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Abstract. The classical coinvariant ring R, is defined as the quotient of
a polynomial ring in n variables by the positive-degree S,-invariants. It
has a known basis that respects the decomposition of R,, into irreducible
Sr-modules, consisting of the higher Specht polynomials due to Ariki,
Terasoma, and Yamada (Hiroshima Math J 27(1):177-188, 1997). We
provide an extension of the higher Specht basis to the generalized coin-
variant rings R, introduced in Haglund et al. (Adv Math 329:851-915,
2018). We also give a conjectured higher Specht basis for the Garsia—
Procesi modules R,,, and we provide a proof of the conjecture in the case
of two-row partition shapes p. We then combine these results to give a
higher Specht basis for an infinite subfamily of the modules Ry ;. re-
cently defined by Griffin (Trans Amer Math Soc, to appear, 2020), which
are a common generalization of R, and R,.
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1. Introduction and Background

The Specht polynomials provide one of the many ways of directly constructing
the irreducible representations of the symmetric group S,. To define them,
recall that a standard Young tableau on a partition A of n is a filling of the
Young diagram of A with the numbers 1,...,n that is increasing across rows
and up columns (using the ‘French’ convention for tableaux; see Fig. 1). Given
a standard Young tableau T, the Specht polynomial Frr is defined as

FT:H H (z; — i),

C i,jec,
i<j

where the outer product is over all columns of 7. For example, if T" is the
tableau in Fig. 1, then Fr = (21 — 23) (21 — x5) (22 — x5) (23 — 24) (26 — 7).
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FIGURE 1. A standard Young tableau T of partition shape
A=(3,3,1)

—

Given a fixed partition A of n, the set of Specht polynomials
{Fr : T has shape \}

spans a subspace of Q[x1, ..., 2,] isomorphic to the irreducible representation
Vi of S, (under the usual S,,-action on the variables x;). Moreover, the poly-
nomials Fp are linearly independent, forming a basis of this representation.
(See [19] for proofs of these facts along with a general overview of symmetric
group representation theory and symmetric function theory.)

1.1. Higher Specht Polynomials for the Coinvariant Ring

The Specht polynomial construction has been generalized in [1] to higher de-
gree copies of V) appearing in polynomial rings. In particular, the S,,-module
structure of the full polynomial ring is easily determined from that of the
coinvariant ring

R, =Q[z1,...,xs)/(e1,. .., €n).
Here eq,..., e, are the elementary symmetric functions in x1, ..., x,, defined
by

ed=eq(T1,...,x,) = Z Xy ot Ty
1<iy < <ig<n

It is known that R,, as an ungraded S,-module, is isomorphic to the
regular representation. Thus, each irreducible S,-module V) appears dim V)
times, which is precisely the number of standard Young tableaux of shape A.
Hence, a basis of generalized Specht polynomials for R,, should be indexed by
pairs of standard Young tableaux of the same shape.

To this end, in [1] (and more succinctly described in [2]), Ariki, Tera-
soma, and Yamada defined the higher Specht polynomials using the well-
known cocharge® statistic. We first recall the definition of cocharge for per-
mutations and tableaux here.

Definition 1. Let 7 = 7 ...7, be a permutation in S,,. The cocharge word
cw(m) = ¢1...¢, is defined as follows. Label the 1 in 7 with the subscript 0.
Assuming the letter ¢ in m has been labeled 7, assign the letter i + 1 in 7 the

n [1], the terminology used is ‘charge’, but we use ‘cocharge’ to be consistent with the
original notation of Lascoux and Schutzenberger [14].
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FIGURE 2. A standard Young tableau S at left, with its
cocharge labels shown at right

label j if ;! < 77;11 and j + 1 if w1 > 7TZ-_+11. Then cw(w) = ¢1...¢, is the
list of labels, read left-to-right.

Definition 2. If S is a standard tableau, then c¢w(S) is the cocharge word of
the reading word of S, formed by concatenating the rows from top to bottom.

For example, if S is the tableau at left in Fig. 2, the reading word is
7346125 so that the cocharge labeling is

733141 62102051
and cw(S) = 3112001. We can also represent cw(S) as a tableau by replacing
the entry 7 in S with its cocharge label, as shown at right in Fig. 2.

Definition 3. For any word w or standard tableau S, we define its cocharge,
written cc(w) or cc(S), respectively, to be the sum of the labels in the cocharge
word.

Now suppose we have two standard tableaux S and T with the same
shape. Define the monomial

n

X;W(S) _ H xgw(i),

i=1
where cw(i) is the cocharge label in cw(S) in the same square as ¢ in 7. If T
is the tableau in Fig. 1 and S is at left in Fig. 2, then

cew(S) _ 0,101,312 __ 3 2
X = T1XRT3TYTEXT7 = T2L4TELeTT.

Finally, define the higher Specht polynomial F3 to be
Ff: =erp -X%W(S), (1)
where er € Q[S,] is the Young idempotent corresponding to 7. That is,
er = Z Z sgn(7)70,
reC(T) 0€R(T)

where C(T') C S, is the group of column permutations of T (those that send
every number to another number in its column in 7'), and R(T") C S, is the
group generated by row permutations.
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Example 1. Suppose S is an SYT of shape A with the property that the num-
bers 1,..., A1 are in the bottom row, the numbers A\; + 1, A1 +2,..., A1 + Ao
are in the second, and so on. Then its cocharge indices are ¢ — 1 in the ith
row for all i. In this case, if T is any SYT of shape A, then we have F7 = Fr,
where Fr is the ordinary Specht polynomial defined above.

If V is a finite-dimensional S,,-module, there are unique multiplicities cy
such that V' = @,,, caVi. The Frobenius character of V' is the symmetric
function Frob(V) := 3", cxsx obtained by replacing each copy of V) with
the corresponding Schur function sy. More generally, if V = @ -, Va is a
graded S,,-module with each piece V; finite-dimensional, the graded Frobenius
character of V is grFrob(V; q) := Y ;5o Frob(V) - ¢%.

Let SYT(n) be the set of all standard Young tableaux with n boxes. In
[1], Ariki, Terasoma, and Yamada proved that the set

B, :={F;7 : S,T € SYT(n) have the same shape}

descends to a basis for the classical coinvariant algebra R,,. Since F7 is ob-
tained by the action of the idempotent er, it follows that the subspace gener-
ated by those elements ng with a fixed T is a copy of the irreducible repre-
sentation V) where A = shape(T) = shape(S) is the partition shape of S and
T. (See [6, page 46].) As an immediate corollary, one obtains the known fact
that the graded Frobenius character of R,, is given by

ngI‘Ob(Rn§ Q) = Z qCC(S)Sshape(S) = Z qmaj(s)sshape(S)-
SeSYT(n) SESYT(n)

Here maj is the major index (see Definition 6 below). The second equality
follows from the equidistribution of cocharge and major index on standard
tableaux of a given shape (see [13]).

Our goal is to extend this setup to several important generalizations of the
coinvariant ring. To be precise, we define a higher Specht basis of an arbitrary
Sp-module as follows.

Definition 4. Let R be an S,-module with decomposition
R= @ C)\V)\
A

into irreducible S,-modules. Then a higher Specht basis of R is a set of ele-
ments B such that there exists a decomposition B = [J, U2, B, such that
the elements of By, are a basis of the ith copy of V) in the decomposition of
R.

We now describe three important generalizations of the coinvariant ring
in the following subsections, with the goal of constructing a higher Specht basis
for each.
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1.2. The Rings R, i

For positive integers k < n, Haglund, Rhoades, and Shimozono [11] defined a
quotient ring

Rn,k = Q[xla"'axn]/ln,ka (2)
where I, ; C Q[z1,...,x,] is the ideal
I, = (b ah o ak enen 1, en_ki1) (3)

Since the ideal I,, j, is homogeneous and S,,-stable, the ring Iz, 1. is a graded S),-
module. When & = n, we recover the classical coinvariant ring, i.e. R, , = R,.
As an ungraded S,,-module, the ring R, 1 is isomorphic [11] to the permutation
action of S, on k-block ordered set partitions of {1,2,...,n}.

The Delta Conjecture of Haglund, Remmel, and Wilson [10] depends on
two positive integers k < n and predicts the equality of three formal power
series in an infinite set of variables x = (x1,%2,...) and two additional pa-
rameters ¢ and t:

A/ €n = Risen,k(x; q, t) = Valn,k(x; q, t) (4)

€k—1
Here Al | is a Macdonald eigenoperator and Rise and Val are defined in
terms of lattice path combinatorics; see [10] for details.
Although the Delta Conjecture is open in general, it is proven when one
of the parameters ¢, t is set to zero. Combining the results of [5,10-12,17,23],
we have that AL e, |+—¢ is equal to

€r—1
Risen, 1 (x;q,0) = Rise, 1 (x;0,q)
= Val, x(x;¢,0) = Val, 1 (x;0, q). (5)
If Cp k(x;q) is the common symmetric function in Eq. (5), we have [11]
grErob(R,, 13 q) = (revy o w)Ch 1 (X;q), (6)

where rev, reverses the coefficient sequences of polynomials in ¢ and w is the
symmetric function involution which trades e, and h,, so that R, ; gives a
representation-theoretic model for the Delta Conjecture at t = 0.

The rings R, ; also have a geometric interpretation. For k < n, Pawlowski
and Rhoades [15] introduced the variety

X ={(1,...,0,) : i alinein C* and ¢; +---+ £, =CF}  (7)

of n-tuples of 1-dimensional subspaces of C¥ which have full span. They proved
[15] that the rational cohomology of X, j is presented by the ring R, k.
Rhoades and Wilson [18] gave another interpretation of R, j using an ex-
tension of the Vandermonde determinant to superspace.

1.3. The Rings R,

The Garsia—Procesi modules R, indexed by partitions u = n, are another
generalization of the coinvariant ring defined by

R, =Qlz1,...,z,]/1,,

where we define I, using the notation of Garsia and Procesi [4] as follows. For
a subset S C {x1,...,2,}, define the partial elementary symmetric functions
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e.(S) to be the elementary symmetric function of degree r in the restricted
set of variables S. For instance, es(z1, T4, 25) = 124 + 125 + T425.

Let p be the conjugate partition formed by reflecting p about the diag-
onal, and define

colp) =py+- -+ —t (8)

to be the number of squares in the first ¢ columns that lie above the first row.
Then we have?

L = (en(S) : cuys(w) <7 < IS)). (9)

Note that in the case p = (1™), we recover the coinvariant ring, that is, Riny =
R,,. In general, the graded Frobenius character of R, is given by

grirob(R,;q) = H,.(x;q),

where H 1 (x; q) are the classical Hall-Littlewood polynomials. These exhibit a
combinatorial formula in terms of the following notions.

Definition 5. A semistandard Young tableau 7' of shape A is a filling of the
Young diagram of A with positive integers such that the rows are weakly in-
creasing left to right and the columns are strictly increasing bottom to top.
The content of a tableau T (or word w) is the tuple (mq,ma,...), where m; is
the number of times i appears in T (or w).

Write SSYT(A, i) for the set of all semistandard Young tableaux of shape
A and content p. Then it was shown in [14] that

Hyxa)=> Y s,

A SESSYT(A,p)

where cc is a generalization of the cocharge statistic that we describe in detail
in Sect. 3.

The rings R, also have a geometric interpretation in terms of Springer
fibers. Define B,, to be the subvariety of the full flag variety

Fl, ={0CV, CW C---CV,=C" : dim(V;) =i for all i}

consisting of the flags fixed by the action of a fixed unipotent element u of
GL,,(C) having Jordan blocks of size pi1, fi2, . . . , (). The space By, is a fiber of
the Springer resolution of the unipotent subvariety of GL,,, and its cohomology
ring comes with a graded S,,-module structure whose top degree component is
precisely the irreducible representation V), [21]. The work of [3] and [22] shows
that R, is isomorphic to the cohomology ring of the Springer fiber B,,, both
as a graded ring and as a graded S,,-module.

21t is straightforward to verify that the inequality in (9) is equivalent to the one stated in
[4], and we omit the proof for brevity.
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1.4. The Rings R, 1,

In [8], Griffin introduced a common generalization of R, and R, ;. While
Griffin’s notation for these generalized modules is R, » s, here we change the
variable s to k and A to u and interchange their order to instead write Ry, k.-
This notation is more compatible with the way we denoted the two known
modules above.

Griffin defines the ideal I, 1, ,, generated by

— the monomials %, ..., 2% and

— the partial elementary symmetric functions e,(S) satisfying
cn7|S|(:U’> + (n - |:u’|) <r< ‘S|v
where the notation ¢;(p) is the same as in Eq. (8).
Then we have

Rn,k,,u = C[.’L‘h e 7-Tn]/-[n,k,,u~

Notice that if |u| = n and k > £(u), then R,k , = Ry, and if u = (1*) then
Rn,k:,p, = Rn,k-

In [8], Griffin gives several combinatorial formulas for the graded Frobe-
nius series of Ry, 1, The most relevant of these to our purposes is an expansion
in terms of Hall-Littlewood polynomials. In the following, we write

Hy(z;q) := ¢" WV H(z;q ") = revy(H(z; q))

to denote the ‘charge’ Hall-Littlewood polynomials, where n(X) =", (’\2;) for
any partition A. With this notation, we have

grErob(R,, k. .; q) = revy Z g H < B u’“) Hy(z;9) |, (10)

i>0 N1
é()\)<k
|A|=n
where n(\, ) (’\ H ) and where the notation (‘;) denotes the g-binomial
q

coefficient Hf é }’é{ﬁ. The notation A O p indicates that the Young diagram

of p is contained inside that of .
The modules R, 1, have a geometric interpretation as well, in the limit

as k — oo. The Fisenbud—Saltman rank variety 6n,u is the subvariety of gl,,
defined by

Opp={X €gl, :dimker X >y + -+ plyd=1,...,n}.
In the case that |u| = n, this coincides with the closure of the variety O, of
nilpotent matrices with Jordan block type pu. Setting R, ,, to be the limiting

module of Ry, ;. , as k — oo, Griffin shows that R,, ,, is the coordinate ring of
the scheme theoretic intersection

Op N,

where t is the Cartan subalgebra of diagonal matrices in gl,,. This is a strict
generalization of the analogous result for R, and O, which was an essential
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step in de Concini and Procesi’s work [3] on the connections to the Springer
fibers.
1.5. Main Results

Our main results are as follows.

Theorem 1. Let k < n be positive integers. Consider the set of polynomials
Bug o= (P it -t ),
where T, S € SYT(n) have the same shape and (i1,i9,...,in—k) is a tuple of

n — k nonnegative integers whose sum is < k — des(S). The set B, i, descends
to a higher Specht basis for R, j.

More details on the notation above, as well as the proof, can be found in
Sect. 2. For now, note that since S,, acts trivially on any elementary symmetric
polynomial, Theorem 1 immediately implies [11, Cor. 6.13]:

ma n —des(S) —1
grErob(R, 13 q) = Z q J(S)< n _( k:) > Sshape(S)-
SESYT(n) q

For R,, we use a generalization of the cocharge statistic to define semis-
tandard higher Specht polynomials Ff: , where S is a semistandard tableau with
content p and T is a standard Young tableau of the same shape as S. (See
Sect. 3.) The polynomial Fi¥ is homogeneous of degree cc(S).

Conjecture 1. Let p F n. Consider the set of semistandard higher Specht poly-
nomials

B, ={F 75 }
for which S has content y and T' € SYT(n) has the same shape as S. Then
B,, descends to a higher Specht basis of R,,.

Numerically, the conjectured basis matches what we would expect based
on the graded Frobenius character of R,, (as computed in [14]), which is given
by

grErob(R,; q) = Z Z ¢,
A SESSYT(A,u)

Our main progress towards proving this conjecture is the following.
Theorem 2. Congjecture 1 holds when p = (k,n — k) has two rows.

Finally, we combine these two results to give a higher Specht basis for an
infinite family of the modules R,, 1, as follows.

Theorem 3. Suppose u is the one-row partition (n — 1). Consider the set of
polynomials

Bn,k,(nfl) = {Fjg ' e§}7

where F2 € B(n—1,1) is a semistandard higher Specht polynomial for the shape
(n—1,1), and i < k — des(S). Then B, j (n—1) descends to a higher Specht
basis of Ry i (n—1)-
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We can see numerically that the basis of Theorem 3 matches what we
would expect from the graded Frobenius character. In particular, setting pu =
(n — 1) in Eq. (10), the summation has two terms, with A = (n) and A =
(n — 1,1). In both cases, we have n(\,u) = 0, and the only nontrivial g¢-
binomial coefficient occurs at i = 0 with A = (n — 1, 1). Hence,

k-1
grFrob(Ry, k. (n—1); 4) = revy | Heny(z;9) + (k B 2) Hn—1,1)(%;q)
q

= revgq [H(n)(wa QO+ (A +qg+-+ qk_Q)H(nﬂ,n(w;q)}

2

=4 [H(m(x;q*l) +(A+qg g P+

+q27k)H(n—1,1)($;q71)}
k—1 17 2 k—2\ 171
=q¢ Hupy(zq)+(Q+q+q¢ +--+q¢ " )Hp-1,1)(7;9),

where the third equality above follows from the fact that H,)(z; q) has degree
0 in g and H(,_1,1) has degree 1, so that the entire polynomial has degree

k — 1. Finally, note that Ef(n)(l‘; q) and ﬁ(n,l’l)(m‘; q) are the Frobenius series
of the Garsia-Procesi modules R,y and R(,_1 1), respectively. It follows from
Theorem 2 that the basis By, i (,—1) of Theorem 3 gives the correct number of
irreducible S,, representations in each degree.

It is our hope that these methods can be generalized to construct a higher

Specht basis for Ry, 1, of the form {Fy e - ei":“,:‘“ }, where the polynomials

Fﬁ are semistandard higher Specht polynomials for various partitions A F n
such that A D u, and where there is an appropriate bound on the exponents
ij. As it is, one current limitation is that for any partition p with |u| < n and
p # (n—1), there exists a partition A of n containing p that has at least three
rows. This exceeds the two-row condition of Theorem 2.

1.6. Outline

The remainder of the paper is organized as follows. In Sect. 2, we prove The-
orem 1. In Sect. 3, we prove Theorem 2 and provide additional evidence and
work towards Conjecture 1. Finally, we prove Theorem 3 in Sect. 4.

2. Higher Specht Bases for R, ;

We will obtain our new basis for R, ; by multiplying the higher Specht poly-
nomials Fﬁ (for standard tableaux T and S of the same shape) by appropriate
elementary symmetric polynomials. Before stating our basis, we recall some
notions from commutative algebra.

A sequence of polynomials fi, fa,..., fr in the ring Q[z1,...,z,] is a
regular sequence if for all 1 < j < r, the endomorphism

Qs @al/ (1 1)~ Qs @al /(1 fr1)
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on the quotient ring Q[z1, ..., xx,]/(f1,..., fj—1) induced by multiplication by

f; is injective. The longest possible length of a regular sequence fi,..., f; in
Q[z1,...,xy,) is ¥ = n. The elementary symmetric polynomials e, ea,..., e,
constitute one such length n regular sequence.

Let f1,..., fn be any length n regular sequence in Q[z1, ... z,] such that

the f; are homogeneous. Then the quotient Q[z1, ..., x,]/(f1, ..., fn) is graded
and if B is a family of homogeneous polynomials which descends to a Q-basis
of Qx1,...,2n]/(f1,..., fn), then the infinite set of polynomials

{9-f' fs2--fyr - g€ B}
is a basis of the full polynomial ring Q[z1,...,z,]. To describe our basis of
R, 1, we need one more definition.

Definition 6. A descent of a standard Young tableau S is an entry i which
occurs in a lower row than i+ 1 (written in French notation). The major index
of S, written maj(.S), is the sum of the descents of S, and we write des(S) for
the number of descents.

For instance, if S is the tableau at left in Fig. 1, then maj(S) =1+ 3 +
446 = 14 and des(S) = 4.
‘We now restate Theorem 1 here for the reader’s convenience.

Theorem 1. Let k < n be positive integers. Consider the set

B i= (P el eint
consisting of all polynomials of the form FTS . e’feg" . “6;"__]:, where S, T €
SYT(n) have the same shape and (i1,ia,...,in—k) is a tuple of n — k nonneg-
ative integers whose sum is < k — des(S). The set By, descends to a higher

Specht basis for Ry, k.

We first prove an enumerative lemma which will help us in the proof of
Theorem 1.

Lemma 1. Let n and k be positive integers. There are exactly k™ tuples of the

form (S, T,i1,...,in), where S and T are standard Young tableauz of the same
shape with n boxes and i1, ... ,i, are nonnegative integers with iy + -+ i, <
k — des(S).

Proof. The Robinson—Schensted—Knuth correspondence gives a bijection be-
tween words w € {1,2,...,k}"™ and pairs (R,T) of Young tableaux with n
boxes having the same shape, such that R is semistandard with entries in
{1,2,...,k} and T is standard.

Since there are k™ words w € {1,2,...,k}", it suffices to give a bijection
between the tuples (S, T, 1, ...,1,) in question and the pairs (R, T) described
above. Given a standard Young tableau S, define the destandardization of S,
denoted S’ as follows. If d1 < dy < -+ < d,, are the descents of S, replace
1,...,d; with 1, replace dy + 1,...,ds with 2, etc. See Fig. 3 for an example.

Note that S’ is semistandard by the definition of a descent, and S can
be uniquely reconstructed from S’. Notice also that the largest entry of S’ is
des(S) + 1.
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FIGURE 3. A standard Young tableau S (at left) and its de-
standardization S’ (middle). The tableau R defined from S’

in the proof of Lemma 1 arising from the tuple (i1,...,ig) =
(0,1,0,0,2,0,1,0) is shown at right

Now let i1, ...,14, be such that i1+ - -+, < k—des(S). Let a; < --- < a,
be the entries of S” in order (breaking ties by the corresponding ordering in
S). Then define R by increasing each of the numbers aq,...,a, by i1, then
increasing as, . . ., a, by iz, then increasing as, . . . , a, by i3, and so on. Because
i1+ +i, < k—des(S), the result R has largest entry at most k. This process
is reversible, and so the proof is complete.

We now prove Theorem 1.

Proof of Theorem 1. It will be convenient to consider a broader family of quo-
tients Ry ks = Q[z1,...,2n]/In ks defined for s < k < n. Here

Ings:= (:r’f, :vg, e ,xﬁ,en, €Ty -y Cnestl)- (11)

In particular, we have I, 1., = I, and Ry, i » = R, 1. We allow s to be zero,
in which case, no es appear in our ideal at all. However, we assume that n, k
are positive.

Consider the following extended set

B ks == {FZ. ezfeéz el (12)
consisting of all polynomials F5 -ei'e% - - - e,"~: for which S, T € SYT(n) have
the same shape and (iy,é9,...,i,—s) is a list of n — s nonnegative integers
whose sum is < k — des(.5).

We claim that B, 1, descends to a basis for R,, 1 s for all n, k,s. This is
stronger than the statement of the Theorem. When n = k = s, the quotient
R, n,n is the classical coinvariant algebra and the fact that B,, ,, ,, descends to
a basis for R,, is precisely the result of [1].

To begin, the proof of [11, Lem. 6.9] gives a short exact sequence

0— Rn,kfl,s - Rn,k,s - Rn,k,erl - 07 (13)

where the first map is induced by multiplication by e,_s and the second map
is the canonical projection. (In fact, the [11, Lem. 6.9] is only proven in the
case where s > 0; the case s = 0 has the same proof after observing that
dim(Ry k,0) = k™, so that the dimensions of the rings on either end add up to
the dimension of the ring in the middle in this case.)
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By exactness, if B descends to a basis for R, —1 s and if C descends to a
basis for Ry, 1 s+1, the disjoint union

{en_5~f€B}|_|{g:g€C} (14)
descends to a basis for R, ;. Using this property and the fact that
{enfs . f S Bn,kfl,s} (i {g 1 g€ Bn,k,s+1} = Bn,k7sa (15)

we are inductively reduced to proving the result when s = 0. That is, it remains
to show that B, 1,0 descends to a basis for R, 1 0.
By definition, we have

B = (Ff el el ()

n

where S,T € SYT(n) have the same shape and (i1,...,%,) is a sequence of
nonnegative integers whose sum is < k — des(S). By the definition of the
cocharge word cw(S), the largest possible exponent appearing in the mono-
mial x5 or the polynomial FS = ez - x3"%) is des(S). Since clementary
symmetric polynomials are sums of square-free monomials, we see that the

largest possible exponent appearing in a polynomial in B,, ;o is £ — 1. Since

Ry k0 :Q[xl,...,a:n}/(xlf7...,xﬁ) (17)

and |Bp kol = k" = dim(R, k0), (where the first equality uses Lemma 1)
we conclude that B,, ;o descends to a basis for R, ¢ if and only if B, 1 ¢ is
linearly independent in the full polynomial ring Q[z1, ..., x,].

We finish the proof by showing that B, ro is linearly independent in
Q[z1,. .., xy]. To do this, we apply the main result of [1] that the set

B, ={F7 : S,T € SYT(n)have the same shape}

descends to a basis for the coinvariant ring R,,. Since the ideal defining R,, is
cut out by the regular sequence ey, ...,e,, we know that the set

{F2 et .eln . ST € SYT(n) have the same shape andiy, ..., i, > 0}
(18)
is a basis of the full polynomial ring Q[x1,...,x,]. Since it is a subset of this
basis, the set B,, j o is linearly independent in Q[z1,. .., x,], as desired.

3. Higher Specht Bases for R,

We now give a conjectured generalization of the higher Specht basis to the
Garsia—Procesi modules R,,, and prove it in the case that p has at most two
rows. We first recall the generalization of cocharge, defined in [14], to words
whose content (Definition 5) is a partition. Throughout this section, we assume
w is a word with partition content u.

For an entry w; of w and a positive integer k, define the cyclically previous
k before w;, denoted cprev(k,w;), to be the rightmost k cyclically to the left
of w; in w. That is, it is the rightmost k to the left of w; if such a k exists, or
the rightmost k in w otherwise.
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Definition 7. Let w;; = 1 be the rightmost 1 in w, and recursively define
’ig, “eey ig(ﬂ) by

w;,,, = cprev(j + L, w;,).
We call the subword w") consisting of the entries w;; the first standard sub-

word of w.

Definition 8. The standard subword decomposition of w is obtained by setting
w® to be the first standard subword of w, and recursively defining w®, for i >
1, to be the first standard subword of the entries of w not in w™, ... w1,

Definition 9. The cocharge of w is
w) = ch(w(i))

where w™, w® ... w) is its standard subword decomposition. The cocharge
word cw(w) is defined as the labeling on w given by labeling the letters of w()
with its cocharge word cw(w(®) for each i.

For a semistandard Young tableau S having reading word w, we define

ce(9) = ce(w).

For a square s in the diagram of S, we write cwg(s) for the cocharge word
label of the corresponding letter of w.

Ezample 2. The semistandard Young tableau

213|134
111/2]3

H[\pq;‘

S:

has reading word w = 42233411123. If we label the first standard subword w(")
(shown in boldface below) with its cocharge labeling as subscripts, we get

429,334,111,231-
Then we label w(®) to obtain:
45212,33,451101023,.
We finally label w(®) to obtain
4921213131421010102031.
It follows that cw(w) = 2111200001 and cc(S) = cc(w) = 8.

We can now define the conjectured basis for R,,.

Definition 10. Let (S,T') be a pair of Young tableaux of the same shape A - n
where S is semistandard and has content p and T has content (1™) (but is not
necessarily standard). Then we define

CWS
X = H JUT() g
seD(N)



64 M. Gillespie, B. Rhoades

where D()) is the set of squares in the diagram of A. Finally, define the semi-
standard higher Specht polynomial
Fq‘s =e7- X%

Recall that SSYT (A, ) is the set of all semistandard Young tableaux of
shape A and content p. We also write SYT(A\) = SSYT(A, (1)) for the set
of standard Young tableaux of shape A. Then we can restate Conjecture 1 as
follows.

Conjecture 2. (Conjecture 1 restated) The set of polynomials

B, = {Fﬁ 2 (8,T) € [ SSYT(A, p) x SYT(A)}

AFn

is a basis of R,,.

3.1. Semistandard Higher Specht Modules in Q[x,, ]

As a step towards proving Conjecture 1, we consider the modules generated by
the semistandard higher Specht polynomials as submodules of the full polyno-
mial ring Q[x,], before descending to the quotient R,,. In particular, we show
that these give copies of the ordinary polynomial Specht modules in higher
degrees.

Definition 11. Write Tab(\) to denote the set of all (not necessarily standard)
tableaux of shape A and of content (1™). In other words, Tab(\) is the set of all
n! ways of filling the boxes of A with the numbers 1,2,3,...,n in any manner.

Note that if A F n then S,, naturally acts on Tab()) by permuting entries
in a tableau.

Definition 12. For a fixed S € SSYT(A, p1), define
VS = span{F5 : T € Tab(\)}
to be the span of the higher Specht polynomials associated with S, considered

as a subspace of R = C[zy,...,z,], where n = |\|. Similarly, define VS to be
its image in the quotient R,,.

We first show that V¥ is an irreducible S,,-module isomorphic to the stan-
dard Specht module V*. We begin with several technical lemmas. Throughout,
we fix a choice of semistandard Young tableau S € SSYT(A, p).

Proposition 1. Let w € S,, and T € Tab(\). Then
wF2 = F5.
Proof. First note that if 7 € C(T) then 7/ := wrw™! € C(wT), and similarly,

if 0 € R(T) then ¢’ := wow™! € R(wT). Notice also that wxj = x5,.. We,
therefore, have

wFE = wepxs = Z Z sgn(T)wroxs
T7€C(T) c€R(T)
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Z Z sgn(wrw ™) (wrw ) (wow ™ HwxF

T7€C(T) oc€eR(T)

Z Z sgn(7') 7' o'x5
7'eC(wT) o’ €R(WT)
= FfT

as desired.
Corollary 1. The space V° is a cyclic S, -submodule of R.

We now show that, assuming the polynomials Fﬁ are independent for T'
standard, the submodule V¥ is a copy of the irreducible S,-module V*. We
recall (see, for instance [16]) the Garnir relations that govern the S,-module
structure of V* with respect to the standard Specht basis.

Definition 13. Let T' € Tab(\). Let a and b, with a < b, be the indices of two
distinct columns of T, and let ¢ < )\f7 be a row index of one of the entries

of column b. Then we write Sta’b to be the subgroup of S, consisting of all
permutations of the set of elements of T residing either in column a weakly
above t, or in column b weakly below ¢.

The Garnir element G?’b is the partial antisymmetrizer

GoP = Z sgn(w)w.

wesH?

Proposition 2. The element Fﬁ, for any T € Tab()\), satisfies the Garnir
relation G&"(F5) = 0.

To prove this proposition, we first show that the analog of Lemma 3.3 in
[16] holds here. To state it, we introduce the Young (anti)symmetrizers o and
[ defined as follows. For any subgroup U C S,,, define

a(U) = Z segn(t)r  and B(U) = Z o.

TeU oecU
In this notation, the Young symmetrizer e can be written as

er = o(C(T))B(R(T)).

Lemma 2. Let U be any subgroup of Sy, and let C = C(T), where T € Tab(\).
Suppose there is an involution o — o' on UC such that for each o € UC,
there exists p, € R(T) for which p2 =1, sgn(p,) = —1, and o' = op,. Then

a(U)FZ =0.
Proof. We have a(U)a(C) = |UNC|a(UC) (see Lemma 3.2 in [16]). Therefore,
(U)Fy = a(U)erxy
)
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where R = R(T) is the group of row permutations. Due to the involution o +—
o', which has no fixed points because sgn(p,) = —1 for each p,, we have that
the terms in a(UC') can be partitioned into pairs of terms sgn(o)o +sgn(c’)o’.
We claim that each of these two-term sums kills 3 (R)x% Indeed, we have

(sgn(o)o + sgn(a’)o’)ﬁ(R)xaqw = (sgn(o)o + sgn(a)sgn(pg)apg)ﬁ(R)xi

— (sgn(0)o — sgn(0)ops)BR)XS

(o)
= (sgn(0)oB(R) — sgn(0)opsB(R))x7
(0)oB(R

= (sgn(0)oB(R) — sgn(0)of(R))x7
=0,

where the last computation follows because p, € R and therefore p, permutes
the terms of B(R). It follows that a(U)F5 = 0, as desired.

The above lemma is the exact analog to Lemma 3.3 in [16]. Using this
lemma, the proof of Proposition 2 now exactly follows that of Theorem 3.1 in
[16] for the ordinary Specht polynomials, since the remaining steps of Peel’s
proof only depend on the operators a(U) and not on the specific polynomials
they are applied to. We, therefore, omit the rest of the details and refer to [16].

It now follows that the elements Fj‘?, for T' a standard tableau of shape
shape(S), span the space V. Finally, we show the polynomials F7 for T €
SYT(n) are linearly independent in Clxy,...,x,]. In fact, their images are
independent in the coinvariant ring R,,.

To prove this, we use the last letter order < on standard Young tableaux
defined in [1]. In particular, for any two standard tableaux T, Ty of the same
shape, let m(T1,T3) be the largest letter that is not in the same square in T3
as in Ty. Then we say Ty < Ty if m(Ty,Ts) is in row £ in Ty and row k in Tp
with ¢ < k.

Ezxample 3. The last letter order on the shape (2,4) puts the standard tableaux
in the following order from least to greatest:

2[4 3[4 2[5
1[3[5]6], 5]6],

316

3
4l6] [1
4
1

=L

4
4l6] |1
5
1

N =L

12 113
2|6 316
113 112

4l5] 45| 315] 3l4]

We also require the following elementary linear algebra fact, whose proof
we omit.

Lemma 3. Let V and W be vector spaces over a field k of characteristic 0, with
a nondegenerate bilinear form (,) : V x W — k. Let v ={v1,...,v.} CV and
w={wi,...,w.} C W, and suppose (v;, w;) = 0 whenever i < j and further
that (v;,w;) # 0 for all i. Then v and w are both independent sets of vectors
iV and W, respectively.

Proposition 3. For a fited S € SSYT()), the polynomials F5, for T €
SSYT(A, (1™)), are independent in the coinvariant ring R, .
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Proof. We make use of the bilinear form and ordering on tableaux defined in
[1]. In particular, for f,g € R, define
1 .
e T ) A S—

oESy

where f and § are lifts of f and g in C[zy,...,z,] and A = [lic;(zi — ;) is
the Vandermonde determinant.

Define Ga? = sT/xg_l_S, where T" is the transpose of the standard Young
tableau T', and T'—1—.5 denotes the tableau formed by reducing all entries of T’
by 1 and then subtracting, element-wise, the entries in S. Thus, in particular,
x?ilfs x3 = aV2iad gt

Then by an identical computation as in [1] (in the last paragraph of the
proof of Proposition 1 part (2)), we have that

<F7§1 ’ G§2>

is nonzero if T} = T, since the only surviving term in the computation is
the product x%ziz% .- 27~1 whose antisymmetrization is the Vandermonde
determinant A itself. Moreover, as in the proof of Proposition 2 of [1], we see
that (F7,G3,) is equal to 0 if Ty > Tj in the last letter order, as in this
case e, e, = 0 as operators (see [1]), and so it does not matter that we are
applying the operators to different monomials than in [1].

Thus, we have an upper triangular transition matrix between the F' and
G polynomials, and so the polynomials F2 for T € Tab()\) are independent in

R,.
Corollary 2. The space V° is a copy of the irreducible S,-module V.

3.2. Independence in R, for Two-Row Shapes

We now show that, for two-row shapes p, the set of semistandard higher Specht
polynomials for R, is independent in R, by induction on the size of p. Our
main tool is a recursion developed by Garsia and Procesi [4]. We recall their
notation as follows.

Definition 14. Let p = (p1, ..., ) be a partition and let 4 < 7. Then p(?) is
the partition whose parts are pq, ..., fi—1, fti — 1, fhi+1, - - - , ftrr (nOt necessarily
in nonincreasing order).

Ezample 4. If p = (3,3,2), then p™ = 1 =(3,2,2), and u® = (3,3,1).

Garsia and Procesi [4] show that

Hy
Ry = @ Ry /xRy,
i=1

as vector spaces. Moreover, considered as S,,_1-modules, we have

- )
R’u(i) >~z RM/CC:LRM
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via the map p + ¢~ !p. It follows that there is an S,,_;-module decomposition

My
R, =R,
i=1

We, therefore, can conclude the following.

Lemma 4. Let u + n and suppose C(p)) is a basis of R, for each i =
1,2,..., 1y Then | Jaxi'C(u?) is a basis of R,,.

With this in mind, we outline the following general strategy for proving
that B, is a basis for R,,. We assume for induction that B is a basis for Ry
for all smaller shapes A contained in p. Then we define C, = |, xileuu),
which is a basis of I, by the induction hypothesis and Lemma 4. Finally, if
we can show that the transition matrix between B, and C,, is invertible, then
the induction is complete.

We can further simplify this process by noting that we can restrict to
basis elements of a given degree.

Definition 15. For any set of homogeneous polynomials B, we write B(® to
denote the subset of degree d polynomials in B.

Note that it suffices to show that the transition matrix between B,(Ld) and

C,Sd) is invertible for every d, since both sets consist of homogeneous polyno-
mials and R, is degree graded. We will implement this inductive approach
for two-row shapes below, by showing that the transition matrix is in fact
lower triangular in this case. We begin by illustrating this phenomenon with
an example.

Ezample 5. Consider the case p = (3,3) and d = 2. Figure 4 shows the
transition matrix from Bff) to C£2). Here, the elements of Bff) are written
in last letter order down the left hand side of the table. The elements of
C;(?) = 387)2) U x6B§§?2) are written across the top, with the elements from

88)2) coming before those of xGBg)2), with ties broken in last letter order. If

a coefficient is 0 we leave that entry blank.
Here,
S = , S = , " — [
We will show in the proof of Theorem 2 that, if the largest number n is in the
bottom row of T', then F5 = cF3, for some constant ¢, where 7" is formed by
removing the largest entry n from 7. On the other hand, if the largest number
n is in the top row of T, then we will show that

bnfd
1 ’
Ff = oz, Fp, +8 ) Fj,
J=ba+1
- d _ _n—d /s
where o« = 77 + dand g = 3ay1: and where T7 is the tableau formed

by removing j from the bottom row of 7" and inserting it in the top row. Here
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! " "
5 5 JoE
2 5
1

!’ 4 / 7 1" 1"
F Fs' FS_ ES_ FS_ ggF z6FS z6FS z6
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SIEY
<]
[

N
~
w

—8/3 4/3 4/3 8/3
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FIGURE 4. The transition matrix that expresses the elements

of 88,)3) (the row labels) in terms of those of C((g?g) = Bg??) U

l‘GB(l)

(3.2) (the column labels)

n=6and d =2, s0o « =8/3 and 8 = 4/3. Thus, for instance,

8 1" 4 ’ 4 ’
F2 = —ggFE +-F5 4 —F2_ .
3 3 3
Indeed, subtracting the right-hand side from the left-hand side of the above
equation yields the polynomial

8 8
—§($2 —x)(x3 + T4+ x5 + T6) = —5(62($2,$3,$47$5,5€6)

- 62(%1,x3,$4,l’5,1’6))
el,.

We similarly have

8 1" 4 ’ 4 ’
jo = —ggF2 +-F5 . 4 —F% .
3 3 3

The second summand is not a basis element, but we can straighten it using the
Garnir relations to express it in terms of F, elements where 7" is standard,
to obtain the second to last row of the matrix above.

The following lemma will be used repeatedly in the proof of Theorem 2.
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Lemma 5. Suppose p is a two-row shape and S has content p. Then S has at
most two rows, say of lengths d and n—d. If T is the tableau of the same shape

as S with entries t1,...,tq in the top row and by, ...,b,_q in the bottom, we
have
d
P =dl(n—d! ]z, — x»,). (19)
i=1

Proof. The tableau S looks like

212]2
1)1

—_

1]1[1]2]2]2]

where there are puy 1’s, us 2’s, and exactly d of the 2’s are in the top row.
Thus, the cocharge indices are all 0 in the first row and 1 in the second. The
equation follows.

We now prove Theorem 2, which we restate here for the reader’s conve-
nience.

Theorem 2. If u = (n — k, k) for some k > 0, the set
B, ={Ff:(S,T) € [ JSSYT() u) x SYT(A)}
AFn

descends to a higher Specht basis of R,,. In other words, Conjecture 1 holds for
one- and two-row shapes.

Proof. The base case, n = 1, holds trivially for the unique partition p = (1).

Let u = (n — k, k) and assume for induction that the claim holds for all
smaller two-row (or one-row) shapes fitting inside u. In particular, it holds for
) and ). Then by Lemma 4, the set

CM = Bﬂ(m U anMz)

is a basis for R,,.
Lett = |B,| =|C.| = (Z) We will show there are total orderings by, ..., b

and ci,...,c¢; on B, and C,, respectively, for which
bi= Y e
J<i

for some constants a; ; with «; ; # 0. Since the transition matrix [a; ;] is lower
triangular with a nonzero diagonal, it will follow that B, is a basis of R,,.

To define these orderings, first note that the sets B, and C,, both consist
of homogeneous polynomials, and R, is graded by degree. We, therefore, can
define b; < b; if deg(b;) < deg(b;) and similarly ¢; < ¢; if deg(c;) < deg(cy).
With respect to this partial ordering, we have o;; = 0 if ¢ < j. Thus, it
suffices to choose a fixed degree d and consider just the basis elements b; and
¢; of degree d, and choose an appropriate total ordering on the corresponding
subsets B,(fl) and C,(fi) to show that the corresponding sub-matrix M (4 is lower
triangular.
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Since the cocharge of a tableau with only 1’s and 2’s is equal to the size of
the top row, the elements in Bl(fl) are precisely those of the form F3, where S
is the unique tableau of shape A = (n — d, d) and content u, and T' € SYT(A).
Since S is fixed, we define our ordering based on 7. In particular, we define
Fﬁl < F% if and only if T < T in the last letter order. (See the row ordering
of the matrix M(® in Fig. 4 for an example.)

To order the elements of Cftd), let S’ be the unique tableau of content (")
and shape A\() = (n —d —1,d) (where if n —d = d then S’ is undefined), and
let S” be the unique tableau of content p(?) and shape A?) = (n —d,d — 1).
Then we have

d) _ p(d) (d-1)
Ci¥ =B, UaB,,

= {F2 YU {z, F2.},

where in the first set above 7" € SYT(A(")) and in the second, T € SYT(A?).
We enforce that the elements F, come before those of the form z,, Fi3, in our
ordering, and then we break ties by the last letter order on the subscripts 17"
and T" respectively. (See the column ordering of the matrix M (@) in Fig. 4.)

Now, consider the set By of elements Fy € Bﬁd) for which n is in the
bottom row of T' (so necessarily d # n — d). Note that By forms an initial
sequence of the total ordering on Bftd). Removing n from the bottom row of
such a tableau 7' forms a standard tableau 7" of shape () = (n —d — 1,d).
We claim that

s ’
Iy = cFyp

for some constant c. Indeed, let tq,...,t; be the entries in the top row of T,
and let by,...,by be the first d entries in the bottom row; then by Eq. (19),
both polynomials are nonzero constant multiples of

(mtl - xbl)(xtz - wbz) T (xtk - ‘rbk)'

Thus, the sets By and Bl(fg), which are both initial sequences of their respective

orderings, are scalar multiples of one another, and so the transition matrix
M@ is block lower triangular, of the form

(¥ v)

It remains to show that Y is lower triangular with nonzero diagonal entries.
We in fact will show that Y = af for some constant o as well.

Indeed, let B; be the set of elements of B,(fl) of the form Fy where n is
in the top row of T. Let T be such a tableau, with top row having entries
t1,...,tq = n and bottom row having entries b1,...,b,_4. Define T" to be
the tableau formed by deleting n from T, and define the tableau ij for j €
{ba+1,--.,bn_aq} to be the tableau formed by deleting j from the bottom row of
T" and placing it at the end of the top row. Note that T} may not be standard.

. . . . . . . .
However, since the Garnir relations are satisfied, F:;?{ is a linear combination
J
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of the polynomials F. 5’ where T" is standard, which come before elements of
the form x, F, in the ordering on C(d)

We will show that
bn—d
FS = az, F2, E3 20
T ntpn + ﬁj_%:d“ i (20)
for some nonzero constants « and (. In light of the Garnir relations and the

ordering, it will follow that Y = «af as claimed.
To show (20), set

d +d
o= —
n—2d+1
and
n—d
f= n—2d+1
Then we have, using (19) repeatedly,
bn—a
FjS ozwnFTu -3 Z FT/ =dl(n—d H(mt — Zp,;)
J=bat1

— axn(d— H Ty, — Tp,)

d—1

-3 i dli(n —d—1)z; — ) (xe; — b, )-

J=bat1 i=1

We wish to show that the right-hand side is equal to 0 in R,,. Thus, we
may divide the right-hand side by (d—1)!(n—d—1)!, and as a shorthand define

P= Hi:l (x¢, — xp,), so that we wish to show that the simpler expression

P-|dn—d)(z, —xp,) —a(n—d)z, —dS Z — Tp,)

j=bay1

is 0in R,,, that is, it lies in the ideal /,,. In the parenthetical above, substituting
«a and ( in for the expressions, it is easily verified that the coefficients of z,,,
Zp,, and each x; for j = bgy1,...,bn—q are all equal to —d(n—d)/(n—2d+1).
Thus, the entire expression is a constant multiple of

P (xbd + Thgpq " + zp, 4+ xn)' (21)

Finally, we show that this expression is in I,,. Note that eq(X) € I, for
any set X of n — d + 1 variables by the definition of the Tanisaki generators
(Eq. (9)) and the fact that p has two rows, the second of which is at least d.
Thus
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ed({xmv cee 7x"’d—1} U {xbd?xbd+l7 s ’xbn—d7xn}) € Ilt

for any choice of subscripts in which r; is either equal to ¢; or b; for each
i=1,...,d — 1. We assign this partial elementary symmetric function a sign
of —1 if there are an odd number of r; subscripts equal to b;, and a sign of 1
otherwise. Summing these signed functions yields the expression (21).

3.3. Beyond Two-Row Shapes

In this section, we provide computer evidence that our inductive approach
above may be able to be extended to all partition shapes.

First, Conjecture 1 has been verified using Sage [20] for all partition
shapes p of size at most 7. We have also verified it for the three-row shape
(3,3,2) of size 8, which is often the smallest shape in which conjectures related
to cocharge start to break down (see, for instance, [7], in which a property of
cocharge is proven combinatorially for all shapes of the form (a, b, 1¥), but the
method does not extend to any other three row shapes).

Second, while the transition matrix expressing Bde) in terms of Cl(Ld) is not
always lower triangular for partition shapes p having more than two rows, it
is very nearly so, in the following sense.

Definition 16. We say an n x n matrix M is almost lower triangular if there
is an upper triangular n x n matrix A for which M A is lower triangular with
nonzero diagonal entries.

Clearly every invertible lower triangular matrix is almost lower triangular,
and every almost lower triangular matrix is invertible. Computer evidence
indicates that there always exist orderings on the sets B,(Ld) and C,(,d) such that
the transition matrix between them in IR, is almost lower triangular.

For example, the transition matrix for p = (3,1,1) and d = 2 is

1 0 0 0 0o 1 0 0 0
0 1 0 0 0 0 1 0 0
0 0 1 0 o o0 o0 1 0
0 0 0 1 0 0 0 0 0
M=1 o0 0 0 0 1 0 0 0 0
-1/2 0 0 /2 0 1 0 0 0
0o -1/2 0 0o 1/2 0 1 0 0
0 0o —1/2 -1/2 1/2 0 0 1 0
/4 1/4  1/4 0 0 1/4 1/4 1/4 —5/4

which is almost lower triangular. Indeed, multiplying M on the right by the
upper triangular matrix
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1 0 0 0 0 -1 0 0 O
o 1 0 0 0O O -1 0 0
0o 0 1 0 0 O 0 -1 0
0 0 0 1 0 O 0 0 O
A=10 0 0 0 1 O 0 0 O
0 0 0 0 0 1 0 0 0
0o 0 0 0 0 O 1 0 0
0o 0 0 0 0 O 0 1 0
0o 0 0 0 0 O 0 0 1

yields a lower triangular matrix with nonzero diagonal entries.

4. A Higher Specht Basis for R, ;. (n—1)

We now combine the methods of the previous two sections to prove Theorem 3,
which we restate here for the reader’s convenience.

Theorem 3. Consider the set of polynomials
Bn,k’,(n—l) = {Fﬁ? : eli}a

where Fq‘? € B(-1,1) s a semistandard higher Specht polynomial for the shape
(n—1,1), and i < k —des(S). Then B, (n—1) descends to a higher Specht
basis for Ry, i (n—1)-

Proof. Since S,, acts trivially on the elementary symmetric function ey, if
By, k,(n—1) is a basis then it is indeed a higher Specht basis. In particular, the
polynomials F - e! for a fixed i and for a fixed tableau S of shape A span a
copy of the irreducible representation V* of S,,.

To show that B,, 1. (n—1) is a basis, we make use of a short exact sequence
for the modules R,, 1, that is analogous to the sequence (13) for R, i s used
in Sect. 2. Griffin shows [8, Lem. 4.12] that there is a short exact sequence of
Sp-modules

0— Rnkp = Rpkt1,n = Ry gy1,pur) — 0

for any k < n and p for which R, j , is defined. Here the notation p + (1)
indicates that we simply add one part of size 1 to the partition p. In the
sequence above, the first nontrivial map is multiplication by e,,_|,| and the
second is given by setting e, _|,| = 0.

Setting u = (n — 1), we have the exact sequences

0— Rn,k‘,(n—l) - Rn,k—i—l,(n—l) - Rn,k+1,(7L—1,1) —0

for any k£ > 1.

We now prove the claim by induction on k. For the base case k = 1, note
that we have R, 1 (n—1) = Clx1,...,2,]/I51,(n—1), Where the ideal I,, 1 ;,—1)
includes all the variables xi,...,x, as generators, since k = 1. Hence we
simply have R, 1 (,—1) = C, generated by the single basis element 1. The set
By, 1,(n—1) consists of all polynomials Fﬁ? -et for which S has content (n—1,1)
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and ¢ < 1 — des(.S), which forces des(S) = 0 and 7 = 0. The only such tableau
S is

g=[1[1][1][1]-{1[1]2]

which forces
T =[1]2[3]-{n]

and these give rise to the unique basis element Fq‘s =1.

For the induction step, let & > 2 and assume the claim holds for all
smaller k. Note that since (n — 1,1) is a partition of n, the right-hand mod-
ule R, p41,(n—1,1) of the exact sequence is simply the Garsia—Procesi module
R(p_1,1) for any k > 1. Hence, by Theorem 2, a higher Specht basis for this
module is given by B, _1 1)

By the induction hypothesis, the left-hand term of the exact sequence
has By, ,(n—1) as a basis. It follows that the middle term R,, 5 (,—1) has basis
e1By i, (n—1) U B(n—1,1). By the definition of the bases, this is simply equal to
B k+1,(n—1)), and the proof is complete.
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