¥(¢), which allows us to switch
back and forth from Lagrangian to Eulerian coordinates.

Denote (V 7)i = JZ{ 0;, then we may write the vacuum equations in Lagrangian
coordinates as follows:

Vi b=0 Vzxb=0 inQ. (A.5)

A.3. Decompositions of Lagrangian quantities around the
equilibrium

A.3.1. Decompositions of J and b

We may compute the Jacobian of the Lagrangian transformation as follows:

Opg? 1
J =det(D(h)) = (1 + GT—g + ;gr) (L+0.9°)(1 + 0rg") — 0:9"0rg%)

8 r 0 a z a r 0
+ (9—9 - g—) 0.9°0,9" + 220,4%0.9" — ( v 9—) 0,9°(1+ 0.9°)
T T T T T

8 z

—%azg"(uargr):1+J1:1+V~g+,]2,
where

1 g’

J1:=V g+ Js, V-g=8T9T+;gT+8zgz+i—g7

Dpg? 1
J2 = argr ng + (971_9 + ;gr) (8zgz + argr + argrazgz - 8ngazgr) - azgrargz

r

Ona” 0 Ona? Ona” 0
+ (ﬂ - 97) 0.9"0,g" + =2-0,9"0.9" - ( - %) 0,9 (1 + 0.9°)

a z
- 97.‘9 8zge(]- +8Tgr)
Denote
b1 =0bo-Vg—bV-g,
(A.6)
by = —J_l((JQ +V- g)b1 + ngo),
then we can split b into three parts
b= by + b1 + by. (A7)

A.3.2. Decompositions of the pressure q
We first write
q=AplJ 7 =poJ 7V =po+poJ (1 —J)
=po+poJ T(1=(14+V-g+J2)7),
which implies ¢ = po(1 =7V g+ Q2), with Q2 = (14+V-g+ J2) 7 — (1 =~V -g).



460 D. Bian, Y. Guo & I. Tice

Since we expect that J —1 = V - g + J5 is small, we obtain from the Taylor
expansion that

1
Q2:—7J2+§’)’(7+1)(V'9+J2)2

—%W(w+l)(’y+2)(v-g+J2)3/ (1 =721+ 7(V - g+ o))" "2dr.
0

Therefore, we split ¢ into three parts ¢ = po + ¢1 + q2, with ¢ = —ypoV - g and
q2 = po Q2.

A.3.3. Decompositions of the normal vector N on the free surface
Let ng = e, N; = JAIng j, then we have
N = ng +ni + na, (A8)

with

A.3.4. Decompositions of Lagrangian quantities around the
equilibrium in vacuum

From Lemma [21] we know that the equilibrium vacuum magnetic field B =
By(r)eg = Ba(ro)*2ep. So in vacuum, we will use (A.2) and (A.3) to split b into
three parts in Lagrangian coordinates as

b= o-l-gl +32, (A.9)

where

by (first order about ¥),

52 = O (nonlinear term about ¥).
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From the vacuum equations in Lagrangian coordinates (A.5), we can get the
linearized vacuum equations in a perturbation around steady solution as follows:

V b1+ Vg by =0,

V><31+VX1 x by = 0,

n@l:(), ON T = Ty,

no - (b1 _31) =n- (go—bo) onr =ry,
with

ng = €r, blzbo-Vg—b0V~g,

vy Vo 9pu
ni = (az\IfZ L 7) er + (— - 89r ) eg — 0. 0"e,,

T r
_8T\I’T _aT\Ije _8T\I’Z
~ 0pwr WY DpWl T 0pW*
Al - B r + T B T B 7 B T
-0, U -0, 0 -0, ¥*

From the steady solution 30 = ég (r)es = Ba(ro)"*eg in vacuum domain, it follows
that

B
o -2 9
R T
Vbo=| . :
0By, 0 0
0 0 0

which gives that

~ - B ~ /1 oo ~
V 3, - bo = Tr(A] V) = 79&\1:9 — 8,By (;agqﬂ - 7) = -V (V- Vh).

On the other hand, we have

Vi, % by = Eijkvzl\ljlal/l;]g = €ijk(vzl\1jl(vg0)kl) = Eijk(vzl\l(vgo)T)jk
B .

0,0 =% ~0, 979, By 0

Wl U\ B el WO\
= €ijk (9 +—>—9 (—9 +—)8TB9 0
r r)or r r

B .

9, wo =2 —9.U70, By 0

r jk

~

~ B
= ¢,0,U70, By + eg0., W 2%
"
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r r

+ez

)

v wr\ B, ~
—(a" + )70—8T\I!T8TBG

. . VL]
V% (W V) = — (erar + 67989 + ezaz) x <egqﬂang —e— ")

0:9°By %Dy
r i T

= eraleﬂarég + eq

T B,

- ezarll'rargg —er—u—
’

So we can show that V;G xgo =-Vx (\I!-VEO). Therefore, from by = by-Vg—0boV-g
in (A6), it follows that
V(b — - Vby) =0,
V x (by — W - Vby) = 0,
n-31:O7 ON T = Ty,
no'(bO'vg_bQV'g_/b\l):n]_'(/b\()_b())7 onr =ry,

with n; = (8Z\I!Z+a"7\w+‘p—r)er+(q’70—%—Wr)eg—az\llrez. Denoting @ :31—\I!-V30,

T

using the fact that by = by on the boundary r = ro, from (A.2) and (E3), we can
show that on the boundary r = rg

no - (bo- Vg —boV-g—b1) =ng-(by-Vg—byV-g—g-Vbo—Q)
=ng-(bo-Vg—boV-g—g-Vby—Q)=ng-(Vx(gxby) —Q)=0.

Therefore, in vacuum domain, we obtain

vV-Q=0,
VxQ=0,
N (A.10)
n-Q =0, ON 7" = Ty,
no-Vx(gxgo):no-@ onr=rg.
A.4. Perturbed MHD system in plasma
Thanks to the decomposition of b and ¢ again, we have
1 1
q+ §|b|2 =po+q+q+ §|b0 + by +b2|2
1
=po+ §|b0|2 —ypoV - g+by-b1 + Ry (A.11)

with
1
Rip="00-ba+q2+ §|b1+b2|2. (A.12)
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While for b - V 4b, it shows that Jb -V 4b = by - Vb, where we have used the
equality 1) Jb' A} = bj.
Since b = J~(bo + bo - Vg), we decompose J b -V 4b as

Jb-V4b="by-Vby+ bg-Vby + bg- Vb :bO'VbO—FbQ'Vbl—FJRl,b.
(A13)

Using (A.11)), we may deduce that
Lo\ _ L2 j
Valag+ §|b| = A0; | po + §|b0| —ypoV - g +bo b1 | + A3.0; Ry p.
(A.14)

Combining (A.13) with (A.14), we obtain
1 1
JV 4 <Q+ §|b|2> —Jb-Vyub=JV4y <P0 + §|bo|2 —ypoV - g+ by 'bl)

—by - Vbg — by - Vb + JV.ARl,p — JRl,b~
(A.15)

Substituting and into the momentum equations of results in
1
podv + JV 4 <P0 + §|bo|2 — 7oV - g +bo- b1) —bo - Vbo — b - Vb1

=JRiy—JVARL,.

Let us now deal with the jump conditions on g ,, in (Z35). In fact, thanks to
(A.11), we know that

1 1~
_b2__b2
<q+2|| 2||>

1 1~
= <P0 + §|bo|2 —ypoV -g+bo-by + Ry p— §|b|2>

Zo0,pv Zo,pv
From the decomposition of bin (A29), it follows that
Ty 1~ o~ o g 1s g~~~ o
5101 = Slbol” +bo - b1 + S [b1[* + S{bal” + Do - ba + b - b
1~ o~
= §|b0|2+b0'bl + Rip, (A.16)
which along with ([2.9)), (A22), and (AL6), yields that
1 1~ ~ = ~
g+ =|b* — =[B] — (=7poV - g+bo-by+ Rip—bo b~ Ru)
2 2 o So.pe
1. 5 ~ A
=({=woV-g+b-Q+g-V §|bo| —bo-Q
1~ A
—9-V (5Bol?) +Rip—Rip)| . (A7)
2 E0.pv

with Q = V x (g x bg), Q = by — ¥ - Vby.
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In conclusion, we rephrase the MHD system (2.5) in a perturbation formulation
around the steady solution (see special steady solution for a z-pinch in (2.9)) as
follows:

8tg = in Qo,
1
po0iv + JV 4 (po + §|bo|2 —poV - g+bo- b1>
—bg - Vbyg — by - Vby
=JRip—JVAR, in Qg,

Vi b=0, Vixb=0 in QY (A.18)

n-blg,,, =n-blg,,, =0, n-blg, =0,

1 PN N
—’YPOV'9+bO'Q+9'V<§|bo|2) —bg - (b1 —g-Vby)

1~ ~
—g-V <§|b0|2> +Rip—Rip=0 on 2o o,

9|t:0 = gO7v|t:O = Vo,

with @ = V x (g x bg), b1 defined in (A6), Ry, defined in (AI2), JR;; defined
in and ﬁl,p defined in (A16). Let the initial data as the steady solution,
from the force V(p + 3|BJ?) = B - VB of the z-pinch (p, B, B), then the linearized
MHD system in a perturbation formulation around the steady solution takes the

following form:

0rg = in Q,

1
pOig +V(=ypV g+ B-b1) — B-Vby + V4, <P+ §|B|2>

+(V-9)V (p+%|B|2> =0 in Q,
Vb +Vg - B=0, in Q'
Vxb+Vg xB=0, in Q'
ng - (b1 —31) =n - (E — B) on Yo py,

1
—wV-g+B~Q+g-V<§IBI2>

~ o~ ~ 1 ~
:B-(bl—g-VB)+g-V<§|B|2), on 3o pv,

n '51|2w =0, glt=0 = go,
(A.19)
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with @ =V x (¢ x B), by = B-Vg— BV -g and A; is the first order of A, that is,
in cylindrical coordinates

_ Tgr _ TQO _ ng
Ona” 6 ) 2 T Ona?
A | Qg 9 O g | (A.20)
T T r r r
_azgr _ de _ Zgz
DpW?  wr A
ny = <8Z\I!Z +22= 4 —) e + (— - ) eg — 0. Ve,
T r
_8T\I’T _aT\Ije _8T\I’Z
~ 0T W OpW? T 0pU*
A=|T—+— - -— = (A.21)
r r T T T
_az\I’T _82\1’0 _aZ\IJZ

Denote the new function @ = 31 - . Vgo = 31 - Vé, after a computation, we
can get the above system which is equivalent to the following equations:

Org =0 in
pdig =V (g9-Vp+ypV-g)+ (V x B) x [V x (g x B)]

+{V x [V x (g x B)]} x B, in Q,
V-Q=0, in 0,
VX@ZO, in§v7
n Vx(gxﬁ):n Q. on Xy,

1 S 1
—vpV-g+B~Q+g-V<§IB|2)=B-Q+9-V<§|Bl2>, on 2o .,

n- @'Ew = 07 g|t:0 = go,
(A.22)

with @ =V x (g x B).

From the divergence free condition about the magnetic field in (2.5), we know
that V4 - b = 0 holds in Lagrangian coordinates. We now prove that the linear
perturbation of V 4 - b = 0 holds automatically.

Remark A.2. Assume the steady solution by = By(r)eq, then V.4, -bg+V-by =0
is the linear perturbation of V 4 - b = 0 and this linear perturbation holds for any

function g, where by is defined in and A; is defined in .

Proof. From the decomposition of A and b in Lagrangian coordinates, that is, A =
I + A; + O(nonlinear matrix about g) and (A7), it follows that the corresponding



466 D. Bian, Y. Guo & I. Tice

linear perturbation is V 4, - bgp + V - b1 = 0. From the steady solution by = By(r)eq,
it follows that

B
o -2 9
T
by =
Vo o.By 0 o)
0 0 0

which gives that
B 1 0
~bo = Tr(Af Vbo) = —0 .9 — 0, By (;@)gr - %) =—=V-(g-Vbo).

Therefore, V.4, -bo+V b1 =V -(bg-Vg—byV-g—g-Vbg). On the other hand, we
have V- by = 0, which implies the identity by -Vg—byV-g—g-Vby =V x (g X by).
Since from by = By(r)eg, we can show that

V[V x (g x bo)]

= (erar + 670(99 + 6232> . [(erﬁr + 67089 + ezaz) x (g"Bpe, — gZBgeT)}

BgOag” Bodoa?
= (erﬁr + 67089 + ezaz> . l:eTQTQg — €9 (8r(gTBQ) + Beazgz) + ez 9T9g :|
ByOgg" By0 1 Bp0y0.9*
=0 ( e ) 009" L (0,(00g" Ba) + Bod.Ong®) + 2000y,
r r r r
Hence, V 4, - bp + V - by = 0 holds automatically, which implies the result. O

In order to see the property of the force operator
F(g) =V(g-Vp+pV-g)+(V x B) X [V x (g x B)]
+{V x [V x (¢ x B)]} x B,

we consider two displacement vector fields g and h defined over the plasma volume
V', their associated magnetic field perturbations

Q=Vx(gxB), R=Vx(hxB),

and the vacuum perturbations CAQ and R defined over the vacuum volume V are
their extensions, that is, to “extend” the function g into the vacuum by means of
the magnetic field variable @, and likewise to “extend” h by means of R. Then by
Chap. 6 in Ref.[7] we have the following lemma.

Lemma A.3. Assume g € H? is a solution of (A22), then we get a _meaning
expression for the potential energy of interface plasma by identifying g, h, Q and R
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in the quadratic form (Appendiz A)

1
/h-F(g)dch:—/{va-gv-h—i—Q-R—i-§Vp-(gV-h+hV-g)
Q )

1 PO
+§V><B~(g><R+h><Q)}dx—/ Q- Rdx
Q’U

- /Egypvn~gn~hn~ Hv (p+%lBl2)” da,

which is symmetric in the variables g and h, and their extensions @ and R.
Proof. The proof can be recalled from Chap. 6 of Ref.[7] for completeness, we give
it as follows. By the equilibrium equation Vp = (V x B) x B, we have
V(g-Vp) = (Vg)-Vp+g-VVp=(Vpx V) xg+VpV-g+g-VVp
=(((VxB)xB)xV)xg+VpV-g+g-VVp
=(B(VxB)-V—(VxB)B-V)xg+VpV-g+g-VVp
=Bx(VxB) -Vg)—(VxB)x(B-Vg)+VpV-g+g-VVp,
which together with
(VxB)x[Vx(gxB)=(VxB)x(B-Vg—BV-g—g-VB)
=(VxB)x(B-Vg)—(VxB)xBV-g
—g-V((VxB)xB)—Bx(g-V(V x B)),
implies that
V(g-Vp) +(V x B) x [V x (g x B)]
=Bx ((VxB)-Vg)—Bx(g-V(V x B))
=-Bx(Vx(VxBxg)—(VxB)xBV-g
=-Bx(Vx(VxBxg))—VpV-g. (A.23)

Exploiting the inner products and by the expression (A.23), we can rewrite
h-F(g) as

h-F(g) =h-V(pV-g)—h-Bx{V x [V x (g x B)
+VXx(VxBxg)}—h-VpV-g. (A.24)
The first term in (A.24) gives the following expression

h-N(ypV - g) = —ypV gV - h+ V- (hypV - g). (A.25)
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From the definitions of () and R, the second term in can be rewritten as
—h-Bx{Vx[Vx(gxB)}=—{Vx[Vx(gxDB)}(hxB)
=-Vx(gxB)-Vx(hxB)+V-[(hxB)xVx(gxB)]
=—Q - R+V: [(hxB)xQ=—-Q -R+V-[Bh-Q—-hB-Q]. (A.26)

Applying the definitions of R and the equilibrium equation Vp = (V x B) x B =
V x B x B, we can rewrite the third and fourth terms in (A.24) as

—h-Bx[Vx(VxBxg)]—(h-VpV g
=—-VXBxg-R+V:[(hxB)x(VxBxg)]—(h-Vp)V-g
=¢g-(VxB)XR+V-[(VxB)B-(gxh)+gh-(VxBx B)]

=(h-Vp)V-g
=g-[V(h-Vp)+(VxB)xR|+V-[(VxB)B-(gxh),
which together with can be symmetrized as
h-{V(g-Vp)+(V x B) X[V x (9 x B)]} =h-[V(g-Vp)+(V x B) x Q]

:%h-[V(g-VpH—(VxB)xQ]+%g~[V(h~Vp)+(V><B)><R]

V[V x B)B-(gx )]

DN | =

+
1 1 1
=5V Vo (gh+hg)l = 5Vp-(9V h+hV-g) =V

><B-(ng—i—th)—l—%V-[(VxB)B-(gxh)]—%v
[(Vx B xB—Vp):(gh—hg)]

:_%vp.(gv.h+hv.g)—%VxB-(ng—i—th)
+V. h(g-Vp)—l—%(VxB)B-(gxh)
—%V-[(VXBXB)'(gh—hg)]- (A.27)

Adding up (A.25), (A.26) and shows that

1
h-F(g)= -V -gV-h=Q-R=Vp-(gV-h+hV-g)

1
—§V><B~(g><R+h><Q)

+V - [h(g-Vp)] =V - (hB-Q)+ V- (hypV -g)
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1
+§V-[(V><B)B-(gxh)]+V-(Bh-Q)
1
—§V-[(V><B><B)~(gh—hg)].
(A.28)
Integrating gives that
1
/h-F(g)dx:—/{ypv-gv-h—i—Q-R—i- EVp-(gV-h—FhV-g)
Q Q
+%V><B-(g><R+h><Q) dx
+ / n-h(g-Vp—B-Q+~pV - g)dz. (A.29)
Y0, pv

There are no contributions from the eighth, ninth and tenth terms of to
the surface integral, since n- B = 0 and n -V x B = 0 on the plasma surface,
whereas V x B x B is parallel to n. From the second interface condition of (A22]),
the surface integral takes the form of

/ n-h(g-Vp—B-Q+~pV - g)dx
30,pv

:—/ n-hg-HV(p—l—hBF)”dS—/ n-hB-Qdx
EO.pv 2 z:O,p'u
1 ~
z—/ n-gn-hn-HV(p—!——|B|2)” dS—/ n-hB - Qdx.
20,pv 2 Zo,pw

(A.30)

Here, we have used the facts the equilibrium jump condition [[p + 1|B[*]] = 0,
which implies that the tangential derivative of the jump vanishes as well t - [V (p +
£|B|?)]] = 0, where t is an arbitrary unit vector tangential to the surface.

Next, let us transform the last term in (A-30).

For some of the derivations here, it is useful to exploit the alternative represen-
tation of test function R in vacuum in terms of the vector potential R=vVxC ,
and using the first interface condition (A22)5 in terms of the vector potential C,
that is, n - hB = —n x 6’, one has

—/ n-hé-@dx:/ nxC-@dx:— @xé-ndm
Y0, pv

30,puv Y0, pv

:/ﬁ V-[@xé]dx:/ 6-VxO-0-VxClda
-

v

:_/_@.vXadx:_/ O Rde. (A.31)
- -

Q
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Now we prove R = V x C. First, extend function R to the domain QU Q" as
follows:
R inQ,

~

R inQ'.

Note that divR = 0 in @ and divR = 0 in Q" So for test function ¢ in QUQ", we
have

/__ A~V1/)dx:/ E.vwdx+/R.v¢da:
QuQ” Q Q
:n-ﬁwbﬁv—i—n-Rzﬂaﬁ—/_ divﬁ-wdx—/divR-wdx
Q’ Q

n-R|., +n-(R— R}

—/_ _ divA - 4pdz =0,

Qu’

where we have used the boundary conditions n- Ri)|,, = 0 and n- (R— R)t|,, =0,
with 7, the solid boundary and rs the interface. Hence, we get divA = 0 in the
domain QU Q" in the sense of distributions, which together with that the domain
Qun’is simply connected and the weak Poincare lemma, see Theorem IV 4.11
in Ref. 2] gives that A = V x C. When restricted to the vacuum domain QY, we
obtam A =R =V xC, and denote C = C|g». Combining with (A:30) and

1) yields (Appendix A}, which concludes the proof. O

/ divR - ¢da:—/d1vR Ydz

Remark A.4. Even though it is natural to expect the existence of such H? solu-
tions, their construction is beyond the focus of this paper, which will be left for the
future.

From Lemmal[A 3] we can get the following energy identity.

Lemma A.5. Assume g is a H? solution to the system with the correspond-
ing jump and boundary conditions, then we can get

/_ 1QP +p|V - gPldV + /_ (V x B)- (g x Q) + V- glg" - Vp)lde
Q Q
+ [ 10+ a3
- [ 1Qof? + 79IV - gof?Jdx + ﬁ [(V % B) - (g5 x Qo)
Q Q

5 aola - Voo + [ 1QoPda+ sl (A.32)

with Q =V x (g x B).
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Proof. Multiplying (A:22)2 by g/, similarly as the proof of Lemma[A3] we can

show
1d »  1d o 1d 5 5
VAl = —5 5 [ QP =52 [1QF +9plV - gl
1 d * *
3 ﬁ[(V x B) (9" xQ)+V-g(g" - Vp)lda, (A.33)
with @ =V X (g x B). Integrating about time, we have (A.32)). O
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